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ABSTRACT: Scaling black holes are solutions of supergravity with multiple black hole
singularities, which can be adiabatically connected to a single center black hole solution.
We develop techniques to determine partition functions for such scaling black holes, if each
constituent carries a non-vanishing magnetic charge corresponding to a D4-brane in string
theory, or equivalently M5-brane in M-theory. For three constituents, we demonstrate
that the partition function is a mock modular form of depth two, and we determine the
appropriate non-holomorphic completion using generalized error functions. From the four-
dimensional perspective, the modular parameter is the axion-dilaton, and our results show
that S-duality leaves this subset of the spectrum invariant. From the five-dimensional
perspective, the modular parameter is the complex structure of a torus 72, and the scaling
black holes are dual to states in the dimensional reduction of the M5-brane worldvolume
theory to T2. As a case study, we specialize the compactification manifold to a K3 fibration,
and explicitly evaluate holomorphic parts of partition functions.
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1 Introduction

Solutions of supergravity with multiple black hole singularities provide interesting insights on
the spectrum of quantum gravity and the dependence on the compactification moduli [1-10].
Such multi-center solutions are particularly intriguing if their solution space contains a
region, where the distances between the centers becomes arbitrarily small. In other words,
these solutions, known as “scaling” solutions [6, 11] in four dimensions, are adiabatically
connected to a supergravity solution with a single black hole singularity.

We will study such scaling black holes formed from M5-branes in M-theory, or equiva-
lently D4-branes in Type ITA string theory [12]. Such black holes are well studied using
the AdS3/CF Ty correspondence [12-15], as well as the hypermultiplet geometry of the IIB
string theory [16-18]. The D4/M5-branes wrap a four-cycle (or divisor) P € H4(X,Z) of
the Calabi-Yau threefold X, which can also be studied within algebraic geometry [19-23].

Multi-center solutions exist with each center having a positive D4-brane charge but
vanishing D6-brane charge. Their walls of marginal stability extend to the large volume



regime of the Kéhler moduli space [24-27], which corresponds to Im(¢) = J = A J, where
J is the normalized, dimensionless Kihler modulus, J2 = 1, and A > 1. While attractor
points lie typically in the interior of the Kahler moduli space, there is an analogue of the
attractor point at large volume tfy‘ defined in eq. (3.14) [18, 25, 27]. Similarly, single center
black holes, whose internal degrees of freedom are independent of the asymptotic moduli,
have an analogue at large volume, where families of black hole solutions appear effectively
as single center black holes. Much like nucleons can be considered as elementary particles
at sufficiently low energies.

To deal with these effectively single center solutions, we introduce the notion of “A-core”,
or “core” for short. The defining property of a “A-core” is that the distances between
constituents in a A-core are bounded by CA~3 for sufficiently large ), and for some fixed
length C'. Examples of such bound black holes states are of course proper single center
black holes, as well as bound states of a D6-brane and anti-D6-brane, for which the wall of
marginal stability lies in the interior of the Kéhler moduli space.

The A-core solutions are also distinguished in the uplift to five dimensions, and decou-
pling limit. Recall that the four dimensional Newton’s constant equals G4 = £3/R, with
U5 the five dimensional Planck length and R the radius of the M-theory circle. Then, A is
related to these variables by A = R/{5 [27]. When uplifted to five dimensions and in the
decoupling limit 5 — 0, states with D4-D2-D0 charges and within a A-core will develop
an asymptotically AdSs throat, whereas bound states with larger separation will decouple
from the spectrum since the energy of their fluctuations diverges [27].

In a series of works [18, 28-30], the modular properties of partition functions enu-
merating D4-D2-DO0 black holes are studied from a complementary perspective, namely
by mapping this D-brane system to D3-D1-D(-1) instantons. These D-instantons correct
the hypermultiplet geometry [17, 31-33], which is constrained by IIB SL(2,Z) S-duality
group. This duality group acts on the axion-dilation field x := C© + ie=? by linear
fractional transformations. Here C(©) is the RR scalar and ¢ is the dilaton. Alternatively,
the duality can be identified with the modular symmetry of the worldvolume reduction
of Mb5-branes. These have proven to be fruitful connections to determine the modular
and analytic properties of the partition functions for D4-D2-D0 black holes. In this way,
non-holomorphic contributions to the partition function are determined, which imply that
the partition functions involve mock modular forms [34, 35|, and mock modular forms of
higher depth [36-39]. This implies potentially interesting arithmetic of the BPS indices,
while the non-holomorphic contribution is also interesting independently, and a general-
ization of similar non-holomorphic terms in partition functions of A/ = 4 Yang-Mills on
four-manifolds [40, 41]. The origins and explicit expressions of these terms have been
understood better recently [30, 42-48].

We will study in this paper the partition function of scaling black holes with three
constituents. Each constituent is a A-core carrying a positive D4-brane charge, but vanishing
D6-brane charge. Intriguingly, each core gives rise to an associated AdS3;/CFTy after
uplifting to M-theory, while the near coincident region gives rise to an asymptotic AdSs
solution for the total magnetic charge, and should thus be captured by the AdS3;/CFTy
correspondence for the total charge. In other words, they are examples of AdS fragmentation,



and attributed to the Coulomb branch of the CFT [1]. The existence of scaling black holes
with these charges puts constraints on the topology of the Calabi-Yau threefold. In particular,
these only exist if the second Betti number of the Calabi-Yau manifold bs > 2.

Our explicit analysis of scaling solutions gives rise to a decomposition for the partition
function of attractor black holes Z3 with fixed magnetic charge P in terms of partition
functions of single core and n-core scaling black holes Z%!. This reads explicitly (See also
eq. (4.63).),

Zp=2b+2¥+..., (1.1)

where Z]Z is the partition function of single core black holes, ZI?’;T the partition function
of scaling black holes consistenting of three cores, and the dots stand for scaling black
holes with n > 3 cores. We determine the holomorphic part of the partition function using
formula’s for the degeneracies of black hole bound states such as studied in [6, 11, 49-53],
which gives rise to a holomorphic indefinite theta series ¥, of signature (2,2by — 2). Since
its coefficients grow polynomially, this demonstrates that the entropy arising from these
solutions is exponentially smaller than the entropy of a single center black hole. This is
expected since we have not included pure Higgs degeneracies [11, 49] or single center [51].
We have worked out two explicit case studies, where we specialize the CY three-fold to a
K3 fibration and determine explicit g-series for the partition function. We do observe that
the exponent of the leading term in the g-expansions is rather large.

We have moreover demonstrated that the partition function Z ;’DT admits a theta function
decomposition as a consequence of a spectral flow symmetry familiar from MSW CFT.
This in contrast to generic bound states with non-vanishing D4-brane charge for which this
symmetry is not present [25]. On the other hand for modular transformations, Z?;T needs
to be complemented with additional non-holomorphic terms, a phenomena which is also
familiar for the attractor partition function Z])g as mentioned above. We distinguish the
completed functions from the original functions by a hat, thus 21)5 for Z3 and ZA]?’DT for 23T
and similarly for other functions. We then establish that ZA])s and ZAI%T transform identically.
Alexandrov and Pioline have derived in ref. [29] the non-holomorphic terms for the r.h.s.,
ZZ’},. It would be interesting to combine this with the non-holomorphic terms derived in the
present paper for ZAI?’)T to deduce the non-holomorphic terms of ZA;";

The identical transformation properties of 2?; and 21’%T raises the question, which
term(s) correspond to the partition function of the conformal field theory. Since upon
taking the decoupling limit to vanishing 5d Planck length ¢5 — 0 [27], the supergravity
solutions contributing to ZA]%T decouple from the AdS3; geometry. This term is therefore
not expected to correspond to states within the MSW conformal field theory, and it seems
therefore plausible to us to expect that ZAg is to be identified with the MSW CF'T partition
function. It would be interesting to understand whether the finite difference between ZA}Q
and ZAj; can arise by turning on the irrelevant perturbation in the CFT, which corresponds
to moving away from the near horizon geometry and up the attractor flow [54].

Determination of the completion ZA]?’DT amounts to determining the completion of the
indefinite theta series ¥,,. We determine furthermore the non-holomorphic completion
of a closely related function ®,, (4.58), which enumerates the number of “scaling” charge



configurations. Although still involved, determination of the non-holomorphic completion
of this function is simpler than for generating function of the BPS indices. The analysis of
®,, and ¥, demonstrates that these are mock modular forms of depth 2. There are different
representations of the completion:

1. As a non-holomorphic kernel of the theta series. This involves (generalized) error
functions [36]. The modular properties of the completion follow from application of
results by Vignéras [55]. This is applied to the partition functions for scaling black
holes in section 4.4. For the partition function &3“ see equation (4.87), and for \T/M,
see equation (4.116).

2. Another useful representation, well-known for mock modular forms [34, 35], is as a
holomorphic g-series plus an (iterated) integral of modular forms [36, 43, 56, 57]. This
form is determined for three-center scaling black holes in equation (4.90) and (4.105).
The modular transformations of the g-series follow directly from those of the iterated
integral. This representation is also relevant physically, where the non-holomorphic
part is contributed to continuum of states [58], or the Coulomb branch [44, 48].

3. The third representation we mention here is as an integral over a domain in a
symmetric space, studied by Funke, Kudla and Millson [38, 39, 59], also known as
Narain moduli space in the context of conformal field theory. In the case of a 3-center
scaling solution, this would be a union of triangles in SO(2, 2by — 2; Z)\SO(2, 2by —
2;R)/SO(2;R) x SO(2b2 — 2;R). While we have not explored this representation
in detail, it is interesting to mention in light of recent discussion on averaging over
Narian moduli space and the AdS3/CFT; correspondence [60, 61].

Though technically involved, we believe that our results can be extended to scaling
solutions with n > 3 cores, and will give rise to mock modular forms of depth n — 1. Any
Calabi-Yau manifold with by > 2 gives rise to such mock modular forms, which thus provides
a large resource of holomorphic higher depth mock modular forms. Further, it will be
interesting to include single center degeneracies. Moreover, we hope that our results could
be used for the study of AdSs fragmention, and the interpretation of these solutions in the
dual CFT. In this way, it may be possible to derive the non-holomorphic terms within
gravity or the worldvolume theory of intersecting D-branes.

The outline of this paper is as follows. Section 2 reviews aspects of multi-center black
holes, and in particular the index of scaling solutions. Section 3 reviews partition functions
of D4-brane black holes. Section 4 discusses charge lattices for D4-brane bound states, and
defines the partition functions of scaling black holes. We define here also the partition
functions ®,, and ¥,, which enumerate scaling configurations and their BPS indices, and
determine its modular completion. Section 5 discusses the relation to M-theory and the
decoupling limit AdS3. Section 6 considers two case studies for a specific Calabi-Yau 3-fold
and charges, and presents the holomorphic g-series which are mock modular forms of depth 2.



2 Black hole solutions in N = 2 supergravity

We briefly review in this section supersymmetric black holes in A/ = 2 supergravity and
partition functions.

2.1 Black hole bound states

Let X be a simply connected Calabi-Yau threefold, with triple intersection product dgp.,
a,b,c=1,...,by. The intersection product dup. is symmetric in its indices. The classical
central charge of a BPS state is given by

Z(v,t) = —/Xe’tA% (2.1)

where v on the r.h.s. is the Poincaré dual differential form of the homology class of the cycle
which supports the D-branes, and is in 1-to-1 correspondence with the electric-magnetic
charge of the BPS state. Moreover, t is the Kéhler modulus of the Calabi-Yau three-fold.

The scalar fields X1, I =0,..., by of the vector multiplets are related to the Calabi-Yau
moduli, t* = B* +4J% as t* = X*/X" for a = 1,...,by. Near the horizon, their values
are determined by the attractor equations at the horizon in terms of the electric-magnetic
charges of the black hole [62-64]. On the other hand, their asymptotic values for || — oo
are boundary conditions for the equations of motion.

Besides the single center black hole, the equations of motion of N' = 2 supergravity give
rise to intricate multi-center black hole solutions [3, 6, 65, 66]. Upon varying the asymptotic
values of the scalar fields, multi-center solutions can cease to exist as proper solutions to the
supergravity equations of motions, or reversely new solutions can appear. If the asymptotic
values are chosen equal to the attractor values only few multi-center solutions exist. That
is to say, only multi-center solutions which can be continuously connected to a single center
black hole exist. These are the scaling solutions mentioned above, and are the main focus
of this paper.

To understand this more explicitly, recall that an n-center solution, is required to satisfy
the following n — 1 Denef equations,

S %) g (e z03,0)| (2.2)
Y Tijg r=00
i#] J
where (,) is the symplectic innerproduct between the charges,
(71,72) = —PQo2 + Pr - Q2 — P»- Q1+ PyQo,1. (2.3)

— —

Moreover, r;; = |75 — 7| is the distance between the centers i and j, and « is the phase of
the central charge Z(v,t) for the total charge v =>"1",7;. We set

¢;j =2 Im (e_iaZ(%-,t)) (2.4)

=00

We fix 7 at the origin R? and let M,, be the solution space for 7; € R3, j = 2,...,n to (2.2).
Then M,, has dimension 2n — 2. The low energy degrees of freedom of the supersymmetric



multi-center black hole give rise to N' = 4 quiver quantum mechanics [65]. The quiver for
an n-center bound state with charges {7;} consists of n nodes, and ~;; > 0 arrows from
node ¢ to node j.

Note that the equations (2.2) are necessary but not sufficient for the multi-center
solution to exist, to this end one needs to verify that the full supergravity solution is regular
away from the black hole singularities, and without time-like curves [3]. Since we restrict to
the large volume limit of the Calabi-Yau moduli space, we assume that this is the case in
the following, and that we can determine the existence of bound states from (2.2).

The gravity perspective has led to the following form for the index of an n-center bound
state [6, 9]. To express this, we first introduce the rational index Q(v) associated to the
integer index Q(v),

Q) =) W (2.5)
mly
The single center invariants Qg(7y) are the internal degeneracies of a supersymmetric particle
or black hole with charge ~. It is expected to be a positive integer for a black hole. To
analyze the spectrum of bound states it is convenient to introduce a fugacity y for angular
momentum. The rational variant of the refined index is defined as

-1
01,y) = 3 -l 0 /m. ™). (26)
mly

This reproduces (2.5) in the limit y — 1. A few variants of BPS indices will be important
for us. We mention,

o The BPS index €(v;t), which enumerates BPS states for a given value ¢ of the
asymptotic moduli. This includes single-center BPS states as well as bound states.

 The attractor index Q(v;t,) with the moduli ¢ fixed at the attractor point determined
by 7. These indices are the input for determining Q(~;t) using attractor flow trees [3,
4, 6, 26, 70].

o The single-center index 2g(), which is the internal degeneracy of a BPS particle or
black hole center. This invariant is independent of the moduli ¢. These invariants are
the input determining (y;¢) using the Coulomb branch formula [67, 68].

o The total invariant Q7(v), which is a composite of Qg(7) and independent of the
moduli . We give the expression below in (2.9).

The rational refined BPS index Q(v,%;t) can be expressed as a sum over partitions of
=, each representing a BPS bound state. It takes the form [9, 67]

S = Y LI 1050, (2.7
V=D Vi =t



with,

o |Aut({v;})] is the order of the subgroup of the permutation group, which preserves
the ordered set {y1,...,7n}.

e The index gc can be determined using localization of the black hole solution with
respect to rotation around a fixed axis generated by J3, say the z-axis [68]. A fixed
point p € M,, corresponds to a collinear solution with all centers placed on the z-axis.
If the associated bound state quiver has no oriented loop, g¢ is the refined index of
the N = 4 quiver quantum mechanics describing the bound state [9],

gC({Vj}? {Cj}7 y) = Trlqu(_y)ZJg’ (28)

where the trace is over the BPS Hilbert space Hqgm of the quiver quantum mechanics,
and J3 is one of the generators of SU(2).

o Qp the total invariant defined in terms of single centered indices Q2g by

n

Qr(v,y) = Qo)+ Y, H{vmdy) [[Qstiy™),  (2.9)
D iy M= =1

where m; € N are multiplicities of the charges in the partition of 7. For bound states
whose associated quiver has no closed loops, the H({7;,m;},y) vanish. Otherwise
they are determined by the “minimal modification hypothesis”. This has the effect
that if we express (2.7) as

S = Y RS TTag0,.), (210)
“/:Eizl%' 7=l

then the go are SU(2) characters.

To determine g¢ using localization, it is convenient to introduce the refined index

go({vit et y) = Trhy, (—y)>™.

Let z; be the position of the center with charge 7;. The localization technique then gives
the following sum over collinear fixed points with respect to rotation around this axis,

ge({h ety = () g —y ™) ST s(p) (—y) i o ETE) o)
PEM,,

where s(p) € £1 is a sign depending on the details of the fixed point, and z; is the z-
coordinate of center j. If the associated quiver does not contain loops, this is the complete
index and the y — 1 limit is well-defined. However, if the quiver contains loops, the
distances between the black hole centers may be arbitrarily small [6]. Such solutions are
known as scaling solutions, and additional fixed points need to be included in (2.11). An
(n-center) scaling black hole is a multi-center solution of n black holes, whose phase space



M, contains a region where the centers can approach each other arbitrarily close. Thus,
while the centers are spatially separated for generic points of M,,, they are adiabatically
connected to the black hole solution with a single center.

While many BPS bound states decay if we tune the moduli to their attractor values,
scaling solutions remain part of the BPS spectrum. Since the index is evaluated at the
attractor point cj, each term on the r.h.s. of (2.7) with n > 3 corresponds to a scaling solution.

Various quantities may diverge in the limit y — 1, such as Q7 and g¢. In order to
arrive at numerical counterparts for these quantities, we propose to regularize a rational
function of the form

(yf(szl)g, with il_)ni fly) #0, (2.12)
as follows W .
fly 1 d
Al — g (1) W) . (2.13)

2.2 Bound state indices

Let us consider the equations (2.2) for small values of n. For n = 2, there is a single

equation,
Y12

712
We deduce that the two-center solution only exists as a physical solution if 12 ¢y > 0. This

=1 (2.14)

depends on the moduli ¢. If ¢t approaches a value where ¢; vanishes, r19 diverges and the
solution disappears as a solution to the supergravity equations of motion. In particular for
the attractor point, the two-center solution never exists.

The quantum states of the two-center solution correspond to the product of the internal
degeneracies of the centers times the states of a spin (|y12]| — 1)/2 multiplet, which arises due
to the electric-magnetic fields sourced by the charges of the two-centers [65]. We express it
here as the product

Q2(1 +25t) = 9c({71,72} {e1, c2}) Q1) Q(2), (2.15)

with
go({r1:72}, {er, e2}) = 5 (sen(y12) +sgn(er)) (=1)72 7 y, (2.16)

and €2(y;) are degeneracies of the individual centers. For sgn, we use the definition

1, x>0,
sgn(z) = 0, z=0, (2.17)
-1, x<0.

The function 3 (sgn(y12) + sgn(c1)) equals 1 if the solution to (2.14) is physical, i.e. r12 > 0,
and it vanishes if the sign of r19 is unphysical, r1o < 0. The factor (—1)712*1712 is the
number of states of the bound state, assuming that it exists. The case that ¢; = 0 is a
special case, we aim to avoid. At the attractor point for the total charge, the ¢; (2.4) are
equal to ¢}, given by [3, 4]

¢ =1Z(v, )l (v, ;) - (2.18)



As a result, two-center solutions do not exist at the attractor point, because substituting ¢
in (2.14) gives a negative value for r19 which is unphysical.
For n = 3 distinct charges, (2.2) gives two independent equations,

LT
12 23

An intriguing aspect of these equations is that for appropriate values of v;;, they can be
satisfied with positive r;; for all pairs ¢ # j, for ¢ at the attractor point. Then, there is a
one-parameter family of solutions [6], with

Tij = €%ij + 0(52), e — 0, (2.20)

for 75 equal to 12, 23 and 31.
We can in fact do better, and give an all order solution in €. The parameter ¢ together
with three angular variables form the 4-dimensional solution space to (2.19). We set

Y2=a, Y3=0b, Y1 =c (2.21)

in the following, and assume a,b,c > 0.! We can then verify that the following 1-parameter
family of distances r;; satisfy Denef’s equations (2.2),

1 1 1 1 1 1

=y, — =y, — = —0p,, 2.22
712 ac Pa 723 be Po 31 ce Pe ( )

where pq, pp, pe satisty (pec — paa) = c1, (paa — ppb) = c2, (ppb — pec) = c3. The range of €
is determined by triangle inequalities and positivity of r12,723,731. The equations for pgp. .
allow for a shift, which modifies the range of ¢ accordingly.
We discuss this now in detail for the attractor point, where we can use (2.18) such that
]Z(fy,ti;)] =M and p, = pp = p. = M. We then have,
I ) S v (2.23)
12 GE rog  be r31  CE
The free parameter ¢ is bounded from below by 0. In ¢ < 1/M regime, this solution
reduces to eq. (2.20); thus existence of the scaling solution requires a, b, ¢ to obey triangle
inequalities [6]. As ¢ is increased, the shape of the triangle changes, and we need to
determine the correct maximum of € domain. First, positivity of rio, 723,731 imposes the

upper bound e < However, we also need to impose that r;; satisfy the triangle

1
M max (a,b,c) "
inequalities, which imposes an even stronger upper bound. E.g. the condition 715 + 723 > 731
requires

(a+b—c) — 2abe M + abee>M? > 0. (2.24)

If (¢ — a)(c — b) < 0, this condition is always satisfied since a +b — ¢ > 0 and the Lh.s.
does not have real roots in this case. Moreover if (¢ — a)(c —b) > 0, the condition

'We apologize for the multiple use of a, b and c.



is saturated for ef = - [1 + (cagl(fb)} and violated for e, < ¢ < /. Both roots

are non-negative provided (a,b,c) obeys the triangle inequality a + b > ¢. Noting that

ef > -1 we see € > £ makes r3; negative. Thus we must have ¢ < e . Using two other

Mce>
1 (a—b)(a—c)} ’

triangle inequalities, we have ¢ € (0, min (¢, ¢, ,e. )r] where e, = 4= {1 - i

& = up [1 = (b—aC)LEb—c):|7 and min (g, , &, , . )r means the minimum among the e, . € R.

One of ¢, . may be complex. At the maximal value of € the configuration is collinear.
With the three additional angular variables, one can aligned the solution along the z-axis,
thus giving a fixed point for rotations around this axis.

For three centers, the sum over fixed points reads

_ )a+b+c

ge ()i {esyiy) = &

y—y1)? lF(123)ya+bc + F(321)y~ %70 4 F(213)y—2tb—¢

+ F(312)y27 0" 4+ F(132)y270~¢ + F(231)y—ato+e|, (2.25)

where

Ja fi i  with 2 < 2; < 2,
F(ijk) = F(ijk: {c;}) = {s(p), a fixed point p € M,, with z; < z; < z (2.26)

0, Fa fixed point p € M,, with z; < 2j < Z.

atbre oqual (—1)*tb+¢ and we can factor this out from the

Since a, b, ¢ € Z, the signs (—1)
sum over permutations. The dependence on the r.h.s. on {¢;} is through M,,.

Since F'(123;{c;}) = F'(321;{¢;}), we can shorten gc to

_ )a+b+c

gC({’Yj}§{Cj}§y):((y_y1)2

+F(213;{¢;}) (y~ "oy ) £ P (132 {e}) (0o y o) 1 .

[F(lQB; {Cj}) <ya+bfc+yfafb+c)

(2.27)

This expression does not have a smooth y — 1 limit if M,, is non-compact and contains
a scaling region. In that case, only one of F'(ijk;{c;})’s is non-vanishing. Turning on a
fugacity is indeed known to be subtle for non-compact phase spaces [69].

In the present context, the minimal modification hypothesis is put forward in [68] to
correct this. It adds a term with minimal angular momentum corresponding to the fixed
point with coincident centers. The effect of the minimal modification hypothesis for three
distinct charges is that the refined index gc ({v;};{c;}) is completed to

go ({vitideiby) = 90 Qvidideihsv) + H{vit ), (2.28)

with
ifa+b+ce2Z,

2
H 1, _ (y—y*1)2’ 2.29
{vtv) { (;j;/ﬁf)m ifatb+ce2Z+1, (229

~10 -



go has a well-defined y — 1 limit, which reads,

g ({v;}i{ei}) Zzlli_{qgc {vitideihy)

(2.30)
= (—1)*""=¢[F(123) 5(a,b,c)+ F(213) s(a,c,b)+ F(132) s(c,b,a)],
with (arbcy?
a+b—c .
, ifa+b+ce?2Z,
s(a,b,c) = { (a—&-b—c%?—l . (2.31)
latb=cP=l bt ce 2Z+ 1.

We note that for degenerate cases, where one or more among a, b and ¢ vanish, go can be a
multiple of 1/2 or 1/4 rather than in {—1,0,1}.
Using the regularization (2.13), we obtaine for the numerical version (2.29) of H,

o= {3 S, »
which in turn gives the numerical counterpart for Qr,
0, ifa+b+ce?2Z,
Qr(y) = Qs(v) + { M., Qs(v;), ifa i b :t ce€2Z+1. (2.33)
We obtain similarly using (2.13) for the numerical version of g¢,
(—1)etbte )
go (kite) = 7 x [FU2: {;}) (a+b— ) 2,30

+F(213,{c;}) (a — b+ ¢)* + F(132,{c;}) (a — b — 0)?].

Thus the numerical go essentially corresponds to the y — 1 limit of the equivariant volume
of the solution space M3 [68].

The term F'(123,{c;}) is determined in [51, equation (2.57)]. For our purposes we
rewrite this in terms of sgn rather than the step function. This reads,

F(123,{¢;}) = Fi(a,b,c,{c;}) + Fa(a,b,c), (2.35)

with

—

Fi(a,b,c,{c;}) = ~(sgn(a) +sgn(c1)) (sgn(b) — sgn(cs)),
(2.36)

—

Fs(a,b,c) = 1 (sgn(a) + sgn(b)) (sgn(a + b —¢) —sgn(a + b)) .

At special charge configurations, where one or more arguments of the signs vanish, this
may differ from [51, equation (2.57)]. In such cases, the Fj can be a fraction rather than an
integer. To deal properly with such cases, we include additional terms below in eqs. (2.42)
and (2.45).

Our interest in this paper is the index at the attractor point, thus

ge ({3} {e}) (2.37)
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where ¢} (2.18) is ¢; evaluated at the attractor point ¢5. Then Fy reads

Fi(a,b,c) = i (sgn(a) + sgn(c — a)) (sgn(b) + sgn(c — b)) . (2.38)

Assuming non-vanishing arguments of the sign functions, we can simplify the sum
F*(123) = F} + F» using the identity [70, eq. (A.1)]?
(sgn(z1) + sgn(x2)) sgn(x1 + x2) —sgn(z1) sgn(zz) =1, (z1,22) # (0,0),  (2.39)

to F*(123) = Fi(a,b,c) + Fa(a,b,c) [70, eq. (4.10)],

F*(123) = %(1 +sgn(a—c) sgn(b—c)+sgn(b—c) sgn(c—a—>b)+sgn(c—a—>b) sgn(a—-c)).
(2.40)
We stress that this expression may differ from (2.35) if the arguments of some products of
sgn’s vanish. For example for a = 0,0 = ¢ =1, F'(123) = 0, while F*(123) equals i.
For the other permutations, we also define

Fy(a,b,¢) = - (sgn(a) + sgn(b — a)) (sgn(c) +sgn(b - ¢)),

— |

Fy(a,b,c) = = (sgn(a) + sgn(c)) (sgn(a + ¢ — b) —sgn(a + ¢)),

—

(2.41)
F5(a,b,c) = — (sgn(c) + sgn(a — ¢)) (sgn(b) + sgn(a — b)),

—

Fo(a,b,c) = 7 (sgn(c) +sgn(b)) (sgn(c +b —a) —sgn(c + b)),
and
F*(213) = %(l—l—sgn(a—b) sgn(c—b)+sgn(c—b) sgn(b—a—c)+sgn(b—a—c) sgn(a—b) ),
F*(132) = %(1+Sgn(c—a) sgn(b—a)+sgn(b—a) sgn(a—b—c)+sgn(a—b—c) sgn(c—a) ).

Having defined the F*(ijk), we turn to gc({7;};{cj}) and take care of the special
cases where both arguments of a products of sgn’s vanish. Let us first determine for which
values of a, b and ¢, go({v;};{cj}) is affected. When the last two products of sgn’s of
F*(123) (2.40) vanish, the angular momentum factor (a + b — ¢)?/4 also vanishes. Thus
replacing these products of sgn’s with a non-vanishing value will not affect go. For the
remaining product, sgn(a — ¢) sgn(b — ¢)’s, the arguments vanish in the equilateral case
a = b = c for which the angular momentum factor is a?/4. This is the same as for the other
permutations, F*(213) and F*(132), such that we can take all three into account by adding
a single additional term with yet undetermined coefficient A. We obtain thus for go at the
attractor point,

(_1)a+b+c

=
1

FF(132) (~a+ b+ ) + JAbacdyea’ ).

ge{kide)) = F*(123) (a + b — ¢)* + F*(213) (a — b+ ¢)?

(2.42)

?We thank Sergey Alexandrov for stressing the simplifying power of this identity.
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At this point, we can make a “guess” of the preferred “physical” value for A. From the
gravity perspective, the equilateral configurations with a = b = ¢ are perfectly fine multi-
center solutions, such that it is most natural that these contribute with 1 x (—1)%a?/4 to
gc. For (2.42), we have instead (3 + A) x (—1)%a?/16, thus suggesting A = 1. We will
demonstrate in section 4.5 that modularity of the g-series leads to exactly the same value.

With this we arrive at our final expression for the numerical attractor index (v;t)
with ~ partitioned into at most three constituent charges is given by,

3
Qvity) =M+ > ge({ytidh [ Qr()), (2.43)
722?:1 Vi =1

with go({v;}; {c}}) given by (2.42), and Qr(v) given in terms of Qg by (2.33).

Besides the bound state index g¢, we are also interested to enumerate the number of
charge configurations giving rise to scaling black holes. Up to vanishing arguments, the
sum Fioar(a, b, c) = ?:1 Fj(a,b,c) can be further simplified to

1
Fiotal(a, b, c) = Z[l—i—sgn (a+b—c)sgn(a+c—0b) (2.48)
+sgn(a+c—b)sgn(b+c—a)+sgn(b+c—a)sgn(a+b—c)}.

This expression has the advantage that for a + b 4 ¢ odd, the arguments of the sgn’s never
vanish. With inclusion of additional terms to deal with vanishing arguments, we define
number fo,

fel} A} = Fotai(a, b,¢) (=1)*F

X 1 1 (2.45)
+ 341 04,0 0b,c + 742060 0ap + 743060 0a,cs

where the constants A; are yet to be determined. We will determine these from the modular
completion. To our surprise, these numbers are typically irrational for a + b+ ¢ € 2Z, while
they do not contribute for a + b+ ¢ € 2Z + 1. We find the irrationality quite peculiar. On
the other hand, fo is not a BPS index, such that it is not really violating any physical
principles.

3 Review of D4-brane black holes

We review in this section aspects of partition functions of D4-brane black holes. We start in
subsection 5 by reviewing the uplift of D4-brane black holes to M-theory. In subsection 3.1,
we discuss the “supergravity” partition function, which enumerates D4-brane BPS indices
Q(~v;t) for fixed Kédhler modulus t. In subsection 3.2, we discuss the “attractor” partition
function, which is a generating function of BPS indices Q(v; ti;) evaluated at the attractor
point t3 of the corresponding charge 7.

3.1 Supergravity partition function

From the perspective of asymptotically flat R, the most natural BPS partition function is
enumerates the BPS indices for a fixed, asymptotic value of the (Kdhler) moduli ¢, and in
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the mixed ensemble where the magnetic charge P is fixed [6, 13, 14, 71] and the electric
charge @ is varied. The electric charge takes value in the lattice A ~ Zb with bi-linear
form Dy, = dgp.P€. For a positive magnetic charge P?, du,.P¢ provides a non-degenerate
quadratic form with signature (1,by — 1) for the lattice A of magnetic charges. The electric
charges Q, take values in dual lattice A*, with quadratic form D% = (d,,.P¢)~". We
abbreviate the pairing between an element (Q € A* and k € A as

b2
> QuP*=Q.P (3.1)
a=1

and extend this by linearity in each argument to A* ® R and A ® R. For later use, we also
introduce the notation p € A*/A,

A ={Q € A+pu+ P2}, (3.2)

We stress that the elements of A}, do not necessarily lie in A* due to the shift by P/2. Using
this notation, the partition function for D4-D2-D0 black holes reads schematically

Zsa(r, O 1) = Z Q(% £) (_1)P.Q o~ 2mT2| Z(v,0)|+2mimy (Qo—Q.B+BQ/2)+2m‘C.(Q—B/2)’ (3.3)
Q0,Qa
where Q(v,t) is the rational index (2.5), 71 € R is the RR 1-form C}, and 7 = e~ ® € R
with ¢ being the dilaton, C' the RR 3-form and B the B-field.
Here Z(~,t) is the central charge of the N' = 2 algebra. Ignoring the non-perturbative
terms in the strict large volume limit, Z reads

1
Z(vy,t) = 5P.(J2 —~B)+Q.B—-Qo+i(Q—BP).J. (3.4)
The BPS mass becomes in this limit,
1 — BP).J)?
200 = G P - %) + QB - qu+ (=BT (3.5)

up to inverse powers of J. By assumption J? > 0, hence J¢ lies in the positive cone of A.

Thus k:‘]]f;] is the component of the vector k along J.
In the large volume limit, supergravity has an Sp(2by + 2,7Z) symmetry, generated by

matrices

1 0 00

ke I, 00
Tdap Pk dapk® Ty, 0
Fdabck KOk Sdapck ke kO 1

K(k) = , kezb, (3.6)

and acts linearly on v = (P%, P% Q,, Qo). For P? = 0, these transformations preserve the
magnetic charge, and act on remaining charges and moduli as follows:

Qa — Qa + dabckbpc>
1
Qo = Qo+ K*Qa + Sdanck k" P°, (3.7)

t* =t + k.
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We introduce the abbreviations:

Qo= Q-+ 3Q°,

Q::Q_Ba (38)
0= Q- G2, |
_ (@ - BJ).P)?

Note that the combinations Q, Q() and the conjugacy class p of electric charge vector are
invariant under the transformations (3.7). Invariance of the conjugacy class is seen by
noting that spectral flow shifts @) by integer lattice vectors, when mapped to magnetic
lattice A and such shifts do not change the conjugacy class.

The holomorphic and anti-holomorphic dependence on 7 can be made more manifest,
if we rewrite Zg¢ as

Zs6(r.Ct) = T 3T Q(P.Q,Quit) (~1)"gRo S22 (39)
Qo,Q

where ¢ = €>™". The transformations (3.7) act on Zgg as
Zgg(T, C, t) — (—1)P'kemc'kZSG(T, C,t) , (3.10)

under the action of K(k).

We can map the system of D4-D2-D0 branes to IIB string theory, by a T-duality along
time circle. The RR 1-form C; is mapped to the RR 0-form Cjy, while the D4, D2 and
DO-branes respectively become D3, D1 branes and D(-1)-instantons. Moreover, the action
of the IIB strong-weak duality on the instantonic branes carries over to the spectrum of
D4-D2-DO0 branes in ITA string theory. The duality acts as follows. The modular parameter
is 7 = C1 +ie~?, with ¢ being the dilaton and C; the Ramond-Ramond 1-form flux along

S}. For an element (a Z) € SL(2,7Z). This duality acts as
c

ar +b
cr+d’

@) - (a Z) <g> (3:.11)

J = |er +d|J,

In a series of papers [6, 13, 14, 18, 25, 26, 29], the supergravity partition function (3.3) has
been analyzed. We summarize the main properties:

e Quasi-periodicity in the two-form fields B and C.
For k € A, we have

ng(T,C t—i—k‘) ( )Pk mc}gZSG(T C, t)

3.12
ng(T,C + k:,t) = (—l)P'ke miB.k ng(T, C, t). ( )

These can be seen as large gauge transformations.
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o SL(2,Z) S-duality:

S:  Zsa(—1/7,—B,C +|1J) = 7Y2773/2¢(8) Zga (7, C,1),

(3.13)
T: Zsa(t+1,C+ B,t) =¢(T) Zg¢(1,C, 1),

-3 —ip 2P —3/2
where e(S5) = ¢(T)°,e(T) = e 12 are phases. The factor 7 can be un-

derstood from the non-compact bosons in the CFT due to the center of mass in
R3.

e The partition function involves an intricate dependence on the moduli ¢ through
wall-crossing. The proper modular invariant partition function differs from (3.9) by
additional non-holomorphic, subleading terms which are non-holomorphic in 7.

3.2 Attractor partition function

The supergravity partition function is a rather complicated function. It has become clear
that an alternative partition function is a more amenable object to study [18]. This is the
attractor partititon function Zj\g, which is the generating function of indices Q(~; t:\f), where
each index is evaluated at its (large volume) attractor point tf‘/. The indices Q(v; t;‘) were
also referred to Qcpr in [25], and MSW invariants QMSW in [18]. For irreducible magnetic
charge P and magnetic charges which can be written as a sum of at most 2 magnetic charges,
these indices are conjectured to coincide with the CFT indices. However as discussed in
section 5, our findings in this paper suggest that there is a difference for generic magnetic
charges due to scaling black holes.

This partition function is obtained by replacing Q(~,t) in the definition of Zg¢g by its
attractor value (v, tfy‘) For a D4-D2-D0 black hole with charge v = (0, P%, Qq, Qo), we
have for the “large volume” attractor value (t7)¢,

()" = D™Qy + i\ P°, (3.14)

with A sufficiently large, such that subleading terms in a A expansion can be ignored.
Eq. (3.14) is equivalent to

B! =D"Q,,  (J))"=A\P" (3.15)

The precise proportionality constant A between J* and P* will not be important for us,

since we will restrict to the large volume limit, |J| > 1. On the other hand, we do not take

the limit A — oo, since physical quantities such as the BPS mass diverge in this limit.
The attractor or MSW partition function then reads,

Zp 7,C,t) Z Q % )PQ —2rm2| Z(v,t)|[+2mim (Qo—Q.B+B?/2)+2miC.(Q— B/2) (3.16)
Q07Q(L

Note that although the degeneracy is evaluated at the attractor point t,Ay, the mass in the
exponent is the ADM mass evaluated for moduli at infinity being ¢. The other moduli
dependence in the exponent is also similar to that of Zsq (7, C,t).
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Since black holes states contributing to the attractor index exist everywhere in moduli
space, their quantum degeneracies should be moduli independent. Moreover, one can
show that Q(~; t:\/) are invariant under spectral flow transformations (3.7). This entails
that Q(~; t;\) depends on the charges only through the invariant combination QG and the
conjugacy class p. These imply the sum

hP,u, ZQ ’Ya ) (317)

for fixed @ is also invariant under spectral flow transformations and apart from the
magnetic charge, depends solely on the conjugacy class p. It has been understood from wall-
crossing and the perspective of D-instantons, that hp, receives additional non-holomorphic
contributions hp,, [18, 29]. The resultant is the non-holomorphic function h pu(T, 7).
Hence one is led to the following theta function decomposition of the attractor partition

function,
Z)rCt) =™ ST hp(r) Ou(r,7,C, B), (3.18)
HEN* /A
where ©,,(7,7,C,B) = 3 (—1)PQqQ%/25- Q% 22miC.(@-B/2) (3.19)
QeA},

with the set Aj is given in (3.2). We define analogously the completion ZA])Q by replacing
hpu by hpu in (3 18)

Various factors in the right hand side of (3.18) also have definite modular transformation
properties. The prefactor e~ 772/ * is modular invariant. Moreover, the Siegel-Narain theta
function ©,(7, C, B) transforms as

S:  Ou-1/1,-1/7,—B,C) = |A1*/A| (—ir)¥2 12 (72 2emim P2/
x Y e PO, (r,7,C,B), (3.20)
veEA* /A

T: O,(r+1,74+1,C+B,B)= em(”+P/2)2@M(T,?,B,C).

This implies that the appropriate completion D p,u transforms as a vector valued modular

form,
T — 1 . \— — x _—iT —2mid.u g =
S hP#(_l/Tv_l/T) = —ﬂ(—ﬂ') b2/2 18(5) € P2/2 Z (& 2 6'“hp,5(7',7'),
[A*/A] SEA/A
T: hpu(r+1,7+1) = e(T)* ™ P2 hp (7,7), (3.21)

where €(5) and (T') are as below (3.13).

4 Partition functions for scaling black holes

Our aim in this section is determine and analyze the first multi-center contribution to the
attractor partition function (3.17) with the moduli at the large volume attractor points
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t,)y‘ (3.14). The large volume attractor points are in many ways analogous to the proper
attractor points ¢,. For this value of the moduli and assuming that v and ~; both carry
D4-brane charge, the ¢; (2.4) evaluated at t;\ are to leading order equal to 03\,

& =2 (7,7). (4.1)

Since the factor 2A on the r.h.s. is positive, the large volume attractor point is similar in
nature to the c;f (2.18) for the proper attractor point.

On the other hand, specific bound state solutions may exist at ti which are unstable
at t,. Examples of such bound states are pairs of D6 and anti-D6 branes. The spatial
separation of these such bounds state is of the order ¢2/R?, which decreases as A~ in the
large A limit. On the other hand, the separation of centers that carry D4-brane charge, but
vanishing D6 charge scales as (4.1), scales as A™! except for the near coincident region. From
the perspective of the large volume limit, the (D6, anti-D6) bound states are effectively single
centers. To emphasize that they are bound states with a small separation, we introduce the
notion of “core” for a black hole solution with separation of the order £3/R? between the
centers. The discussion of section 2 is easily adapted to the large volume regime by reading
“single core” for “single center”. One naturally defines a single core index Qgc and total
core invariant Q¢ analogous to the single center index Qg and total invariant Q7c.

The first multi-center, or multi-core, contribution to the attractor partition func-
tion (3.17) consists of bound states with three cores, which each carry a positive D4-brane
charge and vanishing D6-brane charge. The symplectic innerproducts a, b and ¢ (2.21) read
in this case,

a= PiQy— PQ1,
b= PQs3 — P3Q)2, (4.2)
c= P01 — PiQs.

This gives for the c])-‘, c} =2\ (c—a),cy =2X(a—b). Since the cj (2.18) and c;-\ (4.1) are
simply related by the substitution |Z(v;3)| — 2A, the discussion on the solution to Denef’s
equations below (2.23) is applicable, and in particular gives the separation of collinear
solutions.

At the attractor point t:\/ many multi-center and multi-core configurations do not exist
as physical solutions. However we have seen that some multi-center solutions do exist.
These solutions are distinguished from generic solutions, since the centers can approach
each other arbitrarily close. The scaling solutions do respect the spectral flow symmetry,
since the symplectic innerproducts are invariant under (3.7).

We note that the existence scaling solutions poses constraints on the magnetic charges
P;. For example since for a scaling solution a, b, c must have the same sign, we deduce
that there are no scaling solutions for P, = P, = Py = P/3, since this gives rise to
Y12 + Y23 + ¥31 = @ + b+ ¢ = 0. Therefore, there must be an asymmetry in the magnetic
charge of the centers for such scaling solutions to exist. To see that F' vanishes in the case of
three equal magnetic charges, note that the second factors in Fb, Fy, Fg vanish immediately
as sgn(2z) — sgn(x) = 0. Moreover, in F} we can replace ¢ = —a — b and when a > 0 the
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first factor imposes the constraint —2a — b > 0 so b < —2a and b must be negative. Hence
the second factor in F} vanishes. The argument goes similarly for F3, F5. Similarly one may
show that such scaling black holes only exist for by > 1.

4.1 Bound states and lattices

We discuss in this subsection various aspects of charge lattices of bound states, and the
projection of the charge lattice to a sublattice with fixed total charge. The discussion in this
subsection does not rely on the existence of scaling black holes for these charges and lattices.

Lattice decomposition. We apply some techniques of decompositions and gluings of
integral lattices to charge lattices of bound states. See for example [72, 73]. We will consider
a black hole bound state of n centers, with non-vanishing, positive magnetic charge P; € A;,
Jj=1,2,...,n, where A; is the by-dimensional lattice associated to the j'th center with

innerproduct Dj,
Djab = dabcpjc, a, b, Cc = 1, ey b2. (43)

The total magnetic charge is P = Z?ﬂ P; with quadratic form D and by-dimensional lattice
A. The signature A; and A is (1,02 — 1).
We use boldface notation for the lattices for boundstates. For n centers, we introduce

(n be)-dimensional lattices and vectors,

k= (ki ko .. ..kn) EA =N DA D @Ay,
= (r1,%2,...,7p) EA" =ATBAN - B A, (4.4)
Q=(Q1,Q2,...,Q) eN*+P/2=AN;aANs&--- &N + (P, Ps,...,P,)/2.

8y

We denote the quadratic form for A by D = diag(D1, Da, ..., Dy).

Since we typically sum over bound states with fixed total electric charge, we aim to
decompose the lattice A in a by-dimensional sublattice A C A representing the total charge,
and its orthogonal complement A with dimension (n — 1)by representing the relative charge
distribution over the constituents. To introduce this properly, let A be the sublattice
ACA,

A={k=(kk, ... k)eA|lkezb} (4.5)
The lattice A induces a quadratic form on A. Namely for k € A, D(k) = Y7, Dj;(k) = D(k).
For k € 72, this is the quadratic form for the total charge P as desired. As a result, we
have the group isomorphism A*/A = A" /A.
Let 7 be the orthogonal projection,

T:A—=>ARQ. (4.6)
For k € A and m € A, we have
D(@(k),m) = D(k,7(m)) = D(k,m) € Z. (4.7)
Therefore, 7 gives an injection of A to the dual lattice A”,

T: A=A (4.8)
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Moreover, if we extend 7 by linearity to A*, a similar argument to (4.7) shows that
7: A* — A". The projection 7 is explicitly given for k = (k1,ka,...,kn) € A by,

7(k) = (k.k,....k) € (A)* with k=D"1> Djk;. (4.9)
j=1

We define furthermore the kernel A = Ker(7),

A::{EGA

zn:Djkj = 0}. (4.10)

=1

Elements in A have vanishing innerproduct with A, such that they are indeed each others
orthogonal complement in A.

Since 7(k) € A for k € A, we have that k — 7(k) € A. Thus A ® A is in the kernel of
the homomorphism & : A — A" /A. We call

G=A/AaA), (4.11)

the glue group for the decomposition of A, and the image of G under &, h(G) ¢ A" /A,
the glue group for A [72]. The homomorphism h gives an injection of G to the subgroup
h(G) € A" /A. Therefore, the number of glue vectors, N, = |[A/(A @ A)| is a factor in
A" /A| = det(D). In the special case that det(D) is prime, or more generally co-prime with
det(D;) for all j, N, = det(D). By the same arguments, there is a projection 7 : A — A*,
and a homomorphism h : G — A*/A. Therefore, N, is also a factor in det(D). This gives
for the number of glue vectors N, in general

| det(D) det(D)
N, = J m (4.12)

The order of the quotient group (A*/A)/h(G) is

_ det(D)
- D)

N, (4.13)

This will be useful for us in the following way. If we consider the class of vectors keA
with fixed projection to A", for example f(l;) = 0, this fixes an element of the glue group G,
and thus also of the images of G in A*/A and A*/A. As a result, the number of possible
conjugacy classes of (k) € A*/A of x(k) is N, (4.13). This is also the case for a vector
# € A* with fixed projection 7(%) € A".

Similarly to A}, (3.2), we introduce the notation Aj,,

AZ = {Q:(QlaQ27"'7Qn) €A+(M11M27>Mn)+ﬁ/2

j=1

Zn:Qj =u+P/2 } . (4.14)
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where the subscript p € A*/A, p =377 pu; € A and P =377, P; € A. We define the
quadratic form Q? for A,

3
Q' =-Q"+3 ()]
S (4.15)

—(u+ P/2)? Z

This form of the quadratic form appears naturally, when we determine the partition function
hy, (4.53) of scaling solutions in the next subsection. On the other hand, it should match
with the inverse of the quadratic form for A. In the cases considered below, we find that
this is indeed the case.

Note that in components, P in (4.14) has a lower index and equals P, = dpe PP P =
dabe (D5 Pj)b(zj Pj)¢. To understand constraint >>;Q; = p + P/2 better, we change
variables from @; € A} to k; € A; using

Ql,a = Ula + Dlab(k‘i} + P2b + Plb/Q)a
QQ,a = M2,a + D2ab(kg + P?l: + P2b/2)7
. (4.16)
Qn—l,a = Hn—1,a T+ D(n—l)ab(kz + Pb + Pb 1/2)
Qn,a = Hna + Dnab(kg + Plb + P3/2)’

with k? € 7 for j = 1,...,n. The shifts of /-c? by ij are included such that the required
identity for the k; takes a compact form,

n
Y Djwkl=0,  k;j€z”, (4.17)

which is indeed identical to the defining condition for the lattice A in (4.10). Solving this
relation over the integers, k; € Zb | is in general a complicated problem depending on the
D;. Solving say for k,, we have

n—1
=-D,;" > Djk;. (4.18)

Thus we find that if D;le, Jj=1,...n—1 are not integral matrices, not all k; € 7b can
correspond to bound state charges for these conjugacy classes. In some cases, this problem
can be avoid by solving for another k; instead of &, but not in general. We restrict to
special cases in the following.

2- and 3-center bound states for by = 1. For by = 1, the D; are simply positive
numbers. For n = 2, the relation (4.17) becomes

D1k + Doky = 0. (4.19)
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The solutions with k1 o € Z are

D D
2 m, ko = S m, m € 7, (4.20)
) )

b= — 2 _
'™ ged(Dy, D5 ged(Dy, Do

where ged stands for the greatest common divisor. Substituting (4.20) in the quadratic
form > ;45 Djka, gives for the quadratic form D on A,

Dy D3(D; + Dg)

D= 4.21
o ng(Dl, D2)2 ( )
Thus the number of glue vectors (4.12) and order N, (4.13) are in this case,
Dy + Dy DD,
n—29: — = =2 4.22
g ng(Dl, D2) 1 ng(Dl, Dg) ( )
Moving on to n = 3, we need to find the integral solutions to

D1k1 4+ Dsoks + D3ks = 0. (423)

To this end, we first consider k3 = 0. Then, the solutions are obviously given by (4.20).
Next for a fixed non-vanishing ks, there are only solutions if ged(D1, D2) divides Dsks by
Bézout’s identity. As a result, if we choose ged(D1, D3)/ ged(D1, Do, D3) for ks, Bézout’s
identity asserts that there is an integral solution (¢1,¢2) for (k1, k2),

ng(Dl, DQ)
ng(Dl, DQ, Dg)

D141 + Doly + D3 = 0. (424)
Since this choice for k3 has the smallest non-vanishing magnitude with integral solutions,
the other choices for ks follow by multiplication by an integer m;. Including also the
solutions (4.20), we find for the general solution,

Dy
ki=/ -
L ged(D1, Dy) "
by = bymy — — DL 4.25
9 = lamy ng(Dl,Dg)m27 (4.25)
d(Dy, D
ks = ged(D1, Do) mi.

~ ged(Dy, Dy, D3)

Substitution of (4.25) in Z;’Zl Djka, one finds for the 2-dimensional quadratic form D for
(m1,m2),

ng(Dl,DQ,D3)2 ng(Dl,Dz)
D1D2(£1_£2) D1D>(D1+D>)
ng(Dl,Dg) ng(Dl,D2)2

D12 + Do} + Dy 201D Diba(ti_ts)
D=< T . (4.26)

Using (4.24), we find for its determinant,

D1DyDs(D1 + Dy + D3)
det(D) = 4.27
(D) ged(D1, Do, D3)? (4.27)
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which is symmetric in the D;. For the number of glue vectors N, and order N,, we now

obtain,
n=3: _ Dy + Dy + Ds DDy Dsg

9" gcd(D1, D2, D3)’ 9" ged(D1, D2, D3)’

Together with the discussion below, this is very suggestive that the generalization to n > 3 is
_ ( ?:1 Dj) ?:1 D;

ng(Dl, DQ, ey Dn)2 .

(4.28)

det(D) (4.29)

2- and 3-center bound states for by > 1 with simplifications. We continue to
discuss the general case by > 1. Let us first consider n = 2. We make the assumption that
Dy ' Dy is an integral matrix. The equation (4.17) can be solved by setting ko = —Dy ' Dy k;.
Substituting this in the quadratic form 5, gives us for the bo-dimensional quadratic form
on A

D =D, +DD;'Dy. (4.30)

This agrees with (4.21) upon specialization to by = 1. We find then for N, and N,
n=2: N, =det(Dy'D), N, = det(Dy). (4.31)
To deal with our main case, n = 3, we make two technical simplifications:

1. We assume that D3 ' D; and D3 ' Dy are integral matrices, such that k3 € Z? in (4.18)
if k1 and ky € Z2.

2. We assume that dg. € 27 for all a, b, ¢. Then A* + P/2 = A* for any P such that
shifts by P (and P;) in (4.14), (4.15) and (4.16) are unnecessary.

These assumptions are satisfied in the examples in section 6.
If we substitute now (4.18) in Q?, we arrive at

Q% = —1® + (1)} + (n2)3 + (13)3 + 2(u1 — D3 Dypug).key + 2(ua — D3 ' Dapug) ks

+ (k1 k2) D (k1 k2) 3
where D is the quadratic form of the lattice A,
D= (Dl - Dl_ll)ngl DID:’TI% ) . (4.33)
Dy D3 ' Dy Dy + DyD3 "Dy
The determinant of D is given by?
det(D) = det(Dy) det(Dy) det(D3 ") det(D; 4+ Do + Ds) (430
= det(Dy) det(Ds) det(D5'D).
We have for N, and N, in this case,
N, =det(D3'D), N, = det(D;)det(D>). (4.35)

3We use that for an invertible n x n matrix A and n x m matrices U and V, we have det(A + UV7T) =
det(A) det(1, + VT ATIU), https://en.wikipedia.org/wiki/Matrix_ determinant_ lemma.
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These formulas are in agreement with (4.27) for by = 1, and ged(D1, D2, D3) = D3. Moreover
for generic by, we can consider cases where we can solve (4.17) in terms of ks as well as k3, and
we expect a symmetry in Dy <+ D3. Indeed, then D5 Dy and D5 ! D3 are integral matrices
too. The only way for Dy ' D3 and D3 ' Dy both to be integral is to satisfy |det(Dg)| =
| det(D3)|, in which case (4.34) reduces to det D = £ det(D;) det(Dy + D2 + D3), which is
symmetric under the exchange of 2 and 3. Similar comments hold of course as well for k.

Using general formula’s for inverses of block matrices [74], we derive that the inverse of
D reads

D
= —-D7! D~YD; + D3)Dy*

_(Dy'-D7' D!
N -D™' Dy'-D71)’

One can verify that the determinant of D! is indeed the inverse of (4.34). Indeed, if we

o (D—l(D2 + D3)D7! _D! )

(4.36)

introduce the two components p; and p,

py = 1 — D1D3 s,

’ (4.37)
Mo = p2 — D2 D3 s,
the quadratic form Q? (4.32) for k; = ko = 0, Q% = 2, can be written as
p® = = (1 + p2)” + ()T + (12)3 = (11, 02) D™ (g, )" (4.38)
For ki1, ko non-zero, we have Q = (Q;, Q5) with
Q, = 11 — D1D3 'z + (Dy + D1 D3 Dy)ky + D1 D3 Dok, (4.39)
Q, = p12 — DaD3 ' s + D2 D3 ' Diky + (Do + DaD3 ! Do)k,
or equivalently
=Qy — D1 D;'Qs,
Q=@ 1D3 Qs (4.40)

Q, = Q2 — DyD;'Q3,

which we can write more compactly as Q = p + D k with k = (k1, k2)”. Thus an element
p € A*/A is completely determined by

po= {1, p2, g )| pj € NG, pa+po+ps = p € A} (4.41)

Generic number of constituents (with simplifications). The analysis for a generic
number n of constituents (including n = 2) follows analogously. The quadratic form reads as
in (4.15), but with 3 replaced by n in the summation, and with constraint -7 1 Q; = p+P/2.
Similarly to (4.17), the constraint can be expressed as

n
> Dkt = 0. (4.42)
j=1
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With the assumption that D;le is an integer matrix for all j = 1,...,n, this can be
solved and the quadratic form becomes

D1
D =diag(Dy,...,Dp 1)+ | ... | (D;'Dy,...,D;'D, 1), (4.43)
Dn—l
with inverse
D—l
Dt =diag(D;Y,..., D)~ | ... | (1,...,1), (4.44)
D—l

where D = >7"_; D;. Moreover, the determinant of D is

det(D) = det(D; 1) det(D) nlzfdet(Dj)
L =1 (4.45)
= det(D;;'D) H det(Dj),
j=1

from which N, and N, are easily determined.

Characteristic vectors. We briefly discuss here a characteristic vector for the lattice

A with n = 3, which is important for the theta series of the scaling solutions. A sign

a+b+c

which frequently occured in section 2 is (—1) . Such signs in a theta series are typically

written in terms of a characteristic vector. We therefore express a + b + ¢ as
a+b+c=K.Q, (4.46)

with
K = (P;— P,,P, — P3). (4.47)

This is a characteristic vector of A. Indeed, we have with P = (Py, Py, P3),
k-P+ke2z, (4.48)

since Pj is a characteristic vector for A;, j = 1,2,3. We can decompose with respect to the
lattice decomposition A @ A,

k-K+Kk +k-P+k. (4.49)

Since P is a characteristic vector for A, this shows that K is a characteristic vector for A.

However, jf we express a + b_;—l— ¢+ P.Q) in terms of vectors in A =3, §j, SBCh Ehat
a+b+c=K.Q mod2, then K = (Pg — P, P, — P3, P, — Pl) Then (K+P) -Q =
K -Q+ P. Cj = P - mod 2. Moreover, P is a characteristic vector of A, and

P2 =P+ K® mod 4. (4.50)
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4.2 Partition functions

We consider black hole bound states with three cores. The j* core carries electric and
magnetic charges ; and P; respectively. It is natural to work with a mixed ensemble with
total magnetic charge P held fixed. For the present purpose, we shall fix the total electric
D2-brane charge Q = >>; Q; € A* + P/2 with p € A*/A as well. We work at the attractor
value of the moduli, corresponding to total charge vector (P, Q). At this point apart from
single core black holes, the only other black holes to survive are the scaling black holes. A
natural question is — for a fixed total charge, how many scaling black holes are there and
what is their contribution to the index?

In analogy to the attractor indices Q(~, tfy‘), we define the generating function hZ(T) of
numerical total core invariants Qp¢ introduced earlier in this section,

nh,(r) =" Qre(r) . (4.51)
Qo

We can similarly define the partition function of single core indices h% N(T), with Q7 replaced
by Qs. The Qr(7) are determined from the refined ones (2.9) using the regularization (2.13).
For the 3-core case, this gives (2.33). If P is irreducible, i.e. it can not be written as a sum
of more than 1 positive magnetic charge, and the three partition functions agree.

Based on (2.7), we can express the attractor partition function hp, in terms of the
partition function hg - We have schematically

T 93 A -5 @22 T 1
hp,ﬂ(r)—hp,H(TH;Z?%:P Aty )] j]zjlhpw(f). (4.52)

Z?:l QRj=Q
Recall that there are no 2-center/core scaling black holes, such that there is no contribution
from n = 2 on the r.h.s.

We will proceed by considering the term in (4.52) with n = 3. Using the notation
introduced in section 4.1, we can enumerate the number of three-core scaling black holes as

Wpya( = D0 by (T Ry, (7) By (7) Wa(7) (4.53)
quA;%/A]-, 7=1,2,3,
K1tH2+H3=R

with p as in (4.41), and where ¥, is the indefinite theta series

Vu(r)= Y geh A @72 (4.54)
QeA;,

With y = e>™# we define the refined series as

Vu(r2)=—y Y gelyh{hiy) a9, (4.55)
QeA;,

with go({7;}, {cj)‘}) asin (2.42) and gc({7;}, {c;‘}; y) asin (2.27). Note that ¥, is symmetric
as function of z,
U, (1, —2) = U,(1, 2). (4.56)
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The two functions are related by (2.13),

2
W, (7) = (471”,682) Vo(r 2y (4.57)

The kernel gc({v;}, {c;‘}) and therefore ¥, is unchanged under a symplectic transfor-
mation (3.7), such that h{TPJ_}# is invariant under spectral flow as required. The number of
terms in the sum over p; in (4.53) is given by N, (4.13).

To determine the modular properties of ¥,,, we consider first the generating function of
fc (2.45), which enumerates the number of scaling charge configurations for a given total
charge. We define this function ®,, as the following theta series,

S felfyuh e a @2 (4.58)

QeA,

with fo({v;}, {c?‘}) as in (2.45).
The following subsections will demonstrate that ®,(7) is a convergent g-series, which

can be completed to a function CTDH which transform as a vector-valued modular form. The

transformation properties under the .S and T transformations are

(/ﬁ -1 —1/7) = — (_iT)b2 miK?2/2 2 : 2mwip.v (’ﬁ -
H( /T7 /T)_ A* A € € I/(TaT)7
A/A] vEA*/A (4.59)

Ou(r+1,7+1) = WK (7 7).

The partition function T u(T) can be obtained by introducing a suitable elliptic variable
in Cfﬂ and subsequently differentiating twice to this variable. As a result, the modular
transformations of the completed function (i)u equal those of the completed \Tlu except that
the weight of \T’u is increased by two compared to </15ﬂ. The weight of \Tlﬂ is thus bg + 2. The
non-holomorphic terms are determined in this way in section 4.5, specifically eq. (4.116).
The end result is that \f’“ transforms as

I - (—iT)b2+2 miK?/2 2mipv -
‘IIN(_l/Tu_]-/T) = A /A € Z € ' \IJV(TvT)v
[A*/A] veAT/A (4.60)

U, (r+1,741) = WK g (7 7).

Therefore, the completion of h35 (P} (4.53),

h?gj}vN(T’ T) = Z hP1 ul( 7) hP2 ug( 7) hPa us( 7) (I}N(T) ) (4.61)
HEAT /A, 5=1,2.3,
H1tH2+u3=H

transforms as h Py (3.21) as we aimed to show. We can furthermore combine h p,u With the
theta series ©,,

Z?:»T(T, C,t) = Z Z h{P}“ 7,7)O,(1,7,C, B). (4.62)
Zj‘:l pj_p,uGA*/A
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We can then decompose the attractor partition ZAIAD in terms of the multi-core partition
functions ZT,
ZMr,Ct) = Zh(r,Ct) + Z3 (1, C,t) + . . .. (4.63)

Since the partition functions transform the same way, this raises the question which terms
are captured by the MSW conformal field theory. As mentioned in the introduction, it will
also be interesting to deduce the non-holomorphic terms of ZAIT;: using those determined for
ZA;Q’,T in this paper, and those for ZA])s in [29].

4.3 Convergence

A crucial aspect of ®, (and ¥,) is whether the sum on the r.h.s. of (4.58) (and (4.54))
is convergent. If Q? would be negative definite, convergence of these series would be
guaranteed. However this is not the case since the electric charge lattice has signature
(2,2by — 2), i.e. has 2 positive directions.

To prove the convergence, we first introduce a theta series ©,[K](7) with kernel K for
a generic indefinite theta lattice L and u € L*,

OuKI(s L) = Y K(x)g P2, (4.64)

zEL+p

with integral quadratic form B. If L is negative definite, we also use
0u(ri L) = ©,[1)( ). (4.65)
For an indefinite lattice the kernel IC(z) = KC(x, V) depends on a collection
V={W,Va,...,Vn},
of positive vectors. For signature (2,2by — 2), K(z,V) can be expressed as [28, 36, 75]

1

N
Kz, V) =7 (w(V) +Y_sgn(B(z,V;))sgn(B(x, Vj+1))) , (4.66)
j=1

where for any strictly positive vector v € L, v > 0,

N

w(V) == _sgn(B(v,V))) sgn(B(v, Vi41)), (4.67)
j=1

which is independent of the choice of positive vector v [75]. There are various sufficient
conditions for convergence put forward in the literature [28, 36, 38, 39, 75]. We will consider
here the following N-gon conditions put forward in [28, 36, 75], which read

B(V;,V;) >0,
B(VJ7 VJ) B(V]‘+1,Vj+1) - B(V]7 Vj-‘rl)2 >0, (4‘68)
B(V;,V;) B(Vj-1,Vjt1) — B(V}, Vj—1) B(Vj, Vi) < 0.
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Now let us return to the sum (4.58) at hand. It comprises of six individual sums, which are
each of the form

Z Fg(a, b, C) (_1)a+b+c qQQ/Q—Zi(Qi)?/Z _ Z Fg(a, b, C) (_1)a+b+c q_Q2/2,

Qi€ni+A;+P;/2 Q€eA;,
Q1+Q2+Q3=u+P/2

(4.69)

with £=1,...,6.
The simplification Fiotai(a, b, c) for ?:1 Fj(a,b,c) put forward in (2.44) is precisely of
the form (4.66) with N = 3. To present the vectors, we define

Ca = (_P27P170)7
Cy = (0,—P3, Py), (4.70)
Cc - (P370)7P1)7

such that C,.Q = a, C4,.Q = b and C..Q = ¢, with a,b and c as in (4.2). The Vj} are then
identified with C; € A with the C; given by,

Ci=Co+Cy—Co=(—P,—P3, P, — P;,P, + P,),
CQICQ*CbJrCc:(*PngPg, P1+P3, *Plfpg), (471)
C3=-Co+Ch+Co=(Py+P3, —P,—P3, —P, + P,).

If we assume that P; is an ample divisor for each j € 1,2, 3, triple intersections F;P; P, > 0
for all 4, j, k € {1,2,3}. The conditions for convergence (4.68) are then satisfied.

It is also useful to consider the convergence for the kernel due to a single permutation
separately, since the different permuations are weighted by a different factor in go. The

vectors V; for the kernel F*(123) (2.40) can be chosen as C’](-123),

c\) = ¢, — C. = (Cy — C)/2,
5 =y~ C. = (O - Cy) /2, (4.72)
c{"® =c.-C,—Cy=—Cy.

Again one may verify that with the assumption P;P; P, > 0 for all 4,5,k € {1,2,3}, these
vectors satisfy the conditions for convergence (4.68).

4.4 Modular completion of &,

Having discussed the convergence of ®,,, we proceed in this section to discuss its modularity.
Since ®,, is a sum over a subset of an indefinite lattice, the function is not modular in the
classical sense. Our task is to determine a modular completion Cfu, which differes from
®,, by subleading non-holomorphic terms, and which does transform as a modular form.
Essentially, products of sgn-functions are replaced by a generalized error function [36].
Following this approach, we will demonstrate that the difference between (/I\)u and P, is
given by iterated integrals of modular forms.

~ 99 —



Such non-holomorphic contributions have appeared in similar contexts. In specific
cases, the non-holomorphic contributions are derived from different physical points of view,
for example the continuum of multi-particle states in R* [58], or the quantum field theory
on the world volume of the D-branes [44, 47, 48], or the perspective of D3-instantons in the
hypermultiplet moduli space [18].

To this end let us consider Fiota1(a,b, c) in (2.44). Under modular completion, one adds
certain extra terms to sgn(Vi,x)sgn(Va, z), therefore replacing sgn(Vi, z) sgn(Va, z) with
the double error function Fs(a,ui,u2):

sgn(Vy, x) sgn(Va, ) — Ea(a, V21 u), (4.73)

with [36]

2

Ey(a;u) = / e (u =) —m(uz—u;)? sgn(ub) sgn(uf + o ub) duy duly, (4.74)

R2
whose arguments are given in terms of Vi, V5 and z by

(‘/17V2)
\/V12 Vi —(V1,12)? (4.75)
u = u(‘/lu ‘/an) = (ul(‘/lu VQ;:U))UQ(‘/LVQ;‘T))’

a=a(V,V) =

with
uy (Vi, Vs o) = M, (4.76)
V(Vil, Vil2)
uz(Vi, Va; ) = m (4.77)
and V7 o the component of V7 orthogonal to Vs,
Viio=Vi — Eég Va. (4.78)

To stress the dependance of E5 on the vectors Vi, V5 and z, we will also use Fo with
alternative arguments,

EQ(O{,’U/) = EQ(Vl,VQ;a?), (4.79)

with the identifications as in (4.75).
In addition to (4.74), another (equivalent) expression for Es is in terms of Eichler
integrals. To this end, we first define the Eichler integrals M,

2 iruZw

U ZT 00 e 272
My (u) = \/ZTQq : f*i' —i(w+T) dw’ u 7& 0’ (480)
0, u = 0.
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and the (iterated) Eichler integral My and mag, for u; # 0, and ug — auy # 0,

u2 2 wiu%wl ﬂiung
1 2 .
= t+t1= rico 100 279 279
uiu2 4Tg ' 4Ty > dw dw € U 0
ma(ur, ug) = 2ry 4 ffT 2 wa ! = (wi+7)(wa+T)’ 17
0, up = 0.
—aul  ultou
—mma (1, up) — mo (2 MAGU) gy £ 0,up — aup £ 0, s
Ug—aul uUltou _ ’
-m up =0,u 0
My (a;ur,uz) = 2(\/@’ 1+a2> 1= 0u2 20,
—ma(u1, uz) up # 0,uz —au; =0,
%arctana up = ug = 0.

With u = (u1,uz2) as before, the double error function Es is then defined as a linear
combination of M; and My [36, 57]

Es(a;u) = sgn(ug) sgn(uy + aug) + sgn(uq) M (usz)

) + Mo (o ur,uz) . (4.82)

u1 + aug

+ Sgn(UQ — O[Ul) Ml <m

See [36] for other representations of Es.
Thus E> consists of the original sgn(V7, ) sgn(Va, z) plus four more terms. Noting that

UQ(‘/va) - Oé’lLl(Vl, VYQa :l:)

= U V,V7$ 9
Ny 1(V2, V1, 2)
ur(Vi, Va, x) + aug(Va, ) = us(Vi,z), (4.83)

V1+a?

we can write
Es(a;u) = sgn (Vi.x) sgn (Va.x) + sgn (uq (Vi, Vo, x)) My (uz(Va, x))

—i—sgn (ul(VQ,th)) Ml(uQ(Vl,x)) (4.84)
—ma(ur(V1, Vo, x), ua(Va, z)) — ma(uy (Vo, Vi, ), ua(V1,x)) .

E, satisfies an identity similar to (2.39). This reads
Ey(Vi,Vi+ Vajz) + Eo(Va, Vi + Vos ) — Eo(V1, Va2) = 1 (4.85)

and is valid for any choice of the arguments such that the corresponding o, u; and us’s are
in R.
The sum at hand (2.44) has the form
sgn (C1.z) sgn (Ca.z) + sgn (Ca.x) sgn (C3.x) + sgn (Cz.x) sgn (Cr.x) , (4.86)
with C1, Cs, C3 given in (4.71). The modular completion &)u of ®,, (4.58) follows by the
adding to the coefficient fo (2.45) the following terms
1

Z |:E2(C£, Cor1;V21ez) — sgn (Cp.w) sgn (Cry1.7) — Ard(cy ) 5(C£+IJ)] . (4.87)
=1,2,3

W
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This essentially amounts to replacing fc by a linear combination of Fy’s. Since the latter
satisfies Vignéras equation, modular transformation properties are ensured [55].

Our first aim is to determine the value of A, such that the completion is subleading,
i.e. it vanishes in the limit that Im(7) = 7o — oo. This follows from realizing that the
difference E2(Cy, Cry1;v/2mx) — sgn (Cyp.x) sgn (Cpqq1.x) vanishes in this limit except if
(Co.w) = (Cogq.z) = 0, when it equals 2 arctan(cy), oy = a(Cy, Cpy1) (4.75). Requiring
that (4.87) vanish, we thus arrive at

Ay = 2 arctan(ay). (4.88)

s

Surprisingly this implies that Ay can be irrational, as we will see in the explicit case studies
in section 6. This of course obstructs an interpretation as a “counting” function for the
coefficients to which A, contribute. On the other hand, since the function ®, is not a
proper physical partition function summing over a Hilbert space, we are not very concerned
about this.

To proceed with determining the completion, we rearrange the terms and write (4.87) as

% Z [sgn (u1(Cpy1, Cy,x)) + sgn (u1(Co—1, Cy, )] M1(v/272 uz(Cy, x))
=1,2,3
— ma(vV27u1 (Coy1, Cp, ), V212u(Cr, ) — ma(v/212u1 (Co—1, Cp, ), v/ 212u2(Cy, ).
(4.89)

We determine now the A, by requiring that this expression vanishes in the limit y — oo.
Using these expressions, we thus naturally separate the holomorphic part ®,, from the
completion EISM,
D, (1,7) = Du(r) + RE(1,7), (4.90)

with the non-holomorphic completion Rg) defined by
Ry(r,7)= > >
QeA’, (=123
{[sgn (u1(Cry1,Cp ) + sgn (u1(Co—1, Cy, x))] My (v212u2(Cy, x))
ma(v21u1 (Cri1, Cp, x), vV 21ou2(Cy, 1))

ma(v2mu1(Cr—1, Cy, x), v/ 2mu2(Cy, x))}
x (—1)K-QqQ%/2,

(4.91)

Our next aim is to write the non-holomorphic part as an (iterated) integral over modular
forms. This makes the modular properties of the holomorphic g-series manifest, since the
modular properties of integrals of modular forms are readily determined. Moreover, it is
straightforward to determine the non-holomorphic anomaly.

To determine this form of the non-holomorphic part, we write R;{Z as

Ry(r,7) = Y. [Ru,u(ﬂ )+ Ry —1,0(7,7) + R%Q,(Z-i—l,ﬁ)(ﬂ%)} (4.92)
/=1,2,3
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term form dual lattice signature

Q D A, (2,205 - 2)
uz g Dy = |Cyf? (Lo)j, € A, (1,0)

Q> —u3, D, (L) C Ay | (1,202 —2)
L Dy = [Crrel® | (Lio)y, € (L7 (1,0)

Q% —uf ) — Uiy D (Lig)i C (L) | (0,209 — 2)

Table 1. Lattices and quadratic forms associated to the splitting in equation (4.94).

and Ry,1 0, Ry 0 (k,0) are defined as

_ _ N2
Ryupo(r,7) = > [sen (ug (ren) +sen (ur 1.0) | Mi(v/20u2,0)(-1) Q272

QA
_ _ N2
Ruo o)1 7)== > ma(vV2muy (1), V27auzy) (-1)% %@ /2, (4.93)
QeA;,

where we have used the abbreviations uy (¢ = u1(Ck, Cp, x), uge = u2(Cy, x).
To evaluate the sums (4.93), it is useful to split Q? as follows

Q% =uf o) T Uz + (QF —uf g —u3y) (4.94)

u% (k.0) u?, and (Q* — u% (k) — u3 ,) are naturally associated with quadratic forms and

lattices as described in table 1.

We let L, be the 1-dimensional lattice spanned by Cy. The quadratic form is a number
in this case, D; = |Cy|?. We denote the dual lattice with quadratic form |Cy|~2 by (Lg)*.
The projection of g to (Lg)* is pe = (u.Cy) Cp € Z%%2. To express a generic vector in A, as
an element of (Ly)* @ (L )*, we introduce glue vectors p. We denote by (Le);, the set of
vectors iy mod Ly € (Ly)*, and by (Lg)Ler the set of vectors g+ p mod Ly € (Ly)*. We
introduce similar notation for L. Using this notation, the direct sum (Le);, &® (LEL);’; is a
subset of the lattice Ay, (L)}, ® (LZL)L C A,

A generic element k of A}, can be written as a sum, k = I, + I} € (Le)y,, ® (LZL):‘W

* vanishes, and similarly for the projection

for some p, where the projection I, to (Ly)
of I to (L;)*. We have a similar decomposition of vectors in (Lg)" with respect to the
decomposition (Lg)* @ (Li;)*. The representatives of minimal length in (Lg)* @& (Lj)*
appearing in such splits are called “glue vectors”. We use glue vectors p for the splitting

(Le)j,, ® (LKL):‘W and v for the splitting (Lg¢)* @ (Li,)*. We then have,
* * 1 \*
Au = Z(Lﬁ)u—i-p ©® (Lé )u+pa
1\* ’ * 1 \* (495)
(LK )p - Z C (Lk)p-i-l/ ©® (Lké)p—i-u'
14

Now let us evaluate the sum R, ; and R, 2 (4.93). The embedding of L, in A, ®Qis
spanned by k Cy with k € Z + p where p € Q is (the projection of) the glue vector. Then,
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ug ¢ = |Cyl|k, such that R, 1, reads

Rye(7,7) Z Z (sgn(u1,(e—1,0)) + sgn(uy, ey1,0)))
P zJ_e(Lj—);"H_p (4 96)
kE€Z+p+p .

% (_1)K.l;+K.Cngl(\/%|CZ‘ k:) q_(l;)2/2—cg K2/2

To write this more compactly, we define for a generic lattice L of signature (1,dim(L) — 1)
and characteristic vector K,

Ou(r; L {V, V') = Y (sen(V,z) — sgn(V',z)) (—1)%2g7"/2, (4.97)
rze€L+a

Convergence of 0, requires [34]

Vi>0,(V)?>0,(V,V)>0. (4.98)

Moreover, we define the unary theta series T,
To(r, M,N) = Y a(-1)NeemirMe?, (4.99)

r€Z+a

For o € H, we introduce the period integral

100 miwMaz?
Ru(1,0;M,N) :=1i Z (-1)Neg dwe,i
relta 7 ~ilw+7) (4.100)
[ Yo(w,M,N)
- —i(w+ 1)
The non-holomorphic modular completion (:)a of O, is expressed in terms of R, as
Ou(T,7; L, {V,V'}) = Ou(1; L, V, V'})
0ot (75 L) Royo (1,7 V2 K.V
+; +0(73 L) Ras (7, T L-V) (4.101)
— Z Ot (T; L‘l//) Roq (1,75 (V)2 KL.V'),
with 0, as in (4.65).
Returning to R, 1 ¢, we can now write this as
Ry 1(T,7) ZGWFP T, L@ ACi—1, Cri1}) M+p(T,7_';C£2,K.Cg). (4.102)

The relations for convergence of ©,,, are indeed satisfied for the vectors given in (4.71). We
will continue to demonstrate that these are captured by the term R, 2 in (4.92). We have

Ruomn(T,7) == > ma(v2ru1(Ck, Cr, Q), V2712 u2(Cy, Q)) (—1)K? g
QeA,,

== 3 w(Cr Cr, Qua(Cy, Q) (—1)KQ g1 (O Cr@*+12(C1.Q*-Q)2
QeA;,

dw; (4.103)

wo V—(wy + 7)(wy + 7)

ico ico em(wﬂu(Ck7Cz7Q)2+w2u2(Ce7Q)2)
X‘/ de/‘

-7
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Using the splits of the lattices and T, (4.99), we can express this as

Ry e0)(T,7) = = Opy piw (75 Lig)
P

o /ioo duws /iOO duwr Y psp(w2; CF K - Co) Yy pin (w1 CF Ly K - Clo1g)
wo \/—(w1+T)(w2+T) '

-7

(4.104)

Next, we aim to combine the sums in (4.91). We recognize the two Y’s in the integrand
n (4.104). The first, Y,1,, appears in the integrand of R,;, on the r.h.s. of (4.102),
whereas the second Y, 1,1, matches with one of the non-holomorphic terms on the r.h.s.
of (4.101). More precisely and concisely, we arrive at

R = Y ’°° Y Optp(T, —w;Lely{Cei1Cz+1})Tu+p(w;Cz?7K'Ce).
=123 77 —i(w + )
(4.105)
We thus have succeeded to express RE’ in (4.90) as an iterated integral of modular forms.
Note that for £ = 1, there is a symmetry exchanging P; <> P», and there are similar
symmetries for £ = 2 and ¢ = 3. The form (4.105) makes the determination of the

anti-holomorphic derivative of (T)u immediate. We have,

=123 p \ 27—2 ' .

4.5 Modular completion of ¥,

We will treat in this subsection the completion of ¥,,. Eq. (4.57) related the holomorphic
g-series W,,(7) to that the second derivative of the function ¥, (7,2). To determine the
non-holomorphic completion ¥, (7, 7), we consider the non-holomorphic differential operator

1 0?2 2mm
— 477T2 (aZ’Q + ) s (4.107)

T2

on the completion ‘/I}H(T, T,2,%z) of W, (7,2) (4.55). The differential operator maps a Jacobi
form of weight k£ and index m to a Jacobi form of weight k£ 4+ 2 and index m. The second
non-holomorphic term in (4.107) is required for modularity but does is not relevant for the
holomorphic part.

To determine the completion @H(T,?, z,z), we set z = 7+ § with 3,0 € R, so that
B =Im(z)/m. We first note that completing the square gives for a generic vector V' € A,
VQ 3@ S VI-HQ-AV)? 2i(V-Q)s, (4.108)
for an arbitrary vector V. To write the modular completion, we can treat the three
permutations separately. With Cj as in (4.71), and 05123) as in (4.72), we find that the
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kernel (—1)¢t0=¢F*(123) (yaTt=¢ + y=27%¢) is to be completed to

Fr(123,y) = 3 |1+ X Ba(CF™, Ol VIR (Q ¥ BC)) |
+ (=1
(4.109)
Then the completion \/I\’M(T, T, z,Z) reads,
Uy (r,7,2,2) = Y [F*(123,y) + F*(213,y) + F*(132,)] ¢ ¢/2. (4.110)

QeA;,

The completion \TIN(T,%, z,z) transforms as a Jacobi form of weight b3/2 and index mp

given by,
1
mp = —5012 = P1P2P3—*ZPZ (Pey + Pis)- (4.111)
K 1
This is symmetric under permutations, and thus also equal to —C3/2 = —C%/2.

To write the modular completion, we define the function

G(V1,V2,V3;Q, 12) = _ﬁaz (E2<V17 Va; V212 (Q — BV3)) ?JVB'Q) | 2=0
= (13.Q)*Ex(V1, Va; V272 Q)
— 0BV, Vi V7 (@ — BVA)) o

+ %(%Q) 0, F5(V1, Va; /279 (Q — BV3))|a=o0-

(4.112)

The limit 79 — oo is determined by the first term,

(V3.Q)? arctan(a), if V1.Q = 12.Q =0

lim G(V1, Vs, Vs; =
L (V1,V2,V3;Q, 72) {(Vg.Q)2 sgn(V1.Q) sgn(12.QQ),  otherwise,

(4.113)
with « as in (4.75).
To write the modular completion, we can treat the three permutations separately. We
set

= -1 a+b—c 3
G*(123) = <)4 ((a +h—0?+ 3 G ol o Q,72)> , (4.114)
(=1
with C as in (4.71), and C’ém?’) as in (4.72) The other permutations (213) and (132) give

similarly rise to F*(213) and F*(132). We define,
~ * 1 Y* Ak V*
ge(ti)i{e)) = [G7(123) + G7(213) + G (132)]. (4.115)

The modular completion ‘Tlu now reads

~ ~

Uu(r.7) = 3 Ge(uhide) a9 - 57 Bu(r ), (4.116)
Qch;, TT2
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where the last term is due to the m-dependent term in (4.107). We let this expression be
our final form for ‘:I}N(T, 7).

Our last task is to determine the constant A in go({7;};{c}}) (2.42). To this end, we
consider the 7 — oo limit of go({v;}; {cj}) and require that it reduces to gc({v;}; {c}})
If we consider the term F*(123) (a + b — ¢)?, we see that only the completion of the term
sgn(a — ¢) sgn(b — ¢) in g¢ can contribute a non-vanishing difference. Indeed, if we include
the other permutations, the only remaining terms in the difference are the equilateral cases

witha =b=¢

lim_go(f): e)) —get i deh) = L 25,6,

To—00 4

x lim (Eg(ca — C., Gy — Ce; V21 Q) + Ex(Cy — Gy, Co — Cy; V2712 Q)  (4.117)
To—00
+B5(Ce — Ca, Gy~ Cus V22 Q) — A) )

Now the sum of F5’s is precisely of the form (4.85), and thus equals 1. As a result, we find
that with A = 1 the limit vanishes for any choice of Calabi-Yau and charge configurations.
This matches perfectly with the physical expectation. Note that the individual values for
F» are given by an arctan, and are generically irrational, but that this combination adds
up to 1.

It is quite striking that the values of Fs’s precisely confirm the physical expectation.
Also in other cases [30, 43|, the values of the generalized error functions for vanishing
arguments has matched with the expectations based on BPS invariants.

5 Relation to M5-branes and AdS3;/CFT,

In this brief section, we discuss our findings from the point of view of M-theory and the
MSW CFT. We discuss how the partition functions ZJQT, n > 2, may arise from the
2-dimensional perspective.

The uplift of the D4-branes to M5-branes in M-theory is useful to understand the
modular properties of the partition functions [6, 12—-14]. The spatial dimensions of the
M5-brane are P x S}, where P € Hy(X,Z) is a four-cycle in the Calabi-Yau threefold and
S}, is the M-theory circle. The D2 branes of ITA string theory are realized as excitations
of the self-dual 2-form field on M5 brane world volume, while the DO-branes are realized
as momenta of the brane system along S}, with radius R = g5 {5 = £3, /(2 in terms of the
string coupling g, string length £, and eleven dimensional Planck length ¢1,. The world
volume theory of the M5 brane gives a low energy description of the system, provided
gravitational effects can be ignored. This can be ensured by taking the volume of the CY3
to be large, namely Vy /£%, large but fixed. Supersymmetry of the M5 world volume theory
implies that the MSW CFT has (0,4) supersymmetry, and is dual to the near horizon AdSs
geometry [12, 76]. Bosons of this CFT include, moduli of the divisor P inside X, translations
along flat R? and (anti)-chiral scalars coming from reduction of self-dual two-form field in

4We stress that the equilateral condition a = b = ¢, is the condition on Q to satisfy C,.Q = C5.Q = C..Q,
and does not imply equalities among C,, Cp and C..
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the M5 brane world volume. The number of fields can be determined using geometric data
of X, when P is a very ample divisor. Consequently the central charges can be determined.
The central charge of the left-moving, non-supersymmetric sector is

cr, = PP+ ca(X) - P, (5.1)

where c2(X) is the second Chern class of the Calabi-Yau three-fold X. Using Cardy’s
formula, Reference [12] demonstrated that microscopic entropy is in agreement with one
loop corrected Bekenstein-Hawking entropy.

As for any CFT, a key feature of the MSW CF'T is the modular symmetry. When
time direction is compactified, the CFT lives on a 2-torus 72 = S}, x S}. The linear
fractional transformation of the complex structure modulus 7 of 72 by an element of SL(2, Z)
corresponds to the same torus T2. Thus the SL(2,Z) symmetry, or modular symmetry,
appears as a symmetry of the CFT. This is a strong constraint on the degeneracies. Another
property of the CFT is the spectral flow of the U(1)?? current algebra. This leads to a
symmetry of degeneracies as function of the charges, such that the partition function can
be decomposed as a finite sum of theta series x modular functions, much as is the case for
the attractor partition function in section 3.2.

We proceed by considering the AdS3 dual to the MSW CFT following [27]. The relation
of A in (3.14) to the five-dimensional quantities can be understood from four-dimensional
Newton’s constant. From the IIA perspective, we have

gals _ gild

pu— = .2
G4 Va 3 (5.2)

while in terms of the five-dimensional quantities,

G _B_ 262—@ (5.3)
4 = R - gs 5R3) .
such that one has,
R
A= —. (5.4)
L5

Starting from five dimensional asymptotically flat geometries with appropriate charges, one
takes the decoupling limit as follows: size of M-theory circle R is kept fixed (in absolute
units), Calabi-Yau volume is kept finite in units of five dimensional Planck length ¢5. In the
decoupling limit to AdSs, ¢5 — 0, hence A — oo by (5.4). Multi-centered geometries where
centers have mutual distance of the order of £2 ~ A\=3 or less, survive this limit and go over
to asymptotically AdSs x S? geometries, with asymptotic moduli fixed to their attractor
values. These are the A-core geometries mentioned in the introduction, and include centers
with non-vanishing individual D6 brane charges, which add up to zero. On the other hand,
if the distances between the centers is larger than ~ (3 /R? for £5 — 0, the energy of their
fluctuations diverges and such bound states decouple from the spectrum. As we can see from
the Denef equations (2.2), this is for example the case if the centers carry a non-vanishing
D4-brane charge with vanishing D6-brane charge. Then the distances between the centers
scale as /5 for non-scaling bound states, and the centers give rise to disconnected AdSs
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throats in the decoupling limit [27]. On the other hand for scaling solutions, the distance
between the centers contains a regime where the centers can come arbitrarily close.

As explained in section 2, the BPS index can be determined using localization with
respect to rotation around the z-axis, and we can therefore concentrate on collinear solutions
to Denef’s equations [68]. These collinear solutions admit two branches, one corresponding
to centers at finite distances, and the other one is when the centers are nearly coincident.
The second branch, sometimes referred to as “deep scaling regime” reproduces pure Higgs
states and goes to a single throat in 5 — 0 limit [53]. This is in accordance with the
expectation that MSW CFT captures the near coincident regime of scaling solutions since
these are smoothly connected to the single center black hole. Since ¢; ~ A (4.1), The
separation between the centers at the collinear fixed point is of order A™! ~ /5, and these
therefore decouple from the AdS3 geometry. As a result, these do not appear to be captured
by the CFT. This leads us to speculate that the first term on the r.h.s. of (1.1), ég,
corresponds to the AdS3;/CFTy partition function while the other terms on the r.h.s. do not.

It is intriguing that the terms due to scaling solutions §$T with n > 3 do satisfy
the restrictive modular transformations as well as the spectral flow symmetry, and it is
desirable to understand the origin. We think that these terms can appear after turning
on an irrelevant deformation in the (0,4) CFT, away from the conformal fixed point and
reversing the attractor flow and ¢5 — 0 limit. While such a deformation does not lead to a
finite change in the partition function for (4,4) CFT [54], it seems plausible to us that this
can happen with reduced supersymmetry. This deformation is distinguished among other
deformations spanning the space of attractor moduli, since this deformation does preserve
the spectral flow symmetry which is in general not the case for variations of the Kéahler
moduli orthogonal to P [25]. We leave a further exploration of these interesting aspects for
future work.

6 Case studies

To make a suitable choice of a Calabi-Yau threefold, we note that the lattices involved have
dimensions linear in by, the second Betti number. Thus the computations are less involved
for smaller by. However for the simplest case bs = 1, there are no cyclic quivers and hence
no scaling solutions.’ Also, the lattices concerned are positive definite, and therefore do not
give rise to mock modular forms. So we settle for the next simplest case by = 2.

In order to define quadratic forms on the lattices, one needs the intersection numbers.
For a Calabi Yau threefold with by = 2, there are 23 = 8 intersection numbers of which
only 4 are independent. For the sake of simplicity we shall choose a Calabi Yau threefold
X, for which all intersection numbers are € 2Z such that Simplification 2 of section 4.1
holds, and for which most of these numbers vanish. To be specific, we choose X to be a
K3 fibration over P'. This Calabi-Yau manifold corresponds to Polytope ID # =14 in the
online database [77]. X can be realized as a divisor in an ambient toric variety P3 x P!,

®Consider triangular quiver to start with. For by = 1, electric and magnetic charges are numbers and
satisfy the identity aPs + bP; + cP> = 0. Since P; > 0 this implies a, b, ¢ can not all have the same sign
hence the quiver can not be cyclic. This is easily generalized to any cyclic quiver.
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specified by the weight matrix
11
w= (POVL10) (6.1)
111001
W defines the toric variety through the identification on C%/{0}
(2’1, ey 2’6) ~ (/\W“Zl, ceey /\Wi62’6), AE (C*, 1=1,2, (62)

where 21, ..., 2 are coordinates of C. Anti-canonical divisor of this toric variety defines
the Calabi Yau threefold under consideration. It has the following Hodge numbers

ptt =2 K>l =86 (6.3)

and consequently the Euler number is x = 2(h!'! — h?!) = —168. Intersection polynomial
and second Chern class of X are given respectively by

intersection polynomial = 4.J;.J2 + 2J;,

5 (6.4)
second Chern class = 8J;J2 + 6J5

where J;’s are a basis of 2-forms on X and generators of the Kéhler cone. X is favorable,
meaning that Kéhler forms on X descend from the ambient toric variety. In our notation,
the intersection numbers dg. and second Chern class ¢z 4 read

di11 = di12 =0, di22 = 4, dago = 2,

(6.5)
co,1 = 24, Coo =44

and the dg. for other indices follow by permutation.

6.1 Charge configuration 1: P, = P, = (0,1), P; = (1,1)

In this example we choose the total magnetic charge P = (1, 3) magnetic charges split into
3 centers as
P1:P2:(0a1)7 P3:(171)' (66)

We note that P o are irreducible while Pj is reducible. Therefore hp, , , is a weakly
holomorphic modular form, while hp, , is a mock modular form. The corresponding central
charges of the left-moving sector of the CFT (5.1) are,

cL(Pro) =46,  cp(P3) =92, ¢y (P) =318, (6.7)

For the j-th center, we have for the innerproduct D; = dabc P},

D1:D2:<Z;l>, D3:<2§>. (6.8)

For this choice, D3 'p, = Dy Dy is an integral matrix, such that Simplication 1. of
section 4.1 is satisfied, and we can use the results of that section. We have, D1Dgs D, =
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0 4
( ) which produces the quadratic form of A (4.33),

4 =2
080 4

D= 8042 ., det D = 2304. (6.9)
0408
4-28 0

1
118 6 21 12
g —1
~1
pro| f e 610
™ 1286
I
Electric charge vectors Q; € A} have the following form
dj1
a;2
There are det(D7) det(D2) = 256 conjugacy classes of the form
qun = 4ki2 + pur, 2 = 4k + 2k + o, (6.11)

qo1 = 4koo + p21, qoo = 4ko1 + 2ko2 + 22,

where ;5 € {0,1,2,3}, ki € Z. These conjugacy classes have the exchange symmetry
between p1, p2. Since D3 divides Dy and Dy, Ny = det(D;) det(D3) (4.35) is the number
of conjugacy classes of A*/A for fixed p1 + po + pus = p € A*/A, since the class puz € A5/A3
by the simplification. Using the equations in (4.39), we can write

Q, = 8k12 + 4k2o + p11 — 131 ’ (6.12)
8ki1 + 4ka1 — 2koo + 12 + p31 — 132
Q, - 8koo + 4ki2 + po1 — p31
2 8ko1 + 4k11 — 2k12 + po2 + p31 — p32

We restrict to p = 0 = pu1 + po + ps, such that

Q, - 8ki2 + 4koo + 2111 + po1 _ 2p11 + po1

! 8k11 + 4ka1 — 2kaa + 2p12 + po2 — pa1 — po1 ) 20192 + po2 — 11 — po1 )
Q, — 8kaa + 4k1a + 201 + p11 _ 2091 + p11

2 8ko1 + 4k11 — 2k12 + 2p90 + pa2 — pa1 — po1 ) 2p22 + f12 — P11 — 21

List of ®,,. We next present explicit g-expansions of ®,, for a various choices of p. All
the convergence conditions of the types C’?Cfﬂ — (C;.Ci41)* > 0 and C(Ci—1.Cit1) —
(Ci.Ci-1).(C;.Ci41) < 0 are satisfied in this example along with Cj2 > 0. As in explained in
section 4.1, p is fully determined by specifying (u1, po, p3) and g = py + po + p3. In the
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following example, we fix y = pu; = 0 and pu3 = —puo, and list ®,, for 16 different values of
wo. Out of this set, 10 give rise to different g-series. The overall sign of the g-expansion is
given by (—1)(etb+e) — (_1)#m1—#21 — (—1)#21, Furthermore, the growth of the coefficients
is moderate, |c(n)| < C'n® for some positive constants o and C, which is expected for a
holomorphic (mock) modular form of weight 2.

It can be shown that in most of the sectors we study (1 = (0,0)) there is no contribution
to the holomorphic part when the arguments of Fy are both zero. When ps = (1,4) or
p2 = (3,7) b is odd while a,c are both odd or both even. Under these conditions at
least two of (a +b—c¢), (a —b+c¢), (¢c+ b—a) cannot vanish. Only in the conjugacy
classes pu2 = (0,0),(0,2),(2,3) we find integral kji, k12, ko1, k22 to satisfy at least two of
(a+b—c), (a—b+c), (c+b—a) to vanish. The contributions Ay are given by

A = 2 arctan(—5/v/11),
g 5 (6.13)
A = A3z = - arctan(—1/v/8),

which are all irrational numbers.
For pe = (0,0), we have:

(I)Ii — 2(]6 _|_4q20 +6q24 +4q30 +4q44 +4q50 +8q52 +2q54 + 12(]56 +4q60
+ 4% +4¢% + 49 + 126 + 2¢% + 8¢™ + 8¢7 + 8¢™ + 14¢™ + 164"

Jr(1414—x42+z43-|-1)

5 + (AL + A+ A3 +3) (P + P2+ ¢ + ...

For pe = (0, 1), we have:

P <1+q+2q12+2q15+2q17+2q20+q22+2q23+q27+3q28+q30+2q35+2q38
3004242 4 4" 4 3¢% 43¢+ 45 252 +253 43¢5 42475 +2477 +3¢
251 42453 4 5 4255 15059 +6070 427 4247 43¢0 +28 +2470 + 24
+qsz_|_2q83+6q84+2q86+3q87+4q88+5q90+4q91+2q92+6q93+2q94+2q95>+m

For us = (0,2), we have:

(I)u:2q14+2q20+2q24+2q26+2q32+6q36+4q40+4q42+2q44+4q48
+10¢°% + 6¢%° + 4¢%2 + +4¢% + 4¢™ + 8¢ + 8¢"0 + 10¢%° + 4¢%? + 4¢%6
+8q88+4q92+4q96+6q98—|—8q100+(A1+1)(q50+q54+q62+q74+q90)+...

For pe = (1,0), we have:

(I)“ — _2q29/4(1+q4+q12 +q17+q18 +q19 +2q21 +q25 +q31 +q37+2q40+q42 +q43
+2q45+q48+2q49+3q50+q52+q53+2q54+q55+q56+q57+2q60
+q66+271+2q74+q75+q76+3q79+q80+2q81+q82+3q84+q85+q86
+3q87+2q90+3q91+3q92)_1_“.
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For po = (1,1), we have:

(I)u:_2q83/4 <1+q3+q5+q8+q9+q10+q13+q16+q22+q23+q24_|_q26+3q31
4208+ 3 4 P+ P 1203 P+ O M 202+ M P ¢ 0 4240
4 2¢° 47T+ ¢ 4247 +2¢50 2451 + 58 4 ¢+ ¢T0 4247 + 49" 43¢+ ¢
+ 420 +4" 0 +¢7 43¢ +¢™) + ..

For po = (1,2), we have:

<I>u:—2q45/4(1+2q8+q15+q18+q21+q23+2q27+q28+q29+q32+2q35+q39+q41
+2q43+q44+q46+2q48+q50+q52+q54+q56+3q57+q58+2q62+3q63+3q65
+q66+q68+q70+2q72+q73+2q74+q75+3q80+q82+2q85+q86+q87+q88)+.“

For po = (1, 3), we have:

O, = 21 g+ g0+ B T+ B g P g2 4 265 1 ¢ 4
4268 4 g% 4 g™ 4 gV 4 %0 4265 + %% 4+ 3¢° + 78 + 207 + ¢ + ¢ + 2450
120 4 g™ 4 g 4 ™ 4 g 4 0 4307 + 07 + 2650 + 265 + B + 245 +
+q87+q88+2q90+2q92+3q93+2q95)+...

For us = (2,0), we have:

CDM:2(q9+q15+q19+2q27+2q29+q33+q35+q43+4q45+4q53+2q55+q57+q59
+2q61+2q63+3q65+q67+2q71+q75+4q77+2q81+3q83+2q87+q89+5q91
+4¢% +6¢” + ¢ +2¢") + ..

For po = (2,1), we have:

‘I’u:2q25 (2+2q+q2+q4+2q15+q16+2q18+q22+2q25+2q29+4q32+3q34+4q37
+2q39+q40+2q41+q44+q46+2q51+2q55+q56+2q59+4q61+3q62+2q65+2q66
+2q68+4q70+2q73+2q74+2q75>_i_'“

For ps = (2,3), we have:

(I);l,:2q5 (1+q6+q9+q15+q19+2q20+q27+q28+q33+2q34+q37+q40+q42+2q47+3q51
+q54+2q55+2q56+q60+q63+2q64+q66+q69+2q70+4q71+2q73+q75+2q78_’_3q81
+2¢®3* +2¢%° + 2438+ 4¢°° +3¢™ +2q92+3q94) +(A34+1) PF(1+¢+¢8+¢%)+. ..
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List of ¥,. Similarly to the ®,, we list the g-expansion of ¥, for a various choices of pu.
In these examples, we keep p = p11 = 0 and pu3z = —p9, and list ¥, for 16 different values
of p12. Out of these 16 only 10 give rise to different g-series. The factor (—1)(@+t+e) =
(—1)p=k21 = (—1)#21 fixes the overall sign of the whole series. Comparison of the ®,, and
V,, demonstrates that for small powers of ¢, scaling solutions can be present kinematically,
but that the number of bound states vanishes quantum mechanically. We again observe a
moderate, polynomial growth of the coefficients, as expected for a (mock) modular form of
weight 4.
For puy = (0,0), we have:
Uy = 16¢% (14207 + 4™ + g" + 26 + 8¢ + 2¢° + 44™) + ...
For pe = (0, 1), we have:
v, — 247 (1+q5+q8+q11+q16+q23+q26+q28+4q30+q33+q34+9q37+5q39+q40

M g 4¢84 40" 1468 + ¢ 1967 4¢3+ 7T+ 678 + ¢ + ¢ + 53 +9¢%

+4q67+16q69+q71+5q72+16q74+q75+13q76+26q78+q79+q80+13q81+q82+q83)

+...
For pe = (0,2), we have:
T, = 16¢%(1 1 02+ 202 + 2 P 4 P 2070 4 2000 4 M 4 8 2072 + 447

+4¢%2 +2¢5Y) + ...
For ps = (1,0), we have:
29/4
2
+ 34¢% 4 ¢ +2¢% 427670+ P2+ ¢ + 507 + 7 + 0 + 77 +58¢50 + 9% 42471
g™ 4907 478451070 +25¢0 41065 + 32+ 1073 +25¢% +49¢%0 + 43¢ +26¢°°
+107¢% +51q92) .

\I]M:_ <1+q4+q12+q17+q18+q19+10q21+9q25+q31+q37+10q40+q42+q43

For pe = (1,1), we have:

83/4
U, = —% (9+9¢° +¢°+*+4"+ "0 +9¢"3+ 40 +9¢72+ 4% +9¢*! + 4% +19¢™

+34q33+9q34—|—25q35—|-9q36+26q38+9q39~|—25q40+q41+10q42~|—25q44—|—9q45
+25¢"+¢"+2¢°" +10¢™ +9¢°7+9¢°° +2¢7 +18¢° +34¢" +¢° +-9¢% +49¢ "
+ 7497 4+ 140" +131¢™+ ™ +18¢ +¢70+49¢77 +43¢™+25¢7°) + ..

For pe = (1,2), we have:

45/4
‘I’u:—q ; (1+2q8+q15+q18+9q21+9q23+2q27+q28+9q29+q32+18q35+9q39

+9q41+26q43+9q44—|—25q46+10q47+9q50+q52—|—9q54—|—9q56+19q57+25q58—|—10q62
+ 7505 +43¢% +9¢% +9¢% + 470+ 1007 + ¢ +18¢™ +¢"° +131¢% + 494
+ 50 +44¢% +49" +25¢% ) +..

— 44 —



For ps = (1, 3), we have:

15/4
U, =— 5 <1+q+q10—|—q13+q17+q18+q19—|—9q21+q22—|—10q32+q35+25q39+2q40

+q42+q45+q47+9q50+50q51+q53+27q54+9q56+1Oq59+q63+9q65+10q66
—1—50q68—|—q71+25q72+q74+9q75—|—q76+83q77+q79+10q80+10q83+25q84
+ 264 +494% +¢%+ ¢+ 2640 +10g°2+139% +34¢™ ) +..

For us = (2,0), we have:

\Ifu:2q9(1+q6+q10+2q18—|—2q20+q24—|—q26+q34—|—4q36+12q44+2q46+q48+9q50+2q52
+10¢> 43¢ +2¢°% +10¢% 4 ¢% + 4% +18¢™ +11¢™ +2¢" +¢* +-29¢°% + ¢*
+46¢% +¢** +10¢") +...

For po = (2,1), we have:

\Ij” — 4q25 (1+q+q15+q18+4q25 +4q29+5q32 +4q34+8q37+q39+q41 +q51 +4q55

+4q59+5q61+4q62+4q65+q66+16q68+16q70+9q73+9q74+4q75>‘|‘---
For us = (2,3), we have:

\Ifu=4<q25—|—q39+q52+9q56+q61—|—4q69+q75+17q76+4q83+9q89+q90+q93

++5¢% + ¢ + 497 +25¢%) + ...

6.2 Charge configuration 2: P; = (1,0), P, = P3 = (0,1)

In this example the total magnetic charge is P = (1,2) split into three different centers as
P, =(1,0), P, = P3 = (0,1). The charge P; corresponds to the K3 fiber. The CFT central
charge (5.1) of P, 3 is given above, while we have for P, and P,

cL(P) =24,  ci(P) = 176. (6.14)

In the j-th center, the quadratic form Dj = dgp.Fj is given by

04 00
oo (1), 00e (1), o

Note that D; is a singular matrix, and we only keep the direction with the non-vanishing
eigenvalue. The partition functions for P; can be determined using Noether-Lefshetz
theory [19, 21, 78]. On the other hand, the modular properties are in this case very
restrictive, and determine the partition function with a little further inpute. First, the
lowest exponent of hp,, is —cr,/24 = —1. Therefore, each of hp, has a term with a negative
coefficient, and the vector space of weakly holomorphic vector-valued modular forms is
3-dimensional. We can fix the coefficients following [13, 79]: the coefficient for p = 0 is
the Euler number of the linear system of the divisor, which is cg - P;/12 = 2. Thus the
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linear system is a P'. For ;1 = 1 and 2, we need to require that the divisor contains a given
curve class 8 € H?(X,Z), and turn on a world volume flux through this curve. This gives
two complex constraints, however since the linear system is a P!, there are generically no
solutions. As a result, the coefficients of the potential polar terms in hp, ; and hp, » vanish.
This fixes hp, , to be the weight -3/2 modular form,

hpy () = W (6.16)
with
11
frou(T) = ﬁsz(T) Eg(7) ©(7)
— 6 Ey(r)? D1 /20,(7) (6.17)

+ 16 Eg(7) D5 /2D1 /20 (1),

with ©,(7) = 3, caz L q”2/ 8 Dy, the modular derivative acting on weight k& modular forms,
Dy = ﬁ% — %EQ(T), and L, the Eisenstein series of weight £. The fp, , also appeared in
the context of Gromov-Witten theory [78, 80]. Finally since P} = 0, hy,p, ,, is also expected
to be a weakly holomorphic modular form (rather than a mock modular form), and given
in terms of Hecke transformations of (6.16) [21, 40].

Returning to our original problem of ®, and ¥, note that we have for the products

of quadratic forms Dy D3' = ?8 ,IAL§4D1::(88),LblgiDlzzpngFDzzzpl
which produces the quadratic form (4.33),
0000
404
p=|0404] (6.18)
0008
0484

Excluding the null direction the determinant of D = —256. The quadratic form on the
lattice of electric charge lattice is given by the pseudo-inverse of D as follows:

00 00O
1 0 i _% 0
D™ = 1 1 (6.19)
0—g (1’ 8
00 g o0
Electric charge vectors Q; € AY have the following form
0
o=() a- ()
qi12 q22
There are 64 conjugacy classes of the form
q12 = 4k12 + p12, (6.20)

qo1 = 4koo + 21, qo2 = 4ka1 + 2k + 02,
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where 1;; € {0,1,2,3}, k;j € Z. These are N, = 64 (4.35) conjugacy classes for fixed p.
Using equations in (4.39), we get

0
- ) 6.21
@ <4k12 + 4kao + p12 — M31> (6.21)

Q, — 8kaa + p21 — p31
2 8ko1 + 4kag + 4k12 + po2 — p32

When g1 + p2 + p3 = 0, we have,

0 0
Ql = ) Hl = )
4k19 + 4koo + p12 + po1 H12 + H21
Q, 8kaa + 2p21 oy = 2p
2 8ko1 + 4koo + 4k1o + 200 + p12) 2 2p92 + p12

List of ®,. We list ®, for a various choices of p. For this choice of charges, we find that
some of the inequalities for convergence are sometimes saturated. This however do not give
rise to divergences in the ¢ series. As in explained in section 4.1, p is fully determined by
specifying (p1, po, pi3) and p = p1 + po + ps. The overall sign of the g-expansion is given by
(—1)atb+e = (—1)M2, The contributions A, are for this example

Ay = Ay = Ay = 2 arctan(—3/4), (6.22)
T

which is an irrational number.
For py = po = 0, we have:

B, = dg® + 4g%* 1+ 1260 + 64" + 4% + 12¢% + 1247 + 124 + 124% + 4¢%
(A1+A2+A3—|-1)

* 2

+ (A + A+ A3 +3) (B + P2+ ¢ + ..

For 1 = (0,0), p2 = (1,0), we have:

(I),u:2q33/8 (1+q4+q7+q16+2q21+q22+q24+q30+3q31+q34+q41+q42+q44
+ 2q53+q54+q56+2q58+q60+2q66+4q67+q72+2q74+q76+2q77+2q81

Asg+1
+ q82+q84+q91+q92+2q93) +( 5 )q1/8(1+q6+q10+q28+q36+q66+q78)

For p1 = (0,0), uo = (2,0), we have:

1 3
o, 2<2q5/2 V2 2012 4 302 4 112 5q45/2 q61/2 q65/2 q77/2 2451/ 4 55/
1
¢392 4-3¢101/2 L 94105/2 | (109/2 4 (117/2 4 (121/2 5L]125/2 9¢129/2 4 ¢133/2 1 145/2

+q149/2+q153/2+2q157/2+q161/2+q165/2+2q173/2+q181/2+4q185/2+2q189/2>
(Az+1)

5 (14+¢*+ ¢ 2+ > +¢*0) +. ..

+q1/2
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For p1 = (0,0), u2 = (3,0), we have:
B, = 24105/% (2+q5+q6+q13+q14—|—2q24+q30+2q31—|—2q33+q34+q38+q40+q43+2q45

+q46+q52+3q55+2q60+q70+2q71+2q73+q74+q76+2q78+2q82+q84+q86>
—|—(A32+1)q9/8(1—|—q2—|—q14—|—q20—|—q44—|—q54+q90)—|—...
For p1 = (0,0), uo = (0,1), we have:
(I)u:2(q4_|_q8_|_q12+q20+q24+2q26+q28+2q34_|_2q36_|_q40_|_2q46+q48_|_q56+2q58
+2q60+2q64+4q70+2q72+2q76+q80+2q82+2q84+2q86+q88+2q96+2q98+q100)_|__“
For p1 = (0,0), uo = (0,2), we have:
B, =2 <q10 42" 12022 4+ 263 + 2% + 2¢%2 + 2¢™ + 462 + 25 + 2452 + 2¢% 4 4470
4 2¢%0 4+ 2452 + 3¢ _|_4q94+2q96) P (A3 D+ 4B+ 4.
For py = (0,1), pe = (1,0), we have:

‘I’“:—2q19/4 (1+q2+q6+q17+2q21+q23+q24+q26+q27+q29+q33+q34+q38+q39
P+ P P4 T P+ O+ 26524245 4 50 42455 ¢ 4T g™
Jrq75+q76+q77+q78+q81+q82+q86+q87+q88+q89+q90+q95)Jr”.

For 1 = (0,1), pe = (2,0), we have:

b, = —2q7V/ (1+q5+q9+q12+q16+q21+q25+q26+q28+q30+q35+q36+q39+q41+q43
T 1 01205+ P 4 ¢ 445 4% 5T+ T g2 4™
+q76+q78+q80+q81+q82+q86+q88+q89+q90)+_”

For 1 = (0,0), pe = (1,1), we have:

q)”:qz;s/s (3+2q4+q10+4q18+2q22—|—2q23+4q25—|—2q26+2q30—|—4q35+2q36+2q43—|—4q48
250447 4470+ 4650 +2452 4+ 4650 42458 +gT0 4 4T 42472 +4¢73 +247
+4q82+8q85+4q90+2q92>_i_“‘

For 1 = (0,0), pe = (1,3), we have:

<I>“:q5/8 (1+2q2+2q10+2q13+2q14+2q16+2q20+4q21+q30+2q32+4q39+2q40+4q42
4+ 2™ 4+3¢°° +-8¢°1 +2¢° + 40 + 453 + 245 + 2450 +2¢™ + 4477 +2¢"8
+ 2q80+4q84+2q86+2q87+2q90+4q92+8q93) +...

For 1 = (0,0), p2 = (2,1), we have:
®,, = 4152 (1 F 02+ 20 4+ 2207 + 20 4 2™ + 7% + %0 + 3¢5 + 207 + 2476

+¢*0 + 2q92> F...

48 —



For p1 = (0,0), pu2 = (2,3), we have:
o, :4q3/2 (1+q12+3q16 1 %6 4 3¢% 1 3448 +3q56+q72+3q84+3q92+3q96) o
For p3 = (0,1), uo = (0,0), we have:

CI)u:—2q39/8 (1+q2+q3+q17+q21_|_2q22_|_q24+q26+q27+2q28+2q33+q39+q46+q52
25 47T +2650 4 8 42453 ¢4 504 T+ %+ 4gT0 42470 1 ™ 4247 245
+q87+2q89+q95)_|_m

For py = (0,1), pe = (1,1), we have:
®”2_2q45/4 (1+q3+q6+q10+q14+q18+q23+2q28+q31+q33+q34+q36+2q39+q42
O 4 P P+ P+ 4+ B+ T+ 7O+ 22 4¢P+
+q78+q80+q81+q82+q83+2q85+2q88)
For uy = (0,1), pe = (1,2), we have:

<I>#:—2q47/4 (1+q3+q5+q9+q13+q17+q23+q28+q29+q31+q32+q35+q36+q37+q38
2120 9 PO+ P+ B 4207 4 P 4¢P+ OB 4 04T 4T 4T
+q77+q78+q79+q80+q83+q84+3q85+q87)_i_.._

For 1 = (0,1), pe = (1,3), we have:

‘I)u:_2q13/4 (1—|—q6+q10—|—q15+q19+q20—|—q21+q27+q30—|—q33+q34+q35—|—q39—|—q42+q45
4 P P A PP P 4 P+ PP 4¢P ¢ ¢ 0+ g2
_|_q75+q76+q78_|_q80+q81_|_q84_|_q85+q86+q87+q93+q94+q95+q96)_‘_.“

For py = (0,1), po = (2,2), we have:

B, = _g15/8 (1 g0 4+ g1 1 4 10 420" + 2T 4 B+ P 42000 4 2+ P 4 3¢
Fg® 42652 4 2¢%% + 265 4 % + ¢ + 2657 + ¢ + 207 + ¢ + 3¢% + 2% + ¢
+ 4¢P+ + ¢ + 3¢ + 2q97> + ...

For p1 = (0,2), pe = (0,1), we have:

o, — 94172 (1+q4+q10+2q18+q22+q24+2q26+q30+q34+2q36+q42+q44
+20% 4207 +2¢%% + 3¢50 + ¢ + 2% 4+ ¢70 + 3¢ + 247 + ¢ + 3¢% + 24
—|—3q90+q94) + ...

For 1 = (0,2), pe = (1,0), we have:

(I)”:2q41/8 (1+2q5+q10+2q11_|_4q18+q21+q25+2q26+2q27+2q32+2q35+2q36
42657 4+ ¢ 4 2¢M +3¢% + 46 + 205 + 265 + 2057 + 7 + 267 + 2¢%° + 245
F % 4245 43¢0 + 27! + 247 + 207 + 447 + 2¢°" + 2% + 4¢%0 + 465 + ¢
+ 4¢™° + 2q93) + ...
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For p1 = (0,2), p2 = (1,1), we have:
@M:q29/8 (1+q4+3q9+q15+2q16+q19+q22+2q23+2q24+q29+q30+4q33+2q38

4¢3 g0 42422 12473 424 + 10 42451 +¢52 + 3¢5+ 2¢%5 + 2470 + 450 +-242
43¢5 44650 1465+ ¢T0 4+ 4™ 42478 +3¢7 42650 +2¢%2 + 4¢3 + 245 + ¢35 + ¢
+2qgl+2q93_|_q94_|_4qg5_i_zqgf)')4_“_

For p1 = (0,2), uo = (2,0), we have:

O, = 4(q13 P+ T B O+ T+ P T+ P+ T+ ¢ 4B+
+q85+q87+q89+q93+q97+q99)_i__n

List of ¥,. Similarly as the ®,, g-series we list the g-series of ¥, for a various choices of
. In this example (—1)%++¢ = (—1)"2, For pu; = ps = (0,0), we have:

U, = 16(¢5 + 42 +3¢° + 9% + 126 + 3¢™ + 3¢™ + 16¢%) + ...
For 1 = (0,0) ua = (1,0), we have:
U, =245/ (1+4q4+9q16+2q21+4q22+16q24—|—4q30+8q31+q42—|—25q44+18q53+16q54
+36¢°% +2¢°% +4¢%° +17¢% +40¢°7 +4¢™ + 8¢ +8¢% +9¢** +49q84+2q93) ...
For p1 = (0,0) u2 = (2,0), we have:
v, = 8¢2V/? (1 8 4 g% 407 1 ¢ 4+ 2¢%0 + 467 1 2¢°0 4 5072 + ¢* 1 2471 + 947+
+ 4q66+8q68+9q70+q72+2q76+10q82+13q84) +o
For p1 = (0,0) pue = (3,0), we have:
U, = 2¢10%/8 (5+4q6+q14+25q24+4q30+2q31_|_8q33+16q34+4q40+8q45+9q46+2q55
+61g% +160™ +18¢" +32" +364" +4¢70+2¢™+8¢™ +16¢™ +¢%°) +..
For p1 = (0,0) ua = (0, 1), we have:
v, = 2¢* (1 gt 4 B 4 99 1 g2 4+ 2022 4 9¢%% 1 2670 1 1072 + 7 + 2¢*2 + 254
+ 962 4+ 18¢%* + 2647 + 2450 + 20456 + 34458 4 247 + 947 + 2478 + 24 + 1842
1 49¢%* +2¢°% + 2¢%4 + 25q96) T
For p1 = (0,0) ua = (0,2), we have:
U, =16 (q16 %2 4 4¢%2 4 %8 £ 2052 4 456 + 2476 + 980 4 440 + 8¢ +q96) +o
For 1 = (0,0) ua = (1,1), we have:
¥, =2¢15/8 <1+q4+13q18+q22+2q25+9q26+q30+2q32+4q36+41q48+9q56+8q57

+ 18 +260% +2¢°0+9¢% 429" +¢7+18¢"+ 1647 +2¢™ +104% +85¢™ ) + ..
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For p; = (0,0) p2 = (1, 3), we have:

gpu::2q21ﬂ3(1_%4q8_FqIZ%_9q14+_q18+_2q19+_16q304_8q374_9q384_25q404_q42%_9q48
120620 4+ 72 +2¢%4 + 2451 1+ 4¢52 +- 36454 +32¢75 12570 +49¢78 + 8¢52 +-9¢%4 + ¢
+29q90+68q91) ..

For p1 = (0,0) u2 = (2,1), we have:

U, =4q'5/? (1+q12+9q20+q24+2q28+9q40—|—2q48+25q52+9q60+19q64+2q72+2q76

+ 25q80+18q92) +...
For p1 = (0,0) p2 = (2, 3), we have:
@#:4qw2(L+9¢2+3¢6+2&f6+2wf4+3¢w+3q%+49¢?+7&f4+2%f2+3¢m)+.“
For p1 = (0,2) pue = (2,0), we have:

‘I’u:4(q13+q19+q27+9q37+q43+q45+9q47+q53+q57+9q59+q67+q69

+ 25q73+9q83+9q85+25q87—|—q89—I—q93—|—9q97+q99> 4.

For p1 = (0,1) ua = (1,0), we have:

19/4
V= —qT (142 +4°+ 250"+ 2607 + 4% +9¢% +4% + 47+ 25¢%+ 4% +9¢* + ¢
+9q39+81q46+81q52—|—25q54+25q56+49q57+q58+25q61+26q62+90q64+q66+2q68
+49¢" +25¢+¢7 +¢"°+25¢" +49¢™ +9¢% +9¢% +¢%+169¢% +9¢* +¢*°

19¢% + 169q95) T
For p; = (0,1) p2 = (2,0), we have:

q7V/8

Wy == (14" +9¢° +q' +9¢"° + 256" +9¢% + ¢*° + ¢ + 25¢™ + ¢ + 49¢°

+ q39+25q41+9q43+9q45~|—49q47—|—q48+q50+90q54+9q58+49q60+25q63
+25¢% +81¢%7 + ¢% +9¢% + 9¢™ + ¢ + 121¢"™ + 25¢"° + ¢ + 25¢

+ %+ 81¢%2 + 4956 + 49¢%8 + ¢ + 121q90) T

For p1 = (0,1) u2 = (0,0), we have:

39/8
v,=-1 5 (14907 +¢°+25¢'7+49¢% +2¢72+ 250 +9¢%0 +¢*7 +18¢%+2¢%+ 9¢%
_|_81q46121q52+50q55+81q57+2q60+49q61+98q63+25q64+9q66+q67+q68

+68¢™+18¢70+49¢™ +2¢™ +2¢™ +169¢™ +18¢% +225¢ ) +..
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For py = (0,1) p2 = (1,1), we have:
¢*5/4

2
+500% +¢" +49¢% +9¢"+9¢" +49¢°" +9¢°° +9¢7 +81¢7° +-9¢°° +9¢7 +81¢%

+ 250 +25" 82" +25" +25¢" +¢7+121¢°+ ¢ +25¢™ +¢% 4 26¢% +1224™)
+o

Wy ==L (14¢%+ %+ 990 +9¢" +9¢" +25¢ + 2647+ ¢* + 2567 4 ¢ + ¢*

For p1 = (0,1) pue = (1,2), we have:

47/4
U, =—

(9+9q3+q5+9q9+q13+q17+49q23+49q28+9q29+9q31+25q32+9q35
+9¢% +¢* +49¢% + ¢ +34¢" +9¢" + 257 + ¢ + ¢ +122¢7° +¢% +121¢% + 494"
+490 +81¢"! +9¢™ +49¢™+ 49977 +9¢™ +121¢7+25¢%+9¢™ +9¢* + 256" + 81¢*")
+...

For py = (0,1) p2 = (1, 3), we have:

13/4

U, =— (1+9q6+q10+25q15+q19+q20+9q21 14967 +¢30+9¢33 +9¢34 +25¢3°
+q39+81q42+q45+9q46+25q50+25q51+49q52~|—q54+q56+9q58+121q60
+¢%4+9¢% +25¢% +49¢ +49¢™ +81¢7 +¢" +¢" +9¢" +9¢" +-25¢*
+169q81+q84—|—9q85+25q86+49q87+81q93+81q94+121q95+q96)+...

For 1 = (0,1) u2 = (2,2), we have:

15/8

\I/u:_ (1—|—9q10+25q13—|—9q15+q16—|—2q18—|—q27—|—49q33+81q38+18q40+49q42+25q45
+59¢" T +q" 420" +18¢7 +2¢7 +25¢% +121¢% +2¢% +169¢ + 98¢ +121¢*'
+99¢%0 +162¢% +49¢% +25¢% +9¢7* +9¢% +99¢% +50q97) +...

For 1 = (0,2) e = (0, 1), we have:

\I'M=16q47/2 (1+q8+q18+4q30+q38+q40+4q42+q50+q54+4q56+q66+q68+9q72)+.”

For p1 = (0,2) p2 = (1,0), we have:

\I/u=2q81/8 (1+q6+5q13+q21+9q22+q27+q30_|_4q31+9q32+q39+q40+25q43+4q50
—|—q51+q52—|—4q54—|—9q55+25q56+q63+9q65+q66+9q68+16q69+26q70—|—q76
+4¢™+10¢" +13¢*2+61¢* +¢% ) +. .

For p1 = (0,2) ua = (1, 1), we have:

\11”22(]101/8 (1+4q7+q14+4q15+13q24+q29+q33+4q34+16q35+4q42+4q45+9q46
+16¢" +¢%2 +4¢°5 +5¢°+41¢%° +9¢% +-4¢"0 +4¢™ +9¢™ +17¢™
+364" +¢*+4™ +17¢% +4¢% ) +-...
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