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ABSTRACT: Recently it was proposed that the theory space of effective field theories with
consistent UV completions can be described as a positive geometry, termed the EFThedron.
In this paper we demonstrate that at the core, the geometry is given by the convex hull
of the product of two moment curves. This makes contact with the well studied bi-variate
moment problem, which in various instances has known solutions, generalizing the Hankel
matrices of couplings into moment matrices. We extend these solutions to hold for more
general bi-variate problem, and are thus able to obtain analytic expressions for bounds,
which closely match (and in some cases exactly match) numerical results from semi-definite
programing methods. Furthermore, we demonstrate that crossing symmetry in the IR
imposes non-trivial constraints on the UV spectrum. In particular, permutation invariance
for identical scalar scattering requires that any UV completion beyond the scalar sector
must contain arbitrarily high spins, including at least all even spins ¢ < 28, with the
ratio of spinning spectral functions bounded from above, exhibiting large spin suppression.
The spinning spectrum must also include at least one state satisfying a bound m2J <
M,%(JQ_12)(J4_32J2+204), where J? = (({+1), and M), is the mass of the heaviest spin 2

8(150—43J2+2J%)
state in the spectrum.
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1 Introduction

Effective field theories (EFT) are a convenient tool to parameterize our ignorance of the
UV physics and at the same time provide a useful description of the IR. Precisely because
of its role of connecting the UV with the IR, it has long been a fertile playground for
understanding how consistency conditions on one side impose non-trivial constraints on
the other. A prominent example is the positivity of the leading four derivative couplings
in EFT [1] relating to the a-theorem [2] as well as the Weak Gravity Conjecture [3].

In the original work [1], positivity bounds were derived from the forward limit of the
low energy amplitude, which is related to the cross-section of the UV scattering amplitude
through dispersion relations and the optical theorem. As one extends away from the



forward limit, the fact that the imaginary contribution in the dispersion relation has a
positive partial wave expansion further constrains the structure of the derivative expansion.
This was first proposed in [4], and explored in a more systematic framework recently [5-8].
For identical states, crossing symmetry drastically constrains the allowed space of EFT
couplings, in general reducing it to finite compact regions [9-12]. Monodromy relations
push this reduction even further, seemingly converging to a single point corresponding to
the low energy expansion of the open superstring [13].

A geometric characterization of the space of consistent EFTs was recently given in [14],
where positivity bounds are given as the boundaries of the EFThedron, which is a product
of convex spaces. To be concrete, let us begin with the low energy scattering amplitude,
which can be parametrized as

M (s, t)® = ng,qsk*qtq, (1.1)
k,q

where the Taylor expansion in s and t reflects the derivative expansion for the low energy
description, and the couplings g, , are the Wilson coefficients defined on an on-shell basis.
Via dispersion relations, the couplings admit a representation as a positive sum over data
provided by the UV spectrum. In particular
1
g =D _ Pz Xtika (1.2)
LS

where i labels the UV state, and {p;, m;,¢;} are the spectral function, mass and spin of
state i. The coefficient Xy, 1. 4 is related to the Taylor expansion of the Legendre polynomial
Py(x), as well as the precise channel (s or u) in which the state was exchanged.

Importantly, as unitarity requires the spectral function p; to be positive, the dispersive
representation of the couplings is in fact giving a convex hull. In [14] the geometry of the
hull was explored in full for the s-EFThedron, corresponding to the scenario where the
UV states appear only in the s-channel. There are no t-channel poles since the dispersion
relation is implemented for fixed . The geometry was found to be the product of a bounded
moment curve and a cyclic polytope, whose individual boundaries are well known. For the
product, the new boundaries involve the total positivity of the following Hankel matrix

g0 91 92

g1 92 93 - ..
H(g) = >0, (1.3)

g2 g3 ga

where here g, represents the inner product of g, = (gx,0,9k,1,---) with any boundary of
the cyclic polytope. However, as we will see, these are in fact incomplete. For the su-
EFThedron, where both s- and u-channel thresholds are present, the cyclic polytope is
replaced by a more complicated object, and only a partial exploration was done. One of
the goals of this paper is to fill the gaps for both geometries, by showing they both originate

from a common structure, the product moment curve.
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Figure 1. Deriving s- and su-EFThedrons from a-geometry.

In this paper, while we focus on the case of four-dimensions, using Legendre polynomi-
als for external scalars and Wigner d-matrix for spinning states, the results are applicable
to higher dimensions in two senses. One, the transformation of the dispersion relation to
a double moment problem can be straightforwardly carried out in higher dimensions by
merely substituting Legendre with Gegenbauer polynomials. Second, the four-dimensional
bounds can be viewed as a weaker set of constraint for higher dimensions, since we can
always put the external states on a four-dimensional sub-plane, and the higher dimensional
basis must be positively expanded on the four-dimensional counterpart.

When strictly in four-dimensions, complications arise from infrared divergences. In
such a case, our bounds apply to effective theories of UV completions for which the cubic
massless interactions are weakly interacting, and thus IR effects are higher order in cou-
plings. Massless loops from the higher dimension operators will introduce logarithmic run-
ning, whose effect can be incorporated by modifying the definition of EFT couplings [7, 14].

EFThedron from the moment problem. We begin by demonstrating that even the
s-EFThedron can be expressed in simpler terms. By a GL transformation, the cyclic
polytope defined by v; 4, which are complete polynomials in J 2 = 4(¢ + 1) of degree q,
can be rotated into a discrete moment curve in .J?. Therefore, instead of considering the
g-geometry defined by eq. (1.2), we can instead consider what we call the a-geometry,

1 9
akyq = Zp27m2k+2 Jiq' (14)
(3 1

and return to the g-geometry by a simple rotation of the couplings. For the full EF'Thedron,
the geometry is given by the Minkowski sum of the hulls arising from the s- and u-channels.
Because the u-channel contribution is just itself a GL rotation of the s-channel one, it turns
out we can obtain the full EFThedron geometry by a similar rotation, followed by projecting
out couplings g, with k£ + ¢ = odd, reflecting the s — u channel symmetry. Thus we see
both EFThedrons are unified into the a-geometry, as illustrated in figure 1.

The significance of this result is that the a-geometry is explicitly the product of two
moment curves. The complete characterization of its boundaries can then be formulated
as the “bi-variate moment problem”, which is a rich and well studied problem in mathe-
matics (see [15] for an overview). The problem lies in finding both necessary and sufficient



conditions that determine whether a set of “moments” (in our terms — couplings) can be
expressed as eq. (1.4). Solutions to various cases of the moment problem are well estab-
lished in the infinite dimension limit, which for us corresponds to the limit where we have
access to Wilson coefficients of all derivative orders, that is arbitrarily high orders in k
and ¢. This allows us to systematically find all the boundaries of the a-geometry in the
infinite dimension limit. The crucial conditions that we find, compared to [14], involve the
generalization of the Hankel matrix into a moment matrix

ap,0 a1,0 ao,1 a2,0
aio a2o0 Aai,1 as,o
M(a) = a071 a171 a072 a271 e (15)

G20 a3o a2,1 44,0

which we require to be positive semi-definite. Having both necessary and sufficient con-
ditions implies the EFThedron is in fact equivalent to the dispersion relations encoding
locality, unitarity and analyticity!

In practice, we will only be privy to a finite number of Wilson coefficients, meaning
we must truncate at some order k& < m. In such case the geometry arising from eq. (1.4)
is referred to as the “truncated moment problem”. A solution to this problem is known as
the positive extension [16, 17], which involves finding an extension to the finite moment (or
Hankel) matrices, which maintains the positivity. For the single moment problem, only a
single extension is required, i.e. to find the solution for a coupling space up to some order
k < m, we need to impose Hankel matrix positivities up to order £k = m + 1, and then
project out the k = m+1 couplings. Our particular bivariate moment problem involving
the tensoring of a bounded with discrete moment has however not been previously studied
in the literature. Motivated by the solution for the full bi-variate moment, we propose the
set of constraints for & = m in eq. (2.35) for the a-geometry. Explicit analysis shows that
by including positive extension to k& = m+1, the region carved out by these constraints
converges rapidly to the numerical result, while in some cases give the analytic exact
boundary. Thus we conjecture that the constraints given in eq. (2.35), augmented with
sufficient degree of positive extension yields the complete boundary.

In the second row in figure 1, we considered further imposing the cyclic or permutation
invariance of the low energy four point amplitude. These constraints imply linear relations
between the couplings gj, 4 or a4, which define what we will call null or symmetry planes.
Importantly, once we require the EFThedron to intersect with the symmetry plane, the
resulting space becomes bounded in all directions, as was also observed in [10, 12] by using
the dispersion relation form of null constraints. The intersection allows us to project the
typically high dimension geometry of the EFThedron to a low dimensional finite space. To
clarify, we propose that cyclic or permutation invariance can be fully taken into account
simply by slicing the EFThedron by symmetry planes, without having to assume any
explicit dispersion relation form of the null constraints. All bounds are obtained by working
exclusively at the level of couplings, that is with inequalities of the form f(ayq) > 0,
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Figure 2. (§s,1, §a,0) space with the k = 4 null constraint, geometry vs SDPB.

intersected with symmetry planes n(ay4) = 0. The equivalence is guaranteed by having
the necessary and sufficient conditions for eq. (1.4) to have valid solutions.

We compare the boundaries with that obtained from numerical semidefinite program-
ing using SDBP package [18, 19]. In particular we compute the analytic structure of the
allowed region relevant for g3 and g4 of the s—u channel EFThedron, after intersecting
with the first symmetry plane, which is at k=4. By imposing constraints involving up to
k =5 couplings, we obtain the following result:

) _ 3 = _
Region I: J31 = ~3 3405 0<gs <1
1 /427 243
ion II: G31 = =\ —3 < i < 222
Region 931 = 5/ —5~ G40, 0<gs < o7
30 37 243
Region III: g31 = —§ —/Gao (21 — 20g — < g <1 1.6
egion g =g+ 5 \/ a0 ( G40) 107 = a0 < (1.6)
where we have defined g3 1 = g3!’]12]\0/[2 and G40 = 9452]‘0/[4, with M the mass gap of the theory.

We plot this in figure 2, finding berfect agreement’ with numerical results from SDPB. In
particular, we find an exact value for the bound

9 7 /61
2q — 4+ —/— ~10.612 1.
g31 < 5 + 1 5 0.6125 ( 7)

identical to the value given in [10]. We've also demonstrated that these boundaries are
tighter than previous proposal for s-channel EFT hedron [14].

UV constraints from IR symmetry. The reason “slices” of the EFThedron are finite
is simple: the symmetry plane is always defined for fixed derivative order (k), and only the
“J2” moment curve at different (g) orders is relevant for the intersection. The intersection
geometry is therefore always between a polytope and a subplane, and one can easily see
that a minority of vertices, defined by spin ¢, lies on one side of the plane. Thus the
fact that the physical spectrum must have an empty image in the directions orthogonal



to the symmetry plane, conventionally termed “null constraints”, requires a balancing act
between the low and the higher spin part of the spectrum.

Indeed we find null constraints, when now expressed in their dispersive representation
form, lead to conditions on the UV spectrum. In both s- and full EF Thedron, if the UV
completion involves non-scalar states, cyclic and permutation invariance require the pres-
ence of an infinite number of massive spin states. Permutation invariance in fact requires
every even spin £ < 28 to be present. While any massive UV completion will inevitably
produce states of all spins via the discontinuity of the two-particle threshold, if we assume
that the UV theory has a dimensionless coupling, for example g5 in string theory, such that
massive loop corrections can be suppressed, this constraint becomes non-trivial. Further-
more, we also find upper bounds for the ratio of averaged spectral functions, defined as

De;
(D) = Z 20kt (1.8)

For example, for identical scalars we find

(pa,e) 12
£ N
(pan) ~ Ll +1)(L2+(—8) (0> 4)
(p5,0) 216
) < > .
(ps2) — L(L+1)(L(L+1)(20(¢ +1) —43) + 150)° (¢ >4) (1.9)
The result for distinct k can be plotted as follows
<PkJ>
Logl 2, -] y
. . 1
10l : :1;0 20 30 40 ) ) (o) theory
~20¢ R k=4
’ : : ° . . ‘ ¢ ° . . k=5
-30
L T e e k=T
i T k=9
C. o k=11

Thus we see high spin suppression, at the level of finite spins, observed in [14] and recently
explored in [20], can be in part attributed to the combination of permutation invariance
and unitarity.

Similarly, the mass distribution of the higher spin spectrum is constrained. Taking the
heaviest spin-2 state to have mass M}, then we find amongst the higher spin states, there
must exists one satisfying

(J2 —12)(J* — 32J% +204)
8(150 — 43.J2 + 2J4)

mi < M} (1.10)



The above results are just the simplest consequences of a small subset of null constraints.
The full geometry of {p, £, m} is highly non-trivial, as it must in fact satisfy an infinite num-
ber of null constraints. We expect many more conditions can be obtained by a systematic
analysis of this geometry.

The paper is organized as follows. In section 2 we review the positive geometry of
moment curves, and present our proposed complete solution to the bi-variate moment
problem. In section 3 we show the s-EFThedron can be obtained by a GL rotation from
the bi-variate moment form. We then present results for the geometry, which we compare
to a functional approach. In section 4 we perform a similar analysis for the su-EFThedron.
Besides a similar rotation, one also further needs to project out some couplings in order
to satisfy s—u channel symmetry. We similarly compare results to a functional approach.
In section 5 we begin an investigation into conditions imposed by null constraints on the
UV spectrum itself. We derive constraints on spins, spectral functions, and masses. We
conclude in section 6.

2 Positive geometry of moment curves

In this section we give an overview of the geometry associated with the convex hull of
moment curves. The convex hull is the space associated the positive sum of a fixed set of
vectors {v; }

N
Conv[{v;}] = {Zpivi

Di Z 0} . (2.1)
7
If a point is inside the hull, then there must be a corresponding solution {p;}. A moment
curve is simply a curve whose image takes the form (1, 2,22, ---). The convex hull of points

on the moment curve is a space parameterized by the coordinates {ag, a1, ...}, satisfying

ag 1
N ai T

ap =Y piwy — w = > i 2 (2.2)
i 2 i i

Stated in integral form,
ap = /xkd,u (2.3)

where dp represents a positive measure. For the purposes of this paper, the discrete and
integral representations are equivalent.

We are therefore interested in finding the necessary and sufficient conditions on ay
such that they satisfy eq. (2.2). Said in another way, what are the constraints that ensure
the existence of a solution {p;,z;} that solves eq. (2.2)7 For a familiar application of this
problem, a; = > 7' p;x; can be interpreted as the coordinate for the center of mass, for
a system of n particles of masses p;, placed at positions x;. The possible location for
the center of mass is given by a convex region defined by the “outermost” particles. The
geometry we are looking for is a slight generalization of this problem, and is known as



the “moment problem”. This comes in different versions, depending on the support of the
variable . the usual cases considered are z € R, € Ry, = € [0,1] and finally = taking
only discrete values in some region. A recent detailed overview of the moment problem can
be found in [15].

Eq. (2.2) contains just one variable, x, and is termed the single or uni-variate moment
problem. In general, one can have any number of moments. The double or bi-variate
moment problem in particular has been extensively studied, and will be the main interest
of this paper. In this case the moments are organized as

ap,0 ap,1 4o2 1
N N
aio ail ar2 - Xy
_ . k q B ) ) _ ) 2
Ak,q = § :plxiyi - = E :Pz 5 | ® (1 Yi Y; ) ) (2.4)
P a2,0 G2,1 422 P T3

where as before p; > 0, while z;,y; can have any domain. The physical geometry that is
our main focus will have z; € [0,1] (related to the ratio of the masses of the UV states
to the cutoff), y; = £;(¢;4+1), with ¢; € N (corresponding to the spins of the UV states).
Finally, the complete geometry will be given by intersecting the convex hull with symmetry
planes corresponding to cyclic or permutation invariance.

Typically, the moment problem is formulated in the infinite dimensional limit, that
is when one is interested in the space of an infinite sequence a = {ag, a1, ...}. However,
for obvious practical purposes, we would like to carve out a finite dimensional space, a =
{ao,ai1,...,a,}, using only a finite number of constraints. This setup is known as the
truncated moment problem, and is considerably more complicated than the infinite moment
problem, which in fact follows as a corollary whenever a truncated solution is known. In the
single moment problem, the truncated solution is well established through the positive or
flat extension theorems [16], which are conjectured to hold also in the bi-variate case [21].

To our knowledge, for our particular case of physical interest, that is the bi-variate mo-
ment with one discrete and one continuous variable, a solution has not been studied. In the
following we present a systematic way to find conditions for this problem in the infinite di-
mension limit. We note that some of the conditions have already been described in [14], but
we find new ones as well, and we claim these conditions are necessary and sufficient in the in-
finite dimensional limit. In sections 3 and 4 we study two truncated cases, and we find these
conditions quickly converge to the numerical results found by linear programming methods.

2.1 Conditions for the full moment problem

We begin by asking what are the necessary and sufficient conditions an infinite sequence
a = {ao, ai, .. } must satisfy to be a moment sequence, that is

ay = Zpixf, pi >0, z; R (2.5)



It is well known the solution to this problem is given in terms of Hankel matrices, that
must be positive semidefinite (PSD):

ap a1 ag
a’l a2 a/3...

H= >0 (2.6)
as a3z aq

Further conditions must be imposed if there are further restrictions on z. For example,
one can have z € Ry, x € [0,1], or x € S, where S is some (ordered) discrete set. We will
find uses for all such cases. The extra conditions one needs to impose are in terms of so
called “localizing matrices”. For instance, to impose = > 0, besides eq. (2.6), we need the
“shifted” Hankel matrix:

aj] az as
az az a4 - - -

Hshift — >0 (27)
a3z a4 as

Next, for x < 1, we have the “twisted” Hankel

ap —ap ay —az a2 —ag
a1 — a2 az —az a3z — a4 -

HtWiSt — 2 0 (28)
a2 —az az — a4 a4 — 0as

Finally, if € {s;}, for ordered s;, this is known as the cyclic polytope, and the well
known conditions are in terms of polytopal walls with vertices s;, s;y1,5;,5j41,.... For
dim[d] = 2d + 1 we have

ap 1 1 1 1
air Si Si+1 S5 Sj+1

S o o S o B 2 2 2
(a,si,si+1,sj,sj+1,...>— ag Sj Sitq 87 Sjp1 e > 0. (2.9)

ENIUREEN )
w

asz S

3 3
Si+1 55 Sjt1

2d+1
while for dim[a] = 2d we have
<07 C_i\a §i7 §%+17 gtja gj-‘rlv .. > 2 07
<67§i7§i+17§j7§j+17"'706> > Oa (210)

where 0 = (1,0,...,0) and & = (0,0,...,1).
In the next section we present an approach that allows to systematically derive such
constraints. The approach then generalizes easily for the double moment problem.



2.1.1 Single moment

We have seen that the sufficient condition for @ to reside in the hull is that the Hankel
matrix is positive semidefinite. Observing that an infinite dimensional Hankel matrix can
be written as

1

H(a) =Y pixix{ =Y pi j; (1 z; x2 ) (2.11)

)

we immediately see that the Hankel matrix is positive semi-definite, since for any vector v,

vIHv = Zpi(vTxi)Q >0. (2.12)

This implies all the principle minors are non-negative.

Note that at this point, the Hankel matrix being positive-semidefinite is a necessary
condition, but not yet sufficient. To show that it is sufficient we must show that satisfying
the Hankel constraints implies the existence of a positive solution {p;} that gives us {ay}.
First, notice that f(r) = v'x is simply a polynomial in z. Let us interpret the sum
weighted by p; as computing an expectation value. The expectation value for the squared
function f(x)? is positive

E[f(2)*] = > _pif(2:)* > 0. (2.13)

Since the vector v is infinite dimensional, one can generate arbitrary polynomials in x with
any degree. In a finite interval, one can approximate the delta function by an infinite sum
of polynomials. In particular, on the interval —1 < z < 1 one can choose f?(z) to be the
Landau Kernal L, (z) with n being a large even integer, and

n (2n)!1(2n+1)

Ln<x) = (1 - ‘732) (n!)222"+1

(2.14)

Choosing v appropriately, we see that eq. (2.13) ensures with a positive p;. Since the
convex hull is by nature projective, we can rescale x — Rx by any positive number R and
the geometry is unchanged. Therefore, this argument holds for any bounded interval of z.
A more formal treatment is required for R — oo, given by [22].

Extra conditions for restricted moments. If we further consider that {z;} are re-
stricted on a closed interval [a, ], this implies

E[f(@)*(@=a)(5x)] 20 (2.15)

since it gives us a positive sum of polynomial squared. Assuming eq. (2.15), we can once
again let f(z)? approach delta function, enforcing p;(z;—a)(B8—x;) > 0. Since p; is positive,
this guarantees (x;—a)(8—x;) > 0, so x; € |«, B]. Rewriting eq. (2.15) as

E |f(2)*(z—a)(B-2)] = v" (Z pi(zi—a)(B—a)xix" ) v >0, (2.16)

~10 -



the matrix sandwiched by the arbitrary vector v must now be PSD. The new matrix is in
fact a linear combination of the Hankel matrix and its shifted ones

>opilzi—a)(B-z) | (1aia? ) (2.17)

(a+p)ar—as—afay (a+p)ag—as—afay - -
= | (a+B)ag—as—afa; (a+p)ag—as—afag --- | >0.

Therefore, the necessary and sufficient condition to have = € [«, 3] is given by the matrices
eq. (2.11) and eq. (2.17) being PSD. We can now apply this result to the following problems.

Half moment: > 0. This simply corresponds to setting o = 0, 5 — o0, giving

a1 a2 a3 o ..
a2 as a4 e

E|[f(z)%z] >0 = >0, (2.18)
as ay as -

Bounded moment: xz € [0,1]. In addition to z > 0, i.e., the positivity of the shifted
Hankel, one also needs to impose = < 1, by setting a =0,5 =1

(ag — a1) (a1 — az) (ag — as) -+
— ) ()2 (a1 —a2) (a2 —a3) (a3 —ayq) ---
E[(1—2)f(z)]20= (03— a3) (a5 — ag) (a5 —ag) - >0 (2.19)

Discrete moment: x € {s;}. Let si1,s2,...,5, be monotonically increasing. The
previous constraints correspond to excluding regions (—oo,a) and (b,00). If we instead
exclude z € (s;, s;4+1) by imposing E [f(z)?(z — s;)(x — si+1)] > 0 and then apply this for

- 11 -



every adjacent pair, it forces x € {s;} and gives us the discrete geometry.

(a1 — s1a0) (a2 — s1a1) -

(a) E [f(x)Q(a: - 31)] >0= | (aa —s1a1) (ag — s1a2) --- | >0.

() E[f@)*@—s)@—si1)] 20

(ag — (si + Sit1)a1 + sisiv1a0) (a3 — (8; + Si+1)a2 + sisi+1a1) - -

= | (a3 — (i + Sit1)a2 + Sisiv1a1) (a4 — (8; + sip1)ag + sisit1a2) <=+ [ -+ > 0.

(—a1 + spag) (—az + spay) - -
(¢c) E {f(a:)Q(sn — x)} >0= | (—az+spa1) (—asz + spaz) -+ | >0. (2.20)

Let us consider the first element of the matrix of (b) in eq. (2.20), which turns out to
be the boundary of cyclic polytope described in [14], up to a positive factor

aol 1
1

az — (s; + six1)ar + sisit1a0 = m
+1 = 9%

det | a; s; sit1

2 .2
a2 Si Sit1

Since the matrix in (b) of eq. (2.20) is PSD, the above is positive and is exactly the P2
polytopal constraint. Moving on to the larger leading principal minors, we find them having
the form of the usual Hankel matrix with elements being the polytopal wall dotted into @
up to a positive factor.

Note the above constraints contain non-linear inequalities from the Hankel matrices.
This is not what we expect for a cyclic polytope, which we know must only have linear
boundaries. This is not a contradiction, as the above conditions are sufficient only in the
infinite limit. Indeed one can check that the Hankel conditions converge to the polytope
as we increase the size of the matrices considered.

2.1.2 Double moment

The solution to the double moment problem, defined by
arg =Y pixiyi, pi>0 (2.21)
i

is very similar in the infinite dimensional limit. However, so far only cases where both
moments have identical support, such as [0, 00) x [0,00) or [0, 1] x [0, 1], have been fully
worked out in the literature, and are reviewed in ref. [15].} In all cases however, the new
central object in the solution is a generalization of the Hankel matrix, called a moment

!The K moment problem deals with more general moments, but only applies to compact domains [17].
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matrix, to be defined below. This result can be reproduced by extending the arguments
in the previous section. This will allow us to derive constraints which are suited to our
specific physical problem, which involves one moment defined on = € [0, 1], and one discrete
(TS {81, 59, .. }

A product of two moment curves requires a complete basis of polynomials in z and y,
now given by {1,z,y, 22 zy,%2,...}, to generate arbitrary function f(x,y). Therefore, we
can assemble the couplings into the following matrix generalizing the Hankel matrix

X5
ap,0 a1,0 aop,1 " -
Yi

aio azo a1,1 "

M(a)zZpi 7 (1%%3@2%%%2'“): T I (2.22)
Ty S

Yi

which is known as the moment matrix. This particular arrangement will also be well suited
to studying the truncated moment problem, where one is only interested to describe the
space up to some order in k£ and gq.

The constraints for ay, to satisfy eq. (2.21) are simply M(a) > 0. For example, we
have, up to k,q < 2,

ap,0 a1,0 @o,1
ap,0 a1,0 ap,0 ao,1 ap,0 ai,1
; ; slato azo ar,1| = 0.

aio a2,0| (@o,1 @op2| (A1,1 @22
ap,1 a1,1 ao,2

We note that conditions such as the last two were not previously considered in [14], and
are also related to an inequality used in [10] to analytically obtain a bound we will also
aim to study from the geometric perspective.

Similarly, the additional constraints for restricted x,y can be straight forwardly de-
rived. One imposes

E [ f(2,y)*(x - 24)(@p — 2)] > 0

to force x € [z4, 2p] and imposes

E [£(@,9)*(y = vy — )] 2 0

to exclude y € (yq, yp). So for each case we have the following extra constraints:
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1. Half moment.

For z € [0, 00), we require

E {f(w,y)zx} >0

1 aip azo a1l -+ -
Z; a0 a3zo a1 -

= me'xz‘ (1 T; Y ) = >0 (2.23)
i Yi ayl a1 a12 -+

This is the two-dimensional generalization of the shifted Hankel matrix. In short,

MShift’x(a) = M(a)|ay g—apsr, = 0 (2.24)
If y is also required to be positive, one has to impose
MY () = M(a)|a, ,—ap.qp1 = O- (2.25)

2. Bounded moment.

For z € [0,1], then one has to impose, besides eq. (2.24), positivity on the twisted
Hankel matrix

(ao0 — a10) (a0 —a20) (@p1 —a1,1) -~

a —Q a —a a —a tee
E [f(a:,y)Q(l —x)} S0 (a1,0 —a20) (az0 —aso) (a1,1 —az;1) S0, (2.26)
(apn —a1,1) (a1,1 —az1) (a2 —aiz) -+

This is the generalized version of eq. (2.19).

3. Discrete moment.

Suppose y is discrete and can only take values {s;}, then

E|f(@.9)*(—s1)|, E[f(2.9)°(y = )y — 50| .E [ f(2,9)*(s2 — )] 2 0.
(2.27)
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In other words,

(aop,1 —s1a0,0) (@11 —s1a1,0) -

(a) E[f(fv,y)Q(y—Sl)}20=> (a11—s1a10) (a2,1—s1a20) - | >0.

() E[f(29)’(y=si)(y=sir1)] 20

(a0,2—(si+sit1)ao,1+5iSi+100,0) (a1,2—(si+8i41)a1,1+siSiy1a1,0) -

= | (a12—(si+5si+1)a1,1+5iSiv1a10) (a22—(8i+Sir1)a1+Sisit1a20) -+ |--->0.

(—ao1+snaop) (—ai1+sparp) -
() E[f(@9)*(sn—9)| 20= | (—ari+snar0) (—azi+snazo) - [ >0. (2.28)

The first element of the matrix (b) above being positive

0,0 1 1
1

ao2 — (8 + 8iy1)a0,1 + SiSip100,0 = s p
i+1 — Si

) det ao,1 Si Si+1 >0,

2 .2
o2 S; Sit+1

is exactly the P? polytopal wall, generalized to the bi-variate case. The constraints
in eq. (2.28) should give us the discrete-y geometry in the infinite dimension limit.

We conjecture that in the infinite dimension limit, choosing the appropriate conditions
associated with the two moments from above, yields the complete sufficient conditions.

2.2 Truncated moment problem

Extension theorems for single moment. Above we have seen that an infinite di-
mensional space can be carved out by imposing positivity of particular infinite dimen-
sional matrices. However, suppose we are interested only in a finite dimensional space,
a = {ap,ai,...,a,}. How well can we describe this space by using only a finite number
of constraints?

An obvious practical approach is to impose positivity of matrices of increasing but finite
size m. Clearly we expect m to be at least equal to n, in order to constrain all dimensions,
but it is less obvious that is sufficient. One could also expect this approach will only
converge to the actual solution in the infinite limit, leading to discrepancies whenever m is
finite. Surprisingly, we will see that the correct answer is we only need m = 2n + 1.

Let us consider some simple examples. Say we are interested in the space ag, a1, as,
x € R. The simplest guess is we should require the 2x2 Hankel matrix to be positive:

apg aq 2
H, = >0 = ap>0andapaz—a] >0 (2.29)
ay ag
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However, these are actually not the complete conditions. The singular geometry with co-
ordinate ag = 0 is not correctly described. Plugging agp = 0 into our conditions, we obtain
a1 = 0, but we find no constraint on ay. This is clearly not correct, as ag =0 = p; = 0, so
we should have obtained ag = 0. The missing conditions are known as the flat or positive ex-
tensions [16], and involve adding extra moments to construct larger Hankel matrices. In our

case, we need to extend the space to {ag, a1, az,as,as}. We can write a larger Hankel matrix

apg a1 ag
H3 = |a; a2 a3 (2.30)

as ag a4
Now there are two equivalent conditions we can impose:
o The extension is flat: Rank[H3] = Rank[H3], Va3, a4
e The extension is positive: Hz > 0, Vas, aq

Imposing either we find as = 0, as expected. For a slightly less trivial example, consider
the sequence a; = {1,1,1,1,a4}, and we wish to find what values of a4 ensure a; is a
moment sequence. The Hankel matrix

111
Hy=1111 (2.31)
11&4

is PSD for a4 > 1. However, this is not sufficient. Because the 2 x 2 submatrix is actually
singular, that requires there is just one state, with p; = 1,27 = 1, implying in fact that
a4 = 1. The extension theorem states that the full conditions are, in terms of the extended
sequence ai = (1,1,1, a4, a5, ag), the larger Hankel matrix

1111

111
Hy = “ (2.32)
11 a4 as

1 a4 ap ag

must be PSD, for all a5, ag. The positive extension requires Det[Hy] > 0, which implies
aq < 1. Together with the original condition Det[Hs3] > 0 , we obtain a4 = 1. Equivalently,
the “flat extension” condition is the requirement that Rank[H4] = Rank[H3]. This latter
condition similarly requires a4 = 1.

This subtle issue will have even more important consequences for the bi-variate prob-
lem, where such discrepancies extend beyond singular points of the geometry to affect
non-trivial regions of the allowed space.
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Extension conjectures for bi-variate problem. The solution to the truncated bi-
variate problem is not as established, but an equivalent statement is conjectured to
hold [21]. The best we can do therefore is impose the infinite solution constraints de-
rived in section 2.1.2, up to some finite order. That is, if we are interested in some finite
dimensional space of moments up to order m, we must impose constraints involving the
extended sequence up to higher order m’ > m. As we increase the number of orders consid-
ered, this approximate solution must converge to the exact solution. In all cases studied in
sections 3 and 4 we find this approximate solution quickly converges to numerical results,
already when considering just constraints at order m’ = m + 1.

To be concrete about the constraints we will use in our specific physical problem, let
us assume we are interested in the finite dimensional space given by moments

arg =y pirtyl, w€0,1], y e {si} (2.33)
7

with k£ > 2, k — ¢ > 2 and for some k < m. First, we re-organize the moment matrix in a

form more appropriate to these requirements. Instead of moments ay , ~ :L‘kyq, we rewrite

ak,q ~ x22*(2y)?. Then the moment matrix becomes

1 e (vy) 2* x(wy) (ey)? - (ay)”
1 aso  a3o 431 (40 A4, ag2 -+ Api2n
x asp a4 (41 A50 A5 as2
(xy) as;1 ag1 Q42 Aas1 as 2 as.3
Many2(ak,q) = z’ asp  aso Gs1 Qg0 a6l ag 2

r(zy) aq as1 G52 46,1 ae,2 ae,3

2
(xy) 4,2 as2 a3 0462 ag,3 ag,4

(zy)™ \an+2,n e a2n42,2n

(2.34)
In terms of this matrix we will impose the following constraints to obtain an approximate
solution for ay , with & <m

Mim(axq) 2 0

v 0 Mim)(ak41,4) > 0

r<1: M[m}(a,w —agt1,4) >0

zy 20: My (ags1,4+1) =0

y € {s;}: P,Eig)mﬂ’q >0
y € {si}: My (PY)) > 0 (2.35)

where [m] = m for even and [m| = m + 1 for odd m, and

Plgl; = $iSi+10k,q — (Si + Si+1)akg+1 + Ak g2 - (2.36)
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One may worry that P still contains an infinite number of constraints, since we must
allow the possibility for an infinite number of spins {s;}. However, as we discuss in the
next section, the null planes intersect the polytope at a finite number of locations. The
roots of the null constraint will directly inform us which are the relevant polytope walls
that we need to consider.

2.3 Symmetry planes

An important ingredient in the geometry will be the symmetry planes, which reflect some
symmetry associated to the ordering of external particles in the 4 point amplitude. The
symmetry plane can generically be described by any linear function in ay g, f(agq) = 0.
From the UV point of view, the null constraints act by imposing non-trivial conditions on
the spectrum. This reduces the allowed space of couplings, since now in couplings given
by ayq = Zpimfyg , Pi, T;, and y; are further restricted. From the geometry point of view,
the symmetries reduce the allowed space by simply picking slices of the EF Thedron. For
now we will only use the purely geometric aspect of the null conditions, and return to the
UV perspective in section 5.

In general, a symmetry plane can combine couplings at both different k£ and ¢. This is
the case of the monodromy plane, which was considered in [13]. In our present discussion
we will only consider cyclic and permutation invariance, so it will turn out each symmetry
plane only acts at equal k, relating couplings at different ¢. While a plane acts in one
particular k level, it also induces non trivial effect to both higher and lower k couplings. For
instance, let us illustrate a simple example, that will also be relevant to the su-EFThedron.
We will explain this in more detail in the following section, but for now we just claim that
permutation invariance, at order k = 4, implies the couplings must be linearly related
(briefly, this is due to the fact that there is just one permutation invariant kinematic
object at k = 4, namely (s% + ¢? + u?)?). In particular, we have

as = 8aq; (2.37)

The polytope boundaries at k& = 4 are <&’4,Ji2,Ji2+1> >0, J? = (({ + 1), where for su
¢€{0,2,4,6,...}. The first few are

—6ag1 +as >0, 120a40 — 26a41 +as2 >0, 840a409 — 62a4,1 + as2 >0 (2.38)

We obtain the intersection in figure 3. It is clear the symmetry plane intersects only one
of the polytope walls, namely the one defined by vertices J? = 6, Ji2+1 = 20. This can be
directly explained by looking at the dispersive form of the null constraint in eq. (2.37)

1
=Y pi—mJ? (72 -8) (2.39)

We observe the summand has a root at J? = 8, so the relevant polytope wall is the one
with vertices on either side of this root, namely JZ2 = 6, J?H = 20 in our su case when
there is no J? = 12.

For a 3D example, we can consider the geometry of (as1,a4,1,a4,2), where a4 is just
(lk‘q

the projective coordinate YR

This scape is carved out by the constraints derived in the
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7))

ay 1

asp

Figure 3. 1. (a42/a4,0,a4,1/04,0) polytope and aq 2 = 8a4,1 symmetry plane.

53,1 4

......................

Figure 4. (as 1, 04,1,04,2) space intersected with a4 = 8a4,1 symmetry plane, and the resulting
(é~l3’17 d4,1) slice.

previous section, including the polytope wall (dy, 6,20). In figure 4 we plot the intersection
with the symmetry plane, now a finite region.

3 The s-EFThedron

As a warm-up for latter analysis, let’s consider a toy-model EFT where the light states
are adjoint or bi-fundamental states that admit an ordering. That is, we can decompose
the amplitude of the massless scalars in terms of color traces and focus on the single trace
amplitudes

M (%P ¢ pM)tr (T TP TT?) (3.1)
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Due to its trace structure, at fixed ¢, the UV completion will only involve s-channel dis-
continuities. Thus the dispersive representation of the EFT coefficients will be given as

_ Py (142t /m?
Zg,(:zlsk 49 = —Zpi —ZZ( é Z), p; >0 (3.2)
k,q ' i L

where Py(cosf) is the Legendre polynomial and the equality is understood in terms of
Taylor expansion in s,t keeping terms with k—g > 2. The latter constraint is required for
the absence of subtraction terms in the dispersion relation (see [14] for a general discussion).
In the following, we will study the geometry emerging for these dispersion relations and
their implications for the couplings.

3.1 The s-EFThedron as a rotation

Expanding the Legendre polynomial
12
Py(1+26) =) wyqd?, (3.3)
q=0

the EFT couplings g, through the dispersive representation are therefore given by

—
»

~
[

92,0
953 98] | o
) m;
’ ’ g —_— ¢ ® (Uéi,07 ’Uéi,17 'UZZ.72, T ) . (34)
g o ||

BERSYY

where vy 4, in terms of J? = ((¢ + 1), is

_ =1
N

4_ (J?—a(a—1)) . (3.5)

Importantly, as vy 4 is a complete polynomial of degree ¢ in J 2 we can invert the relation
via a GL transformation, and so we can write

G, T=J2. (3.6)

For example, the 5 x 5 rotation is given by

100 0 0
010 0 O
Gjw=[024 0 0 (3.7)
04 32 3 0
0 8 208 720 576
Writing g’k(s) = (g,%, g,(ﬁ, ---), we define the new couplings a4 via the same GL transfor-
mation
i = Gy 3, (3.8)
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where now

a0 1

1

aso as1 pi | m2
=> 5| 4 [T ). (3.9)

aq,0 G4,1 Q4.2 L 7

1

. 3

Thus we see that the dispersion representation in eq. (3.2) translates to the constraint that
the EFT couplings g,(j()l must live in the space of product moment curves. Moreover, one
of the moments will be discrete since J? can only take discrete values, {0,2,6,12,20,---},
while the other will only take values in the interval [0, 1], as we see next.

For a EFT to be well defined, there must be a gap between the UV states and the low
energy (massless) states. In other words we have that all m; > M > 0. These observations

are easily incorporated by considering the rescaled couplings

Qk,q Qk,q 1 1
2 M?
Ok+1,q ap+1,¢M ‘mZ La
- s =22 i | =2 o | (3.10)
Ak+2.q ak’-l-Q,qM a mx a Ty

a

where z, is bounded from above and below, 0 < z, < 1, so the results for bounded intervals
derived in the previous section can be used. We will often normalize M = 1 in the rest of
the paper.

In conclusion, we have shown that linear combinations of couplings ¢*) of the s-channel
EFThderon must satisfy eqs. (2.35).

Finally, since the amplitude is defined with a color trace, we can choose the states in
such a way that it is cyclic invariant, then we have

M(s,t) = M(t,s) (3.11)

simply implying gi.q = gk k—q, for £ > 2 and k — g > 2. Couplings satisfying the previous
identities are said to live on the cyclic symmetry plane, and the theory space for the EFT
couplings is simply the intersection of the cyclic plane with the product geometry.

In summary, we have shown that the s-EFThedron is simply a rotation of the bi-variate
moment problem defining the a-geometry, intersected with the cyclic symmetry plane!

3.2 Explicit region analysis

Having obtained the constraints, the allowed region for the couplings can be computed,
and in this section, we will be interested in the (g3, g3,1)-space. We first carve out the a
space then rotate back to the g space. Since aro = gro and a1 = gi,1, mapping those
couplings is trivial. We will consider constraints by order in k.

e k = 3 The only conditions are

ag,asp,as1 > 0
azo —azp > 0 (3.12)
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e k =4 We now have the moment matrix, and the shifted matrix, which in this case
contains just a4

asp asp as;1
asp asp asy | =20, a1 >0 (3.13)

a31 a4,1 42
Next, the twisted Hankel constraints are
(a3,0 — a4,0), (@31 —ag1) > 0. (3.14)

Since for s-EFThedron J? = /;(¢; + 1) can only take discrete values, J? =
{0,2,6,12,20,-- -}, we only have the following polytope constraints

<C_':47 J127 J7j2+1> Z 07 (315)

with @4 = (a4,0,a4,1,a42). Eliminating a4, a4,1,a4,2 in these inequalities, we obtain
the same simple region carved out by the k = 3 constraints alone

1> dzg >0, dz1 > 0. (3.16)

. . ~ a —
where we remind the notation a4 = ﬁMQ(’“ 2),

As expected we see no improvement without the presence of a null constraint.

e k =5 The new constraints are

a3,0 4,0 04,1 a31 G4,1 42
aso as0 as1 |5 | as1 asq asa | =0,
4,1 G571 G52 a42 052 453

a2,0 — Q3,0 a3,0 — A4,0 A3,1 — A4,1
asp — as40 Q40 — 45,0 A4,1 — G51 | » (a4,0 - a5,0> ) (a4,1 - a5,1> > 0. (3.17)
31 — Q4,1 Q41 — A51 @42 — A52
Next, the k = 5 polytope boundaries will be given by
(0, a5, JZ, J2 1) > 0
(@5, 2, J2q,00) >0 (3.18)
with ds = (as,0,a5,1,a52,a53).
Crucially, at k = 5 the first null constraint g5 2 = g5 3 appears, implying
as3 = 17a52 — 30as 1 (3.19)
Written in terms of UV states, the associated null constraint

s :ZTSiQ
3 (2

(2

(JF =178 +307) = 0 (3.20)

has roots at J? = 2,15. This means the only relevant walls will be those with vertices
on either side of J? = 15, namely (0, @s, 12, 20) and (as, 12, 20, c0).
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Geometry: k=5

—— Geometry: k=6

0 2 4 6 8 10 12 14

g3,1

Figure 5. Geometry bound and SDPB bound for (g3 1, §s,0) space. Including higher order couplings
and constraints improves the geometry bound. The region with the maximal mismatch is zoomed
in for clarity.

The matrices in eqgs. (3.17) make solving the inequalities difficult, so we will resort to a
numerical mapping of the space. To solve for the g3 space, interior-point method was used
to find the extremal value of 31 under the constraints listed above. By Fixing g3 to vari-
ous different values, the space can be scanned over and we find a finite allowed region, which
we compare with an SDPB analysis in figure 5. Extracting the upper bounds, we obtain

g <1347 (3.21)
from geometry compared to
g31 < 13.33 (3.22)

from SDPB. Including higher order constraints involving couplings at order k = 6 further
improves our results, where the upper bound

g% < 13.33 (3.23)

now matches exactly with the bound from SDPB. A small deviation can still be observed
around g3 = 12, which we expect is a consequence of the truncation at finite order. We
see that the region converges rapidly as the truncation increases, and expect a convergence
to the exact solution in the infinite-k limit. In the next section for the full EFThedron,
where the symmetry plane intersects at lower order in k, we will demonstrate an analytic
result exactly matching with results from SDPB in all regions.

A comparison with previous bounds. In the previous paper introducing the EFThe-
dron [14], a set of bounds of the s-channel geometry were given in terms of gy, 4, organized
as follows: fixed ¢ constraints, fixed k constraints, “hedron” constraints, and mass gap con-
straints. The fixed ¢ constraint is given by the Hankel matrices H (g q+) and the shifted
Hankel matrices being PSD for arbitrary fixed ¢*. This is the necessary and sufficient
condition that g .« is a positive span of moment curve of fixed ¢*:

1

9k,qx — Zpa,q* 2%k
a myg
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The fixed k constraint is the positivity of the polytopal wall (g, ¥;, Ui41...) > 0. It is the
necessary and sufficient condition that gi« lives in the convex hull of formed by the vectors
defined by Gegenbauer coefficients, 7}, for arbitrary fixed k*:

9k*,q = Z Pa,k*Vi, ,q-
a

The hedron constraint is that the Hankel matrices H({gx, v}, v11...)) and the shifted
Hankel matrices being PSD. For example, the hedron constraint for a three-dimensional g
would be

(> U, Uig1) (Gt 1y Uy Vg - 2) - -

<§k+17 ﬁl? ﬁl-‘rl) <gk+27 Ula ﬁl-i—l .. > .. | =0. (324)

These are necessary conditions for gy, to live in the product space of the convex hull of
moment curves and the convex hull of Gegenbauer-coefficient vectors. Finally, the mass gap
condition is the positivity of the twisted Hankel matrices and the shifted ones mentioned
in the previous sections being PSD.

We compare the (gs,1,§3,0) space carved out by the k = 2 ~ 5 constraints in [14] with
the one carved out by the new bounds derived the previous section, and with SDPB. Note
that at £ = 5, the hedron constraints are trivial. The first non-trivial one emerges at k = 6,
and it is computationally prohibitive to analyze fully. The k£ = 2 ~ 5 constraints of the
s-channel geometry in the previous paper are listed as follows.

1. Fixed g:
92,0 93,0 93,0 94,0 93,1 94,1
y ) y 94,1, 94,2, 952, 95,3 > 0 (325)
93,0 94,0 g4.0 95,0 941 951
2. Fixed k:
<§4717176l+1>7 <67§57m>17l+1>> <§5717}a17}+1,06> >0 (326)
3. Mass gap:

(912 — 95.2) , (93,0 — 94,0) » (931 — 94,1) , (941 — g5,1) > 0
92,0 — 93,0 93,0 — 94,0 >0

93,0 — 94,0 94,0 — 95,0
(92,0 = 2930 + 94.0) , (93,0 — 2940 + 95,0) » (93,1 — 2941 + g51) >

0
(92,0 — 393,0 + 3940 — g5,0) > 0

(3.27)

With these constraints and the £ = 5 null constraint gs2 = g5 3, the allowed region of
(G3,1, J3,0) space can be carved out and the region is an infinite stripe

0<g31, 0<g30<1.
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Figure 6. Comparison of geometry constraints in [14] and new geometry constraints up to k = 5,
and SDPB for (§3,1,§s,0). All plots are using k = 5 null constraint due to cyclic invariance.

The fact that g3 ; has no upper bound can be easily seen from the constraints (3.25), (3.26),
and (3.27). In this paper, the upper bound of g3 arises from the bi-variate moment matrix
eq. (3.13) being PSD, leading to a finite region. In [14], the Gegenbauer coefficients were
not identified as a GL transform of a moment curve and therefore the previous constraints
do not capture the geometry of the product moment curve, thus the constraints in the

previous paper are necessary but not sufficient.

4 The EFThedron

We now turn to the more general set up, the case where both s and u-channel singularities
are allowed at fixed t. This set up will be applicable to general a,b — a, b scattering where
a,b can be distinct external states. If we consider the explicit amplitude M(a, b, b, a), such
that the ¢ — 0 limit corresponds to forward scattering, the low energy couplings, defined as

M™(a,b,b,a) Z Tk.q Zh—aga (4.1)

where s = —t/242z, u = —t/2—2z. Due to the 2 <» 3 symmetry of the setup, the couplings
will be non-zero only for even powers of z, i.e. k—q € even. The dispersive representation
equates

2t 1 1
k—quq _ .
S gegst 1 = =3 p Py (1420 + L2
£ Gk,q i 2 &( m2)<—t 2 —;—Fz—m?) ( )

i 2 " ETMy

where once again, the equality is understood in terms of a Taylor expansion in z,t on both
sides and for terms with k—¢ > 2. The result is the identity

Ug; k,
kg = sz kﬁ (4.3)
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where uy 1, 4 are related to the Legendre coefficients vy 4 via an k-dependent degenerate GL
rotation Gfiv

Ug k0 1 0 0 0 00 V1,0
0 0 0 0 0 00 Vo1
(k‘fl)z 1 (k*l)l
Up k.2 S5y 5 1 0 00 Ve 2
Ug e = = 20 2 (4.4)
0 0 0 0 0 00 Ve k—1
Up ok %2 k _(&11121 k (2)527!222% _% 1 Ve

In the following, we will demonstrate how via a series of GL rotations, the above geometry
can be converted to our familiar a-geometry.
4.1 The EFThedron as a projection

Due to the k-dependence of GF
In [14], the boundaries of this space were obtained by approximating the geometry with a

u,v» the convex hull is now of an entangled product geometry.
series of deformed moment curves.

Before the GL transformation, the hull is our previous a-geometry. Thus a priori,
simply acting with an inverse transform on gy, , in eq. (4.3), we can revert to the a-geometry
and apply the associated Hankel positivity. The obstruction is of course that ij’v is
degenerate, of half-rank. To this end, lets instead consider an auxiliary (N}ZU

1 0 0 0 0 0
0 1 0 0 0 0
(k—21)22% _(16_21)1 1 0 0 0

Gh, = 0 0 0 1 0 0 (4.5)
0 0 0 0 1 0
Dok _Qiciglk Lizga—k .. _1 4

where we have inserted auxiliary rows such that éﬁv becomes full rank. Defining
ﬁz,k = Gﬁ,vﬁ‘fv (46)

we see that 22’27 i = U, for the components where k—g = even, while @' will have non-zero
entries for k—g = odd. Now let’s consider

%,k R
G = sz k+1 sz k+1) up Vi (4.7)
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where g}, now contains k—g = odd auxiliary couplings. Multiplying both sides by (éﬁw)*l
and G j,, we can now recover the a-geometry

a2,0 1

Qa a 12

3,0 43,1 ~ pi | m?
=Gu(GE)Tg =2 | T @ (IR IE). (4.8)

a4,0 04,1 Q4.2 PRRRLLAN ier:y

K

In other words, the full EF Thedron is simply a projection of the a-geometry!

In practice, we first take the Hankel positivity constraints on the couplings in the a-

1

geometry, a4, and GL rotate back to g , through the action of GZ,U(GJ,v)_ . Second,

project out the auxiliary couplings from the constraint, ie. those which have k—q = odd.
k

U,

projecting out the auxiliary couplings we retain a “gauge” invariant result. It is straight

Importantly, the result is independent of how we complete the rank for G i.e. after
forward to verify that this is indeed the case.

For a,b — b, a scattering, the constraint imposed by the a-geometry is the final result.
However, for identical scalars (a = b), the low energy amplitude must now respect permuta-
tion invariance, i.e. the EFT amplitude is a function of o9 = s2+t?>+u? and o3 = stu, imply-
ing linear relations between g, , of equal k, i.e. the couplings live on the permutation plane

3t =z t
Mz,t)=M|—+=,2—= 4.9
(o) =M (T35 (19)
Thus for identical scalar scattering, the geometry we are interested in is the intersection
of the projected a-geometry, intersected with the permutation plane.

4.2 Explicit region analysis

The conditions we will use are mostly identical to those for the s-EFThedron. The two
differences are related to polytopes, as now J? = {0,6,20,...}, and the null constraint,
which now first appears at k = 4. Because the summand of the null constraint, given by

ni=% nf" J2(J? — 8) (4.10)

10 “2 \ %2
i 7

has a root at J? = 8, only the polytope wall (@4, 6,20) will intersect the symmetry plane.

Like for the s-EFThedron, we wish to bound (a4, as31) space. Because the null plane
is at order k = 4, we will be able to analytically solve the constraints. First, let us impose
all possible constraints up to order k = 4

aso — asp,aso — a4,0,a3,1 — a4 > 0 (4.11)
a2,0 43,0 a3,1

aspo asp asy | =0 (4.12)

G311 4,1 A4.2

azp 1 1

det | as; 6 20 [ >0 (4.13)

as2 36 400
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subjected to the null constraint as2 = 8ay,1. We find

/160 5
0< E53,1 < TCNM,O for 0< C~L470 < 6,

- 80 /. N 20 _ 5
0<ags < \/9 (a4,0 — a42170> + §CL4’0 for 5 <agp <1 (4.14)

We can further impose the positivity of the following matrices involving k£ = 5 cou-

plings:
azo 44,0 G4,1 as,1 G4,1 42 a0 — a3, a3,0 — A4,0 A3,1 — A4,1
aso asp as1 |5 | aaq asq1 as2 |5 | aso — aso asp —aso as1 —as; (4.15)
as,1 as1 G52 as2 as2 053 as1 — a41 a4,1 — a51 42 — A52

as well as the polytopal constraints,
(0, as,6,20), (as,6,20,00). (4.16)

Solving these conditions, we obtain the final region is given by

160 27
0<agr < ?@170 for 0< asp < E,
- 20 [/ .. S 27
0< az1 < ﬁ <6a470 + \/(21 — 20a470)a4,0> for E <aqpo < 1 (4.17)

which is stronger than using only the k£ < 4 constraints, and we find it matches exactly to

numerical results.

Real geometry. The last step requires us to rotate from the a to the g couplings, and
project out couplings gi , with k£ + ¢ = odd. In our low dimension example the only non-
trivial rotation is ag 1 — %93,0 +¢3,1- Doing these operations we can explicitly solve the con-
ditions up to k = 5 described above, and we obtain the complete (g31, g4,0) allowed region,

3

Region I: J31 = —5\/940, 0<gsw <1 (4.18)
1 /427 243
ion II: Gg31 = =\/ —@ < Gup < — 4.1
Region 931 = 5\ —5 a0, 0<ga < o7 (4.19)
30 37 243
ion T §31 = — a0 + —=1/§ — 20 2 o < ,
Region IIT 931 = —ga0+ 151/ Gao (21 — 2040), 107 S 90 = 1 (4.20)

This is shown in figure 7, and we find it matches perfectly the results from SDPB [10]. For
a more precise comparison, we can compute the upper bound on g3 1, which we find to be

9 7 /61
24 Z 4+ /= ~10.612 4.21
g3,1 < 5 + iV 0.6125 ( )

identical to the value found with SDPB.
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Figure 7. (§31, §a,0) space with k = 4 null constraint, geometry vs SDPB.

The boundary structure is the following

e Region I

asp a
a3; =0, Rank 20780 (4.22)
as,o a4,0

e Region II

(@,6,20) =0, Rank [ “2° ] =1 (4.23)
as1 44,2

e Region III

(@4,6,20) =0, (0,ds,6,20) =0, (ds,6,20,00) =0

a3.0 (4,0 A4,1 a3;1 G4,1 (42

Rank | as9 as0 asp | =2, Rank| as; as1 ase 2,
a4,1 a51 52 4,2 52 453
a2,0 — a3 a3,0 — @40 A3,1 — @41
Rank | a3zo—as0 aso—aso asg1 —as; | =1 (4.24)
az1 — G4, Q4,1 — Q51 42 — 452

5 Constraints on the UV spectrum

As we have seen in previous analysis, while the space for the hull is in general unbounded
its intersection with symmetry planes yields a finite region. The reason that it is finite is
simple, in general only the low spins are one side of the symmetry plane while the remaining
majority are on the other side. Indeed take for example the su-channel & = 4 polytope

intersected with the symmetry plane as2 = 8ay4,1, which we plot again in figure 8. We see
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Figure 8. (a4,1,0a4,2) polytope and a4 2 = 8a4,; symmetry plane.

that only the spin 2 (J2 = 6) vertex lives on one side of the plane. This immediately tells
us that the k£ = 4 null constraint requires spin 2 to be present. In other words, to live on
the symmetry plane, certain distributions in the spin spectrum are necessary.

A convenient way of formulating such conditions is the statement that the hull must
have zero components perpendicular to the symmetry plane. This condition is often termed
“null constraints”, which we denote as ni. The subscript k£ indicates that it associated with
symmetry constraints on the k-th level couplings g ,. Once we substitute the dispersive
representation for the couplings, the condition translates into the vanishing of a sum over
the UV states. For example, the symmetry plane in figure 8 corresponds to a null condition

o _ Di
ng = a4 — 8as1 = Z 10
. (A

(2

(- 87?) (5.1)
In general, null conditions will have a form
ng = sz k+1 (£ ) =0 (52)

where wy(¢) is a polynomial in ¢, and there may be several null constraints at the same k
level. The fact that the above expression must sum to zero imposes non-trivial conditions
on the UV spectrum. We will analyze these constraints in steps, first utilizing just the sign
of wg (), then its magnitude, and finally linear combinations of wy(¢) with distinct k. We
summarize our finding in the following

o Conditions on spins. Given that wg(¢) is a finite degree polynomial, at sufficiently
large spins its sign is fixed, which we can always take to be positive. Thus if the
spectrum only contains high spin states for which wg(¢) > 0, it is impossible for the
null constraints to be satisfied, since negative terms must also be present. This tells us
that the real roots of wy(¢) encode the necessary conditions the spin distribution must
satisfy for ng to hold. Collecting the conditions from different k one obtains global
constraints on the spectrum. For example, we will find that assuming the existence
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of non-scalar states, the UV completion of a theory containing identical scalars must
include an infinite number of arbitrarily high even spins, including all even spins
¢ < 28. Certainly such result is not surprising and can be argued directly from the
Froissart-Gribov formula, i.e. it is inconsistent to have higher spins without having

2

the complete even spin spectrum.” The exercise here is to see how such conditions

arrises from geometry, and set stage to the following.

o Conditions on probabilities. Beyond the sign pattern, the functional form wy(¢)
tells us the magnitude of the contribution for each spin. Since the contribution must
cancel out, this imposes upper bounds on the averaged spinning spectral function
(pe i) for any fixed ¢. In particular, for identical scalars we can deduce upper bounds
for the ratio (pe)/(p2.k), such as

(pa,e) 12

(Pa,2) = 0(0+1) (12 +0-38) (£=4) (5.3)

e Conditions on masses. Combining different k-order constraints, we now obtain
functions that are no longer homogenous in m;. This will then allow us to deduce
that there must exists a state in the spectrum whose mass is below a “gap”

m2 < M?B(() (5.4)
where M is the heaviest spin 2 particle.

In the following we will give the details for the s- and full EFThedron, as well as the
case when the external states carry spin.

5.1 Implications for spin spectrum

Substituting the dispersive representation for the couplings in the null constraints, we will
in general arrive at

= (ng;ﬂwk(m =0, (5.5)

where the function wg(¢) is a polynomial in ¢ and thus have finite roots. Since py is
positive, this immediately tells us there must be states residing in both the positive and
negative regions of the polynomial. We begin by first analyzing this sign pattern for the
s-EFThedron.

s-EFThedron. Imposing cyclic symmetry
M(s,t)=M(t,s) =  Grq = Gkk—q- (5.6)

leads to the following null constraints

Di

Jrqa— k=g = D Gyt (Vs ~ Veia) =0 (5.7)
i i

2We thank the referee for pointing this out.
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Since the couplings are well defined only for & > 2 and k — ¢ > 2, the first valid cyclic null
constraint appears at kK = 5, and is given by

ms = g5~ 953 = Y i (- DG+ DG+ 2)(E+6-15) =0, (5.8)

7 (2

First, if all spins in the theory are 0 or 1, the null constraint is trivially satisfied. However,
if there is at least one particle with spin ¢ > 1, the null constraint becomes non-trivial.
Importantly we must have states residing in both positive and negative regions of the
polynomial ws(¢) = (£—1)0(£+1)(£+2)(¢2+£—15), in order for the null constraint to hold.
Noting the last factor has a positive root at £ ~ 3.4, lets consider the sign pattern of this
function for each spin

¢ lofl1]2]3|4]5
ws() [0 0| = | —|+]+]|+

We observe that for spins 2 and 3 it is negative, while for spins 4 and greater it is positive.
This means for a theory to satisfy cyclic invariance and contain spins beyond spin 1, it
must contain either a spin 2 or a spin 3, as well as at least one spin 4 or higher.

The k£ = 6 null constraint is weaker and does not add new information, while at k = 7
the null constraint g7 3 = g7.4 yields

wrl) = (L —=2)(0 =1L +1)(L+2)(L+3) (12 +1—28), (5.9)

with a final root at £ ~ 4.8, and the following sign pattern

¢ o123 |4]5
wr) [0lo|o|—|—|+|+

This tells us that if we have states with ¢ > 3, then the spectrum must have either a spin
3 or 4 and at least one spin > 5.

We can continue this argument order by order at higher k. It is useful to specifically
consider constraints goq+1,a = g2q+1,a+1 Which takes the form

a—1 a+1
waar1(6) = (40— fo(a)) [T =9 T+ ) (5.10)
=0 7j=1

where fc(a) = (a + 1)(2a + 1), leading to a positive root at

lo(a) = 2V 12+4f0(“) (5.11)

which for integer a > 0 is well approximated by

le(a) =~ V2a + % <\j§ - 1> (5.12)
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Now waq+1(¢) has zeroes for ¢ < a—1, and has only one negative region between
a—1 < ¢ < {l(a) , and becomes positive for ¢ > f.(a). This leads to the following

conditions

k=5:0€{2,3} and L € {4,5,...}

k=7:0¢€{3,4} and £ € {5,6,...}

k=9:0€{4,5,6} and ¢ € {7,8,...}

k=11:¢€ {5,6,7} and ¢ € {8,9,...}. (5.13)

These constraints are valid for UV completions of colored scalars states involving massive
states beyond spin 1. From the above we can immediately conclude that the spectrum
must be unbounded in spin. As k increases, we observe that the conditions on spins become
weaker. This is because the interval between the last two roots grows as ~ (v/2 —1)a. The
same behavior will also occur for the su-EFThedron, but the conditions will be stronger.

The full EFThedron. We now perform the same analysis with permutation invariance
of identical scalars. Recall that the permutation plane for the full EFThedron is defined as

z 3t t
Mz, t)y=M|{=-+—,—= . 14
(1) = M (547~ 5+2) (5.14)
When translated into linear relations for the couplings, for the first few ks they are given
by (recall that we must have k > 2, k —q > 2)

2
k=4: 942 = 5940, k=5: 95,32%
45 1 4 16
k == 6 : = — —_— k = 7 : = — = —
96,4 1696,0 296,27 g3 597,1, g5 3 gr1
21 1 21 5
k=28: = — —— = — - . 5.15
g8.4 3 98,0 498,27 gs8.6 3 98,0 1698,2 ( )

Substituting the dispersive representation for the £ = 4 the null constraint one finds

Pi
na =3 Sili(li+1)(6 + 6 —8) =0. (5.16)

)

The sign pattern of the summand wy(¢) = (£(¢ 4+ 1) — 8) is given as

¢ |o|l2]4]6
wi() |0 — |+ | +]| +

This implies that if we have states other than scalars, then we must have a spin £ =
2, and at least one state with ¢ > 4. Going to higher k, our strategy will be to take
linear combinations of null constraints that force roots for lower spins, are negative for one
particular spin, and positive for higher spins. At k = 5,6 no new constraints in terms of
spectrum arise. At k = 7 we have two independent null constraints

16

4
nT =913 p911 = 0, ny=grs— 39T = 0 (5.17)
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Both have zeros at I = 0, and we would like to have a root at [ = 2. The combination

Di 9 49
ne = 30 2t + 1) +3) (z O 2) ~0 (5.18)

) )

achieves just that, and as desired we obtain sign pattern

14 0]2]|4|6
W7(€)00—+ +

We observe it is negative only for £ = 4, and positive for £ > 6. Thus now we have the new
condition that the spectrum must contain at least one £ = 4 particle, as well even higher
spin particles.

In general, it is easy to arrange null constraints at order k = 3a + 1 in the form

a—1

w1 (€) = (2 + € — fyfa)) [ (€~ 2) ﬂf+2y+1 (5.19)
1=0 7=0

where f,(a) = (3a + 1)?/2, leading to a root at

3a 1
Like in s-EFThedron, we have roots for [ < 2a — 2, negative values for 2a — 2 < [ < {p(a),
and positive values for [ > ¢,(a). For constraints up to k < 43, this implies the following
sign pattern

4 012|... 12a—2|2a|2a+2
w3a+1(€) 00 0 0 - + +

which is negative only for £ = 2a, thus requiring the spin £ = 2a, as well as some state with
£ > 2a + 2. Combining the different ks, we immediately conclude that for identical scalars
coupled to at least a higher spin-state, the UV completion must contain an unbounded
number of even spins, including all states below spin 28!

Going to k = 46 we find that both spins 30 and 32 have negative contributions, so
the presence of either is sufficient, a behavior that continues as we increase k. We see that
permutation invariance imposes more stringent constraint on the EFThedron spectrum
than cyclic invariance on the s-EFThedron, but the overall pattern is similar.

Note that pure scalar theories are not constrained, since scalars trivially solve the null
constraints. This allows theories such as

1 n 1 n 1
s—m2 t—m2 u-—m?

M(s,t) = (5.21)

to be compatible with permutation invariance while not containing any higher spin.
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5.2 Bounds on (pgy)

The function w(¥) not only puts constraints on the spin-spectrum, it also puts upper limits
on how large the pys can take. It will be convenient to consider the average spectral function
(Pr,e), defined as

De;
(Pr) = Z %~ (5.22)
{i0;=0} My

That is, we sum over contributions of all states with spin-¢, weighted by their mass. In
terms of (py¢), the dispersive representation take on a simple form

Gk =D (Pre)tieg - (5.23)
;

To illustrate how constraints on (py, ¢) can be derived from symmetry considerations, start-
ing with eq. (5.5) we write the following sum rule

De;
ng = Z ka(&) = %:<pk,f>wk(€) =0, (5.24)
7
where we have used the fact that wg(¢) only depends on the spin and not the mass.
From the previous discussion, we have seen that as we tend to higher k, we have more
than one null constraints wy(¢). Suppose that we can find a linear combination @y (¢) of

null constraints, such that for some fixed spin ¢*
Wp(f*) <0, ox(l)>0Ve#£L" (5.25)
Now if we can conclude that £* must be part of the spectrum, then from the sum rule

> (pro)@r(f) =0, (5.26)

14

we immediately find that there is an upper bound for the ratio (py¢)/(pk¢+), in order to
cancel the negative contribution from @y (£*). This leads to

(Pre) _ |wr(£7)]
(Dk,e+) = R(l)

Ve >0, (5.27)

Note that this functional approach is exactly what has been implemented in the conformal
bootstrap analysis [23, 24], and in particular to the problem of maximization of OPE
coefficients. In some cases, such a functional cannot be found, and the best one can do is
having a subset of spins being negative, with the remaining being non-negative. Then one
has instead
(Pr.e) o1
~ — ~ 9y
2o (D )| (69)] ™ D ()

where the sum is over the subset of spins whose @y (£*) is negative.

(5.28)

— 35 —



The s-EFThedron. For s-EFThedron, the first non-trivial null constraint starts at k =
5, with

ns = Z<p5’g>w5(€) =0. (529)
4

The function ws(¢) is negative for ¢ = {2,3} and positive for £ > 4, as illustrated in the
following graph

W5
2000
1500
1000

500

-500

The null constraint then translate to the sum of the positive region spin must equal to those
in the negative region, weighted by their (ps ) respectively. For any given spin ¢* > 4, the
maximum value for (ps <) is attained when it is the sole source of positive contribution,
which must match with the sum of that from spin-2 and 3. Thus we have an upper bound
of the form,

<p5,f> _ <p5,f> < 1 (f 4) )
(P5,2)|@5(2)[+(p5,3)|@5(3)|  216(p5,2)+360(p5,3) ~ (£=1)L(¢+1)((+2)(£2+L~15) (_ )
5.30

Moving to k = 6, there is also only one null constraint in this case,
ng =Y (o)l —1)0(L+1)(£+2) (64 + 203 — 170% — 18( — 72) =0 (5.31)

LeZ+

The spin pattern is,

0[1/2(3/4]|5]6
@6(0) |00 -]-|-|+|+

Since the & = 5 null constraint already requires either a spin 2 or spin 3 state, the new
constraint does not impose anything new in terms of which spins should appear. However,
it does yield a bound on (pg ¢):

(po.c) < 152
3(pe2)+15(ps 3)+10(ps 4) — (L—1)E(L+1)(0+2) (£24203—-1T7¢2—180—T72)° -
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Starting from & > 7, at each level of k there will be more than one null constraint. Thus
the general functionals @y (1) will take the linear combination of these null constraints. One
can then obtain further bounds of the above form, where the spins of the positive region
is bounded by the total contribution of the negative region.

We can test the bound against two candidate amplitudes. The first is given as

1
(s—M?)(t—M?)

Note that the above will have an infinite number of higher spin particles with the same

M(s,t) = — (5.33)

mass M, and thus does not make sense physically. However it can be shown that this
amplitude satisfies our requirements, in particular the residue in the s-channel has a positive
expansion, see [25]:

1 1

2
— (8 _ M2)(t o M2) = — M2 ZEXZ:+pMEPE( ]\;2) (534)

where

20+1 /0 deg(l-FQﬂS)
-1

i >0 (5.35)

Pmye = 1—x

Thus (pg,¢) of this model is,

2041 Py(1+ 236)
(o) = 30y / dz—— (5.36)
The second is the type-1 open string amplitude
[[=s|'[1]
M(s,t) = =———— 5.37
(5. = Ty (5:37)
where the residue is given as
n—1 .
. t
Res, (t) = L=t (L) (5.38)

(n!)

Since the higher level contributions are suppressed, for each (pj ) we only sum over con-
tributions from the first 50 levels after the corresponding spin appears in the leading tra-
jectory. In figure 9 we show that both s-matrix will satisfy the bounds in eq. (5.30).

The full EFThedron. Based on the analysis of previous section 5.1, we know that for
identical scalars coupled to massive spin states, all the even spin particles must exist, for
¢ < 28. Thus it will be interesting to consider the ratio of (py ) for any higher spin state
with respect to spin 2. We first look at kK = 4,5,6 case where one only has one null
constraint. From (5.15) we get,

ng= Y (pa(l+1)(*+£-8)=0

l€even

ns = (ps)l(f+ 1)(£(€+1)(20(¢ + 1) — 43) + 150) = 0

l€even

ne= > ()l —3)0C+1)(C+4) (£C+1) (2 +0-32) +204) =0 (5.39)

{€even
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Figure 9. Here we present the k = 5 bounds in the s-EFThedron ((5.30)) & ((5.32)) with the
S-matrix W and the Type-I open string amplitude.

The sign pattern of these three null constraints is,

L 012|41]6]8
Oa(0) | O | - |+ |+ |+
Os(0) |0 | - |+ |+ |+
ve(0) |0 - | - | + |+
Thus for k = 4,5, we can use derive a valid upper bounds on (py¢)/(Pk,2),
) < AT =
ps.e) 216 (t>4). (5.40)

(ps2) — L(L+1)(L(L+1)(20(¢ +1) —43) 4+ 150)°

For k = 6, since there are two spins with negative value, we can only obtain bounds of the
form similar to the s-EFThedron.

Starting from k > 7, one will get more than one null constraint. In order to get the
strongest upper bound for (p,)/(pk2), we require the special functional to satisfy the
following conditions,

For £ >4, | € even, wi(l) >0
@k (2)
a}k(la)

We call this kind of the special functional as optimal functional. At k = 7,9, one will have

(5.41)

Minimize —

two null constraints. The optimal functionals take the form,
G7(0) = det|GV, G, @o(l) = det[GY), G (5.42)
5(k)

where vector G, made by the independent null constraints at the level of k. The sign

patterns are,
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Figure 10. Here we compare the different k level upper bounds of % in the su-EFThedron

with the S-matrix

1
(s—M?2)(t—M?2)(u—M?2)"

The upper bounds are,

(pre) _ 604800 (t36)
(pr2) = (E—4)L(L+1)(L+5)(L(L+1)(TL(0+1)(20(€+1)—115) +11112) —33516)" * —
{Po) _ 152409600 (5.43)
(po2) = (E—)L(L+1)(L+5)(L(L+1)(L(L+1)(L(C+1) ‘

! (0> 6)

1) (20001 1) — 331) + 19014) — 448776) + 3362728) — 8399632) =

Starting from k£ > 11, one cannot find any functional that gives bounds on (py.¢)/(pk,2)-
But one can mange to get functional that give upper bound on (py ¢)/(Pk,ex>4)-
We can also test the bound using the following two S-matrices. The first has the simple

form

1
M = . 44
The (pge) in this case is
2(204+1) [t 1
o =2 [ v (5.45)

In figure 10, one can see that the average spectral function of this S-matrix is decaying
exponentially as ¢ — oo, while the bounds eq. (5.43) are just polynomially suppressed.
The second one is the closed-string amplitude,

D(—s)D(—t)D(~u)

M t,u) = 5.46
strlng(sa ,U) F(l—i—s)F(l—l—t)F(l—i—u) ) ( )
whose residues are just the square of the open string residues:
n—1 -\ 2
(T
Resy, (t) = L=t +9)° (5.47)

(n!)?
The result is displayed in figure 11, where we see that it lies between our bound and the
result for eq. (5.44).
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Figure 11. Here we compare the £k = 4,5 upper bounds of % with the S-matrix

(S_MQ)(t_]lV[Q)(u_MQ) and the closed string theory.

5.3 Implications for mass spectrum

Previously, we have considered the null constraints each k at a time. This imposes bounds

on the spin content of the spectrum. Here instead we consider various linear combinations

of null constraints from different k, which will result in constraints on the mass content.
Let us begin with the k = 4,5 null constraint and combine it into a vector equation,

J2(J?-8
ns) o\ BUSEEER) | TS\ g2(150 + J2 (202 — 43)) |

mZ

Now we assume that at £ = 2, the mass are bounded from above, and the mass of heaviest
spin-2 particle is M},. Consider the following functional,

2
wi(m, J?) = det|Gas, 6, G, 2] = —12JM? {150—43J2+2J4—18(J2—8)(]C;) ] (5.49)
2

where

_ J2(J? — 8)m?
G = P 8m; (5.50)
J2(150 + J2(2J2 — 43))

40 —



wi (m,J2)

12 My? P

Figure 12. Here we present the functional w (m, J?) for different spin. The position of the largest
zero eq. (5.51) will increase as J? increase.

By construction the functional will have a zero exactly at the largest massive spin 2 state.
The plot of eq. (5.49) for each spin is at figure 12. For ¢ > 2 the function has a negative
slope and only for spin 2 does the slope becomes positive. Since the zero occurs at the
largest mass amongst the spin 2 states, all £ = 2 particles have positive contribution. Thus
in order for the sum rule to be true, there must exist a higher spin particle with mass

2J% — 43J% + 150
2 < M?2. 5.51
=TT 4y (5:51)

This bound becomes stronger by adding k = 6 constraint. The functional in this case

is,
wg(m, J2) = det[éMh76, é\/g%#ﬁ’ C_jmﬂp]
2
~ | (12=72)((J?—32)J%+204)+8(J2(2J2—43)+150) (ﬁ) ] (5.52)
h
where the ém 2 now is determined by combining three null constraints,
m*J?(J? —8)
G2 = m2J2(150 + J%(2J% — 43)) (5.53)
J2(J? —12)(J2(J% — 32) + 204)

Using the same method, the mass gap now can be improved as,

(J% —12)(J* — 32J% + 204)

2 < M2
e = MhTTTR(150 — 4372 + 2J9)

(5.54)

Note that the dominant contribution to (py,) is the lightest state of a given spin.
Thus an upper bound on (py ¢) is a constraint on this lightest state, which cannot become
arbitrary light without having its coupling py, being heavily suppressed. Here the bound is
in the opposite direction, where it requires some state in the spectrum must be sufficiently
“light”. Of course, if the masses of the spin 2 states are unbounded, the condition is less
useful. However, the simplicity of these results suggests the complete geometry in (p, £, m)
space is highly non-trivial.
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5.4 Constraints on EM and gravitational EFTs

In this section we briefly consider some of the above analyses when the external scalars
are replaced by massless particles with spin, leading to constraints for UV completions of
electromagnetic or gravitational EFTs. For external helicity states, dispersion relations for
the couplings of an amplitude M (+h, +h,—h,—h) are given as [14, 20]:

d&':even(e) d{j (0)

tez0 ST (son ST
(5.55)
where dﬁ’b(H) is the Wigner-d matrix, while Jgh’Qh(Q) = dgh’%(ﬂ)/(cos 0/2)*" and the s-
channel residue only allows for even spin. Once again the equality is understood as a Taylor
expansion on both sides. Since the spinor bracket prefactor behaves as s2”, the dispersive
representation is valid for any k,q. The Wigner d-matrices can be expanded in small ¢ by
cos(f) = 1 + 2t and expand in ¢. It turns out that déf)even(G) is just our usual Legendre

polynomial so its expansion written in J2 = ¢(¢ + 1) is as before. For cigg(é?), we have

dip o0, (0) = vgqtt, (5.56)
O=cos—1(1+2t)
with
I, (J% = (a+2h)(a + 2k — 1))
am (a})? '

(5.57)

Note that our helicity configuration is invariant under 1 <+ 2 exchange. Since our
dispersive representation for the couplings are valid for any k,q, the constraint that this
symmetry imposes on the spectrum can be obtained by Taylor expanding,

M (s, t,u)—M(s,u,t) = Zp-l];ai— Zp'dgmh(g) —(t<>u)=0. (5.58)

» Y et - (3 . 2 7 2 — . .

>0 ST (o LHSTm;
The constraint is then collecting the coefficients of each s*t?, which must be zero. The null
constraint is at level k is,

S wiwi0) + > P wi(e) =0 (5.59)
f€even >2h

where (pj ) and (pj ;) are the average spectral function in s and u-channels. The remaining
steps are identical with that of the scalar EFThedron. In the following we simply do the
analysis for kK = 1,2 when there is only one null constraint.

ST i+ + > (P ) (—4h® —2h+ 2 +0—1)=0

l€Eeven 1>2h
> i) (L+1)(0+0*—6) (5.60)
l€even
+ ) (pho)d— (2h—€)(2h—L+1)(2h+L+1)(2h+L+2) =0
1>2h

Notice that @*(¢) are non-negative for ¢ given by even integers. Thus we just have to look
at the sign pattern for o"(¢),
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Thus when k£ = 1, we know that there must be spin 2 and spin 4 particles in the u-channels
in the EM and gravitational EFTs respectively. We can then derive upper bounds for
average spectral functions in both s and u-channels,

L (p1) 1 (pi1) 1

gy Sy Y gy e Y
(Pi1) 1 (pf1) 1

hEE gy Swern 2 Gy Sere-m 2P 66

When k = 2, from sign pattern table we know that there must be spin 2 or 3 particles and
EM EFTs and spin 4 or 5 particles gravitational EFTs. Thus in this case we cannot get an
upper bound for (p;?) with respect to only a single average spectral function. The results

. (p3,2) +(Ph2) " (p3.2) +(P5 2)
h=1: Gl <4 (24 W <dgraineiry (29
h=2: (i) 54e(e<i4i2)>(z2<ig22—> g (24 Wiz §4596+21()§i>1)(<£25i>£—50) (£=6)
(5.62)

6 Conclusion and outlook

In this paper, we have explored in detail the analytic description of the boundaries for
the space of consistent EFT. This space is defined through the dispersive representation
of the Wilson coefficients. We have demonstrated that at the core of the EFThedron, first
introduced in [14], is the geometry given by the convex hull of product moment curves.
In particular, we have the product of a continuous bounded curve, associated with the
mass spectrum of the UV completion, and a discrete unbounded moment associated with
the spin content of the spectrum. The identification of this geometry allows us to state
the boundary of the EFThedron in the limit of infinite dimensions, which corresponds to
coefficients of higher dimension operators to all orders in derivatives.

In a generic setup, we only have access to a finite number of Wilson coefficients. In such
case the boundaries in the infinite dimension limit are no longer complete. Nevertheless,
even for the “truncated” geometry we present a finite collection of constraints that is very
close to fully describing the space, and converges to the exact solution in the infinite limit.
The space of consistent EFTs is then carved out by considering the intersection of the
symmetry plane, defined either by cyclic or permutation invariance of the amplitude, and
the EFThedron. We have compared the space carved out from the geometry with that from
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SDP, with the results in perfect agreement in the s — u case, where conditions are slightly
simpler to solve. For the s-EFThedron, we expect including higher order constraints will
similarly reduce the region to match the functional method.

In general the intersection yields a finite region. The reason can be attributed to the
fact that for any symmetry plane, there are only finite number of spins on one side of the
plane, while the majority is on the other side. This implies non-trivial constraint on the
UV spectrum. In particular we demonstrate that for permutation invariant amplitudes,
the UV completion must contain all even spins £ < 28. We also derived upper bounds on
the ratios of averaged spinning spectral function, which demonstrates the phenomenon of
large spin suppression. Finally, we have shown that at least one high spin particle satisfy
an upper bound m? < M2B({), where M? is the mass of the heaviest spin 2. All of
these results have their generalization to the case when the external states carry spins, i.e.
photons and gravitons. Much like the EFThedron, the UV parameters {p,¢, m} form a
highly non-trivial geometry (though no longer convex), induced by the null conditions. We
leave a more systematic study of this problem to the future.

In all of the previous discussion, we have only required that p; is positive. However, the
spectral function is further bounded by unitarity to lie between [0, 2]. Indeed by exploiting
this upper limit, the authors of [10] were able to obtain upper bounds for gs ¢ in the case of
identical scalars. It is an open problem how to implement such constraint in the geometry,
as well as in the numeric SDP setup.

Generically, one has more than one massless degree of freedom in an EFT. It will
be interesting to explore the constraint of positivity for the scattering of arbitrary mixed
states, and in particular, their implications on the UV spectrum. Some analysis along these
lines have recently been pursued in [14, 20, 26, 27].

Now that the geometry of the EF Thedron is settled, and new boundaries have been ob-
tained by using the moment matrix, it would be interesting if the analysis performed in [13]
can be improved by obtaining a stronger convergence to the open string solution. As in this
paper we have also obtained the complete boundary structure for the su-EFThedron, simi-
lar analyses may now be carried out for closed strings (see also [28]). One may also consider
null constraints associated to BCJ relations, which can be used to bootstrap EFTs [29].

We have seen that making contact with the mathematical moment problem was a
crucial step in better understanding the space of physical EFTs. However, many other
possibly fascinating connections to related results remain unexplored. The operations of
slicing and projecting the EFThedron are central, but they spoil the simple boundary
structure of Hankels or cyclic polytopes. Describing the resulting shapes of slices and
shadows of polytopes has also been previously investigated [30]. As we have mentioned
previously, several aspects of the truncated moment problem are still open problems. For
instance, a much more efficient method to determine the boundary of the truncated discrete
moment problem was recently proposed in [31]. While not directly applicable to our case,
as the discrete moments are valued in {0,1,2,...}, it suggests new closed form solutions
may exist for various problems.

The generalization to higher dimensions is straightforward for external scalars. As
mentioned in the introduction, changing from Legendre to Gegenbauer polynomials is re-
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flected merely in a different GL transformation quoted in eq. (3.7). For external massless
spins, the situation is more complicated, as one can now exchange various mixed represen-
tation of SO(D—1), and the three-point couplings for such exchange are no-longer unique,
albeit constrained from gauge invariance. Thus one in general have an n x n matrix of
polynomials, where n is the number of three-point couplings, and unitarity is reflected in
the coefficient matrix being positive semi-definite. The optimal geometric description of
such constraints remains to be explored.

Finally, the same convex hull of product moment curve also underlies the torus par-
tition function of 2D CFTs [32], where the Taylor coefficients are associated with the ex-
pansion of the partition function around the self-dual fix point under modular invariance.
The symmetry subplane is then derived from modular invariance. This suggests that there
is a formal “duality” between the space of consistent EFT and that of 2D torus partition
functions. It will be interesting to explore this connection in more detail. Similarly it would
be interesting to investigate the connections between the EFTs as those coming from the
flat space limit of AdS/CFT, where the AdS EFT is constrained by the boundary CFT.
For recent results see [33].
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A Using semi-definite programming to carve out the space of EFT co-
efficients

In [10], the authors shows that one can use semi-definite programming to help carve out
the space of EFT coefficients. Here we briefly review their method for self-containedness.

One parameter space (bounds on gigq). If a EFT coefficient g;, has a dispersive
representation, we know that generally it has the form,

Fy q(0)
meu z (i:+1) (A.1)

where fj, ,(¢) is polynomial of £. Also because the EFThedron is constrained to a sub-plane,
which will generate infinite number of null constraints which has the form,

By (£)
ng = me“ 0 2(k+1 =0 (A.2)

Z
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where k labels the level of null constraints. With these two ingredients in hand we can
transform it to semi-definite programming problem. Let us define the vector Em’g as,

e
M2E=D Ry (0
31
_ By, ()
Em,f = m?(éﬁrl) (A3)
By (8)
2(162-"-1)
Thus we can write down a vector equation,
1
Gk.q
Z P i B0 = 0 (A.4)
mi L 0
Then we redefine the p,,, ¢, as,
~ pml,& 7
Pm, bt = ——+——, where k = max(k, ki, ka,...) (A.5)

2(k+1)’
mi(+)

And make the substitution m? — M?2(1 + z;). The vector equation now becomes,

1
gk,q
Z Pait; EBrig; = | 0 (A.6)

Notice that now each entry in the vector E_:xi,gi is just polynomial in z;, with ; > 0. The
corresponding semi-definite programming problems are,

» Upper bound (g4 < A)

Minimize A =& -(1,0,0,---)

Such that For x>0, @-E,; >0, @&-(0,-1,0,0,...)=1 (A.7)
« Lower bound (B < gi4)

Maximize B =a-(—1,0,0,---)
Such that For z >0, @-E,, >0, @&-(0,1,0,0,...)=1 (A.8)
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Two parameter space (Jk,,q,5 Gks,q2)- Lhe strategy is that one can first use the method
of the previous section to get the upper and lower bound of gy, 4,

A1 < Gy < Ao (A.9)

Then at each value 8 € [A;, A2] we use semi-definite programming again to get the upper
and lower bound of gy, 4,

For each 3, B1(8) < Gky g0 < B2(B) (A.10)

Then we can carve out the 2D space of (Jk, g1 Jks,q0). Below we show the optimization
problem at some 5. The vector E_’%gi in this problem is,

1
gkh‘h

~ — gk 3
> PetBee=|" (A.11)

x;20,¢; 0

0

e Upper bound
Minimize By(f)=a-(1,5,0,0,--+)

Such that Forz >0, @-Ep¢ >0, &-(0,0,—1,0,...)=1 (A.12)

e Lower bound

Maximize Bi(p)=d-(-1,5,0,0,--+)
Such that Forz >0, @-E,, >0, @&-(0,1,0,0,...)=1 (A.13)

This algorithm can be easily generalized to carving out higher dimensional parameter space.
And for SDP solver we are using SDPB [18, 19] to perform our computation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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