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1 Introduction

The possibility to obtain the zp dependence of the parton distribution functions (PDFs)
from lattice calculations has dragged a lot of attention in recent years (see [1-3] for a review).

Since lattice gauge theory is formulated in Euclidean space, the direct calculation of
the PDFs would be impossible for objects that are defined through the light-cone matrix
element of gauge-invariant bi-local operators. For this reason, it is convenient to consider
equal-time correlators and perform the Lattice analysis in coordinate space through the



TIoffe-time distributions [4-7]. Other coordinate-space based approach include, for example
the “good lattice cross sections” [8, 9]. Taking the Fourier transform in momentum space,
one may introduce the quasi-PDF [10] or the pseudo-PDF [11-14].

The PDFs are extracted from the quasi-PDFs in the infinite-momentum limit P — oo
with higher twist corrections expected to come in as inverse powers of P [2, 10]. From
the pseudo-PDFs, instead, the PDFs are extracted in the short (longitudinal) distance
limit [11-13].

Lattice calculations provide values of the loffe-time distributions for a limited range of
the distance separating the bi-local operators. In order to perform the Fourier transform
for the quasi-PDF or the pseudo-PDF, it is then necessary to extrapolate the large-distance
behavior [4, 5, 7].

In this work the goal is to study the behavior of the Ioffe-time distribution at large longi-
tudinal distances as well as the low-xp behavior of the quasi-PDF and pseudo-PDF. To this
end, we will adopt the high-energy operator product expansion (HE-OPE) formalism (see [15]
for a review) which, being formulated in coordinate space, is suitable to reach our goal.

Using the light-ray operators, obtained as analytic continuation of local twist-two
operators [16-20], we will calculate the behavior of the leading twist (LT) and next-to-
leading twist (NLT) contributions for the gluon Ioffe-time distribution at large longitudinal
distances as well as for the pseudo-PDF and quasi-PDF at low-xp, and compare them with
the behavior given by the BFKL resummation result.

The paper is organized as follow. In section 2 we define the dimensionless gluon
Toffe-time distribution, the pseudo-PDF, and quasi-PDF. The high-energy operator product
expansion is reviewed in section 3. In section 4 we provide the numerical values of the
parameter used throughout the paper. In section 5 we obtain the large longitudinal distance
behavior of the loffe-time gluon distribution, and in section 6 we obtain the LT and NLT
corrections. The gluon pseudo-PDF and the quasi-PDF at low-xp are obtained in sections 7
and 8 respectively. In section 9 we summarize our findings.

2 Ioffe-time distribution, pseudo-PDF, and quasi-PDF

In references [21, 22] the gluon matrix element with open Lorentz indexes was decomposed
in terms of six independent tensor structures built from the proton momentum P*, the
coordinate z# and the antisymmetric tensor g"* as follow

Mua;)\ﬁ = <P‘Gua(z)[zvo]G>\ﬁ(0)|P>
= Ilua;)\,é’Mpp + IZua;)\,BMzz + IS,ua;)\Bsz

+ I4ua;/\,8Mpz + I5ua;/\BMppzz + Iﬁua;/\BMgg ) (2'1)
where the explicit expression of tensor structures I; with i =1,...,6 can be found in [21].
The amplitudes M are functions of the invariants 22 and z - P.

The light-cone gluon distribution is determined from giﬁ My o.45(2, P) with z taken
on the light-cone and proportional to the invariant amplitude M,

93 Mot p(z", P) = 2(P7)2Myp(z - p,0) . (2.2)



Here we introduced the light-cone coordinate 2+ = xo\j/:g?’, and light-cone vectors n* and

n" suchthat n-n' =1, n-x =2 and n’ -z =2zT.
The gluon PDF Dgy(xp) is then related to the amplitude M,, by

1 /! :
Mp(2-P,0) = 5/_1de =T 2Dy (xR) . (2.3)

The distribution M, (z- P, z?) is the gluon Ioffe-time distribution with z-P the Ioffe-time. In
section 5, we will show that the loffe-time plays the role of rapidity whose large logarithms
are resummed through BFKL equation.

In [21] it was also shown that the gluon Ioffe-time distribution is given in terms of the
zeroth and transverse components as

Moo + Mjiij = 255 Myp - (2.4)

It is known that at high energy (Regge) limit the transverse components are suppressed
while the Oth and 3rd components cannot be distinguished. Therefore, calculating the
behavior of the left-hand-side (Lh.s.) of (2.2), will be equivalent, at high-energy, to
calculating the behavior of Lh.s. of (2.4).

The momentum-density pseudo-PDF is defined as the Fourier transform with respect
to z - P, that is a Fourier transform with respect to P keeping its orientation fixed. So, we
define the gluon pseudo-PDF as

d .
Gp(‘rBa Z2) = /ﬁ e_ZQxBMpp(Q7 22) 9 (25)

where we defined o = z - P.

The momentum-density quasi-PDF is defined, instead, as the Fourier transform with
respect to z* keeping its orientation fixed. Let us define the vector £ = %, and Pr = P-¢.
The quasi-PDF is then defined as

Cl§ —1 T
Gulas, P) = Pe [ 5177 My (6P, <?). (26)

We will calculate the large distance (large o) behavior of the Ioffe-time distribution
Myp(0,2?), and the low-zp behavior of the gluon pseudo-PDF (2.5), and of the gluon
quasi-PDF (2.6).

3 High-energy OPE

In this section we review the HE-OPE formalism applied to the T-product of two electro-
magnetic currents in deep inelastic scattering (DIS). This provides a smooth transition to
the application of the HE-OPE to the twist-two gluon operator.

Consider the T-product of two electromagnetic currents in the background of gluon
field which, in the spectator frame, reduces to a shock wave. In deep inelastic scattering
(DIS), the virtual photon, which mediates the interactions between the lepton and the
nucleon (or nucleus), splits into a quark anti-quark pair long before the interaction with



the target and the propagation of the dipole pair in the shock wave background, generates
two infinite Wilson lines (see [15] for review).

To calculate the impact factor (see figure 1) we need the quark propagator in the
background of gluon shock-wave. If we consider the case x™ > 0 > y™ the propagator is

- zt>0>yt T—2 R j— 2
Wyl ™ = /d4z5(z*)2w2[(a: iV i G
Performing the functional integration over the spinor fields using the quark propaga-
tor (3.1), the T-product of two electromagnetic currents is given in terms of the impact
factor, which is related to the probability for the virtual photon to split into a quark-anti-
quark pair, and matrix elements of Wilson line which takes into accounts the recoil of the
target. Hence, we can write

T bbb}y = [ dad 1, e TOL0YY . (32)

To complete the HE-OPE procedure applied to DIS case, we need to find, employing
the background field method, the evolution equation of the operator Tr{ﬁgl Ujg} with
respect to the rapidity parameter. The evolution equation that one obtains is the non-linear
BK-JIMWLK equation [23-27]

d asN, (x—1y)2
1 yn — d? L
UNz1,y1) o / z (z

dn 2

—2)1(y—2)%

X [UU(J«"L,ZL)?LU"(Z/L,ZL)—Un(ybﬂu)—U”(IEL,ZL)U"(ZJLZL)} , (3.3)

where we used the notation (x,y); = x'y' + 2?y? and where U(z,,y,) =1 — N%tr{U(:z:L)
Ut(y.)}

The BFKL equation, obtained as the linearization of the non-linear equation (3.3) is

d o asN, 2 Va(zj_) (Z,Z/)LVQ(ZL)
200, Valz) = =5 /d : [(z -2 ARz-A)7 | (34)
where we defined 1
gum) =V(z1), (3.5)

with U(z, ) the forward dipole operator which depends only on its transverse size.
Note that, evolution equation (3.4) is written in terms of the parameter a given by
a= _72x+y+ + €. (3.6)
(z —y)?ao

The transition from parameter n to parameter a is detailed explained in refs. [28-31] where

the notion of composite conformal Wilson line operator is introduced. The motivation for

this transition is to restore conformal invariance of the NLO BK evolution equation and of

the NLO impact factor. Indeed, the evolution parameter a depends on the variables 21, and

yT which are a remnant of the fact that its coordinate dependence was chosen so that the

NLO impact factor, which instead depends on these variable, becomes SL(2, C) conformal



Figure 1. Diagram for the LO impact factor. We indicate in blue the quantum fields and in red
the classical background ones.

invariance. The parameter ag is the initial point of the evolution. The composite Wilson line
operator is defined in such a way that its evolution with respect to the n parameter is zero
while its evolution equation with respect to the a parameter is the LO BK equation whose
linearization is the BFKL equation given in (3.4). Therefore, in principle, equation (3.4)
should have been written in terms of the [V*(z12)]comp, but its explicit expression would
be relevant only at NLO, therefore, to avoid unnecessary heavy notation, we will keep the
simple notation V%(z;12), with the understanding that it is a composite operator whose NLO
evolution is conformal invariant up to running coupling contributions.

The main point is that, the conformal properties of the NLO BK equation tell us what
is the proper evolution parameter in coordinate space. This is an important point of our
analysis since we are working entirely in coordinate space.

The solution of evolution equation (3.4) is

R(v)
dv 1, a \ 2 1
Vi) = [5G (L) T [Ruet) @), @)
where R(y) = asx(7), with @, = 2 and x(y) = 2¢(1) — ¥(v) — ¥(1 — 7). The initial
point of evolution is ag = AZ—;V with My the mass of the hadronic target.
As initial condition for the evolution, one usually evaluate the dipole matrix element in
the Golec-Biernat-Wiisthoff (GBW) [32] model or the McLerran-Venugopalan (MV) [33]
model.

4 Numerical parameters

In this section we provide the numerical values of the parameters that will be used in the
subsequent sections.

As initial condition for the evolution of the Ioffe-time distribution, the pseudo-PDF and
quasi-PDF, we will use the GBW model which has an g dependence of the saturation scale
as Qs = (.%'0/:63)%277, with 29 = 0.41 x 10~* [32]. The dimension of the dipole cross-section
is given by the parameter og = 29.12mb [32]. Our starting point for the evolution in zp
will be g = 0.1 for which Qs = 0.34 GeV. As we will see, g = 0.1 is the point at which
the BFKL logarithms start to be of order 1 thus need to be resummed. However, the
conclusions we will reach through our analysis will not depend on the starting point of

the evolution.



The value of the running coupling we choose is a5 = O‘STNC = 0.2. Since at low-zp the
strong coupling runs with the transverse size of the dipole [34-36], our choice of the running
coupling corresponds to a transverse size of about 0.2 GeV~! so that the running-coupling
is evaluated at a momentum scale greater than our choice of Q).

As we will show in subsequent sections, there is a correspondence between the Ioffe-time
z - P and the zp of the type z- P = x;l. So, to calculate the large longitudinal distance
behavior of the Ioffe-time distribution, we use as starting point of the evolution (in the
Toffe-time parameter) the value o = z - P = 10 and we fix |z| = 0.5 GeV L.

For the quasi-PDF, we introduce the unit vector £ in the direction of the gauge link
and choose the projection of the target momentum P along £ to be § - P = Pr = 4GeV
(see section 8 for details).

5 TJoffe-time gluon distribution at large longitudinal distances

In this section we are going to calculate the behavior of Ioffe-time gluon distribution at
large longitudinal distances in the saddle point approximation. We will show that large
distance, i.e. large values of the loffe-time z - P = o, generates large logarithms which are
resummed by the BFKL equation through the HE-OPE formalism. Therefore, we will refer
to high-energy or large-distance behavior interchangeably.

As discussed in the previous section, the loffe-time gluon distribution is defined by

(PIG™™(2)[2,0G (0)|P) = 2(P7)*Myp(e, 2%) . (5.1)

In the high-energy (Regge) limit forward matrix elements of UQEUZ'/r operator are divergent
because they contain an unrestricted integration along the n* direction, so we have

218 (e ) (P|GY (2, 1 ) [na™ + 1, 0]°GE~(0)|P)
+o0 .
:/ dyt(P|G*" (xt +yT,21)

—0o0

x [n(z +y*) + e, ny TG (Y1) |IP + € n). (5.2)

As described in section 3, the first step is to calculate the impact factor from the
operator (5.2). To this end, we split all fields in quantum and classical, functionally
integrate over the quantum field and obtain the diagram in figure 2.

Assuming that the shock-wave is in 2 = 0 position, we distinguish the cases ™ >0 > y™
and 27 <0 < y™. The high-energy gluon propagator at ™ >0 > y™ in coordinate space [29] is
:(;Jr>2>yJr

(TA(2)A}(y)

1

2o oo EHNY g = [y Im, Xy + 2t Vi 4 g, (X, Y)
43 ZUs [2

5 (5.3)
(x = y)~atyt| =yt (e — 23 — 2+ — )3 +i

where we defined Xy = (z — 29); and Y5, = (y — 22)1. So, using propagator (5.3)



Figure 2. Diagrams for the impact factors for the quasi-PDFs operators. The black bullets represent
the gluons and quark fields respectively.

diagram 2 is

(G (at e )nat + eyt +y]C (Y, 1)) g 2

+<0< + . _ o . . s
P (0l - 0, 9039 — 0, g7 ) (AL () AL(y)) 4
d222 brrab /i o o o
= [ CRusu @i 0, )00" — 0, )
Y g — Ny Xoy + 27 Yy 4y, (X, Vo)

. (5.4)
|:’y+’<ﬂ? — ZQ)ZL + 1‘+(y — Zg)i — i6]2

Result (5.4) is proportional to two Wilson lines in the adjoint representation, one at
point 25, as a result of the gluon propagation in the shock-wave external field, and
the other one at point z;; which is the point at which the shock-wave intersects the
gauge link [nz® + 2, ,nyT +y,]%. The point z; can actually be anywhere between point
nxt + x| and ny™ + 1y, so we parametrize the straight line between these two points as
Ty =UT | + Uy, = 211, with u = g—:‘, U= Z—i and AT =27 — ¢y, and at the end we will
have to integrate over the parameter u. However, for technical reason, as it will be clear
later, we will continue to call such point as 2 .
After differentiation, eq. (5.4) becomes

(G @bz )t e, my Ty G (YY) e o

y+<2<$+/d222 [12 —2$+y+($_2279—22)2+$+y+($_22)i(y_22)3_ UabUab
—_— 4 z zZ1 0
4m? [ (y—22)2 —y* (2 —22)3] C

(5.5)

As done for the photon impact factor in section 3, we include the case 6(z"y™") and consider
forward matrix elements. Thus, we make the substitution UijU gf’ with —2N2U(z12) where
U(z12) =1— N%tr{Uzu Ul, } and tr trace in the fundamental representation.

Let us observe that we have put the starting operator in the left-hand-side of eq. (5.4)
in the form of impact factor convoluted with matrix element of Wilson lines as it was in
the case of the T-product of two electromagnetic current in eq. (3.1). The last step of
the high-energy OPE is to convolute the impact factor with the solution of the evolution



equation of the Wilson-line operators, eq. (3.7). So, we have

9i; (G (a T,z )[nat + z oyt +y ]G (y T yJ_)>Fig 2

yr<o<zt  GN? dv ( ATy P2 ) / )
D<ot e [ AV [ 258 Ul + i€ d*w V(W)
(xt|yt])3 ) 2m2 A2 MZ
Az —2(x — 29,y — )% + (x — 22)% (y — 29 1.4,
></ ( )1+ ( )3( )J_(Z%2)2+ _ (5.6)

3 —z x—29)2 4
((walqu( m)

In section A we show that the matrix element in eq. (5.6) with transverse indexes i and
1, -

j not contracted, after projection on the power like eigenfunction (2%,)2 ", has only one

tensor structure, that is g*.

Here, we proceed with contracted ¢+ and j indexes, and obtain

/ d?z9 —2(x — 20,y — 22)3 + (v — 22)3 (y — 22)2 |, (:2)} Liiy
3 (y—z2)? (1—22)? 4 12
pr T e
2
=~ @NHAT)TITA = )T+ ) (i) + (5.7)

Using (5.7) in (5.6) and integrating over u we arrive at

00 .
/ detdyts(zt —yt — LG (2T, x ) nat +x,nyT +y1 )G (5T, Y1) ) Fig 2

—00

_ _ asley (1)
dv oua (LP)2 .\ = * 1
— N2/7 et /d2 2 iV /Y a0
6N; 271'2< Ai M]2V + e wwi) 27"V (w,))
1du7
0 L 7'1'2

(A1) = )T+ ) (ua)

R(y)
ot fa( 2 ) 0t i
A2 M2 Lr* sinmy (24 2y)

x / Peo(w?)"E (V90) 4 O(ay) . (5.8)

We will evaluate the integration over the parameter v numerically and compare it with
the saddle point approximation. The GBW model [32] applied to the Wilson-line dipole
matrix element evaluated in the target nucleon state is (see figure 3).

(PlU(z —y)|P+ e n') = PT2md(e" ) (PlU(z — y)L|P))

= P 2md(e oy (1 — exp (W)) , (5.9)

where, as discussed in section 4, the saturation scale assume the fixed value of Qs = 0.34 GeV.



ay)

Figure 3. Diagrammatic representation of the HE-OPE applied to the gluon non-local operator
with “quasi-PDF frame”.

So, using (5.9) in eq. (5.8) we arrive, with the help of eq. (5.2), at

1 ai— a -
R(v)
_3NZoo 1ogo o 2ALPT)? NP D1 - )14 ) (@GATYT (5.10)
273 AZ LP- AZ M, T2+ 27) 1 L

Let z* be a space-like vector. In the high-energy limit, the coordinate ™ component
is enhanced, the £~ one is suppressed, and the x| component is left invariant, so |[A | =
V=22 = |z| > 0 with 22 < 0. Since at this regime we do not distinguish between the 0
and the 3-component, we also have (P~)% = (P - %)2 = f’; and LP~ — z- P = p. Using

variables o and 22, and eq. (2.2) with 22 # 0, result (5.10) becomes

R(vy)

3N? QS‘“’/@( 22 ) ; 7r2(17)F3(1+7)<|Z|Qs>2w, (5.11)

2 _ .
Mipplo,27) = 473 |z|o ,ZQMJZ\,—i_Ze I'(242y) 2

We are now ready to perform last integration using the saddle-point approximation

2 (1—y)I3(147)

2
technique. We notice that ol T2+2) , is a very slowly varying function, so we have

2 Qs|z|
_ In” =5—

_ 2,92 .
7¢(3)as In (Z2A/[2+ZE>
e N

7¢(3)a, In (3;’;2 +ie>
N

Mp(0, 2%) (5.12)

3NZ Qsoo (2% ezin?
~ i€
1280 |2| \22M% \/

In figure 4 we compare the saddle-point result (5.12) with the numerical integra-
tion (5.11).
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Figure 4. In the left and in the right panel we plot the numerical evaluation of real and imaginary
part of (5.11) (orange curve), and the real and imaginary part of the saddle point result (5.12) (blue
dashed curve), respectively.

The first thing to notice is that, the logarithms resummed by BFKL are o, 1n ( Iz\l/l\% 1)

which, given that we are using @, = 0.2, |z| = 0.5GeV ™!, and My = 1GeV, is of order
1 starting from o ~ 10. We see that o acts like a rapidity parameter. We evolve the
distribution with o until a,ln (‘2}[7]\2/5\4) is of order 1, that is we start with large values of o
and end at smaller ones. The dipole at the smallest value of g is evaluated in the GBW
model. In our case, as anticipated in section 4, we stop the evolution at ¢ = 10 (see figure 3).

In figure 4 we plotted the real and imaginary part of (5.11) and (5.12) with o € [10,400].
For the subsequent analysis we will use the numerical evaluation of (5.11) (orange curve).

6 Leading and next-to-leading twist

As described in section 3, within the high-energy OPE, the DIS cross section can be written
as a convolution of the impact factor and the solution of the evolution equation of the
matrix elements of the dipole-Wilson-line operator which, in the linear case, is the BFKL
equation. Therefore, the dipole DIS cross-section can be written as

. Rw)-1 [ @ 3t
o’ p(mB,QZ) = /dyF(y):cB v 1] ,

(6.1)
where X(v) is the BFKL pomeron intercept, F'(v) the pomeron residue, and in the limit
under consideration, —¢?> = Q% > P2, and s = (P + ¢q)® > Q°.

To get the dipole cross-section given in eq. (6.1) we can calculate the integral over the
v-parameter numerically, or with the saddle point approximation capturing in this way the
full BFKL dynamics. In the previous section, we have done this for the gluon Ioffe-time
distribution (see egs. (5.11) and (5.12)).

The n-th moment of the structure function is

1 3+iod F( 2\’
_ n—1_~v*p 2 = : 7’Y) Qﬁ

2

~10 -



where v = % + iv. The integration over the ~-parameter can be performed closing the
contour to the left of the poles. In this way we get the anomalous dimensions of the leading
and higher twist operators at the unphysical point.

In our case, to get the LT and NLT contributions from the infinite series of twists,
resummed by BFKL eq., we could repeat the same steps outlined above. However, this time
we need the explicit form of the gluon twist-two operator at the unphysical point n = 1,
Fo ViTE

In ref. [16] (see also [17, 20]) it was shown that the analytical continuation of anomalous
dimension of twist-two gluon operator (9% =F S_VZFQF @H~ to the unphysical point j =1,
which is determined by BFKL equation, can be obtained by the analytic continuation of
the operator itself at such unphysical point. It is known that the anomalous dimensions
are singular at j = 1, and this means that in this limit there is a different hierarchy of

n

(at leading-log),

As
-1
and therefore it implies the existence of a different (than DGLAP) evolution equation, the

perturbation theory which requires a new resummation of terms like (

BFKL equation, which resums such logarithms. For this reason we will refer to the Regge
limit also as the 57 — 1 limit. The relation between DGLAP and BFKL equation at the
unphysical point was established, at the level of anomalous dimension, at LO in ref. [37]
and at NLO in ref. [38].

In ref. [39] it was shown that the local Operator Product Expansion can be reformulated
in terms of non-local operators with the advantage of preserving explicitly the Lorentz and
the conformal invariance of the theory and also providing a gauge covariant technique to
separating higher twist contribution. Such non-local operator are light-ray operator with
integration over the longitudinal direction. In light of this, in ref. [16], it is shown how to
construct analytic continuation of non-local operator at j7 = 1. Following the procedure
described in ref. [20], in section B, we will show that such analytic continuation of local
operator is

g1€(x)vj_2F1g1 §(x)

for_w.; 00 i ra o €
=0 F(Q—j)/o dv o' Fp ¢ (0)[0, vop1 ] Fy, S (opr), - (6.2)

where p; is a light-cone vector and where the notation x,, = pj'z, has been used (see
section B for the details). Equation (6.2) is the gluon light-ray operator with spin j.

It turns out that in the high-energy (Regge) limit the correlation function of two gluon
light-ray operators (6.2), with spin j and j’ respectively, are UV divergent if taken on the
light-cone. In refs. [17-20] it was shown that a way to regularize this UV divergence is
to consider the point-splitting regulator, that is, the light-ray operator, which lays on the
light-cone, becomes a rectangular frame, the “Wilson-frame” (see figure 12). In section B
we will show that an alternative regulator is the “quasi-pdf frame” (see figure 12) defined as

. +00 . )
Flay) = [ du P ups +o)ups + .0 F, () (63)
As a consistency check, we will also show that, in the high-energy regime correlation

functions of two such operators, eq. (6.3), agrees with the expected result from conformal
field theory.

- 11 -



The Mellin transform of eq. (5.10), which is, as explained above, the analytic continua-
tion to non integer j of local operator with “quasi-pdf frame” is

+oo . [t )
/ dLLH/ dy* (P|G* (L +y*,z))

AiMN —0o0

X [n(L+yT) +x,nyT +y ]G (v, y)|P)

_ 3iNZogP- /%deﬁ(%u—1—N<v>mr2<1—v>r3<1+v> QA%
A% . w— N(7) (2 +2y) 4
2P~
X | =g + i€ (A% pm)~w RO | (6.4)
< AT MR ) .

with w = j — 1, and where we required that the longitudinal distance (in z* direction)
L> Aﬁ_M ~ that is equivalent to say that our hypothetical probe has a power resolution
smaller than the hadron size i.e. that we are in the perturbative regime.

Closing the contour to the right of v = %, we can now take the residue at the point ~v*
such that R(y*) —w = 0 we have

400 . [t .
/ dL L'™7 / dyt (P|G*" (L +y*,z,)
AiMN —o0

X (L +y™) + 2, ny™ +yi G (v, y1)|P)

_ONEATI0 P TR (L) (@FAT)T (2P P\ E
w2 N(y*) (2 4 2v*) 4 A2 M3 ) '

So far, the calculation was done in the “BFKL” limit in which jafl ~ 1. To get the leading

and next-to-leading residues in power of Q?A?% we need to approach the “DGLAP” limit

by assuming the &y < w < 1. In this limit, then, we can use w — X(y) = w — 1‘1—87 and the
Qs

leading residue is at v = 1 — 2=, Thus, from eq. (6.5) we obtain

400 e 1 .
/ dLLH/ dyt ——(P|G*" (L +y",z,)

A% My ) 2P~
X [n(L+y") +xp,ny™ +y ]G (v, y.)|P)
3 N2Q%0 (Q?Ai>‘? ( 2P )
= -5 tie| gi(w), (6.6)
Ar? 4 A2 MZ

where we have defined the function ¢;(w) as

(6.7)

The first thing to notice is that we have recovered the gluon anomalous dimension jafl in
the 7 — 1 limit as anticipated above. Moreover, the leading residue is leading in terms of

Q2A? expansion, so eq. (6.6) is the leading twist contribution.
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2
2/A2
Similarly, we can calculate the next-to-leading residue in power of (%) . We start

again from eq. (6.5) and using w — R(y) — w — 2=, the next-to-leading residue is at

_ 2—?
— _ Gs
Y=2-F

+o0 . [t 1 .
/ dLLH/ dyt ——(P|G*" (L +y",z,)
A% My —0 2P

X [n(L+y") +x,nyT +y ]G (yT,y.)|P)

3NZQRoo QA2 (QIA2\ Y (2P \E
cYs s s _ ; 6.8
> A2 4 4 AiMJQV + 1€ 92(0‘}) ) ( )
where we have defined the function g(w) as
6y (2— (% — I3 — &)
= — = © v 6.9
gl =% R 7% (69)

We see that the next-to-leading residue, eq. (6.8), in the limit of small distances Ai, is

2/A2
suppressed by one power of sti respect to the leading residue contribution (6.6).

We can continue in this way and calculate the full series of twist expansion which is
resummed in eq. (5.10) or from its saddle approximation, eq. (5.12). However, one has
to notice that, besides the residues which give the twist expansion, in eq. (6.4) there is
another pole, the one at v = 1. This pole, actually, cancel out with two diagrams that are
not included in the high-energy OPE and that have to be calculated separately. To see
how this cancellation happen, one can consider the correlation of two light-ray operator at
high-energy with “quasi-pdf” point splitting regulator (see section B for details). In this
way, we may be sure that our procedure is justified.

Adding together the leading residue, eq. (6.6), and the next-to-leading residue, eq. (6.8),

we obtain
+o00 . [T 1 .
[ dLL [yt (PIGT (L 4y )
A2 My —o0 2P~

X [n(L+yT) +zi,nyT +y ]G (yT,y1)|P)

3N2Q%0 [ 4 \* [ 2pP? =
= - €
i \Q2AT ATIIR

The final step is to perform the inverse Mellin transform of (6.10)

NIt

2A2
<gl<w> +92(W)QS4AL> SENCA0)

“+o0o 1 .
+ ati— +

< (L +y") +ai,nyt +y ]G (yT,y)|P)O(L — AT My)

N2 2 1 14700 4 % 2P—2 %
_ 3 CQQSUO>/ dewfl n - 5 + g€
47 2711 J1—ico QA7 AL My

2A2
X <91(w) +gz(w)QS4Al> : (6.11)
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Using variables o and 22, and eq. (2.2) with 2% # 0, we can rewrite eq. (6.11) as

Qs

SN2 Q2 1 [lHie 4 \T ([ 2¢ :
2 c ¥s
— 27 c x50 - dol —=
Mpp(0:27) a2 o 2mi /1_ioo W<Q§|z|2> 22M% e
2|52
z
X (gl(w) +g2(W)QSJ1 | ) (6.12)

Result (6.12) is our final result which gives the behavior of the LT and NLT gluon distribution
at high-energy in coordinate space and from which we will calculate the pseudo and quasi-
PDFs at LT and NLT corrections.

In the limit &y < w < 1, we have

1
~ ~ . 6.13
n) g ) e (6.13)
So, using approximations (6.13), eq. (6.12) becomes
N2 QQO.O 1 1+ioco 4 %" 292 %
My (0, 2 d (> '
w(0:77) = 872 as0 20 J1—ico “ Q?|z|? 22 M3, e
Q2= Qslel*
14— 0] . 6.14
X ( += + 16 (6.14)
From eq. (6.14) we can perform the inverse Mellin analytically. We have to distinguish

2 2
two cases. In the first case, % > 1, the twist expansion is not justified and all order

corrections will have to be included. Indeed, if we perform the inverse Mellin transform we get

2 2 2
N2 Q2% | 26,In%EC Q2|22 Q12"
Mpp(@7z2):_87r2& 0 Ji(t) | 1+ 3 +0 16 , (6.15)
s ln( AT —l—ze)

with
20,12 2
t= [2075 In (QSJLZ| > ln<22§42 + i€

and where, we recall, 22 < 0. Result (6.15) gives an unusual behavior as a remnant of the
Q2 \ 2

1
2

, (6.16)

fact that case > 1 is not justified in terms of twist expansion.

Q2 \Zl

For the second case 0 < < 1, which corresponds to the typical DIS region, the

twist expansion is justified. In thls case we obtain

Qs °
N2 Q%og | 40s|/In=5= 622!»’3|2 Qsl2l*
Mpp(Q,Z2): 372a I (%) +0 16 ,  (6.17)
s 0 ln( Ve +ze)

with 1

s - Qs|z| ( 2Q2 ) 2
t = |4as|In In + i€ (6.18)

[ 2 zQMJQ\,
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Figure 5. In the left panel, the orange curve is the numerical evaluation of real part of eq. (5.11)
(all twist resummed by BFKL), the green dashed curve is the real part of the LT term in (6.12) only,
while the red dashed one is the real part of LT+NLT result, eq. (6.12). In the left panel we plot the
imaginary parts. The range of o is from 10 to 100.
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Figure 6. In the left and right panel we plot the real and imaginary part of eq. (6.12) (red dashed
curve), and the real and imaginary part of eq. (6.17) (magenta curve), respectively.

The goodness of approximation (6.13) can be appreciated in figure 6 where we plot
result (6.12) with inverse Mellin is performed numerically with 0 < % < 1, and re-
sult (6.17).

In figure 5 we finally compare the coordinate space result of the high-energy (large o)
behavior of the gluon distribution with BFKL resummation, eq. (5.11), the LT term and
LT plus NLT of eq. (6.12). We notice that the curves plotted in figure 5 are very slowly
varying functions for large values of ¢ (see figure 7).

Moreover, as mentioned in the previous section, the region of applicability of our

formalism is where the BFKL logarithm agIn <\z\|/]\§4€v> is of order 1 which is for p > 10.

7 Gluon pseudo-PDF

The pseudo-PDF [11] are defined as the Fourier transform of the matrix element of the
gluon bi-local operator with respect to the momentum P* keeping its orientation fixed. In
our notation this translates into the Fourier transform of eq. (5.11) and eq. (6.12) with

respect to o.
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Figure 7. Here we plot the real and imaginary part of the BFKL (5.10) and LT+NLT (6.12) both
normalized to the LT, respectively; o variates from 10 to 100.

7.1 Gluon pseudo-PDF with BFKL resummation

We defined the pseudo-PDF in eq. (2.5), so we have to perform the Fourier transform of
eq. (5.11) with respect to g

R(v)
3N2Qso0 [do _; 20° 2
G, ) = DEQ [ iy [ -
o5, %) 473 |z 27rQ6 v 22M?% e
2iv
« 7F2(1 — ’7)1—‘3(1 +7) |Z|Q3 ' (7 1)
I'(2 4 2v) 2 ) )

It is convenient to performing first the Fourier transform and the integration over the v
parameter at the end. So, we have

R(v) .
3N2 Qs0 2 2 Q2"
2N . s00 . s
Golom, ) =~ 1 v <M+> (%57

Y21 =P+ 9)ITR(M) . (7 .
X T2+ 27) sin (2?‘1(7)) sign(xpg) . (7.2)

Evaluating the last integration in the saddle-point approximation we have

3N2 Q00 T'(as4In2)sin(Fas41n2)

Gp(rp, 2?) ~ —i 1287 2] sign(xp)
\/7((3)045 In (xQB‘g’MJQV + ie)
—11’12 Qs|z| 9 . a@s2In2
X exp - 22 . TV + i€ . (7.3)

Note that, in eq. (7.3) we can further approximate I'(as4In 2) sin(§a,41n2) ~ 7 for small

values of .
As can be observed in figure 8, the numerical evaluation of result (7.2) is very well

approximated by the saddle-point approximation result (7.3).
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Figure 8. The orange curve is the numerical integration of the real part of (7.2), while the blue
one is the saddle-point approximation (7.3)(real part).

7.2 Gluon pseudo-PDF at LT and NLT

Let us perform the Fourier transform to obtain the pseudo-PDF for the leading and next-
to-leading twist corrections. Our starting point is the Fourier transform of eq. (6.12) which,
using the pseudo-PDF definition eq. (2.5), is

3N2 QQO.O 1 147200 +oo dQ .
G , 2y — ¥7/ d / WY —ipzp
p(75,27) 1672 2mi J1—ico w 0 27T,Qe

20° . B 4 = Q;l 4

From eq. (7.4) we will first perform the Fourier transform and lastly the inverse Mellin
transform. Thus, we have

Qs

3N2 Q2O.O 1 14+i00 2 % 4 ==
Gy(zp, 2%) = A—/ dw ( ) I'w
o5, 2 3213 27 J1—ico zh| 2|2 M3, Q?|z|? (@)

4 > 4
(1) + u@21=) + o HEL). (75)

The LT and NLT result, eq. (7.5), is obtained in the limit &y < w < 1, so, we could

further approximate eq. (7.5) using eq. (6.13) and also approximating I'(w) w2? % and
obtain

N2 2 1 1+ico g 2 3 4 %
ey N [ (3 VT

160,73 2mi J1ico W xh| 212 M3, Q32|22

Q3= Qslzl!
x<1+5>+0< 16 ) (7.6)

In appendix D we will employ such approximations, perform the inverse Mellin transform

obtaining an analytic expression, and compare the result with the numerical evaluation of
eq. (7.5), thus showing the goodness of the approximated analytic result. However, for our
analysis, we will consider the numerical evaluation of eq. (7.5).
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Figure 9. In the left panel we plot pseudo-PDF with BFKL resummation, eq. (7.2) (orange curve),
and the LT (green dashed curve) and LT4+NLT (red dashed curve) of pseudo-PDF result (7.5); the
value of xp is between 0.001 to 0.02. In the right panel we plot the same curves in a different range
of zg between 0.01 to 0.1.

In figure 9, we plot the gluon pseudo-PDF with the BFKL resummation eq. (7.3)
(orange curve), and the LT term and the LT plus NLT of eq. (7.5) (green dashed and red
dashed curve respectively). We observe that the BFKL resummation result agrees with
the LT and LT+NLT result in the region of moderate xz. When we move into the low-z g
region, we notice a strong disagreement which confirms the necessity of a In % resummation
represented by BFKL eq.

8 Gluon quasi-PDF

To obtain the quasi-PDF, we need to perform again a Fourier transform of eq. (5.11)
which, this time, takes a slightly different form then the pseudo-PDF case considered in
the previous section. Let us introduce the real parameter ¢ such that —z? = ¢2 > 0, and
the four-vector £+ = %‘ = % with |z| = v/—22. The quasi-PDF are defined as the Fourier
transform of the coordinate space gluon distributions (5.11) and (6.12) keeping, this time,
the orientation of the vector z# fixed.

8.1 Gluon quasi-PDF with BFKL resummation

Let us start with eq. (5.11). As already mentioned before, in the high-energy limit, where
x T -component — oo and x~-component — 0, we can not distinguish between the zeroth and
the third component. We can then rewrite LP™ = z- P = ¢P¢ with P = P-§{ = P~ because
the £ vector, in the limit we are considering, selects the minus component of the P* vector.
Moreover, in coordinate space, in the high-energy limit, every fields depends only on ™ and
x|, o, restoring the z~ components amounts in substituting (z — y)2 = A2 — —22 =¢2
In the quasi-PDF notation eq. (5.10) becomes

5 §V a o a v
Lo (PIG M (<)fs, 0] GLY (0) | P)
:
SN2 Q.0 2P?2 S T2(1— /)31 +7) [Q%2\"
_ o b O/dy S L) 2 7 (s . (8.1)
A3 2P M% I'(2+2y) 4
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We can then use the definition of the gluon quasi-PDF eq. (2.6)
d v
Gl P = P [ 42 e SR PIGe ) 014G 0)1)

R(v)
3N2 Pg T T(1 = )3 (14 9)
s d T 350 )
an/y< + i€ T2 +27)

ds (Q%2\" _ipa
x/§2< T e iPern (8.2)

Performing the integration over ¢ we obtain (recall that we are using v = % +iv)

R(v)

N2 2 p2 2 0?2 w
Gqlwp, Pe) =i “~2 Qa0 P /d e 4 g
q(:UB 5) Z47T4QSUO E‘xB‘ I/( M2 + i€ 4P£2.7,‘2B
T2 = )T+ )02y — 2)
I'(2+2y)

sinh(7v) . (8.3)

Let us calculate eq. (8.3) in the saddle point approximation. To this end we note

that 120= 7{}2‘;’&1; A;)F(QV 2) sinh(7v) is a slowly varying function, so in the saddle point

approximation we have

2 Qs
In® s5%2—
2P¢lep|

a 2
@212 785¢(3)In (_2”& +“>

) e

2P? )

WC(?))% In <_M§ +Z~€)

N

3N2 2P}
Gq(xB,Pg) ~ —%QsaopﬂxB’ M2 + 1€

(8.4)

In figure 10 we compare eqs. (8.4) with its saddle point approximation result (8.4) calculated
with a large values of P.

It is interesting to notice that, in the gluon quasi-PDF case, the usual exponentiation of
the pomeron intercept (the LO BFKL eigenvalues X(7y)), which indicates the resummation
of large logarithms of %, is absent. The exponentiation of the pomeron intercept that
we instead have in eq. (8.3) (and also in (8.4)) suggests that the logarithms resummed by

2P2
BFKL equation are a;ln (M§> rather than the usual o, lIn é as in the pseudo-PDF case
N

(see equations (7.2) and (7.3)).

8.2 Gluon quasi-PDF at LT and NLT

Let us now consider the leading and next-to-leading twist gluon quasi-PDF. We have
to perform the quasi-PDF Fourier transform of eq. (6.11) and make the inverse Mellin
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Figure 10. Here we compare eq. (8.3) (real part) with its saddle point approximation, (8.4) (real
part). The curves are plotted in the range zp € [0.001,0.1] with Pr = 4 GeV.

transform at the end. So, using the quasi-PDF variables ¢ and Pe, we have

GQ(xB’ Pﬁ)
ds

—icPex ffl/ ao a v
=P [ G e S (PIGT Ol 017G O)1P)

; 2 ) as
=P, /+oodgeicP§x33Nc2Qggol/l+wo di —ﬂ—l—ie ’ (4> .
¢ 0 s 1672 2mi J1—ico <P 2¢2
x (4g1(w) + g2(w)Q%?) . (85)
Performing the integration over ¢ we get

IN2Q20, 1 [+ 2P? B APZry,
Gol(ap, Po) = Sews0 2 do [ —8 1ie] [~ '
q(zB, Pe) 395 3mi i w MJZ\I + 7€ Q& + 7€

X F(_ 255) <4g1(w) + 2245 P?EQB (1 B 255) 92(w)> . (8.6)

Equation (8.6) is the gluon quasi-PDF up to next-to-leading twist contribution. What one

should notice in result (8.6) is the strong enhancement of the NLT term with respect to the

LT term due to the ﬁ factor. This is also consistent with the result obtained in ref. [40].
¢TB

el

Since we are in the approximation as < w < 1, employing equations (6.13), and
r (—@) ~ —5&-, we can also simplify result (8.6) as

w
N2Qioy 1 it (22 NE( apEd  \®
Gy(zp, Pe) = A—/ dw | —— + e - + i€
1

- 16a2m 2mi J1ico M3 2
2050 Qs
o= 8.7
x<w+5pgx23+ (&) (8.7)
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Figure 11. Here we plot the quasi-PDF with BFKL rsummation eq. (8.3) (real part), the LT and
the LT+NLT of eq. (8.6) (real part). The curves are plotted in the range xp € [0.01,0.1] with
Pg =4 GeV.

In appendix E we provide the analytic expression of eq. (8.7) in two different cases:

4P2 22 4P222
In 523 > 0 and In 523 < 0 and compare them with result (8.6) (see figures 15 and 16).
However, although our conclusions are not affected by using either of the results (8.7),

or (8.6), in what follow we will plot the numerical evaluation of eq. (8.6).

In figure 11, using P = 4 GeV, we plot the quasi-PDF with BFKL resummation (red
curve) given in eq. (8.3), and the LT (blue dashed curve), and LT+NLT (magenta dashed
curve) contributions given in eq. (8.6). What is striking about the plot in figure 11 is
that the behavior of the three curves is different than the usual low-xp behavior of gluon
distributions which we, instead, observed for the pseudo-PDF distribution in figure 9. We
considered again as initial condition of the evolution the GBW model evaluated at xp = 0.1.
One may check that, changing the starting point of the evolution, for example evaluating
the GBW model at zp = 0.01, would not change such unusual behavior of the quasi-PDF.

9 Conclusions

Our findings are illustrated in figures 5, 9, and 11 where we plotted the loffe-time distribu-
tions, the pseudo-PDF and quasi-PDF respectively.

The main result is that the pseudo-PDF and the quasi-PDF have a very different
behavior at low-xp. The physical origin of the difference between the two distributions lay
in the two different Fourier transforms under which they are defined. More precisely, in the
pseudo-PDF case, the scale is the resolution that is, the square of the length of the gauge
link separating the bi-local operator. On the other hand, in the quasi-PDF case, the scale is
the energy that is, the momentum of the hadronic target (the nucleon) projected along the
direction of the gauge link. Indeed, if on one hand, the pseudo-PDF has the typical behavior
of the gluon distribution at low-zp (see figure 9), on the other hand, the quasi-PDF has a
rather unusual low-zp behavior (see figure 11). The reason is that the usual exponentiation
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of the BFKL pomeron intercept, which resums logarithms of xp, is absent in the quasi-PDF
result (8.3). Moreover, the power corrections in the quasi-PDF result (8.6) do not come
in as inverse powers of P but as inverse powers of xp P, so for low values of xp and fixed
values of P these corrections are enhanced rather than suppressed at this regime.

Another result we obtained is the large-distance behavior of the gluon Ioffe-time
distribution (see figure 5) where we noticed that the plotted curves (for the real and
imaginary part) are very slowly varying functions for large values of g (see figure 7). Indeed,
since in lattice calculations the values of g is not very large, to perform the Fourier transform
and obtain the xp dependence, one has to extrapolate the large-distance behavior of the
Toffe-time distribution.

In this work, running coupling corrections and next-to-leading order BFKL have not
been used and could be included. Moreover, the technique we developed in this work can
be extended to study the low-zp behavior of other unpolarized or polarized pseudo and
quasi parton distributions.
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A Projection with open transverse indexes

He we consider the gluon matrix element with open transverse indexes. We start from
(G (2T, a) et + 2, nyt + ]G (T, L)) i 2
= (339" — 8, 9")(8)9" — 8, g7 ){ A5 () AL(y))a (A1)
Using the gluon propagator (5.3) in (A.1) we get
(G (2, z ) et + 2, nyt + ]G (T, L)) pig 2
= (0, 9" — 09" )(9)9"" — 9, ¢"")
APz wt|ytgm, — lyTIn), Xs, + 210, Y, +n)noy (Xo, Ya)
43 2

ULy, (A.2)
[y 1z = 202 + 2t (v — 220 — i o

After differentiation eq. (A.2) becomes

(G (z%, 21 )[naT +axy,nyT +y |G (yT, Y1))rig.2

_/d222 44"

473 | [zt (y—22)2 —yt(w—22)2 ]2

Ayt g (z—2)1 —dat g (y—22)] —12y™ (2 —20)"(z—20)7 +1227 (y—20)"(y—22)
[z (y—22)3 —yT(z—22)7 ]

7 (2433+y+(90*2279*22)($*Z2)i(y*22)j

_l’_

1
[ (y—22)1 —yt (w—22)1]

—12y" (1 m)] (2 - 2) (2 22) 1207 (y —22) 1 (y—22) " (y — 22

6gu + +($_22)i(y—22)i)}ngbUglb, (A.3)
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We recall that the point z; can be anywhere between point nz™ + x| and ny™ + 1y, .
We parametrize the straight line between these two points as x, = uxr| + uy, = z11, with

u = |Z+|, U= zi and AT = 2+ — T, and at the end we will have to integrate over the
parameter u.

Considering forward matrix elements and including the solution of the linear evolution
of the Wilson-line operator (BFKL equation)

x(7)

a dv — s+ 2$+y+ . o -1 ivyia
V4 (z12) = o — ()72 3+ <_(x—y)2a0+%> /dch(wi) 2TV (w))  (AA4)

with -2 (212) = V*(212), R(7) = @ax(7), 7 = 3 +iv, and x(7) = 20(1) =9 (7) =¥ (1 =),
from (A 3) we arrive at

(G (@ z ) na™ +ay,ny T +y G (YY) g 2

_/d2,22 44"

43 | [zt (y—22)3 —yH(z—22)% ]2

+4y g (x—2) —dat g (y—22)1 —12yT (2 —20) (x—20)7 + 122" (y—22)" (y— 22)?
[ (y—22)1 —yt(z—22)3

1
[z (y—22)1 —yF (2 —22)% ]

—12y" (2 —22)% (w—22) (2 —22)7 = 12277 (y—22)7 (y— 22)" (y— 22)’

~6g" 72yt (@ —2)% (y—20)2 ) }

1 (2456+y+($—22,y—22)(»’5—22)i(y—22)j

SNC

dv 1y 2$’+y+ 1 _ivysa
><212/2 2(212) 3+ (_(x—y)an > /d2 2TV (wy).  (A5)

The projection over the open indexes tensor structure is

/dQZQ 4g¥
4m3 | [a+ (y—z2)] —yT (2 —22)3 ]2
Ayt g (z—2) —dat g (y—22)1 —12yT (2 —20) (z—20)  + 122" (y—22)" (y— 22)?
+ + 2 + 213
[21(y—22)] —yT(z—22)1]

[x+(y_22)i _1y+ (x_ZZ)QL]ZL (245{;+y+ (33—22, y_z2)($—22)i(y—22)j

12y (@ —22)% (w—20) (2 —20)T 1222 (y—22)3 (y—22) (y— 227
gy (o)

37V’ T+ (1—y) (uu)
_ 472
T A A (4.6)
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with A% = (z —y)? = —(2 — y)"(z — y);. We see that only one tensor structure survived
after projection. So, using result (A.6) in eq. (A.5) we obtain

N,
25 x(v)

z—y)2ag

with 2% (212) = V*(212), R(7) = Gax(7), ¥ = 3 +iv, and x(7) = 26(1) =9 (7) =¥ (1 =),
from (A.3) we arrive at

(G (at a ) [nat + iyt + yL]abij_( T yL)pig.2

SNC

dv 20ty T 1
— _ d2 —1ivy),ag
277'2 ( (.’E IR y)2a0 ) / 2 V (WL)
3V TA+NT(1 =) (ua)
ij 2
*975 REINE (A (4.8)

Integrating over u and contracting the transverse indexes i and j, from (A.8) we arrive at
result (5.8).

B From local operators to light-ray operators

It is known that correlation functions of non-local operators on the light-cone are UV
divergent in the high-energy (Regge) limit and that a way to regulate these divergences is to
consider the point-splitting regulator. In this section we will first show that the “quasi-pdf
frame” (see figure 12) is a valid point-splitting regulator for correlation function of non-local
operators at high-energy (Regge) limit, and that, in this limit, it gives the same result as
the one obtained in refs. [19, 20] using the “Wilson-frame” (see figure 12). In this way
we can show that diagrams a) and b) of figure 13 which are not included in the HE-OPE
formalism do not contribute. This is because these diagrams cancel out with the residue at
v =1 as explained in section 6.

In this section we will also use light-cone vectors p; and po such that 2p; - po = s, and
Tp, = pia, = \/s/227, and x,, = phz, = \/s/22T. The light cone vectors n* and n’* that
we introduced in section 2 are related to the light-cone vectors p; and ps by pi = \/gn“

and ph = \/gn’”.

B.1 Analytic continuation of local twist-two operator to non-integer spin j

Using the Hankel representation of the Gamma function we can write

1
Jj— 2Fa 3
T(j—1) nel®) Vi @),
1 1—3 —uV
= T omi H+du (—u)™ F;;llg(x)e . Fzgllg(J:) o0
— =L du (=) B (0)]0, —upi [ E (—upy) (B.1)
2ri Ju, P1§ ) p1 )
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with j — 1 € C, and where H is the Hankel contour which starts at +oo slightly above the
real axis, goes around the origin counter-clockwise and goes back to +oo slightly below the
real axes.

Using the H_ Hankel contour, which starts at —oo slightly below the real axis, goes
around the origin counter-clockwise and goes back to —oo slightly above the real axis, we
can rewrite eq. (B.1) as

1
r'G-1) Fine
with (j — 1) € C. Now, let us consider j € C —{1,2,3,4,...} in (B.2), then we can leave
the Hankel contour and obtain
1 2
G- eV @

sin —1)]
= S ™ 0t B cop e O BRSO, (B3)

( )vj 2Fa£

[ dut T B Cup) a0 L E0) (B2)

z:O 271'2

=0

with j € C—{1,2,3,4,...}. Since we are interested in the forward matrix elements we can
rewrite (B.3) as

T eV @)
o U= ™ 0 19 B (00, opFY om) (B.4)
Using the reciprocal formula of Gamma function we can finally write (B.4) as
@V )] P 5 / dv o' F2 (0)[0, vpi] P FY E(upr) . (B.5)

Equation (B.5) is the analytical continuation of the twist-two gluon operator to non-integer
values of j for forward matrix elements.
Similarly, if we consider the scalar twist-two operator we get

$hp(2)V3, " (x)

+o0o o
» fOr:W~ F(i]) A dv U—l—] ¢104B (Upl) [Uph 0]ab¢ABb E(0> 7 <B6)

and for the gluino twist-two operator we get

Ya i1 a forw. 1 oo { N
My (@) Vi, op A () ]a=0 = F(l—j)/o dvv~ ]5[ A4(0)[0,vpy]* Up1/\A(UP1)

+ X% (vp)[op1, 0], Ny (0)] . (B.7)
B.2 Super-multiplet of local operators in CFT
Let us consider the super-multiplet of local operators [41] defined as [20]

Oé(ml) = /du éiBV%(bAB“(upl +z), (B.8)
Of\'(xL) = /du ij\jvgl)\%(upl +x,), (B.9)
(’)f]‘(:vL) = /du F;”VJ 2pa, Hupy + ). (B.10)
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In the case of forward matrix elements the multiplicatively renormalizable operators are
1 .
S1 = o) + OJ — 5(935, (B.11)

~ +1
Sl — i _ o+ J
1=0- 0%+ s o1
J+2 5 G+DG+2)

2 -1 2(Gi—-1) ¢

T o), (B.12)

Si =07 - (B.13)

with anomalous dimensions [41]
S . S S S
=40 1)+l +0(ad), A2 =4 = Vika (B.14)
In conformal field theory, the two-point correlation function is determined by symmetry
up to a coefficient, the structure constant. If we consider two operators 07, (x) and O{;; (x) of

spin-j and spin-j’ and indexes contracted with two light-like vectors p; and po, respectively,
then the two-point correlation function can be written as

-/ . . C A, ] Sjil _
[ vl (upy -+ )08 (op2 +y1)) =8 — ) DT e (Bs)
[(x — y)J_]
where A = d + v, with d canonical dimension of the operator, v, the anomalous dimension,
s = 2p1 - p2, 1 is the renormalization point, and C(A, j) is the structure constant.

B.3 Super-multiplet of non-local twist-two operator with non-integer spin j

Following the procedure explained in section B.1 we can obtain the analytical continuation
of the super-multiplet local operators (B.11), (B.12), and (B.13) to non-integer j

Fi(x1) = /0 duu' I Fp, (upr + 1), (B.16)
A%l (z1) = /0 duu™ Ay, (upy + 1), (B.17)
®) (1) = /0 duu™ "0 (upr +21), (B.18)

with

F) (upy,z1) = /dU Fp u(upy +vpt + x1) [upt + vpr,vp1 |20 FC, (op1 + 1), (B.19)

A (upy, ) /dU — XN (upy 4+ vp1 + 21 ) [upr + vp1, vp1 Lo Ny (vpr + z1)
+ X4 (vp1 + 21 ) [opr, upr + vp1] 2o N (upy + vpy + xﬂ) (B.20)
@) (u,21) = /dv % (upy + vp1 + x1)[up1 + vpr, vp1] % (vpr + 21 ). (B.21)

Thus, the analytic continuation of the multiplicatively renormalizable light-ray operators to
non-integer j are

-1 1

S1=Fh + 1A, =G - 5P, (B.22)
G +1)

Sz = ‘FZJH o ZAgH 6 q)g)l ) (B.23)

Sy=Fi - ‘7+2AJ _ U >2<=7+2>c1>g1. (B.24)
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Figure 12. In the left panel the Wilson frame is depicted, while in the right panel the quasi-pdf
frame.

Notice that, the different coefficients between the S-operators in (B.11)-(B.13) and the
S-operators in (B.22)-(B.24) are due to egs. (B.5), (B.6), and (B.7)

For the two-point correlation function constructed with the S-operaotrs, it holds similar
general result

(S9(21)S7 (y1)) = 6(j — §') pe (B.25)

We will calculate the C'(A, j) in the BFKL limit, i.e. in the w = j — 1 — 0, coupling
constant g — 0 and £ ~ 1 and then we will also consider the limit P <wkl.
From (B.22)—(B.24) we have that

(+)C+i) o (-DC+NA+3) o 1-NC—1) o
62 22Gr2) O ez o (P

J:I]Jl = S{ -
So, we deduce that, in the BFKL limit, calculating the two-point correlation function of
FJ si equivalent to calculate the two-point correlation function of S{ for which it holds
eq. (B.25).

The correlation functions with operators defined in egs. (B.22)—(B.24) in the BFKL
limit, j — 1, are divergent. A way to regulate such divergence is to consider the “Wilson
frame” [17] which are light-ray operators with point-splitting to regulate UV divergences
(see figure 12a))

. oo R
Fp(r1L,201) = /0 dun' ™ Fp (us 11,291 ), (B.27)
Fpi (w311, 221) = /dv 2T&"{Fpm(up1 +op1 + z10)[upr + vp1, vp1]a,

X [up1 + x11, vp1 + @21 | Fp, M (vp1 + z21 ) [upr, upt + Upl]m} . (B.28)

In ref. [17] the correlation function of two “Wilson-frames”

(F3, (xmm)Fﬁ; (Y11,y21)) (B.29)

was calculated in the BFKL limit and the explicit expression for the structure function
C(A, j) was derived.

The correlation function of “Wilson-frames” reminds us the correlation function of
four Z? currents with Z = %((ﬁl + i¢2) a renorm-invariant chiral primary operator, in the
BFKL limit [29] in N'=4 SYM theory, or the correlation function of four electromagnetic
currents in QCD which describes the v*4* scattering in the Regge limit [42].
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We will show that an alternative gauge-link geometry to regulate the UV divergences
present in the BFKL limit is the “quasi-pdf frame” (see figure 12b)). Indeed, we will show
that in the limit w =j —1 — 0, g — 0, and ¢> < w < 1 we get the same result as one
obtained in ref. [17] with “Wilson-frames”.

B.4 Gluon correlation function with “quasi-pdf frame”

As announced in the previous section, we will calculate gluon correlation function with
“quasi-pdf frame” in the BFKL limit.

The procedure is the same as the one adopted in refs. [20, 29], i.e., we will apply the
high-energy OPE.

The gluon correlation function under consideration is

(Fi (wry )P, (' y) (B.30)

with
. +o0 1—i
Fo(xi,y1) = /0 du Fp (w;z1,y1), (B.31)

and where now F,, (z,y) is taken with quasi-pdf frame (see figure 12)

Fpr (wz1,y1) = /dUFapn(um +up1 + )
X [upy +vp1 + x4, 0p1 +y1 |CFC, (vpr +y1) - (B.32)

In coordinate space the Regge limit is achieved considering the limit z-py, 2’ -p; — oo,
y-p1, Y -pa — —oo and keeping all other components fixed. In this limit, the correlation
function (B.30) factorizes as [29]

(Fpr (@ L,y )N Fpa (2, 91)) - (B.33)

To each factor of (B.33) we apply the high-energy OPE similarly to what we did in section 5,
indeed, using result (5.5) we have

+o0 0 Feo 0
/ dz* / dy*é(zt -yt L) / dz'~ / dy"6(z"" —y" = 1)
0 —o0 0 D

X (FO (@ w ) [nat 4oLyt +y U F T (5T y0) ) mig 2

 (F ol ol 1 FY 0 i

—6N? d?z9 —2(z—22,y—22)2 +(x—22)% (y—22)%
= N3 3 U(Zl,ZQ) 1
(z ‘y D T (y—22)2 | (z—22)2
[y*] T
—6N? Pz | =200 =2,y —25) + (2 —25)3 (v — 25)]
< ,+|)3/ 20(2), ) 2T B Ll (B34)
Yy ™ ((ylzzh_'_(m’zzh)
ly'*| @'t
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An important difference between the calculation of a correlation function like (B.30), and
the calculation carried out in section 5, is that here we will not need a model to evaluate
the initial condition for the evolution equation of the matrix elements because the initial
conditions are fully perturbative and are obtained by calculating in pQCD the dipole-dipole
scattering. In section 5, instead, we used a model to evaluate the dipole in the target state.

To proceed, we need the projection of the dipole-Wilson-line operator U(z1, z2) onto
the leading-order eigenfunctions, so using the completeness relation, we have

2 v
U(z1,22) = /d220/d12/1/2< 2122 ) Uy, z0), (B.35)

2
T 210720

with v = % + v and ¥ = 1 — ~, and where we defined

dQZ/ dZZ/ Z/Q v
u = e ZE) B.36
(Va ZO) / 77_22,142 (Zi%zézo (217 22) ( )

We also need the solution of the evolution equation for the dipole-Wilson-line operator in
the linear case, i.e. the BFKL equation,

U (v, z9) = eXaYORW Yo 20) (B.37)
UV (v, z)) = eYOFVIRWI Yo ) 21y (B.38)

where R(v) = R(y(v)) with v = 1 + iv. The resummation parameter in coordinate space
is [29]
217 1 21"

2 Yp=5In

(x—y)?% 2=y (B.39)

1
Yaziln

Indeed, in coordinate space, we already observed above, L,L’ — oo while the other
components are kept fixed. To have an intuitive picture, one has to recall the more familiar
case of v*v* process, and think to the L, and L’ as conjugated to the center of mass energy
of the virtual photon-target system, and (z —y)?%, and (2’ —y')3 conjugated to the virtuality

of the photon.

So, using (B.35), the dipole-dipole amplitude with BFKL resummation is (see section C
for details of the calculation)

U (21, 20U (21, 23))
_ aX(N2-1) fdv 1602 OLL RO
- N? /W(1+4V2)2 <|($_y)J_||($l_yl)J_|)
(1 + iv)[(—2iv) < 22,23 )”’
I2(3 —iv)I(1+2iv) \(X = X)4) -

(B.40)
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Using eq. (B.40), and the result of projection eq. (5.8), from eq. (B.34) we get

“+o00 0
/ dx™ / dyts(zt—y —L)/ d$/_/ dy'=o(z'~ -y~ =L
0 —00
) (F* (a2 ) [nat +z 0, ny T +yi ] FP (v, 1)) rig.2
< (PR (2 ! ) Ina' =+, ny = +y ) 1Y Y (0 ) pig.2

922N /du 6402 4OT(1-29)T%(y) ( Aa2a2 \7( 2cor "7 )
LUATAR ) o (1+42) T2 (20+2) \(x-x)1 ) \]A%]a%])

where we defined X | = % and the same for X/, and where we used N2 —1 — N? in

the large N, limit. From (B.41) we can calculate the correlation function of the j-dependent
operators

(F, (@1, y 1) T (21, y1))

902 N2 -1 rtoo 1 [t .
=———s¢c (2 dLL J/ dL' L 7 0LL — (X — X')?
marar (5) )] 0 (PLL — (X~ X))

§ /du 6407 4T —2)T%(y) ( AZa? \7( arr " (B.42)
P(1+4v2)? T2y +2) \(X —X)1 ) \[Af)ja]) ‘
where we used
x [(zt + L)n +ap,nat 4y )P 2t y), (B.43)

and similarly for 7} (', ,4/ ). The §(2LL' — (X — X')] )-function ensures that the longi-
tudinal size of two quasi-pdf frames are greater than the relative transverse separation.
Performing the integration over L and L’ we arrive at

<‘Fp1 ($L7yL)fp2 (xjnyj_»
RO 2¢ (A2 A2 155 (Refw — (7))
= <2) e X2 PG w0 R(7)

 (1=29)°T(1 = 29)I%(1 +)
(1-=7)2 T(2y)T%(2y+2)

Sw—uw'). (B.44)

To perform last integration we change variable v — v = % + iv and consider the “DGLAP”
limit as K w=7-1<K0

(Fi, @1,y 1) F (21, y1))

[, e @3A2 gy v
= —718 /%ioo g (X — )é'_/)f]_Qv-f-j—l—N(W) w— N(7)
(1=29)2T(1 —29)I¥(1 +7)
(1—7? T2y +2)

R(v)

7T

Slw—w). (B.45)
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Figure 13. First three order diagrams for the correlator of two “quasi-PDF” frames. Diagrams a)
and b) are not included in the product of two dipole Wilson-line operators.

In eq. (B.45), we can close the contour to the right of all the residues and consider only
the left most one which will give the leading contribution. However, we observe that there
are two residues to consider. The first, v = 1 — 2, reproduces the general expected result
of eq. (B.15) in the high-energy limit. The second one, v = 1, cancels out the diagrams
a) and b) in figure 13 which are not included into the high-energy OPE formalism. To
see this, one has to consider diagram in figure 2 and expand the Wilson line operator to
two gluon approximation. In this way, one observes that from this expansion, the first
diagram that obtains is the one in figure 13¢) (plus permutations). Thus, diagrams in
figure 13a) and b) are absent from the high-energy OPE, but they have to be included
in the calculation of this correlation function. The contribution of diagram in figure 13 a)
(diagram b) is higher order) will exactly cancel the contribution from the residue at the
point v = 1. Diagram in figure 13 a) has been calculated in ref. [20], so we do not need to
calculate it again, rather, we will show that it get canceled from the residue at v = 1 also
in the case of quasi-pdf frame. We remind the reader that in ref. [20] (see also ref. [17]) the
gluon correlation function was considered with Wilson frames (see figure 12).

Taking the residue at X(7*) —w = 0 we have

(F, (1,9 ) (2, vh))

@A S (AR AT IE (1- 297 T(1 = 29)T5(1 +77) $(w — )

I (6 N (R i YO0 E e R oD R

Here |A||A/|] is the IR cut-off and N'(v) = %N(’y). Comparing (B.46) with (B.15), we
have two equations 27* — 2 — w = v, and 2¢* = A — 1, from which we get v, + w = A — 3
in agreement with result obtained in ref. [20].

In the limit o, < w < 1 we have v* = 1 — % with a; = 0‘875\76, and result (B.46)
becomes
2a,
) " AA )&% w . .
(i@ y) F (@, y) ~ — 2 UEL8L) 57 - ). (B.AT)

(X — X3 2m

Result (B.47) coincides with the one obtained in refs. [17, 20] and is consistent with the
general result for two-point correlation function eq. (B.15).
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What we are left to do is the calculation of the residue at v = 1 and show that it
coincides with the one calculated in [20], thus canceling the contribution of diagrams a)
and b) in figure 13. So, we start from eq. (B.45) which we can rewrite as

<‘F] (mJ_ayJ_)‘Fpg(xj_ayJ_»
R(v)

_ g [H AR ool - N
= oo Y [(X — X7)2 ]2 H-1-R() w—R(y)

(1-29)°T(B 291 +1)

5(i — ). B.48
2(1—7)* T2y)I*(2y+2) G=7) (B48)
The residue at v =1 is
<}_ ( )}_ g )= N2s“w ds_l_%l X-X)1 X% 5(i—7)
M) = o (2w M Ay )V

N2s“w (X—X’)2
~ < 1 2 ®In j— 4 B.4
QW[(X_X,)QL]MH( + ALIAY 6(j—j"), (B.49)

where we used ay € w <K 1 and @ < @gln T)A( ‘f(A)l‘ Result (B.49) coincides exactly with

q. (5.40) of reference [20].

In conclusion, in this section we have proven that the Wilson-frame regulator and the
quasi-pdf frame regulator give the same result in the calculation of the two-point correlation
function in the high-energy, 7 — 1, limit. This justifies the use of the HE-OPE for the
calculation of the high-energy behavior of the LT and NLT gluon distributions.

C Dipole-dipole scattering
In this section we calculate the dipole-dipole scattering. Using (B.35), we have

(U (21, 22)U (2], 25))

e <> ] dw(a% g%) oy, )

and Y, =

where, as we explained above, the evolution parameters are Y, = + 5 In @ ;)2
1
%ln % Assuming that Y[ is the initial condition for the evolution, the dipole-dipole

scattering with BFKL resummation is

U (20,0)U (20, 0)) = (X0 YOROIUYO (0, 20) 0TI (1, 2) )
Yatvire) —Qa(NZ—1)  167°

4N?2 v2(1+4-4v2)2
214 §(y—) T (3 +iv)[(1—iv)
|20 —2o|2~4  T(iv)I(5—iv)

xXe

X [5(20—26)5@—#1/)—# ] . (C.2)
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Substituting (C.2) in eq. (C.1) we have

2N2-1) [dv 1602 2LL RO
UY (29, 1)U (20, v :—QS( . /7 ( >
U o U o, ) N ) e eyl =)
PG +in)l(=2iv) [ 2\ (©3)
r2( — )DL +2i) \ (X = X)) 7 '

with X = % and the same for X', and where we used

v I—y
/d2z0 ( 1y ) < 2% )
o250 )  \ (21 — 20)%(25 — 20)?
2 .2 \7 12l -
259215 I'*(5 +iv)['(—2iv)
= — — , C4
{((X—X')4> TP e U7 (€4

and

!
/ 2 v 2 v
dvdv’ o 1 2 219 2/ 212
T vV 20 | 55 el )
m 210720 210420

14wy — V) T(3 + i) (1 —iv)
1
2

mlzo — 2|27 T(iv)(5 —iv)
dv , 252% ) T3 +iv)D(—2iv)
= | — -V . C.5
/w4” {((X—X’)4 " s 2im) U7 (€5)

D LT and NLT pseudo-PDF': analytic expression

In this section we evaluate the inverse Mellin transform of eq. (7.6) which is the approximated
result of eq. (7.5). To perform the inverse Mellin, regardless of whether In ﬁ is positive

or negative, is

as
w

Gy, = M0 L e (2 NE( 4 )
pAtE:s 160,73 27 Jimico w \ 23|2[2M% Q?|z|?

Q3lz[? Qslz|*
X <1+5 >+O<16 )

N2Q309 Q3)z)? Qlz|*
=55 14+ ") Iyh =5 D.1
6m%a, \ 5 oM +0{ =5 ] (D-1)
with A defined as
4 2 2
h = |2as |In In . (D.2)
[ |2]2Q? QJQB!ZQ\MJZV]

In figure 14 we show that eq. (7.5) can be well approximated by result (D.1).
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Figure 14. Comparing the numerical evaluation of eq. (7.5) (red dashed curve) with its approximated
analytic result, eq. (D.1) (green dashed curve).

E LT and NLT quasi-PDF: analytic expression

To perform the inverse Mellin transform in eq. (8.7), we have to distinguish two cases. The
4P22?
first case is when In % < 0, and the inverse Mellin transform is

NQ Q2 o0 In (—4PQ2§502 — Z€) 2

C S B

Galarn, P) = DT L (Jolm) = o) =~ m) )

s In (—M§ + ie)
N
2 2
202 205 In (— 4;3%2 ze)
+5P2 52 op2 Jl(m) ) (E 1)
§"B 1 (— IVEARE ie)
N

where we defined

Q2 2P£2 3

. 4P2a? . . .
The second case is when In 52 5 > 0, and the inverse Mellin transform is
S

1 4PZa%, i
N2Q2%gy | M\ T TQz T ] o
B 1%07 ;3 2P2 (Io(m) + Ir(m) — 'fnh(m)>
s In < )

_& + 4
5+ 1€
My

Gq(l‘B, Pg) ~

B 4P£2m?3 . 2
2Q2 20[5 In —Tg + 1€
5P2;2 2P2 Il (m) ’ (E?))
§7B In <_M§ + ie)
N

+
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Figure 15. We compare the real part of eq. (8.6) (magenta-dashed curve) with its approximation, real

2, 2
part of eq. (E.1) (blue curve). This is the case In 4%:’3 < 0, with P =4 GeV, and zp € [0.001, 0.04].
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Figure 16. Here, we compare the real part of eq. (8.6) (magenta-dashed curve) with its approxima-

2 2
tion, real part of eq. (E.3) (blue curve). This time we are in the case In 4%;5 > 0, with Pr = 4 GeV,
and zp € [0.045,0.1].

and where we defined

T 4Py 2P \1?
m= |2asln | — 02 +ie|ln 2 + e . (E.4)
N

S
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