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1 Introduction

A major goal of the string theory program is understanding how to construct a compacti-
fication of string theory realizing a desired massless spectrum. This problem is important
for both characterizing the landscape of string compactifications and finding stringy re-
alizations of our observed universe. F-theory [2–4] has emerged as a powerful tool for
constructing string compactifications in large part because it geometrizes several physical
features. Much of the information about an F-theory model’s massless spectrum, partic-
ularly regarding its unbroken gauge symmetry and its light charged matter, is encoded in
the mathematical properties of its corresponding elliptic fibration. To be more specific,
an F-theory compactification down to 12 − 2d real dimensions is described by a complex
d-dimensional elliptically fibered Calabi-Yau manifold. Massless nonabelian gauge bosons
are supported along divisors in the base with singular elliptic fibers. After resolution, the
components in the fibers at codimension one intersect in the pattern of an affine Dynkin
diagram, in line with the Kodaira classification of singularity types [5]. When supple-
mented with information about monodromy [6], this affine Dynkin diagram tells us which
nonabelian gauge algebra is supported along this locus [3, 4, 7]. Light charged matter,
meanwhile, is typically localized at codimension-two loci in the base where the singularity
type enhances. The representation of this charged matter can be determined by resolving
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the singularities and determining how the introduced fiber components at codimension two
intersect the resolution divisors for the codimension-one singularities.

While properly determining the nonabelian gauge algebra and matter content1 with
this approach requires resolving singularities,2 one can often read off singularity types and
their associated physical data through easier methods. If the elliptic fibration is in the
Weierstrass form

y2 = x3 + fxz4 + gz6 , (1.1)

the Kodaira table (given in table 4) relates the singularity types and their corresponding
Lie algebras to the orders of vanishing of f , g, and ∆ = 4f3 + 27g2 at a particular divisor
in the base. Furthermore, even though the Kodaira classification strictly holds only at
codimension one, we can often heuristically use the Kodaira table to find singularity types
at codimension two in the base as well. One can then determine matter representations
with the Katz-Vafa method [10], in which one breaks the adjoint of the enhanced singularity
type’s corresponding Lie algebra to representations of the nonabelian gauge algebra. These
techniques allow one to calculate the gauge group and charged matter content of a model
simply by considering orders of vanishing, making the process of constructing and analyzing
nonabelian F-theory models significantly easier. In addition to letting us quickly determine
the massless spectrum of a given model, they can guide the process of constructing an F-
theory model with a desired nonabelian gauge algebra and charged matter spectrum by
describing expected features of the elliptic fibration.

However, many interesting questions in the F-theory program involve abelian gauge
algebras and light matter charged under them. Clearly, u(1) algebras are important for
phenomenological model building in F-theory: the Standard Model gauge algebra has a
u(1) factor, and many proposals for extending the Standard Model include extra u(1)
algebras [11–14]. They also offer an interesting arena for questions about the landscape
and swampland [15] of F-theory models. As an example, consider 6D F-theory models
with a U(1) gauge group. It has not yet been definitively determined which U(1) charges
of massless matter can and cannot occur in such models, even though there has been
significant progress on this problem and more general questions regarding constraints on
U(1) theories [16–25]. However, there are infinite families of charged matter spectra with
unbounded U(1) charges that are consistent with the known 6D low-energy constraints [16,
26]. Only a finite number of these matter spectra can be realized in F-theory models [27],
presenting the possibility of an infinite swampland of such models. (See [28] for recent
developments regarding some of these infinite families.)

For these reasons, much work has focused on u(1) charged matter in F-theory construc-
tions, both for matter charged only under u(1) algebras and matter additionally charged
under nonabelian algebras [13, 18, 19, 22–24, 29–67]. However, there are still open ques-

1Since this paper focuses on massless matter, we typically omit the word “massless” and use the term
“matter” to refer to massless matter.

2The string junction program offers a valid method for determining nonabelian gauge groups and matter
representations that does not require resolutions. (See, for instance, [8, 9].) We do not significantly discuss
this approach here, although it would be interesting to investigate how the results obtained here tie into
these methods.
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tions regarding u(1) algebras in F-theory, in part because, unlike nonabelian algebras, they
are not associated with codimension-one singularities of the fibration. Instead, they are
associated with extra rational sections of the elliptic fibration [4]. In more concrete terms,
a rational section of a fibration in Weierstrass form is described by a solution

[x : y : z] = [x̂ : ŷ : ẑ] (1.2)

of the Weierstrass equations, where x̂, ŷ, ẑ are sections of appropriate line bundles on the
base. An elliptic fibration may admit several or even an infinite number of such sections.
They form a finitely generated group under an operation known as elliptic curve addition.
There is a u(1) algebra corresponding to each generating section of this group with infinite
order. Matter charged under a u(1) algebra still occurs at codimension-two loci in the
base with singular fibers, but the u(1) charge is determined by how the section intersects
the resolved singular fiber at the matter locus. Since u(1) algebras involve sections of the
elliptic fibration, much of the technology for nonabelian gauge algebras does not carry over.
The Katz-Vafa method, for instance, cannot be used to read off u(1) charges, as matter
with different u(1) charges can occur at codimension-two loci with the same singularity
type. This can be seen, for instance, in the Morrison-Park model [18], which has a single
u(1) gauge factor: in this model, the 11 loci and 12 loci are all of type I2, where (f, g,∆)
vanish to orders (0, 0, 2).

To the authors’ knowledge, the prior F-theory literature does not present any system-
atic procedure analogous to the Katz-Vafa method for reading off u(1) charges from simple
features such as orders of vanishing. However, there were tentative indications in [57] that,
at least for singlets, the u(1) charge is encoded in orders of vanishing of the x̂, ŷ, and ẑ

section components at a matter locus. It was noted there that in Weierstrass models with a
U(1) gauge symmetry admitting 13 and 14 matter, the section components, particularly ẑ,
vanish to orders larger than 1 at the corresponding matter loci. The work also argued that
the complicated non-UFD structure [68] of these models directly reflects these higher orders
of vanishing. These observations naturally suggest some correlation between the singlet
charge and the orders of vanishing of the section components; in fact, [57] hypothesized a
specific relation between these quantities.

Our goal here is to develop these observations into a systematic framework that could
serve as a Katz-Vafa analogue3 for u(1) charges. Specifically, we aim to find rules relating
u(1) charges to the orders of vanishing of the x̂, ŷ, ẑ, and ŵ = 3x̂2 + f ẑ4 components4

of the generating section. In addition to singlet matter, we consider u(1)-charged matter
that is also charged under a semi-simple nonabelian gauge algebra. To make the scope of
the analysis more manageable, we assume that the nonabelian part of the gauge algebra is

3When we refer to a “Katz-Vafa analogue”, we simply mean a technique for determining u(1) charges
that, like the Katz-Vafa method, only uses simple quantities such as orders of vanishing and does not require
a resolution. Such a method would not necessarily involve the same physical mechanisms or motivations as
the Katz-Vafa method.

4When an elliptic fibration is in Weierstrass form, singularities occur at points on the fiber where
y = 3x2 + fz4 = 0. Thus, ŵ provides valuable information about where and how a section hits a singular
point on a fiber.
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simply-laced.5 Additionally, we only consider matter in generic [60] representations of the
nonabelian gauge factors, and we focus on matter loci where the elliptic fiber singularity
type undergoes a rank-one enhancement.6 Even with these simplifying assumptions, we
consider several matter representations commonly found in F-theory models:7

• the singlet representation occurring at codimension-two I1 → I2 loci;

• the fundamental and antisymmetric representations of su(n) occurring, respectively,
at codimension-two Isn → In+1 and Isn → I∗n−4 loci;

• the vector representations of so(2n) occurring at codimension-two I∗sn−4 → I∗n−3 loci;

• the spinor representations of so(8), so(10), so(12), and so(14) occurring, respectively,
at codimension-two I∗s0 → I∗1, I∗s1 → IV∗, I∗s2 → III∗, and I∗s3 → II∗ loci;

• the 27 representation of e6 occurring at codimension-two IV∗s → III∗ loci;

• and the 56 representation of e7 occurring at codimension-two III∗ → II∗ loci.

We propose a set of formulas, described in section 2, that seem to correctly relate u(1)
charges and orders of vanishing for all of these cases. The most important of these formulas
describes the order of vanishing of ẑ at a codimension-two matter locus. To illustrate the
basic idea, consider matter that occurs at the intersection of a gauge divisor supporting
a simple nonabelian gauge algebra g with the residual I1 discriminant locus. Suppose
that, at this matter locus, the singularity type enhances from one associated with g to one
associated with an enhanced Lie algebra h. Then, if G and H are the universal covering
groups of g and h, the order of vanishing for ẑ at the matter locus, ord2(ẑ), is schematically
given by

ord2(ẑ) = 1
2

(
dG
dH

q2 +
(
C−1
G

)
II
−
(
C−1
H

)
JJ

)
, (1.3)

where q is the u(1) charge,
(
C−1
G

)
II

and
(
C−1
H

)
JJ

are particular diagonal elements of the
inverse Cartan matrices for G and H, and dG and dH are the orders (number of elements)
of the centers of G and H.

We present three lines of evidence in support of these proposals. First, they are
satisfied by independently derived F-theory models from the prior literature with u(1)
gauge algebras, as discussed in section 12. Yet these previous F-theory models support
only relatively small u(1) charges, and we would like to test the formulas over a large
range of charges. Fortunately, a previously used strategy [18, 57], which is reviewed in
section 5, allows us to probe the behavior of models supporting large charges without
explicitly constructing them. Roughly, the u(1) charge of matter is determined by how a

5Some speculative thoughts on non-simply-laced situations are presented in section 13.
6There are notable examples even for u(1)-charged singlet matter where the singularity type undergoes

higher-rank enhancement, such as [69], where the u(1)-charged singlets are all supported at codimension-two
II→ IV loci.

7We do not significantly analyze matter supported along type III or IV loci. It would be interesting to
investigate these situations in future work.
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generating section ŝ of an elliptic fibration behaves at a matter locus in the base. One can
also consider sections mŝ that are multiples of the generating section under elliptic curve
addition. If a model admits matter with u(1) charge q, then at the matter locus, the non-
generating sectionmŝ behaves as though it were a generating section supporting charge mq.
Therefore, if we wish to obtain the orders of vanishing for generating section components
in models supporting large charges, we can start with a model admitting smaller charges
and examine multiples of the generating section. When we perform this analysis for the
various types of charged matter mentioned above, the resulting orders of vanishing agree
exactly with the proposed formulas. Finally, similar formulas describe the p-adic valuations
of elliptic divisibility sequences (EDSs) associated with singular elliptic curves [1], although
these formulas are written in a somewhat different format. Elliptic divisibility sequences are
closely related to the procedure above involving multiples of generating sections, suggesting
that the formulas from [1] should resemble our proposals, as observed.

These three points provide strong evidence in favor of the proposals, but they do not
constitute a formal proof. We will not attempt to give such a proof here. One might in
fact expect that the proposals hold only heuristically, given that the analogous Katz-Vafa
method (at least as described above) is itself somewhat heuristic [10, 70–74]. In particular,
both methods involve applying the Kodaira classification at codimension two in the base;
even though this often gives correct results, the Kodaira classification strictly holds only
at codimension one.8 It would be important in future work to more properly establish our
proposals and determine their exact range of validity.

However, even if they only hold heuristically, the proposals offer many potential bene-
fits. Just as the Katz-Vafa method allows one to quickly determine nonabelian representa-
tions without resolution, these proposals would allow one to easily determine u(1) charges.
Moreover, if one wishes to find an F-theory model realizing particular u(1) charges, these
formulas predict properties of the model’s generating section. Said another way, the for-
mulas provide properties to aim for when constructing an F-theory model with desired u(1)
charges. Since the proposals give the orders of vanishing for arbitrary charges, they could be
an invaluable tool for exploring the F-theory landscape and swampland. Of course, they
are intrinsically interesting for the mathematics of elliptic fibrations, particularly given
their connection to p-adic valuations of elliptic divisibility sequences.

The formulas also exemplify the general theme that simple representations of light
matter are easier to realize in string models than more complicated ones [60, 75]. This
contrasts with the situation in quantum field theory: while one must still satisfy condi-
tions such as anomaly cancellation, the process of writing down a quantum field theory
with complicated matter representations is not significantly more difficult than that for
simpler representations. One can observe these ideas when working with nonabelian gauge
symmetries, for which the more complicated representations tend to have larger dimen-
sions. F-theory models with su(2) algebras, for instance, almost automatically support
light matter in the fundamental (2) and adjoint (3) representations. By contrast, the 4

8Note, however, that there are strong physical motivations behind the Katz-Vafa method that explain
why it works in several cases [10]. At this point, we do not have a similar physical motivation for our
proposals. Finding a physical explanation for the formulas is an interesting direction for further work.
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representation only occurs when the su(2) algebra is tuned in an intricate way [68, 76].
Even though matter representations with larger u(1) charges do not necessarily have larger
dimensions, one would still expect that it is easier to obtain small u(1) matter charges in
F-theory models than large ones. Indeed, our proposals suggest that the orders of vanish-
ing for the section components increase with u(1) charge. According to the observations
in [57], these larger orders of vanishing are associated with complicated structures in the
Weierstrass models. The proposals therefore give a concrete explanation as to how large
u(1) charges are more difficult to realize than small u(1) charges.

The rest of this paper is organized as follows. Section 2 summarizes our notations and
results and shows how to apply the proposals in a particular example. Given the length
of this paper, we have attempted to make this section as self-contained as possible. As
such, a reader with sufficient background knowledge of F-theory should be able to apply
our formulas after reading only section 2, at least at a mechanical level. In section 3, we
review those aspects of u(1) gauge algebras in F-theory that are used in this paper. Be-
cause the centers of compact Lie groups are important for our results, section 4 discusses
these centers and their connection to u(1) charges in more detail. This section reviews
ideas in [53], but it also explains in more detail our notations for the centers first men-
tioned in section 2. Additionally, we list the allowed u(1) charges for the various matter
representations considered here. Section 5 describes the general strategy for our analysis,
particularly the tactic of using multiples of generating sections to derive information about
models supporting large u(1) charges. Section 5.1 discusses how the signs of u(1) charges
fit into our strategies and our proposed formulas.

Sections 6 to 11, which are the bulk of this paper, contain the detailed investigations
of the specific types of charged matter we consider here. Section 6 focuses on singlet
matter with u(1) charges, while sections 7 to 10 focus on u(1)-charged matter that is
additionally charged in representations of su(n), so(2n), e6, and e7, respectively. For each
type of matter, we list explicit order-of-vanishing data for various u(1) charges and show
that they satisfy the proposed formulas. We also relate the expressions for each case to
similar formulas for EDS valuations in [1]. In section 11, we consider matter charged under
multiple u(1) and simple Lie algebras, although we do not perform an exhaustive analysis
of these situations. While these sections may not be necessary for readers simply interested
in the final results, they provide important evidence in favor of the formulas in section 2. In
section 12, we discuss how previous models in the F-theory literature follow our proposed
formulas. Section 13 provides some concluding thoughts and future directions.

2 Summary of results

This section summarizes our results and describes our conventions. We also provide an
example of how to use these results to determine the u(1) charges in a particular model.
We have attempted to make this section as self-contained as possible, such that a reader
solely interested in the final results can consult this section without referring to the rest
of this paper. Nevertheless, such readers may benefit from sections 3 and 4, which review
the background material underlying these results. Section 5.1, which discusses signs of
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u(1) charges, may also be helpful. Finally, appendix A summarizes how the results given
in this section are specialized for particular gauge algebras and representations. While
appendix A does not contain any results that cannot be obtained using the material in this
section, some readers may find the specialized expressions given there to be useful.

2.1 Notations and conventions

Weierstrass form. We typically work with elliptic fibrations in the global Weierstrass
form

y2 = x3 + fxz4 + gz6 . (2.1)

Here, [x : y : z] are the homogeneous coordinates of a P2,3,1 space, and f , g are holomorphic
sections of line bundles on the base. The discriminant of this elliptic fibration is

∆ ≡ 4f3 + 27g2 . (2.2)

Since we focus on elliptically fibered Calabi-Yau manifolds, f and g are respectively sections
of O(−4KB) and O(−6KB), where KB is the canonical class of the base B of the elliptic
fibration. We may also write elliptic fibrations in the local Weierstrass form

y2 = x3 + fx+ g (2.3)

more commonly found in the F-theory literature. The global Weierstrass form and the
local form are related by going to a chart where z = 1. However, the zero section, which
occurs at [x : y : z] = [1 : 1 : 0], is more clearly visible in the global Weierstrass form.

Section components. Rational sections of the elliptic fibration are described as [x̂ : ŷ :
ẑ], where the section components x̂, ŷ, and ẑ solve the Weierstrass form above. In line with
the embedding of the elliptic fiber in P2,3,1, we are free to rescale the section components as

[x̂ : ŷ : ẑ] ∼= [λ2x̂ : λ3ŷ : λẑ] . (2.4)

Thus, even though the section components can in principle be rational, we can clear denom-
inators through a rescaling. Throughout this work, we assume that the section components
have been rescaled to clear denominators and to remove any common factors that can be
scaled away. Therefore, we take the section components x̂, ŷ, and ẑ to be holomorphic
sections of line bundles on the base that solve the global Weierstrass form above. We also
define the section component

ŵ = 3x̂2 + fẑ4 . (2.5)

Under the rescaling above, ŵ becomes λ4ŵ.

Singularity types. As described more fully in section 3, each singularity type in the
Kodaira classification is associated with an ADE Lie algebra,9 and in turn, a universal
covering group for the ADE algebra. Therefore, in an abuse of language, we often refer to

9As we are interested in simply-laced gauge algebras in this paper, we focus on the split versions of the
singularity types.
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the singularity types by their associated universal covering groups. For instance, we may
refer to a split In singularity as an SU(n) singularity. While this can be done unambiguously
for most singularity types, there are a few cases that require clarifications. The I2 and III
singularity types are both associated with SU(2), while the I3 and IV singularity types
are both associated with SU(3). In this paper, the terms “SU(2) singularity” and “SU(3)
singularity” will correspond to I2 and I3 singularities, respectively; we always refer to the
III and IV singularity types using the Kodaira notation. Meanwhile, we take the group for
the I1 and II singularity types to be SU(1).

Shioda map. The Shioda map is defined to be [17, 18, 35]

σ(ŝ) = S − Z − π∗(DB) +
∑
κ,I,J

(S · ακ,I)
(
C−1
κ

)
IJ
Tκ,J . (2.6)

Here, S is the divisor corresponding to the section ŝ, Z is the divisor corresponding to the
zero section, and π∗(DB) is the pullback of a divisor DB in the base B. For a 6D F-theory
model, described by an elliptically fibered threefold, the π∗(DB) term can be written as∑

α

((S − Z) · Z ·Bα)Bα , (2.7)

where the Bα are pullbacks of the basis divisors of H2(B) and the α indices are lowered
and raised using the symmetric bilinear form Ωαβ for H2(B). The index κ labels the simple
nonabelian gauge factors making up the gauge algebra, and I, J run from 1 to the rank of
the κth gauge factor. Finally,

(
C−1
κ

)
is the inverse Cartan matrix for the κth gauge factor.

Each nonabelian gauge factor is associated with a codimension-one locus in the base where
the fiber (after resolution) consists of irreducible curves forming an affine Dynkin diagram.
The ακ,I are the irreducible curves corresponding to the simple roots of the κth Lie algebra,
and the Tκ,I are the fibral divisors formed by fibering the ακ,I over the codimension-one
locus. Note that we will always assume the zero section is holomorphic; our primary focus
is on elliptic fibrations in Weierstrass form, for which this assumption is valid.

u(1) charge units. We choose units for charges consistent with the definition of the
Shioda map in eq. (2.6), as proposed in [53]. In these units, singlet u(1) charges are
integers, and the lattice of singlet charges has unit spacing. The u(1) charge of matter that
is also charged under a nonabelian gauge algebra may be fractional, owing to the term
in Shioda map involving the inverse Cartan matrix. However, our formulas can easily be
adapted for alternative charge normalizations: if the lattice of singlet charges has a spacing
of n, one simply replaces q in eqs. (2.15) and (2.17) with q/n.

Matter representations. When we refer to matter in some representation R of a gauge
algebra, we often implicitly mean the matter supported at a particular codimension-two
locus in the F-theory base, which may involve matter fields in the representations R and its
conjugate R. In 6D F-theory models, which have N = (1, 0) supersymmetry, codimension-
two loci typically support full hypermultiplets10 of R matter, which contain fields in both

10If R is a pseudoreal representation, matter can occur in half-hypermultiplets. However, we are most
interested in representations that have nonzero u(1) charges, so cases where the entire representation (in-
cluding the u(1) charge) is pseudoreal are not too important here.
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R and R. In 4D F-theory models, a chiral multiplet in a representation R contains fields
only in the R representation, but there must be an accompanying CPT-conjugate antichiral
multiplet in the R representation. Both of these multiplets are supported at the same
codimension-two locus. Thus, while we often describe matter as being in a representation
R as a shorthand, one should remember that, due to supersymmetry considerations, there
actually may be fields in both R and R.

Residues. We denote the least non-negative residue of a modulo b as ab:

ab = b

(
a

b
−
⌊
a

b

⌋)
. (2.8)

For instance,
116 = 5 , 126 = 0 , 136 = 1 . (2.9)

We also define ub(a) as
ub(a) = min(ab, b− ab) . (2.10)

Roughly, ub(a) gives the distance from an integer a to the nearest multiple of b. For
instance,

u6(11) = 1 , u6(12) = 0 , u6(13) = 1 . (2.11)

Orders of vanishing. We denote the order of vanishing of an expression y at a locus
{x = 0} as

ord
x=0

(y) . (2.12)

We also denote the order of vanishing of y at a codimension-two locus {x1 = x2 = 0} as

ord
x1,x2

(y) . (2.13)

Since we are giving general proposals about the behavior at loci supporting u(1) charges,
we often want to describe the orders of vanishing at a codimension-one or codimension-two
locus supporting a gauge group or charged matter without specifying a particular locus.
Therefore, we denote the order of vanishing of y at an unspecified codimension-one locus
as ord1(y) and the order of vanishing at an unspecified codimension-two locus as ord2(y).

Gauge group centers. At various points, we discuss elements of the center Z(G) of a
simple Lie group G. We refer to the order of Z(G) (the number of elements in the center
of G) as dG. This number also equals the determinant of the Cartan matrix of G. We label
elements of Z(G) with the integer ν; we also use ν to denote the discrete quotient involving
the ν element of the center. For most of the gauge groups discussed here, the center is Zm
for some m, and we let ν run from 0 to m−1. For Spin(4k), however, the center is Z2×Z2.
Since there are four elements in this center, we let ν run from 0 to 3, with ν = 0 referring to
the identity element of the center. At codimension-two loci in the base supporting charged
matter, the singularity type enhances, and one can associate a Lie group with the enhanced
singularity type. It is useful to consider the center of this enhanced group, even though
the enhanced group does not represent a physical gauge group. We label elements of the
enhanced group’s center with the integer µ.
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Singularity Type G TG(ν) ~τG(ν) Valid Values of ν

I1 — 0 (0, 0, 0) 0

II — 0 (0, 0, 0) 0

In SU(n) ν(n−ν)
n (0, 1, 1)un(ν) 0, 1, . . . , n− 1

III SU(2) ν(2−ν)
2 (1, 1, 1)u2(ν) 0, 1

IV SU(3) ν(3−ν)
3 (1, 1, 2)u3(ν) 0, 1, 2

I∗n−4 Spin(2n)


0 ν = 0
1 ν = 2
n
4 ν = 1, 3


(0, 0, 0) ν = 0
(1, 2, 2) ν = 2(
1,
⌊
n
2
⌋
,
⌈
n
2
⌉)

ν = 1, 3
0, 1, 2, 3

IV∗ E6
2ν(3−ν)

3 (2, 2, 3)u3(ν) 0, 1, 2

III∗ E7
3
2ν (2, 3, 3)ν 0, 1

II∗ E8 0 (0, 0, 0) 0

Table 1. Expressions for TG(ν) and ~τG(ν). While the singularity types I1 and II do not have listed
gauge group, G can be thought of as SU(1) in these situations. In this paper, we focus on the split
versions of these singularity types.

It is also useful to define the function TG(ν) and the triplet of functions ~τG(ν), where
G is a simple Lie group. The expressions for TG(ν) and ~τG(ν), which are given in table 1,
depend on the group G in question. As discussed in section 4, the TG(ν) are essentially
diagonal elements of the inverse Cartan matrix of G. The ~τG(ν) provide information about
the orders of vanishing of the x̂, ŷ, and ŵ section components.

2.2 Proposal

Suppose a codimension-one locus {σ = 0} in the base supports a simply-laced gauge algebra
g whose universal covering group is G. The elliptic fibers along this locus are singular, and
the singularity type is that corresponding to G in the Kodaira classification. If there is also
a u(1) gauge algebra, the section components of its associated generating section should
vanish to orders

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τG(ν) (2.14)

for some value of ν denoting an element of the center of G. As described in more detail
in section 4, ν encodes information about which component of the resolved singular fibers
along {σ = 0} is hit by the generating section. This in turn (at least partially) describes
the global structure of the gauge group [53].
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Now suppose there is some matter with u(1) charge q occurring at a codimension-two
locus in the base with an enhanced singularity type. At least locally, this codimension-
two locus can be thought of as the intersection of the codimension-one loci {σi = 0},11

with i running from 1 to N .12 Each of these loci has singular fibers of type Gi, where
we are referring to singularity types by their corresponding ADE groups in the Kodaira
classification.13 Each {σi = 0} locus also has a corresponding νi consistent with the
codimension-one orders of vanishings described above. At the codimension-two locus, the
singularity type enhances from G1 × . . . × GN to some singularity type H, where H is
again an ADE group. The generating section components for the u(1) should then vanish
to orders

ord2(ẑ) = 1
2

(∏
i dGi
dH

q2 +
∑
i

TGi(νi)− TH(µ)
)

(2.15)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τH(µ) , (2.16)

at the codimension-two locus. Here dG represents the order (the number of elements) of
the center of G, while µ is an integer representing a particular element of the center of H.

An important special case is matter charged under the gauge algebra g⊕ u(1), where
g is a simple Lie algebra. We again assume that g is simply-laced. There is a codimension-
one locus {σ = 0} along which the elliptic fibers are singular with singularity type G. The
orders of vanishing at {σ = 0} are still given by eq. (2.14) for some ν in the center of G.
Now suppose that matter charged under g⊕u(1) occurs at the intersection of {σ = 0} with
the residual discriminant locus, which has singularity type I1. For the residual discriminant
locus, whose ADE group can be thought of as SU(1), the associated ν, T(ν), and ~τ(ν) are 0.
If the enhanced singularity type at the codimension-two locus is H, the orders of vanishing
at the codimension-two locus are

ord2(ẑ) = 1
2

(
dG
dH

q2 + TG(ν)− TH(µ)
)

(2.17)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τH(µ) . (2.18)

These expressions provide a procedure for determining the u(1) charge of some matter
given the orders of vanishing of the section components, at least up to sign. From f , g,
and the discriminant ∆, one can determine the Gi and H, which in turn determine the dGi
and dH . One can also use equations (2.14) and (2.16) to read off ν and µ for the matter

11Some situations involve matter localized at nodal singularities of irreducible codimension-one loci in the
base. The most notable examples are u(1) charged singlets, which occur at double points of the discriminant
locus {∆ = 0}. Locally, such situations still look like the intersection of multiple codimension-one loci, even
though these loci may be identified globally. For the case of singlets, the singularity type can be thought
of as enhancing from I1 × I1 to I2, or from SU(1)× SU(1) to SU(2).

12In almost all cases of interest, N will be 2. However, we leave open the possibility that N can be greater
than 2 to account for more exotic matter types, such as trifundamental representations.

13For the singularity types I1 and II, whose corresponding group can roughly be thought of as SU(1), the
only allowed value of ν is 0. As indicated in table 1, T(ν) and ~τ(ν) are 0 for these situations.
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in question.14 This information can then be plugged into eq. (2.15), and one can solve for
q up to a sign.

To use these relations to predict the orders of vanishing for matter with a particular
u(1) charge, one must determine the value of µ corresponding to ν and q. The relations
between these parameters, which depend on the specific groups and representations in
question, are described in table 2. Alternatively, one can try all values of µ allowed for the
codimension-two singularity type H and determine which values of µ give sensible orders of
vanishing for a desired ν and q. However, note that even if the formulas predict reasonable
orders of vanishing for a choice of ν and q, it does not imply that one can actually find an
F-theory model that realizes the appropriate matter with this u(1) charge. The proposals
should be thought of as giving the orders of vanishing assuming that a model supporting
the appropriate matter exists. In fact, one likely could use these formulas to argue that
certain u(1) charges cannot be realized in F-theory. One would first calculate the orders of
vanishing predicted by the formulas for the u(1) charge in question. If attempts to construct
F-theory model with a rational section admitting these orders of vanishing always lead to
obstructions, it would hint that the corresponding u(1) charge cannot be realized.

For all the models discussed here, including several examples previously seen in the
literature, these formulas are satisfied exactly. However, these formulas may more generally
give the lowest orders of vanishing of the section components. As a helpful analogy, consider
the Kodaira table in table 4, which lists the orders of vanishing of f , g, and ∆ for various
singularity types. In some elliptic fibrations, the orders of vanishing at a locus supporting
a particular singularity type may exceed those listed in the table, so long as these larger
orders of vanishing do not correspond to an enhanced singularity type. For instance, while
f , g, and ∆ typically vanish to orders (3, 4, 8) at an IV∗ locus, they could alternatively
vanish to orders (4, 4, 8). However, if they vanish to orders (3, 5, 9), the singularity type
would be III∗ rather than IV∗. One might expect that the orders of vanishing of the
section components behave in a similar way. As an example, our formulas predict that,
for an su(5)⊕ u(1) model with ν = 1, (x̂, ŷ, ẑ, ŵ) should vanish to orders (0, 1, 0, 1) at the
codimension-one su(5) locus. An su(5)⊕u(1) model with ν = 1 and codimension-one orders
of vanishing such as (0, 1, 0, 2) may still be consistent with our proposals. However, orders
of vanishing such as (0, 2, 0, 2) would correspond to different value of ν, so the proposals
would suggest su(5) ⊕ u(1) models with such codimension-one orders of vanishing would
have a different global gauge group structure. Since we do not analyze F-theory models
exhibiting such behaviors here, these thoughts on models with higher orders of vanishing
are somewhat speculative. It would therefore be important to more properly establish
whether such situations can occur and how to handle them in future work.

14There may be two values of ν (or µ) corresponding to a particular value of ~τG(ν) (or ~τH(µ)). However,
TG(ν) will be the same for these two values of ν, so this ambiguity does not cause any problems when using
eq. (2.15).

– 12 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

Gauge Factor Enhancement Representation Allowed q µ

— I1 → I2 1q Z q2
SU(n) I(s)n → In+1 nq

ν
n + Z nqn+1

SU(n), odd n I(s)n → I∗n−4
n
2 (n− 1)q 2ν

n + Z nq4
SU(n), even n I(s)n → I∗n−4

n
2 (n− 1)q 2ν

n + Z (q − 2
nν)2 + 2ν4

Spin(2n) I∗(s)n−4 → I∗n−3 2nq ν
2 + Z (2q − ν)4 + 2q2

Spin(8) I∗0(s) → I∗1 8s,q


1
2 + Z ν = 1, 2
Z ν = 0, 3

(2q − 2ν)4

Spin(8) I∗0(s) → I∗1 8c,q


1
2 + Z ν = 2, 3
Z ν = 0, 1

(2q − 2ν)4

Spin(10) I∗1(s) → IV∗ 16q 4−ν
4 + Z 4q3

Spin(12) I∗2(s) → III∗ 32q ⊕ 12q


1
2 + Z ν = 2, 3
Z ν = 0, 1

(2q + ν)2

Spin(12) I∗2(s) → III∗ 32′q ⊕ 12q


1
2 + Z ν = 1, 2
Z ν = 0, 3

(2q + ν)2

Spin(14) I∗3(s) → II∗ 64q ⊕ 142q
ν
4 + Z 0

E6 IV∗(s) → III∗ 27q ν
3 + Z 3q2

E7 III∗ → II∗ 56q ⊕ 12q
ν
2 + Z 0

Table 2. Relations between ν, µ, and the u(1) charge q for various representations. Note that,
in our conventions, the 32 representation of Spin(12) has highest weight [0, 0, 0, 0, 0, 1], while the
32′ representation has highest weight [0, 0, 0, 0, 1, 0]. This convention differs from [77] but agrees
with [78].

2.3 Example

As an example of how to read off u(1) charges, consider the F-theory model described by
a Weierstrass equation of the form

y2 = x3 +
(
c1c3 − b2c0 −

1
3c

2
2

)
xz4

+
(
c0c

2
3 −

1
3c1c2c3 + 2

27c
3
2 −

2
3b

2c0c2 + 1
4b

2c2
1

)
z6

(2.19)

with

c0 = σ
[
8c1,1c

3
3,0 + σ

(
2c2

3,0

(
2b2c2

1,1 + c1,2
)
− 8bc1,1c3,0c2,1 + c2

2,1

)
+ σ2

(
c2,1

(
4b3c2

1,1 − bc1,2
)

+ 2c3,0
(
−4b4c3

1,1 + b2c1,1c1,2 + c1,3
))
− σ3c0,4

]
,

c1 = σ
[
2c3,0(2bc1,1c3,0 + c2,1) + bσ(c1,2c3,0 − 2bc1,1c2,1) + bσ2c1,3 + σ3c1,4

]
,

c2 = c2
3,0 + bσc2,1 + σ4c2,4 ,

c3 = bc3,0 + σ4c3,4 .
(2.20)
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We assume that the base of the elliptic fibration is complex two-dimensional, giving us a
6D F-theory model. The parameters b and ci,j are holomorphic sections of line bundles
over the base, with the line bundles chosen such that f and g are holomorphic sections of
O(−4KB) and O(−6KB). This model is a tuned version of the Morrison-Park form [18],
and it admits a generating section with components

x̂ = 1
3b

2c2
3,0 −

2
3σ
(
b3c2,1

)
+ σ4

(
2bc3,0c3,4 −

2
3b

2c2,4

)
+ σ8c2

3,4 ,

ŷ = −2σ
(
b5c1,1c

2
3,0

)
+ σ2

(
b6c1,1c2,1 −

1
2b

5c1,2c3,0

)
− 1

2σ
3
(
b5c1,3

)
− 1

2σ
4
(
b2
(
b2c1,4 − 2bc2,4c3,0 + 4c2

3,0c3,4
))

+ b3σ5c2,1c3,4

+ bσ8c3,4(bc2,4 − 3c3,0c3,4)− σ12c3
3,4 ,

ẑ = b ,

ŵ = −4σ
(
b6c1,1c

3
3,0

)
+ b6σ2c3,0

(
6bc1,1c2,1 − c3,0

(
4b2c2

1,1 + c1,2
))

+ b6σ3
(
bc2,1

(
c1,2 − 4b2c2

1,1

)
+ c3,0

(
8b4c3

1,1 − 2b2c1,1c1,2 − c1,3
))

+ σ4
(
b6c0,4 + b3c3,0

(
b2c1,4 − 2bc2,4c3,0 + 4c2

3,0c3,4
))

+ 2b4σ5(bc2,1c2,4 + c3,0c3,4(2bc1,1c3,0 − 3c2,1))
+ b5σ6c3,4(c1,2c3,0 − 2bc1,1c2,1) + b5σ7c1,3c3,4

+ b2σ8
(
b2c2

2,4 + bc3,4(bc1,4 − 8c2,4c3,0) + 14c2
3,0c

2
3,4

)
− 4σ9b3c2,1c

2
3,4

− σ12c2
3,4

(
4b2c2,4 − 12bc3,0c3,4 − 3c2

3,4σ
4
)
.

(2.21)

This indicates that the model has a u(1) gauge algebra. Additionally, the discriminant is
proportional to σ5:

∆ = 2bc1,1c
4
3,0∆′σ5 +O(σ6) , (2.22)

where

∆′ = −112b8c3
1,1c2,1c

2
3,0 − 4b4c1,3c2,1c

2
3,0 + 4b3c0,4c

3
3,0 + 128b9c4

1,1c
3
3,0 + 8b2c1,4c

4
3,0

− 16bc2,4c
5
3,0 − 4b6c1,1c2,1

(
c2

2,1 − 3c1,2c
2
3,0

)
+ 12b7c2

1,1c3,0
(
3c2

2,1 − 2c1,2c
2
3,0

)
+ b5

(
−2c1,2c

2
2,1c3,0 +

(
c2

1,2 + 8c1,1c1,3
)
c3

3,0

)
+ 32c6

3,0c3,4.

(2.23)

One can verify that the split condition [72]

9g
2f

∣∣∣∣∣
σ=0

= −ψ2 (2.24)

is satisfied, indicating that the singularity type along {σ = 0} is Is5 and that the supported
gauge algebra is su(5). There are no other codimension-one loci supporting nonabelian
gauge algebras in the model, and the total gauge algebra is su(5)⊕ u(1).

There are two sources of charged matter in this model. If {σ = 0} is a curve of genus g,
there are g hypermultiplets of adjoint (24) matter not localized at a codimension-two locus.
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The u(1) charge of this matter is 0, and this matter is therefore not of significant interest
to us; however, we must account for it to properly satisfy the 6D anomaly cancellation
conditions. The remaining matter is localized at codimension-two loci. Along {σ = 0},
the singularity type enhances to type I∗1 (or Spin(10)) at {σ = c3,0 = 0} and to type I6 (or
SU(6)) at {σ = b = 0}, {σ = c1,1 = 0}, and {σ = ∆′ = 0}. By the Katz-Vafa method,
the I∗1 locus supports hypermultiplets of two-index antisymmetric (10) matter, while the I6
loci support hypermultiplets of fundamental (5) matter. There are also codimension-two
loci not along {σ = 0} where the singularity type enhances to I2: {b = c3,4 = 0} and

Vq=1 = {ŷ/σ = ŵ/σ = 0}\(
{σ = c3,0 = 0} ∪ {σ = b = 0} ∪ {σ = c1,1 = 0} ∪ {b = c3,4 = 0}

)
.

(2.25)

These loci support singlets uncharged under the su(5) algebra.
To determine the u(1) charges, we should look at the orders of vanishing of the section

components. First, along {σ = 0}, the section components, listed in eq. (2.21), vanish
to orders

ord
σ=0

(ẑ) = 0 ,
(

ord
σ=0

(x̂), ord
σ=0

(ŷ), ord
σ=0

(ŵ)
)

= (0, 1, 1) . (2.26)

Comparing to eq. (2.14) and noting that

~τSU(5)(ν) = (0, 1, 1)× u5(ν) , (2.27)

we see that ν is either 1 or 4. Either can be chosen without affecting the end results of our
calculation, so we take ν to be 1. We additionally know that the center of SU(5) is Z5, so
dSU(5) = 5.

The codimension-two orders of vanishing at the matter loci are listed in table 3. This
information allows us to determine the u(1) charges up to sign, which we demonstrate for
three of the matter loci.

• First, consider the locus {σ = c3,0 = 0} locus, which supports 10 matter. From
table 3, we see that

(ord2(x̂), ord2(ŷ), ord2(ŵ))− (2, 3, 4)× ord2(ẑ) = ~τSpin(10)(µ) = (1, 2, 3) . (2.28)

According to table 1, µ is therefore either 1 or 3 for this matter locus. Additionally,
the center of Spin(10) is Z4, and dSpin(10) is 4. Plugging this information into either
eq. (2.15) or eq. (2.17) leads to

q2 =
dSpin(10)
dSU(5)

(
2ord2(ẑ)+TSpin(10)(µ)−TSU(5)(ν)

)
= 4

5

(
2×0+ 5

4−
4
5

)
= 9

25 . (2.29)

Therefore, |q| is 3
5 for the matter supported here.

• Second, consider the locus {σ = b = 0}, which supports 5 matter. From table 3,

(ord2(x̂), ord2(ŷ), ord2(ŵ))− (2, 3, 4)× ord2(ẑ) = ~τSU(6)(µ) = (0, 3, 3) . (2.30)
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Locus Enhancement ord2(x̂, ŷ, ẑ, ŵ) |q| su(5)⊕ u(1) Rep.

{σ = c3,0 = 0} I5 × I1 → I∗1 (1,2,0,3) 3
5 10− 3

5

{σ = b = 0} I5 × I1 → I6 (2,6,1,7) 9
5 5− 9

5

{σ = c1,1 = 0} I5 × I1 → I6 (0,2,0,2) 4
5 5− 4

5

{σ = ∆′ = 0} I5 × I1 → I6 (0,1,0,1) 1
5 5 1

5

{b = c3,4 = 0} I1 × I1 → I2 (2,3,1,4) 2 12
Vq=1 I1 × I1 → I2 (0,1,0,1) 1 11

Table 3. Matter loci for su(5)⊕ u(1) example along with the codimension-two orders of vanishing
of the section components. For typographical reasons, we describe the singularity types using the
Kodaira notation rather than the associated ADE gauge groups.

According to table 1, µ is 3 for this matter locus, and since the center of SU(6) is Z6,
dSU(6) is 6. Plugging this information into either eq. (2.15) or eq. (2.17) leads to

q2 =
dSU(6)
dSU(5)

(
2 ord2(ẑ) + TSU(6)(µ)− TSU(5)(ν)

)
= 6

5

(
2× 1 + 9

6 −
4
5

)
= 81

25 . (2.31)

Therefore, |q| is 9
5 for the matter supported here.

• Third, consider the locus {b = c3,4 = 0}, which supports singlet matter, uncharged
under SU(5), with a potentially nonzero u(1) charge. This locus consists of double
points of the discriminant curve. The singularity type enhances from I1× I1 to I2, or,
in terms of ADE groups, from SU(1)×SU(1) to SU(2). For the SU(1) loci, ν is 0, and
there are no nontrivial contributions from either ~τSU(1)(ν) or TSU(1)(ν). We still need
to determine µ, however. According to the codimension-two orders of vanishing,

(ord2(x̂), ord2(ŷ), ord2(ŵ))− (2, 3, 4)× ord2(ẑ) = ~τSU(2)(µ) = (0, 0, 0) , (2.32)

implying that µ is 0. Additionally, dSU(2) is 2. Plugging this information into either
eq. (2.15) or eq. (2.17) leads to

q2 = dSU(2)
(
2 ord2(ẑ) + TSU(2)(µ)

)
= 2

(
2× 1 + 0

)
= 4 . (2.33)

Therefore, |q| is 2 for the matter supported here.

The values of |q| for the other loci can be found by similar procedures, and the results are
summarized in the penultimate column of table 3.

We have not yet found the signs of the charges, which cannot be directly determined
from our relations. For singlets, the sign of the charge is irrelevant, as the hypermultiplets
contain fields in both the 1q and 1−q representations. For the other representations, the
relative sign of the u(1) charges must be consistent with the global structure of the gauge
group, as described in more detail in [53] and in section 4. In particular, the u(1) charges
for matter in a specific representation of su(5) must be separated by integers, even if the
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charges themselves are fractional. Therefore, if we take the u(1) charge at {σ = ∆′ = 0}
to be +1

5 , the u(1) charges at {σ = b = 0} and {σ = c1,1 = 0} should be −9
5 and −4

5 ,
respectively. By similar arguments, the charge at {σ = c3,0 = 0} should be −3

5 .15

This analysis leads to the representations listed in the last column of table 3. If one
calculates the multiplicities of the matter loci and includes the 240 adjoint matter, one can
verify that this matter spectrum satisfies the 6D gauge and gauge-gravitational anomaly
cancellation conditions [16, 17, 79] for the generating section height

b̃ = −2KB + 2[b]− 4
5[σ] . (2.34)

Note that we have determined the spectrum without performing any resolutions of the
singular Weierstrass model, illustrating the power of this approach.

2.4 Overview of evidence supporting the proposals

To conclude this summary section, let us briefly outline the evidence in favor of our propos-
als, which is described in more detail in the rest of this paper. As discussed in section 12,
many of the known models in the prior F-theory literature satisfy the proposals, giving us
some confidence in their validity. However, these prior models cover only a narrow range of
u(1) charges, and it would be ideal to have evidence that points towards some underlying
structure or motivations.

At least in rough terms, the ~τG(ν) term in eq. (2.14) describes the orders of vanishing
necessary for the generating section to hit a particular component of the resolved singular
fibers at codimension one. In section 4, we describe how the component hit by the section
controls the global structure of the gauge group, which in turn restricts the possible u(1)
charges. There is likely a similar interpretation of the codimension-two ~τH(µ) term in
eq. (2.16). While the story at codimension two is complicated by the fact that sections
can wrap components of the resolved fibers, the ~τH(µ) terms likely still control which
components are hit or wrapped by the section. The (2, 3, 4) × ord2(ẑ) term in eq. (2.16),
meanwhile, reflects the natural scalings expected from the Weierstrass equation and the
definition of ŵ.

This leaves us with eq. (2.15), describing the order of vanishing for ẑ at codimension
two. To gain insight into this equation, we can consider a strategy for understanding the
behavior of sections supporting large u(1) charges that is described more thoroughly in
section 5. Suppose we have an F-theory model supporting some matter with u(1) charge
q at a particular codimension-two locus; for now, we will be agnostic as to whether or not
this matter is also charged under additional nonabelian gauge algebras. From a geometric
perspective, the matter comes from M2-branes wrapping some component c of the resolved
fiber. The u(1) charge is given by q = σ(ŝ) · c, where ŝ refers to the generating section.
Through elliptic curve addition, one can obtain non-generating sections mŝ that satisfy
σ(mŝ) · c = mq. The mŝ sections therefore behave as if they supported u(1) charge mq at
the codimension-two locus, allowing us to glean insights about the generating sections in
models genuinely supporting u(1) charge mq.

15A quick way of seeing this is to consider the decomposition 5⊗ 5 = 15⊕ 10. If 5 1
5
and 5− 4

5
are valid

representations, then 5 1
5
⊗ 5− 4

5
would have u(1) charge − 3

5 .
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In sections 6 to 11, we explicitly construct these mŝ sections for models with a variety
of gauge algebras and matter representations, and the observed orders of vanishing agree
with our proposals. However, there is also a deeper mathematical structure behind this
strategy. This structure is described more properly in section 6.2 using a model with
singlet matter as an illustrative example. To summarize the ideas in rough terms, the ẑ
components of the mŝ sections form a sequence known as an elliptic divisibility sequence
(EDS). These sequences appear in contexts beyond elliptic fibrations, including the topic
of elliptic curves over p-adic fields. Here, a quantity called the p-adic valuation (described
in more detail in section 6.2) is particularly important. The p-adic valuation shares many
properties with the order of vanishing; in fact, the order of vanishing is itself a valuation.

Work by Stange [1] gives explicit formulas for the p-adic valuations of elliptic divisibility
sequences associated with singular elliptic curves over p-adic fields. Even though they de-
scribe a somewhat different context, the formulas given there actually agree with eq. (2.15).
Specifically, if we start with an elliptic fibration admitting a particular type of matter with
a certain u(1) charge, we can construct analogous p-adic elliptic curves with rational points
that reflect the singularity types and generating section behavior at codimension one and
codimension two. We then use the formulas in [1] to find the p-adic valuations for these
two EDSs. If we subtract the codimension-one EDS valuations from the codimension-two
EDS valuations, we recover expressions that agree with eq. (2.15). In sections 6 to 11, we
demonstrate this result explicitly for the types of matter considered here.

Given the similarities between the p-adic valuation and the orders of vanishing, it
appears that eq. (2.15) reflects some deeper mathematical structure. Of course, it would
be ideal to have an explanation of this formula that directly applies to elliptic fibrations. It
would also be worthwhile to find a more physical understanding of eq. (2.15). Nevertheless,
the fact that similar formulas appear in the mathematics literature lends significant support
to the proposed formulas.

3 Review of F-theory

In this section, we will review some basic aspects of F-theory that will be important for
the following discussion. Further information on F-theory can be found in [17, 80–83].

F-theory can be thought of most straightforwardly as a non-perturbative version of
Type IIB string theory that allows for consistent compactifications in the presence of 7-
branes. These 7-branes cause the axiodilaton field to vary over the compactification space,
leading the theory to be strongly-coupled in some regions. We track the variation of the
axiodilaton by encoding it as the complex structure of an elliptic curve; this leads to the
structure of an elliptic fibration X over the compactification space B. We assume here
that the base B is smooth.

The elliptic fibration associated with an F-theory model can be described mathemati-
cally by a Weierstrass model (2.1),

y2 = x3 + fxz4 + gz6 , (3.1)

where [x : y : z] are the homogeneous coordinates of P2,3,1 and f, g are holomorphic
sections of line bundles on the base B. We will always consider elliptically fibered Calabi-
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Singularity
Type ord(f) ord(g) ord(∆) Dynkin

Diagram
Universal Covering

Group

I0 ≥ 0 ≥ 0 0 — —
I1 0 0 1 — —
II ≥ 1 1 2 — —
III 1 ≥ 2 3 A1 SU(2)
IV ≥ 2 2 4 A2 SU(3)
In 0 0 N An−1 SU(n)
I∗0 ≥ 2 ≥ 3 6 D4 Spin(8)
I∗n 2 3 N + 6 Dn+4 Spin(2n+ 8)
IV∗ ≥ 3 4 8 E6 E6
III∗ 3 ≥ 5 9 E7 E7
II∗ ≥ 4 5 10 E8 E8

Non-minimal ≥ 4 ≥ 6 ≥ 12 Not valid in F-theory at codim.-one

Table 4. The Kodaira classification of codimension-one singular fibers. The orders of vanishing of
f, g,∆ at the singular locus in the base are given. The Dynkin diagram entry gives the intersection
pattern of the exceptional P1s introduced by the resolution procedure; these are potentially subject
to Tate monodromy, though we will only consider ADE cases here. The gauge algebra entries
list the universal cover of the gauge algebras associated with the given singularity type; which
gauge algebra is actually realized by a given singularity is determined via the Tate split conditions
mentioned in the text. Note that the final row lists non-minimal singularities, which cannot be
resolved crepantly such that the fibration remains flat.

Yau manifolds, in which case f and g are respectively sections of the line bundles O(−4KB)
and O(−6KB), with KB the canonical class of the base.

The elliptic fiber of this fibration may become singular over certain loci in the base.
Fiber singularities at codimension one in the base signal that nonabelian gauge groups are
supported at these loci (in the context of Type IIB, this indicates the presence of 7-branes
wrapping these loci), while fiber singularities at codimension two in the base herald the
presence of localized charged matter. The possible codimension-one fiber singularities were
classified by Kodaira and Néron [5, 84, 85], and are listed in table 4. Using the Kodaira
classification, one can read off the singularity type at a codimension-one locus by examining
the orders of vanishing of f , g, and the discriminant ∆ = 4f3 + 27g2.

If one resolves the codimension-one fiber singularities via a sequence of blowups, new
P1 curves are introduced in the fiber over the codimension-one locus. The P1 curves
(including the P1 hit by the zero section that exists prior to resolution) intersect in the
pattern of an affine ADE Dynkin diagram, with the P1 hit by the zero section serving as
the affine node. Thus, each singularity type can be associated with an ADE Lie algebra. In
compactifications to six or fewer dimensions, the P1 curves can undergo monodromy when
traversing a closed path along the discriminant locus, identifying them as being associated
with the same exceptional divisor. This corresponds to a folding of the Dynkin diagram
and thus a reduction of the associated Lie algebra to one of non-ADE type. Whether this
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occurs can be determined by considering certain algebraic conditions on f, g,∆ known as
the Tate split conditions, which we will not elaborate on further here. In this paper, we
will always consider split fibers, in which case the associated Lie algebra is always the ADE
algebra corresponding to the given Kodaira singularity. This Lie algebra is precisely the
nonabelian gauge algebra supported at the given codimension-one locus in the F-theory
model.16 In the discussion that follows, it is important to consider the exceptional divisors
found by fibering the new P1 curves over the codimension-one locus, which we denote by
the symbol T . The number of such exceptional divisors associated with a codimension-one
locus equals the rank of the supported gauge algebra.

As mentioned above, matter is supported at codimension-two loci where the singularity
type enhances. In the Type IIB picture, this occurs at the intersection of the 7-brane
stacks associated with the codimension-one singular loci. While the Kodaira classification
provides a complete classification of all possible codimension-one singularities, there is as
yet no complete classification of the singularity types at codimension two; nonetheless, we
often refer to codimension-two singularities using the Kodaira singularity type associated
to the orders of vanishing of (f, g,∆) at the given codimension-two locus.

In most situations, the matter representations supported at a given codimension-two
locus can be read off without performing a full resolution to codimension two using what
is known as the Katz-Vafa method [10]. Consider a given codimension-one singular locus
{σ = 0} supporting a gauge algebra g. At a codimension-two locus where the singularity
enhances further, we can naively associate a larger gauge algebra g′ ⊃ g with the enhanced
singularity type using the Kodaira classification (note, however, that there is not actually an
enhanced gauge algebra supported at the codimension-two locus). We can then consider the
branching rule for the adjoint representation of g′ to representations of g. This branching
rule will always include the adjoint representation of g as well as some number of singlets;
the remaining representations, which always appear in conjugate pairs, are the Katz-Vafa
prediction for the charged light matter supported at the codimension-two locus.

The Katz-Vafa method, while convenient, does not always produce the correct result;
in order to properly determine the matter representations supported at a codimension-two
locus, one must carry out a resolution of the singular Calabi-Yau manifold to codimension-
two. The charged matter representations can then be read off from the dual M-theory
picture. In this context, nonabelian charged matter arises from M2-branes wrapping par-
ticular combinations of the P1 curves making up the resolved fiber over the codimension-
two locus; the group theoretic weight associated with a particular combination of curves
is determined by computing its intersection with the various exceptional divisors. More
concretely, suppose we have a model with a semisimple gauge algebra g. We can expand g

as a direct sum of K simple Lie algebras labeled by the index κ:

g =
K⊕
κ=1

gκ . (3.2)

16It is worth noting that, in some situations, the true gauge algebra of the theory can differ from that
indicated by the geometry due to T-branes [86, 87]. In this paper, we assume that T-brane effects can be
ignored and that the geometry accurately reflects the gauge algebra and light charged matter of the model.
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If a codimension-two locus supports matter in a representation R of g, then the resolved
fiber at that locus consists of a set of irreducible curves. A (possibly reducible) curve c
that supports the weight ~w for the representation R satisfies

Tκ,I · c = wκ,I . (3.3)

Here, Tκ,I is the exceptional divisor corresponding to the Ith simple root of gκ, while wκ,I
is the element of ~w corresponding to the Ith Cartan generator of gκ in the Dynkin basis
(the basis of fundamental weights).

3.1 Abelian gauge algebras in F-theory and the Mordell-Weil group

Abelian u(1) gauge factors arise in F-theory in a different fashion, and are not associated
with codimension-one fiber singularities. Rather, abelian gauge factors are associated with
additional rational sections of the elliptic fibration [4].

F-theory constructions described by a Weierstrass model (3.1) will always have at least
one rational section, the zero section ô, given by [x̂ : ŷ : ẑ] = [1 : 1 : 0]. However, an elliptic
fibration may have additional rational sections. These rational sections form a group,
known as the Mordell-Weil group. We discuss the addition operation of this group in the
following section. According to the Mordell-Weil theorem, this group is finitely generated,
taking the form [88]

Zr ⊕ Γ . (3.4)

The group Γ is the torsion subgroup, which is associated in the F-theory context with the
global structure of the gauge group; we will not discuss the torsional part of the Mordell-
Weil group further here. The integer r is known as the Mordell-Weil rank, and the r
independent sections other than the zero section are known as generating sections.

An F-theory model associated with an elliptic fibration that has Mordell-Weil rank
r has an abelian sector including a u(1)r gauge algebra. The motivation for this most
naturally comes from the dual M-theory picture. To each generating section ŝ there is
associated a divisor class σ(ŝ) whose Poincaré dual acts as an additional zero mode for the
M-theory 3-form C3, indicating the presence of an additional U(1) gauge boson associated
with ŝ. The divisor σ(ŝ) is given by the Shioda map, which takes the form (2.6):

σ(ŝ) = S − Z −
∑
α

((S − Z) · Z ·Bα)Bα +
∑
κ,I,J

(S · ακ,I)
(
C−1
κ

)
IJ
Tκ,J . (3.5)

This is a homomorphism from the Mordell-Weil group to the Néron-Severi group with
rational coefficients. As discussed above, weights of nonabelian matter representations are
associated with particular combinations of fibral curves in the resolved threefold; the U(1)
charges of the matter associated with a fibral curve c are given by

q = σ(ŝi) · c , (3.6)

with ŝi being the generating sections of the Mordell-Weil group.
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One final important ingredient is the Néron-Tate height pairing between rational sec-
tions ŝi, ŝj (with i, j possibly equal), given by

b̃ij = −π∗(σ(ŝi) · σ(ŝi))

= −π∗(Si · Sj)−KB + ni + nj −
∑
κ

(Si · ακ,I)
(
R−1
κ

)
IJ

(Sj · ακ,J)bκ ,
(3.7)

with π∗ the pushforward to the homology lattice of the base, ni = π∗(Si · Z) the locus
along which the section ŝi intersects the zero section, and Rκ the normalized root matrix
for the κth nonabelian gauge factor. The height matrix b̃ij plays the role of the 6D anomaly
coefficients for the abelian gauge factors.

3.2 The elliptic curve group law

As we have seen, the rational sections of an elliptic fibration form a group, called the
Mordell-Weil group. The addition operation of rational sections is a fiberwise extension
of the group law for elliptic curves, which we will summarize here. For more information,
see [89].

The addition operation of the Mordell-Weil group of rational points of an elliptic curve
is induced by the standard addition in C via the definition of the elliptic curve as a complex
torus C/Λ. Under the map from this description of the elliptic curve to that given by the
Weierstrass equation, the induced operation [+] is a well-defined addition on rational points
of the elliptic curve with identity element Z, typically chosen to be the point [1 : 1 : 0]
when the elliptic curve is written in global Weierstrass form. This addition operation is
defined by the property that if P,Q,R are the three points of intersection of the elliptic
curve with a line (counted with multiplicity), then P [+]Q[+]R = Z. Algorithmically, given
two points P and Q, we can find their sum P [+]Q by forming the line that passes through
both P and Q (if P = Q, then we instead use the tangent line to the elliptic curve at P ).
This line intersects the elliptic curve in a third point R; the line passing through R and Z
again intersects the elliptic curve in a third point, which is the result P [+]Q.

As we will make frequent use of elliptic curve addition in this paper, we include here
explicit expressions for the addition law when the elliptic curve is written in global Weier-
strass form, with identity Z = [1 : 1 : 0]. Given two distinct points P1 = [x1 : y1 : z1] and
P2 = [x2 : y2 : z2], P3 = P1[+]P2 has coordinates

x3 = x1z
2
1

(
x2

2 + fz4
2

)
+ x2z

2
2

(
x2

1 + fz4
1

)
− 2z1z2(y1y2 − gz3

1z
3
2) ,

y3 = −y2
1y2z

3
2 − 3x2x

2
1y2z2z

2
1 + 3x1x

2
2y1z1z

2
2 + y2

2y1z
3
1 − 3gz3

1z
3
2

(
y2z

3
1 − y1z

3
2

)
− fz1z2

(
x2y2z

5
1 + 2x1y2z

3
1z

2
2 − 2x2y1z

3
2z

2
1 − x1y1z

5
2

)
,

z3 = x2z
2
1 − x1z

2
2 .

(3.8)

Given a point P = [x : y : z], the point 2P = P [+]P has coordinates

x2P =
(
3x2 + fz4

)2
− 8xy2 ,

y2P = −
(
3x2 + fz4

)3
+ 12xy2

(
3x2 + fz4

)
− 8y4 ,

z2P = 2yz .

(3.9)

The inverse of a point P = [x : y : z] is simply −P = [x : −y : z].
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4 Gauge group centers and allowed charges

As a first step towards relating u(1) charges to the orders of vanishing of section compo-
nents, we should examine the types of u(1) charges that can occur in F-theory models.
The allowed u(1) charges of singlet matter are quantized. In line with the definition of the
Shioda map in eq. (2.6), it is natural to normalize the charges such that the singlet charges
are integral and that the lattice of singlet charges has a spacing of 1 [53]. However, matter
that is also charged under a nonabelian gauge factor may have fractional charges in this
normalization. The allowed fractional charges in an F-theory model depend on the global
structure of the gauge group, the description of which involves the center of the gauge
group’s universal cover.

Since it plays a key role in this paper, let us review the relation between fractional
charges and elements of the center first described in [53]. Suppose we have a model with a
gauge algebra g⊕ u(1), where g is a semisimple Lie algebra given by

g =
K⊕
κ=1

gκ . (4.1)

Recall from section 3 that matter in a representation Rq of g⊕u(1) comes from M2-branes
wrapping curves in the resolved fiber of a codimension-two locus in the base. Specifically, a
weight ~w of the representationRq comes from wrapping an M2-brane on a curve c satisfying,

Tκ,I · c = wκ,I , (4.2)

where Tκ,I is the fibral divisor corresponding to the Ith simple root of gκ and wκ,I is the
element of ~w corresponding to the Ith Cartan generator of gκ The charge of this matter
under the u(1) algebra is

q = σ(ŝ) · c . (4.3)

Eq. (2.6) states that the Shioda map is given by

σ(ŝ) = S − Z − π∗(DB) +
∑
κ,I

lκ,ITκ,I , (4.4)

where
lκ,I =

∑
J

(S · ακ,J)
(
C−1
κ

)
IJ
. (4.5)

In rough terms, the numbers lκ,I describe which of the components in the ADE fibers
along codimension-one loci are hit by the section. They therefore depend on the behavior
of the section at codimension one. However, these numbers are allowed to be fractional,
as the inverse Cartan matrix C−1

κ can have fractional entries. In fact, the only fractional
contributions to the charge q come from the lκ,I term in the Shioda map, implying that

q −
∑
κ,I

lκ,ITκ,I · c ∈ Z . (4.6)

This statement is true for any weight of any Rq representation realized in the F-theory
model. Note that∑κ,I lκ,ITκ,I ·cmay differ by integers for different weights in an irreducible
representation Rq.
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If Q is the generator of the u(1) algebra and Eκ,I are the elements of the Cartan sub-
algebra of gκ, then Υ = Q−∑κ,I lκ,IEκ,I is an element of the Cartan subalgebra of g⊕u(1).
Exponentiating this gives us an element C = exp[2πiΥ] of G×U(1), the universal covering
group for the algebra g⊕ u(1). G is the simply connected Lie group associated with g. For
any representation Rq of g⊕ u(1), C acts on a weight ~w of the representation as

C ~w = exp

2πi

q −∑
κ,I

lκ,Iwκ,I

~w . (4.7)

The group element C essentially multiplies each weight by a complex number of magnitude
1. This complex number is the same for all weights in an irreducible representation Rq, as∑
κ,I lκ,Iwκ,I differs only by integers for the different weights of this irreducible representa-

tion.17 Thus, C is proportional to the identity element and commutes with every element
of G×U(1). In other words, C is in the center of G×U(1). Moreover, eqs. (4.2) and (4.6)
imply that C acts trivially on any representation Rq realized in the F-theory model. The
gauge group of the F-theory model is therefore (G×U(1))/Ξ, where Ξ is a subgroup of the
center of G×U(1) that includes C.

In summary, the li coefficients in σ(ŝ), which control the allowed fractional charges in
the F-theory model and affect the global structure of the gauge group, can be associated
with an element of the gauge group’s center. It is therefore worth describing the elements
of the center in more detail. If the gauge algebra is g ⊕ u(1) as before, we are interested
in the center Z(G × U(1)), where G is the simply connected Lie group associated with
g. Since g is a sum of simple Lie algebras g1 ⊕ g2 ⊕ . . . ⊕ gK , the group G is a product
G1 ×G2 × . . . GK of the universal covers of the gκ. The center of G×U(1) is then

Z(G×U(1)) = Z(G)× Z(U(1)) =
(∏

κ

Z(Gκ)
)
×U(1) . (4.8)

An element of Z(G×U(1)) can be written as (ν1, ν2, . . . , νK , γ), where νκ is an element
Z(Gκ) and γ is an element of U(1). We want elements of Z(G×U(1)) analogous to C
above, so we let γ be exp[2πiQ]. The lκ,I are then encoded in a choice of the νκ. The
centers of some of the compact simple Lie groups are given in table 5. Many of these centers
are Zn groups, so it is convenient to let the νκ be integers corresponding to elements of
the Zn. Even for the Z2 × Z2 center of Spin(4k), we label the elements of the center with
integers ranging from 0 to 3. The notations for each group are discussed in more detail in
the following subsections.

We can describe the relation between the νκ and the lκ,I more explicitly: because

lκ,I =
∑
J

(S · αJ)
(
C−1
κ

)
IJ
,

17One way of seeing this is to note that two different weights for the same irreducible representation
differ by a root. The term

∑
κ,I

lκ,Iwκ,I essentially takes the form
∑

κ,I,J
nJ
(
C−1
κ

)
IJ
wκ,I , where the nJ

are integers. The inverse Cartan matrices convert weight and root vectors from the Dynkin basis to the
basis of simple roots, and root vectors have integral elements in the latter basis. Therefore, the difference
in
∑

κ,I,J
nJ
(
C−1
κ

)
IJ
wκ,I for two different weights, which differ by a root, should be integral.
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Algebra Group Center

su(n) SU(n) Zn
so(2n+ 1) Spin(2n+ 1) Z2

sp(n) Sp(n) Z2
so(4k) Spin(4k) Z2 × Z2

so(4k + 2) Spin(4k + 2) Z4
e6 E6 Z3
e7 E7 Z2
e8 E8 —
f4 F4 —
g2 G2 —

Table 5. Centers of various groups. If a center is not specified, the center of the group is trivial.
n and k are integers.

the lκ,I are determined by the behavior of the section along the codimension-one loci
supporting the gκ gauge algebras. Let us first focus on the situation where K = 1, such
that the gauge algebra is g1 ⊕ u(1). We additionally assume that g1 is simply-laced, as
we primarily consider only simply-laced algebras in this paper. At the codimension-one
locus supporting g1, the fiber consists of irreducible curves forming an affine ADE diagram
corresponding to g1; again, the curve representing the affine node is the one hit by the zero
section. figure 1 illustrates this fiber for an example where g1 = so(10). The generating
section for the u(1) should intersect one of these curves transversally at generic points along
the codimension-one locus.18 The numbers lκ,I essentially indicate which of these curves
is intersected by the section. Each element of the center should in turn correspond to a
curve in the codimension-one fiber that may be hit by the section, and vice versa.19 This
statement naively seems to be problematic in the so(10) example: while the codimension-
one fiber has six irreducible curves, there are only four elements of Z(Spin(10)) = Z4.
However, the irreducible curves in the fiber may have multiplicities greater than one; these
multiplicities are given by the dual Kac labels (or comarks) of the highest root. Because
a section should intersect the fiber only once, it can only intersect one of the irreducible
curves with multiplicity 1 [43, 46]. For the so(10) ⊕ u(1) example, only the four curves
at the ends of the fiber have multiplicity 1. These four curves exactly match the four
elements of Z(Spin(10)) = Z4, in line with the expectation that the curve hit by the
section at codimension one should specify an element of the center. If the section hits the
affine component, we say that ν = 0, the identity element of the center. If the section hits

18We should not expect the section to exhibit more extreme behaviors, such as wrapping a curve, at
generic points along the codimension-one locus. Such behavior would require all the section components
to vanish simultaneously, at least prior to resolution. The section components would then be proportional
to appropriate powers of the codimension-one locus, and these factors can be scaled away to remove the
wrapping behavior.

19Along these lines, note that the different values of ν distinguish between, for instance, the I(01)
n , I(0|1)

n ,
I(0||1)
n , . . . models in the language of [43, 46].
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2 2

1

1

1

1

Figure 1. Fiber at generic points along a codimension-one locus supporting an so(10) algebra.
The shaded curve corresponds to the affine node of the D̂5 Dynkin diagram. The numbers within
each circle denote the multiplicity of the curve.

the upper-left component in figure 1, then we say that ν = 2, and if the section hits the
upper-right or lower-right curves, then we say that ν is 1 or 3, respectively.

The lκ,I numbers also provide a way to determine the allowed fractional charges for an
F-theory model. Again, suppose that the gauge algebra is g1⊕ u(1). If the section hits the
affine node of the fiber at codimension one, the l1,I are 0 and the u(1) charges for matter
in any representation of g1 must be integral. If the section hits a curve corresponding to
the simple root J of g1, the l1,I are given by

(
C−1
κ

)
IJ . To find the allowed u(1) charges for

matter in an irreducible representation Rq of g1⊕ u(1), we consider any weight ~w of Rq in
the Dynkin basis. The allowed u(1) charges are then given by(∑

I

l1,IwI

)
+ j , j ∈ Z . (4.9)

Of course, we can relate the curve hit by the section to an element of Z(G1), providing us
with a way to determine the u(1) charges consistent with the global structure of the gauge
group. eq. (4.9) shows that the allowed u(1) charges for R are the negative of those for R,
since the weights of R are the negative of those of R. This ensures that we can form Rq

hypermultiplets by combining fields in the Rq and R−q representations.
To illustrate these ideas, consider the so(10)⊕u(1) example above and assume that, at

codimension-one, the section hits the upper-right curve in figure 1 corresponding to ν = 1.
The Cartan and inverse Cartan matrices for so(10) are

Cso(10) =


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 −1
0 0 −1 2 0
0 0 −1 0 2

 , C−1
so(10) =


1 1 1 1

2
1
2

1 2 2 1 1
1 2 3 3

2
3
2

1
2 1 3

2
5
4

3
4

1
2 1 3

2
3
4

5
4

 , (4.10)

and the upper-right curve corresponds to J = 4. Therefore,

l1,I =
(
C−1
so(10)

)
I4
. (4.11)
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For the 10 representation of so(10), the highest weight is [1, 0, 0, 0, 0], and

5∑
I=1

(
C−1
so(10)

)
I4
wI = 1

2 . (4.12)

The allowed 10 charges are therefore j+ 1
2 for integer j. The 16 representation, meanwhile,

has a highest weight of [0, 0, 0, 0, 1], and

5∑
I=1

(
C−1
so(10)

)
I4
wI = 3

4 . (4.13)

The allowed 16 charges are therefore j − 1
4 for integer j.

It is useful to define a few functions of ν. While the specific form of these functions
depends on the simple gauge algebra in question, as described in detail below, we can state
the general idea behind these functions without reference to a particular gauge algebra.
As mentioned above, each possible value of ν is identified with a curve hit by the section
at generic points along the codimension-one locus supporting a simple gauge algebra g.
We define

TG(ν) =
(
C−1
g

)
II
, (4.14)

where I denotes the curve identified with ν. If ν is 0, we take TG(ν) to be 0 as well. In the
so(10) example, ν = 1 corresponds to the upper-right curve in figure 1, which is specified
by I = 4. Since (

C−1
so(10)

)
44

= 5
4 , (4.15)

we have
TSpin(10)(1) =

(
C−1
so(10)

)
44

= 5
4 . (4.16)

Along similar lines,
TSpin(10)(0) = 0 ,

TSpin(10)(2) =
(
C−1
so(10)

)
11

= 1
2 ,

TSpin(10)(3) =
(
C−1
so(10)

)
55

= 5
4 .

(4.17)

We also define a function ~τG(ν) whose output is a triplet of integers. Roughly, it gives the
values of

(ord1(x̂), ord1(ŷ), ord1(ŵ))

such that the section hits the fibral curve associated with ν, at least at generic points
along the codimension-one locus supporting g.20 We will describe ~τG(ν) in more detail
when we individually discuss the different gauge algebras. Even though we have developed
these ideas based on the codimension-one behavior of the sections, it will be useful to

20Intriguingly, the values of ~τG(ν) for various G, ν also appear in the Tate’s algorithm table [7] as the
orders of vanishing of a2 + 1

4a
2
1, a3, and a4 for various singularity types. This observation may be related to

the shifts in x and y performed when converting the elliptic fibration from Tate form to Weierstrass form.
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use these same functions at codimension two as well. When these expressions are used at
codimension two, ν is replaced with µ.

These ideas generalize naturally for models where g consists of more than one simple
algebra. In particular, let g be the direct sum of simple algebras gκ. Each gκ simple algebra
is supported on a codimension-one locus in the base. The fiber at this locus consists of a
set of curves forming the affine Dynkin diagram of gκ. We have a set of numbers lκ,I for
each gκ that describe which of the fibral curves is hit by the section, at least at generic
points along the codimension-one locus for gκ. If the section hits the affine node, then
lκ,I = 0. If the section hits one of the other curves, then

lκ,I =
∑
J

(S · ακ,J)
(
C−1
κ

)
IJ
, (4.18)

where C−1
κ is the inverse Cartan matrix for gκ. Of course, the section can only hit those

curves with multiplicity 1 in the fiber. As before, the lκ,I can alternatively by described
using a specific element of Z(G×U(1)). For each κ, we can associate lκ,I with an element
νκ of the center of Gκ, the universal covering group for gκ. Then, the gauge group has a
quotient by a group containing the element (ν1, . . . , νK , γ) of Z(G×U(1)), where K is the
total number of simple, nonabelian gauge algebras. We can then find TGκ(νκ) and ~τGκ(νκ)
for each gκ.

We now describe how the ideas above are applied for the types of gauge algebras
discussed here. We focus only on the simply-laced algebras. For each gauge algebra, we
describe how the possible values of ν match with curves in the resolved fibers and give
explicit expressions for TG(ν) and ~τG(ν). We also discuss the allowed u(1) charges for
matter in representations of these gauge algebras.

4.1 su(n)

The affine Dynkin diagram for su(n), shown in figure 2, has n nodes. The curves are labeled
by I, which runs from 0 to n − 1 with the I = 0 curve serving as the affine node of the
diagram. All of the curves in the resolved su(n) fiber have multiplicity 1, so any of them
can be hit by a section. This agrees with the fact that the center of SU(n) is Zn, and each
curve should correspond to an element of the center. We take ν to be n− I, where I refers
to the curve hit by the section, or 0 if the section hits the I = 0 affine node curve. In the
language of [43, 46], ν = 0 corresponds to the I(01)

n fiber, ν = 1 corresponds to the I(0|1)
n

fiber, and in general ν corresponds to an I(0|...|1)
n fiber with uν(n) bars between the 0 and

the 1.
The inverse Cartan matrix for SU(n) takes the form [78]

(
C−1
su(n)

)
IJ

= 1
n

min(I, J)(n−max(I, J)) . (4.19)

Therefore, we define

TSU(n)(ν) =
(
C−1
su(n)

)
n−ν,n−ν

= ν(n− ν)
n

. (4.20)
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1 2 n− 2 n− 1

0

· · ·

Figure 2. Dynkin diagram for su(n). The numbers give the value of I corresponding to each node;
the affine node has I = 0.

Since the highest weight of the fundamental representation is [1, 0, . . . , 0], eq. (4.9) implies
that the allowed u(1) charges for the fundamental representation are

ν

n
+ j for j ∈ Z . (4.21)

The two-index antisymmetric representation has a highest weight of [0, 1, 0, . . . , 0], and its
allowed u(1) charges are

2ν
n

+ j for j ∈ Z . (4.22)

Note that the allowed charges for ν ′ = n − ν are the negative of those for ν. This fact
agrees with the group structure of the center, as the inverse of ν in Zn is n− ν.

For the antisymmetric representation of su(n), the same charge can occur for different
values of ν when n is even. When the gauge algebra is su(6)⊕u(1), for instance, 151 matter
can occur when ν = 0 or when ν = 3. Because ν describes the global structure of the gauge
group, a situation involving 151 with ν = 0 is distinct from a situation involving 151 with
ν = 3. We should therefore expect that the orders of vanishing for 151 should be different
for ν = 0 and ν = 3. This does not pose any issue if one is reading off the charges from
a model, as one can determine ν from the codimenson-one orders of vanishing. However,
when trying to predict the orders of vanishing for a certain charge in a spectrum, one may
also need to choose a value of ν. The need for this extra information is not a shortcoming
of our approach; rather, it reflects the unavoidable fact that models with different global
gauge groups are distinct.

We also define
~τSU(n)(ν) = (0, 1, 1)× un(ν) (4.23)

for n ≥ 2, where un(ν) is defined in section 2.1. These numbers describe the orders of
vanishing for x̂, ŷ, and ŵ such that the section hits the appropriate curve in the In fiber.
However, SU(2) and SU(3) can also be realized by type III and type IV fibers. To account
for these special cases, we also define

~τIII(ν) = (1, 1, 1)× u2(ν) , ~τIV(ν) = (1, 1, 2)× u3(ν) . (4.24)

4.2 so(2n)

While the affine Dynkin diagram for so(2n), shown in figure 3, has n nodes, only four of
them occur with multiplicity 1 in the resolved fiber. These are the nodes at the ends of the
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diagram, namely the affine node and the three nodes labeled by I = 1, n− 1, and n. The
center Z(Spin(2n)) is Z4 for odd n and Z2 × Z2 for even n. In either case, Z(Spin(2n))
has four elements, in agreement with the number of multiplicity-one curves in the resolved
fiber. For odd n, we label the elements of Z4 by ν = 0, 1, 2, 3. We then identify ν = 0 with
the affine node, ν = 1 with the I = n− 1 node, ν = 2 with the I = 1 node, and ν = 3 with
the I = n node. For even n, we still label the elements of Z2×Z2 by ν = 0, 1, 2, 3. We also
identify ν = 0 with the affine node, ν = 1 with the I = n − 1 node, ν = 2 with the I = 1
node, and ν = 3 with the I = n node. In the language of [43, 46], ν = 0 corresponds to
the I∗n−4

(01) fiber, ν = 2 corresponds to the I∗n−4
(0|1) fiber, and ν = 1, 3 correspond to the

I∗n−4
(0||1) fiber.
The inverse Cartan matrix for so(2n) takes the form [78]

C−1
so(2n) = 1

2



2 2 2 · · · 2 1 1
2 4 4 · · · 4 2 2
2 4 6 · · · 6 3 3
...
...
... . . . ...

...
...

2 4 6 · · · 2(n− 2) (n− 2) (n− 2)
1 2 3 · · · (n− 2) n/2 (n− 2)/2
1 2 3 · · · (n− 2) (n− 2)/2 n/2


. (4.25)

Therefore,

TSpin(2n)(ν) =


0 ν = 0
1 ν = 2
n
4 ν = 1, 3

. (4.26)

The allowed charges for various representations depend on the value of n modulo 4. The
vector representation of so(2n) has a highest weight of [1, 0, . . . , 0]. There are also two
spinor representations for all n, which have highest weights [0, 0, . . . , 0, 1] and [0, 0, . . . , 1, 0].
For odd n, these representations are conjugates of each other, and spinor hypermultiplets
contain fields in both of these representations. However, for even n, these two spinors are
self-conjugate and can therefore be supported at distinct loci (and can belong to distinct
hypermultiplets in 6D contexts). The allowed u(1) charges for these representations are
summarized in table 6. As for the antisymmetric representation of su(n), matter in par-
ticular representations can occur with the same charge for different values of ν. Note that,
for odd n, the allowed charges for ν = 1 and ν = 3 are negatives of each other, in line with
the fact that ν = 1 and ν = 3 are each other’s inverses in Z4. Finally, we define

~τSpin(2n)(ν) =


(0, 0, 0) ν = 0
(1, 2, 2) ν = 2
(1,
⌊
n
2
⌋
,
⌈
n
2
⌉
) ν = 1, 3

(4.27)
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1

2 n− 2

n− 1

n0

· · ·

Figure 3. Dynkin diagram for so(2n). The numbers give the value of I corresponding to each
node, with the affine node having I = 0. Nodes marked with two concentric circles occur with
multiplicity 2 in the fiber.

Group Irrep ν

0 1 2 3

so(8`)
V 0 1

2 0 1
2

S 0 1
2

1
2 0

C 0 0 1
2

1
2

so(8`+ 2)
V 0 1

2 0 1
2

S 0 3
4

1
2

1
4

C 0 1
4

1
2

3
4

so(8`+ 4)
V 0 1

2 0 1
2

S 0 0 1
2

1
2

C 0 1
2

1
2 0

so(8`+ 6)
V 0 1

2 0 1
2

S 0 1
4

1
2

3
4

C 0 3
4

1
2

1
4

Table 6. Fractional parts of the allowed u(1) charges for various representations of so(2n). V
refers to the vector representation with highest weight [1, 0, . . . , 0]. S refers to the spinor represen-
tation with highest weight [0, . . . , 0, 1]. C refers to the spinor representation with highest weight
[0, . . . , 1, 0].

4.3 e6, e7, and e8

The affine Dynkin diagram for e6, shown in figure 4a, has seven nodes. Three of these nodes
— the I = 0, 1, and 5 nodes — occur with multiplicity 1 in the resolved fiber, in agreement
with the three elements of Z(E6) = Z3. Labeling the elements of Z3 with ν = 0, 1, 2, we
associate ν = 0 with the I = 0 affine node, ν = 1 with the I = 1 curve, and ν = 2 with
the I = 5 curve. In the language of [43, 46], ν = 0 corresponds to the IV∗(01) fiber, and
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1 2 3
×3

4 5

6

0

(a) e6

0 1 2
×3

3
×4

4
×3

5 6

7

(b) e7

1 2
×4

3
×6

4
×5

5
×4

6
×3

7 0

8 ×3

(c) e8

Figure 4. Dynkin diagrams for e6,e7 and e8. The numbers within each circle give the value of I
corresponding to each node, with the affine node having I = 0. Nodes marked with two concentric
circles occur with multiplicity greater than 1 in the fiber. If the multiplicity is greater than 2,
the multiplicity is indicated just outside the node. Nodes with concentric circles without a given
multiplicity have multiplicity 2.

ν = 1, 2 correspond to the IV∗(0|1) fiber. The inverse Cartan matrix of e6 is

C−1
e6 = 1

3



4 5 6 4 2 3
5 10 12 8 4 6
6 12 18 12 6 9
4 8 12 10 5 6
2 4 6 5 4 3
3 6 9 6 3 6


. (4.28)

Based on its diagonal entries for I = 1 and I = 5, we define

TE6(ν) = 2
3ν(3− ν) . (4.29)

We also define
~τE6(ν) = (2, 2, 3)× u3(ν) (4.30)

In this paper, we are primarily interested in matter in the 27 representation, with highest
weight [1, 0, 0, 0, 0, 0], and its conjugate. From the form of the inverse Cartan matrix, the
allowed u(1) charges for the 27 representation are

ν

3 + j for j ∈ Z . (4.31)

The allowed charges for the 27 representation are the negatives of those for the 27 repre-
sentation.

The affine Dynkin diagram for e7, shown in figure 4b, has two nodes that occur with
multiplicity 1: the I = 0 affine node and the I = 6 node. The center of E7 is Z2, which
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has two elements labeled by ν = 0 and ν = 1. We associate ν = 0 with the affine I = 0
node and ν = 1 with the I = 6 node. In the language of [43, 46], ν = 0 corresponds to the
III∗(01) fiber, and ν = 1, 2 correspond to the III∗(0|1) fiber. Since the inverse Cartan matrix
of e7 has (

C−1
e7

)
I6

= 1
2(2, 4, 6, 5, 4, 3, 3) , (4.32)

we define
TE7(ν) = 3

2ν . (4.33)

We also define
~τE7(ν) = (2, 3, 3)× u2(ν) = (2, 3, 3)× ν . (4.34)

We are primarily interested in matter in the pseudoreal 56 representation of E7, which has
highest weight [0, 0, 0, 0, 0, 1, 0]. The allowed u(1) charges for 56 matter are therefore

ν

2 + j for j ∈ Z . (4.35)

Finally, the affine Dynkin diagram for e8, shown in figure 4c has only one node that
occurs with multiplicity 1: the affine node. The center of E8 is trivial, so we identify the
affine node with ν = 0. We will not consider matter charged under an e8 gauge algebra,
as it is difficult if not impossible to find localized e8 matter without f and g vanishing
to orders (4, 6) at codimension two.21 However, we will encounter situations where the
singularity type enhances to E8 at codimension two. As evidenced by eq. (2.15) and
(2.16), the formulas we develop here use T(ν) and ~τ(ν) for the group corresponding to the
codimension-two singularity type. Therefore, we define

TE8(ν) = 0 , ~τE8(ν) = (0, 0, 0) . (4.36)

5 General strategy

The ultimate goal of this work is to argue that information about the u(1) charge spectrum
of an F-theory model is encoded in the orders of vanishing of the section components. In
particular, we would like to establish explicit relations between the orders of vanishing
at a codimension-two locus and the charge supported at that locus. Ideally, one would
probe this problem by examining the generating sections in F-theory models that realize
various types of charges. However, the currently known F-theory constructions realize only
a small subset of the possible charges. As an example, consider F-theory models with
just a U(1) gauge group. Explicit constructions of this type have realized charges up to
q = ±6 [18, 19, 24, 57, 65, 67], even though indirect arguments suggest F-theory U(1)
models should be able to admit charges at least as large as q = ±21 [21]. Since only
a limited number of charges have actually been observed in F-theory models, one might
imagine it would be difficult to make statements about arbitrary charges.

21Such loci do not admit an easy interpretation in terms of charged matter, and they are in fact associated
with tensionless non-critical strings and superconformal field theories. See the review article [90] and
references contained therein for more information.
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Fortunately, as first pointed out in [18], there is a way to at least conjecture about
charges not seen in the currently known F-theory constructions. To simplify the discussion,
we assume that we are working with a 6D F-theory model, although the arguments should
carry over to lower-dimensional models as well. Suppose our F-theory model has a u(1)
gauge algebra and that there is a codimension-two locus in the base supporting matter with
u(1) charge q. At the geometric level, the singularity type of the elliptic fiber enhances at
this locus. After resolution, there is at least one exceptional curve at this locus supporting
charged matter, which we refer to as c. Since the locus supports matter with charge q, the
generating section ŝ behaves at this locus in a way such that

σ(ŝ) · c = q . (5.1)

The elliptic fibration also admits sections that are multiples of the generating section.
Since the Shioda map is a homomorphism, a section mŝ satisfies

σ(mŝ) · c = mσ(ŝ) · c = mq (5.2)

at this same codimension-two locus in the base. It naively appears as if the matter has
“charge” mq according to the section mŝ. In the rest of this paper, we will refer to the
quantity σ(ŝ′) ·c as the pseudo-charge when ŝ′ is not a generating section. More specifically,
we will say that a section ŝ′, which may not necessarily be a generating section, “realizes
a pseudo-charge q′” at a particular locus when σ(ŝ′) · c = q′. Of course, since mŝ is not
a generating section, it does not truly correspond to a u(1) gauge symmetry, and the
model does not genuinely have charge mq matter supported at this locus. Nevertheless, we
expect that the section mŝ behaves as a generating section would in a model that genuinely
supported charge mq matter, at least near the codimension-two locus.

Thus, our strategy is to use non-generating sections realizing pseudo-charge q to glean
information about the generating sections in models genuinely admitting charge q matter.
Specifically, we start with a model admitting some set of relatively small charges, which
we refer to as the “seed” model. Then, we consider multiples of the generating section,
allowing us to find the orders of vanishing for the section components for non-generating
sections admitting higher pseudo-charges. These data can then be used to establish and
test the expressions in section 2.2 relating u(1) charges to the orders of vanishing. While
we described this strategy in the context of a model with just a u(1) gauge algebra, it
is equally applicable whenever the gauge algebra includes a u(1) factor, even if there are
other nonabelian or abelian gauge factors. In addition to admitting larger pseudo-charges
than the generating section, a non-generating section can be associated with a different
element ν of the center. If a generating section ŝ is associated with a center element ν,
then ŝ′ = mŝ is associated with the center element ν ′ = mν; in other words, the center
element for mŝ is found by adding together m copies of ν according to the group law of
the center. This ensures that the pseudo-charges realized by mŝ are allowed for ν ′ = mν

according to the rules in section 4.
Key to this strategy is the assertion that a non-generating section realizing pseudo-

charge q and a generating section admitting charge q behave the same way at the loci in
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question. This is a reasonable claim, since the behavior near a codimension-two locus is a
local property of the section. The question of whether a section is a generating section, on
the other hand, involves global properties of the model; the local behavior of the section
near a particular locus would presumably not depend on such global properties. We will
also see more concrete, albeit circumstantial, evidence in favor of this assertion. First, we
can verify this claim in cases where we have an explicit F-theory model genuinely admitting
charge q. Additionally, there are often multiple ways of obtaining a pseudo-charge q. For
instance, a pseudo-charge q = 4 can be obtained from the section 4ŝ in a model admitting
q = 1 matter or from the section 2ŝ in a model admitting q = 2 matter. If our assertion is
true, then we should see the same local behavior for a particular pseudo-charge regardless
of how we obtain a particular pseudo-charge. In fact, our analysis gives the same orders
of vanishing for each given pseudo-charge even when that pseudo-charge is produced in
independent ways.22 This suggests that our expressions relating the charge to the orders
of vanishing hold more broadly.

5.1 Signs

At this point, we should discuss how the sign of the charge fits into our proposal. Using
only the orders of vanishing of the x̂, ŷ, ẑ, and ŵ section components, one should not
be able to determine the sign of the charge. When an elliptic fibration has a generating
section ŝ, we are equally free to choose the inverse section −ŝ as the generating section. If
we take the generating section to be −ŝ, the u(1) charges should be the negative of those
when ŝ is the generating section. However, for an elliptic fibration in Weierstrass form, one
can find the inverse of a section by flipping the sign of the ŷ component while leaving the
other section components unchanged. As a result, the orders of vanishing of the section
components at a particular locus should be the same for ŝ and −ŝ. A formula relating the
orders of vanishing to the charge should therefore be insensitive to the sign of the charge.
Additionally, the question of whether to use −ŝ instead of ŝ as the generating section is
equivalent to question of whether to use ν or its inverse in the center. Therefore, formulas
for the orders of vanishing should not distinguish between ν (or µ) and its inverse. These
ideas are demonstrated by the proposed formulas in section 2.2: they only depend on the
square of the charge q, and the TG(ν) and ~τG(ν) are the same for ν and its inverse element.

This ambiguity between ŝ and −ŝ reflects the idea that the overall sign of the charges is
not important physically. We should be able to flip the sign of all the u(1) charges without
changing the physics. The more relevant property is the sign of a charge relative to other
charges in the theory. There are a few different types of relative signs we should consider.
First, if the gauge algebra has multiple u(1) factors, matter in a representation of the gauge
algebra has a (possibly zero) charge for each u(1) factor. The relative sign of the charges
in this representation can be important. In a 6D model with a u(1)2 gauge algebra, for
example, one might wish to determine if the representation of some hypermultiplet is 11,1
or 11,−1. These representations are not conjugates of each other, and 11,1 hypermultiplets

22More precisely, we obtain the same orders of vanishing whenever we produce a pseudo-charge with the
same value of ν. See section 4, particularly section 4.1, for more details.
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should be distinguished from 11,−1 hypermultiplets. One can determine these sorts relative
signs by applying the proposed rules for the orders of vanishing to linear combinations of
the generating sections. For the u(1)2 example, suppose the generating sections are ŝ1 and
ŝ2. Then, 11,−1 hypermultiplets would appear to be uncharged under the section ŝ1 + ŝ2,
whereas 11,1 hypermultiplets would have pseudo-charge 2 according to ŝ1 + ŝ2. One could
therefore distinguish between 11,1 and 11,−1 hypermultiplets by applying the formulas in
section 2.2 to the section components of ŝ1 + ŝ2.

Second, one may want to determine the sign of one matter multiplet’s charge relative
to that of another matter multiplet. For example, let us consider a model with a g⊕ u(1)
algebra, where g is a nonabelian Lie algebra. Suppose that the model has two matter loci
supporting matter in the representations Rq1 and Rq2 for some irreducible representation
R of g. The overall sign of q1 and q2 is unimportant: we are free to flip the overall
sign of the u(1) charges, after which the matter representations would be R−q1 and R−q2 .
However, the relative sign between q1 and q2 is unchanged by this flip and may therefore be
a meaningful property of the model. The equations in section 2.2, particularly eq. (2.15),
are insensitive to this relative sign.

While the inability to distinguish this relative sign is admittedly a shortcoming of the
proposals, this information can, in many cases, be obtained relatively easily by alternative
means. It is first important to recall that matter fields in a representation Rq are typically
accompanied by matter fields in the representation R−q. In 6D, for example, full hypermul-
tiplets in a representation Rq have fields transforming in both representations Rq and R−q.
If R is either a real or pseudoreal representation of g, the R representation is isomorphic
to the R representation, and a hypermultiplet of Rq matter can equivalently be viewed as
a hypermultiplet of R−q matter. Even the relative signs of the charges are therefore unim-
portant when R is either real or pseudoreal. An important example is singlet matter in
the 1q representation, which is uncharged under the nonabelian gauge algebra. The singlet
representation is real, and thus even the relative sign of the u(1) charge is unimportant.

This leaves us with the situations where R is not self-conjugate. For the charge normal-
ization conventions used here, the allowed u(1) charges for matter in the Rq representation,
which may be fractional, are separated by integers. Therefore, if one knows |q1| and |q2|,
one can often use this condition to find the relative sign difference between q1 and q2. As
an example, suppose that g is su(5) and R is the fundamental (5) representation. If |q1| is
1
5 and |q2| is 4

5 , one can automatically deduce that q1 and q2 must have opposite signs.
This trick fails, however, when the allowed charges are either integral or half-integral.

Depending on the context, there are other strategies that may be used to determine the
relative signs. In 6D models with g ⊕ u(1) gauge algebras, the massless spectrum must
satisfy the anomaly condition [16, 17, 79]∑

i

xR,qiERqi = 0 , (5.3)

where xR,qi is the number of hypermultiplets in the representation Rqi . The anomaly
coefficient ER is defined by

trR F 3 = ER trF 3 , (5.4)
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where F is the field strength for g, trR is the trace in the R representation, and tr is the
trace in the fundamental representation.23 Since this formula is clearly sensitive to the sign
of qi, one can sometimes glean information about the relative signs of the charges from this
condition. In 4D models, Yukawa couplings correspond to codimension-three loci in the
base where the singularity type enhances, which can often be viewed as the intersection of
codimension-two loci supporting the matter participating in the Yukawa interaction. The
Yukawa term in the Lagrangian must be invariant under gauge transformations, so the
u(1) charges of matter fields participating in the interaction must sum to 0. Thus, one can
determine some information about the relative signs by knowing that the matter at certain
loci admit a Yukawa interaction. In fact, one can often construct 6D and 4D models with
the same Weierstrass tuning, potentially allowing both of these strategies to be used.

To summarize, the proposed formulas in section 2.2 are not sensitive to the sign of
the charge, but the physically relevant signs can often be determined without too much
difficulty. There are some cases where certain signs are both meaningful and difficult
to determine, however. While one may need to perform resolutions to fully determine the
charges in such cases, the proposed formulas still provide an easy method of determining the
absolute value of the charge, making them an invaluable tool. Of course, when attempting
to find the orders of vanishing corresponding to a given charge, one can use the formulas
in section 2.2 for either choice of sign and still obtain the same result.

6 Charged singlets

The primary focus for the rest of this paper is applying the strategy outlined in section 5 to
models admitting various types of matter. For each example, we generate order-of-vanishing
data and show that they satisfy the proposals. Let us first consider loci supporting charged
singlets. We can narrow our focus to F-theory models where the total gauge algebra is
simply u(1), although our results appear to be valid for singlets in more general contexts.
The matter in such models is supported at codimension-two loci in the base where the
elliptic curve singularity type enhances to I2; in 6D models, each such irreducible locus
supports a single hypermultiplet of matter. The corresponding u(1) charges for this matter
are integral, as implied by the form of the Shioda map in eq. (2.6). Typically, one would
determine the charge of the matter supported at a particular locus by resolving the I2
singularities and examining the behavior of the section in the smooth model. In line with
the proposals of section 2.2, however, we now ask whether one can determine these u(1)
charges from orders of vanishing of the section components without performing a resolution.

This question was already discussed in [57], and the analysis there suggested a par-
ticular relation between the charge and the orders of vanishing in Weierstrass form. The
work employed the strategy in section 5 for an F-theory construction described by the
Weierstrass model [18]

y2 = x3 +
(
f̂12 − 3f2

6

)
xz4 +

(
f2

9 + 2f3
6 − f̂12f6

)
z6 . (6.1)

23For su(n), ER is 1 for the fundamental representation and n − 4 for the two-index antisymmetric
representation. For all the other representations considered in this paper, ER is 0.
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This elliptic fibration has Mordell-Weil rank 1, and the generating section ŝ can be writ-
ten as

ŝ : [x̂ : ŷ : ẑ] = [f6 : f9 : 1] . (6.2)

There are no additional nonabelian gauge symmetries in this model, and the gauge algebra
for this model is therefore u(1). The only matter in this model, supported at {f9 = f̂12 = 0},
has charge q = 1, as confirmed by resolving the I2 singularities. Prior to resolution, the
generating section hits the singular point in the fiber at {f9 = f̂12 = 0}. The resolution
introduces a new exceptional curve24 c, and the generating section hits c at {f9 = f̂12 = 0}.
More specifically, we have that

σ(ŝ) · c = 1 (6.3)

at {f9 = f̂12 = 0}.
One can then examine the non-generating sections qŝ, which realize pseudo-charge q

at {f9 = f̂12 = 0}. We are particularly interested in the orders of vanishing of the x̂, ŷ, ẑ,
and ŵ = 3x̂2 +fẑ4 section components at {f9 = f̂12 = 0}; since the singlet loci occur along
a codimension-one I1 locus, the orders of vanishing at codimension one are unimportant.
Some of these orders of vanishing are listed in table 7. As noticed in [57], these numbers
follow a curious pattern. For a section qŝ, the orders of vanishing for (x̂, ŷ, ẑ, ŵ) seem to
be described by the expressions

(2, 3, 1, 4)× q2

4 , for even q , (6.4)

(2, 3, 1, 4)× q2 − 1
4 + (0, 1, 0, 1) , for odd q . (6.5)

According to the arguments in section 5.1, these patterns should hold regardless of the sign
of q. These patterns have been verified up to q = 28, as seen in table 7, and as discussed
in section 12, these same orders of vanishing occur at singlet loci in models from the prior
literature, suggesting that the orders of vanishing described by eqs. (6.4) and (6.5) are
universal features of the Weierstrass models at loci admitting charged singlets.

The analysis in [57] did not give an explanation for these expressions. One aspect of the
expressions, the (0, 1, 0, 1) term in eqs. (6.4) and (6.5), has a straightforward interpretation.
When the unresolved elliptic fibration is written in Weierstrass form, the singular points
occur at y = w = 0 on the fiber. If the section hits the singular point on a fiber, the ŷ and
ŵ components should go to 0. The (0, 1, 0, 1) term therefore indicates that the section hits
the singular point on the fibers at loci supporting odd charges. The q2

4 and q2−1
4 terms do

not immediately present explanations, but two pieces of evidence indicate that eqs. (6.4)
and (6.5) are natural results. First, we can show that the formulas are specializations of
those proposed in section 2.2. Second, these same expressions appear in previous work on
elliptic divisibility sequences, suggesting that these formulas reflect deeper properties of
elliptic fibrations.

24To ease the discussion, we are using language that assumes that the elliptic fibration is a threefold, as
is the case for 6D F-theory models.
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q ord(x̂) ord(ŷ) ord(ẑ) ord(ŵ)

1 0 1 0 1
2 2 3 1 4
3 4 7 2 9
4 8 12 4 16
5 12 19 6 25
6 18 27 9 36
7 24 37 12 49
8 32 48 16 64
9 40 61 20 81
10 50 75 25 100
11 60 91 30 121
12 72 108 36 144
13 84 127 42 169
14 98 147 49 196
15 112 169 56 225
16 128 192 64 256
17 144 217 72 289
18 162 243 81 324
19 180 271 90 361
20 200 300 100 400
21 220 331 110 441
22 242 363 121 484
23 264 397 132 529
24 288 432 144 576
25 312 469 156 625
26 338 507 169 676
27 364 547 182 729
28 392 588 196 784

Table 7. Orders of vanishing for the x̂, ŷ, ẑ, and ŵ components of the qŝ sections at {f9 = f̂12 = 0}.
The generating section ŝ is described by eq. (6.2), and the Weierstrass model is given in section 6.
This model supports singlets with charge q = ±1 at {f9 = f̂12 = 0}, and the section qŝ realizes
pseudo-charge q at this locus.

6.1 Connection to the proposed formulas

To see the connection between the observed singlet patterns and the formulas in section 2.2,
it is helpful to rewrite the formulas in eqs. (6.4) and (6.5) as

ord2(ẑ) = 1
2

(1
2q

2 − 1
2q2

)
=
⌊
q2

4

⌋
(6.6)
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and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (0, 1, 1)q2 . (6.7)

We have assumed that q is an integer. Singlets occur at double points of the discriminant
locus where the singularity type enhances from I1 × I1 at codimension one25 to I2 at
codimension two. If we refer to the singularity types by their corresponding ADE groups,
the I1 singularity type at codimension one can be associated with SU(1), while the I2
singularity type at codimension two can be associated with SU(2). The center of SU(n)
has dSU(n) = n elements. For SU(1), there is only one element of the center denoted by
ν = 0, and according to eq. (4.20)

TSU(1)(0) = 0 , ~τSU(1)(0) = (0, 0, 0) . (6.8)

As a result, all of the terms in the general proposals involving the codimension-one behavior
of the section are trivial for singlets. For SU(2), there are two elements of the center, which
are denoted by µ = 0 and µ = 1. According to eqs. (4.20) and (4.23),

TSU(2)(µ) = 1
2µ(2− µ) = 1

2µ , ~τSU(2)(µ) = (0, 1, 1)× u2(µ) = (0, 1, 1)µ . (6.9)

If we set µ to q2 and plug this information into the general formulas (2.15) and (2.16) from
section 2.2, we obtain

ord2(ẑ) = 1
2

(1
2q

2 − 1
2q2

)
(6.10)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (0, 1, 1)u2(q) . (6.11)

This exactly matches the rewritten form of the singlet orders of vanishing above. Eqs. (6.4)
and (6.5) therefore agree with the general formulas proposed in section 2.2.

The fact that µ = q2 demonstrates that elliptic curve addition respects the addition
law for the centers of the groups in question, as discussed in section 5. In this case, we
are interested in the Z2 center of SU(2), the group corresponding to the codimension-two
singularity type. The generating section is associated with the µ = 1 element of Z2. Based
on the Z2 addition law, adding µ = 1 to itself an even number of times should give the
µ = 0 identity element of Z2, while adding µ = 1 to itself an odd number of times should
give the µ = 1 element of Z2. We in fact see that even multiples of the generating section
are associated with µ = 0 and odd multiples of the generating section are associated with
µ = 1. We observe similar behaviors in the examples considered later.

6.2 The elliptic troublemaker sequence

Remarkably, the sequence b q2

4 c seen in eq. (6.6) also appears in a different but somewhat
related context: it is the elliptic troublemaker sequence Rq(1, 2) defined in Stange’s work [1]
on the valuations of elliptic divisibility sequences. There in fact seem to be direct parallels
between Stange’s work and the problems explored in this paper, suggesting that Stange’s

25Since the singlet locus is a double point of the discriminant locus, it resembles the intersection of two
I1 loci for a sufficiently small neighborhood around the singlet locus.

– 40 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

results may guide us toward a firmer understanding of the observed orders of vanishing.
Therefore, let us briefly review some of the relevant results from [1] along with some
necessary background material.

Stange’s work considers elliptic curves over finite extensions of the p-adic numbers Qp.
The p-adic numbers are a completion of the rational numbers Q just like the set of real
numbers R, but they have a different notion of the “absolute value.” Suppose we consider
a nonzero rational number x, which we can uniquely write as x = r

sp
n for a prime integer

p and coprime integers r, s both coprime to p. We can then define the p-adic valuation
of x as

vp(x) = n . (6.12)

If x is an integer, vp(x) gives the exponent of the largest power of p that divides x. We
define vp(0) =∞. This p-adic valuation satisfies the standard properties of a valuation:

• vp(ab) = vp(a) + vp(b),

• vp(a+ b) ≥ min(vp(a), vp(b)), with exact equality if vp(a) 6= vp(b),

• vp(a) =∞ if and only if a = 0.

Note that the order of vanishing also satisfies these properties, a fact that will be exploited
shortly. One can then define a p-adic absolute value |x|p = p−vp(x).

There are two particular concepts regarding elliptic curves that are important in
Stange’s analysis. The first is the reduction of elliptic curves modulo a prime p. Con-
sider an elliptic curve with integral coefficients over a field K of characteristic 0 that is a
finite extension of Qp. To be concrete, one could consider this elliptic curve to be written
in the Tate form26

y2 + a1xy + a3x = x3 + a2x
2 + a4x+ a6 , (6.13)

where the ai are integers. We can then form a reduced elliptic curve by reducing the ai
coefficients modulo the prime number p. The new reduced elliptic curve is now over the
residue field of K, where elements of K that are equivalent modulo p are identified. Even
if the original curve is smooth, its reduction may be singular. If the elliptic curve remains
smooth after reduction, one says that the original elliptic curve over K has good reduction;
if the elliptic curve has a nodal singularity after reduction, then the original elliptic curve is
said to have multiplicative reduction; and if the reduced elliptic curve has a cusp singularity,
the original elliptic curve is said to have additive reduction. Additionally, a rational point
P of the original elliptic curve maps onto a rational point of the reduced elliptic curve. We
say that P reduces to this new rational point.

The second important topic is that of elliptic divisibility sequences and division poly-
nomials. Suppose we have an elliptic curve E such as that in eq. (6.13). Then we can define

26While this way of writing elliptic curves is known as the “Tate form” in the F-theory literature, it is
also known as the “Weierstrass form” in other contexts. However, the F-theory literature typically reserves
the term “Weierstrass form” for the form y2 = x3 + fx + g. We therefore refer to the form of the elliptic
curve in eq. (6.13) as the Tate form to be consistent with the F-theory conventions.
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a sequence of polynomials in Z[a1, a2, a3, a4, a6, x, y] known as the division polynomials Ψm

for E. This sequence can be constructed using the recursion relations

Ψ2j+1 = Ψj+2Ψ3
j −Ψj−1Ψ3

j+1 , for j ≥ 2 ,
Ψ2jΨ2 = Ψ2

j−1ΨjΨj+2 −Ψj−2ΨjΨ2
j+1 , for j ≥ 3 ,

(6.14)

and the initial values
Ψ1 = 1 ,
Ψ2 = 2y + a1x+ a3 ,

Ψ3 = 3x4 + b2x
3 + 3b4x

2 + 3b6x+ b8 ,

Ψ4 = Ψ2
(
2x6 + b2x

5 + 5b4x
4 + 10b6x

3 + 10b8x
2 + (b2b8 − b4b6)x+ (b4b8 − b2

6)
)
.

(6.15)

The bi parameters in these initial values are the same as those familiar from, for
instance, Tate’s algorithm in F-theory [7]:

b2 = a2
1 + 4a2 ,

b4 = a1a3 + 2a4 ,

b6 = a2
3 + 4a6 ,

b8 = b2a6 − a1a3a4 + a2a
2
3 − a2

4 .

(6.16)

The division polynomials can be used to describe the multiples of a point under elliptic
curve addition. If we describe a generic point on the elliptic curve as P = (x, y), then one
can write the formula for a multiple of a point as

mP =
(
φm
Ψ2
m

,
ωm
Ψ3
m

)
, (6.17)

where φm and ωm are polynomials in Z[a1, a2, a3, a4, a6, x, y]. Now consider a rational point
P . We can always scale the ai coefficients in eq. (6.13) to convert P into an integral point
P ′. Evaluating the Ψm for this integral point P ′ and the scaled ai values gives a sequence
of integers Wn known as an elliptic divisibility sequence (EDS). This sequence, like all
divisibility sequences, has the property that Wm |Wn if m | n.

With these ingredients, we can now describe the theorem in Stange’s work, Theorem 28,
that is relevant for understanding the singlet charges. Consider an elliptic curve over an
extension of Qp with multiplicative reduction modulo p and a rational point P on the elliptic
curve that reduces to the singular point. Then, the valuations of the Wm associated with
P are described by the formula

vp(Wm) = Rm(aP , lP ) +

Sm/nP (p, p, v(p), 0, sP , wP ) nP | m
0 nP - m

, (6.18)

where Rm(aP , lP ) is the elliptic troublemaker sequence given by27

Rm(aP , lP ) = m2 −m
2 aP +

bmaP
lP
c∑

k=1
(klP −maP )−m2

baP
lP
c∑

k=1
(klP − aP ) . (6.19)

27In [1], there are a variety of formulations of the elliptic troublemaker sequence that are equivalent for
integer m.
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The integer lP is equivalent to −vp(j(E)), the negative of the valuation of the j-invariant
of the elliptic curve. Meanwhile, aP is an integer determined by P , which we can take to
satisfy 0 ≤ aP < lP ; it plays a role similar to our parameters ν and µ.28 In fact, when
0 ≤ aP < lP and m is an integer, the elliptic troublemaker sequence can be written in the
useful form

Rm(aP , lP ) = aP (lP − aP )
2lP

m2 −
(maP )lP (lP − (maP )lP )

2lP
. (6.20)

The integer nP is the smallest positive integer such that the reduction of nPP equals the
reduction of the identity point of the elliptic curve. Finally S is a correction term that is
described in more detail in appendix B.

Even though this theorem is formulated for elliptic curves over extensions of the p-adic
numbers, it also seems give the correct orders of vanishing for the sections described above.
This is likely explained by the underlying structure shared by both problems. The rational
points of an elliptic curve are analogues of the rational sections of an elliptic fibration,
and the Wm elements of the elliptic divisibility sequence are roughly the analogues of the
ẑ components of the sections considered above.29 Meanwhile, investigating the behavior
of the sections at the locus {f9 = f̂12 = 0} requires analyzing expressions for f , g, and
the section components after dropping terms proportional to f9 and f̂12. This procedure
parallels reducing an elliptic curve modulo p. Since the elliptic fibration has I2 singularities
at {f9 = f̂12 = 0}, the singular fibers there have nodal singularities, just as one would find
after reducing an elliptic curve with multiplicative reduction. Additionally, the generating
section hits the singular point at {f9 = f̂12 = 0}, which corresponds to a point P having
singular reduction. Finally, the order of vanishing is itself a valuation and should play a
role similar to the p-adic valuation.

These analogies suggest that the orders of vanishing for the ẑ components of the qŝ
sections should be described by Stange’s theorem. To make the connection more explicit,
we can construct an elliptic curve analogue of eq. (6.1) by setting f9 and f̂12, the parameters
corresponding to the matter locus, to an arbitrary prime integer p (not equal to 3) while
setting f6 to a number such as 1. These substitutions lead to an elliptic curve

y2 = x3 + (p− 3)x+ (p2 − p+ 2) (6.21)

with a discriminant
∆ = 4f3 + 27g2 = p2

(
27p2 − 50p+ 99

)
(6.22)

and a rational point
(x, y) = (1, p) . (6.23)

28More specifically, aP indicates the component of the Néron model special fiber containing P . It is zero
if and only if P has non-singular reduction, and since the theorem describes situations where P has singular
reduction, aP will often be nonzero when we use this theorem. See [1] for a more thorough explanation
of aP .

29It is important to remember, however, that the Wm are found from the division polynomials. For
particular choices of P and m, the Ψm, φm, and ωm in eq. (6.17) may share common factors that can be
removed. In such cases, Wm would be proportional to ẑ but may have additional factors. This possibility
is more relevant for the cases with nonabelian gauge algebras described later.

– 43 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

This elliptic curve has multiplicative reduction modulo p. If we consider the EDS associated
with P , lP (which is generally given by −vp(j(E))) equals 2 for this situation, as would be
expected since the matter locus supports I2 singularities. Since P reduces to the singular
point, we can take aP to be 1, in agreement with the value of µ for the generating section. If
one calculates several multiples of P , one finds that they never reduce to the identity point;
evidently no multiples of P reduce to the identity, and nP can be taken to be infinitely
large. Stange’s theorem would then suggest that

vp(Wq) = Rq(1, 2) =
⌊
q2

4

⌋
. (6.24)

In turn, one would expect the ẑ section components for qŝ to vanish to these same orders
at the matter locus, as observed.

We therefore have a plausible explanation for the orders of vanishing observed in the
non-generating sections for the Weierstrass model considered above. In turn, it is natural
to expect that the orders of vanishing at loci genuinely supporting charged singlets should
obey the same pattern. Of course, since Stange’s theorem is formulated in a different
context, one would ideally have a proof of a similar statement for elliptic fibrations. It
would also be beneficial to have a rigorous proof that the behavior of the qŝ sections
matches that of generating sections admitting charge-q matter. We leave both of these
questions to future work. Nevertheless, Stange’s theorem seems to directly predict the
observed orders of vanishing, and we will shortly see that similar formulas agree with the
observed orders of vanishing when there are nonabelian gauge algebras as well.

7 Representations of su(n)⊕ u(1)

Now that we have seen the connection between the orders of vanishing and u(1) charges for
singlets, we can start investigating what happens for matter simultaneously charged under
a u(1) and a simple nonabelian gauge factor. We first focus on su(n)⊕u(1) gauge algebras,
restricting our attention to matter in the fundamental and antisymmetric representations
of su(n). New complications arise when we include nonabelian gauge factors. The global
structure of the total gauge group can have a nontrivial quotient involving both the u(1)
factor and an element of the center of the nonabelian gauge factor. As a result, matter
charged under the nonabelian gauge factor can have fractional u(1) charges in the units
specified by the Shioda map in eq. (2.6). Additionally, there are now two types of orders
of vanishing to consider: those at the codimension-two locus supporting the matter and
those at the codimension-one locus supporting the nonabelian gauge factor.

Despite these complications, many of the ideas seen in the singlet analysis carry over to
this new context. The proposals in section 2.2 still seem to correctly describe the orders of
vanishing of the section components supporting various u(1) charges. Furthermore, we will
still find intriguing connections to the elliptic troublemaker sequences and the work in [1].
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7.1 Fundamental representation of su(n)

As discussed in section 4.1, an F-theory model with an su(n) ⊕ u(1) gauge algebra and
global structure described by the integer ν can support nq matter with u(1) charge

q = ν

n
+ j for j ∈ Z . (7.1)

In other words, a model supporting nq matter should have a global gauge group structure
described by

ν = nqn . (7.2)
These observations allow us to adapt the strategy of section 5 to fundamental matter. We
start with a seed model with an su(n) ⊕ u(1) gauge algebra, a global structure described
by ν = 1, and n1/n matter. In F-theory, the su(n) gauge algebra is supported along a
codimension-one locus in the base with I(s)n singularities, while the fundamental matter
is supported at a codimension-two locus where the singularity type enhances to In+1. If
this model has a generating section ŝ, the multiples mŝ would have ν = mn and would
realize pseudo-charge m

n at the codimension-two locus. We can therefore obtain orders of
vanishing corresponding to all allowed combinations of ν and the u(1) charge by examining
multiples of this generating section.

To be more specific, we analyze three different seed models supporting su(n) ⊕ u(1)
algebras. For n = 2k + 1, k ≥ 1, we consider the Weierstrass model

y2 = x3 +
[
− 1

48
(
b2

1,0 + 4c2,1σ
)2

+ 1
2b0,0b1,0c1,kσ

k + c3,1c1,kσ
k+1 + b2

0,0σ
2kc0,2k

]
xz4

+
[ 1

864
(
b2

1,0 + 4c2,1σ
)3
− 1

24c1,k
(
b2

1,0 + 4σc2,1
)
(b0,0b1,0 + 2σc3,1)σk

+ 1
12b

2
0,0

(
3c2

1,k − b2
1,0c0,2k

)
σ2k

−1
3c0,2k

(
−2b2

0,0c2,1 + 3b1,0b0,0c3,1 + 3σc2
3,1

)
σ2k+1

]
z6 .

(7.3)

This Weierstrass model supports I(s)2k+1 singularities along {σ = 0} and a generating section
with components

x̂ =
(1

2b0,0b1,0 + σc3,1

)2
− 2

3b
2
0,0

(
b2

1,0
4 + σc2,1

)
,

ŷ = −σ2
(
b4

0,0σ
k−1c1,k + (b0,0b1,0 + 2σc3,1)

(
b1,0b0,0c3,1 − b2

0,0c2,1 + σc2
3,1

))
,

ẑ = b0,0 ,

ŵ = σ

2
[(
b1,0b0,0c3,1 − b2

0,0c2,1 + σc2
3,1

)(
b2

0,0

(
b2

1,0 − 2σc2,1
)

+ 6σb1,0b0,0c3,1 + 6σ2c2
3,1

)
+ 2b6

0,0σ
2k−1c0,2k + b4

0,0σ
k−1c1,k(b0,0b1,0 + 2σc3,1)

]
,

(7.4)

implying that the gauge algebra is su(2k+1)⊕u(1). The charged matter spectrum, summa-
rized in table 8, satisfies the gauge and gauge-gravitational anomaly conditions for b = [σ]
and b̃ = −2KB + 2[b0,0]− 2k

2k+1 [σ]. These models are equivalent to the Q(2k, k, 1, 1, 0, 0, k)
models in [43].
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Representation Matter Locus
n(n−1)

2 2/n Va = {σ = b1,0 = 0}
n(n+1)/n Vf,1 = {σ = b0,0 = 0}
n(1−n)/n Vf,2 = {σ = b0,0c2,1 − b1,0c3,1 = 0}
n1/n Vf,3 = {σ = b2

1,0c0,2k + c2
1,k = 0}

12 Vs,2 = {b0,0 = c3,1 = 0}
11 Vs,1 = { ŷσ = ŵ

σ = 0} \ (Va ∪ Vf,1 ∪ Vf,2 ∪ Vf,3 ∪ Vs,2)

(n2 − 1)0 {σ = 0}

Table 8. Matter spectrum for the su(n)⊕ u(1) fundamental seed models for n = 2k+ 1 and k ≥ 1.
Note that one can flip the sign of all u(1) charges and obtain an equally valid description of the
matter spectrum (with a different value of ν). For n = 3 (k = 1), the matter spectrum is similar
but with two changes: the locus Va does not support any matter, while the 3−2/3 locus is described
by {σ = b2

0,0c1,k − b1,0b0,0c2,1 + b2
1,0c3,1 = 0}.

Representation Matter Locus
n(n−1)

2 2/n Va = {σ = b1,0 = 0}
n(n+1)/n Vf,1 = {σ = b0,0 = 0}
n(1−n)/n Vf,2 = {σ = −2b0,0c2,1 + 2b1,0c3,1 + b2

0,0σ
k−2b2,k−1 = 0}

n1/n Vf,3 = {σ = 2b1,0(b1,0c0,2k−1 + b2,k−1c1,k)− 2c2,1b
2
2,k−1 + b0,0b

3
2,k−1σ

k−2 = 0}
12 Vs,2 = {b0,0 = c3,1 = 0}
11 Vs,1 = { ŷσ = ŵ

σ = 0} \ (Va ∪ Vf,1 ∪ Vf,2 ∪ Vf,3 ∪ Vs,2)

(n2 − 1)0 {σ = 0}

Table 9. Matter spectrum for the su(n) ⊕ u(1) fundamental seed models for n = 2k and k ≥ 2.
Note that one can flip the sign of all u(1) charges and obtain an equally valid description of the
matter spectrum (with a different value of ν).

We can construct a seed model for n = 2k, k ≥ 2 by taking eq. (7.3), replacing k with
k − 1, and setting

c1,k−1 → c1,kσ + 1
2b2,k−1b1,0 , c0,2k−2 → c0,2k−1σ −

1
4b

2
2,k−1 . (7.5)

This Weierstrass model admits I(s)2k singularities along {σ = 0} and a generating section
described by eq. (7.4) with the above substitutions. As a result, the gauge algebra is
su(2k)⊕u(1). The matter spectrum, summarized in table 9, satisfies the gauge and gauge-
gravitational anomaly conditions for b = [σ] and b̃ = −2KB + 2[b0,0] − 2k−1

2k [σ]. These
models are equivalent to the Q(2k − 1, k, 1, 1, 0, 0, k − 1) models in [43].

The n = 2 case is somewhat unique, as one can obtain an su(2) gauge factor (with I2
fibers) without satisfying the split condition. We therefore consider a separate Weierstrass
model just for the n = 2 case:

y2 = x3 +
(
−φ

2

48 + f1σ

)
xz4 +

(
− φ3

864 + 1
12f1σφ+ γ2σ2

)
z6 . (7.6)
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This model admits I2 singularities along {σ = 0} and a generating section of the form

[x̂ : ŷ : ẑ] =
[
− φ

12 : γσ : 1
]
, ŵ = f1σ , (7.7)

implying that the gauge algebra is su(2)⊕ u(1). Matter in the 21/2 representation is sup-
ported at {σ = f2

1 + φγ2 = 0}, and 11 matter occurs at {γ = f1 = 0}. Because both
the 2 and 1 representations are self-conjugate, the sign of the u(1) charge is unimpor-
tant. (Additionally, there may be 30 matter that can propagate throughout the {σ = 0}
divisor.) For 6D models, the spectrum satisfies the anomaly cancellation conditions with
b̃ = −2KB − 1

2 [σ].
As mentioned previously, we can calculate multiples of the models’ generating sections

and examine their behavior at the n1/n loci, giving us orders of vanishing for various
pseudo-charges. In fact, our seed models also admit fundamental matter with u(1) charges
larger than 1/n, allowing us to strengthen the analysis. First, some pseudo-charges can be
obtained in multiple ways. In an su(3)⊕ u(1) model, for example, the orders of vanishing
for pseudo-charge 4/3 can be obtained from the behavior of 4ŝ at the 31/3 locus or from
the behavior of ŝ at the 34/3 locus. We always obtain the same orders of vanishing for a
particular combination of ν and the pseudo-charge even if we obtain the pseudo-charge in
different ways, suggesting that our strategy of looking at multiples of the generating section
gives reasonable results. Second, these higher-charge fundamental loci allow us to probe
some larger pseudo-charges without calculating larger multiples of the generating section.

The orders of vanishing we obtain are summarized in tables 10 and 11. One can verify
that the codimension-one orders of vanishing at the su(n) locus are described by

(ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSU(n)(ν) = (0, un(ν), un(ν)) , ord1(ẑ) = 0 (7.8)

at the codimension-one locus supporting the su(n) gauge factor. Additionally, the
codimension-two orders of vanishing at the fundamental locus are given by

ord2(ẑ) = 1
2

(
n

n+ 1q
2 + TSU(n)(ν)− TSU(n+1)(µ)

)
= 1

2

(
n

n+ 1q
2 + ν(n− ν)

n
− µ(n+ 1− µ)

n+ 1

) (7.9)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τSU(n+1)(µ)

= (2, 3, 4)× ord2(ẑ) + (0, un+1(µ), un+1(µ))
(7.10)

for
µ = nqn+1 . (7.11)

These formulas agree exactly with the proposals in section 2.2.

7.2 Antisymmetric representation of su(n) for odd n

In F-theory models, matter in the antisymmetric representation is allowed to have u(1)-
charges of the form

2ν
n

+ j for j ∈ Z . (7.12)
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|q| ν ord(1) ord(2)

1
2 1 (0, 1, 0, 1) (0, 1, 0, 1)
1 0 (0, 0, 0, 0) (0, 1, 0, 1)
3
2 1 (0, 1, 0, 1) (2, 3, 1, 4)
2 0 (0, 0, 0, 0) (2, 4, 1, 5)
5
2 1 (0, 1, 0, 1) (4, 7, 2, 9)
3 0 (0, 0, 0, 0) (6, 9, 3, 12)
7
2 1 (0, 1, 0, 1) (8, 13, 4, 17)
4 0 (0, 0, 0, 0) (10, 16, 5, 21)
9
2 1 (0, 1, 0, 1) (14, 21, 7, 28)
5 0 (0, 0, 0, 0) (16, 25, 8, 33)

(a) 2q representation of su(2)⊕ u(1)

|q| ν ord(1) ord(2)

1
3 1 or 2 (0, 1, 0, 1) (0, 1, 0, 1)
2
3 1 or 2 (0, 1, 0, 1) (0, 2, 0, 2)
1 0 (0, 0, 0, 0) (0, 1, 0, 1)
4
3 1 or 2 (0, 1, 0, 1) (2, 3, 1, 4)
5
3 1 or 2 (0, 1, 0, 1) (2, 4, 1, 5)
2 0 (0, 0, 0, 0) (2, 5, 1, 6)
8
3 1 or 2 (0, 1, 0, 1) (6, 9, 3, 12)
10
3 1 or 2 (0, 1, 0, 1) (8, 14, 4, 18)
4 0 (0, 0, 0, 0) (12, 18, 6, 24)
16
3 1 or 2 (0, 1, 0, 1) (22, 33, 11, 44)
20
3 1 or 2 (0, 1, 0, 1) (34, 51, 17, 68)
8 0 (0, 0, 0, 0) (48, 72, 24, 96)

(b) 3q representation of su(3)⊕ u(1)

|q| ν ord(1) ord(2)

1
4 1 or 3 (0, 1, 0, 1) (0, 1, 0, 1)
1
2 2 (0, 2, 0, 2) (0, 2, 0, 2)
3
4 1 or 3 (0, 1, 0, 1) (0, 2, 0, 2)
1 0 (0, 0, 0, 0) (0, 1, 0, 1)
5
4 1 or 3 (0, 1, 0, 1) (2, 3, 1, 4)
3
2 2 (0, 2, 0, 2) (2, 4, 1, 5)
9
4 1 or 3 (0, 1, 0, 1) (4, 7, 2, 9)
5
2 2 (0, 2, 0, 2) (6, 9, 3, 12)
3 0 (0, 0, 0, 0) (6, 11, 3, 14)
15
4 1 or 3 (0, 1, 0, 1) (12, 18, 6, 24)
9
2 2 (0, 2, 0, 2) (16, 26, 8, 34)
5 0 (0, 0, 0, 0) (20, 30, 10, 40)
25
4 1 or 3 (0, 1, 0, 1) (32, 48, 16, 64)
15
2 2 (0, 2, 0, 2) (46, 69, 23, 92)

(c) 4q representation of su(4)⊕ u(1)

|q| ν ord(1) ord(2)

1
5 1 or 4 (0, 1, 0, 1) (0, 1, 0, 1)
2
5 2 or 3 (0, 2, 0, 2) (0, 2, 0, 2)
3
5 2 or 3 (0, 2, 0, 2) (0, 3, 0, 3)
4
5 1 or 4 (0, 1, 0, 1) (0, 2, 0, 2)
1 0 (0, 0, 0, 0) (0, 1, 0, 1)
6
5 1 or 4 (0, 1, 0, 1) (2, 3, 1, 4)
8
5 2 or 3 (0, 2, 0, 2) (2, 5, 1, 6)
12
5 2 or 3 (0, 2, 0, 2) (6, 9, 3, 12)
16
5 1 or 4 (0, 1, 0, 1) (8, 14, 4, 18)
18
5 2 or 3 (0, 2, 0, 2) (12, 18, 6, 24)
4 0 (0, 0, 0, 0) (12, 20, 6, 26)
24
5 1 or 4 (0, 1, 0, 1) (20, 30, 10, 40)
6 0 (0, 0, 0, 0) (30, 45, 15, 60)
36
5 1 or 4 (0, 1, 0, 1) (44, 66, 22, 88)

(d) 5q representation of su(5)⊕ u(1)

Table 10. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) for various combinations of ν and pseudo-charge q for
fundamental matter of su(n) ⊕ u(1) with 2 ≤ n ≤ 5. The su(2) ⊕ u(1) data are found using the
model in eq. (7.6), the su(3) ⊕ u(1) and su(5) ⊕ u(1) data are found using the model in eq. (7.3),
and the su(4)⊕ u(1) data are found using the seed model for fundamentals with even n.
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|q| ν ord(1) ord(2)

1
6 1 or 5 (0, 1, 0, 1) (0, 1, 0, 1)
1
3 2 or 4 (0, 2, 0, 2) (0, 2, 0, 2)
1
2 3 (0, 3, 0, 3) (0, 3, 0, 3)
2
3 2 or 4 (0, 2, 0, 2) (0, 3, 0, 3)
5
6 1 or 5 (0, 1, 0, 1) (0, 2, 0, 2)
7
6 1 or 5 (0, 1, 0, 1) (2, 3, 1, 4)
5
3 2 or 4 (0, 2, 0, 2) (2, 6, 1, 7)
7
3 2 or 4 (0, 2, 0, 2) (6, 9, 3, 12)
5
2 3 (0, 3, 0, 3) (6, 10, 3, 13)
10
3 2 or 4 (0, 2, 0, 2) (10, 16, 5, 21)
7
2 3 (0, 3, 0, 3) (12, 18, 6, 24)
25
6 1 or 5 (0, 1, 0, 1) (14, 24, 7, 31)
14
3 2 or 4 (0, 2, 0, 2) (20, 30, 10, 40)
35
6 1 or 5 (0, 1, 0, 1) (30, 45, 15, 60)

(a) 6q representation of su(6)⊕ u(1)

|q| ν ord(1) ord(2)

1
7 1 or 6 (0, 1, 0, 1) (0, 1, 0, 1)
2
7 2 or 5 (0, 2, 0, 2) (0, 2, 0, 2)
3
7 3 or 4 (0, 3, 0, 3) (0, 3, 0, 3)
4
7 3 or 4 (0, 3, 0, 3) (0, 4, 0, 4)
5
7 2 or 5 (0, 2, 0, 2) (0, 3, 0, 3)
6
7 1 or 6 (0, 1, 0, 1) (0, 2, 0, 2)
8
7 1 or 6 (0, 1, 0, 1) (2, 3, 1, 4)
12
7 2 or 5 (0, 2, 0, 2) (2, 7, 1, 8)
16
7 2 or 5 (0, 2, 0, 2) (6, 9, 3, 12)
18
7 3 or 4 (0, 3, 0, 3) (6, 11, 3, 14)
24
7 3 or 4 (0, 3, 0, 3) (12, 18, 6, 24)
30
7 2 or 5 (0, 2, 0, 2) (16, 26, 8, 34)
32
7 3 or 4 (0, 3, 0, 3) (20, 30, 10, 40)
36
7 1 or 6 (0, 1, 0, 1) (22, 37, 11, 48)
40
7 2 or 5 (0, 2, 0, 2) (30, 45, 15, 60)
48
7 1 or 6 (0, 1, 0, 1) (42, 63, 21, 84)

(b) 7q representation of su(7)⊕ u(1)

|q| ν ord(1) ord(2)

1
8 1 or 7 (0, 1, 0, 1) (0, 1, 0, 1)
1
4 2 or 6 (0, 2, 0, 2) (0, 2, 0, 2)
3
8 3 or 5 (0, 3, 0, 3) (0, 3, 0, 3)
1
2 4 (0, 4, 0, 4) (0, 4, 0, 4)
7
8 1 or 7 (0, 1, 0, 1) (0, 2, 0, 2)
9
8 1 or 7 (0, 1, 0, 1) (2, 3, 1, 4)
7
4 2 or 6 (0, 2, 0, 2) (2, 7, 1, 8)
9
4 2 or 6 (0, 2, 0, 2) (6, 9, 3, 12)
21
8 3 or 5 (0, 3, 0, 3) (6, 12, 3, 15)
27
8 3 or 5 (0, 3, 0, 3) (12, 18, 6, 24)
7
2 4 (0, 4, 0, 4) (12, 19, 6, 25)
9
2 4 (0, 4, 0, 4) (20, 30, 10, 40)

(c) 8q representation of su(8)⊕ u(1)

Table 11. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) for various combinations of ν and pseudo-charge q for
fundamental matter of su(n) ⊕ u(1) with 6 ≤ n ≤ 8. The su(7) ⊕ u(1) data are found using the
model in eq. (7.3), and the su(6) ⊕ u(1) and su(8) ⊕ u(1) data are found using the seed model for
fundamentals with even n.
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For odd n (i.e., n = 2k + 1 with k ≥ 2), each allowed u(1) charge corresponds to a unique
value of ν:

ν = nq(k + 1)n . (7.13)

Therefore, suppose we have a seed model with an su(2k+1)⊕u(1) algebra, a global structure
described by ν = k + 1, and n(n−1)

2 1/n matter. The antisymmetric matter is supported
at a codimension-two locus along the I(s)n locus where the singularity type enhances to
I∗n−4. If the model has a generating section ŝ, the multiples mŝ would have ν = m(k + 1)n
and would realize pseudo-charge m

n at the codimension-two locus. Thus, multiples of the
generating section would give us all allowed combinations of ν and the u(1) charge.

We can consider the Weierstrass model

y2 = x3 +
(
− 1

48
(
b2

1 − 4b2σ
)2

+ 1
2σ

k(b1c1 − 2c0σ)
)
xz4

+ 1
864

((
b2

1 − 4b2σ
)3
− 36

(
b2

1 − 4b2σ
)
(b1c1 − 2c0σ)σk + 216c2

1σ
2k
)
z6 ,

(7.14)

which admits I(s)2k+1 singularities at {σ = 0} and a generating section ŝ with components

[x̂ : ŷ : ẑ] =
[ 1

12
(
b2

1 − 4b2σ
)

: 1
2c1σ

k : 1
]
, ŵ = 1

2σ
k(b1c1 − 2c0σ) . (7.15)

The gauge algebra for this Weierstrass model is therefore su(2k + 1) ⊕ u(1). The matter
spectrum includes n(n−1)

2 1/n matter at {σ = b1 = 0}, n(k+1)/n matter at {σ = c1 = 0},
n−k/n matter at {σ = b1c0 − b2c1 = 0}, 11 matter at {c0 = c1 = 0}, and delocalized
(n2− 1)0 matter allowed to propagate along {σ = 0}. (We can freely flip the overall sign
of the u(1) charges while replacing ν with n − ν.) For 6D models, this spectrum satisfies
the gauge and gauge-gravitational anomaly conditions for b̃ = −2KB − k(k+1)

n [σ].
The multiples mŝ of the generating section support pseudo-charge m

n at the anti-
symmetric locus with ν = m(k + 1)n, so we can use these multiples to find the orders of
vanishing corresponding to n(n−1)

2 m/n
matter. The order of vanishing data are summarized

in table 12. According to the formulas in section 2.2, we expect that the codimension-one
orders of vanishing should be described by

(ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSU(n)(ν) = (0, un(ν), un(ν)) , ord1(ẑ) = 0 . (7.16)

The codimension-two orders of vanishing, meanwhile, should be given by

ord2(ẑ) = 1
2

(
n

4 q
2 + ν(n− ν)

n
− TSO(2n)(µ)

)
(7.17)

and
(ord1(x̂), ord1(ŷ), ord1(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τSO(2n)(µ) (7.18)

for some value of µ. Indeed, the data satisfy these relations with

µ = nq4 . (7.19)
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|q| ν ord(1) ord(2)

1
5 2 or 3 (0, 2, 0, 2) (1, 2, 0, 3)
2
5 1 or 4 (0, 1, 0, 1) (1, 2, 0, 2)
3
5 1 or 4 (0, 1, 0, 1) (1, 2, 0, 3)
4
5 2 or 3 (0, 2, 0, 2) (2, 3, 1, 4)
1 0 (0, 0, 0, 0) (1, 2, 0, 3)
6
5 2 or 3 (0, 2, 0, 2) (3, 5, 1, 6)
7
5 1 or 4 (0, 1, 0, 1) (3, 5, 1, 7)
8
5 1 or 4 (0, 1, 0, 1) (4, 6, 2, 8)
9
5 2 or 3 (0, 2, 0, 2) (5, 8, 2, 11)
2 0 (0, 0, 0, 0) (5, 8, 2, 10)
11
5 2 or 3 (0, 2, 0, 2) (7, 11, 3, 15)
12
5 1 or 4 (0, 1, 0, 1) (8, 12, 4, 16)

(a) 10q representation of su(5)⊕ u(1)

|q| ν ord(1) ord(2)

1
7 3 or 4 (0, 3, 0, 3) (1, 3, 0, 4)
2
7 1 or 6 (0, 1, 0, 1) (1, 2, 0, 2)
3
7 2 or 5 (0, 2, 0, 2) (1, 3, 0, 4)
4
7 2 or 5 (0, 2, 0, 2) (2, 3, 1, 4)
5
7 1 or 6 (0, 1, 0, 1) (1, 3, 0, 4)
6
7 3 or 4 (0, 3, 0, 3) (3, 5, 1, 6)
1 0 (0, 0, 0, 0) (1, 3, 0, 4)
8
7 3 or 4 (0, 3, 0, 3) (4, 6, 2, 8)
9
7 1 or 6 (0, 1, 0, 1) (3, 6, 1, 8)
10
7 2 or 5 (0, 2, 0, 2) (5, 8, 2, 10)
11
7 2 or 5 (0, 2, 0, 2) (5, 9, 2, 12)
12
7 1 or 6 (0, 1, 0, 1) (6, 9, 3, 12)
13
7 3 or 4 (0, 3, 0, 3) (7, 12, 3, 16)
2 0 (0, 0, 0, 0) (7, 11, 3, 14)

(b) 21q representation of su(7)⊕ u(1)

|q| ν ord(1) ord(2)

1
9 4 or 5 (0, 4, 0, 4) (1, 4, 0, 5)
2
9 1 or 8 (0, 1, 0, 1) (1, 2, 0, 2)
1
3 3 or 6 (0, 3, 0, 3) (1, 4, 0, 5)
4
9 2 or 7 (0, 2, 0, 2) (2, 3, 1, 4)
5
9 2 or 7 (0, 2, 0, 2) (1, 4, 0, 5)
2
3 3 or 6 (0, 3, 0, 3) (3, 5, 1, 6)
7
9 1 or 8 (0, 1, 0, 1) (1, 4, 0, 5)
8
9 4 or 5 (0, 4, 0, 4) (4, 6, 2, 8)
1 0 (0, 0, 0, 0) (1, 4, 0, 5)
10
9 4 or 5 (0, 4, 0, 4) (5, 8, 2, 10)
11
9 1 or 8 (0, 1, 0, 1) (3, 7, 1, 9)
4
3 3 or 6 (0, 3, 0, 3) (6, 9, 3, 12)

(c) 36q representation of su(9)⊕ u(1)

Table 12. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) for various combinations of ν and pseudo-charge q for
antisymmetric matter of su(2k + 1)⊕ u(1). The data are found using the model in eq. (7.14).
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7.3 Antisymmetric representation of su(n) for even n

Recall that matter in the antisymmetric representation of su(n) is allowed to have u(1)
charges of the form 2ν

n + j for integers j. When n is even (i.e., when n = 2k), the allowed
nq are always even. More importantly, the same value of q can occur for two different
values of ν: ν = kqn or ν = kq + kn. Because of this fact, our strategy of using multiples
of the generating section becomes more difficult. Suppose we start with a su(n)⊕u(1) seed
model with ν = 1 and n(n−1)

2 2/n matter. By considering multiples mŝ of the generating
section ŝ, we can obtain the pseudo-charges q = 2m

n with

ν = mn = kqn . (7.20)

To obtain data for situations where ν = kq + kn, we need a different seed model. If we
start with one admitting n(n−1)

2 2/n matter with ν = k+ 1, multiples mŝ of the generating
section ŝ would give us pseudo-charges 2m

n with

ν = mk +mn . (7.21)

We can therefore use this seed model to obtain information about the ν = kq + kn situations
when kq is odd. However, we would not learn anything about the ν = kq + kn situations
when kq is even. If we were to start with a seed model admitting n(n−1)

2 4/n matter with
ν = k + 2, we could obtain information about the ν = kq + kn situations for some even
values of kq, but we would miss those values of kq that are multiples of 4.

In order to get information about all of the ν = kq + kn situations, we would need
an infinite number of seed models. This would clearly be impractical, so we will consider
only a limited number of (ν, q) combinations. Specifically, we will focus on the situations
where ν = kqn and the situations where ν = kq + kn with odd kq. Thus, we need two seed
models. For the ν = kqn situations, we can consider the same Weierstrass model used for
the fundamentals of su(2k)⊕ u(1), which is described in section 7.1. This model has ν = 1
and admits the locus {σ = b1,0 = 0} supporting n(n−1)

2 2/n matter.
For the ν = kq + kn cases with odd kq, we need a seed model with ν = k + 1 and

n(n−1)
2 2/n matter, at least for k ≥ 3.30 We can use the Weierstrass construction

y2 = x3 +
[
− 1

48
(
b2

1 − 4b2σ − 4c1,0σ
k−1

)2
+ σk

(1
3b2c1,0 −

1
2b1c1,1 + σc0,1

)]
xz4

+
[

1
864

(
b2

1 − 4σb2 − 4σk−1c1,0
)3

− 1
72σ

k
(
b2

1 − 4σb2 − 4σk−1c1,0
)
(6σc0,1 + 2b2c1,0 − 3b1c1,1)

+ σ2k
(
c2

1,1
4 −

1
3c0,1c1,0

)
+ 2

27c
3
1,0σ

3k−3
]
z6 .

(7.22)

30The su(4)⊕u(1) with k = 2 is somewhat special, as ν = 3 is the inverse of ν = 1 in Z4. Thus, the ν = 3
seed model would be equivalent to the ν = 1 seed model discussed directly above, implying that we do not
need a second seed model to obtain the ν = kq + kn pseudo-charges with odd kq.
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It admits I(s)2k singularities along {σ = 0} and a generating section ŝ with components

[x̂ : ŷ : ẑ] =
[ 1

12
(
b2

1 − 4b2σ
)

: 1
6σ

k−1(3σc1,1 − b1c1,0) : 1
]
,

ŵ = −1
6σ

k−1
(
−b2

1c1,0 + σ(2b2c1,0 + 3b1c1,1)− 6σ2c0,1 + 2σk−1c2
1,0

)
.

(7.23)

In addition to possible delocalized adjoint matter along {σ = 0}, the model supports
n(n−1)

2 2/n matter at {σ = b1 = 0}, n(k+1)/n matter at {σ = c1,0 = 0}, n−(k−1)/n matter at

{σ = −1
2b

2
1c0,1 −

1
6b

2
2c1,0 + 1

9σ
k−3b2

1c
2
1,0 + 1

2b1b2c1,1 = 0} , (7.24)

and 11 matter at{
ŷ

σk−1 = ŵ

σk−1 = 0
}
\ ({σ = b1 = 0} ∪ {σ = c1,0 = 0}) . (7.25)

(Of course, one can flip the signs of the u(1) charges to obtain an equally valid description
of the spectrum with ν = k−1.) One can verify that, for 6D models, this spectrum satisfies
the gauge and gauge-gravitational anomalies with b̃ = −2KB − (k−1)(k+1)

n [σ].
Table 13 summarizes the orders of vanishing obtained from these two seed construc-

tions. The codimension-one orders of vanishing satisfy the formulas

(ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSU(n)(ν) , ord1(ẑ) = 0 . (7.26)

The codimension-two orders of vanishing are given by

ord2(ẑ) = 1
2

(
n

4 q
2 + TSU(n)(ν)− TSO(2n)(µ)

)
(7.27)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τSO(2n)(µ) (7.28)

for
µ =

(
q − 2

n
ν

)
2

+ 2ν4 . (7.29)

These formulas exactly match those expected from the proposals in section 2.2.

7.4 Connection to EDS valuations

So far, we have seen that the orders of vanishing obtained using the strategy of section 5
agree with the proposed formulas in section 2.2. Just as was the case with singlets, the
appearance of these orders of vanishing can at least be partially explained by the results
in [1] regarding the p-adic valuations of elliptic divisibility sequences. However, there is one
new complication for the non-singlet cases. The formula for ord2(ẑ) appears to be related
to the difference in the p-adic valuations of two different elliptic divisibility sequences:
one corresponding to the codimension-two behavior and the other corresponding to the
codimension-one behavior. Despite this additional difficulty, we can see a clear connection
between the proposals and the results in [1].

– 53 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

|q| ν ord(1) ord(2)

1
2 1 or 3 (0, 1, 0, 1) (1, 2, 0, 2)
1 2 (0, 2, 0, 2) (2, 3, 1, 4)
3
2 1 or 3 (0, 1, 0, 1) (3, 5, 1, 6)
2 0 (0, 0, 0, 0) (4, 6, 2, 8)
5
2 1 or 3 (0, 1, 0, 1) (7, 11, 3, 14)
3 2 (0, 2, 0, 2) (10, 15, 5, 20)
7
2 1 or 3 (0, 1, 0, 1) (13, 20, 6, 26)
4 0 (0, 0, 0, 0) (16, 24, 8, 32)
9
2 1 or 3 (0, 1, 0, 1) (21, 32, 10, 42)
5 2 (0, 2, 0, 2) (26, 39, 13, 52)
11
2 1 or 3 (0, 1, 0, 1) (31, 47, 15, 62)
6 0 (0, 0, 0, 0) (36, 54, 18, 72)
13
2 1 or 3 (0, 1, 0, 1) (43, 65, 21, 86)
7 2 (0, 2, 0, 2) (50, 75, 25, 100)

(a) 6q representation of su(4)⊕ u(1)

|q| ν ord(1) ord(2)

1
3 1 or 5 (0, 1, 0, 1) (1, 2, 0, 2)
1
3 2 or 4 (0, 2, 0, 2) (1, 3, 0, 3)
2
3 2 or 4 (0, 2, 0, 2) (2, 3, 1, 4)
1 0 (0, 0, 0, 0) (1, 3, 0, 3)
1 3 (0, 3, 0, 3) (3, 5, 1, 6)
4
3 2 or 4 (0, 2, 0, 2) (4, 6, 2, 8)
5
3 2 or 4 (0, 2, 0, 2) (5, 9, 2, 11)
5
3 1 or 5 (0, 1, 0, 1) (5, 8, 2, 10)
2 0 (0, 0, 0, 0) (6, 9, 3, 12)
7
3 1 or 5 (0, 1, 0, 1) (9, 14, 4, 18)
7
3 2 or 4 (0, 2, 0, 2) (9, 15, 4, 19)
8
3 2 or 4 (0, 2, 0, 2) (12, 18, 6, 24)
3 0 (0, 0, 0, 0) (13, 21, 6, 27)
3 3 (0, 3, 0, 3) (15, 23, 7, 30)
10
3 2 or 4 (0, 2, 0, 2) (18, 27, 9, 36)

11
3 2 or 4 (0, 2, 0, 2) (21, 33, 10, 43)

11
3 1 or 5 (0, 1, 0, 1) (21, 32, 10, 42)
4 0 (0, 0, 0, 0) (24, 36, 12, 48)
13
3 2 or 4 (0, 2, 0, 2) (29, 45, 14, 59)

14
3 2 or 4 (0, 2, 0, 2) (34, 51, 17, 68)

(b) 15q representation of su(6)⊕ u(1)

|q| ν ord(1) ord(2)

1
4 1 or 7 (0, 1, 0, 1) (1, 2, 0, 2)
1
4 3 or 5 (0, 3, 0, 3) (1, 4, 0, 4)
1
2 2 or 6 (0, 2, 0, 2) (2, 3, 1, 4)
3
4 3 or 5 (0, 3, 0, 3) (3, 5, 1, 6)
3
4 1 or 7 (0, 1, 0, 1) (1, 4, 0, 4)
1 4 (0, 4, 0, 4) (4, 6, 2, 8)
5
4 1 or 7 (0, 1, 0, 1) (3, 7, 1, 8)
5
4 3 or 5 (0, 3, 0, 3) (5, 8, 2, 10)
3
2 2 or 6 (0, 2, 0, 2) (6, 9, 3, 12)
7
4 3 or 5 (0, 3, 0, 3) (7, 13, 3, 16)
7
4 1 or 7 (0, 1, 0, 1) (7, 11, 3, 14)
2 0 (0, 0, 0, 0) (8, 12, 4, 16)
9
4 1 or 7 (0, 1, 0, 1) (11, 17, 5, 22)
9
4 3 or 5 (0, 3, 0, 3) (11, 19, 5, 24)
5
2 2 or 6 (0, 2, 0, 2) (14, 21, 7, 28)

(c) 28q representation of su(8)⊕ u(1)

Table 13. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) or various combinations of ν and pseudo-charge q for
antisymmetric matter of su(2k)⊕ u(1).
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Fundamental representation of su(n). As described in section 7.1, we could obtain
all the allowed pseudo-charges by starting with a seed model admitting n1/n matter. In the
F-theory constructions we consider, this matter occurs at codimension-two loci where the
singularity type enhances from I(s)n to In+1. Moreover, the generating section components
(x̂, ŷ, ẑ, ŵ) vanish to orders (0, 1, 0, 1) at this locus, indicating that µ = 1. Multiples mŝ of
the generating section support pseudo-charge m

n .
If we write this codimension-two locus as {σ = ∆1/n = 0} where {σ = 0} is the su(n)

locus, we could imagine an elliptic curve found by setting σ and ∆1/n to some prime p and
setting other parameters to some arbitrary integer values. Because the elliptic fibration
supports singularity type In+1 at the codimension-two locus, the elliptic curve analogue
would have multiplicative reduction modulo p. Meanwhile, consider the rational point
P on the elliptic curve analogue found by making the appropriate substitutions into the
generating section expressions. As discussed in section 6.2, the result in [1] states that the
elliptic divisibility sequence W (2)

m associated with P should have p-adic valuations given by
an elliptic troublemaker sequence:31

vp(W (2)
m ) = Rm(a, l) . (7.30)

The integer l should equal vp(∆), which in this case is n+1. Meanwhile, a, which describes
the component of the Neron fiber hit by P , corresponds to µ, which in this case is 1. We
would therefore expect that

vp(W (2)
m ) = Rm(1, n+ 1) = 1

2

(
n

n+ 1m
2 − mn+1(n+ 1−mn+1)

n+ 1

)
. (7.31)

However, vp(W (2)
m ) overcounts ord2(ẑ). Remember that if x̂, ŷ, and ẑ are proportional

to A2, A3 and A for some factor A, one can scale the section components and remove
this factor of A. We always get rid of such factors when calculating the ord2(ẑ) values.
However, the recursion formulas for the elliptic divisibility sequences, which are analogous
to formulas for the ẑ components of multiples of the generating section, do not remove such
factors. In turn, the formulas from [1] count these extra factors as well. This did not cause
any issues for the case of singlets, in part because there was no special codimension-one
locus in the model. For the su(n)⊕u(1) models, the ŷ and ŵ components of the generating
section are proportional to σ. As a result, the formulas for the elliptic divisibility sequences
would lead to extra factors of σ that can be scaled away. To recover ord2(ẑ), we need to
count these extra factors and subtract the result from vp(W (2)

m ).
We can in fact count these extra factors by considering a second EDS, W (1)

m , just for
the factors of σ. Imagine we found an elliptic curve by taking our seed model with n1/n
matter and setting σ (but not ∆1/n) to a prime p. The resulting elliptic curve would have
multiplicative reduction modulo p. If we consider a point found by making the appropriate
substitutions into the generating section components, the corresponding EDS valuations
should be given by

vp(W (1)
m ) = Rm(a, l) . (7.32)

31We are assuming that no multiples of P reduce to the identity point, but this seems to agree with the
observed behaviors.
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The integer l should equal vp(∆) = n, while a should be given by the value of ν for the
generating section, which is 1. In the end, we have

vp(W (1)
m ) = Rm(1, n) = 1

2

(
n− 1
n

m2 − mn(n−mn)
n

)
. (7.33)

The difference of these two sequences of EDS valuations is given by

vp(W (2)
m )− vp(W (1)

m ) = 1
2

( 1
n(n+ 1)m

2 + mn(n−mn)
n

− mn+1(n+ 1−mn+1)
n+ 1

)
(7.34)

Substituting m = nq, ν = mn, and µ = mn+1, we can rewrite this as

vp(W (2)
m )− vp(W (1)

m ) = 1
2

(
n2

n(n+ 1)q
2 + ν(n− ν)

n
− µ(n+ 1− µ)

n+ 1

)

= 1
2

(
dSU(n)
dSU(n+1)

q2 + TSU(n)(ν)− TSU(n+1)(µ)
)
.

(7.35)

This result agrees exactly with observed patterns in ord2(ẑ) and with the proposals in
section 2.2.

Antisymmetric representation of su(n) for odd n. We saw that all the allowed
antisymmetric pseudo-charges for odd n > 4 can be obtained from multiples of the gen-
erating section in a model supporting antisymmetric matter with charge 1

n . Such matter
occurs in models with ν =

⌈
n
2
⌉

= k+ 1. We should therefore be able to obtain the formula
for ord2(ẑ) from those in [1] describing the EDS valuations. As with fundamental matter,
we expect ord2(ẑ) to be given by the difference of EDS valuations corresponding to the
codimension-two and codimension-one behavior. For the codimension-one I(s)

n singularity
type, consider the Weierstrass model in eq. (7.14), which admits an su(n) ⊕ u(1) model
with n = 2k+ 1. The locus {σ = 0} supports the su(n) factor, and the locus {σ = b1 = 0}
supports antisymmetric matter with u(1) charge 1

n (up to sign). To construct the EDS
associated with the codimension-one behavior, we construct an analogous elliptic curve by
setting σ to a prime integer p and the remaining parameters to numbers such that f and g
of the resulting elliptic curve are integers. For instance, we can consider the elliptic curve
given by the following Weierstrass equation (with z set to 1):

y2 = x3 − (p− 3)
(
2pk + 3p− 9

)
x−

(
2(p− 3)3 − p2k + 2(p− 3)2pk

)
. (7.36)

This elliptic curve has multiplicative reduction modulo p with v(∆) = 2k+1, and it admits
the rational point

(x, y) = (3− p, pk) . (7.37)

The rational point reduces to the singular point modulo p, and no multiples of this point
reduce to the identity point. The EDS valuations associated with this elliptic curve are
given by

v(W (1)
m ) = Rm(k, 2k + 1) = 1

2

(
k(k + 1)

n
m2 − mkn(n−mkn)

n

)
. (7.38)
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For the codimension-two behavior, we need to find the EDS valuations v(W (2)
m ) corre-

sponding to I∗n−4 loci with at {σ = b1 = 0} with µ = 1 or 3. The fibers at I∗ loci have cusp
singularities, so the analogous elliptic curves should have additive reduction, unlike those
with multiplicative reduction we encountered previously. Fortunately, [1] gives formulas
for the valuations of EDSs for elliptic curves of additive reduction. The key insight is
that, after a field extension by an element p′, elliptic curves with additive reduction can
be converted to a more minimal form with either good or multiplicative reduction. As an
example, consider an elliptic curve E over Qp of the form

y2 = x3 + p2f ′x+ p3g′ , (7.39)

where p is a prime integer and f ′, g′ are integers not proportional to p that satisfy

∆ = 4
(
p2f ′

)3
+ 27

(
p3g′

)2
∝ p6+(n−4) (7.40)

for an integer n ≥ 4. This elliptic curve, the analogue of I∗n−4 singular fibers, has additive
reduction modulo p. Suppose we extend Qp by p′ = √p, such that the elliptic curve can
be written as

y2 = x3 + (p′)4f ′x+ (p′)6g′ . (7.41)

The elliptic curve is now in a non-minimal form, and we can remove the factors of p′
by defining

x = (p′)2x′ , y = (p′)3y′ . (7.42)

After plugging in these redefinitions and removing the common factor of (p′)6, we obtain
a new elliptic curve E′ of the form

y′
2 = x′

3 + f ′x′ + g′ , (7.43)

with a discriminant
∆E′ = ∆E

(p′)12 . (7.44)

E′ no longer has additive reduction modulo p′. If E′ has good reduction, we say that
the original curve E has potential good reduction. If E′ has multiplicative reduction, the
original curve E has potential multiplicative reduction.

Now consider the elliptic divisibility sequence Wm associated with a point P on E.
The point P maps onto a point P ′ on E′, and we can form an EDS W ′m associated with
P ′ and E′. We can also have a valuation v1 for the extended field that is essentially a
valuation with respect to p′: for an element ζ of the original field, v1(ζ) = dv(ζ), where d
is the ramification degree of the extension. For the example in eq. (7.39), the ramification
degree is 2 because we extend the field by √p.

The valuations v(Wm) can be related to the valuations v1(W ′m). According to The-
orem 19 of [1], if E has potential good reduction, the valuations of Wm are given by the
formula

dv(Wm) = m2 − 1
12 dv(∆E) + v1(W ′m) . (7.45)
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And according to Theorem 14 of [1], the valuations v1(W ′m) take the form

v1(W ′m) =


v1(x′

P ′ )
2 m2 nP ′ = 1

0 nP ′ 6= 1
+

Sm/nP ′ (p′, b, v1(p′), h, s, w) m | nP ′
0 m - nP ′

. (7.46)

Here, x′P ′ is the x′ coordinate of P ′, and nP ′ is the smallest integer such that nP ′P ′ reduces
to the identity of E′ modulo p′. The S term in described in more detail in appendix B, but
as argued there it can essentially be replaced by the constant s for the cases of interest in
this paper.

If E has potential multiplicative reduction, Theorem 29 of [1] states that the valuations
of Wm are given by

dv(Wm) = m2 − 1
4 dv(f) + v1(W ′m) , (7.47)

where f can be read off from the equation for E.32 If P ′ reduces to a point other than
the singular point, the v1(W ′m) are still given by eq. (7.46). However, if P ′ reduces to the
singular point, the v1(W ′m) are given by the multiplicative reduction expressions, and the
v(Wm) valuations take the form

v(Wm) = m2 − 1
4 v(f) + 1

d

Rm(a, l) +

Sm/nP ′ (p′, p′, v1(p′), 0, s, w) nP ′ | m
0 nP ′ - m

 (7.48)

for integers a, l, and nP ′ .
To apply this to the codimension-two I∗n−4 singularities, we consider an elliptic curve

found by taking eq. (7.14), setting σ and b1 to integers p and 6p (where p is a prime integer
not equal to 2 or 3), and letting other parameters be appropriate numbers. For a particular
choice of these numbers, we obtain the elliptic curve E

y2 = x3 + p2
(
−3(1− 3p)2 + 4pk−1

)
x+ p3

(
2(3p− 1)3 − 4(3p− 1)pk−1 + p2k−3

)
, (7.49)

which admits a rational point

P : (x, y) = (p(3p− 1), pk) . (7.50)

This elliptic curve has additive reduction with v(∆) = 2k+3. After following the procedure
outlined above, the resulting elliptic curve E′ has multiplicative reduction modulo p′ with
l = v1(∆′) = 4k − 6. Additionally, P ′ reduces to the singular point on E′. However, 4P ′
reduces to the identity point, implying that nP ′ = 4. The y′ coordinate of P ′ is proportional
to p′2k−3, and a should be 2k − 3. Therefore, the EDS valuations for the codimension-two

32If E is written in Tate form, f takes the standard form −((a2
1 +4a2)2−24(a1a3 +a4))/48. The quantity

we refer to as f would more commonly be referred to as c4(E) in the mathematics literature.
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behavior are given by

v(W (2)
m ) = m2 − 1

2 + 1
2

Rm(2k − 3, 4k − 6) +

Sm/4(p′, p′, v1(p′), 0, s, w) 4 | m
0 4 - m



= n

8m
2 − 1

2


1− s 4 | m
1 (2 | m) and (4 - m)
n
4 (2 - m)

.

(7.51)
Combining everything together, we expect that when the antisymmetric matter has

charge or pseudo-charge q = ±m
n , ord2(ẑ) should be given by

v(W (2)
m )− v(W (1)

m ) = 1
8nm

2 + mkn(n−mkn)
2n − 1

2


1− s 4 | m
1 (2 | m) and (4 - m)
n
4 (2 - m)

. (7.52)

Demanding that this formula give the observed ord2(ẑ) of 1 for antisymmetric matter of
su(5) with m = 4, we can set s to 1, and if we plug in

m = nq , ν = m(k + 1)n = n−mkn , µ = m4 = nq4 , (7.53)

we find that

v(W (2)
m )− v(W (1)

m ) = 1
2

n4 q2 + ν(n− ν)
n

−


0 µ = 0
1 µ = 2
n
4 µ = 1, 3


= 1

2

(
dSU(n)
dSO(2n)

q2 + TSU(n)(ν)− TSO(2n)(µ)
)
,

(7.54)

in exact agreement with the proposals in section 2.2 and the observed order-of-vanishing
data.

Antisymmetric representation of su(n) for even n. For the antisymmetric repre-
sentation with even n (i.e, n = 2k), we obtained the order-of-vanishing data from two types
of seed models admitting n(n−1)

2 2/n matter: those with ν = 1 and those with ν = n
2 + 1.

In order to establish a connection to the EDS valuations, we need to analyze each seed
model separately. Still, we can see that the formulas from [1] reproduce the observed order
of vanishing data and the expressions expected from the proposals.

We begin with the ν = 1 seed construction, which is described by the Weierstrass
model in eq. (7.3) with the substitutions in eq. (7.5). The model’s su(2k) gauge factor is
supported along the codimension-one locus {σ = 0}, which supports I(s)2k singularities. The
n(n−1)

2 2/n matter is supported at the codimension-two locus {σ = b1,0 = 0}. As before, we
need EDS valuations corresponding to both the codimension-one and the codimension-two
behavior. The codimension-one EDS valuations, which were calculated above, are given by

v(W (1)
m ) = Rm(1, n) = 1

2

(
n− 1
n

m2 − mn(n−mn)
n

)
. (7.55)
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We can calculate the codimension-two EDS valuations through a procedure similar to that
used for antisymmetric matter with odd n. This analysis is performed in appendix C.1.2,
so as not to clutter the discussion here. The end result is that

v(W (2)
m ) = 1

2m
2 − 1

2

0 m | 2
1 m - 2

. (7.56)

Combining these two expressions we find that

v(W (2)
m )− v(W (1)

m ) = 1
2

 1
n
m2 + mn(n−mn)

n
−

0 2 | m
1 2 - m

 . (7.57)

If we use the relations

q = 2
n
m , ν = mn , µ =

(
q − 2ν

n

)
2

+ 2ν4 = 2m2 (7.58)

for this seed model, our result can be rewritten as

v(W (2)
m )− v(W (1)

m ) = 1
2

n
4 q

2 + ν(n− ν)
n

−

0 µ = 0
1 µ = 2


= 1

2

(
dSU(n)
dSO(2n)

q2 + TSU(n)(ν)− TSO(n)(ν)
)
.

(7.59)

The ν = n
2 +1 seed construction is described by the Weierstrass model in eq. (7.22). The

model supports I(s)2k singularities along {σ = 0} and a generating section with components
given by eq. (7.23). The n(n−1)

2 2/n matter is supported at the codimension-two locus {σ =
b1 = 0}. To find the EDS valuations corresponding to the codimension-one behavior, we can
construct an elliptic curve analogue by setting σ to some prime p and the other parameters
to some arbitrary numbers. The resulting elliptic curve would have multiplicative reduction
modulo p with vp(∆) = 2k, and the codimension-one EDS valuations should be given by

v(W (1)
m ) = Rm(k+ 1, 2k) = 1

2

(k + 1)(k − 1)
2k m2 −

m(k + 1)n
(
n−m(k + 1)n

)
n

 . (7.60)
Calculating the codimension-two EDS valuations requires using the procedure for elliptic
curves with additive reduction. The analysis is performed in appendix C.1.1, and the end
result is

v(W (2)
m ) = 1

2

n
4m

2 −

0 2 | m
n
4 2 - m

 . (7.61)

Combining the results, we find that

v(W (2)
m )− v(W (1)

m ) = 1
2

 1
n
m2 +

m(k + 1)n
(
n−m(k + 1)n

)
n

−

0 2 | m
n
4 2 - m

 . (7.62)
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If we use the relations

q = 2
n
m , ν = (k + 1)mn , µ =

(
q − 2ν

n

)
2

+ 2ν4 =
(
1 + 2(k + 1)2

)
m2 , (7.63)

for this seed model, our result can be rewritten as

v(W (2)
m )− v(W (1)

m ) = n

4 q
2 + νn(n− νn)

n
−

0 µ = 0
n
4 µ = 1 or 3

= 1
2

(
dSU(n)
dSO(2n)

q2 + TSU(n)(ν)− TSO(n)(ν)
)
.

(7.64)

To summarize, we see that, regardless of which seed model for su(2k)⊕ u(1) antisym-
metric matter we use, the expressions for v(W (2)

m )− v(W (1)
m ) calculated using the formulas

from [1] agree with the proposals in section 2.2. Moreover, these formulas reproduce the
orders of vanishing observed by calculating multiples of the generating sections. This result
gives us further confidence in the proposals.

8 Representations of so(2n)⊕ u(1)

We now turn to models with so(2n)⊕ u(1) gauge algebras, focusing on matter charged in
the vector and spinor representations of so(2n). Both these matter representations occur at
codimension-two loci where a codimension-one locus with I∗sn−4 singular fibers intersects the
residual I1 discriminant locus. The ideas and strategies used for the singlet and su(n)⊕u(1)
situations carry over here, but the analysis is more challenging due to the centers of the
universal covering groups. Spin(4k), the universal covering group of so(4k), has a Z4 center,
but Spin(4k + 2), the universal covering group of so(4k + 2), has a Z2 × Z2 center. We
therefore analyze the so(4k) and so(4k+ 2) representations separately. The Z2×Z2 center
poses the additional complication that it has more than one generating element, as seen
above when investigating the antisymmetric representation of su(n). We therefore need a
larger number of seed models to generate a representative sample of pseudo-charges.

8.1 Spinor representations so(4k + 2)

We begin with matter charged in the spinor representations of so(4k + 2), the simplest of
the so(2n) ⊕ u(1) situations considered here. As discussed in section 4.2, the two spinor
representations of so(4k + 2) are conjugate to each other, so a codimension-two locus
supporting so(4k + 2) spinor matter supports fields in both representations. Here, we
restrict our attention to the spinor representations of so(10) and so(14), as attempts to
realize spinor matter in F-theory for so(2n) algebras beyond so(14) produce constructions
with codimension-two loci where f and g vanish to orders (4, 6). The spinors of so(10)
occur at codimension-two loci where the singularity type enhances from type I∗s1 to type
IV∗; in terms of the ADE groups, this is an enhancement from Spin(10) to E6. The spinors
of so(14) meanwhile occur at codimension-two loci with an I∗s3 → II∗ (or Spin(14) → E8)
enhancement.
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Both Spin(10) and Spin(14) have Z4 centers, and ν can take a value from 0 to 3. For
so(10), the allowed u(1) charges for the spinor with highest weight [0, 0, 0, 0, 1] are 4−ν

4 +Z.
For so(14), the allowed u(1) charges for the spinor with highest weight [0, 0, 0, 0, 0, 0, 1] are
ν
4 +Z. Suppose we have a seed so(10)⊕u(1) or so(14)⊕u(1) model with a codimension-two
locus supporting spinor matter with u(1) charge ±1

4 . This model would have either ν = 1
or ν = 3, and by the arguments in section 5.1, we can freely choose our generating section
such that we obtain either value of ν. Then, we can find multiples mŝ of the generating
section that would realize pseudo-charge ±m

4 at the spinor locus with either ν = m4 (if
the chosen generating section has ν = 1) or ν = 3m4 (if the chosen generating section
has ν = 3). We can therefore generate all the allowed combinations of pseudo-charge
and ν from this seed model. Since the orders of vanishing of the section components are
insensitive to the sign of the pseudo-charge, the orders of vanishing for pseudo-charge −q
are the same as those for pseudo-charge +q. Based on the discussion in section 5, we can
use these data to establish formulas relating the orders of vanishing to the u(1) charge of
the spinor matter.

so(10). We consider the Weierstrass model given by

y2 = x3 − 1
3σ

2
(
b2

0,0

(
b2

2,1 + 3σc0,3
)

+ σb2,1b0,0c2,2 + σ
(
σc2

2,2 − 3c1,2c3,1
))
xz4

+ σ3

108
[
σ
(
27c2

3,1

(
b2

2,1 + 4σc0,3
)

+ 8σ2c3
2,2 − 36σc1,2c3,1c2,2

)
− 4b3

0,0

(
9σb2,1c0,3 + 2b3

2,1

)
+ 3σb2

0,0

(
9c2

1,2 − 4c2,2
(
b2

2,1 + 6σc0,3
))

+ 6σb2,1b0,0
(
2σc2

2,2 − 3c1,2c3,1
)]
z6 .

(8.1)

This model is equivalent to the Q(3, 2, 2, 1, 0, 1, 1) model from [43], which has an so(10)⊕
u(1) gauge algebra. The so(10) algebra is tuned along {σ = 0}, while the Weierstrass
model admits a generating section ŝ with coordinates

x̂ = σ2c2
3,1 −

1
3σb

2
0,0(b0,0b2,1 + 2σc2,2) ,

ŷ = 1
2σ

2
(
b2

0,0c3,1(b0,0b2,1 + 2σc2,2)− c1,2b
4
0,0 − 2σc3

3,1

)
,

ẑ = b0,0 ,

ŵ = σ3
[
b4

0,0

(
σc2

2,2 + c1,2c3,1
)
− 4σb2

0,0c2,2c
2
3,1 − c0,3b

6
0,0

+ b2,1b
5
0,0c2,2 − 2b2,1b

3
0,0c

2
3,1 + 3σc4

3,1

]
.

(8.2)

As can be verified by comparison with the listed matter spectrum in [43], this model
supports 16− 1

4
matter at {σ = b2,1 = 0}, 16 3

4
matter at {σ = b0,0 = 0}, and 10 1

2
matter

at {σ = b0,0c1,2 − b2,1c3,1 = 0}. For this model, ν is 1. (Alternatively, we can flip the signs
of the 16 charges and take ν to be 3; since the 10 representation is real, the sign of its
charge is irrelevant as per the arguments in section 5.1.) After determining the spectrum
of charged singlets and accounting for nonlocal adjoint matter uncharged under the u(1)
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algebra, one can verify that this matter spectrum satisfies the 6D anomaly cancellation
conditions with b̃ = −2KB + 2[b0,0]− 5

4 [σ].
We now calculate multiples of the generating section ŝ, examine their behavior at the

16− 1
4
locus {σ = b2,1 = 0}, and find the orders of vanishing corresponding to various

pseudo-charges. We can also find the orders of vanishing at the 16 3
4
locus, providing both

an additional check on the data from the 16− 1
4
locus and the ability to probe larger pseudo-

charges without calculating larger multiples of ŝ. The resulting data are listed in table 14a.
The observed codimension-one orders of vanishing satisfy the equations

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSpin(10)(ν) . (8.3)

And if we let
µ = 4q3 , (8.4)

where q is the pseudo-charge, the codimension-two orders of vanishing satisfy the equations

ord2(ẑ) = 1
2

(4
3q

2 + TSpin(10)(ν)− TE6(µ)
)
, (8.5)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τE6(µ) . (8.6)

Since Spin(10) has a center with dSpin(10) = 4 elements and E6 has a center with dE6 = 3
elements, the orders of vanishing satisfy the exact patterns proposed in section 2.2 for a
Spin(10)→ E6 enhancement locus.

so(14) ⊕ u(1). Matter charged in the spinor (64) representation of so(14) occurs at
loci where the singularity type enhances from I∗s3 (or Spin(14)) to II∗ (or E8). These
codimension-two loci also support matter in the vector (14) representation. In a 6D model,
for instance, an irreducible codimension-two I∗s3 → II∗ locus supports a hypermultiplet of
64 matter and a hypermultiplet of 14 matter. We should therefore determine how the
u(1) charge of the 64 matter compares with that of the 14 matter at the same locus. The
14 representation has a weight [0, 0, 0, 0, 0,−1, 1], and the 64 representation has weights
[0, 0, 0, 0, 0, 0, 1] and [0, 0, 0, 0, 0,−1, 0].33 If the curves in the E8 fiber supporting these two
64 weights are c+ and c−, then one can verify that c+ + c− is one of the two curves in the
fiber supporting the 14 weight.34 All the weights in the 64 representation should have the
same u(1) charge q, implying that, for a section ŝ,

σ(ŝ) · c+ = σ(ŝ) · c− = q . (8.7)

But the curve c+ + c− should then satisfy

σ(ŝ) · (c+ + c−) = 2q . (8.8)
33We follow the notation of [77] where the 64 representation has highest weight [0, 0, 0, 0, 0, 0, 1]. Other

sources may use alternative conventions.
34Because the E8 adjoint representation decomposes as 91⊕1⊕64⊕64⊕14⊕14, there are two curves

corresponding to the [0, 0, 0, 0, 0,−1, 1] weight of the 14 representation. We only need one of them for the
purposes of this argument.
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|q| ν ord(1) ord(2)

1
4 1 or 3 (1, 2, 0, 3) (2, 2, 0, 3)
1
2 2 (1, 2, 0, 2) (2, 2, 0, 3)
3
4 1 or 3 (1, 2, 0, 3) (2, 3, 1, 4)
1 0 (0, 0, 0, 0) (2, 2, 0, 3)
5
4 1 or 3 (1, 2, 0, 3) (4, 5, 1, 7)
3
2 2 (1, 2, 0, 2) (4, 6, 2, 8)
7
4 1 or 3 (1, 2, 0, 3) (6, 8, 2, 11)
2 0 (0, 0, 0, 0) (6, 8, 2, 11)
9
4 1 or 3 (1, 2, 0, 3) (8, 12, 4, 16)
5
2 2 (1, 2, 0, 2) (10, 14, 4, 19)
11
4 1 or 3 (1, 2, 0, 3) (12, 17, 5, 23)
3 0 (0, 0, 0, 0) (12, 18, 6, 24)
13
4 1 or 3 (1, 2, 0, 3) (16, 23, 7, 31)
7
2 2 (1, 2, 0, 2) (18, 26, 8, 35)
15
4 1 or 3 (1, 2, 0, 3) (20, 30, 10, 40)
9
2 2 (1, 2, 0, 2) (28, 42, 14, 56)
21
4 1 or 3 (1, 2, 0, 3) (38, 57, 19, 76)
6 0 (0, 0, 0, 0) (48, 72, 24, 96)

(a) 16q representation of so(10)⊕ u(1)

|q| ν ord(1) ord(2)

1
4 1 or 3 (1, 3, 0, 4) (2, 3, 1, 4)
1
2 2 (1, 2, 0, 2) (2, 3, 1, 4)
3
4 1 or 3 (1, 3, 0, 4) (4, 6, 2, 8)
1 0 (0, 0, 0, 0) (4, 6, 2, 8)
5
4 1 or 3 (1, 3, 0, 4) (8, 12, 4, 16)
3
2 2 (1, 2, 0, 2) (10, 15, 5, 20)
7
4 1 or 3 (1, 3, 0, 4) (14, 21, 7, 28)
2 0 (0, 0, 0, 0) (16, 24, 8, 32)
9
4 1 or 3 (1, 3, 0, 4) (22, 33, 11, 44)
5
2 2 (1, 2, 0, 2) (26, 39, 13, 52)
11
4 1 or 3 (1, 3, 0, 4) (32, 48, 16, 64)
3 0 (0, 0, 0, 0) (36, 54, 18, 72)
13
4 1 or 3 (1, 3, 0, 4) (44, 66, 22, 88)
7
2 2 (1, 2, 0, 2) (50, 75, 25, 100)
15
4 1 or 3 (1, 3, 0, 4) (58, 87, 29, 116)
4 0 (0, 0, 0, 0) (64, 96, 32, 128)
17
4 1 or 3 (1, 3, 0, 4) (74, 111, 37, 148)
9
2 2 (1, 2, 0, 2) (82, 123, 41, 164)
19
4 1 or 3 (1, 3, 0, 4) (92, 138, 46, 184)

(b) 64q ⊕ 142q representation of so(14)⊕ u(1)

Table 14. Orders of vanishing for various combinations of ν and pseudo-charge q and for spinor
matter in so(4k + 2)⊕ u(1) models. The so(10)⊕ u(1) data are found using the model in eq. (8.1),
while the so(14)⊕ u(1) data are found using the model in eq. (8.9).

The charge of the [0, 0, 0, 0, 0,−1, 1] weight should be the same as the charge of the other
weights in the same 14 representation. Therefore, the charge of the 14 matter should be
twice that of the 64 matter. In other words, the codimension-two locus should support
matter fields in the 64q and 142q representations, which are accompanied by fields in the
64−q and 14−2q representations. In a 6D model, an irreducible I∗s3 → II∗ locus would
support a 64q hypermultiplet and a 142q hypermultiplet. When we say that an I∗s3 → II∗
locus supports matter with u(1) charge q, we implicitly take q to be the charge of the
spinor matter; the charge of the vector matter can automatically be determined from
this information.
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We now consider the Weierstrass model

y2 = x3 − σ2

3
[
4β2

2,1b
8
0,0 + 8σβ2,1b

4
0,0c2,2

+ 3σb2
0,0

(
σc0,4 − 4β2,1c

2
3,1

)
+ σ2

(
c2

2,2 − 3c1,3c3,1
)]
xz4

+ σ3

108
[
− 64β3

2,1b
12
0,0 − 24σ2β2,1

(
3b6

0,0c0,4

+ b4
0,0

(
5c2

2,2 − 3c1,3c3,1
)
− 12b2

0,0c2,2c
2
3,1 + 9c4

3,1

)
+ 96σβ2

2,1b
6
0,0

(
3c2

3,1 − 2b2
0,0c2,2

)
+ σ3

(
9b2

0,0

(
3c2

1,3 − 8c0,4c2,2
)

+ 4
(
2c3

2,2 − 9c1,3c3,1c2,2 + 27c0,4c
2
3,1

))]
z6 .

(8.9)

The (f, g,∆) of this model vanish to orders (2, 3, 9) at {σ = 0}, and the split condition
for I∗3 [72, 91, 92] singularities is satisfied. The model therefore supports an so(14) gauge
algebra along {σ = 0}. It also admits a generating section ŝ with coordinates

x̂ = −1
3σ
(
2β2,1b

6
0,0 + 2σb2

0,0c2,2 − 3σc2
3,1

)
, (8.10)

ŷ = −1
2σ

3
(
b4

0,0c1,3 − 2b2
0,0c2,2c3,1 + 2c3

3,1

)
, (8.11)

ẑ = b0,0 , (8.12)

ŵ = σ4
(
−b6

0,0c0,4 + b4
0,0

(
c2

2,2 + c1,3c3,1
)
− 4b2

0,0c2,2c
2
3,1 + 3c4

3,1

)
, (8.13)

indicating that the full gauge algebra is so(14) ⊕ u(1). At {σ = b0,0 = 0}, the singularity
type enhances from I∗s3 to II∗ (or from Spin(14) to E8). This codimension-two locus supports
64 1

4
⊕ 14 1

2
matter, along with the appropriate conjugate matter. At {σ = b4

0,0c1,3 −
2b2

0,0c2,2c3,1 + 2c3
3,1 = 0}, the singularity type enhances to I∗4 (or Spin(16)), and the locus

supports 14 1
2
matter. Based on these u(1) charges, ν is 1. (Alternatively, we could say

that the model has ν = 3 with 64− 1
4
⊕ 14 1

2
matter at {σ = b0,0 = 0}. Because the 14

representation is real, the sign of its u(1) charge is not important as per the arguments in
section 5.1.) While (f, g,∆) vanish to orders (4, 6, 12) at {σ = β2,1 = 0}, the presence of
such loci can be avoided by an appropriate choice of divisor classes. For instance, if we
take [β2,1] to be trivial, there are no codimension-two (4, 6, 12) loci. After calculating the
spectrum of charged singlets and so(14) adjoints uncharged under the u(1) algebra, one
can show that this spectrum satisfies the 6D anomaly cancellation conditions, at least for
situations without codimension-two (4, 6, 12) loci.

As before, we can calculate multiples of ŝ and find the orders of vanishing of the
section components at {σ = b0,0 = 0}. These numbers are listed in table 14b along with
the corresponding values of ν and of the spinor pseudo-charge q. The codimension-one
orders of vanishing satisfy the equations

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSpin(14)(ν) . (8.14)
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The codimension-two orders of vanishing, meanwhile, satisfy the equations

ord2(ẑ) = 1
2
(
4q2 + TSpin(14)(ν)

)
, (8.15)

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) . (8.16)

The center for E8, the group associated with the codimension-two singularity type, is the
trivial group. As such, the only allowed value of µ is 0, and TE8(µ) and ~τE8(µ) are both
trivial. Keeping this in mind, we see that the observed orders of vanishing for the so(14)
spinors agree with the proposals in section 2.2.

8.2 Spinor representations of so(4k)

We now turn to the spinor representations of so(4k). We restrict our attention to the spinors
of so(8) and so(12), as attempts to obtain spinors for larger values of k produce models
with codimension-two loci where (f, g) vanish to orders (4, 6). Both of these algebras have
two spinor representations. For so(8), the two spinor representations are 8s, with highest
weight [0, 0, 0, 1], and 8c, with highest weight [0, 0, 1, 0]. Since these two representations are
both real, they occur at different codimension-two loci in the F-theory model. For so(12),
the two spinor representations are 32, with highest weight [0, 0, 0, 0, 0, 1], and 32′, with
highest weight [0, 0, 0, 0, 1, 0].35 They are pseudoreal representations that occur at distinct
codimension-two loci. While the 32 and 32′ representations can in principle come in half-
hypermultiplets in 6D models, we are most interested in situations where matter in these
representations also has a nonzero charge under an u(1) algebra. The total representation
is no longer pseudoreal after including this charge, so so(12) spinor matter with a nonzero
u(1) charge must occur in full hypermultiplets. Because both the so(8) and so(12) spinor
representations are self-conjugate, the sign of the u(1) charge is unimportant for these cases.

The universal covering groups Spin(8) and Spin(12) both have Z2 × Z2 centers. As
discussed in section 4, we label the four elements of Z2 × Z2 with an integer ν ranging
from 0 to 3. The allowed u(1) charges are integral for all the spinor representations when
ν = 0 and are half-integral for all the spinor representations when ν = 2. When ν = 1, the
allowed charges for 8s and 32′ representations are half-integral, while those for the 8c and
32 representations are integral. When ν = 3, the roles are reversed: allowed charges for
8c and 32 representations are half-integral, while those for the 8s and 32′ representations
are integral. Note that the so(2n) fibers admit an automorphism that exchanges the two
nodes at the end of the Dynkin diagram; these are the two nodes on the right hand side in
figure 3. This automorphism exchanges the two spinor representations for a given algebra.
In turn, the automorphism sends ν = 1 to ν = 3, and vice versa. The elements ν = 2
and ν = 0 are sent to themselves under the automorphism. In F-theory models, there is
an ambiguity in the labeling of the curves exchanged under the automorphism, so we can
perform the automorphism without changing the underlying geometry. As a result, we can
often determine geometric information about one spinor representation from information
about the other spinor representation. For instance, if we knew the orders of vanishing

35While this convention agrees with [78], the highest weights of the 32 and 32′ representation are switched
in the conventions of [77].
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for 32 matter with some u(1) charge when ν = 1, we automatically know the orders of
vanishing for 32′ matter with the same charge when ν = 3.

With this in mind, we can now describe how to generate various combinations of the
pseudo-charge and ν. Starting with a ν = 1 model with 8s, 1

2
or 32′1

2
matter, we can obtain

all the half-integral ν = 1 pseudo-charges and all the integral ν = 0 pseudo-charges. If
we start with a ν = 2 model with 8s, 1

2
or 32′1

2
matter, we can obtain all the half-integral

ν = 2 pseudo-charges while reproducing all the integral ν = 0 pseudo-charges. Obtaining
the integral ν = 3 pseudo-charges is more difficult. If we have a ν = 3 model with 8s,1 or
32′1 matter, we can generate the odd ν = 3 pseudo-charges but not the even ones: the even
multiples of the generating section, which would realize the even pseudo-charges, would
have ν = 0 according to the Z2 × Z2 group structure. We could generate some of the even
ν = 3 pseudo-charges from a model with 8s,2 or 32′2 matter, but we would miss those
pseudo-charges that are multiples of 4. Even if we attempt to fill in these gaps by starting
with charges that are larger and larger powers of 2, we always miss some of the even ν = 3
pseudo-charges. We are therefore unable to practically obtain order-of-vanishing data for
all of the even ν = 3 pseudo-charges in a particular range. Nevertheless, we find that the
order-of-vanishing data we are able to obtain follow the expected formulas in section 2.2,
making it highly plausible that the missing pseudo-charges follow these same patterns. Of
course, once we have data for the 8s and 32′ representations, we can use the automorphism
to automatically obtain data for the 8c and 32 representations. This allows us to cut down
on the number of seed models used. In fact, the triality of so(8) models, discussed in more
detail below, implies that we can read off orders of vanishing for the vector representation
from the spinor data, and vice versa. As a result, we can obtain a large portion of the
so(8) data from just a single model, and the discussion of so(8) spinors will also cover the
8v representation.

so(8)⊕ u(1). The two spinor representations of so(8) and the vector representation 8v
all occur at codimension-two loci where the singularity type enhances from I∗s0 (Spin(8)) to
I∗1 (Spin(10)), a fact that reflects the triality of so(8). As can be seen from the symmetries
of its Dynkin diagram, the so(8) algebra admits automorphisms that exchange the 8s, 8c,
and the 8v representations. These automorphisms also exchange the ν = 1, ν = 2, and
ν = 3 elements of the center in a way consistent with the allowed u(1) charges in table 6.
For example, 8c,1 matter (with u(1) charge q = 1) in a ν = 1 model can alternatively be
viewed as 8v,1 matter in a ν = 2 model or as 8s,1 matter in a ν = 3 model.

Let us consider the Weierstrass model

y2 = x3 + 1
3σ

2
(
−3b2

0,0b
2
2,1 + 3σc1,2c3,1 − c2

2,1

)
xz4

+ 1
108σ

3
(
27σb2

0,0c
2
1,2 + 108σb2

2,1c
2
3,1 − 72b2

0,0b
2
2,1c2,1

− 36σc1,2c3,1c2,1 + 8c3
2,1

)
z6 .

(8.17)

The elliptic fibration has I∗s0 singularities along {σ = 0}, signaling the presence of an so(8)
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Locus ν

1 1 2 2 3 3

{σ = b0,0 = 0} 8c,1 8c,1 8v,1 8v,1 8s,1 8s,1
{σ = b2,1 = 0} 8c,0 8c,0 8v,0 8v,0 8s,0 8s,0

{σ = c2,1 − b0,0b2,1 = 0} 8v, 1
2

8s, 1
2

8s, 1
2

8c, 1
2

8c, 1
2

8v, 1
2

{σ = c2,1 + b0,0b2,1 = 0} 8s, 1
2

8v, 1
2

8c, 1
2

8s, 1
2

8v, 1
2

8c, 1
2

Table 15. Matter representations supported at the four codimension-two I∗s0 → I∗1 loci in the elliptic
fibration of eq. (8.17). Because of the triality of so(8), there are multiple ways of describing the
supported matter representations. Each column corresponds to one choice of matter representations
and ν.

algebra. It also admits a generating section ŝ with coordinates

[x̂ : ŷ : ẑ] =
[1

3σ
(
3σc2

3,1 − 2b2
0,0c2,1

)
: −1

2σ
2
(
b4

0,0c1,2 − 2b2
0,0c2,1c3,1 + 2σc3

3,1

)
: b0,0

]
(8.18)

and
ŵ = σ2

(
b4

0,0

(
σc1,2c3,1 + c2

2,1

)
− 4σb2

0,0c2,1c
2
3,1 − b2

2,1b
6
0,0 + 3σ2c4

3,1

)
. (8.19)

Thus the total gauge algebra is so(8)⊕u(1). There are four codimension-two loci where the
singularity type enhances to I∗1: {σ = b0,0 = 0}, {σ = b2,1 = 0}, {σ = c2,1 − b0,0b2,1 = 0},
and {σ = c2,1 + b0,0b2,1 = 0}. The locus {σ = b0,0 = 0} supports matter with u(1)
charge q = 1, the locus {σ = b2,1 = 0} supports matter with u(1) charge q = 0, and
the remaining two loci support matter with u(1) charge q = 1

2 . Because of the triality of
so(8), there are multiple ways of describing the so(8) representations supported at these
loci, which are summarized in table 15. Regardless of which description of the matter
representations is used, the spectrum satisfies the 6D anomaly cancellation conditions with
b̃ = −2KB + 2[b0,0]− [σ].

To generate the order-of-vanishing data, we calculate multiples of ŝ and find the orders
of vanishing of the section components at the various loci. The results are listed in table 16.
Note that these results do not include orders of vanishing for some combinations of ν and
pseudo-charge. For instance, we have only given orders of vanishing for the odd integer
pseudo-charges when ν = 1, 2, 3 in light of the difficulties in generating the even integer
pseudo-charges described above. We have also included only the even integer pseudo-
charges for ν = 0 when |q| > 8; this simply reflects the data we chose to generate, and
there is no fundamental difficulty in obtaining the odd pseudo-charges for ν = 0. Despite
these missing pseudo-charge values, one can see that the observed data follow the patterns
proposed in section 2.2. The codimension-one orders of vanishing follow the pattern

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSpin(8)(ν) , (8.20)

as expected, and if we let

µ =

(2q − 2ν)4 for 8s or 8c

(2q − ν)4 + 2q2 for 8v
, (8.21)
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the codimension-two orders of vanishing satisfy the expressions

ord2(ẑ) = 1
2
(
q2 + TSpin(8)(ν)− TSpin(10)(µ)

)
(8.22)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τSpin(10)(µ) . (8.23)

Since dSpin(8) = dSpin(10) = 4, the codimension-two formulas agree with the expectations
from section 2.2. Although we did not find orders of vanishing for the even pseudo-charges
when ν 6= 0, eq. (8.22) is guaranteed to give us integer ord2(ẑ) for these cases. The
expressions in eq. (8.21) give µ = 2 whenever q is even and ν takes the appropriate nonzero
value, and plugging this information into eq. (8.22) always results in an integer. These
facts suggest that the expressions in section 2.2 correctly relate the u(1) charge of so(8)
spinor or vector matter to the orders of vanishing of the section components.

so(12)⊕ u(1). The two spinor representations of so(12) both occur at codimension-two
loci where the singularity type enhances from I∗s2 (Spin(12)) to III∗ (E7). After resolution,
the codimension-two singularities can either be incompletely or completely resolved [71, 93].
In 6D models, an incomplete resolution locus supports a half-hypermultiplet of spinor
matter. A complete resolution locus supports a full hypermultiplet of spinor matter and an
additional singlet, as can be seen from the decomposition of the E7 adjoint representation:

E7 → SO(12)× SU(2) ,
133→ (66,1)⊕ (32,2)⊕ (1,3) .

(8.24)

The (32,2) degrees of freedom combine to form a 32 hypermultiplet, while the positive and
negative roots of the (1,3) degrees of freedom form the extra singlet hypermultiplet. By the
automorphism of so(12), there is a similar decomposition for the 32′, and this spinor is also
accompanied by a singlet at complete resolution loci. Since spinor matter with u(1) charges
must come in full hypermultiplets, we are primarily interested in the complete resolution
loci. However, the spinor and singlet matter at these loci can both be charged under the
u(1) algebra, raising the question of how the singlet charge compares to the spinor charge.
The charge of the singlet matter is in fact twice that of the spinor matter.36 Because the
spinor matter occurs in full hypermultiplets, the resolved E7 fiber contains two curves, γ+
and γ−, representing the two highest weights of the spinor representation in (32,2) (or
(32′,2)). These two curves would belong to the two different half-hypermultiplets that
combine to form the full hypermultiplet of spinor matter. The half-hypermultiplets should
have opposite u(1) charges, implying that, for a generating section ŝ,

σ(ŝ) · γ+ = −σ(ŝ) · γ− = q . (8.25)

But γ+ and γ− also serve as the two weights of the fundamental of su(2). The difference
γ+ − γ− between these two curves is the root in the su(2) adjoint, and it corresponds to
the curve supporting the singlet. The charge of the singlet matter should be given by

σ(ŝ) · (γ+ − γ−) = 2q . (8.26)
36Recall that, because the singlet representation is real, the sign of the singlet matter is unimportant.
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|q| ord(1) ord(2)

1 (1, 2, 0, 2) (2, 3, 1, 4)
3 (1, 2, 0, 2) (10, 15, 5, 20)
5 (1, 2, 0, 2) (26, 39, 13, 52)
7 (1, 2, 0, 2) (50, 75, 25, 100)
9 (1, 2, 0, 2) (82, 123, 41, 164)
11 (1, 2, 0, 2) (122, 183, 61, 244)
13 (1, 2, 0, 2) (170, 255, 85, 340)
15 (1, 2, 0, 2) (226, 339, 113, 452)
17 (1, 2, 0, 2) (290, 435, 145, 580)

(a) ν = 1 for 8c, ν = 2 for 8v, ν = 3 for 8s

|q| ord(1) ord(2)

1
2 (1, 2, 0, 2) (1, 2, 0, 3)
3
2 (1, 2, 0, 2) (3, 5, 1, 7)
5
2 (1, 2, 0, 2) (7, 11, 3, 15)
7
2 (1, 2, 0, 2) (13, 20, 6, 27)
9
2 (1, 2, 0, 2) (21, 32, 10, 43)
11
2 (1, 2, 0, 2) (31, 47, 15, 63)
13
2 (1, 2, 0, 2) (43, 65, 21, 87)
15
2 (1, 2, 0, 2) (57, 86, 28, 115)
17
2 (1, 2, 0, 2) (73, 110, 36, 147)

(b) ν = 2, 3 for 8c, ν = 1, 3 for 8v, ν = 1, 2 for 8s

|q| ord(1) ord(2)

1 (0, 0, 0, 0) (1, 2, 0, 2)
2 (0, 0, 0, 0) (4, 6, 2, 8)
3 (0, 0, 0, 0) (9, 14, 4, 18)
4 (0, 0, 0, 0) (16, 24, 8, 32)
5 (0, 0, 0, 0) (25, 38, 12, 50)
6 (0, 0, 0, 0) (36, 54, 18, 72)
7 (0, 0, 0, 0) (49, 74, 24, 98)
8 (0, 0, 0, 0) (64, 96, 32, 128)
10 (0, 0, 0, 0) (100, 150, 50, 200)
12 (0, 0, 0, 0) (144, 216, 72, 288)
14 (0, 0, 0, 0) (196, 294, 98, 392)
16 (0, 0, 0, 0) (256, 384, 128, 512)

(c) ν = 0 for 8s, 8c, and 8v

Table 16. Orders of vanishing of the section components for various combinations pseudo-charges
q and ν for 8s, 8c, and 8v matter in so(8)⊕u(1) models. The data are obtained using the so(8)⊕u(1)
model in eq. (8.17).

The u(1) charge of the singlet matter is therefore twice that of the spinor matter, as claimed
above. While we gave this argument for the 32 spinor, the same argument carries through
for the 32′ spinor without significant modifications.

The so(12) algebra does not admit the triality of the so(8) algebra. We would therefore
need multiple Weierstrass models to obtain a representative set of q and ν combinations, but
we have not been able to obtain models that support 32′1 matter with ν = 3 or 32′1

2
matter

with ν = 2 (or the 32 matter related to this 32′ matter by the automorphism). Whenever
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we attempt to construct such models, (f, g,∆) end up vanishing to orders (4, 6, 12) at the
would-be spinor locus. However, there is the so(12)⊕ u(1) Weierstrass model

y2 = x3 − 1
3σ

2
[
3σb2

0,0c0,3 + σ
(
σc2

2,2 − 3c3,1(b2,1c3,1 + σc1,3)
)

+ b2
2,1b

4
0,0

]
xz4

+ σ3

108
[
9σb2

0,0

(
4σb2,1

(
c2

2,2 + c1,3c3,1
)

+ 4b2
2,1c

2
3,1 + 3σ2c2

1,3 − 8σc0,3c2,2
)

+ 4σ2
(
−9c3,1c2,2(2b2,1c3,1 + σc1,3) + 2σc3

2,2 + 27c0,3c
2
3,1

)
− 36σb2,1b

4
0,0c0,3 − 8b3

2,1b
6
0,0

]
z6 ,

(8.27)

which has I∗s2 fibers along {σ = 0} and a generating section ŝ with components

x̂ = −1
3σ
(
2σb2

0,0c2,2 + b2,1b
4
0,0 − 3σc2

3,1

)
,

ŷ = −1
2σ

3
(
b4

0,0c1,3 − 2b2
0,0c2,2c3,1 + 2c3

3,1

)
,

ẑ = b0,0 ,

ŵ = σ3

3
[
3b4

0,0

(
c3,1(σc1,3 − b2,1c3,1) + σc2

2,2

)
− 12σb2

0,0c2,2c
2
3,1 + b6

0,0(4b2,1c2,2 − 3c0,3) + 9σc4
3,1

]
.

(8.28)

The model, which has ν = 1, supports 32′1
2
⊕ 11 matter at {σ = b0,0 = 0}, 320 matter at

{σ = b2,1 = 0}, and 12 1
2
matter at {σ = 3b2

0,0c0,3 − 4b2,1b
2
0,0c2,2 + 3b2,1c

2
3,1 = 0}. In 6D

models, {σ = b0,0 = 0} supports full hypermultiplets of 32′1
2
matter, while {σ = b2,1 = 0}

supports half-hypermultiplets of 320 matter. This same construction can alternatively be
viewed as a ν = 3 model with 32 1

2
⊕11 matter at {σ = b0,0 = 0}, 32′0 matter at {σ = b2,1 =

0}, and 12 1
2
matter at {σ = 3b2

0,0c0,3− 4b2,1b
2
0,0c2,2 + 3b2,1c

2
3,1 = 0}. For either description,

the massless charged spectrum, after accounting for additional singlets and so(12) adjoints,
satisfies the 6D anomaly cancellation conditions with b̃ = −2KB + 2[b0,0]− 3

2 [σ].
We can therefore find the orders of vanishing for at least some of the spinor pseudo-

charges by calculating the components of multiples of ŝ and finding their orders of vanishing
at {σ = b0,0 = 0}. The resulting data are given in table 17. The codimension-one orders
of vanishing satisfy the expression

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSpin(12)(ν) . (8.29)

And if we let37

µ = (2q + ν)2 , (8.30)

the codimension-two orders of vanishing satisfy

ord2(ẑ) = 1
2
(
2q2 + TSpin(12)(ν)− TE7(µ)

)
(8.31)

37For all of the orders of vanishing in table 17, µ would be 0. While it might seem arbitrary to use
this more complicated expression for µ, it can be motivated by the requirement that eq. (8.31) give integer
ord2(ẑ) for the (q, ν) combinations that were not generated.
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|q| ord(1) ord(2)

1 (0, 0, 0, 0) (2, 3, 1, 4)
2 (0, 0, 0, 0) (8, 12, 4, 16)
3 (0, 0, 0, 0) (18, 27, 9, 36)
4 (0, 0, 0, 0) (32, 48, 16, 64)
5 (0, 0, 0, 0) (50, 75, 25, 100)
6 (0, 0, 0, 0) (72, 108, 36, 144)
7 (0, 0, 0, 0) (98, 147, 49, 196)
8 (0, 0, 0, 0) (128, 192, 64, 256)

(a) ν = 0 for both 32q ⊕ 12q and 32′q ⊕ 12q

matter

|q| ord(1) ord(2)

1
2 (1, 3, 0, 3) (2, 3, 1, 4)
3
2 (1, 3, 0, 3) (6, 9, 3, 12)
5
2 (1, 3, 0, 3) (14, 21, 7, 28)
7
2 (1, 3, 0, 3) (26, 39, 13, 52)
9
2 (1, 3, 0, 3) (42, 63, 21, 84)
11
2 (1, 3, 0, 3) (62, 93, 31, 124)
13
2 (1, 3, 0, 3) (86, 129, 43, 172)
15
2 (1, 3, 0, 3) (114, 171, 57, 228)
17
2 (1, 3, 0, 3) (146, 219, 73, 292)

(b) ν = 1 for 32′q ⊕ 12q matter, ν = 3 for 32q ⊕
12q matter

Table 17. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) for various combinations of ν and pseudo-charges q for
so(12) spinor matter. This matter occurs at codimension-two loci with I∗s2 → III∗ enhancements.
The data are obtained using the so(12)⊕ u(1) model in eq. (8.27).

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τE7(µ) . (8.32)

Recalling that dSpin(12) = 4 and dE7 = 2, we see that these expressions agree exactly with
those expected from section 2.2. Note that we can rewrite the relationship between q, ν,
and µ as

µ =

1 ν = 2, 3
0 ν = 0, 1

for 32q ⊕ 12q , µ =

1 ν = 1, 2
0 ν = 0, 3

for 32′q ⊕ 12q . (8.33)

Of course, these conclusions for the so(12) spinors were reached with only a subset of
the allowed (q, ν) combinations. While we have not been able to find seed constructions
for the missing combinations, it is unclear whether such models exist or whether some
more fundamental constraint limits our ability to obtain these models. Perhaps some
argument shows that, for instance, 32′1 matter cannot occur in a ν = 3 F-theory model
without codimension-two (4,6,12) loci. It would be worthwhile to explore these questions
in future work.

8.3 Vector representation of so(4k + 2)

We now consider the vector representation of so(4k + 2), which occurs at codimension-
two loci where the singularity type enhances from I∗s2k−3 (or Spin(4k + 2)) to I∗2k−2 (or
Spin(4k+4)). Specifically, an irreducible I∗s2k−3 → I∗2k−2 locus in a 6D model would support
a hypermultiplet of vector (4k+2) matter. As per the discussion in section 4.2, the allowed
u(1) charges are half-integral for ν = 1 and 3 and integral for ν = 0 and 2. Since the vector
representation is real, the sign of the u(1) charge is unimportant. The automorphism
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previously mentioned that exchanges the two spinor representations is still applicable. It
sends the vector representation to itself, but as before it sends ν to its inverse element in Z4.
Thus, the automorphism essentially has no impact on matter in the vector representation,
even though it may change the value of ν for the model.

We need multiple seed models to generate the pseudo-charges corresponding to the
allowed u(1) charges. If we start with a ν = 1 model with (4k + 2) 1

2
matter, we can

generate the 1
2 + 2Z pseudo-charges for ν = 1, the 3

2 + 2Z pseudo-charges for ν = 3, the
odd integral pseudo-charges for ν = 2, and the even integral pseudo-charges for ν = 0.
By the automorphism, this same model also gives us the 3

2 + 2Z pseudo-charges for ν = 1
and the 1

2 + 2Z pseudo-charges for ν = 3. This leaves us with the odd ν = 0 and even
ν = 2 pseudo-charges. The odd ν = 0 pseudo-charges can be obtained from a ν = 0
model admitting (4k + 2)1 matter. In the process, we can also obtain the even ν = 0
pseudo-charges, providing us an additional check on some of the data generated from the
ν = 1 model.

Obtaining the even ν = 2 pseudo-charges is more difficult. Starting with a ν = 2
model admitting (4k + 2)2 matter, we could obtain the even ν = 2 pseudo-charges that
are not multiples of 4. One could use a ν = 2 model with (4k + 2)4 vector matter to
obtain some pseudo-charges that are multiples of 4, but we would still miss those pseudo-
charges that are multiples of 8. In order to obtain pseudo-charges proportional to larger
and larger powers of 2, we need seed models admitting vector matter with larger and
larger u(1) charges. Even obtaining a model admitting (4k+2)2 matter is challenging, let
alone models with higher charges.38 We therefore will not generate any of the even ν = 2
pseudo-charges here.

For the ν = 1 seed models, we use Weierstrass constructions of the form

y2 = x3 − v2
(
3φ2 + fk+1v

k−1
)
xz4 + v3

(
2φ3 + φfk+1v

k−1 + γ2v2k−3
)

(8.34)

and consider models where k varies from 2 to 6. To avoid the additional complications
of a spinor locus, we construct these seed models over an F4 base and let {v = 0} be the
curve of self-intersection −4. This model admits I∗s2k−3 singularities along {v = 0} and a
generating section ŝ with coordinates

[x̂ : ŷ : ẑ] = [φv : γvk : 1] , ŵ = −fk+1v
k+1 . (8.35)

The gauge algebra is therefore so(4k+2)⊕u(1). The locus {v = γ = 0} supports (4k+2) 1
2

matter, while {fk+1 = γ = 0} supports 11 singlet matter. Together, this matter spectrum
satisfies the 6D anomaly cancellation conditions for b̃ = −2KB − 2k+1

4 [v]. This model can
be viewed as either a ν = 1 model or as a ν = 3 model; these two options are related by
the automorphism discussed previously.

38If we take the formulas in section 2.2 at face value, the ẑ component of the section should vanish to
order 2 at the (4k + 2)2 matter locus. The algebraic structure of such models is more complicated, since
it makes use of non-UFD cancellations [57].
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For the ν = 0 seed models, we use Weierstrass constructions of the form

y2 = x3 + σ2
(
−1

3c
2
2,1 + c3,0σ

k−1c1,k+1 −
1
4σ

2k−2
(
b2

2,k + 4c0,2k+1σ
))
xz4

+ σ3

108
[
8c3

2,1 + 9σ2k−3
(
3σ2c2

1,k+1 −
(
2σc2,1 − 3c2

3,0

)(
b2

2,k + 4c0,2k+1σ
))

− 36c2,1c3,0c1,k+1σ
k−1

]
z6 ,

(8.36)

and we let k vary from 2 to 6. We no longer assume that the base is F4.39 Again, there
are I∗s2k−3 singularities along {σ = 0}, and the model admits a generating section ŝ with
coordinates

[x̂ : ŷ : ẑ] =
[
c2

3,0 −
2
3σc2,1 : −c3

3,0 + σc2,1c3,0 −
1
2σ

k+1c1,k+1 : 1
]
, (8.37)

ŵ = 3c4
3,0 − 4σc2,1c

2
3,0 + σ2c2

2,1 + c3,0σ
k+1c1,k+1 −

1
4σ

2k
(
b2

2,k + 4c0,2k+1σ
)
. (8.38)

The codimension-two locus {σ = c3,0 = 0} supports (4k + 2)1 matter, while the
codimension-two locus {σ = b2,k = 0} supports (4k + 2)0 matter. When k = 2, the
locus {σ = c2,1 = 0} supports 160 matter, and after including the contributions from
singlets and uncharged adjoints, the spectrum satisfies the 6D anomaly cancellation con-
ditions with b̃ = −2KB. When m > 2, (f, g,∆) vanish at least to orders (4, 6, 12) at
{σ = c2,1 = 0}, making it difficult to determine the matter associated with this locus and
its contribution to the so(4k + 2) anomaly conditions. However, if we assume that any
matter contributions at {σ = c2,1 = 0} are uncharged under the u(1), just as was the case
for k = 2, the rest of the spectrum (including singlets) satisfies the u(1) anomaly cancella-
tion conditions with b̃ = −2KB. Since we are only interested in the {σ = c3,0 = 0} vector
locus, we proceed with this construction in spite of the codimension-two (4, 6, 12) locus.
As confirmation that this (4, 6, 12) locus does not cause significant issues, we can verify
that the results for the even pseudo-charges found from the ν = 0 construction agree with
those found from the ν = 1 construction.

We now use these constructions to generate so(4k+2)⊕u(1) models for k ranging from
2 to 6 and find the orders of vanishing associated with the various vector pseudo-charges.
We do not list the orders of vanishing at codimension one for the sake of brevity, but they
are all given by

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord2(ŵ)) = ~τSpin(4k+2)(ν) . (8.39)

The orders of vanishing at codimension two are listed in table 18. If we let

µ = (2q − ν)4 + 2q2 , (8.40)

all of these numbers follow the formulas

ord2(ẑ) = 1
2
(
q2 + TSpin(4k+2)(ν)− TSpin(4k+4)(µ)

)
(8.41)

39In fact, if the base is F4 and {σ = 0} has self-intersection -4, the parameter c3,0 is forced to be
proportional to σ, and the gauge algebra enhances.
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ν |q| so(10) so(14) so(18) so(22) so(26)

0

1 (1, 2, 0, 2) (1, 2, 0, 2) (1, 2, 0, 2) (1, 2, 0, 2) (1, 2, 0, 2)
2 (4, 6, 2, 8) (4, 6, 2, 8) (4, 6, 2, 8) (4, 6, 2, 8) (4, 6, 2, 8)
3 (9, 14, 4, 18) (9, 14, 4, 18) (9, 14, 4, 18) (9, 14, 4, 18) (9, 14, 4, 18)
4 (16, 24, 8, 32) (16, 24, 8, 32) (16, 24, 8, 32) (16, 24, 8, 32) (16, 24, 8, 32)
5 (25, 38, 12, 50) (25, 38, 12, 50) (25, 38, 12, 50) (25, 38, 12, 50) (25, 38, 12, 50)
6 (36, 54, 18, 72) (36, 54, 18, 72) (36, 54, 18, 72) (36, 54, 18, 72) (36, 54, 18, 72)
7 (49, 74, 24, 98) (49, 74, 24, 98) (49, 74, 24, 98) (49, 74, 24, 98) (49, 74, 24, 98)
8 (64, 96, 32, 128) (64, 96, 32, 128) (64, 96, 32, 128) (64, 96, 32, 128) (64, 96, 32, 128)
9 (81, 122, 40, 162) (81, 122, 40, 162) (81, 122, 40, 162) (81, 122, 40, 162) (81, 122, 40, 162)
10 (100, 150, 50, 200) (100, 150, 50, 200) (100, 150, 50, 200) (100, 150, 50, 200) (100, 150, 50, 200)
11 (121, 182, 60, 242) (121, 182, 60, 242) (121, 182, 60, 242) (121, 182, 60, 242) (121, 182, 60, 242)
12 (144, 216, 72, 288) (144, 216, 72, 288) (144, 216, 72, 288) (144, 216, 72, 288) (144, 216, 72, 288)

1 or 3

1
2 (1, 3, 0, 3) (1, 4, 0, 4) (1, 5, 0, 5) (1, 6, 0, 6) (1, 7, 0, 7)
3
2 (3, 6, 1, 7) (3, 7, 1, 8) (3, 8, 1, 9) (3, 9, 1, 10) (3, 10, 1, 11)
5
2 (7, 12, 3, 15) (7, 13, 3, 16) (7, 14, 3, 17) (7, 15, 3, 18) (7, 16, 3, 19)
7
2 (13, 21, 6, 27) (13, 22, 6, 28) (13, 23, 6, 29) (13, 24, 6, 30) (13, 25, 6, 31)
9
2 (21, 33, 10, 43) (21, 34, 10, 44) (21, 35, 10, 45) (21, 36, 10, 46) (21, 37, 10, 47)
11
2 (31, 48, 15, 63) (31, 49, 15, 64) (31, 50, 15, 65) (31, 51, 15, 66) (31, 52, 15, 67)
13
2 (43, 66, 21, 87) (43, 67, 21, 88) (43, 68, 21, 89) (43, 69, 21, 90) (43, 70, 21, 91)
15
2 (57, 87, 28, 115) (57, 88, 28, 116) (57, 89, 28, 117) (57, 90, 28, 118) (57, 91, 28, 119)
17
2 (73, 111, 36, 147) (73, 112, 36, 148) (73, 113, 36, 149) (73, 114, 36, 150) (73, 115, 36, 151)
19
2 (91, 138, 45, 183) (91, 139, 45, 184) (91, 140, 45, 185) (91, 141, 45, 186) (91, 142, 45, 187)
21
2 (111, 168, 55, 223) (111, 169, 55, 224) (111, 170, 55, 225) (111, 171, 55, 226) (111, 172, 55, 227)
23
2 (133, 201, 66, 267) (133, 202, 66, 268) (133, 203, 66, 269) (133, 204, 66, 270) (133, 205, 66, 271)
25
2 (157, 237, 78, 315) (157, 238, 78, 316) (157, 239, 78, 317) (157, 240, 78, 318) (157, 241, 78, 319)

2

1 (2, 3, 1, 4) (2, 3, 1, 4) (2, 3, 1, 4) (2, 3, 1, 4) (2, 3, 1, 4)
3 (10, 15, 5, 20) (10, 15, 5, 20) (10, 15, 5, 20) (10, 15, 5, 20) (10, 15, 5, 20)
5 (26, 39, 13, 52) (26, 39, 13, 52) (26, 39, 13, 52) (26, 39, 13, 52) (26, 39, 13, 52)
7 (50, 75, 25, 100) (50, 75, 25, 100) (50, 75, 25, 100) (50, 75, 25, 100) (50, 75, 25, 100)
9 (82, 123, 41, 164) (82, 123, 41, 164) (82, 123, 41, 164) (82, 123, 41, 164) (82, 123, 41, 164)
11 (122, 183, 61, 244) (122, 183, 61, 244) (122, 183, 61, 244) (122, 183, 61, 244) (122, 183, 61, 244)

Table 18. Codimension-two orders of vanishing of (x̂, ŷ, ẑ, ŵ) for various pseudo-charges q of
so(4k + 2) ⊕ u(1) vector matter. This matter is supported at I∗s2k−3 → I∗s2k−2 loci. The data are
found using the constructions in eqs. (8.34) and (8.36).

and

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4) ord2(ẑ) + ~τSpin(4k+4)(µ) . (8.42)

Since the center of Spin(2n) has dSpin(2n) = 4 elements, these formulas exactly agree with
the expectations from section 2.2.
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8.4 Vector representation of so(4k)

We now turn to the vector representation of so(4k). Previously, we used the triality of
so(8) to determine the orders of vanishing for 8v matter from those for 8s and 8c matter.
We can no longer use this triality for k > 2, so we must separately analyze vector matter
for these cases. The vector representation of so(4k) occurs at codimension-two loci where
the singularity type enhances from I∗s2k−4 (or Spin(4k)) to I∗2k−3 (or Spin(4k + 2)). In 6D
models, an irreducible locus of this type supports a hypermultiplet of 4k matter. Just
as for the so(4k + 2) vector representation, the allowed u(1) charges for the so(4k) vector
representation are half-integral for ν = 1, 3 and integral for ν = 0, 2. And because the
vector representation is real, the sign of the u(1) charge is unimportant for vector matter.
The automorphism for so(4k) does not affect the vector matter but exchanges ν = 1
and ν = 3.

We again need multiple models to generate a representative sample of pseudo-charges.
If we start with a ν = 1 model with 4k 1

2
matter, one can obtain all the half-integral ν = 1

pseudo-charges and all the integral ν = 0 pseudo-charges by examining multiples of the
generating section. By the automorphism, this same model can be viewed as a ν = 3
model with 4k 1

2
matter, and the ν = 1 pseudo-charges can equivalently be viewed as ν = 3

pseudo-charges. Therefore, we can obtain all of the half-integral ν = 3 pseudo-charges
from this same construction. This leaves us with the ν = 2 pseudo-charges. Starting with
a ν = 2 seed model with 4k1 matter, which can be constructed relatively easily, we can get
all of the odd ν = 2 pseudo-charges. This also gives us an alternative method of generating
the even ν = 0 pseudo-charges. Obtaining the even pseudo-charges with ν = 2 is more
difficult: in order to get a pseudo-charge proportional to 2j , we would need a seed model
admitting 4k2j matter. Therefore, we only generate the odd ν = 2 pseudo-charges here.

For the ν = 1 seed models, we consider constructions over an F4 base given by the
Weierstrass model

y2 = x3 − v2
(
3φ2 + fkv

k−2
)
xz4 + v3

(
2φ3 + φfkv

k−2 + γ2v2k−3
)
, (8.43)

where {v = 0} is a curve in F4 of self-intersection −4. We let k vary from 3 to 5.40 The
model has I∗s2k−4 singular fibers along {v = 0} and admits a generating section of the form

[x̂ : ŷ : ẑ] =
[
vφ : vkγ : 1

]
, ŵ = −vkfk , (8.44)

implying that the gauge algebra is so(4k)⊕ u(1). The codimension-two locus {v = fk = 0}
supports 4k 1

2
matter, while the codimension-two locus {fk = γ = 0} supports 11 matter.

The resulting spectra satisfy the 6D anomaly cancellation conditions with b̃ = −2KB− k
2 [v].

By the automorphism, these constructions can alternatively be viewed as ν = 3 model with
the same matter spectra.

40Since we previously determined the orders of vanishing for so(8) vector matter, we do not need to
consider the k = 2 version of this construction.
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For the ν = 2 seed models, we use constructions given by the Weierstrass model

y2 = x3 − v2

3
(
c2

2,1 + 3b2
0,0c0,2k−1v

2k−3 + 3b2
0,0b

2
2,k−1v

2k−4 − 3c3,1c1,kv
k−1

)
xz4

− v3

108
[
− 8c3

2,1 − 9v2k−4
(
b2

0,0

(
3vc2

1,k − 8c2,1
(
b2

2,k−1 + vc0,2k−1
))

+ 12vc2
3,1

(
b2

2,k−1 + vc0,2k−1
))

+ 36c2,1c3,1v
k−1c1,k

]
z6 .

(8.45)

Again, we construct these elliptic fibrations over an F4 base and take {v = 0} to be a curve
of self-intersection −4. We also let k run from 3 to 5. There are I∗s2k−4 singularities along
{v = 0}, and the Weierstrass model admits a generating section with components

x̂ = v

3
(
3vc2

3,1 − 2b2
0,0c2,1

)
,

ŷ = v2

2
(
2b2

0,0c2,1c3,1 − b4
0,0c1,kv

k−2 − 2vc3
3,1

)
,

ẑ = b0,0 ,

ŵ = −v2
(
− b4

0,0c
2
2,1 + 4vb2

0,0c2,1c
2
3,1 − 3v2c4

3,1 − b4
0,0c3,1v

k−1c1,k

+ b6
0,0v

2k−4b2
2,k−1 + b6

0,0c0,2k−1v
2k−3

)
.

(8.46)

Thus, the gauge algebra is so(4k)⊕u(1).41 The model supports 4k1 matter at {v = b0,0 = 0}
and 4k0 matter at {v = b2,k−1 = 0}. After accounting for charged singlets, this spectrum
satisfies the anomaly cancellation conditions for b̃ = −2KB + 2[b0,0]− [v].

We now construct multiples of the generating sections in these models and find the
orders of vanishing for various pseudo-charges q of 4k vector matter. We do not list the
codimension-one orders of vanishing here for brevity, but the generated data for k = 2
through 5 satisfy the equations

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τSpin(4k)(ν) . (8.47)

The codimension-two orders of vanishing for k = 3 through 5 are listed in table 19; for
k = 2, we can use the previously determined so(8) data in table 16. If we let

µ = (2q − ν)4 + 2q2 , (8.48)

all of the codimension-two orders of vanishing satisfy the equations

ord2(ẑ) = 1
2
(
q2 + TSpin(4k)(ν)− TSpin(4k+2)(µ)

)
, (8.49)

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τSpin(4k+2)(µ) . (8.50)

Since Spin(2n) has a center with dSpin(2n) = 4 elements, the observed orders of vanishing
agree with the expectations from section 2.2.

41For k = 5, [c0,2m−1] is ineffective. As a result, there is an extra generating section, and the gauge
algebra is so(20)⊕ u(1)⊕ u(1). However, the extra u(1) gauge factor does not affect the discussion and can
be safely ignored.
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ν |q| so(12) so(16) so(20)

0

1 (1, 2, 0, 2) (1, 2, 0, 2) (1, 2, 0, 2)
2 (4, 6, 2, 8) (4, 6, 2, 8) (4, 6, 2, 8)
3 (9, 14, 4, 18) (9, 14, 4, 18) (9, 14, 4, 18)
4 (16, 24, 8, 32) (16, 24, 8, 32) (16, 24, 8, 32)
5 (25, 38, 12, 50) (25, 38, 12, 50) (25, 38, 12, 50)
6 (36, 54, 18, 72) (36, 54, 18, 72) (36, 54, 18, 72)
7 (49, 74, 24, 98) (49, 74, 24, 98) (49, 74, 24, 98)
8 (64, 96, 32, 128) (64, 96, 32, 128) (64, 96, 32, 128)
9 (81, 122, 40, 162) (81, 122, 40, 162) (81, 122, 40, 162)
10 (100, 150, 50, 200) (100, 150, 50, 200) (100, 150, 50, 200)
11 (121, 182, 60, 242) (121, 182, 60, 242) (121, 182, 60, 242)
12 (144, 216, 72, 288) (144, 216, 72, 288) (144, 216, 72, 288)
13 (169, 254, 84, 338) (169, 254, 84, 338) (169, 254, 84, 338)

1 or 3

1
2 (1, 3, 0, 4) (1, 4, 0, 5) (1, 5, 0, 6)
3
2 (3, 6, 1, 8) (3, 7, 1, 9) (3, 8, 1, 10)
5
2 (7, 12, 3, 16) (7, 13, 3, 17) (7, 14, 3, 18)
7
2 (13, 21, 6, 28) (13, 22, 6, 29) (13, 23, 6, 30)
9
2 (21, 33, 10, 44) (21, 34, 10, 45) (21, 35, 10, 46)
11
2 (31, 48, 15, 64) (31, 49, 15, 65) (31, 50, 15, 66)
13
2 (43, 66, 21, 88) (43, 67, 21, 89) (43, 68, 21, 90)
15
2 (57, 87, 28, 116) (57, 88, 28, 117) (57, 89, 28, 118)
17
2 (73, 111, 36, 148) (73, 112, 36, 149) (73, 113, 36, 150)
19
2 (91, 138, 45, 184) (91, 139, 45, 185) (91, 140, 45, 186)
21
2 (111, 168, 55, 224) (111, 169, 55, 225) (111, 170, 55, 226)
23
2 (133, 201, 66, 268) (133, 202, 66, 269) (133, 203, 66, 270)
25
2 (157, 237, 78, 316) (157, 238, 78, 317) (157, 239, 78, 318)

2

1 (2, 3, 1, 4) (2, 3, 1, 4) (2, 3, 1, 4)
3 (10, 15, 5, 20) (10, 15, 5, 20) (10, 15, 5, 20)
5 (26, 39, 13, 52) (26, 39, 13, 52) (26, 39, 13, 52)
7 (50, 75, 25, 100) (50, 75, 25, 100) (50, 75, 25, 100)
9 (82, 123, 41, 164) (82, 123, 41, 164) (82, 123, 41, 164)
11 (122, 183, 61, 244) (122, 183, 61, 244) (122, 183, 61, 244)
13 (170, 255, 85, 340) (170, 255, 85, 340) (170, 255, 85, 340)

Table 19. Codimension-two orders of vanishing of (x̂, ŷ, ẑ, ŵ) for various pseudo-charges q of
so(4k) ⊕ u(1) vector matter. This matter is supported at I∗s2k−4 → I∗2k−3 loci. The data are found
using the constructions in equations (8.43) and (8.45).
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8.5 Connection to EDS valuations

We can now show that the formulas for EDS valuations in [1] reproduce the patterns for
so(4k) and so(4k + 2) models proposed in section 2.2 and observed in this section. As
described in section 7.4, for each seed model, we should subtract the EDS valuations for
the codimension-one behavior from those for the codimension-two behavior. The resulting
numbers should agree with the observed ord2(ẑ) values for multiples of the seed model’s
generating section admitting the appropriate pseudo-charges.

There are five singularity types that need to be considered for the so representations
discussed above. Some of the EDS valuations for I∗2k−3 singularities were calculated in
section 7.4 when analyzing the antisymmetric representation of su(2k + 1); the remaining
ones are calculated in appendix C.2. Those for the I∗2k−4, IV∗, III∗, and II∗ singularity types
are respectively calculated in appendix C.1, appendix C.3, appendix C.4, and appendix C.5.
Having found the EDS valuations for these different singularity types, we can show how to
reproduce the ord2(ẑ) formulas for the so(2n) representations.

Vectors of so(4k + 2). We considered two different seed models for the (4k + 2)q
representation of so(4k+ 2)⊕u(1), so we must determine the EDS valuations for these two
models separately. We start with the ν = 1 seed model. The generating section components
(x̂, ŷ, ẑ, ŵ) vanish to orders (1, k, 0, k + 1) along the codimension-one locus supporting the
so(4k + 2). The EDS valuations corresponding to the codimension-one behavior are given
by eq. (7.51) with n replaced with 2k + 1 and s set to 1:

v(W (1)
m ) = 2k + 1

8 m2 − 1
2


0 4 | m
1 (2 | m) and (4 - m)
2k+1

4 (2 - m)
(8.51)

At the codimension-two locus supporting the seed model’s (4k+2) 1
2
matter, the generating

section components (x̂, ŷ, ẑ, ŵ) vanish to orders (1, k + 1, 0, k + 1). The EDS valuations
corresponding to the codimension-two behavior are therefore given by eq. (C.5) with n

replaced by 2k + 2:

v(W (2)
m ) = 2k + 2

8 m2 − 1
2

0 2 | m
2k+2

4 2 - m
. (8.52)

The difference between these two sequences of EDS valuations is

v(W (2)
m )− v(W (1)

m ) = 1
2

1
4m

2 +


0 4 | m
1 (2 | m) and (4 - m)
2k+1

4 (2 - m)
−

0 2 | m
2k+2

4 2 - m

 (8.53)

Using the relations

q = m

2 , ν = m4 , µ = (2q − ν)4 + 2q2 = m2 , (8.54)

we can rewrite this as

v(W (2)
m )− v(W (1)

m ) = 1
2
(
q2 + TSO(4k+2)(ν)− TSO(4k+4)(µ)

)
. (8.55)
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The right-hand side of this expression exactly matches the expected formula for ord2(ẑ)
from the proposals, and the formula agrees with the observed orders of vanishing.

For the ν = 0 seed model, the generating section components (x̂, ŷ, ẑ, ŵ) vanish to
orders (0, 0, 0, 0) at the codimension-one locus supporting the so(4k + 2) factor. Because
all the generating section components vanish to order 0, the EDS valuations v(W (1)

m ) are
0. At the codimension-two locus supporting the (4k+ 2)1 matter, the generating section
components (x̂, ŷ, ẑ, ŵ) vanish to orders (1, 2, 0, 2), and the corresponding EDS valuations
v(W (2)

m ) are given by eq. (C.10). We therefore have

v(W (2)
m )− v(W (1)

m ) = v(W (2)
m ) = m2

2 −
1
2

0 2 | m
1 2 - m

. (8.56)

Using the relations

q = m, ν = 0 , µ = (2q − ν)4 + 2q2 = 2m2 , (8.57)

this can be rewritten as

v(W (2)
m )− v(W (1)

m ) = 1
2
(
q2 + TSO(4k+2)(ν)− TSO(4k+4)(µ)

)
. (8.58)

Again, the right-hand side agrees with expression for ord2(ẑ) expected from the proposals
and reproduces the observed orders of vanishing.

Vectors of so(4k). We considered two different seed models for the 4kq representation
of so(4k)⊕u(1), so we need to perform separate EDS analyses for each of these models. We
start with the ν = 1 seed model. Along the codimension-one locus supporting the so(4k)
gauge factor, the generating section components (x̂, ŷ, ẑ, ŵ) vanish to orders (1, k, 0, k).
Therefore, the EDS valuations corresponding to the codimension-one behavior are given
by eq. (C.5) with n set to 2k:

v(W (1)
m ) = 2k

8 m2 − 1
2

0 2 | m
2k
4 2 - m

. (8.59)

At the codimension-two locus supporting the 4k1/2 matter, the (x̂, ŷ, ẑ, ŵ) vanish to orders
(1, k, 0, k+ 1), and the EDS valuations corresponding to the codimension-two behavior are
given by eq. (7.51) with n set to 2k + 1 and s set to 1:

v(W (2)
m ) = 2k + 1

8 m2 − 1
2


0 4 | m
1 (2 | m) and (4 - m)
2k+1

4 (2 - m)
. (8.60)

Using the relations42

q = m

2 , ν = m2 , µ = (2q − ν)4 + 2q2 = m4 , (8.61)

42We are free to use either ν = m2, µ = m4 or ν = 3m2, µ = 3m4, as the two options are related by the
automorphism. One obtains similar results with either choice.
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one can write the difference of the two EDS valuations as

v(W (2)
m )− v(W (1)

m ) = 1
2
(
q2 + TSO(4k)(ν)− TSO(4k+2)(µ)

)
. (8.62)

The right-hand side agrees with the expected formula for ord2(ẑ) from the proposals and
reproduces the observed order of vanishing data.

For the ν = 2 seed model, the generating section components (x̂, ŷ, ẑ, ŵ) vanish to
orders (1, 2, 0, 2) along the codimension-one locus supporting the so(4k) gauge algebra.
The EDS valuations for the codimension-one behavior are therefore given by eq. (C.10):

v(W (1)
m ) = m2

2 −
1
2

0 2 | m
1 2 - m

. (8.63)

At the codimension-two locus supporting the 4k1 matter, (x̂, ŷ, ẑ, ŵ) vanish to orders
(2, 3, 1, 4). The corresponding EDS valuations for this situations are given by eq. (C.16):

v(W (2)
m ) = m2 . (8.64)

If we use the relations

q = m, ν = 2m2 , µ = (2q − ν)4 + 2q2 = 0 , (8.65)

the difference between these two EDS valuations can be written as

v(W (2)
m )− v(W (1)

m ) = 1
2
(
q2 + TSO(4k)(ν)− TSO(4k)(µ)

)
, (8.66)

in agreement with the proposals.

Spinors of so(8). While we considered only one seed model, given by eq. (8.17), for the
spinors of so(8), we generated data using two different matter loci with distinct charges.
We need to perform the EDS analysis separately for each of these loci. The codimension-
one EDS valuations are the same for both these loci and are given by eq. (C.10). The
codimension-two EDS valuations, however, are different for the two cases.

At the loci {σ = c2,1 ± b0,0b2,1 = 0}, which support matter with u(1) charge 1
2 ,

the generating section components (x̂, ŷ, ẑ, ŵ) vanish to orders (1, 2, 0, 3). Therefore, the
codimension-two orders of vanishing are described by eq. (7.51) with n = 5 and s = 1, and
we have

v(W (2)
m )− v(W (1)

m ) = 1
2

1
4m

2 −


0 4 | m
1 (2 | m) and (4 - m)
5
4 m - 2

+

0 2 | m
1 (2 - m)

 . (8.67)

If we note that q = m/2 and use the appropriate expressions for ν and µ, this formula
reproduces the ord2(ẑ) given in tables 16b and 16c and agrees with the proposed formulas
in section 2.2.
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At the locus {σ = b0,0 = 0}, which supports matter with u(1) charge 1, the generating
section components (x̂, ŷ, ẑ, ŵ) vanish to orders (2, 3, 1, 4). The EDS valuations for this
situation, calculated in appendix C.2, are given by v(W (2)

m ) = m2. Therefore

v(W (2)
m )− v(W (1)

m ) = 1
2

m2 +

0 2 | m
1 (2 - m)

 . (8.68)

Noting that q = m and that µ = 0 for this seed model, this expression again agrees with
the proposals and the observed ord2(ẑ) values.

Spinors of so(10). For the spinors of so(10), we considered a single seed model given by
eq. (8.2). The section components (x̂, ŷ, ẑ, ŵ) vanish to orders (1, 2, 0, 3) at the codimension-
one locus supporting the I∗s1 singularities and to orders (2, 2, 0, 3) at the codimension-two
locus supporting the 16− 1

4
matter. To show the connection to EDS valuations, we should

subtract the EDS valuations for I∗1 singularities in eq. (7.51) (with n = 5, s = 1) from those
for IV∗ singularities in eq. (C.22):

v(W (2)
m )− v(W (1)

m ) =

2
3m

2 −

0 3 | m
2
3 3 - m



−

5
8m

2 − 1
2


0 4 | m
1 (2 | m) and (4 - m)
5
4 (2 - m)



= 1
2

 1
12m

2 +


0 m4 = 0
1 m4 = 2
5
4 m4 = 1, 3

−

0 m3 = 0
4
3 m3 = 1, 2

 .

(8.69)

Then, if we let
m = −4q , ν = m4 , µ = (−m)3 = 4q3 , (8.70)

we find that

v(W (2)
m )− v(W (1)

m ) = 1
2

4
3q

2 +


0 ν = 0
1 ν = 2
5
4 ν = 1, 3

−

0 µ = 0
4
3 µ = 1, 2

 , (8.71)

exactly in agreement with the proposed formula for ord2(ẑ).

Spinors of so(12). For the spinors of so(12), we considered only one seed model given by
eq. (8.27). At the codimension-one locus supporting the I∗2 singularities, the section compo-
nents (x̂, ŷ, ẑ, ŵ) vanish to orders (1, 3, 0, 3). Therefore, the EDS valuations corresponding
to the codimension-one behavior are given by eq. (C.5) with n = 6:

v(W (1)
m ) = 6

8m
2 − 1

2

0 2 | m
6
4 2 - m

. (8.72)
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At the codimension-two III∗ locus supporting the 32′1
2
⊕11 matter, the section components

vanish to orders (2, 3, 1, 4). The EDS valuations corresponding to the codimension-two be-
havior, which are calculated in appendix C.4.1, are given by v(W (2)

m ) = m2. The difference
of the EDS valuations is given by

v(W (2)
m )− v(W (1)

m ) = 1
2

1
2m

2 +

0 2 | m
3
2 2 - m

 . (8.73)

After noting that q = m
2 , ν = m2 or 3m2, and µ = 0, we can rewrite this expression as

v(W (2)
m )− v(W (1)

m ) = 1
2
(
2q2 + TSO(12)(ν)− TE7(µ)

)
. (8.74)

Thus, we have recovered the expected expression for ord2(ẑ) from section 2.2.

Spinors of so(14). For the spinors of so(14), we considered a single seed model de-
scribed by eq. (8.9). The (x̂, ŷ, ẑ, ŵ) sections components vanish to orders (1, 3, 0, 4) at the
codimension-one so(14) locus and to orders (2, 3, 1, 4) at the codimension-two II∗ matter
locus. We therefore subtract the EDS valuation for I∗3 singularities given in eq. (7.51) (with
n = 7 and s = 1) from those for II∗ singularities in eq. (C.44):

v(W (2)
m )− v(W (1)

m ) = m2 −

7
8m

2 − 1
2


0 4 | m
1 (2 | m) and (4 - m)
7
4 (2 - m)



= 1
8m

2 + 1
2


0 m4 = 0
1 m4 = 2
7
4 m4 = 1, 3

.

(8.75)

Letting
m = 4q , ν = m4 , µ = 0 , (8.76)

we find that

v(W (2)
m )− v(W (1)

m ) = 1
2

4q2 + 1
2


0 ν = 0
1 ν = 2
7
4 ν = 1, 3

 , (8.77)

exactly in agreement with the formula for ord2(ẑ) expected from the proposals.

9 Representations of e6 ⊕ u(1)

For models with e6 ⊕ u(1) gauge algebras, we are primarily interested in matter in the
27 representation of e6. Such matter occurs at the intersection of the codimension-one
IV∗ locus supporting the e6 gauge algebra with the residual I1 discriminant locus. The
singularity type enhances to III∗ at this codimension-two locus, or E7 in the terms of ADE
groups. The center of E6 is Z3, whose elements we denote by ν = 0, 1, 2. For a gauge
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group with a quotient involving the ν element of the center, the allowed u(1) charges for
27 matter are then

ν

3 + j for j ∈ Z . (9.1)

In other words, a model with an e6⊕ u(1) gauge algebra can support 27q matter when the
gauge group quotient involves the element

ν = 3q3 , (9.2)

of the E6 center. The allowed charges for ν = 1 and ν = 2 are equivalent up to a sign, as
discussed in section 4.3.

To find the orders of vanishing for the 27 charges, we can start with the Weierstrass
model

y2 = x3 + σ3f3xz
4 + σ4

(
y2

2 − f3σx2 − x3
2σ

2
)
z6 , (9.3)

which admits the section ŝ with coordinates

[x̂ : ŷ : ẑ] =
[
σ2x2 : σ2y2 : 1

]
, ŵ = σ3

(
f3 + 3x2

2σ
)
. (9.4)

The f and g of the Weierstrass model are respectively proportional to σ3 and σ4, and the
order σ4 term in g is a perfect square. We therefore have an e6 gauge factor tuned along
{σ = 0}. Including the u(1) generated by the section above, the gauge algebra is e6⊕ u(1).
This model is in fact equivalent to the Q(3, 2, 2, 1, 0, 1, 2) model of [43] with b0,0 set to 1.
By comparison to the spectrum given there, we can determine that the model supports
271/3 matter at {σ = y2 = 0} and that ν = 1. (Alternatively, we can take ν to be 2 and
say that {σ = y2 = 0} supports 27−1/3 matter.) There is also 11 matter supported at
{y2 = f3 + 3x2

2σ = 0}. For a 6D F-theory model constructed from this elliptic fibration,
this matter spectrum, together with the 1+ 1

2 [σ] ·(KB+[σ]) hypermultiplets of 780 matter,
satisfies the anomaly cancellation conditions with b̃ = −2KB − 4

3 [σ]. The gauge group is
therefore (E6×U(1))/Z3.

The sections mŝ realize pseudo-charge m/3 at the 27 locus {σ = y2 = 0} with ν = m3,
giving us information about the orders of vanishing at 27q loci for all of the allowed charges.
table 20 lists the orders of vanishing at {σ = 0} at {σ = y2 = 0} for some of these pseudo-
charges. The codimension-one orders of vanishing for a pseudo-charge q, which would
correspond to a quotient involving the ν = 3q3 element of the center, are described by
the formula

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τE6(ν) . (9.5)

And if we let
µ = 3q2 , (9.6)

the codimension-two orders of vanishing follow the expressions

ord2(ẑ) = 1
2

(3
2q

2 + TE6(ν)− TE7(µ)
)

(9.7)

and
(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τE7(µ) . (9.8)
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|q| ν Codimension One Codimension Two
1
3 1 or 2 (2, 2, 0, 3) (2, 3, 0, 3)
2
3 1 or 2 (2, 2, 0, 3) (2, 3, 1, 4)
1 0 (0, 0, 0, 0) (2, 3, 0, 3)
4
3 1 or 2 (2, 2, 0, 3) (4, 6, 2, 8)
5
3 1 or 2 (2, 2, 0, 3) (6, 9, 2, 11)
2 0 (0, 0, 0, 0) (6, 9, 3, 12)
7
3 1 or 2 (2, 2, 0, 3) (10, 15, 4, 19)
8
3 1 or 2 (2, 2, 0, 3) (12, 18, 6, 24)
3 0 (0, 0, 0, 0) (14, 21, 6, 27)
10
3 1 or 2 (2, 2, 0, 3) (18, 27, 9, 36)
11
3 1 or 2 (2, 2, 0, 3) (22, 33, 10, 43)
4 0 (0, 0, 0, 0) (24, 36, 12, 48)
13
3 1 or 2 (2, 2, 0, 3) (30, 45, 14, 59)
14
3 1 or 2 (2, 2, 0, 3) (34, 51, 17, 68)
5 0 (0, 0, 0, 0) (38, 57, 18, 75)
16
3 1 or 2 (2, 2, 0, 3) (44, 66, 22, 88)
17
3 1 or 2 (2, 2, 0, 3) (50, 75, 24, 99)
6 0 (0, 0, 0, 0) (54, 81, 27, 108)
19
3 1 or 2 (2, 2, 0, 3) (62, 93, 30, 123)
20
3 1 or 2 (2, 2, 0, 3) (68, 102, 34, 136)
7 0 (0, 0, 0, 0) (74, 111, 36, 147)
22
3 1 or 2 (2, 2, 0, 3) (82, 123, 41, 164)
23
3 1 or 2 (2, 2, 0, 3) (90, 135, 44, 179)
8 0 (0, 0, 0, 0) (96, 144, 48, 192)

Table 20. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) for combinations of ν and 27 pseudo-charges q
at codimension one and codimension two. These data are found by calculating multiples of the
generating section (9.4) for the e6 ⊕ u(1) Weierstrass model in eq. (9.3).

Since dE6 = 3 and dE7 = 2, these formulas are in exact agreement with the proposals from
section 2.2. We expect that the generating section components should vanish to these same
orders at genuine 27q loci in e6 ⊕ u(1) models.

9.1 Connection to EDS valuations

Because all of the allowed combinations of ν and pseudo-charge can be obtained from
multiples of the generating section ŝ, we expect that eq. (9.7) should agree with formulas
in [1] describing the valuations of elliptic divisibility sequences. As with our previous
examples, we must consider two sets of EDS valuations: v(W (1)

m ) for the codimension-one
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singularity type and v(W (2)
m ) for the codimension-two singularity type. The EDS valuations

for the codimension-one IV∗ singularity type are calculated in appendix C.3 and are given
by eq. (C.22):

v(W (1)
m ) = 2

3m
2 −

0 3 | m
2
3 3 - m

. (9.9)

The EDS valuations for the codimension-two III∗ singularities, meanwhile, are calculated
in appendix C.4.2, and are given by eq. (C.36):

v(W (2)
m ) = 3

4m
2 −

0 2 | m
3
4 2 - m

. (9.10)

The orders of vanishing of ẑ at codimension-two for multiples mŝ of the generating
section ŝ should then be given by v(W (2)

m )− v(W (1)
m ):

ord2(ẑ) = 3
4m

2 − 2
3m

2 −

0 2 | m
3
4 2 - m

+

0 3 | m
2
3 3 - m

. (9.11)

Sincemŝ admits pseudo-charge q = m
3 for the 27 matter, this expression can be rewritten as

ord2(ẑ) = 3
4q

2 −

0 2 | (3q)
3
4 2 - (3q)

+

0 3 | (3q)
2
3 3 - (3q)

. (9.12)

Recalling that ν = 3q3 and that µ = 3q2, this formula exactly matches eq. (9.7), as ex-
pected.

10 Representations of e7 ⊕ u(1)

For models with e7 ⊕ u(1) gauge algebras, we are mostly interested in matter in the 56
representation. The center of E7 is Z2, whose elements we denote as ν = 0, 1. As discussed
in section 4.3, when the quotient involves the ν element of the center, the allowed u(1)
charges for 56 matter are

ν

2 + j for j ∈ Z . (10.1)

In other words, a model with an e7⊕ u(1) gauge algebra can support 56q matter when the
quotient involves the element of the center corresponding to

ν = 2q2 . (10.2)

In F-theory models, 56 matter occurs at codimension-two loci where the singularity
type enhances from III∗ to II∗. Phrased in the ADE language, the singularity type enhances
from E7 to E8. The 56 representation is pseudoreal, and if the supported 56 matter is
uncharged under the u(1), it can be realized as half-hypermultiplets in 6D models. The
fibers at such loci would take the shape of an incompletely resolved E8 diagram [71, 93].
However, if the 56 matter has a nonzero u(1) charge, the total representation, which in-
cludes the u(1) charge, is no longer pseudoreal. Therefore, 56q matter can only come in full

– 86 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

hypermultiplets in 6D when q is nonzero, and the fibers at the corresponding codimension-
two loci form completely resolved E8 diagrams. Since we are almost exclusively interested
in u(1)-charged 56 matter, we primarily deal with full hypermultiplets. The pseudoreal
nature of the 56 representation also implies that, in line with the arguments in section 5.1,
the sign of the u(1) charge is unimportant for 56 matter.

The codimension-two II∗ loci admitting complete resolutions support both 56 and
singlet matter. Specifically, in 6D models, an irreducible codimension-two locus with a
completely resolvable II∗ singular fiber supports a full hypermultiplet of 56 matter and a
full hypermultiplet of singlet matter. Just as was the case for the spinors of so(12), the
appearance of this extra singlet can be understood using the Katz-Vafa method and the
following branching rule:

E8 → E7× SU(2) ,
248→ (133,1)⊕ (56,2)⊕ (1,3) .

(10.3)

The (56,2) degrees of freedom combine to form the full hypermultiplet of 56 matter. The
singlet hypermultiplet is formed by the degrees of freedom corresponding to the positive
and negative roots of the (1,3) in this decomposition.

This additional singlet can also have a u(1) charge, raising the question of how this
singlet’s charge compares to the charge of the 56 matter. In the resolved E8 fiber at the
codimension-two locus, there are two curves, γ+ and γ−, which represent the highest 56
weights in the (56,2) of the decomposition. The u(1) charges for these 56 weights should
be negatives of each other, implying that

q56 = σ(ŝ) · γ+ = −σ(ŝ) · γ− , (10.4)

where ŝ is the generating section for the u(1). These two weights are also the highest and
lowest weights of an su(2) fundamental, so the curves are related by

γ+ = γ− + c . (10.5)

The curve c represents a root of the (1,3) part of the decomposition, and it corresponds
to the singlet matter. The charge of this singlet is

q1 = σ(ŝ) · c = σ(ŝ) · γ+ − σ(ŝ) · γ− = 2σ(ŝ) · γ+ = 2q56 . (10.6)

In other words, the charge of the singlet supported at the II∗ locus should be twice that
of 56 matter. Since the singlet representation is real, the arguments in section 5.1 suggest
that the sign of the singlet charge does not matter.

We can now investigate how the orders of vanishing of the section components encode
the charges of the 56 matter and the associated singlet. We start with the Weierstrass
model

y2 = x3 − 1
3σ

3
(
3b2c0,3 + σ

(
c2

2,2 − 3c1,3c3,1
))
xz4

+ 1
108σ

5
(
9b2
(
3c2

1,3σ − 8c0,3c2,2
)

+ 4
(
27c0,3c

2
3,1 − 9c1,3c2,2c3,1σ + 2c3

2,2σ
))
z6 ,

(10.7)
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which admits a generating section ŝ with components

z
[x̂ : ŷ : ẑ] =

[
c2

3,1σ
2 − 2

3b
2c2,2σ

2 : −1
2σ

3
(
b4c1,3 − 2b2c2,2c3,1 + 2c3

3,1

)
: b
]
,

ŵ = −σ3
(
b6c0,3 − b4c2

2,2σ − b4c1,3c3,1σ + 4b2c2,2c
2
3,1σ − 3c4

3,1σ
)
.

(10.8)

This model is equivalent to the Q(3, 3, 2, 1, 0, 1, 2) model of [43] after trivial redefinitions
of the parameters. It supports an e7 gauge algebra along {σ = 0}. In 6D F-theory models
constructed from this elliptic fibration, the codimension-two locus {σ = b = 0} supports
full hypermultiplets of 561/2 ⊕ 11 matter, in line with the observations in [43]. The model
also supports 12 hypermultiplets at {b = c3,1 = 0} and 11 hypermultiplets at{

ŷ

σ3 = ŵ

σ3 = 0
}
\{b = c3,1 = 0} . (10.9)

While f and g vanish to orders 4 and 6 at the codimension-two locus {σ = c0,3 = 0}, one
can avoid the problems created by this locus by choosing the classes of the parameters such
that [σ] · [c0,3] = 0. For instance, one can choose the divisor classes such that [c0,3] = 0,
in which case [b] = −2KB − 3

2 [σ]. In this situation, one can verify that the charged
matter spectrum satisfies the gauge and mixed gauge-gravitational anomaly cancellation
conditions with b̃ = −2KB + 2[b] − 3

2 [σ]. From the u(1) charge of the 56 matter, one can
see that the generating section, and therefore the model as a whole, has ν = 1.

We now consider multiples of the generating section ŝ. The 56 matter at {σ = b = 0}
would have pseudo-charge q = 1

2m for the section mŝ with ν = m2. The mŝ sections there-
fore give us analogues for all of the possible 56 charges described eq. (10.1). table 21 lists
the orders of vanishing of the mŝ section components for various values of m, which follow
a clear pattern. The codimension-one orders of vanishing are described by the equations

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = ~τE7(ν) . (10.10)

The codimension-two orders of vanishing are given by

ord2(ẑ) = 1
2
(
2q2 + TE7(ν)

)
, (10.11)

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) . (10.12)

The center of E8 is trivial, and µ, TE8(µ), and ~τE8(µ) are all trivial as well. These formulas
therefore agree with the expectations from section 2.2.

10.1 Connection to EDS valuations

Since all of the allowed combinations of ν and pseudo-charge q can be obtained from
multiples of the generating section ŝ, we expect that the formulas for the orders of vanish-
ing above should agree with the formulas for EDS valuations in [1]. As before, we start
by finding the EDS valuations corresponding to the codimension-one behavior and the
codimension-two behavior of eq. (10.7). For the III∗ singularities at codimension-one, the
generating section (10.8) vanishes to orders (2, 2, 0, 3) at {σ = 0}. The corresponding EDS
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|q| ν Codimension One Codimension Two
1
2 1 (2, 3, 0, 3) (2, 3, 1, 4)
1 0 (0, 0, 0, 0) (2, 3, 1, 4)
3
2 1 (2, 3, 0, 3) (6, 9, 3, 12)
2 0 (0, 0, 0, 0) (8, 12, 4, 16)
5
2 1 (2, 3, 0, 3) (14, 21, 7, 28)
3 0 (0, 0, 0, 0) (18, 27, 9, 36)
7
2 1 (2, 3, 0, 3) (26, 39, 13, 52)
4 0 (0, 0, 0, 0) (32, 48, 16, 64)
9
2 1 (2, 3, 0, 3) (42, 63, 21, 84)
5 0 (0, 0, 0, 0) (50, 75, 25, 100)
11
2 1 (2, 3, 0, 3) (62, 93, 31, 124)
6 0 (0, 0, 0, 0) (72, 108, 36, 144)
13
2 1 (2, 3, 0, 3) (86, 129, 43, 172)
7 0 (0, 0, 0, 0) (98, 147, 49, 196)
15
2 1 (2, 3, 0, 3) (114, 171, 57, 228)
8 0 (0, 0, 0, 0) (128, 192, 64, 256)
17
2 1 (2, 3, 0, 3) (146, 219, 73, 292)
9 0 (0, 0, 0, 0) (162, 243, 81, 324)

Table 21. Orders of vanishing of (x̂, ŷ, ẑ, ŵ) for combinations of ν and the 56 pseudo-charge
q at codimension one ({σ = 0}) and codimension two ({σ = b = 0}). These data are found by
calculating multiples of the generating section (10.8) for the e7⊕u(1) Weierstrass model in eq. (10.7);
pseudo-charge q is realized by the section 2qŝ. One should observe the same orders of vanishing in
Weierstrass models supporting 56q ⊕ 12q matter.

valuations are calculated by a procedure similar to that in appendix C.4.2 and are given
by eq. (C.36):

v(W (1)
m ) = 3

4m
2 −

0 2 | m
3
4 2 - m

. (10.13)

For the II∗ singularities at codimension-two, the generating section (10.8) vanishes to orders
(2, 3, 1, 4) at {σ = b = 0}. The codimension-two EDS valuations are calculated by a
procedure similar to that in appendix C.5 and are given by eq. (C.44):

v(W (2)
m ) = m2 . (10.14)

The formula for ord2(ẑ) of the mŝ sections should be given by the difference

v(W (2)
m )− v(W (1)

m ) = 1
4m

2 +

0 2 | m
3
4 2 - m

. (10.15)
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Noting that the section mŝ realizes pseudo-charge q = m
2 for the 56 matter, we should

expect that
ord2(ẑ) = q2 + 3

42q2 = 1
2

(
2q2 + 3

22q2

)
, (10.16)

exactly in agreement with the observed order of vanishing data, eq. (10.11), and the pro-
posals in section 2.2.

11 Matter charged under multiple gauge algebra factors

Up to this point, we have only analyzed situations where the gauge algebra is either u(1)
or g ⊕ u(1), where g is a simple Lie algebra. However, F-theory models can have more
complicated gauge algebras consisting of multiple u(1) and nonabelian factors. Matter in
such models can be charged under many of these factors. For instance, an F-theory model
might have an su(m) ⊕ su(n) ⊕ u(1) ⊕ u(1) gauge algebra and matter in the (m,n)q1,q2

representation. This section focuses on these situations. We divide the analysis into two
parts. We first discuss how to approach situations with matter charged under multiple
u(1) factors. We then turn to matter charged under multiple simple nonabelian factors and
(at least) one u(1). Despite the added complications in these examples, we will see that
the connections between the u(1) charges and orders of vanishing proposed in section 2.2
still hold.

11.1 Multiple u(1) factors

If there are L u(1) factors, the Mordell-Weil rank of the corresponding elliptic fibration
should be L, and each u(1) factor corresponds to a particular generating section. The
formulas in section 2.2 should hold without modification for each generating section. More
specifically, if the nonabelian part of the gauge algebra is simple and nontrivial, each gen-
erating section has an associated integer ν that specifies which component of the resolved
fiber at codimension-one is hit by the section.43 Along the codimension-one locus sup-
porting this nonabelian gauge algebra, the section components for a particular generating
section should vanish to the orders dictated by its ν integer. If some matter has a certain
charge under a particular u(1), the section components for the corresponding generating
section should vanish to the orders proposed in section 2.2 at the matter locus. To de-
termine some matter field’s charge under all of the L u(1) factors, one would apply the
procedures outlined in section 2.2 to each generating section.

Note that there can be different choices for the basis of these u(1)’s when there are
multiple u(1) factors. The u(1) charges of matter can change if one uses a different u(1)
basis. In the elliptic fibration, the basis of u(1) algebras corresponds to the basis of gener-
ating sections. If one changes the u(1) basis, the generating section basis should change as
well, and the new u(1) charges should agree with the orders of vanishing for the new basis
sections as per the rules in section 2.2. Thus, even though the charge spectrum changes

43If the nonabelian part of the gauge algebra is semisimple with K simple nonabelian factors, there are
a total of K × L integers playing the role of ν, one for each combination of generating section and simple
nonabelian factor.

– 90 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

with the u(1) basis, the corresponding change in the basis of sections should ensure that the
formulas in section 2.2 still hold. As long as one maintains a consistent relation between
the u(1) basis and the basis of generating sections, changing the basis of u(1) algebras
should not pose any problems.

Given that the formulas in section 2.2 are essentially unchanged when there are multiple
u(1) factors, we will not extensively discuss examples of this type here. However, section 12
lists some models in the prior F-theory literature with multiple u(1) factors, all of which
agree with the ideas discussed here and in section 2.2.

11.2 Multiple nonabelian factors

Now let us consider the case where the nonabelian part of the gauge algebra has multiple
simple factors. Specifically, suppose the gauge algebra is

K⊕
κ=1

gκ ⊕ u(1) , (11.1)

where each gκ is a simple Lie algebra. As before, we assume that the gκ are all simply-laced.
Because the argument above suggests that the presence of multiple u(1) factors does not
significantly change the analysis, we assume for simplicity that there is only a single u(1)
associated with a generating section ŝ. Each gκ is supported along a codimension-one locus
{σκ = 0} in the base with singular fibers of the appropriate type. We also have integers
νκ describing which resolved fiber component along {σκ = 0} is hit by ŝ. According to
section 2.2, the section components for ŝ should vanish to the orders described by eq. (2.14)
at each of the gκ loci:

ord
σk=0

(ẑ) = 0 ,
(

ord
σk=0

(x̂), ord
σk=0

(ŷ), ord
σk=0

(ŵ)
)

= ~τGκ(νκ) . (11.2)

Here, Gκ is the universal covering group for gκ. Now consider matter that is charged
under multiple gκ and that is supported at the codimension-two intersection locus of the
corresponding {σκ = 0}. If the singularity type enhances at this matter locus to one
associated with the group H, the section components should vanish to the orders specified
by equations (2.15) and (2.16) for some µ in the center of H. The index i in eq. (2.15)
runs over those simple nonabelian algebras under which the matter is charged.

To illustrate these ideas, let us focus on models with su(m) ⊕ su(n) ⊕ u(1) gauge
algebras and matter in the bifundamental (m,n)q representation. At the codimension-two
locus supporting the bifundamental matter, the singularity type enhances from Ism × Isn
(or SU(m) × SU(n)) to Ism+n (or SU(m + n)). If we have integers (νm, νn) describing the
fiber components hit by ŝ, then the allowed u(1) charges for this bifundamental matter are
given by

νm
m
− νn

n
+ j for j ∈ Z . (11.3)

According to the formulas in section 2.2, the section components of ŝ should vanish to the
orders

ord
σm=0

(ẑ) = 0 ,(
ord
σm=0

(x̂), ord
σm=0

(ŷ), ord
σm=0

(ŵ)
)

= ~τSU(m)(νm) = (0, 1, 1)× um(νm)
(11.4)
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at the codimension-one locus {σm = 0} supporting the su(m) algebra and to the orders

ord
σn=0

(ẑ) = 0 ,(
ord
σn=0

(x̂), ord
σn=0

(ŷ), ord
σn=0

(ŵ)
)

= ~τSU(n)(νn) = (0, 1, 1)× un(νn)
(11.5)

at the codimension-one locus {σn = 0} supporting the su(n) algebra. At the matter locus,
the ẑ component of the generating section should vanish to order

ord2(ẑ) = 1
2

(
mn

m+ n
q2 + TSU(m)(νm) + TSU(n)(νn)− TSU(m+n)(µ)

)
= 1

2

(
mn

m+ n
q2 + νm(m− νm)

m
+ νn(n− νn)

n
− µ(m+ n− µ)

m+ n

)
,

(11.6)

where µ is an integer representing an element of the center of SU(m+n). Additionally, we
would expect that

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + ~τSU(m+n)(µ) (11.7)

One can verify that this formula gives integral ord2(ẑ) if

µ =
(
mq + νn + m

n
νn

)
m+n

. (11.8)

This expression for µ also reduces to the su(m) fundamental µ expression when n = 1.
We can check these proposals for the bifundamentals by looking at a model with an

su(4)⊕ su(5)⊕ u(1) gauge algebra. This example is given by the Weierstrass model

y2 = x3 +
(
−c

2
2
3 + c1c3 − c0b

2
)
xz4

+
( 2

27c
3
2 −

2
3b

2c0c2 + 1
4b

2c2
1 −

1
3c1c3c2 + c0c

2
3

)
z6 ,

(11.9)

where

c0 = 1
4σ

2
4σ

4
5

(
b′2

2 + 4c′0σ4
)
,

c1 = 1
2σ4σ

2
5(b′1b′2 + 2c′1σ4) ,

c2 = 1
4
(
4σ4σ5c

′
2 + b′1

2
)
,

c3 = bb′1
2 + c′3σ4σ5 .

(11.10)

Because the discriminant is proportional to σ4
4σ

5
5 and the split conditions are satisfied,

this model supports an su(4) algebra on {σ4 = 0} and an su(5) algebra on {σ5 = 0}.
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Matter Locus ord(2)

(4,5)1/20 {σ4 = σ5 = 0} (0, 2, 0, 2)
(4,1)5/4 {σ4 = b = 0} (2, 3, 1, 4)
(4,1)−3/4 {σ4 = b2b′2σ5 − 2bc′2 + 2b′1c′3 = 0} (0, 2, 0, 2)
(4,1)1/4 {σ4 = bb′2

3σ2
5 − 2b′1

2c′0 + 2b′1b′2c′1 − 2b′2
2c′2σ5 = 0} (0, 1, 0, 1)

(6,1)1/2 {σ4 = b′1 = 0} (1, 2, 0, 2)
(1,5)6/5 {σ5 = b = 0} (2, 3, 1, 4)
(1,5)−4/5 {σ5 = bc′2 − b′1c′3 = 0} (0, 2, 0, 2)
(1,5)1/5 {σ5 = b′1

2c′0 − b′1b′2c′1 − c′1
2σ4 = 0} (0, 1, 0, 1)

(1,10)2/5 {σ5 = b′1 = 0} (1, 2, 0, 2)
(1,1)2 {b = c′3 = 0} (1, 2, 3, 4)

Table 22. Matter loci for the su(4)⊕su(5)⊕u(1) model, along with the codimension-two orders of
vanishing of (x̂, ŷ, ẑ, ŵ). In addition to the matter loci listed here, there are (1,1)1 singlets located
at loci where ŷ/(σ4σ5) and ŵ/(σ4σ5) simultaneously vanish that are not part of the matter loci
above. The model may also have delocalized (6,1)0 and (1,10)0 adjoint matter that can propagate
along the {σ4 = 0} and {σ5 = 0} gauge divisors.

Additionally, it admits a generating section ŝ with section components

x̂ =
(
bb′1
2 + c′3σ4σ5

)2
− 1

6b
2
(
b′1

2 + 4c′2σ4σ5
)
,

ŷ = −1
4σ4σ5

(
b4b′1b

′
2σ5 + 2b4c′1σ4σ5 − 2b3b′1c

′
2 + 2b2b′1

2
c′3

− 4b2c′2c
′
3σ4σ5 + 6bb′1c′3

2
σ4σ5 + 4c′3

3
σ2

4σ
2
5

)
,

ẑ = b ,

ŵ = −1
4σ4σ5

(
b6b′2

2
σ4σ

3
5 + 4b6c′0σ

2
4σ

3
5 − b5b′1

2
b′2σ5 − 2b5b′1c

′
1σ4σ5 + 2b4b′1

2
c′2

− 2b4b′1b
′
2c
′
3σ4σ

2
5 − 4b4c′1c

′
3σ

2
4σ

2
5 − 4b4c′2

2
σ4σ5

− 2b3b′1
3
c′3 + 16b3b′1c

′
2c
′
3σ4σ5 − 14b2b′1

2
c′3

2
σ4σ5

+ 16b2c′2c
′
3

2
σ2

4σ
2
5 − 24bb′1c′3

3
σ2

4σ
2
5 − 12c′3

4
σ3

4σ
3
5

)
.

(11.11)

The complete gauge algebra is therefore su(4)⊕su(5)⊕u(1). The charged matter spectrum,
which is summarized in table 22, satisfies the anomaly cancellation conditions with b̃ =
−2KB+2[b]− 3

4 [σ4]− 4
5 [σ5]. As can be seen from the u(1) charges, we can take ν4 and ν5 to

both be 1; this agrees with the orders of vanishing of (x̂, ŷ, ẑ, ŵ) at {σ4 = 0} and {σ5 = 0}.
The codimension-two orders of vanishing at the matter loci in table 22 also agree with the
formulas discussed previously.

Importantly, the model admits (4,5)1/20 matter at the locus {σ4 = σ5 = 0}, where
the section components vanish to orders (0, 2, 0, 2). As with the previous examples, we can
use multiples of the generating section to predict the orders of vanishing for at least some
combinations of ν4, ν5, and bifundamental u(1) charge q. Specifically, we can obtain the
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|q| ν4 ν5 ordσ4=0 ordσ5=0 ord(2)

1
20 1 1 (0, 1, 0, 1) (0, 1, 0, 1) (0, 2, 0, 2)
1
10 2 2 (0, 2, 0, 2) (0, 2, 0, 2) (0, 4, 0, 4)
3
20 3 3 (0, 1, 0, 1) (0, 2, 0, 2) (0, 3, 0, 3)
1
5 0 4 (0, 0, 0, 0) (0, 1, 0, 1) (0, 1, 0, 1)
1
4 1 0 (0, 1, 0, 1) (0, 0, 0, 0) (0, 1, 0, 1)
3
10 2 1 (0, 2, 0, 2) (0, 1, 0, 1) (0, 3, 0, 3)
7
20 3 2 (0, 1, 0, 1) (0, 2, 0, 2) (0, 4, 0, 4)
2
5 0 3 (0, 0, 0, 0) (0, 2, 0, 2) (0, 2, 0, 2)
9
20 1 4 (0, 1, 0, 1) (0, 1, 0, 1) (2, 3, 1, 4)
1
2 2 0 (0, 2, 0, 2) (0, 0, 0, 0) (0, 2, 0, 2)
11
20 3 1 (0, 1, 0, 1) (0, 1, 0, 1) (0, 4, 0, 4)
3
5 0 2 (0, 0, 0, 0) (0, 2, 0, 2) (0, 3, 0, 3)
13
20 1 3 (0, 1, 0, 1) (0, 2, 0, 2) (2, 4, 1, 5)
7
10 2 4 (0, 2, 0, 2) (0, 1, 0, 1) (2, 4, 1, 5)
3
4 3 0 (0, 1, 0, 1) (0, 0, 0, 0) (0, 3, 0, 3)
4
5 0 1 (0, 0, 0, 0) (0, 1, 0, 1) (0, 4, 0, 4)
17
20 1 2 (0, 1, 0, 1) (0, 2, 0, 2) (2, 5, 1, 6)

Table 23. Orders of vanishing for (x̂, ŷ, ẑ, ŵ) at codimension one and two for combinations of
ν4, ν5, and pseudo-charge q for (4,5) bifundamental matter. These data are found using the
su(4)⊕ su(5)⊕ u(1) construction described by equations (11.9) and (11.10).

combinations of the form
ν4 = r4 , ν5 = r5 , q = r

20 , (11.12)

where r is an integer. The resulting orders of vanishing, which are listed in table 23,
satisfy equations (11.4) through (11.8). Thus, the proposals in section 2.2 hold for the
(4,5) pseudo-charges considered here, suggesting that they should hold generally for (4,5)q
matter with genuine u(1) charge q.

These same ideas should be applicable for representations beyond the (m,n) bifunda-
mentals. One can also have (m,n)q bifundamentals of su(m)⊕su(n)⊕u(1), whose allowed
u(1) charges are given by

νm
m

+ νn
n

+ j for j ∈ Z . (11.13)

These bifundamentals also occur at the intersection of codimension-one I∗sm and I∗sn loci
where the singularity type enhances to I∗sm+n. Therefore, we expect that, for instance,

ord2(ẑ) = 1
2

(
mn

m+ n
q2 + TSU(m)(νm) + TSU(n)(νn)− TSU(m+n)(µ)

)
(11.14)
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for some µ representing an element of Zm+n, the center of SU(m+ n). This formula gives
integer ord2(ẑ) for

µ =
(
mq − νn −

m

n
νn

)
m+n

, (11.15)

and the expression for µ also reduces to that for su(m) fundamentals when n = 1. The
proposals in section 2.2 should also cover other types of matter charged under multiple
nonabelian gauge algebras, such as (m,n)q matter charged under so(m) ⊕ su(n) ⊕ u(1)
algebras. However, there are also matter representations involving only a simple nonabelian
algebra that occur at singularities of a gauge divisor. If the gauge algebra is su(n)⊕ u(1),
for instance, one can have matter in the adjoint or symmetric representations of su(n)
localized at double point singularities of the gauge divisor [47, 68, 71, 76, 94, 95]. If we
focus on a sufficiently small neighborhood near the matter locus, these situations more
closely resemble the bifundamental matter situations considered above: the matter locus
locally appears to be the intersection of two codimension-one I∗sn loci, even though these
two components are actually connected due to global properties of the gauge divisor. If
such matter also has a u(1) charge, the orders of vanishing of the section components may
be described by formulas akin to those for bifundamental matter. These more exotic matter
representations lie outside of the scope of this paper, so we do not rigorously analyze them
here. Nevertheless, they pose an interesting direction for future work.

12 Examples in explicit constructions

We have so far performed somewhat indirect tests of the proposals in section 2.2. Specifi-
cally, we have used multiples of generating sections admitting relatively small u(1) charges
as proxies for genuine generating sections admitting larger u(1) charges. Underlying this
strategy is the assumption that both types of sections should behave similarly at the ap-
propriate loci. Since the u(1) charge only depends on the local behavior of sections near a
matter locus, this assumption is reasonable. This strategy of course lets us circumvent the
difficulties in finding F-theory models admitting large charges.

However, we can also test the proposals by examining previous F-theory models with
u(1) algebras. We have verified that, for the following models in the prior literature, the
massless charged matter spectrum agrees with the formulas in section 2.2:

• The Morrison-Park construction in [18], which has a U(1) gauge group and admits
11 and 12 matter.

• The U(1) constructions in [19] and [57] that admit 11, 12, and 13 matter.

• The U(1) construction in [57] that admits 11, 12, 13, and 14 matter.

• The U(1) × U(1) models in [34] and [47]. By looking at linear combinations of the
generating sections, we can also recover the relative signs of the charges under the
two u(1) factors.
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• The U(1)× U(1)× U(1) model in [39]. Again, we can also recover the relative signs
of charges under the three u(1) factors by considering linear combinations of the
generating sections.

• The models in [68] with u(1) algebras, namely the F2, F3, F5, F6, F7, F8, F9, F12,
F14, and F15 models. Note that the charge spectra are derived using non-Weierstrass
descriptions of the elliptic fibrations, so when there are multiple u(1) gauge algebras,
once must be careful in matching the basis of Weierstrass generating sections to the
basis of u(1) charges.

• The su(5) ⊕ u(1), so(10) ⊕ u(1), e6 ⊕ u(1), and e7 ⊕ u(1) models in [43]. While [43]
includes models with other gauge algebras, matter spectra are not listed for these
alternative models. Note that the u(1) charges are given in an alternative set of
units where all charges, including those for matter also charged under a nonabelian
algebra, are integral. The lattice spacing for singlet charges in this convention may
be an integer larger than 1. While these models are tunings of elliptic fibrations with
fibers embedded P1,1,2, we can form the equivalent Weierstrass models by performing
the same tunings in the Morrison-Park Weierstrass model given in [18].

• The su(5) ⊕ u(1) ⊕ u(1), su(4) ⊕ u(1) ⊕ u(1), su(5) ⊕ u(1), and su(4) ⊕ u(1) models
in [38]. Again, the u(1) charges in these models are given in an alternative set of
units where all charges are integral. The su(5)⊕ u(1) and su(4)⊕ u(1) models given
there are either equivalent to or specializations of models in [43].

• The su(3)⊕su(2)⊕u(1) model in [66], which is a generalization of the su(3)⊕su(2)⊕
u(1) model in [19]. The su(5) enhancement discussion in [66] also makes use of a
“would-be” (3,2)−5/6 matter locus. At this would-be locus, the section components
vanish to the orders appropriate for (3,2)−5/6 matter according to the equations in
sections 2.2 and 11.2.

• The models involving u(1) factors in [28], including the su(18) ⊕ u(1) and su(19) ⊕
u(1) models. While these models were not analyzed using resolutions, the matter
spectra given there, which can be recovered with the techniques presented here, agree
with the anomaly cancellation conditions and the expectations from Higgsing related
nonabelian models.

These models provide a broad set of gauge algebras, covering many of the representations
discussed here. Many of them also have multiple u(1) factors and matter charged un-
der multiple nonabelian factors, in further support of the ideas in section 11. The fact
that a variety of models in independent works follow the formulas in section 2.2, together
with the evidence presented in previous sections, suggests that our proposals should hold
more broadly.
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13 Conclusions

To summarize, we proposed a series of formulas, outlined in section 2.2, that relate the
u(1) charge of matter supported at a particular locus to the orders of vanishing of the
generating section’s components at that locus. As discussed in section 12, these formulas
accurately reproduce the u(1) charge spectrum of various F-theory models from the prior
literature. They also correctly describe the results of the indirect method of section 5 for
analyzing large u(1) charges, and they appear to be related to formulas from [1] for the
p-adic valuations of elliptic divisibility sequences. In addition to offering a way of quickly
determining the u(1) charges of light matter supported in an F-theory model, the proposals
can aid explorations of the F-theory landscape by predicting the geometric properties of
models admitting desired charge spectra.

There are several natural directions to pursue in future work. First, it is important to
determine how these proposals would apply in models with gauge algebras and nonabelian
matter representations beyond those covered here. For instance, our analysis focused on
matter charged under abelian and simply-laced nonabelian gauge factors, but one might
expect similar formulas to hold when non-simply-laced gauge factors are present as well.
One possibility is that the proposals are essentially unchanged even when the gauge algebra
is non-simply laced. Even if matter is charged under a u(1) factor and a non-simply-laced
nonabelian factor, one would take the Lie group G for the nonabelian factor to be the
simply-laced Lie group associated with the codimension-one singularity type. The only
practical difference would then be that monodromy effects would restrict the allowed values
of ν and µ. This is just a tentative suggestion, however, and more work should be done
to systematically investigate how the formulas may change for matter charged under non-
simply-laced factors.

Furthermore, the proposals should be checked in models admitting u(1)-charged matter
additionally charged in exotic nonabelian representations, such as the adjoint,44 symmetric,
and three-index antisymmetric representations of su(n). Situations where the codimension-
two singularity type enhances by a rank greater than one are also worthy of examination.
An intriguing question is whether our proposals apply for u(1) models with superconfor-
mal matter loci, where f and g vanish to orders (4, 6) or greater at codimension two.
If so, our formulas could provide interesting insights into U(1) flavor symmetries of 6D
SCFTs [59, 96].

A second important direction is clarifying the formulas’ exact range of validity. At the
same time, we should better understand why the proposals work from both mathematical
and physical perspectives. The seemingly related formulas in [1] describing EDS valuations
may provide some insights into geometric explanations for the proposals. In fact, the paral-
lels between these two contexts suggest an intriguing connection between topics in physics
and number theory. This possibility makes understanding the physics behind the proposals
all the more important. In particular, one might hope that a physical understanding of the

44While the adjoint representation by itself is not typically viewed as an exotic representations, it is
difficult to find F-theory constructions with adjoint matter that also has a u(1) charge. Such situations
would likely require adjoint matter localized at double point singularities [68, 71].
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proposals may translate to new perspectives on elliptic divisibility sequences and related
mathematical topics. Alternatively, it may be possible to definitively establish the pro-
posals by considering intersection numbers in the full elliptic fibration. The charge itself
is given by σ(ŝ) · c, suggesting that the proposals could be understood in terms of similar
intersection numbers. This approach would likely require a more concrete understanding
of how the wrapping behavior of sections at codimension-two loci is encapsulated in the
section components.

While the analysis here focused on models in Weierstrass form, there may be similar
relations between u(1) charges and orders of vanishing for elliptic fibrations in alternative
forms, such as those in Tate form [7, 91] or those described as hypersurfaces in P1,1,2 [18, 43].
It is oftentimes more convenient to work with these alternative forms, and an easy method
for reading off u(1) charges in such situations could simplify several analyses.

Finally, it would be interesting to use the proposals to characterize the landscape
and swampland of F-theory u(1) models. A variety of important open problems involve
understanding which models with “large” u(1) charges can occur in F-theory. Even for
the simplest case of models with just a u(1) gauge algebra, determining a bound on the
u(1) charges of singlet matter and constructing F-theory models with singlet charges larger
than 6 (in appropriately scaled units) remain key goals in the F-theory program. Because
they seem to work for arbitrarily large charges, the proposals would allow us to glean
information about models with larger charges without directly constructing them. Thus,
they may show the way towards constructions with new types of u(1) charges, such as
singlet charges larger than 6. Alternatively, the proposals may enable one to anticipate
geometric obstructions to realizing particular u(1) charges. Such observations could, for
instance, lead to new bounds on the u(1) charges and charge spectra that can occur in F-
theory. A better physical understanding of the proposals may also reveal other constraints
on u(1) algebras in F-theory. In general, a clearer knowledge of the geometric properties
of u(1)-charged matter can offer new insights into F-theory.
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A Expressions for specific gauge algebras and representations

A.1 Singlets

Charged singlets occur at codimension-two loci in the base of the elliptic fibration with I2
singular fibers. In units corresponding to the definition of Shioda map in eq. (2.6), charged
singlets should have integer charges. At a codimension-two locus supporting singlets with
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charge q, the ẑ component vanishes to order

ord2(ẑ) = q2

4 −
q2
4 =

⌊
q2

4

⌋
, (A.1)

while the x̂, ŷ, and ŵ components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (0, 1, 1)q2 (A.2)

Based on these equations, if one knows the orders of vanishing of the section compo-
nents at a codimension-two singlet locus, one can determine the charge q of the supported
matter (up to sign) as

q2 = ord2(ŷ) + ord2(ẑ) = ord2(ŵ) . (A.3)

A.2 su(n)

For models with an su(n) ⊕ u(1) gauge algebra, we label elements of the center of SU(n)
with the parameter ν, which can run from 0 to n− 1. The section components in a model
with a quotient corresponding to ν vanish to the following orders at the codimension-one
locus supporting the su(n) algebra:

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = (0, 1, 1)× un(ν) . (A.4)

Fundamentals. An su(n) ⊕ u(1) model can have fundamental matter with charge q =
ν
n + j for integers j. In other words, fundamental matter with charge q can occur when ν
is nqn. At the codimension-two locus supporting the nq matter, the ẑ component should
vanish to order

ord2(ẑ) = 1
2

(
n

n+ 1q
2 + ν(n− ν)

n
− µ(n+ 1− µ)

(n+ 1)

)
, (A.5)

where
µ = nqn+1 . (A.6)

The other section components should vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (0, 1, 1)× un+1(µ) . (A.7)

Based on these equations, if one knows the orders of vanishing of the section compo-
nents at the codimension-one locus supporting the su(n) factor and the codimension-two
fundamental locus, one can determine the u(1) charge q of the supported fundamental
matter (up to sign) as

q2 = 2(n+ 1)
n

(
ord2(ẑ) + µ̃(n+ 1− µ̃)

2(n+ 1) − ν̃(n− ν̃)
2n

)
, (A.8)

where
ν̃ = ord1(ŷ) = ord1(ŵ) ,

µ̃ = ord2(ŷ)− 3 ord2(ẑ) = ord2(ŵ)− 4 ord2(ẑ) .
(A.9)
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Antisymmetric matter for odd n. An su(n) ⊕ u(1) model with discrete quotient ν
can have antisymmetric matter with charge q = 2ν

n + j for integers j. For odd n (i.e.,
n = 2k + 1), this means that antisymmetric matter with charge q can occur when

ν = nq(k + 1)n . (A.10)

At the codimension-two locus supporting the antisymmetric matter, the ẑ component
should vanish to order

ord2(ẑ) = 1
2

n4 q2 + ν(n− ν)
n

−


0 µ = 0
1 µ = 2
n
4 µ = 1, 3

 (A.11)

with
µ = nq4 . (A.12)

The other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) +


(0, 0, 0) µ = 0
(1, 2, 2) µ = 2(
1,
⌊
n
2
⌋
,
⌈
n
2
⌉)

µ = 1, 3
(A.13)

If one knows the orders of vanishing at the codimension-one su(n) locus and at the
codimension-two antisymmetric locus, the u(1) charge of the supported matter can be
determined (up to sign) as

q2 = 8
n

ord2(ẑ)− ν̃(n− ν̃)
2n + 1

2


0 ord2(ŵ)− 4 ord2(ẑ) = 0
1 ord2(ŵ)− 4 ord2(ẑ) = 2
n
4 ord2(ŵ)− 4 ord2(ẑ) =

⌈
n
2
⌉
 (A.14)

where ν̃ = ord1(ŷ).45

Antisymmetric matter for even n. As before, an su(n) ⊕ u(1) model with discrete
quotient ν can have antisymmetric matter with charge q = 2ν

n + j for integers j. For even
n (i.e., n = 2k), this means that antisymmetric matter with charge q can occur when ν

is either (kq)n or (kq + k)n. At the codimension-two locus supporting the antisymmetric
matter, the ẑ component vanishes to order

ord2(ẑ) = 1
2

n4 q2 + ν(n− ν)
n

−


0 µ = 0
1 µ = 2
n
4 µ = 1, 3

 , (A.15)

where
µ =

(
q − 2

n
ν

)
2

+ 2ν4 (A.16)

45If we let µ̃ = ord2(ŷ)−3 ord2(ẑ) and µ̃′ = ord2(ŵ)−4 ord2(ẑ), the last term in parentheses in eq. (A.14)
can be written as µ̃+µ̃′

8 .
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The other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) +


(0, 0, 0) µ = 0
(1, 2, 2) µ = 2(
1, n2 ,

n
2
)

µ = 1, 3
. (A.17)

If one knows the orders of vanishing at the codimension-one su(n) locus and at the
codimension-two antisymmetric locus, the u(1) charge of the supported matter can still
be determined (up to sign) using eq. (A.14).

A.3 so(2n)

For models with an so(2n) ⊕ u(1) gauge algebra, we label the elements of the center of
Spin(2n) with the parameter ν, which can run from 0 to 4. The section components
in a model with the quotient corresponding to ν vanish to the following orders at the
codimension-one locus supporting the so(2n):

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) =


(0, 0, 0) ν = 0
(1, 2, 2) ν = 2
(1,
⌊
n
2
⌋
,
⌈
n
2
⌉
) ν = 1, 3

. (A.18)

The allowed u(1) charges for the various so(2n) representations considered here are sum-
marized in table 6.

Vector matter. At a codimension-two locus supporting 2nq matter, the ẑ component
should vanish to order

ord2(ẑ) = 1
2

q2 +


0 ν = 0
1 ν = 2
n
4 ν = 1, 3

−


0 µ = 0
1 µ = 2
n+1

4 µ = 1, 3

 , (A.19)

where
µ = (2q − ν)4 + 2q2 . (A.20)

The other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) +


(0, 0, 0) µ = 0
(1, 2, 2) µ = 2
(1,
⌊
n+1

2

⌋
,
⌈
n+1

2

⌉
) µ = 1, 3

. (A.21)

Based on these formulas, if one knows the orders of vanishing of the section components
at the codimension-one locus supporting the so(2n) algebra and the codimension-two 2n
locus, one can determine the u(1) charge q of the supported matter (up to sign) with
the formula

q2 = 2 ord2(ẑ)−


0 ord1(ŵ) = 0
1 ord1(ŵ) = 2
n
4 ord1(ŵ) =

⌈
n
2
⌉ +


0 ord2(ŵ)− 4 ord2(ẑ) = 0
1 ord2(ŵ)− 4 ord2(ẑ) = 2
n+1

4 ord2(ŵ)− 4 ord2(ẑ) =
⌈
n+1

2

⌉ . (A.22)
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Spinor matter for so(8). At a codimension-two locus supporting 8s,q or 8c,q matter,
the ẑ component should vanish to order

ord2(ẑ) = 1
2

q2 +

0 ν = 0
1 ν = 1, 2, 3

−


0 µ = 0
1 µ = 2
5
4 µ = 1, 3

 , (A.23)

where
µ = (2q − 2ν)4 . (A.24)

The other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) +


(0, 0, 0) µ = 0
(1, 2, 2) µ = 2
(1, 2, 3) µ = 1, 3

. (A.25)

Based on these formulas, if one knows the orders of vanishing of the section components
at the codimension-one locus supporting the so(8) algebra and the codimension-two 8s or
8c locus, one can determine the u(1) charge q of the supported matter (up to sign) with
the formula

q2 = 2 ord2(ẑ)−

0 ord1(ŵ) = 0
1 ord1(ŵ) = 2

+


0 ord2(ŵ)− 4 ord2(ẑ) = 0
1 ord2(ŵ)− 4 ord2(ẑ) = 2
5
4 ord2(ŵ)− 4 ord2(ẑ) = 3

(A.26)

Spinor matter for so(10). At a codimension-two locus supporting 16q matter (along
with the conjugate 16−q matter), the ẑ component should vanish to order

ord2(ẑ) = 1
2

4
3q

2 +


0 ν = 0
1 ν = 2
5
4 ν = 1, 3

− 2
3µ(3− µ)

 , (A.27)

where
µ = 4q3 . (A.28)

The other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (2, 2, 3)× u3(µ) . (A.29)

Based on these formulas, if one knows the orders of vanishing of the section components
at the codimension-one locus supporting the so(10) algebra and the codimension-two 16
locus, one can determine the u(1) charge q of the supported matter (up to sign) with
the formula

q2 = 3
2 ord2(ẑ)− 3

4 ×


0 ord1(ŵ) = 0
1 ord1(ŵ) = 2
5
4 ord1(ŵ) = 3

+ 1
3(ord2(ŵ)− 4 ord2(ẑ)) . (A.30)

– 102 –



J
H
E
P
0
3
(
2
0
2
2
)
0
5
1

Spinor matter for so(12). At a codimension-two locus supporting 32q⊕12q matter or
32′q ⊕ 12q matter, the ẑ component should vanish to order

ord2(ẑ) = 1
2

2q2 +


0 ν = 0
1 ν = 2
3
2 ν = 1, 3

− 3
2(2q + ν)2

 , (A.31)

while the other components should vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (2, 3, 3)× (2q + ν)2 . (A.32)

Based on these formulas, if one knows the orders of vanishing of the section components at
the codimension-one locus supporting the so(12) algebra and the codimension-two spinor
locus, one can determine the u(1) charge q of the supported matter (up to sign) as

q2 = ord2(ẑ)−


0 ord1(ŵ) = 0
1
2 ord1(ŵ) = 2
3
4 ord1(ŵ) = 3

+ 3
8(ord2(x̂)− 2 ord2(ẑ)) . (A.33)

Spinor matter for so(14). At a codimension-two locus supporting 64q ⊕ 142q matter
(and matter in the conjugate representation), the ẑ component should vanish to order

ord2(ẑ) = 1
2

4q2 +


0 ν = 0
1 ν = 2
7
4 ν = 1, 3

 , (A.34)

and the other section components should vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) . (A.35)

Based on these formulas, if one knows the orders of vanishing of the section components at
the codimension-one locus supporting the so(14) algebra and the codimension-two spinor
locus, one can determine the u(1) charge q of the supported matter (up to sign) as

q2 = 1
2 ord2(ẑ)− 1

4 ×


0 ord1(ŵ) = 0
1 ord1(ŵ) = 2
7
4 ord1(ŵ) = 4

. (A.36)

A.4 e6

For models with an e6⊕ u(1) gauge algebra, we label the elements of the center of E6 with
the parameter ν, which can run from 0 to 2. The section components in a model with the
quotient corresponding to ν vanish to the following orders at the codimension-one locus
supporting the e6 algebra:

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = (2, 2, 3)× u3(ν) . (A.37)
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27 matter. An e6 ⊕ u(1) model can have 27 matter with charge q = ν
3 + k for integer

k. In other words, 27q matter can occur when ν is 3q3. At the codimension-two locus
supporting that 27q matter, the ẑ component vanishes to order

ord2(ẑ) = 1
2

(3
2q

2 + 2
3ν(3− ν)− 3

23q2

)
. (A.38)

The other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) + (2, 3, 3)× 3q2 . (A.39)

Based on these formulas, if one knows the orders of vanishing of the section components
at the codimension-one locus supporting the e6 algebra and the codimension-two 27 locus,
one can determine the u(1) charge q of the supported matter (up to sign) as

q2 = 4
3

(
ord2(ẑ)− ν̃(3− ν̃)

3 + µ̃

4

)
, (A.40)

where

ν̃ = ord1(x̂) = ord1(ŷ) ,
µ̃ = ord2(ŷ)− 3 ord2(ẑ) = ord2(ŵ)− 4 ord2(ẑ) .

(A.41)

A.5 e7

For models with an e7⊕ u(1) gauge algebra, we label the elements of the center of E7 with
the parameter ν, which can be either 0 or 1. The section components in a model with the
quotient corresponding to ν vanish to the following orders at the codimension-one locus
supporting the e7 algebra:

ord1(ẑ) = 0 , (ord1(x̂), ord1(ŷ), ord1(ŵ)) = (2, 3, 3)× ν . (A.42)

56 matter. An e7 ⊕ u(1) model can have 56 matter with u(1) charge q = ν
2 + k for

integer k. In other words, 56q matter can occur when ν is 2q2. At the codimension-two
locus supporting this 56q matter, the ẑ component should vanish to order

ord2(ẑ) = q2 + 3
4ν = q2 + 3

4 × 2q2 , (A.43)

while the other section components vanish to orders

(ord2(x̂), ord2(ŷ), ord2(ŵ)) = (2, 3, 4)× ord2(ẑ) . (A.44)

Based on these formulas, if one knows the orders of vanishing of the section components
at the codimension-one locus supporting the e7 algebra and the codimension-two 56 locus,
one can determine the u(1) charge q of the supported matter (up to sign) as

q2 = ord2(ẑ)− 1
4 ord1(ŷ) = ord2(ẑ)− 1

4 ord1(ŵ) . (A.45)
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B The S correction term

The results in [1] often use the sequence Sn of numbers in Z ∪ {∞}, which is defined as

Sn(p, b, d, h, s, w) =

bjs+ bj−1
b−1 h+ d(vp(n)− j) + w vp(n) > j

bvp(n)s+ bvp(n)−1
b−1 h vp(n) ≤ j

. (B.1)

Here, vp is a p-adic valuation on Q associated with p, while b, d, h, s, and w are non-negative
integers in particular sets:

b ∈pZ>0 ∪ {1} d ∈ Z>0 h ∈Z≥0 s ∈Z>0 ∪ {∞} w ∈ Z≥0 ∪ {∞} . (B.2)

The integer j is 0 if b = 1; if b is a multiple of p, then j is the smallest non-negative integer
such that

d ≤ bj((b− 1)s+ h) . (B.3)

For the examples encountered here, d is vp(p), which is 1. This implies that j is 0
regardless of the value of b, and the definition of Sn simplifies to

Sn(p, b, vp(p), h, s, w) = s+ vp(n) +

w vp(n) > 0
0 vp(n) ≤ 0

. (B.4)

The variable w is allowed to be 0; in fact, the ideas discussed in section 5 of [1] suggest
that, for all of the cases considered here, w is expected to be 0. When this is the case, we
are left with

Sn(p, b, vp(p), h, s, 0) = s+ vp(n) (B.5)

If we are interested in using these formulas to explain the order of vanishing patterns, the
vp(n) term may seem somewhat strange. While the valuation of an integer is a meaningful
quantity, one might expect that the order of vanishing of an integer at some locus should
be thought of as 0. It therefore seems that, for the purposes of understanding the order-
of-vanishing patterns, the vp(n) in Sn should be dropped.

To see if this is a reasonable prescription, it is worth understanding why this vp(n)
occurs. Recall that Sn appears in formulas describing the valuations of elliptic divisibility
sequences. Therefore, consider an example EDS with the initial values

W1 = 1 , W2 = 2p3 , W3 = 8p8 − 4p4 − 1 , W4 = 4p3
(
8p12 − 6p4 − 1

)
, (B.6)

where p is some prime integer. The Wn with even n are proportional to p, implying that
nP = 2 for this situation. One can then calculate that

W6 = −2p3
(
8p8 − 4p4 − 1

)(
512p24 − 768p20 + 96p12 + 120p8 + 36p4 + 3

)
. (B.7)

For most choices of p, W6 is proportional to p3, and vp(W6) is 3. If, however, we choose
p to be 3, the last factor in the above expression is a factor of 3, and vp(W6) enhances to
4. Similar sorts of vp(Wn) enhancements may occur in other elliptic divisibility sequences,
and the vp(n) term accounts for this fact. Based on eq. (B.1), this effect only occurs
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for particular choices of n and p. However, this term is not particularly relevant for
the analogous situations in elliptic fibrations where valuations are replaced with orders of
vanishing; an integer n would not vanish at a particular locus in the base. Additionally,
note that the examples considered here are formed by starting with an elliptic fibration,
setting the parameters involved at a particular locus to some arbitrary prime p, setting the
other parameters to some integers, and analyzing an EDS corresponding to the resulting
elliptic curve. We are interested in the behavior for arbitrary p, but for a given value of
n, the “accidental” increases in vp(Wn) only occur for particular choices of p. This effect
should therefore be ignored.

Thus, while the vp(n) is important for characterizing p-adic valuations of elliptic divis-
ibility sequences, it seems that it can be dropped for the purposes of establishing analogies
to the orders of vanishing. In other words, if we are looking to justify the expressions
we obtain for the order of vanishing, one should be able to replace Sn with s, a positive
constant. However, it would be ideal to have a more formal understanding of how to adapt
the formulas in [1], particularly the S correction term, to scenarios involving the orders of
vanishing of section components in elliptic fibrations.

C Additional calculations of EDS valuations

In this appendix, we calculate various EDS valuations corresponding to various singularity
types using the formulas in [1].

C.1 I∗2k−4 singularities

C.1.1 ν = 1, 3 or µ = 1, 3

For models with an I∗2k−4 locus where ν or µ for the generating section equals 1 or 3,
we are interested in the EDS valuations when the components (x̂, ŷ, ẑ, ŵ) vanish to order
(1, k, 0, k). As an example, we can consider the Weierstrass model in eq. (7.22), the su(2k)⊕
u(1) seed model with ν = k+ 1 used to find order of vanishing data for the antisymmetric
representation. The I∗2k−4 singularities are supported at {σ = b1 = 0}, so we construct an
elliptic curve E by setting σ and b1 to a prime p and setting the remaining parameters to
arbitrary numbers. As an example, E can take the form

y2 = x3 − p2

48

[(
−12 + p− 4pk−2

)2
− 48pk−2(1 + p)

]
x

+ p3

864
[
(p− 12)3 − 12(p− 12)pk−2(7p− 6) + 48p2k−4(13p− 6)

]
,

(C.1)

in which case it admits the rational point P given by

P : (x, y) =
(
p

12(p− 12), 5
6p

k
)
. (C.2)

Since this elliptic curve has additive reduction modulo p, we extend the field by the element
p′ = (p1/2), let x → p′2x′, y → p′3y′, and divide through by p′6. This gives us an elliptic
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curve E′ of the form

y′
2 = x′

3 +
[
− 1

48
(
p′

2 − 12− 4p′2k−4
)2

+ p′
2k−4

(
1 + p′

2
)]
x′

+
[ 1
864

(
p′

2 − 12− 4p′2k−4
)3
− 1

12
(
p′

2 − 12− 4p′2k−4
)
p′

2k−4
(
1 + p′

2
)

+ 1
3p
′4k−6 + 2

27p
′6k−12

]
,

(C.3)

which admits a rational point

P ′ : (x′, y′) =
(
p′2

12 − 1, 5
6p
′2k−3

)
, (C.4)

with 3x′2 +f ′ proportional to p′2k−4. The new elliptic curve E′ has multiplicative reduction
modulo p′ with vp′(∆′) = 4k−8. Meanwhile, the point P ′ has singular reduction, implying
that the EDS valuations are given by eq. (7.48) with a = 2k − 4.46 Even multiples of
P ′ reduce to the identity point with the (x′, y′) coordinates of 2P ′ being proportional
to (p′−2, p′−3). Therefore, nP ′ equals 2, and the S term, which is essentially a constant
according to appendix B, should be set to 1. Combining these observations together,
we have

v(Wm) = m2 − 1
2 + 1

2

Rm(2k − 4, 4k − 8) +

1 2 | m
0 2 - m


= n

8m
2 − 1

2

0 2 | m
n
4 2 - m

.

(C.5)

C.1.2 ν = 2 or µ = 2

For models with an I∗2k−4 locus where the generating section has ν = 2 or µ = 2, we are
interested in EDS valuations when the generating section components (x̂, ŷ, ẑ, ŵ) vanish
to orders (1, 2, 0, 2). As an example, we can consider the su(2k) ⊕ u(1) seed model with
ν = 1, which is used to find order of vanishing data for the fundamental and antisymmetric
representations of su(2k). The Weierstrass model is given by eq. (7.3) with the substitutions
described around eq. (7.5). The section components are given by eq. (7.4) with the same
substitutions performed. The I∗2k−4 singularities are supported at {σ = b1,0 = 0}, so
we construct an elliptic curve E by setting σ and b1,0 to a prime p and the remaining
parameters to some arbitrary numbers. For example, we can consider an elliptic curve E
taking the form

y2 = x3 + p2
(
−3(1 + 3p)2 + 32pk−1 + p2k−4(p− 1)

)
x

+ p3
(
2(1 + 3p)3 − 32(1 + 3p)pk−1 − (p− 1)(7p− 2)p2k−4 + (19− 3p)p2k−3

)
,

(C.6)

which admits a rational point

P : (x, y) =
(
2p(5p− 1), 4p2(3− 7p− pk−2)

)
. (C.7)

46The quantity w′ = 3x′2 + f ′ is proportional to p′2k−4, whereas y′ is proportional to p′2k−3. The integer
a should equal the smaller of these two exponents, which is 2k − 4.
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This elliptic curve has additive reduction modulo p. We therefore extend the field by an
element p′ = (p)1/2, let x → p′2x′, y → p′3y′, and divide through by p′6. The resulting
elliptic curve E′ is given by

y′
2 = x′

3 +
[
−3
(
1 + 3p′2

)2
− p′4k−8 + p′

4k−6 + 32p′2k−2
]
x′

+
[
2
((

1 + 3p′2
)3
− 16p′2k−2

(
1 + 3p′2

)
+ p′

4k−8
(
−1 + 14p′2 − 5p′4

))]
,

(C.8)

and it admits a point P ′ given by

P ′ : (x′, y′) =
(
2
(
5p′2 − 1

)
, 4p′

(
3− 7p′2 − p′2k−4

))
. (C.9)

We can now calculate the EDS valuations according to the formulas in [1]. The k = 2
case has potential good reduction, and the EDS valuation calculation uses eqs. (7.45)
and (7.46). Even multiples of P ′ reduce to the identity point, and the (x′, y′) coordinates
of 2P ′ are respectively proportional to

(
p′(7p′2 − 2)

)−2
and

(
p′(7p′2 − 2)

)−3
. Therefore

nP ′ = 2 and the S term, which is essentially a constant according to appendix B, should
be replaced with 1.

The k > 2 cases, like those encountered for the antisymmetrics of su(2k + 1), have
potential multiplicative reduction. However, the point P ′ does not reduce to the singular
point, and the EDS valuation calculation therefore involves eqs. (7.46) and (7.47). Even
multiples of 2P ′ reduce to the identity point, and the (x′, y′) coordinates of 2P ′ are pro-

portional to
(
p′
(
−3 + 7p′2 + p′2k−4

)2
)−2

and
(
p′
(
−3 + 7p′2 + p′2k−4

)2
)−3

. Therefore,
nP ′ = 2, and the S term should be replaced with 1.

Putting everything together, we find that the EDS valuations for k ≥ 2 are given by

v(Wm) = m2

2 −
1
2

0 2 | m
1 2 - m

. (C.10)

C.2 I∗2k−3 singularities with ν = 0 or µ = 0

For I∗2k−3 singular fibers with ν = 0 or µ = 0, we are primarily interested in two scenarios:
one where the generating section components (x̂, ŷ, ẑ, ŵ) vanish to orders (0, 0, 0, 0) and
one where they vanish to orders (2, 3, 1, 4). When the section components vanish to orders
(0, 0, 0, 0), the associated EDS valuations are 0, as can be verified using the formulas in [1].
The (2, 3, 1, 4) situation, however, has nontrivial EDS valuations.

To analyze this situation, we first use the seed model in eq. (8.45) to construct an
elliptic curve E. Specifically, the I∗2k−3 singularities occur at {v = b0,0 = 0}, so we set v
and b0,0 to a prime p and set the other parameters to some arbitrary numbers. However,
the ẑ component of the generating section would then be equal to p, whereas ẑ was not
proportional to p in the other situations we have encountered so far. To account for this, we
absorb the ẑ4 and ẑ6 factors in the Weierstrass model into the f and g of E. For example,
we can take E to be given by the equation

y2 = x3 − p6
(
3− 2pk−1 + p2k−2 + p2k−1

)
x

− p9
(
−2 + 2pk−1 − p2k−3 + p2k−2 + p2k−1

)
.

(C.11)
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This elliptic curve admits the rational point

P : (x, y) =
(
−p2(2p− 1),−p3

(
1− 3p+ pk+1

))
. (C.12)

This elliptic curve is non-minimal and has additive reduction modulo p. We therefore
extend the field by the element p′ = p1/2, let x→ x′p′6, y → y′p′9, and divide both sides of
the elliptic curve’s equation by p′18. This procedure give us a new elliptic curve E′ taking
the form

y′
2 = x′

3 +
(
−3 + 2p′2k−2 − p′4k−4 − p′4k−2

)
x

+
(
2− 2p′2k−2 + p′

4k−6 − p′4k−4 − p′4k−2
)
,

(C.13)

which admits the rational point

P ′ : (x′, y′) =
(

1− 2p′2

p′2
,−1− 3p′2 + p′2k+2

p′3

)
. (C.14)

The elliptic curve E′ has multiplicative reduction modulo p′, and hence E has potential
multiplicative reduction modulo p. The rational point P ′, meanwhile, reduces to the iden-
tity modulo p′. Therefore, the EDS valuations should be described by eqs. (7.46) and (7.47)
with v(f) = 6, nP ′ = 1 and v1(x′P ′) = −2. Putting everything together, we have

v(Wm) = 3
2
(
m2 − 1

)
+ 1

2
(
−m2 + Sm/nP ′

(
p′, b, v1(p′), h, s, w

))
. (C.15)

The S term should be a constant according to appendix B. Since the ẑ component of the
generating section vanishes to order 1, S should be set to 3 such that v(W1) = 1. This
leaves us with

v(Wm) = m2 . (C.16)

C.3 IV∗ singularities

For IV∗ singular fibers, we are primarily interested in the analogous EDS valuations when
the generating section is described by ν = 1, 2 or µ = 1, 2. We first find an elliptic curve
E by taking the construction in eq. (8.1), setting σ and b2,1 to a prime integer p, and
replacing the other parameters with numbers such that f and g are integers. For instance,
we can consider an elliptic curve E over Qp of the form

y2 = x3 + p3x+ p4(1− p− p2) , (C.17)

which has additive reduction modulo p. After making the same substitutions into the
generating section components in eq. (8.2), we can see that E admits a rational point P
with coordinates

P : (x, y) = (p2, p2) . (C.18)

We now extend Qp by p′ = p1/3, let x = p′4x′ and y = p′6y′, and remove an overall
factor of p′12 from the expression for E. This procedure gives us a new elliptic curve E′ of
the form

y′
2 = x′

3 + p′x+ (1− p′3 − p′6) , (C.19)
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which admits a rational point P ′ with coordinates

P ′ : (x′, y′) = (p′2, 1) . (C.20)

The elliptic curve E′ has good reduction modulo p′, and the original elliptic curve E

therefore has potential good reduction modulo p. In turn, eq. (7.45) (from Theorem 19
in [1]) suggests that the EDS valuations corresponding to E and P are given by

v(Wm) = 2
3
(
m2 − 1

)
+ 1

3v1(W ′m) . (C.21)

Here, v1(W ′m) represents the EDS valuations corresponding to E′ and P ′ with respect to
p′, which should be given by eq. (7.46). If one calculates multiples of P ′, one finds that 3P ′
reduces to the identity point modulo p′ and that v1(W3) is 2. Therefore, nP in eq. (7.46)
is 3, and the S term, which should be a constant according to appendix B, can be replaced
with 2. Combining all of this information leads to the formula

v(Wm) = 2
3
(
m2 − 1

)
+


2
3 3 | m
0 3 - m

= 2
3m

2 −

0 3 | m
2
3 3 - m

. (C.22)

C.4 III∗ singularities

C.4.1 ν = 0 or µ = 0

For III∗ singularities with either ν or µ equal to 0, we are mostly interested in the EDS
valuations corresponding to generating sections whose (x̂, ŷ, ẑ, ŵ) components vanish to
orders (2, 3, 1, 4) at a particular locus. As an example, we can consider the Weierstrass
model in eq. (8.27) and the locus {σ = b0,0 = 0}. The ẑ component in this example,
which is equivalent to b0,0, vanishes to order one at this locus. To account for this fact, we
construct the elliptic curve analogue E of the fibration given by

y2 = x3 + fb4
0,0 + gb6

0,0 , (C.23)

where f and g are taken from eq. (8.27). At the end of the calculation, we will address the
fact that these factors of b0,0 come from ẑ. As with the other examples, the parameters
should be set to appropriate numbers. We set σ and b0,0 to a prime p and let the other
parameters be numbers such that f and g are integers. For a particular choice of these
numbers, we obtain an elliptic curve E of the form

y2 = x3 − p7
(
12p3 + p2 + p− 6

)
x− p11

(
16p4 + p3 − 20p2 − 12p+ 11

)
, (C.24)

which admits a rational point

P : (x, y) =
(
−p2

(
2p3 + 2p2 − 1

)
,−p3

(
p4 − 3p2 + 1

))
. (C.25)

The discriminant is proportional to p21, and E has additive reduction modulo p. We then
extend the field with the element p′ = p1/4 of ramification degree d = 4, let x = p′14x′
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and y = p′21y′, and divide both sides of the equation for the elliptic curve by p′42. This
procedure leads to a new elliptic curve E′ given by

y′
2 = x′

3 +
(
6− p′4 − p′8 − 12p′12

)
x′ − p′2

(
11− 12p′4 − 20p′8 + p′

12 + 16p′16
)
. (C.26)

E′ has good reduction modulo p′, and E therefore has potential good reduction. Addition-
ally, E′ admits a rational point

P ′ : (x′, y′) =
(
p′
−6
(
1− 2p′8 − 2p′12

)
, p′
−9
(
−1 + 3p′8 − p′16

))
(C.27)

that reduces to the identity point on E′ modulo p′. According to eq. (7.45), which comes
from Theorem 19 of [1], the EDS valuations associated with (E,P ) should be given by
the formula

v(Wm) = 21
12(m2 − 1) + 1

4v1(W ′m) , (C.28)

where v1(W ′m) represents the EDS valuations for (E′, P ′). Since P ′ reduces to the identity
point, Theorem 14 of [1] states that

v1(W ′m) = v1(x′P ′)
2 m2 + Sm

(
p′, p′, v1(p′), 0, s, w

)
= −3m2 + Sm

(
p′, p′, v1(p′), 0, s, w

)
.

(C.29)

The discussion in appendix B suggests that the S term can be replaced with a constant s.
If we put these equations together, we find that

v(Wm) = 21
12(m2 − 1) + 1

4
(
−3m2 + sP

)
= m2 + 1

4(s− 7) . (C.30)

Now we can address the fact that we included extra factors of b0,0 in f and g. Because ẑ
for the generating section actually vanishes to order 1 at the locus in question, we set s to
7 such that v(W1) is 1. In the end, we have

v(Wm) = m2 . (C.31)

C.4.2 ν = 1 or µ = 1

For the EDS valuations when the generating section components vanish to orders (2, 2, 0, 3),
we can consider the Weierstrass model in eq. (9.3) and section components in eq. (9.4). We
then obtain an elliptic curve E and a point P by setting σ and y2 to a prime p and letting
the other parameters be integers. As an example, we could take (E,P ) to be

E : y2 = x3 + p3x− p5, P : (x, y) = (p2, p3) . (C.32)

This elliptic curve has additive reduction modulo p. We can obtain a new elliptic curve by
extending the field by p′ = p1/4, defining x = (p′)6x′ and y = (p′)9y′, and removing factors
of (p′)18:

y′
2 = x′

3 + x′ − (p′)2 . (C.33)
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This new curve has good reduction, and the original elliptic curve E therefore has potential
good reduction. The point P on E corresponds to a point P ′ on E′ with coordinates

(x′, y′) =
(
(p′)2, (p′)3

)
(C.34)

According to eqs. (7.45) and (7.46), the valuations of an EDS corresponding to a point on
the original curve follow the formula

vp(Wm) = 3
4
(
m2 − 1

)
+ 1

4

Sm/nP ′ (p′, b, vp′(p′), h, s, w) nP ′ | m
0 nP ′ - m

. (C.35)

One can show that 2P ′ reduces to the identity point modulo p1/4, implying that nP ′ is
2. Additionally, the coordinates of 2P ′ show that v(W ′2) is 3. The S term, which should
essentially be a constant according to appendix B, should therefore be replaced with 3,
leading to the formula

vp(Wm) = 3
4
(
m2 − 1

)
+


3
4 2 | m
0 2 - m

= 3
4m

2 −

0 2 | m
3
4 2 - m

. (C.36)

C.5 II∗ singularities

For the II∗ singularity type, we are primarily interested in situations where the generating
section components (x̂, ŷ, ẑ, ŵ) vanish to orders (2, 3, 1, 4) at a particular locus. As an
example, we can consider the Weierstrass model of eq. (8.9) and the locus {σ = b0,0 = 0}.
We must account for the fact that the ẑ component of the generating section, which is
given by b0,0, vanishes to order 1 at the II∗ locus. We therefore construct the f and g of
the p-adic elliptic curve by plugging in appropriate values of the parameters into fb4

0,0 and
gb6

0,0 from eq. (8.9); at the end of the calculation, we will account for the fact that these
extra factors of b0,0 actually come from ẑ. We set both σ and b0,0 to a prime integer p
and set the other parameters to numbers such that f and g are integers. Performing this
procedure with a particular choice of numbers leads to an elliptic curve E of the form

y2 = x3 − p8
(
1− 12p+ p2 + 24p3 + 12p6

)
x

+ p11
(
−6 + p+ 24p2 − p3 − 26p4 + 24p5 − 2p6 − 48p7 − 16p10

)
.

(C.37)

The discriminant ∆E for this elliptic curve is proportional to p22. After plugging the same
numbers into the [x̂ : ŷ : ẑ] section components, we see that E admits an integral point P
with coordinates

P : (x, y) =
(
p2(1− 2p2 − 2p5), p3(−1 + 3p2 − p4)

)
. (C.38)

The elliptic curve E has additive reduction modulo p. We therefore extend the field with
p′ = p1/6, let x = x′p′22 and y = y′p′33, and divide both sides of the equation for the elliptic
curve by p′66. This gives a new elliptic curve E′ given by the equation

y′
2 = x′

3 − p′4
(
1− 12p′6 + p′

12 + 24p′18 + 12p′36
)
x′

+
(
−6 + p′

6 + 24p′12 − p′18 − 26p′24 + 24p′30 − 2p′36 − 48p′42 − 16p′60
)
,

(C.39)
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which admits a rational point P ′ with coordinates

P ′ : (x′, y′) =
(
p′
−10(1− 2p′12 − 2p′30), p′−15(−1 + 3p′12 − p′24)

)
. (C.40)

The elliptic curve E′ has good reduction modulo p′, and the original elliptic curve E has
potential good reduction modulo p. Since v(∆E) is 22 and p′ has ramification degree d = 6,
eq. (7.45), which comes from Theorem 19 of [1], states that the EDS valuations associated
with (E,P ) should satisfy the formula

v(Wm) = 22
12(m2 − 1) + 1

6v1(W ′m) , (C.41)

where v1(W ′m) represents the EDS valuations for E′ and P ′. Note that P ′ reduces to the
identity point on E′ modulo p′, so according to eq. (7.46) and Theorem 14 of [1],

v1(W ′m) = v1(x′P ′)
2 m2 + Sm

(
p′, p′, v1(p′), 0, s, w

)
= −5m2 + Sm

(
p′, p′, v1(p′), 0, s, w

)
.

(C.42)

According to appendix B, the S term can be replaced with a constant sP . Combining
everything together, we find that

v(Wm) = 22
12(m2 − 1) + 1

6
(
−5m2 + sP

)
= m2 + 1

6(sP − 11) . (C.43)

Since the ẑ component of the generating section vanishes to order 1 at the matter locus,
v(Wm) should morally be 1 for our purposes. We therefore set sP to 11, giving us

v(Wm) = m2 . (C.44)
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