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ABSTRACT: We present a modified implementation of the Euclidean action formalism suit-
able for studying the thermodynamics of a class of cosmological solutions containing Killing
horizons. To obtain a real metric of definite signature, we perform a “triple Wick-rotation”
by analytically continuing all spacelike directions. The resulting Euclidean geometry is used
to calculate the Euclidean on-shell action, which defines a thermodynamic potential. We
show that for the vacuum de Sitter solution, planar solutions of Einstein-Maxwell the-
ory and a previously found class of cosmological solutions of N/ = 2 supergravity, this
thermodynamic potential can be used to define an internal energy which obeys the first
law of thermodynamics. Our approach is complementary to, but consistent with the iso-
lated horizon formalism. For planar Finstein-Maxwell solutions, we find dual solutions
in Einstein-anti-Maxwell theory where the sign of the Maxwell term is reversed. These
solutions are planar black holes, rather than cosmological solutions, but give rise, upon a
standard Wick-rotation to the same Euclidean action and thermodynamic relations.
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1 Introduction and motivation

The laws of black hole mechanics [1] were initially thought of as formal analogies of the
laws of thermodynamics, but subsequent work has shown that they have a genuine thermo-
dynamical interpretation. This suggests that the relation between classical and quantum
gravity may be analogous to the relation between thermodynamics and statistical mechan-
ics [2-5]. This is among the most compelling clues that we have about the nature of
quantum gravity. It is therefore important to identify ever-larger classes of solutions to
classical gravity which obey the laws of black hole mechanics, or variant versions thereof.

One setting in which the laws of black hole mechanics can be derived is static, asymp-
totically flat spacetimes containing a Killing horizon.! Then the first law of black hole
mechanics takes the form

AM = #d/& + 1;dQ7,

where M is the mass, k is the surface gravity, A is the area of the black hole horizon
and Q°, yu; are a set of conserved charges and their associated potentials. This statement
does not involve any thermodynamics and is derived using geometrical reasoning. Yet, the
seminal work by Bekenstein [2] and Hawking [3] has demonstrated that this relation can
be interpreted as the first law of thermodynamics through identifying

A K
S = — T = —
4G’ A= o
where S is the entropy and Ty is the Hawking temperature. With these identifications,

the first law of black hole mechanics becomes the first law of thermodynamics:
dE = TgdS + ,LleQz

Here the internal energy F is understood to be equal to the mass of the black hole solu-
tion, while the charges Q' replace the particle numbers of a grand ensemble, as usual in
relativistic thermodynamics.

One obstruction in generalising this statement to Killing horizons in more general
spacetimes — in particular, those which are not asymptotically flat and not static — is

'This generalizes to the larger class of stationary spacetimes, where the first law also contains a term
involving the angular momentum and rotation velocity of the spacetime. But since the solutions which
we will consider in this paper are of the more restricted, static type, we will neglect this term from the
beginning.



the definition of the mass M, which takes the role of energy E. Diffeomorphism invariance
prevents one from assigning a total momentum four-vector, and hence a mass to regions of
spacetime in general. For asymptotically flat spacetimes the ADM construction can be used
to define a total mass [6]. For Killing horizons with an asymptotically flat static region, this
is equivalent to the Komar construction [7], where the mass is a conserved charge associated
with a timelike Killing vector which becomes null on the horizon. In these constructions,
the normalisation of the mass is implied by the ‘natural’ normalisation of this Killing
vector field, which is that the Killing vector field has unit norm at infinity. Mass-like
quantities can be defined in more general situations. For example, the quasi-local mass of
Brown and York [8] is well-defined when the region is stationary, though the resulting mass
parameter is necessarily position-dependent and thus does not have a natural normalisation.
Wald’s formalism [9, 10] allows one to associate conserved charges to closed surfaces in
general diffeomorphism invariant theories of gravity, and provides a setting for deriving
the first law. For space-times which are locally asymptotic to AdS spaces, conserved
charges and thermodynamics can be defined using the variational principle and holographic
renormalization, see [11] and references therein. In [12] it was stressed that the essential
requirement to formulate black hole thermodynamics is to have a consistent variational
principle, which then automatically takes care of the finiteness of conserved charges. This
approach is not limited to boundary conditions which are locally asymptotically AdS. In
particular, it was applied [12] to the STU-model of four-dimensional N/ = 2 supergravity
with conical boundary conditions. Further work which applies variational principles to
spacetimes with AdS asymptotics includes [13-15].

There also are approaches which formulate black hole thermodynamics strictly in terms
of near horizon data. Where a comparison to approaches with asymptotic boundary con-
ditions is possible, they agree up to an ambiguity associated with the normalization of the
horizontal Killing vector field. One such approach is Ashtekar’s isolated horizon formal-
ism [16], which recasts the first law using only quantities defined locally on the horizon.
This includes a mass-like parameter whose definition and normalization is fixed by impos-
ing that the first law takes its standard form. More recently, there has been much interest
in the near horizon behaviour of near-extremal black holes, in the context of studying non-
integrable conserved charges and scalar hair. In these approaches one uses the existence of
an asymptotic AdSs factor to perform a reduction to two dimensions. The reduced system
is largely determined by its symmetries, and related to the JT and SYK models, see for
example [17-23].

In the present paper we study a class of spacetimes with Killing horizons, which has
a causal structure complementary to black holes in the sense that the exterior region is
non-static and asymptotic to a Kasner cosmology in the infinite past and future, while the
interior region is static and terminates in a timelike curvature singularity. These spacetimes,
which are solutions to N’ = 2 supergravity with vector multiplets, have planar symmetry
and were found in [24], when attempting to generalise the black brane type solutions of [25].
The simplest member of this family, which is obtained by imposing that all scalar fields
are constant, is the planar version of the Reissner-Nordstrom solution of Einstein-Maxwell
theory. As explained in [24], the planar symmetry has the effect of preventing the existence



of the static asymptotically flat regions familiar from the spherically symmetric Reissner-
Nordstrom solution. One is left with a dynamical region which is now the outer part, and
a static inner region around the singularity. The resulting conformal diagram is that of a
maximally extended Schwarzschild spacetime, rotated by 90 degrees, or equivalently, the
conformal diagram of a spherical Reissner-Nordstrom solution with the asymptotically flat
regions (called ‘type I’ in most references) removed, see figure 2.

While this situation is complementary to the usual set-up of black hole thermodynam-
ics, we will show that it is nevertheless possible to define a mass-like quantity F and to
derive a relation which takes the form of the first law of thermodynamics, as well as a
Smarr relation, with E playing the role of energy. Since the static region terminates in a
singularity, there are two options we will explore: the first is to work with the exterior, non-
static region, the second is to use the isolated horizon formalism which only requires local
near-horizon data. We find that both approaches lead to mutually consistent results. Most
of the paper is devoted to adapting the Euclidean action formalism to the dynamic patch
(non-static region). While applying the isolated horizon formalism is more straightforward,
we will see that the Euclidean action formalism provides us with additional insights. In
particular we obtain a thermal partition function, and we will discover an interesting ‘du-
ality’ between the thermodynamics of cosmological solutions and the thermodynamics of
planar black holes in theories where the sign of the Maxwell term has been flipped.?

Our adaptation of the Euclidean action approach works as follows. In the standard
setting based on a static exterior region with a well behaved asymptotic boundary, one
Wick-rotates the time coordinate and obtains a smooth, positive definite metric on a real
slice of the complexification of the original solution. One then substitutes the Euclideanised
solution into the action, thus obtaining a function which depends on the parameters of the
solution. In this step of the procedure, boundary terms play a central role. The exponential
of the resulting Euclidean action can be viewed as the saddle point approximation to the
full Euclidean functional integral. Following Gibbons and Hawking [4] we can interpret
this expression as a thermal partition function. Given this, the energy E can be computed
by taking suitable derivatives with respect to combinations of parameters, of the solution
which correspond to thermodynamic variables. By then computing its variation §F, one
can check whether the first law is satisfied. For the type of solution we are interested
in, the singularities in the static region prevent us from computing the Euclidean action
in the static patch, as its boundary is a singularity. Therefore, we work instead in the
dynamic outer region, as it is well behaved at its asymptotic boundary, located at past
timelike infinity.> Since the horizontal Killing vector field is spacelike in this region, we
cannot apply a Wick-rotation in time, which would make spacetime complex. Instead, we
perform a triple Wick-rotation in all spacelike coordinates, which provides a real slice of
the complexified spacetime with a (negative) definite metric. Using this slice, we obtain
a well behaved Euclidean action. We note that the standard argument for identifying the

2Such sign flips appear in type-II* string theories, as we will discuss in section 8.

3The global solutions have a second cosmological region which is related to this region by time-reversal,
see figure 2. For thermodynamics we choose pairs of patches such that the exterior and interior are related
by future-pointing null rays, that is regions III/IV or III/I.



resulting Euclidean action with a thermodynamic potential depends on the Killing vector
being timelike, and thus being related to time translations and energy. In the dynamic
outer patch, the Killing vector is spacelike and thus corresponds to spatial translations and
momentum. We proceed formally and relate our Euclidean action to a thermodynamic
potential, leaving questions about the underlying microscopic theory aside. The ‘energy’
FE is defined as a derivative of this potential, and we prove that its variation J E satisfies a
relation which takes the exact form of the first law. As a further consistency check, we also
apply the isolated horizon formalism, which imposes the first law and this way obtains an
expression for the energy, and we find that the results of both formalisms agree.

The structure of the paper is as follows. We begin by introducing the Euclidean action
formalism and reviewing the relevant ingredients. After an overview of standard techniques,
the procedure of the triple Wick-rotation is defined. Following this, three examples of the
triple Wick-rotation are given. First, the de Sitter solution is discussed in section 3, serving
as a simple example of the first law for a vacuum solution, where we can compare against a
standard Wick rotation in the static region as a consistency check. Then, in section 4, the
planar Reissner-Nordstrom solution to the Einstein-Maxwell system is studied using the
triple Wick-rotation. A thermodynamic potential is derived, and from this, the first law is
verified. This solution can be regarded as a limit of a family of solutions to the STU model
of N = 2 supergravity, for which we verify the first law in section 5. The method is applied
again for the full STU model, allowing the definition of a mass-like parameter which, when
varied, gives the first law. In the following section 6, these results are supported through an
alternative calculation using the isolated horizon technique of [16]. In section 7 we find a
dual planar Reissner-Nordstrom solution in Einstein-anti-Maxwell theory, that is, in a the-
ory where the sign of the Maxwell term is flipped. In this solution, the roles of the interior
and exterior region are exchanged, and so the solution is a planar black hole with a static
exterior region. This allows us to apply a standard Wick rotation, and we find that this so-
lution has the same Euclidean action and thermodynamic relations as the planar Reissner-
Nordstrom solution. While we do not discuss the embedding of these solutions into string
theory, we point out that this duality between solutions, as well as their connection through
a common Euclidean section, is related to the existence of a ‘twisted’ version of the N' = 2
supersymmetry algebra, and to timelike T-duality [26, 27]. We conclude with a physical
interpretation and discussion of the work completed in this paper in section 8. Some of
the calculational details are relegated to the appendices, together with a summary of the
conventions used in this work. Specifically, appendix A summarises our conventions, while
appendix B reviews extrinsic curvature, to the extent that is needed to compute boundary
terms for the gravitational action. Appendix C reviews the definition and normalization
of charges, and gives details of the dualization of magnetic to electric charges that we use
in the main part. The quite substantial appendix D presents details of the maximal ana-
lytical extensions for all solutions considered plus the Schwarzschild solution for reference.
This includes the definition of Kruskal and of advanced and retarded Eddington-Finkelstein
coordinates, the computation of the expansion of null congruences, and the classification
of horizons. We also show how type A-III vacuum Einstein solutions arise as asymptotic
limits, and we show that the maximally extended planar Reissner-Nordstrém solution is a



bouncing cosmology, which interpolates between, and regularizes, two Kasner cosmological
solutions. Appendix E collects some thermodynamic relations for reference.

2 Euclidean action formalism

In this section, we first review the standard Euclidean action formalism, which interprets
the saddle point approximation of the partition function for a gravitational theory as a
thermodynamic partition function [4, 5]. Then we present a modification which assigns a
Euclidean action to a dynamic* spacetime by using a triple Wick-rotation.

2.1 Gravitational and thermodynamic partition functions

The thermodynamic canonical partition function Z(3) for a system with a Hamiltonian H
is defined by

Z(B) = e B = Tye AH

)

where F' is the free energy and [ is the inverse temperature. For a system with a conserved
charge Q, the thermodynamic potential depends on the conserved charge in addition to
its dependence on temperature, F' = F(3,Q). The grand canonical ensemble is defined
by keeping the charge constant and letting the corresponding intensive thermodynamic
variable, the chemical potential p, fluctuate. The corresponding thermodynamic partition
function is the grand canonical partition function:

Z(B,p) i= e P = Tre P

where Q(f, p) is the grand potential. Note that we are suppressing the contribution of a
pressure/volume term usually seen in the thermodynamic potentials. From a gravitational
perspective, these arise from rotations and angular momentum, or, in the case of planar
solutions, translations and linear momentum, which are not present in the solutions we
consider in this paper. The thermodynamic relations for such an ensemble are summarized
in appendix E for convenience.

To illustrate the correspondence between partition functions of quantum (field) theories
and thermodynamic partition functions, we consider the case of a quantum particle. The
time-evolution operator admits a path integral representation involving the classical action

<x’ e itH ‘$l> _ /DxeiS[x]’

where we have set h = 1. By Wick-rotating the time coordinate ¢ — —if and taking the
trace, which in the path integral corresponds to integrating over paths periodic in time,
one obtains

Tre PH = /DmeSE[z] =ePF,

where [ is interpreted as inverse temperature, and where F' is the free energy.

“Here and in the following ‘dynamic’ means ‘non-stationary’, that is a spacetime without a timelike
Killing vector field.



It is straightforward, at least at a formal level, to extend this prescription to quantum
field theories. In a quantum theory including gravity, the path integral is performed over
the space of all metrics g, as well as over the matter fields ¢,

7 = /DQD@G—SE[QAP} .

While it is challenging to give a precise meaning to the full path integral, one can proceed
formally and attempt to make sense of it in a saddle point approximation. This leads to

S8 where the Euclidean action Sg is evaluated on an on-shell field

the expression Z ~ e~
configuration satisfying suitable boundary conditions [28].
Employing this, we obtain a relation between the Euclidean on-shell action and the

free energy:
Sg
log(Z) ~ —-Sgp ~—-p0F = F~ e
When gauge fields are present, the boundary conditions are chosen such that the total
charge Q is fixed. Then the Euclidean action depends on the associated chemical potential
u, so that Sg = Sg(f8, 1), and one obtains the following relation between the Euclidean

on-shell action and the grand potential Q(8, u):

S
log(Z2) ~ —Sp~-38Q, = Q~ FE
2.2 Simple Wick-rotation
We now use the Einstein-Maxwell theory with a cosmological constant to review the stan-
dard Wick-rotation. Our conventions for actions are explained in appendix A. We fol-
low [29] for the gravitational action, and generalise this by including the cosmological
constant and the Maxwell action:

S = Spuk + ScHy
1 1
= — — \/ _2Ad4 _ / FVF,LLVd4

€
+8/ V(K — Ko)d®x .
T JoMm

The middle line is the bulk term, containing the Einstein-Hilbert action with the Ricci
scalar R, a cosmological constant A and the Maxwell term. The second line is the Gibbons-
Hawking-York boundary term Sgpy [4, 30], which is needed to cancel boundary terms
arising from the variation of the Einstein-Hilbert action if spacetime is not closed (compact
without boundary). The spacetime metric g induces a metric v on the boundary OM. K
is trace of the extrinsic curvature of OM as an embedded submanifold of spacetime M, see
the appendix B for details. The constant € takes the values ¢ = +1 for boundaries with
unit normals which are either spacelike (+) or timelike (—). To obtain a finite value for the
on-shell action, we include a background term K. For an asymptotically flat spacetime K
is the extrinsic curvature of the boundary embedded into a flat spacetime, which ensures
that the action of Minkowski space, which is a solution for A = 0, is zero rather than
divergent.



We now apply the Wick-rotation ¢ — —it to (2.1) to map exp(iS) — exp(—Sg).
Following [29] we first consider the gravitational terms. The bulk gravitational term receives
a factor of —i from the measure:

167r/f x—)z/\fR 2M)d*

For the transformation of the GHY-term we need to distinguish two cases.

1. For surfaces with a timelike unit normal:

€= —1, K —iK, VAdr — \ydPx

2. For surfaces with a spacelike unit normal:

e=1, K- K, VAdPr — —i/ydPx

The resulting Euclidean Gibbons-Hawking-York term is the same for both types of hyper-
surfaces and transforms as

€ o1
o [ VRN~ Ko s i [ VR - Kod's
T Jom 87 Jom

We now consider the Maxwell field. Before Wick-rotation, we use that the Maxwell action
is evaluated on-shell, allowing us to rewrite its contribution as a total derivative®

FME,, = 2V, (A, F"™).

Applying Stoke’s theorem, we can write the bulk contribution as an integral over the
boundary

1
- \/ A FP)dr e = — YA, dY,,
/ 9 V 8w K

oM

where the volume element on the boundary is defined as d¥,, = n,+/|y|d®z and n* is
the outward-pointing unit normal vector. Applying a Wick-rotation, we find the Maxwell
action transforms as

1 1
— FMA,dY, — —z/ FrA,dY, ,
8w OM 8 oM
where note explicitly that each pieces transforms as: d¥, — —idX,, A, — —iA,, and
Frv — FHv,
Taking all contributions together, the Euclidean action is

. 1
SE = —iSWick—rotated = 167’(/ \/§(R - 2A)d4l‘

1
- — \/ (K — Kj) - — A dY, .
87 |’Y 0 ‘T oy onr m v

®In terms of differential forms, F' A xF = dA A*xF =d(AAN%F), ifdxF =0.

(2.2)




2.3 Triple Wick-rotation

The standard simple Wick-rotation can be applied for static spacetimes which upon con-
tinuation remain real, so that the Euclidean on-shell action can be interpreted as a thermal
partition function. The static patches of the planar solutions found in [24] take the form

LTQ + r2(dz® 4 dy?) (2.3)
f(r) ’ '

which at first appears suitable for this procedure. However, we also need smooth field con-

ds®> = —f(r)dt* +

figurations to obtain a well-defined and finite Euclidean on-shell action. For the solutions
of [24] the static patches have a curvature singularity for some finite value r = rgng of the
transverse coordinate 7, which makes the Euclidean on-shell action ill-defined.

However, these static patches have a horizon at another finite value r = ry > rgng of
the coordinate r, and by analytic continuation one obtains a dynamic patch, where the
metric, after relabelling r <> ¢, takes the form

ds* = —ﬁl—tQ + f(t)dr? + t*(dx? + dy?) . (2.4)
ft)
Note that the function f(¢) has been modified with an additional sign: f(z) = —f(z). This
ensures that f(t) is positive definite within the domain of ¢ € (¢4,00). For the remainder
of the discussion, the tilde will be dropped and it is understood that functions f appearing
in the line element are positive definite for each patch, and that the coordinate denoted ¢
is timelike while the coordinate denoted r is spacelike.

It was shown in [24] that these solutions have a well behaved asymptotic behaviour
for t — 00.% In the dynamic patch, the horizontal Killing vector field is spacelike rather
than timelike, and the application of the simple Wick-rotation leads to a complex line
element and action. To work with this dynamic patch, we will need to modify the standard
Euclidean method. There are some examples where complex line elements are used in the
literature, the canonical example being the Kerr metric [4]. In this case, the generalisation
is to admit timelike Killing vector fields which are not hypersurface orthogonal, and the
complexification arises from cross terms in the line element. This is different from our case,
where the Killing vector field is still hypersurface orthogonal, but spacelike.

We therefore explore an alternative procedure, which in principle can be applied to
any metric which has no timelike-spacelike cross-terms, and depends explicitly on time but
not on the spatial coordinates. We choose to Wick-rotate all three spacelike coordinates
of the line element. Since the examples for which we will obtain a well defined Euclidean
action are of the form (2.4), we denote the spatial coordinates r,z,y so that the triple
Wick-rotation takes the form

(r,a,y) — %i(r,2,y)

where we admit either choice of sign. As we work with the mostly plus conventions, the
resulting Euclidean line element will be negative-definite.

5To be precise, there are two extensions of the static patch, and depending on the extension, t — 0o
either corresponds to future or to past timelike infinity. We refer to the appendix D for a discussion of the
global structure of the solution.



Applying this transformation to (2.1) the Euclidean action associated with the triple
Wick-rotation is calculated. The bulk contribution transforms as

1 1
——— | (R=2A)—gd's — — (Fi)3—— / (R —2A)\/—gd'x
16w M 167 M
gt 4
—:|:216ﬂ_ M(R 2A)/—gd’x .

The GHY-term, as with the single Wick-rotation, transforms with the same sign for e = +1.
1. For surfaces with a timelike unit normal

€= —1, K - K, VAdx — (%) /yd3x.

2. For surfaces with a spacelike unit normal,

e=1, K — FiK, a3z — (%) yd3,

and we see that for either hypersurface, the GHY term transforms under a triple Wick-

rotation as

1
= VK = Ko)d3z — 4i— / V(K = Ko)d3z.
87'(' OM 87T OM

As with the standard Wick-rotation, we can write the gauge field contribution as a
boundary term as we evaluate the action on-shell. Performing the triple Wick-rotation,
we find

1 1
— FrY A, dY, — Fi— FHY A, dY
8w OM ’ v i 8 /8M " v
where we have used that dX,, — (&i)3dS,, A, — *iAd, and F* — FiF". Piecing this
all together, the triple Wick-rotated Euclidean action is given by
Sp =+ — / VI(R —2A)d*
=+ — — x
E=F96r ), VI

) ) (2.5)
+ — V(K — Ko)d3z F / FHA,dY,.
87 Jom 87 Jom

We then identify the thermodynamic potential as we do in the standard formulation, eval-
uating the partition function Z in a saddle point approximation to obtain

where the inverse temperature § and chemical potential p can be expressed in terms of
parameters of the triple-Wick rotated solution.



2.4 Surface gravity and temperature

When working with the Euclidean action formalism, the temperature associated with a
Killing horizon is usually determined by the periodicity of Euclidean time, which in turn
is fixed by imposing the absence of a conical singularity after Wick-rotation. The near
horizon approximation of the line element has the Rindler-like metric

ds? = —k*>r2dt® + dr'? + (A4 - )dX?,

where r is the surface gravity, 7’ = r — ry, is a shifted coordinate which vanishes at the
horizon, and A is independent on 7/. The term dX? is the standard line element on
the unit-sphere or on the Euclidean plane, depending on whether we impose spherical or
planar symmetry. While the term proportional to dX? in the line element is manifestly
regular for ' = 0, there is a conical singularity in (¢,r)-plane unless the Euclidean time
coordinate t satisfies Kt ~ kt+ 27 and thus is periodic with period 2wx~!. This determines
the temperature Ty associated with the horizon, § = T [}1 = 27k~ ', We observe that
since the surface gravity s enters the line element quadratically, this procedure does not
actually determine whether Ty is positive or negative. However, the sign can be set through
computing the Hawking temperature using curved spacetime QFT [3], or the tunneling
effect for a quantum particle [31]. As an aside, we note that by removing the conical
singularity, the horizon becomes the origin in the Wick-rotated spacetime. As a result,
the Wick-rotated spacetime has only one boundary, located at » — co. This means that
when we calculate boundary terms for the Euclidean action, there will only be asymptotic
contributions.
The surface gravity « of a Killing horizon is defined by

Ve = rE", (2.7)

T=Th

evaluated on the horizon, where £ is a Killing vector field which is null on the horizon and
non-null outside the horizon. We observe that x changes sign under £ — —¢£. For static,
asymptotically flat spacetimes, the sign can be fixed by defining x to be the acceleration
of a test mass at the horizon, multiplied by the redshift factor [32]. This also fixes the
magnitude of x, which changes under rescalings of £. The standard formula (2.7) applies
to the case where £ has unit norm at spatial infinity.

Since we will investigate a non-standard situation, we will not assume that x and Ty
are positive. Furthermore, as the asymptotic region is not flat, we have to specify how we
normalize the horizontal Killing vector field. For this purpose we will follow the work of [33]
and [34, 35], which provides a method for computing the surface gravity and temperature
of trapping horizons. While the definition of an event horizon requires the knowledge of the
global causal structure of a spacetime, trapping horizons are defined quasi-locally by the
existence of marginally trapped surfaces. That is, on a trapping horizon the expansion of
one of the two future-directed null congruences defined by ingoing and outgoing light rays
changes sign, so that the horizon separates a non-trapping region where one congruence
expands and the other contracts from a trapping region where both congruences either
expand or contract. The Killing horizons of the solutions [24] are event horizons, and thus

~10 -



in particular trapping horizons, so that the formalism can be applied.” In the literature
the term ‘trapping horizon’ is used for hypersurfaces where the expansion of one null
congruence vanishes, while spatial cross sections of a trapping horizon are called ‘apparent
horizons.” We will use both terms interchangeably.

In the so-called Kodama-Hayward approach [33, 36], the surface gravity is obtained as
follows. The metric is required to have the structure

ds* = %j(:v)d:xidzz;j + CQ(SU)CU?? , 1=0,1,

where 7;;% and C only depend on the coordinates (2%, z') = (¢, 7). For spherically symmet-
ric spacetimes, dX? = df)y is the standard metric on the two-sphere. In our calculations,
we allow planar symmetry and hence dX? is the standard metric on R2. The surface gravity
in the Kodama-Hayward formalism is

1 y 1
R = ﬁa’b (\/ —771]810) = §A'YC .
For later reference, we compute the Kodama-Hayward surface gravity for line elements of

the form
dt?

f(t)
which include the dynamic patches of [24], and obtain

ds® = — + f(t)dr? + t2dX?,

= —%@f(t). (2.8)

Following [34, 35|, trapping horizons and their Kodama-Hayward surface gravity subdi-
vide into four cases, as follows. One chooses a local frame containing two future-directed
null vectors, N which are ‘outgoing’ (+) and ‘ingoing’ (—). Using the definition for the
expansion

0+ = V,NL, (2.9)

the four types of horizons are determined by calculating their expansions 1 and their Lie
derivative, evaluated on the horizon.

Non-trapping regions in spacetime are those where 6,6_ < 0. The convention taken
in [34, 35] is that §_ < 0 and 64 > 0 in all non-trapping regions so that the outgoing
congruence N jf is diverging (or expanding) while the ingoing congruence N* is converging
(or contracting). Trapping regions are those where 6,.6_ > 0, so that either both congru-
ences expand, or both congruences contract. Apparent horizons occur at boundaries where
0+ =0,0+ #0.

In appendix D, we construct the maximal extensions of spacetimes with a line element
of the form (2.3), using only qualitative properties of the function f, namely its zeros and

"While [33] and [35] assume spherical symmetry, their formalism extends straightforwardly to situations
with planar symmetry.

8Note that here + is the metric for the transverse coordinates and is distinct from the boundary metric
~ used in our Euclidean action calculations. As it is unlikely to cause confusion, we allow this duplicity in
our notation in order that this section uses the same conventions as the cited papers [34, 35].
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asymptotic behaviour. We compute the expansions of null congruences, identify the types
of the trapping horizons and identify the global causal structure. For comparison, we also
include spacetimes like the Schwarzschild spacetime where the static region is r > rp, rather
than r < rp,. In all cases the maximally extended spacetime consists of four regions, which
are separated by trapping horizons which happen to be Killing horizons. We identify one
of the two non-trapping regions with the region where the line element (2.3) is static, and
use this ‘standard static patch’ (or standard non-trapping patch) to fix the direction of
physical time for the extended spacetime. In this patch we identify two future-pointing
null geodesic congruences N, such that their expansions satisfy 6, > 0 and _ < 0. Then
we choose Kruskal-like coordinates {X;,X_,...} in such a way that they are adapted
to the standard patch, that is, such that in the standard patch ingoing future-pointing
null congruences have constant X, and propagate towards increasing X_, while outgoing
future-pointing null congruences have constant X_ and propagate towards increasing X .
When extending the metric, the vector fields N and the scalars 6 to the full maximally
extended spacetime, we observe that there always is a second static, non-trapping patch.
In this second static patch the roles of ingoing and outgoing congruences are reversed so
that we have the non-standard assignments 6, < 0 and #_ > 0. In addition, there always
are two trapping regions, one where both congruences expand, one where both contract.
The transverse coordinate r used in (2.3) can always be extended beyond the trapping
horizon and covers two regions of the extended spacetime, depending on the choice of the
static patch and the way in which we continue. We call regions interior regions when they
contain a curvature singularity, and exterior regions if null geodesics can be extended to
infinite affine parameter in one direction. The coordinate r takes values r < rp in the
interior and r > 73 in the exterior regions. For our main examples, the de Sitter, planar
Einstein-Maxwell and planar STU solutions, the inner region r < rp is static while the
exterior region r > 7y, is dynamic. We will therefore relabel » — ¢ in exterior regions
to emphasize that this cooordinate is timelike. For more details, we refer the reader to
appendix D.

The variation of the expansions are given by their Lie derivatives £460+ with respect
to the lightcone coordinates Xy. Since £460+ does not change sign across horizons, there
are four types of horizons [34, 35].

1. Future outer horizons: 6, =0, _ < 0, Lny_0+ < 0. The sign of 6, changes from
positive to negative with growing X _. The situation is analogous to regions I and II of
the extended Schwarzschild solution, see the left diagram in figure 6. For sufficiently
small X_ (‘outside the horizon’) the outgoing congruence is expanding, while for
sufficiently large X_ (‘inside the horizon’) both congruences contract. Therefore
future outer horizons can be taken as local definitions of black holes.

2. Past outer horizons: 6_ = 0, 6, > 0, Ly, 0_ < 0. The sign of §_ changes from
positive to negative with growing X . For sufficiently large X (‘outside the horizon’)
the ingoing congruences are converging, while for sufficiently small X, (‘inside the
horizon’) both congruences expand. The small X region is analogous to the time-
reflected region IV of the extended Schwarzschild solution, while the large X region
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is analogous to region I. Therefore past outer horizons can be taken as local definitions
of white holes.

3. Future inner horizons: 0, =0, 6_ < 0, Ly_601 > 0. The sign of 0 changes from
negative to positive with increasing X_. The inside region (large X_) is non-trapping
while in the outside region (small X_) both congruences contract. Therefore future
inner horizons can be taken as local definitions of contracting cosmologies, where all
null congruences become converging for large enough distances from the observer.

4. Past inner horizons: 6_ = 0, 64 > 0, Ly, 0_ > 0. The sign of §_ changes from
negative on the inside (small X ) to positive on the outside (large X ). The interior
region is non-trapping while in the exterior region both congruences expand. There-
fore past inner horizons are local definitions of expanding cosmologies, where all null
congruences become expanding for large enough distances from the observer.

The surface gravities of these horizons are related to variations of the expansions by k
—L40x. Thus outer horizons have positive surface gravity, while inner horizons have
negative surface gravity. A further sign has been argued for in the relation between surface
gravity and temperature. In [34, 35] the Hawking temperature of an apparent horizon was
computed using the Parikh-Wilczek tunnelling method. It was found that Ty « +k, with
the upper sign for future horizons and the lower sign for past horizons. The net effect is
that future outer horizons (black holes), and past inner horizons (expanding cosmologies)
have positive temperature, while future inner horizons (contracting cosmologies) and past
outer horizons (white holes) have negative temperature.

Negative temperature was argued to indicate the absence of Hawking radiation, since
future inner and past outer horizons cannot separate virtual particle pairs created by
vacuum fluctuations, thus not enabling the Hawking effect [34, 35]. In thermodynamics,
the inverse temperature is related to the entropy S and internal energy E by

a8
B=

Therefore, negative temperature can occur if one drops the usual assumption that the en-
tropy increases monotonically with the energy. A toy model for negative temperature is
provided by a system with finite maximum energy [37]. Taking a system with two energy
eigenstates Fy < FEy as the simplest example, this will be in a maximally ordered state,
S = 0, if all particles are either in the lower or in the higher state, while a maximally disor-
dered state is realized when half of the particles are in either state. Upon heating up such
a system, entropy and temperature first increase, with the temperature reaching +oo when
entropy becomes maximal. Upon further heating, the entropy decreases and the tempera-
ture jumps at the turning point from +oo to —oo. After this point, it increases, approaching
0 from below when reaching a situation where all particles are in the higher state. Thus neg-
ative temperatures are ‘higher’ than positive temperatures and correspond to ‘population
inversion.” We will see later that some of the horizons we are interested in have negative
surface gravity and negative temperature, and that this is necessary in order for the first
law to take its standard form when using our triple Wick rotated Euclidean formalism.

~13 -



3 Thermodynamics of the de Sitter solution

As an introductory example of the implementation of the triple Wick-rotation in spacetimes
with dynamic asymptotic regions, we study the de Sitter solution of Einstein’s equations
with a cosmological constant. This example is somewhat simpler than the solutions of [24]
since it is a vacuum solution. However, it allows us to demonstrate that the results we ob-
tain using a triple Wick-rotation in the dynamic patch agree with those obtained previously
using a single Wick-rotation in the static patch.

3.1 Static patch, single Wick-rotation

The de Sitter spacetime line element in static coordinates is given by

-1
ds? = — l—ﬁ dat* + 1f7"—2 dr? 4 r2dQ3 (3.1)
- L2 L2 2 .

with the cosmological horizon located at r, = L, where L is the de Sitter radius and the
domain of our radial coordinate is r € [0,7y,). At r = r, there is a Killing horizon for
the Killing vector field £ = d;, which becomes spacelike when we continue to r > 7. The
thermodynamics of de Sitter space can be calculated within the static patch 0 < r <
rp, using standard methods. The cosmological constant A can be written generally as a
function of the de Sitter radius

A d-n@d-2) 3
B 212 LY

where for reference, we first give the relation for general dimension d before setting d = 4.
Note the minus sign, which is due to our sign conventions where the cosmological constant
is proportional to the Ricci scalar, while the Ricci scalar is negative for de Sitter space.
We expand on our conventions in appendix A.

Under the Wick-rotation ¢ — —i7, the line element (3.1) maps to the positive definite
line element

2 r? 2 AN 2 2302

ds® = <1 - LZ) dr* + <1 - LQ> dr® + r°dQ;. (3.2)

Entropy. Using the Bekenstein-Hawking area law, the entropy is determined by
A
Temperature. The temperature associated with the horizon is proportional to the
Kodama-Hayward surface gravity, which is found to be x = —L~!, thus yielding the
Hawking temperature
T — K 1
H=9r = “orL’

Note that the Hawking temperature is negative. We employ the definitions of [34, 35] and
consider horizons which can be crossed by future directed null rays and future directed
time-like curves (‘observers’) from the outside to the inside. These are the regions III and
IV in figure 1, where the global time orientation is chosen such that the Killing vector
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Figure 1. Penrose-Carter diagram for the global de Sitter solution. Dashed lines denote the
cosmological horizon located for » = L and the North/South poles are identified for r = 0. Blue
curved arrows denote the flow of the Killing vector field.

field is future-pointing in region III, that is, globally time flows ‘upwards’. This choice
of regions is natural because it has the same causal structure as the part of the extended
Schwarzschild spacetime which describes a black hole (regions I and II in the left diagram
of figure 6). As we show in appendix D, the horizon between regions III and IV in the
global de Sitter spacetime is a future inner horizon, which therefore has negative surface
gravity and temperature. This is different from the assignments made in other references,
including [5, 38|, where the Hawking temperature is positive: T > 0. However according
to [38] this implies that the entropy is negative. A positive temperature for de Sitter
horizons is consistent with considering the past inner horizon separating regions IV and II.
In contrast, in this paper the sign of the temperature is determined by the type of apparent
horizon, but the entropy is always defined by the area law and therefore positive. Note
that the expression T'dS entering into the first law is the same in both approaches.

Euclidean action. Global de Sitter space is a maximally symmetric space of constant
positive curvature with topology R x S3. Its Kruskal diagram decomposes into four regions,
two of which have a timelike Killing vector field and do not intersect the boundary, which
is spacelike with topology S3. If we evaluate the Euclidean action on a static patch, the
boundary terms do not contribute and the de Sitter action is completely determined by
the bulk terms:

1
Sp=— R —2A
E= T6x /M V( ),
where the Ricci curvature is constant: R = —12L~2 and the integral over the four-manifold

gives

1 6 A . 0 2 2
SE:16—7T Iz ; dr 5281n6d0d¢ T}Lr dr = —wL”.
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Note the limits on the integration of the radial coordinate r, which have been chosen to run
from r,, the origin of the Euclidean manifold, to the North pole for r = 0. As there are
no charges in the solution, we work in the canonical ensemble and we have the following
relations:

log(Z) = —Sg = —pBF, F=FE-TS.

The de Sitter solution is a maximally symmetric vacuum solution and thus interpreted as
a ground state. We therefore choose the natural normalisation F = 0. Following from this
we obtain

Sg=pBF =-S5 = S =rL2

We see that the thermodynamic entropy matches with (3.3) and the first law is satisfied
though in a ‘degenerate way’, as the entropy is constant: dS =0 =TdS = dE = d(0) = 0.

3.2 Dynamic patch, triple Wick-rotation

The static patch is not complete and by analytical extension of the coordinate r through
the Killing horizon to values r > 7, we obtain a second, dynamical patch, with asymptotic
region r — co. When crossing the horizon, the function f(r) becomes strictly negative, and
we find that the coordinates t,r exchange their roles. The timelike coordinate ¢ becomes
spacelike, while the spacelike coordinate r becomes timelike. We adopt the convention
to relabel coordinates in the dynamic patch, so that t is always timelike and r always
spacelike.

Then the line element in the dynamic patch is

2 - 2
ds® = — <L2 — 1) dt* + <L2 - 1) dr?® +12d3 . (3.4)
The coordinate domain is ¢t € (t,00) where ¢, is the Killing horizon located at ¢, = L.
Note that while this cannot be read of from the local form of the line element, we have
chosen the continuation from region IV to region III, so that ¢ — oo corresponds to past
timelike infinity, see appendix D for details. This is relevant because it determines the sign
of the temperature.

Triple Wick-rotation. We now perform a triple Wick-rotation where r — =+ir and
where the sphere S? is analytically continued to the hyperbolic plane Ho by (6,¢) —
+i(0, ¢). The line element (3.4) is mapped to the negative-definite line element

2 -1 2
ds? = — <t - 1) dt? — (; — 1) dr® — t*dH3 , dH3 = db* + sinh? 0d¢p* .

9As this might be confusing, let us justify the integration bounds. Although we interpret r = 0 as the
coordinate origin for static coordinates of the de Sitter solution, this is not the origin for the Wick-rotated
Euclidean manifold. When we Wick-rotate, the location of the horizon: r = 7}, becomes the origin with
the identification 7 ~ 7 + 8 made to avoid a conical singularity. Our integration limits are then chosen to
match the conventions from the origin of the Euclidean space to the boundary and as such we integrate
fromr =r, tor =0.
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Temperature & entropy. The temperature associated to the Killing horizon is the same
as in the previous calculation. Using the Kodama-Hayward expression (2.8), the surface
gravity is found to be k=—L~"! and for a future inner horizon the Hawking temperature is

K 1
Tp=—=——".
H= o9 2L
The entropy is identical to the static solution and is given by

A
SdS == Z == 7TgL.

Euclidean action. The dynamical patches of global de Sitter space intersect the bound-
ary, which is spacelike with topology S3. Therefore we need to take boundary terms into
account. After our triple Wick-rotation, the boundary has topology S' x H,, where the
radius of the S! is fixed by imposing the absence of a conical singularity.

The Euclidean action for the triple-Wick-rotated system is

VIKdx + / Let[y]d3z,

oM

SE—i/f —2A)d4mj: /

oM

where a counter term L. has been included to remove divergences from the action. The
boundary is at ¢t — oo, and we first integrate ¢ in the domain ¢ € [t;, e !) and then take
the limit of € — 0. The volume

w:/ sinh 0dfd¢,
Ha

of the hyperbolic plane is divergent. While one option in this situation is to work with
densities, we keep w as a formal constant which corresponds to the parametric volume
wg2 = 47 of the two-sphere in the static patch.

The bulk term of the Fuclidean action is

1
=+ —2A)d*
SBulk 16”/]\/1\/53(}2 Yd*z

where
12 3 9 .
R:—ﬁ, A:_ﬁ, \/§:t sinh 6.

Putting these into the action and integrating over the manifold we find:

1
SBulk = i/ V(R —2N)d*x

= d h 0dod dt 2,
167r< L2)/ T/Hfm ¢/
Bw 2
= T l6n L2 L)
The Gibbons-Hawking-York term
1
SGHY =+— vV —’)/Kdgl',

81 OM
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can be calculated in the following way: the normal vector to the boundary for constant ¢ is

n“z(—\/f,0,0,0) = nunt=-1.

The trace K of the extrinsic curvature, evaluated on a surface of constant ¢t = ¢y, can then

be computed using (B.7):

3t2
OL2\f /=~ = \/f(to)tisinh b

3t0

K= =9 _ 9.

K=V,n'=

Combining these, we find that the boundary contribution at ¢y = ¢! is:

1
Seuy = £ VK&
& OM

1
= ig <L263 ) / dr /7-12 sinh 0dfd¢

Bw 2
= :tSTr - —|— L2€3 .

The counter term is constructed from the geometric data of the boundary metric:

/ Lalld*z = / d*e/Pl(er + 2R,
oM oM

where R[7] is the Ricci curvature associated to the boundary manifold, and ¢; o are renor-
malisation constants. We can expand out the counter terms in orders of ¢ and find:

V= <L1€3 - 2% + O(é)) sinh 6,
RV = <—Ii + (9(&)) sinh 6.

Comparing terms of order € we find that the counter term is:

1 L?
Ly d*z = ¥— d3 1+ = .
[ rabiee =z [ @/l (1 Sore)

By construction, our action is now finite at the boundary ¢ — 0 and is of the form:

Bw
Se=+g0 <L2

- 2w Lw L3 wL?
T8 L2 T 4

Picking the sign
(’r’ 0’ ¢) H +Z(T7 97 ¢))7

for the triple Wick-rotation, the signs of the Euclidean actions agree for both patches,
and the actions only differ by the numerical factors w,wg2 = 4w. As these are numbers,
which we could eliminate by taking the Euclidean action per coordinate area, the resulting
thermodynamics is the same.
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4 Planar solutions to the Einstein-Maxwell theory

Our next examples are vacuum solutions of the Einstein-Maxwell equations with planar
symmetry, or ‘planar Reissner-Nordstrom solutions.” These solutions are the simplest ex-
amples of a class of planar solutions to the STU model of N = 2 supergravity [24], and
correspond to the limit where all scalar fields are taken to be constant. It was shown
in [24] that planar Einstein-Maxwell solutions already show all the qualitative features of
the global causal structure of the full class of solutions. Similarly, we will see in the next
section that the thermodynamics of planar Einstein-Maxwell solution is simpler than, but
representative of, the thermodynamics of planar solutions of the STU model.

Following our conventions, which are summarized in appendix A, the Lorentzian bulk
action for Einstein-Maxwell theory is

1

5= 167

/d4x e (—R—F"E,).

In particular, we work in a convention where Newton’s constant is set to unity, G = 1,
so that the gravitational coupling k4 satisfies k3 = 8. For later use we observe that the
Maxwell term has the coefficient (167)~1 = (4¢g?)~!, where g = /47 is interpreted as a
coupling constant, see appendix C.

4.1 Static patch

Solving the Einstein-Maxwell equations while imposing planar symmetry and staticity leads
to a Ricci flat solution with the line element
oM ¢

d—r2+r2(da¢2—l—d %) f(r)= += (4.1)
f(r) y 9y - r ’,"2’ *

where we must choose M > 0 in order to ensure the presence of a horizon.'? The transverse

ds* = —f(r)dt* +

coordinate r takes values in the interval 0 < r < 7, where » = 0 is the location of a
curvature singularity, while 7y, is the location of a Killing horizon, where f(r;,) = 0. Since
we assume that the solution only carries electric charge, the gauge field is given by

F= (—g) dt A dr . (4.2)

The gauge potential A is found through integration of (4.2) together with the standard
boundary condition A(r},) = 0:!!

A= <—q + q) dt. (4.3)

T Th

Charge & chemical potential. The chemical potential is given by the asymptotic value
of the gauge potential [40]; taking this limit for (4.3) gives
q 2M

o= i A= =2

1080lutions with M < 0 have naked singularities.
"See [39] appendix F for an explanation.
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Note that while r — oo is outside the static patch 0 < r < rp,, we will see below that
we can analytically extend spacetime to 0 < r < oo, so that this limit makes sense. The
conserved electric charge is computed using Gauss’ law, which for planar symmetry gives

1
Qz/ «F =L w:/ dz A dy .
47T R2 47T R2

Here w is the divergent parametric area of the horizon, which we keep as a formal constant
to allow comparison to the spherically symmetric case. The factor of 47 is due to the
normalization we have chosen for the gauge field. In our conventions the volume form is
defined using the conventional choice €5y = 1.

4.2 Dynamic patch

Due to the presence of a curvature singularity at r = 0 we cannot apply the standard
thermodynamic formalism in the static patch. By analytic continuation, using advanced
Eddington-Finkelstein coordinates at an intermediate step, see appendix D, we can extend
space time to the dynamical region r; < r < oo, where the horizontal Killing vector field
becomes spacelike. Since r becomes a timelike coordinate in the dynamic patch, we apply
the same convention as in the de Sitter example, and as in [24], we relabel the coordinates
(t,r) — (r,t), and redefine f by a minus sign. Then the line element of the dynamic patch
takes the form
2 dt’ 2 42072 2

ds :fm+f(t)dr + t*(dz* + dy*) fit)y=——-= th = — (4.4)
which covers region III of figure 2, with ¢ — oo corresponding to past timelike infinity. It
has been shown in [24] that this line element becomes asymptotic to a Kasner cosmological
solution in the limit ¢ — oco. Using advanced Eddington-Finkelstein coordinates, one can
show that the Killing horizon between regions IIT and IV (and I) is an apparent horizon of
future inner type, consistent with the interpretation as a contracting cosmological solution,
see appendix D.

Temperature & entropy. To compute the surface gravity and temperature of the fu-
ture inner horizon, we use the Kodama-Hayward formalism. Applying (2.8) to the line
element (4.4), and taking into account that for future horizons the surface gravity and
temperature have the same sign we obtain

4M3 K 2M3

= Ty =—= . 4.5
q* A= or mqt (4.5)

K =

The Bekenstein-Hawking area law gives a relation for the entropy of the horizon in terms
of the horizon area:
G A wt,zl B ¢ w
I R I VEh

As with other extensive quantities, we keep the divergent volume w as a formal constant

rather than using densities.
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Figure 2. Conformal diagram of the planar Reissner-Nordstréom solution and planar solution of
the STU model. The standard static region, where the Killing vector field 0 is timelike and future-
pointing is Region IV. For thermodynamics we consider the future inner horizon between Regions
IIT and IV, which can be crossed by causal geodesics from the outside to the inside.

4.3 FEuclidean action

Our main goal is to show that the future inner horizon satisfies the first law of horizon
mechanics, which takes the same form as the first law of thermodynamics. This requires
the identification of geometrically defined quantities of the solution with thermodynamic
quantities. In standard black hole thermodynamics the mass M of the black hole is iden-
tified with the internal energy of a canonical or grand canonical ensemble. Due to the
planar symmetry, and since we are not working in a static patch, we do not have a natural
candidate for a mass-like quantity. Since there is no asymptotically flat region which we
could use to normalize the mass or the horizontal timelike Killing vector field, we cannot
apply the ADM or Komar approach. We will trade this problem for the one of obtaining a
well behaved Euclidean action which we interpret as a grand canonical partition function.
The mass-like quantity we identify with the internal energy is then obtained using standard
thermodynamic relations. The remaining problem in defining the Euclidean action is its
normalisation. For solutions which are asymptotic to a ‘vacuum’, that is to a maximally
symmetric spacetime, the normalisation is fixed by adding a boundary term such that the
FEuclidean action is zero when evaluated on the vacuum solution. We do not have this op-
tion since our solution is not asymptotic to a maximally symmetric spacetime. Moreover,
the GHY-boundary term will turn out to be finite, so there is no need to add counterterms.
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However, the integral over the two planar directions is divergent, and while we can formally
absorb this in a constant w, we will allow for a finite multiplicative factor A between the
Euclidean action Sg and the grand potential £2:

B = NSk . (4.6)

The constant N parametrizes the relative normalisation between thermodynamic and geo-
metric quantities. To fix it we can impose one relation, which we choose to be Gauss’ law.
That is, we identify the charge O defined by the gauge field of our field configuration with
the negative derivative of {2 with respect to the chemical potential

L 9. (4.7)

Once N has been fixed by this condition, all thermodynamic relations must take their
standard form, if our interpretation of Z = exp(—NSg) as a thermodynamic partition
function is correct.

Performing the triple Wick-rotation

(r,x,y) — Li(r,z,y),
we obtain the negative definite line element
ds* = —f(t)71dt® — f(t)dr? — t*(dz?® + dy?). (4.8)

The Euclidean action is given by

1 1
Sp=+— Rd*z + — Vv Kd®
P T6m /M\/E z o /BM [y Kd’x

1 v
T P - FrA,dE,.
The bulk gauge field term has been transformed into a boundary term. Since the planar
Einstein-Maxwell solution has a vanishing Ricci scalar, R = 0, the action is completely
determined by the boundary terms, which are evaluated in the limit where ¢ — co. We do
not include a background boundary term, because Sg will turn out to be finite.

The hypersurface ¥ = OM is obtained as the limit of a sequence of slices of the
spacetime M for constant time ty, and has an extrinsic curvature with trace K when
considered as an embedded submanifold of M. The GHY-term is determined by K and
by the induced boundary metric v [8]. It can be computed using the formulas reviewed in
appendix B with the result

3Mty — ¢? \/— 9 [2M ¢
- V=154
t3\/2Mty — ¢?

Evaluating this in the limit {5 — oo gives

1 3M Bw
SGHYZiS/ VIVIK =+ B .
™ JoM

8w
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The factor Sw is the parametric volume of the boundary. After Wick-rotation the coordi-
nate r becomes periodic with period 3, in order to avoid a conical singularity at ¢t = t;,.'?
As the gauge potential has only one non zero component, the boundary term is simply
calculated
+ L[ gy, =+ MO
8T Jom 47

Together, the GHY-term and the gauge field contribution yield the Euclidean action

M Bw

Sg =15
E 8

(4.9)

Formally equating the partition function calculated from the Euclidean action with
the negative logarithm of the thermal partition function, log(Z) = —N Sg = —f9Q, yields
the grand potential

NSEg Butw
Q(B, 1) = “8 = FENTLL
(B.1) = =5~ = PN
which we have written in terms of its natural thermodynamic variables'® 3 = 1/T and p
using that
M= _%, _ _Hpw
8w (4m)?

We now apply our normalisation condition (4.7): the conserved charge Q calculated from
Gauss’ law must match the negative p-derivative of Q. This fixes N = :F% so that the
grand potential is determined to be

Butw
(87m)2

QB, ) = (4.10)

The free energy F'(3, Q) is obtained as the Legendre transform of the grand potential

204\ 3
”Q> , (4.11)

[)9]

where we have used the relation

16720 1/3
“:(‘ wp ) ’

to express the free energy in terms of its natural variables § and Q. From F we can
compute the thermodynamic entropy S and check that it matches the Bekenstein-Hawking

| LOF  [(m2Qip? é_

12T6 be precise, the conical method determines the period up to sign, and we choose 3 to have the sign

entropy SBy:

determined by the Kodama-Hayward method.
13The thermodynamic identities used here and in the following have been summarized in appendix E.
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As a further consistency check, we can also verify that the free energy gives us the correct
chemical potential:

OF ([ 16°Q\"°
00\ pw ) T

The internal energy E, for which we do not have a geometric definition, is computed using
the free energy:

E =

O(Fp) 22t V3 Muw
B (‘ B ) T ar
We observe that E is proportional to the parameter M, and therefore E is positive.
Using our previous results we can verify that the thermodynamic variables £, T, S, u, ©
satisfy the Smarr relation
E=2TS+ Q. (4.13)

Expressing the internal energy E in terms of its natural variables S and Q we obtain the
equation of state

Q2
ES, Q) =—H-.
( Q) (Sw) ]_/2
The partial derivates of the internal energy are
OF TQ? 1 OF 2mQ

7——7—*—7—1 _ =
98 ~ 253,12 B 7 90 (Swz M

where both expressions have been simplified by substituting in S(53, Q) using (4.12). The

variation of the internal energy is

oF OF
dE = —dS + —=dQ =TdS dQ .
55913 o Q + pudQ
This relation takes the standard form of the first law of thermodynamics. Note that
this works because we have allowed that the temperature is negative. If we had insisted
that the temperature is positive, this would have resulted in a non-standard sign for the

entropy term.

5 Planar solutions to the STU model

We are now in a position to turn to our main application, the planar cosmological solutions
of the STU model found in [24], for which we will establish thermodynamical relations,
including the first law. The general bosonic Lagrangian for n vector multiplets coupled to
N = 2 supergravity is

1 1 1 1
~1 o AquzB I J I J
e, L= —2/@21]% - ﬁigABﬁuz oHz” + 4/€Z212[JF#VF v 452RUF/~W * FImv o (5.1)

where compared to [24] we have restored the four-dimensional gravitational coupling kq,
see for example [41]. While we used standard supergravity conventions where x3 = 1
in [24], it will be more convenient in the following to use relativist’s conventions where
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G =1 and 3 = 8, in order to avoid non-standard numerical factors in thermodynamic
relations. The couplings g45,Zr7 and Ryy, where A, B=1,...,nand I,J =0,...,n are
functions of the scalar fields 24 which can be expressed in terms of a holomorphic function,
called the prepotential. The STU model has three vector multiplets, and therefore there

are three complex scalars z# and four gauge fields F! , including the graviphoton which

;w’
belongs to the Poincaré supergravity multiplet. The Hodge dual gauge fields are denoted

*F lf,/. We refer to [24] for details and only review the results which are directly relevant
for the following calculations.

5.1 Dynamic patch

The line element in the dynamical patch of the planar symmetric cosmological solution is

2__@ 2 w 2 2 2
ds* = — 35 g4+ o + G(C)(da? + dy?), (5.2)

where all functions depend only on the timelike coordinate ¢:
al —1,

Ha(¢) = (Ba + 7a0);
=2 (HoH1H2H3)2,

G(o) = ¢ [(Hfﬁc) <1+ffg> (”fg) (”vﬁiﬂ

Compared to [24] we have performed a rescaling (Z,y) — (z,y) of the coordinates of the

N

plane which changes the corresponding part of the line element as follows

H(()(dZ? + dy®) = 2v/0717273G(C) (dZ? + di?),
= G(Q)(dz® + dy?) .

In our new parametrization the asymptotic form of the planar line element is ds3 =

¢2(da? + dy?).

The integration constants f,, 7y, are related to the integration constants found in the

2K,
B, = —% sinh <aha>’

solution [24] via the relations:

o 2K,
ah
Ya = Kanp (_2KZ) )

where

Ka: (Q07P17P27P3)7

are the four non-zero charges carried by the gauge fields F l{y. To avoid a proliferation
of cases, we have chosen Qg, P4 to be positive.'* While Q is an electric charge, P%,

1 Otherwise we would need to distinguish several cases, and to carry along =+ signs, which would be
cumbersome without contributing any insights. See [24, 25, 42] for a more detailed discussion.
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A =1,2,3 are magnetic charges. Explicit formulae for the gauge fields will be given below.
The scalar fields are expressed as functions of ¢ through

1 1
1  HoH1 > 2 9 . <H0H2> 2 3 <7—[o7-l3>
N ! <H2H3 e ! HiHs) ‘ HiHo (5:3)

Having reviewed the planar cosmological solution of [24] we now apply the same pro-

cedure as for planar solutions of Einstein-Maxwell theory. The metric (5.2) has a future
inner horizon at ¢ = ¢, = o~ ! and is asymptotic to a Kasner solution for ¢ — oo.

Temperature. Using the Kodama-Hayward formulation, we find that the temperature
associated with the future inner horizon is negative and of the form:

m=—ga ()|

3

- _é%r [(aBo +70) (@fr + 1) (af2 + 72) (afs +73)] 2.

(5.4)

=

We can simplify this by noting:

ahzz) _ Kz Ty = o3 /0717273

=
2K,

@ +20) = Ko Y SR QuP PP

Entropy. Using the Bekenstein-Hawking area law we can compute the entropy of the

_GG) 1 ho =~ hi  hy h3
SBH = 1 = 12 &P Qo—i- Tt o2t ps

1 QyP'P*P?
4a? yomyevs
Since the planar STU solution has several integration constants, we will suppress the para-

solution:

metric volume w of the planar directions in this section by setting w = 1. This can be
interpreted as either working with densities of divergent extensive quantities, or as com-
pactitfying the planar dimensions on a two-torus.

Chemical potentials. The solution for the gauge field is [24]:

Qo ~ N pA

FC "~ 2(B0 + 1002’ Fajcy = (Aan = 2(Ba +74C)?

0
y = (A%, =
Here F Al denote the duals of the gauge field F, ;3,. Since the gauge couplings are field
dependent, dualisation is not just Hodge dualisation, but involves inverting the couplings.
We refer to appendix C for details. As shown there, the precise relation between gauge

fields and dual gauge fields is
Fp=—%TapFP = FA=+148Fp,

where F4, F, are the two-forms corresponding to the gauge fields, and where * is the
Hodge-x operator. Note that the coupling matrix Zj; is invertible, and in our convention
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is negative definite. The advantage of using the fields F9, F4 instead of F°, F4 is that now
all gauge fields and charges appearing in the solution are electric.'® The corresponding
gauge potentials are found by integration, subject to the standard boundary condition

A(Ch) = A(¢p) = 0:

-1 i va(ag — 1)
A0, = —_2ola¢ . (A, = :
W= 2000 T PG a0
We then take the asymptotic limit of the gauge potentials to obtain the chemical potentials
0 . 0 « ~ T o
= lim A, = ——— = lim Ay, = —.
Pom O™ Tag M BT gpa

Electromagnetic charges. As with the Einstein-Maxwell solution, the conserved
charges are computed using Gauss’ law. However, we need to take into account that
the gauge couplings depend on the scalar fields. The gauge field couplings come from Zj;
and were calculated explicitly in [24]

. tu su st . 1 s t U
I;; =diag | —stu,——,——,—— |, 7l — diag ( ——, -2 -~ %)
S t U stu  tu SU st

where
s = —Im(z'), t = —Im(z?), u = —Im(2?).

Putting in the solution (5.3) for the scalar fields 2 we can write these couplings as:

1 1
H3 2 HoHaHs \ 2
Ioo=—< 0 > ) 111=—<023) ;

HiHaH 3
H1H2H3 : H ZlH > >9)
2 2
122:_<0Hl33> , 133:‘(%2) |
2 3
The charge Qg carried by the gauge field F© is
1
Qo = lim — / *(—TooFP). (5.6)
(—o0 8

We refer to appendix C for a derivation of the expressions for the charges. Evaluat-
ing (5.6) we obtain the conserved charge'6

b Qo
167 /0717273

We use the normalisation €,¢;, = 1 for the volume form, which is the standard normali-

Qo = (5.7)

sation in the static patch of the solution, where 7 is timelike and ( spacelike. Note that
the Hodge operator contains a factor of (2, so that when we evaluate the integral in the
limit { — oo we read out the coefficient of the leading term in the integrand, which is

'5This is for computational simplicity. In [28], the authors show how magnetic and electric black hole
solutions are equivalent in the semi-classical approach applied here.
16 Actually charge density, as we set w = 1.
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proportional to 1/¢2. This is the leading behaviour of the field strength F°, while the
coupling Zyg approaches a constant.

As mentioned, we have dualised the magnetic field strengths F4 and instead work with
their electric duals F4, but we must remember that when we dualise a gauge potential in
the Lagrangian the corresponding coupling is inverted. This means the conserved dual
electric charges are

- 1 -
0= fim o [T E,
oo

which when evaluated on our solution take the values
sa_ 1 P2
167 \/Yoi7273

The dual electric charge Q4 can be related to the magnetic charge of F4 by Q4 = — P4,
This relationship is expanded upon in appendix C.

(5.8)

5.2 FEuclidean action

Employing the triple Wick-rotation

(n,2,y) = +i(n, 2, y),
the Euclidean line element has (negative) definite signature and is of the form:

o H(C) o W), o 2 2
ds® = W(C)dc 'H(C)dn G(Q)(dz= 4 dy?). (5.9)

As we did with the Einstein-Maxwell solution, we evaluate the Euclidean action on-shell,
which allows us to write the gauge contributions as boundary terms

1
SE::E/ \/§(R+29A38HZA8“EB) d*z
167 M

1
i/ VI Kdix
8w OM

1 1 L
+ Too P10 A%dss, + —— TAAERYY Ay 4dY, .
167 BM( 00 )AL dE, 167 aM( A Ay adEy
We have performed the dualisation procedure such that we work with a purely electric

solution.

Cancellation of bulk terms. As in the much simpler case of Einstein-Maxwell theory,
the bulk term does not contribute. This is non-trivial since the Ricci scalar does no longer
vanish on-shell, R # 0. However, the gauge field contribution still is a boundary term, and
the scalar contribution precisely cancels the gravitational term in the bulk. The trace of
Einstein’s equation gives that

1
R, — igWR =-8rT,, = R=8nT.
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In four dimensions the gauge fields do not contribute to the trace of the energy momentum
tensor, which therefore is completely given by the scalars:

2
T— ¢ = - 215 (8,4955)

8
which shows that

1
—§R = gAB (6/&2‘46,“23) s

and therefore the bulk contribution of the solution vanishes. Note that when we set the
scalars constant we recover the electro-vac type solution of Einstein-Maxwell theory con-
sidered in the previous section, which is not Ricci flat R, o< T}, # 0, but has vanishing
Ricci scalar.

Calculation of boundary terms. With the bulk terms found vanishing, the Euclidean
action for the planar solution of the STU model can be found from the boundary terms.
Following the same method as for the planar Einstein-Maxwell solution, the GHY-term is

/ vV 1 Kd?’x— —7045
321 /0717273

The gauge field term is Calculated, through simply substituting in the various components

calculated to be

and taking the limit of ( — oo, obtaining
1 1
+— (IOOFW‘O)AOdE,, = ;—L
167 Jom 647 /10717273

and similarly

3 af
+ / IAAFW ¥, =F————.
Z 167 Auia 647 /70717273
Collecting these terms, the Fuclidean action is found to be

1 aB
321 /o2

As in the Einstein-Maxwell case we admit a multiplicative constant N in the relation

Sgp ==

between the Euclidean action and the grand potential:

0B =2 o N o
Y B 327 \/Y0V17273

The constant A is fixed by imposing that one of the thermodynamic relations takes its

standard form. We choose to impose the relation between the p® derivative of Q and the

o0 ! 1 Qo
=-Qy=—— . 5.10
(3M°>g,;m ° 7 161 Ao (5.10)

To impose this condition, we first need to express the grand potential € in terms of its

charge Qp:

natural variables. This can be done using the relationship
« 273

0~ ~ ~
—————— = M H1M243
V/Y0Y17273 ™
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with the result

_ N o
QB 10, fia) = + 62 Bl i fiafis - (5.11)
Taking the partial derivative we obtain the conserved charge from the grand potential

<89) N iy = Q0
e — == 1H2H3 — P .
W) 54 1672 167 /Y0717273

Comparing this with (5.10) we find that N' = F1. This determines the grand potential
to be

1 1 @
QB 10, fia) = — s = S e
(Ba,u a“A) 1672 ﬁ'u' H1k2p3 8m4 Y0Y17Y273

Note that €2 has turned out to be independent of our choice of sign for the triple Wick-
rotation. It is clear that the other derivatives of 2 with respect to chemical potentials give
the correct corresponding charges.

To obtain the free energy we must Legendre transform the grand potential:
F(8,Q0,9") = Q+1°Qo+ Q" + 12 Q” + 1307,
1 « 1 «

B, _|_ P —
874\ /017273 8T /Y1723

and so the free energy is given by:

1 3a

F(B8,Qp,0%) = ———— 5.12
2090 = 52 1 o (512
To express F' in terms of its natural thermodynamical variables we use
1
5 81 Q0P1P2P3 N a B (167‘1’)5 Q[)Ql Q2 Q3 3
a® /077273 V017273 23 ’

and obtain:

F(67907PA)77 Zﬁ

= 5.13
327 ( )
We can now verify that all remaining thermodynamic relations take their standard

3 ((167r)5QoQ1Q2Q3> s

form. First we verify that the Bekenstein-Hawking entropy matches with the thermody-

S—BQ<‘9F) _ L QP'P?P
0B ) gy04 4% vomr2vs

A further consistency check comes from ensuring that the chemical potentials that were

namic definition:

found from the gauge field satisfy the standard thermodynamic relations for chemical po-

tentials:

0 ( 8F> 1 o o«
: 00/ 5640  16mQ0 270717273 2Qo’

and for the dual gauge fields:

. _<(’9F> _a
HA 8QA 5.00 9 pA’
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which matches exactly with the chemical potentials found from the asymptotic limit of the
vector potentials.

The internal energy of our solution can now be defined by the relation

p- (D) L (Unredes '
\ 98 Jguea 167 25 ’

1 «

167 \/70717273'

Next we express the entropy in terms of its natural thermodynamic variables:

16-47°Qp0'Q?Q?

S(E, Qo, Q%) = =

Note that the entropy is positive, due to Qy < 0 and @4 > 0, see (5.7) and (5.8), bearing

in mind that we we have chosen Qo and P to be positive.”

We need to verify that the Hawking temperature of our solution satisfies the thermo-

i = (2)
Ty \OF)g pa

Taking the partial derivative of S with respect to £ we find that

dynamic relation

<65> _ 16-87°QpQ'9°Q°
OE Qo904 E3

To compare this with the Hawking temperature we restore the original integration con-
stants:
(85) _ 8rQuP'P?P3

OE ) g, 54 a3\/N0717273

Thus the Hawking temperature Ty, calculated from the geometry of the solution agrees
with the thermodynamic quantity "= 0E/0S.

Smarr relation. Evaluating the grand potential we find

~ @
Q=F-TS —pQy—jin@*=———— =T8S,
S 32T /0717273
which we can rearrange in the form of a standard Smarr relation
E =2TS + u°Qo + 14 0. (5.14)

"Note that the sign of the entropy does not change if we change the signs of all the charges. We have just
chosen certain charges to be postive or negative in order to avoid carrying around =+ signs or to distinguish
several cases.
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First law of thermodynamics. We wish to verify the first law:
dE = TydS + 1°dQy + [ndQ" + fi2dQ” + 13 Q°.
The total differential of E is
OF OF OF ~ OF ~ oF ~
dE = | —— | dS + dQ-+<_,>ay+<~>af+<~>dQ?
<65> <aQo> " \od! 0Q? g

Having already found that
oY _,
S = 41H,

we turn our attention to the derivatives with respect to the charges. Using that:

16-472Q,Q'Q?0?

E? =
S )

we find

() _imaweee o,
0Qy )54 2E S T

Taking derivatives with respect to the magnetic charges we verify

<6E> o a
004 S,Qo_2PA_MA'

Hence we see that the first law of thermodynamics holds.

6 Comparison to the isolated horizon formalism

An alternative way of formulating the first law is to work entirely on the horizon. This
allows one to calculate thermodynamic variables in the static region of the spacetime where
the usual definitions of the thermodynamic constants hold. From [16], we find that the
first law using variables defined on the horizon is:

Koaa
G

The ambiguity of the energy in the spacetime is fixed by imposing that the infinitesimal

0EA =

+ 1adQ% (6.1)

energy (mass) is equal to the r.h.s. (6.1). For the remainder of this discussion, we set
G = 1. We note here that this derivation of the first law of black hole mechanics is still
only self-consistent as this does not give a direct way to measure the mass outside of the
first law itself. The subscript A denotes variables evaluated on the isolated horizon A,

1

which for us is the location of our Killing horizon at ( = a~". The contracted a index

denotes the multiple charges (in our case, we have 4).

6.1 Planar solutions of the STU model

Before we begin, we must make a coordinate change into Eddington-Finkelstein coordinates.
From there we identify a Killing vector £ which we use to find . In a similar way to the
previous section, we then determine the electromagnetic terms, but this time evaluated on
the horizon rather than for ¢ — oo.

~32 -



Eddington-Finkelstein coordinates. Beginning with the metric from the dynamic
region of the spacetime

o H(Q) ;0 W), o 2 2
ds® = W(C)dC —l—H(Odn + G(¢)(dx* + dy*),

we make the coordinate change:

n=u+¢(C), dn = du+ 'd¢,

which we can substitute into the metric to obtain:

W, H w 2W
ds* = | (0 — — ) d¢® + —du® + =~ dud( + G(dz? + dy?).
2 = (@2~ 1) ag? 4 a4 ZEudc + Glaa® + )
By making the choice
L H
C = JAy?
)4%
we obtain the EF metric which is well defined for ( = a~!:
ds® = );{VdUQ + 2dud¢ + G(dz? + dy?). (6.2)
This allows us to identify a suitable null normal vector field
0
= —.
ou

Surface gravity and area term. We can reuse our calculation for the surface gravity

from (5.4) to find
a1

= M)
From the metric (6.2) we can read off the infinitesimal change in the area as:

1

dan = 8(G(a™h) = d(cH(a™")) = H(a e+ csH(a™), c= 270717278

where as in the Euclidean action formalism we have set
w = / de Ndy =1,

for the area of the planar directions.
Putting these together we find that the first term on the r.h.s. of (6.1) is given by:

Koan = —% <5c+ M) .

We can express:
4
H(a™) = = QuP'P?P?,
«
to find: ) )
kdap = —50450 - 5ac5 log(ca2Qo P! P?P?)

1
= —adc+ cda — iacé log(QoP'P?P3).
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Gauge fields and charges. From the previous calculation we found that the gauge field
strengths are given by the relations:

Qs PY
2(Bo + 10)?’ A = 2(Ba + 7402

We need to express the gauge field strength in terms of the EF coordinates and then write

0 _
FCn__

down the field strength and the correpsonding gauge couplings on the horizon. Starting
with the gauge field strengths, we see that they are all of the form:

F = f(¢)d¢ A dn.
We define a null basis:
ds®> =2ete™ + 6ijeiej,

et =du, e_:dC—l—%du, et Ne” = —d(¢ Adu,

and we can easily take the Hodge dual:

F=—f(Qe"Ne™,  xF=f(Qe' Ae? = cHf(()dx A dy.

This allows us to write down the Hodge duals explicitly:

Qo = pA
xFO= —— =2 Hdz Ady, *Fy = —————cHdx Ndy.
2(Bo + 100)? ! A7 2(Ba + 1a0)? ’
Evaluated on the horizon, these gauge fields are:
Q()Oé2 o B PAa2 o
*xF = —— 2 H(a Hdx Ady, *Fpgp = ——cH(a™ ")dx A dy.
A 2(6{]& + ,70)2 ( ) Yy AlA 2(6,405 + PYA)2 ( ) Y

The last step is to take the gauge couplings (5.5) and evaluate them on the horizon. We
find that:

I 2(aBo + 0)? T _ 5 *H(a )
e e T g

We are now in the position to calculate the conserved charges using the integrals:'®

1 ~ 1 -
Qoja e /R2 AZooA N o /R2 AaZA”,
which we can calculate by substituting in the above results to find:

. Qoo 1 2(afo+1)?\ Qo
s = (g o) (o) =5

4 PAa? _ 2(aBa+74)?\  cPA
Q= <2(a5A+’YA)QCH(a 1)> . ( a?H(a 1) ) - 81

8Note the addition of the extra minus sign as Z;; < 0, see appendix C.

~ 34—



Gauge potential and chemical potential. In the previous section the gauge fields
were found to be:

(40), = — % T P —
7 290(B0 +10¢) ! 274(Ba + 740)
Re-expressing these in terms of the new EF coordinates, evaluated on the horizon, we
find that: 0 2
AQ =0 (du—i—d )
27 295ab + 70 w ¢
- pA Q@ H >
A =———————|(du+ —d( ).
Ala 274 aBa+ 4 < w ¢

Contracting with the null vector ¢ we find the chemical potentials from the identities (this
is justified in [16]):
pl = -, A%, fia = —tpAn.

Simplifying the gauge potential using that

'Ya(aﬁa + 'Va) = Kga

we can write down the chemical potentials:
0 o . @

M:_ma MA:W'

Now we can write down the second term on the r.h.s. of (6.1) by combining this with
the conserved charge from the previous expression to find:

o 1 1 1 1
Pad QA = Tor <%5(CQ0) + ﬁa(cpl) + ﬁ5(0P2) + P35(CP3))
=~ (46c + cdlog (QuP' P2P?))
T
1 1
=% <2a(50 + 50405 log (Q0P1P2P3)> .

First law of black hole mechanics. Using these quantities we are now able to find an
expression for the variation of the mass parameter from (6.1). Combining our results we

find that:
KOaA

8

1 1
+ 10 QX = 3r [ — adc+ cda — 50405 log(Qo P! P?P?)
T

1
+ 2a0c + 50[0(5 log (Q0P1P2P3) ]

1 1
= S—W(aéc + 0(5(1) =4 (87Tac>
= 0F,

and so:
ac «

T 8r 167017273

which is identical to the calculation from the Euclidean action.

En
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Smarr relation. Our last consistency check comes from the Smarr relation we derived
in the Euclidean formalism. Taking each piece and summing together we calculate that:

- —— 4+ ¢P' — 4¢P
HaQA + o cCo- 2Q0+ 2P1+C op?
(6% (6%
P — — P TTBNEY
P gp — 0T o
1+14+1+1-1
16 L a41+1+ )
3 3EA
2 e =228
167r 2

which is identical to the one from the Euclidean action formalism.

6.2 Planar solutions to Einstein-Maxwell theory

Einstein-Maxwell theory is a consistent truncation of the STU model where all four gauge
fields are set equal, while the scalar fields are constant. Therefore we can map the solution
of the STU model to that of the Einstein-Maxwell model by fine tuning the integration
constants. The physical scalar fields are given by

1
Mo \?

A . . 0
ZHA( H1H2H3> ’

and we see that they are everywhere constant under the restriction that Ho = H1 = Ho =
Hs. This means the integration constants must be fine-tuned, such that Qy = P' =
P? = P3 = K and hg = h' = h? = h® = h. Consequently the four gauge fields take
identical values, and the degrees of freedom contributing to the solution match those of
Einstein-Maxwell theory. Following this through, the integration constants have the form

2K ah ah
a=2B, ﬁ_asmh<2K>’ 7—exp<—2K>, a, B,7 € (0,00)

in the Einstein-Maxwell limit, and the line element becomes

2(8 4 7¢)?
(af—1)

(¢~ 1)
2(8+7¢)?

5
¢

2
ds? = — d¢? + dn? + ¢2 <1+ )(dx2+dy2).

By comparing this with (4.4), we can express the parameters M, g of the Einstein-Maxwell
solution in terms of the constrained integration constants of the STU solution:

«
= — 2:
M et

chey_ K2
2v3 2947

For a full discussion of this mapping, see appendix B of [24].
We can now study each piece of the above calculation and see how it changes under
this mapping, and see that we recover the results from the Euclidean action formalism in
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section 4. In the Einstein-Maxwell limit each of the relavant pieces simplifies into the form

043’72 4M3 K4 q4
K = — = —-——— a = —_——
4 K4 q4 ) A ’74612 4M2’
. K V2q
= — A = — = —
Qoia = —Qa 16772 167’
0 le' 2M

where we have used that ¢! = 242,
Looking at the variation of the appropriate terms:

3 3 4
wdap = — M <q5q — an) - 4. <M5q — 15M> ,
q

gt \ M2 2M3 2
2M V2 M
09" =4 | ——0q | = —9¢
we obtain an expression for the variation of the energy by imposing the first law
Koa oM
(5EA = A +/.La5Qa = E

When this is integrated up, we obtain an expression for the internal energy

M

Jo -
A 47‘(’7

which matches exactly with the internal energy derived from the free energy, via the Fu-
clidean action formalism in section 4.

7 Planar solutions to Einstein-anti-Maxwell theory

In this section, we report on a ‘dual version’ of the planar Einstein-Maxwell solution,
where the static and dynamic regions are exchanged such that the first law and other
thermodynamic relations can be derived using a conventional Wick-rotation. The price to
be paid for this is to flip the sign of the Maxwell term. This theory is sometimes referred to
as Finstein-anti-Maxwell, and in general fields with a flipped sign kinetic terms are referred
to as “phantom” fields [43, 44]. Fields with negative kinetic energy have been discussed
in the context of cosmology, because some data suggest that the current expansion of the
universe is over-exponential, leading to a ‘big-rip’ cosmological singularity in finite time.
While naively the negative kinetic energy renders the theory unstable, p-form gauge fields
with inverted kinetic terms appear in the type-II* string theories which are related to
type-1I string theories by timelike T-duality transformations. In these cases, the theory is
made consistent through the presence of massive string modes and the related higher gauge
symmetries [26]. Gauge fields with flipped kinetic terms also appear in “Fake-Supergravity”
theories.
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We will now show that the Einstein-anti-Maxwell theory admits a planar solution which
can be viewed as the ‘dual’ partner of to the planar cosmological solution of Einstein-
Maxwell theory. This solution realizes the same thermodynamical system as studied in
section 4, in the sense that both solutions have the same Euclidean action, and therefore
the same grand potential and other thermodynamic potentials. More precisely, the range
of some of thermodynamic quantities (temperature, energy) will turn out to be different,
suggesting that the two solutions represent different ‘phases’ of the same system. We will
discuss the interpretation of these observations in section 8.

7.1 The solution

We start with an action which simultaneously describes both theories,
1
S = /d4l’\/ —g <—2H2R+ 2F2> 5
4

where ¢ = 41 and ¢g? = 47 is the gauge coupling. Introducing g is convenient because it
allows us to relate both theories by analytic continuation of the coupling constant g — ig.
Alternatively we could relate them by analytic continuation of the gauge fields F', but
we prefer to keep F' real valued in both theories. This said, we revert to our standard
conventions where G = 1, k2 = 87 and g = 4.

Solving Einstein’s equations with a static, planar symmetric ansatz yields a line element
of the form:

= 2¢  eq?
d82 _ —f(r)dt2+f(r)_1d7"2+7"2dX2, f(’l”) = 7+Tq2 (71)
For spherically symmetric solutions, the value of the integration constant ¢ is set by com-
paring the result in a weak field limit to Newtonian results. In planar symmetric theories,
this is not possible as there is no asymptotically flat region. Instead we choose the sign of
¢ by imposing the existence of a Killing horizon, which implements cosmic censorship by
placing the singularity at » = 0 behind a horizon. With this in mind, we can write the line
element as
= 2M  ¢?
ds* = —f(r)dt* + f(r)tdr? + r?2dX?, f(r)=¢ ( - q2> , (7.2)
r r
where the integration constant M is always positive. In this form, it is easy to see that the
sign of f(r) is set by . Namely, when £ = —1, the asymptotic region is dynamic and the
static patch for the solution is a finite region of the spacetime, bounded by

q2
0<r< —.
"o

Conversely, for € = 1 the static region is found for coordinate values of

q2

2M’

and we see that for Einstein-anti-Maxwell, the asymptotic region of the spacetime is static.

r>

Asymptotically this metric is the vacuum Taub solution [45]. This allows the Wick-rotation

— 38 —



of the timelike coordinate ¢ to produce a (positive) definite, real line element. Unlike the
Einstein-Maxwell solution, we have the standard relation between quantum mechanics and
statistical mechanics, which identifies the saddle point approximation of the gravitational
functional integral with a thermodynamic potential.

In the following, we set € = 1 and calculate the Fuclidean action and thermodynamic
potentials. The line element in the static region is

dr? > 2M  ¢? q?
ds? = —f(r)?dt* + —— +r’dX? == ==
S f(?") + f(?") +r ) f(T') r r2’ Th oM
Chemical potential. The gauge field is
F= (—?) dt Adr, A= (—q n q> dt, (7.3)
r T
and by taking the asymptotic limit of the gauge potential, we obtain the chemical potential
2M
p=lim A, = —.
r—00 q

Conserved charge. The sign flip of the gauge field coupling leads to a sign flip in the
conserved charge, as we explain in appendix C. Therefore

1

47 oy _E'

Note that we have set w = 1 for simplicity.

Entropy & Temperature. The Einstein-anti-Maxwell solution has an exterior region
with a timelike Killing vector which allows the surface gravity to be calculated by the
standard method from the Killing vector field.
4M3 g
= — — = .
k q4 B 2M3

We remark that using the Kodama-Hayward expression (2.8), we obtain an identical result.

We show in appendix D that the horizon separating the static exterior from a dynamic
interior is a future outer horizon. In figure 3 these are regions I and II (or regions IV and
IT) in the conformal diagram on the right hand side. This being a future outer horizon,
we have k «x Ty and the temperature is positive, but has the same magnitude as in the
Einstein-Maxwell solution.

The Bekenstein-Hawking area law gives
2 gt
OB == 160
7.2 Euclidean action
After the Wick-rotation ¢ — —it the Euclidean action is given by (2.2), with the addition
of a sign flip for the gauge field contribution

1
= d*
167 /M\/gR v

1 1
- = VIV Kdr + — F*A,dY,.
871’ OM h/‘ v + 87T /8M #

Sk
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(b) anti-Maxwell: black/white hole

(a) Maxwell: cosmological

Figure 3. Comparison of the conformal diagrams of cosmological and black hole solutions. Left
side: Planar cosmological solution of Einstein-Maxwell theory. Right side: Planar black bole so-
lution of Einstein-anti-Maxwell theory, same as for the (spherical) Schwarzschild solution of pure
Einstein theory.

The bulk term does not contribute, since R = 0. The GHY-term is

1 3Mp

- K=—- .
8T 3M\ﬁ 8T

The gauge field contribution is identical to the one of the Einstein-Maxwell solution

1 2M
— FrA,dY, = — ﬁ,
8T Jom 8w

and when these two pieces are taken together, the Euclidean action is found to be

56M
Sp=——7—
E S )
which is the same the Euclidean action of the triple Wick-rotated Einstein-Maxwell ac-
tion (4.9).
As the charge is kept fixed, we associate the grand canonical thermodynamic partition
function with the saddle-point approximation of the gravitational partition function:

5N B!

logZ = -NSg=-pQ = QB,u) = S
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where we have expressed ) in terms of its natural thermodynamical variables. The nor-
malisation constant N is fixed by imposing the relation

o0

o<
Since
@:_20_/\[ /1/3/6 B :i: Ng/B _ _(47T)2Q 1/3
ou 8m)2° ar  (4m2 3 ’
this fixes N = —%, so that the grand potential for the planar Einstein anti-Maxwell solu-
tion is Bl
I
Q = .

The free energy is then obtained by a Legendre transformation:

Or? 3
7)o

By taking partial derivatives we can verify that the following two thermodynamic relations

F(ﬂ,Q):QJruQ:—S(

take their standard forms:

OF 4720\ ? OF 45272\ 5
() s (9)

Therefore we are confident in defining the internal energy as

o(F M
b= 7( b) =—-——<0.
op 47
We note that E is negative, which reflects that in the Einstein-anti Maxwell theory the
vector field has negative kinetic energy. By expressing F in terms of its natural thermody-

namic variables we obtain the following equation of state:

<
e

Finally, we compute the total differential of the internal energy,

E(S,Q) =

OFE OFE

and find that the first law is satisfied. It is interesting to note that the Euclidean action and

Q = pB1dS + pdQ,

grand potential, as well as other thermodynamic relations, are the same as for the planar
solutions of Einstein-Maxwell theory, except for the range of some of the variables. For the
Einstein-Maxwell solution temperature is negative and internal energy is positive, while for
the Einstein-anti Maxwell solution temperature is positive and internal energy is negative.
While both solutions exhibit features indicating instabilities (negative temperature and
negative internal energy, respectively), they obey all formal relations of thermodynamics
and have the same underlying Euclidean action.
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8 Discussion and outlook

In this paper, we have developed a modified version of the Euclidean approach to horizon
thermodynamics, which can be applied to a class of cosmological spacetimes whose causal
structure is related to black hole solutions by exchanging the role of exterior and interior.
By applying a triple Wick-rotation we obtain a finite Euclidean on-shell action which de-
fines a grand thermodynamical potential, from which all thermodynamic quantities, the
Smarr relation and the first law can be derived. For planar solutions of Einstein-Maxwell
theory and of the STU model, which are asymptotic to Kasner cosmological solutions, the
formalism allows the definition of a positive mass-like quantity. The results obtained using
the triple Wick-rotation are consistent with those from the isolated horizon formalism,
which is another check of its validity. Both approaches are complementary. The isolated
horizon formalism is quasi-local, and does not require knowledge of the global spacetime ge-
ometry. But it therefore misses out on finding an underlying Euclidean action which defines
the grand potential and on how a mass-like quantity is obtained from the thermodynamic
formalism. In the isolated horizon formalism, the mass is instead determined locally by
imposing that the first law holds. The Euclidean action is also required to make the con-
nection between planar solutions of Einstein-Maxwell and Einstein-anti-Maxwell theory.

For the thermodynamic formalism, we used the future inner horizons of the maxi-
mally extended solutions. This is natural because these horizons can be crossed by causal
geodesics from the outside to the inside, which is the same situation as for black holes.
For future inner horizons the surface gravity and temperature are both negative, when
computed according to [33-35], and we have shown that the first law takes its standard
form. It is natural to ask what happens if we use the past horizons instead, where causal
geodesics cross from the interior to the exterior. This is analogous to asking about the
thermodynamics of white holes. For our cosmological solutions the past horizons are past
inner horizons. Since the surface gravity is still negative, the expression kdA and hence
the ‘first law of horizon mechanics’ retains its standard form. However, the temperature is
now positive and the ‘first law of thermodynamics’ takes a non-standard form where the
sign of the temperature/entropy term is flipped, T'dS — —T'dS. This depends, of course,
on accepting both the definition of the surface gravity by Kodama-Hayward and the sign of
the Hawking temperature being determined by the Parikh-Wilczek tunneling method. We
leave the investigation of this observation to future work. Another question which deserves
further attention is the interpretation of the negative temperature and, for planar black
holes, negative energy. There is also the question how the thermodynamics defined using
the triple Wick rotation relates to an underlying microscopic description, given that the
‘Hamiltonian’ we use is actually related to spatial translations. Finally, one should ask
whether one can formulate the thermodynamics of horizons for more general non-static
solutions using a variational approach as in [12], modified to imposing initial rather than
boundary conditions.

Besides formulating thermodynamics using a non-stationary spacetime patch, we also
have uncovered a curious relation or ‘duality’ between cosmological and black hole solutions,
induced by flipping the sign of the Maxwell term, which exchanges interior and exterior,
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(0,5) (1,4) (2,3)
U(2)\l /U(l,l)
\Q/
(0,4) (1,3)

Figure 4. This diagram summarises the relations between five-dimensional and four-dimensional
vector multiplet theories with spacetime signature (¢, s), that is, ¢ timelike and s spacelike dimen-
sions [27]. The two four-dimensional theories in a given signature differ by relative signs between
terms in their Lagrangians. In Euclidean signature, these signs can be changed by a suitable
field redefinition, and the Euclidean theory is unique. In Minkowski signature there are two non-
isomorphic supersymmetry algebras which are distinguished by their R-symmetry groups U(2) and
U(1,1), respectively. Therefore the corresponding vector multiplets of these theories cannot be
related by a field redefinition.

spacelike and timelike singularities, and which relates solutions with negative temperature
to solutions with negative energy. We think that a promising way to better understand
these features is the embedding into string theory, to which we turn now. The realisation of
a duality between two distinct Lorentzian solutions, via the equivalence of their Euclidean
actions, has an interesting relation to recent results in N = 2 supersymmetry. In [27] four-
dimensional N’ = 2 supersymmetry algebras have been classified for all possible signatures
(t,s), where t is the number to timelike and s the number of spacelike dimensions. It was
found that while the ' = 2 supersymmetry algebra is unique in Euclidean signature (0,4),
there are two inequivalent algebras in Minkowski signature (1, 3), namely the standard al-
gebra with compact R-symmetry group U(2) and a twisted version with R-symmetry group
U(1,1). The corresponding vector multiplet theories are distinguished by relative signs be-
tween various terms in the Lagrangian, including a relative sign between Maxwell and scalar
terms. Already in [46] it has been shown that a non-standard N' = 2 supergravity theory
coupled to vector multiplets with inverted signs for all Maxwell-like terms results from
dimensional reduction of five-dimensional supergravity coupled to vector multiplets with
signature (2,3). This theory reduces to Einstein-anti-Maxwell theory upon truncating out
the matter fields and the gravitini. We remark that while vector multiplet theories in signa-
ture (0,4) can likewise be obtained in two ways from five dimensions, the resulting relative
signs can be removed by a suitable field redefinition, since the underlying Euclidean super-
symmetry algebra is unique up to isomorphism [27]. The situation is summarized in figure 4.

The relative sign flips between the Minkowski signature theories are of the same type
as those between type-1I and type-1I* string theory, which are related to each other by
timelike T-duality [26]. Moreover, N' = 2 supergravity with vector (and hyper) multiplets
arises by compactification of type-II string theory on Calabi-Yau threefolds. In a future
publication we will present the details of the embedding of the twisted N' = 2 supergravity
theory into type-II* theory and show that the STU and anti-STU model (which generalizes
the Einstein-anti-Maxwell theory considered in this paper) are related by T-duality [47].
We expect that this will shed more light onto the thermodynamics of planar solutions and

43 —



their microscopic interpretation in terms of string theory. We remark that when combining
timelike and spacelike T-duality with S-duality, it is possible to change spacetime signature
in type-II string theory, which provides a second way, besides analytical continuation, of
relating theories in Euclidean and in Minkowski signature [48]. Solutions in neutral and in
general signature have recently found attention in the literature, see for example [49-51].

Both from the point of view of thermodynamics and from the one of T-duality, certain
spacetime geometries naturally form pairs which share the same underlying Euclidean
description. If one takes the Euclidean functional integral as fundamental and allows both
the spacetime and the field space to be complex-valued, this will correspond to pairs of
complex saddle points of the functional integral which represent dual Minkowksi signature
solutions. At this point it is not clear whether the two dual solutions are actually ‘the same’,
that is, gauge equivalent under a chain of string duality transformations, or just have ‘the
same thermodynamics.” In either case one could also look for relations to solutions in
neutral signature. It will be interesting to further investigate these intriguing relations
between geometry, thermodynamics and dualities.
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A Conventions

We use the same parametrization of conventional signs as in [52]. When studying general
relativity this involves three conventional sign choices s; = £1, i = 1,2,3. The first is the
overall sign of the Minkowski metric

Nap = s1diag(— + ++),

and decides whether we work with a “mostly-plus” or “mostly-minus” signature. The
second sign choice comes from the definition of the Riemann tensor:

RHVPU =52 (aPIWVU - aaruup + FTZ/O'FMTP o FTVPIWTJ) )

and the third sign from the Einstein equations

1
S3 (R;w - 29;WR> = KELTMV >

where it is understood that Ty is always positive (for normal matter). The signs s, s3
enter into the definitions of the Ricci tensor and Ricci scalar:

sos3R,, = R’ R =g¢""R,,.

ppv?

These three signs enter into a Lagrangian for gravity, vector and scalar fields as:

R 1 1 )
L= <81832/€Z - Sl;iaugﬁa'u(ﬁ - TgQFMVF'u ) .
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The conventions used in a particular paper can usually be reconstructed using that the
kinetic terms are positive. This depends of cause on knowing that the overall sign of the
Lagrangian has been fixed accordingly, and that we are not dealing with a non-standard
theory with flipped kinetic terms. We also need to assume that the energy momentum
Tensor is defined such that Ty is positive and and therefore:

2 6(Lmy—9)

TV:_S )
g Vg g

where £, is the matter contribution to the Lagrangian.

In this work we use the same sign conventions as in [24] which in turn were taken over
from [42]. This is a parametrization where the Einstein-Hilbert and scalar term enter with
a minus sign:

R 1 1
L=|—5——50,00!'¢ — —F, ,F"| .
(2;—@21 /{i“gb ¢ 4g2= 1
From this we can read off
s1 =1, s3 = —1.
Defining the Ricci tensor such that ses3 = 1, consistency determines the overall sign of the
Riemann tensor as sg = —1,

RHVPU - _(8PFMVU B 6UIWV,0 + F‘ruaru‘rp o FTVPFMTO')'

It follows that Einstein’s equations are:
R, — %gWR = —/{ZTW.

With these conventions, a spacelike surface of positive curvature has sign(R) = s1s3 =
—1, such that a positively curved space has a negative Ricci scalar. From the perspective
of the (anti) de Sitter solutions, we take the action to be of the form

§—_L (R —2A)/—gd'z
167 Jar

such that when solving the equations of motion, the Ricci scalar is proportional to the
cosmological constant. This means that for the de Sitter solution, we have A < 0 and for
the anti-de Sitter solution, we have that A > 0. This follows from our choice of an action
with s3 = —1. While this is different from the conventions used in most research papers
on (anti-)de Sitter solutions, it allows us to be consistent with previous work for solutions
without a cosmological constant, which also is the main focus in the present paper.

Following these conventions through to the Euclidean action, we find that these signs

appear as:
5183

518he
2RQ/ VR z + 24/ VI Kdz, (A1)
4 JM 4 oM

K

S =

where the fourth sign s/, which arises from the definition of the second fundamental form,
is discussed in the next appendix. Note that s} is distinct from s4 in [52], which is related
to the spin connection. Since we only consider bosonic fields, this sign s4 is irrelevant for
us. We also do not need to fix the fifth parameter s5 of [52], which determines the overall
sign of the e-tensor, because the numerical value of the e-tensor is not relevant for our
calculations.
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B Extrinsic curvature

A well-posed variational problem for the Einstein-Hilbert action requires the inclusion of
boundary terms which ‘live’ on the boundary M = 3., the exception being when M is
closed (compact, without boundary). For spacetimes of infinite volume the boundary is
defined as the limit of a family of hypersurfaces; for example, the boundary of R* can be
defined as the limit of a family of three-spheres S% of radius R, where R — oo. In such
situations, the boundary terms must be added to the Einstein-Hilbert action to deal with
variations of field configurations which do not fall off fast at infinity.

The boundary term involves the (trace of the) extrinsic curvature of the boundary,
regarded as an embedded submanifold. In this appendix we review how the extrinsic
curvature K, and its trace K can be computed. We use a parameter ¢ = £1 to encode
whether the boundary ¥ is timelike, € = —1 or spacelike, e = 1. We denote the outer unit
normal vector field of 3 by n, so that g(n,n) = n,n" =e.

The first fundamental form, «, is constructed out of the spacetime metric g and the
unit normal n. This tensor is transversal to X, that is v(V,-) = 0 for all vectors N which
are normal to X. When evaluated on vectors tangent to X, the tensor v agrees with the
pull-back metric (t*g) on ¥ which is induced by the embedding ¢ : ¥ — M. Its mixed
components vk = 65 — en#n,, can be used to project tensors on M onto tensors on X. For
example, the projection of a vector X at a point p € X onto a vector X tangent to X takes
the form X* — XﬁL = 44 X" in local coordinates.

The second fundamental form K, or the extrinsic curvature tensor, measures the failure
of a normal vector to remain normal to ¥ under parallel transport with the Levi-Civita con-
nection V of (M, g) along curves on . To define the second fundamental form, consider the
parallel transport of a normal vector N along a curve C' on X. Then VxN = X#V X" = 0,
where X is the tangent vector field of C'. If N remains a normal vector field to 3 under
parallel transport on X, then g(/N,Y) = 0 for all points on C' and all tangent vectors Y
to ¥ along C. In other words we can measure the failure of N remaining normal to ¥ by
studying the variation

X -g(N,Y) = X'V, (Y"N,) = N, X"V, V"

of g(N,Y) along C. To define the extrinsic curvature, we use the normal unit vector
field n on X, which we can extend around each point p € M to a unit vector field on a
neighbourhood in M. The extrinsic curvature is defined, using the projections introduced
above, by

K(X,Y) = —sin, (VXHYH)“, (B.1)

for vector fields X,Y on M. It can be shown that this definition is independent of how n
is extended away from 3. The overall sign of K is coventional. In our work, we use that
s4 = 1, but note that many other authors choose s4 = —1 (see for example eq. (5) in [29]).
Using that anHp = 0 we can evaluate K(X,Y):

K(X,Y)=-n, \l\Tv"Yllp - Xﬁ’YHpvan = (EVVpne) XHYY = Ky XFYY (B.2)
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This leads to the expressions
K =97 Vone = Vyuny, — enn,NVon, =40V n, (B.3)

for the extrinsic curvature, where we used n”V,n, = %Vu(npnp) = 0. The boundary can
locally be described as the level set of a function f. Then N, = 0, f is a normal vector
field, and the corresponding unit normal vector field n, is hypersurface orthogonal and
satisfies the Frobenius integrability condition

nEVong = 0. (B.4)

Contracting this relation with n” it is straightforward to obtain a relation which allows to

show that K, is symmetric, K, = K.

An alternative definition commonly used in the literature is [29]

1
Kw/ = §£n7;wa (B'5)

where L, is the Lie derivative with respect to n. We can verify that this agrees with our
definition by writing out the Lie derivative in terms of covariant derivatives, and using

Yuv = Guv — €N

1 1
§£n’mu = §(ncvp(gw —enyny) + (Gup — enuny)Vun + (gpo — €npny,)V,nf)
1
= i(vunv + Vun, —en’V,(nun,)) = Vyun, — enynfVon,

were we used the contracted Frobenius integrability property of n*. In our calculations,
we need the trace of the extrinsic curvature,

K =g"K,. (B.6)

The trace can be easily calculated from the expression
K=¢"K, = %g“”(vuny + Vun, —en’V,(nun,))
= %(V,ﬂl“ + Vhn, —enV,(g" ' nu)n,) = V,nt .

We have defined the first and second fundamental form as transversal tensors on M, that is
as tensors which vanish when contracted with normal vectors to X. Alternatively, they can
be defined as tensors on X, see for example [53]. The resulting expressions are related by

* v v v
Tmn = (L g)mn = eﬁnenf)/uu (: 6%enguu) ) Kmn = efnean/ )

where the vector fields e, = (el,), m = 1,2,3 define an orthonormal coordinate frame
on X.
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C Charges and Hodge dualisation

The thermodynamic formalism for the STU-model makes use of an electric-magnetic duality
frame where the magnetic charges P4, A = 1,2,3 have been replaced by electric charges
94, so that all charges excited in our solution are electric. In this appendix we give some
details of the dualization procedure and derive the expressions for the charges used in the
main part of this article.

To explain the idea we use a theory with a single Abelian vector field A, with field
strength F,, = 0,A, — 0, A, and a curved spacetime Maxwell type action

S[A] = / <—4;FWF’“’) e ds . (1)

For Maxwell theory ¢ is a constant, but to cover the case of N' = 2 vector multiplets
we promote g to a background field which depends on the spacetime coordinates. This
background coupling can be used as a proxy for the scalar field dependent couplings Z77,
as we will see below. We promote the Bianchi identity e#*#?9, F,; = 0 to a field equation
by introducing the Lagrange multiplier vector field /Nlu:

- 1 1 -
S[F, A] = / <—492FWF”” — QEWWOHA,,FW> edix . (C.2)
Note that P9 denotes the Levi-Civita tensor, not the permutation symbol e***? =
echP? = ¢, which is a tensor density. This parametrization is convenient because
the metric determinant e appears as an overall factor. While variation with respect to A,

imposes the Bianchi identity, variation with respect to F},, produces its algebraic equation

of motion ) .
LW = —el000, 4, = L (©3)

where we defined the dual field strength tensor
Foy=0,A, — 0,4, . (C.4)

Substituting this back into (C.2) we obtain the dual action

2
S[A] :/<_ZFWFW)ed4x:/<—4;2FWFW>ed4x, (C.5)

where we defined the dual coupling

51
= (C.6)

The relation between the dual and the orginal field strength is
1

Fp,l/ - 5 * ELV s (C?)
g
where 1 1
*F:U’V = §€“VPO_FP0' = ieelu,l/pO'FpU (CS)
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is the Hodge-dual field strength. Thus the duality exchanges electric and magnetic fields
and inverts the coupling. It also exchanges Euler-Lagrange equations and Bianchi identities:

o (;FW> =0 P79,F,y =0, (C.9)
7D, Fry =0 < OF <;FW> ~0. (C.10)

Note that we can write both field equations as Bianchi identities:
dF =0, dF=0. (C.11)

This tells us how to define conserved charges. In a theory with field dependent coupling g,
the electric and magnetic charge are defined by

1 ~ 1 1 1
R T R e

where we have chosen the normalization to be same as in the main part of the paper. For
Maxwell theory, where g = const, the electric charge is given by integral of the Hodge-
dual two-form xF', leading to the standard expression for the Maxwell electric charge. For
point-like charges the two-surface X has the topology of a sphere. For solutions with
planar symmetry, we take X to be a plane. The resulting integral is divergent, but defines
a finite charge (density) upon formally dividing by the volume of X, or by compactifying X
into a two-torus. The equations of motions and Bianchi identities, which are valid outside
charges, tell us that both F and F' are closed. This allows one to deform the integration
surfaces X continuously, as long as one avoids moving them through the charges, which for
our solutions are located at the singularities. Often it is convenient to evaluate the charges
in a limit where X is pushed to infinity, and this is in particular how charges are computed
in the main part of this paper.

The dualization procedure can be used to replace magnetic charges by electric charges.
This can be convenient since in a fixed duality frame electric charges are Noether charges
and can couple minimally to the gauge field, whereas magnetic charges are topological and
do not have local couplings to the gauge field. For black hole thermodynamics we find it
convenient to replace magnetic charges by electric charges in the main part of the paper.
The dual charges are found by replacing F' by F. Using that

= 1 ~
F:?*F:§292**F:—F,
we find
Q—l/ﬁ——l F=_pP (C.13)
_87T X N 8 X N ’ '
- 1 -
= F=0. C.14
P 87r/X < ( )

Note that the transformation (Q,P) — (—P, Q) is symplectic.
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The relation between the Einstein-Maxwell theory and the Einstein-anti-Maxwell the-
ory where the sign of the Maxwell term has been flipped, can be interpreted as an analytic
continuation of the coupling: g — ig, g2 — —g~2. From (C.12) it is clear that this flips
the signs of electric charges, @ — —Q. The same conclusion is reached when including
electric sources and defining the electric charge using Gauss law,

1 .
= —— *
Q o

where Y. is a hypersurface such that X = 03, and where j* is the charge density. Maxwell’s
equations relate the gauge field to the charge density:

1
d<2*F> S—
g

Integrating over a hypersurface 3 and applying the Gauss-Stokes theorem we obtain:

1 1 1 1
Q:/d — % F :/ — xF.
8w Ju \ g2 87 Jos g*

As we consider sources as external, the analytical continuation of the coupling g changes
the sign of Q.

Electric-magnetic duality can be extended to theories with multiplet vector fields,
including A/ = 2 vector multiplets with bosonic Lagrangian (5.1). In these theories electric-
magnetic duality becomes part of a larger group of symplectic transformations, which acts
continuously on gauge fields, but is broken to a discrete subgroup once charge quantization
is taken into account. We refer to [54] for a general discussion. In this paper we consider
the STU-model, and for our solutions we only need the consistent truncation where the
coupling matrices are restricted by R;y = 0. Since the remaining coupling matrix Zy; is
diagonal, the vector field part of the Lagrangian (5.1) reduces to

3
e;lL = +$ <IOOF3,,F0W +> ZAAF;‘,,FAW> - (C.15)
M4 A=1

This amounts to four copies of the type of vector field Lagrangian we have considered
before. Our solution carries charges (QO,PA), which we can map to the purely electric
charges (Qy, QA), where Q4 = —PA.

For reference we bring the expressions for the charges to the form used for explicit
computations in the main part of the paper:

1 ~ 1
=— [ Fh=— —Too F° 1
Qo 57 Jx 0= g X*( 0wF’) (C.16)
- 1 1 -
A A AA
= — =—— | F"=— —I7°F, ) . 1
Qa & 8T Jx 8w /X*< A) (CA7)

D Kruskal extensions and classification of trapping horizons

In this section, we perform Kruskal-like coordinate transformations which allow us to con-
struct the maximal analytic extensions of all metrics considered within this paper. This
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allows us to understand their global causal structure and to identify the type of all horizons
using the classification of trapping horizons reviewed in section 2.4. Solutions fall into two
categories, which are distinguished by the causal relation between their interior and exte-
rior regions. For all solutions, we call regions exterior if transverse/radial null geodesics
reach a horizon in one direction, but can be extended to infinite affine parameter in the
other direction. In terms of our standard transverse/radial coordinate, the asymptotic
region is at 7 — oo. In contrast, regions are called interior regions if transverse/radial
null geodesics terminate at a curvature singularity in one direction and reach a horizon in
the other. We refer to solutions with a static exterior region as black hole solutions, and
those with a time-dependent exteriors as cosmological solutions. When using the Kodama-
Hayward method [33, 36] for computing the surface gravity, it is positive for black hole
solutions, but negative for cosmological solutions.

The static line elements considered in the main part are used to define ingoing and
outgoing null geodesics and to fix the global time orientation of the maximally extended
spacetime. This is important since the extension contains two isometric static regions,
where the line element takes same form in terms of coordinates ¢, r, but where the timelike
Killing vector field 9, is future-directed in one region, but past-directed in the other (where
future-directed is defined globally by picking one of the patches to fix the time orientation).
Starting from a ‘standard static patch,” which fixes the definition of ingoing/outgoing and
determines the direction of time, we define Kruskal coordinates and obtain a maximally
extended spacetime containing three additional regions. By computing the expansions of
null geodesic congruences for each regions, we can identify the types of the horizons sepa-
rating them. For thermodynamics we consider future horizons, where the exterior region
can causally influence the interior, but not vice versa. The horizons between such regions
are future outer horizons for black hole solutions and future inner horizons for cosmological
solutions. For the thermodynamic formalism based on the Euclidean action that we use
in the main part, we assume that temperature and surface gravity are related according
to [34, 35], that is they are proportional. Then black holes have positive temperature, while
(contracting) cosmologies have negative temperature.

D.1 Black hole solutions
For the following discussion, we will be considering solutions with a line element given by
ds® = —f(r)dt* + f(r) " tdr® + r2dX? (D.1)

where dX? = dO? for spherically symmetric solutions, and dX? = da® + dy? for planar
symmetric solutions. The function f(r) is assumed to have a simple zero at r = ry > 0,
and to be positive in the exterior region r;, < r < oo, —0o < t < co. This implies that the
surface gravity of the horizon is positive:

K= %&af(r) > 0.

r=rp

The solution is static in the exterior region, but the Killing vector field 9; becomes spacelike
for r < rp. This situation is known from the event horizons of black holes. The two explicit
choices for f that are relevant for us are
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1. The Schwarzschild solution

f(T):l—T, /{:m.

2. The planar anti-Einstein-Maxwell solution

oM ¢? AM3
= —_—— ) K= ———.
r r2 qt

f(r)

While we do not explicitly work with the Schwarzschild solution in this paper, we include it
so that one may compare computations with the well-known results [32]. For the remainder
of the discussion, we will keep f(r) general and sometimes use its Taylor expansion near
the horizon:

f(r) =26(r —rp) +O((r —r)?) . (D.2)

D.1.1 Defining Kruskal coordinates

19

As a first step to extending the solution beyond the horizon'” we replace the transver-

sal/radial coordinate r by the tortoise coordinate

T*:/f(r)ldr, —00 < 7y < 00 .

Then we can define the future-pointing null coordinates

Ty =1+ 14, T_ =1—r,, —00 < T4 < 00.
In these coordinates, the metric is given by

ds? = —f(r)dzydo_ + r>dX?,

where we have used that

dry = dt + f(r)"tdr, de_ =dt — f(r) dr.
It is understood that r is now a function of x4, which we only need to define implicitly,

r=rrdey, )] .

Outgoing null congruences consist of null rays with z_ = constant and propagate in the
positive x, direction, while ingoing null congruences are defined by z; = constant and
move in the positive z_ direction.

To extend our solution, we define Kruskal coordinates by

X_ =—e %", —o< X_<0 &S —oco< o <00,
X4 =+, 0<Xi<ox & —oco<zy<oo.

97t will turn out that the naive extension of the line element to © < 75, covers part of the maximal
extension. This is of course well known for standard solutions, such as Schwarzschild.
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(a) Black hole solutions (b) Cosmological Solutions

Figure 5. Kruskal diagrams for black hole and cosmological solutions. Surfaces of constant r are
hyperbola and surfaces of constant ¢ are straight lines. Also included are the ingoing (blue) and
outgoing (red) null geodesics which are future-pointing.

~
v

R R

(a) Black hole solutions (b) Cosmological Solutions

Figure 6. Comparison of the Kruskal diagrams for black hole and cosmological solutions. Shaded
regions correspond to the interior regions, curved lines show the direction of the Killing vector field
in the static patches of the spacetime.

The Kruskal extension is obtained by dropping the constraints X_ < 0, X1 > 0, resulting
in the four regions of figure 6. In order for this extension to be well defined, we must make
sure that the metric is non-degenerate at the horzions r = ry, where f(r) has its zero. It
is for this purpose that factors of the surface gravity « have been included in the definition
of X +.
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The line element in Kruskal coordinates is given by

1 —
ds? — - (r)e 2" dX, dX_ + r?dX? (D.3)

where (X4, X_) is determined implicitly by
X, X = e,
We can also implicitly define the coordinate ¢(X, X_) from

X+ _ _€2m€
X_ Y

To show that (D.3) is regular on the horizon, we look at the Taylor expansion (D.2), and
integrate to obtain r,,

—2K1y = / (—%(fim) +O(r — rh)> dr = —log(r — ) + O((r — rp,)?).

We see that the zeros are cancelled,
—f(r)e 2 = —2k(r — rh)e_log(r_rh) =2+ O((r —rp)?),
and thus, on the horizon we find the line element
ds? = —%dXerX_ + r2dQ2.
As a result, one can consider the metric (D.3) with the coordinates extended to
—o0 < Xy <00,

subject to the constraint that r(X;,X_) > 0. This produces the four regions of the
diagram in figure 6.

With our choice of signs in (D.3), the static region we started with is identified with
region I. The Kruskal extension contains a second static region, region IV. In Region IV
the null Kruskal coordinates take values X_ > 0 and X < 0. One can introduce null
coordinates L by

X_=+e "1 0<X <00 & o0o>r_>—00.

X = —e"tF, —00< X1 <0 o o>Ty > —00.

Observe that 1, xz_ are directed opposite to X, X_ in Region IV. If we go back from x4,
to t, 7y and further to ¢, r, using the same relations as in Region I, the metric assumes the
same local form (D.3) as in Region I. But globally, there is a difference compared to Region
I, as t,r point the opposite way: t downwards, r leftwards. As a result, ingoing lightfronts
move in positive Xy = negative x1 direction. Outgoing lightfronts move in the positive
X_ = negative x_ direction. The association of X_, X with in/out-moving lightfronts is
reversed compared to Region I, see figure 7.
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Figure 7. Flow of coordinates in the static regions of the Kruskal diagram for black hole solutions.
The red arrow denotes future directed outgoing null geodesics, the blue arrow denotes future directed
ingoing null geodesics.

The global spacetime is time-orientable and time-reversal symmetric. We should not
conclude that time is flowing backwards in Region IV. If we choose a global time orientation
that points in the same direction as ¢ in Region I, then physical time in Region IV is
measured by —t. We refer to Region I as the ‘standard’ static region, and the definition
of Kruskal coordinates as the ‘standard embedding’ of the static region into its Kruskal
extension.

D.1.2 Calculation of expansions

With the global causal structure understood, we are now in a position to write down future-
directed ingoing and outgoing null geodesics and then calculate their expansions. Before
this, we perform some intermediate calculations.

For X, in region I, we can calculate dr from

X dX_ + X_dX, = —2ke*™dr, = 26X X_dr, ,

which allows us to write

o f) 1
X+X72I€

(XidX_ + X_dXy). (D.4)

Similarly, we can write down
1 1

dt = —
X+X, 2K

(X dX_ — X_dX,) .

In the original coordinates, the Killing vector field is given by £ = %, and using the metric
tensor we can write down the co-vector £’ = —f (r)dt.?° Using the results from above, we

20We use ‘musical’ notation to distinguish between vectors and the corresponding co-vectors (one-forms).
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can rewrite the Killing co-vector field in terms of our new Kruskal-like coordinates

& =—f(r)dt = Xz;“;_; (XpdX_ — X_dXy) .

The corresponding vector field is

0 0
f— R <_X_8X_ +X+8X+> .

To calculate the expansions we choose the following normal null co-vector fields for our two

null congruences:
1 1
No =—=dX_, N’ =——dX, (D.5)
K K

or, as vector fields,

KX (0 (0
N =255 (m)’ N =2 (M)‘

The normalisation and overall sign has been set in (D.5) such that

¢-N.=X_, £N_=-Xi,

which ensure that the normal null vectors N1 are future directed, £ - N» < 0, in region
I where the Killing vector flows in the direction of global time. Their expansions are
calculated

_ L
TV

where we use that h = det (d)? 2) for either the two-sphere or the two-plane depending on

fr)vh 72
XX 2K2

0y =V, N Ou (V=gN%),  V-g=

the symmetry of the solution. This results in

AR X X O
r f(r) 0Xy&

0y =

To calculate the sign, we use (D.4) to find that

o f(r) Xg
0X+ X, X_ 2k’

which gives the result

0+:_2X_’ 97:_2X+‘
r r
Thus the expansions change signs across horizons, and the resulting pattern already com-
pletely determines the nature of each horizon. For completeness, we calculate the Lie
derivatives of expansions vanishing at the horizon, though we stress that their signs are

completely determined by the sign change of the corresponding expansion. We find that

X X, (_QX_> 4e <X+X_> 22X X

R () )= ) 2

Y
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9+:0 6_:0

Figure 8. Signs of the expansions 6 in the four quadrants of the Kruskal diagram for a our black
hole solutions for which « > 0.

which evaluated on the horizon, gives

4Kk 1 2
N-T r=r, Th < 2/<;> Th

By symmetry, we can see that

Ln,0_

r=rp,

We can now look at the two horizons in region I, where we have X_ < 0 and X; > 0. For
the horizon given by X = 0, we have:

0y >0, 0_-=0, Ly, 0_<0,
which is a past outer horizon. For the horizon set by X_ = 0, we have that
0 =0, 0_<0, Ly 0L<0,

which is a future outer horizon. The expansions for all four regions are illustrated in
figure 8.

Since the causal and expansion properties of the Kruskal diagram do not depend on
details of the function f, the interpretation is the same as for the Kruskal-Schwarzschild
solution, for all members of this class. The future outer horizon is the event horizon of
a black hole, and the past outer horizon is the horizon for the white hole region. For
thermodynamics we use the horizon where causal geodesics cross from the exterior to the
interior, which is the future outer horizon between Regions I and II. This horizon has
positive temperature, Ty o< £ > 0.
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D.2 Cosmological solutions

We now turn our attention to the cosmological solutions in this paper. The line element
takes the same form
ds? = —f(r)dt> + f(r) " 'dr? 4+ r2dX?

as before, but now f(r) is positive for rgnes < 7 < 73, Where rgng is the position of the
singularity. The metric is static in this region, so that compared to the previous class the
roles of exterior and interior are exchanged, that is, the interior region is static. We assume
that f(r) has a simple zero and therefore changes sign at r = rp. Since the Killing vector
field 9; becomes spacelike for r > ry, the outside region is dynamical. We assume that f(r)
is negative for r;, < r < oo, with r — oo at infinite distance. Thus the horizon at r = 7y, is
a cosmological horizon. Under the conditions we have imposed on f the surface gravity is
negative
K= 1871 flr) < 0.
2 T=Th

Explicit choices for f(r), which we consider in this paper, are

1. De Sitter solution

r2 1
f('l"):].—ﬁ, fﬂ}:—z.
2. Planar Einstein-Maxwell solution
oM ¢ 4M3
f(r):<_7"+7’2)7 K’:_q4 .
3. Planar STU solution
1—ar a® /0273
f('l") - 2 /77_[07_[17_[2%37 Ha — /60, + YaT, K= 7ZQOP1P2P3 .

For the remainder of the discussion, we will keep f(r) general and sometimes use its Taylor
expansion near the horizon:

Fr) = 26(r —rp) + O((r — )% .
D.2.1 Defining Kruskal coordinates

As in the black hole case we start by defining a Tortoise coordinate

T = /f(r)_ldr, 0<r,<oo.
Then we introduce future-pointing null coordinates
Ty =t+ 7y, T =1—ry, —00 < T4 <00, T(T4,T-) > Tsing -
The line element takes the form

ds? = —f(r)dzydo_ +r2dX?,
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where r is an implicitly defined function of xy. Note that z is future- and outward-
pointing while x_ is future- and inward-pointing in the interior region. This is the same
assignment as in black hole solutions considered previously. With coordinates fixed in this
way, we can clearly see what is the difference compared to the static patch of the black
hole solutions. Since r points in the opposite direction, the roles of interior and exterior
are exchanged, where interior means r < ry. While x points outwards in both cases,
it points away form the horizon for the black hole solutions, but towards the horizon for
the cosmological ones. This makes it natural to define Kruskal coordinates such that the
standard static region, which we use to fix the overall time orientation, is Region IV, rather
than Region I.

We start with the static line element, rewritten using null coordinates x4, where
is future-pointing and outward-pointing, while x_ is future-pointing and inward-pointing,
relative to the local coordinates ¢, r. This fixes the definitions of the expansion 6+, and the
direction of physical time. Next, we define global null Kruskal coordinates X4 such that
they point in the same direction as z4.

X, = —e™F —c0< X1 <0 & —oo < ry <00,

—RI—

X_=e 0<X_<x & —oco<zro <00,

where the factors of the surface gravity have been included to make manifest that the
metric is regular at r = rp where f(r) has its zero. We have also used that x < 0. The
standard static patch is Region IV, and it is illustrative to compare the black hole case and
the cosmological case in figures 5 and 6.

The line element in Kruskal coordinates is given by

Jrye

ds® = —
12

dX dX_ 4 r?dX?.

We can show this is regular on the horizon using the same method as previously. By
expanding at the horizon, we find

“er, = | <_2(2’jh) Lo - m) dr = —Tog(m — 1) + O((r — ma)?)

where we note that the log(r, — r) is different from the black hole case, as in the static
patch we have r < rj. Putting this together, we obtain

—f(r)e 2 = —2k(r — rh)e_log(rh_r) =2k + O((r —rp)?),
such that on the horizon, the line element is given by
ds? = %dXerX, +r2dX?.
We see that we can extend the Kruskal null coordinates such that
—00 < Xy <0,
subject to the constraint that r(Xy, X_) > rgng, where we implicitly write

X
X, X_ = —GQHT*, X-‘r _ _€2nt ]

The direction of various coordinates in the respective regions is shown in figure 9.
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Figure 9. Flow of coordinates in the static regions of the Kruskal diagram for cosmological
solutions. The red arrow denotes future directed outgoing null geodesics, the blue arrow denotes
future directed ingoing null geodesics.

D.2.2 Calculating the expansions

As before, we precalculate a few useful relations for our calculations, which we find are
identical to the results for the black hole solutions, namely

flr) 1
dr = — (XpdX_ + X_dX
TS XX 9 KA +)
11
dt = — — (XpdX_ - X_dX.) .
X+X_2n( + +)

Again as in the calculation for black hole solutions, we start with the Killing vector
field in our original coordinates: & = %. Using the metric tensor write down the co-vector
field € = — f(r)dt, which we can rewrite with the results above to write down the Killing
co-vector field in terms of the Kruskal-like coordinates

flr) 1 (X dX_ — X_dX.) ,

b _
§ = f(?’)dt—X+X_ o

which the corresponding vector given by

0 0
f— R <_X_8X +X+8X+> .

We now write down the geodesics which are future-pointing within region IV, where the

normalisation of the co-vectors is handpicked to ensure this property:
y _ 1 y _ 1
N+ == ;de, N_ - EdX+ 5 (DG)

or as vectors

v (o) e (o)
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Double checking that the normals are future-pointing, we look at the inner product of these
with the Killing vector field

£'N+:_X—7 f'N_:X_t,_,

which we see obeys £ - Ny < 0 in region IV. The expansions are calculated in the same
manner, and we find that the relative sign imposed in the normalisation by considering
region IV, rather than region I introduces a relative sign in the expansions compared to

the black hole case,

2X_ 2X
0.‘,_ == s 0_ = +

T T

While this already determines the types of all horizons, we also calculate the Lie derivative
at the horizon explicitly. We find that

X X, <2X> 4k <X+X> C2X X

ot =2 ) T i) 2

)

and on the horizon, we find

k12
=== Ln6

£ 0 p—
N-T rL 2K Th

T=Thp T=Th rh

Let us look at the left part of the Kruskal diagram that is regions III, IV and II. The
physics of the sequence II1, I, IV is equivalent, but parametrized differently since 0 is past-
pointing in region I. In region IV of the Kruskal diagram, we have X_ > 0 and X1 < 0.
On the horizon given by X, = 0, we have:

0y >0, 0_-=0, Ly,0_>0
which shows that this is a past inner horizon. For the horizon set by X_ = 0, we have that
0, =0, 0_<0, Ly 0:>0

which is a future inner horizon. The expansions for all four regions is illustrated in figure 10.

When considering future-directed causal geodesics which pass through a horizon from
the exterior to the interior, we must consider the future inner horizon between region
IIT and region IV. For a future inner horizon, we have that Ty o« x < 0, which aligns
with the signs of the temperatures we consider throughout this paper while employing the
triple Wick rotation for our cosmological solutions. Overall the sequence III, IV (or I),
IT, describes a cosmic bounce, since the solution is a contracting cosmology in IIT and an
expanding cosmology in II. We expand on the global interpretation of the cosmological
solution in D.4.

D.3 Eddington-Finkelstein coordinates

For completeness we also derive expressions for advanced and retarded Eddington-
Finkelstein coordinates. We start with the line element

ds? = —f(r)dt* + f(r) " dr? + r?dX? (D.7)
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9+:0 6_:0

Figure 10. Signs of the expansions 61 in the four quadrants of the Kruskal diagram for a cosmo-
logical solution where x < 0.

where we assume that there is some interval for r such that f(r) > 0, so that the line
element is static, with Killing vector field d;. We also assume that f(r) has a simple zero
at r = rp, so that there is a second region where the Killing vector field becomes spacelike.
At this point we do not specify whether the static region is r > r, or r < ry, so that we
can cover black holes and cosmological solutions simultaneously.

We first define advanced Eddington Finkelstein coordinates (4,7, ...), where we omit-
ted two further coordinates, which are 6, ¢ for spherical and z, y for planar symmetry. The
null coordinate x is defined as before,

dry = dt + f(r) tdr = dt + dr, . (D.8)
The line element takes the form
ds* = — f(r)dz? + 2dzydr + r?dX? (D.9)

which is manifestly regular at » = rp, so that we can cover both the static and the non-static
domain. Now we consider radial/transversal null geodesics, which must satisfy

dr f
= —f(r)da? + 2dzydr = day = — == D.1
0 f(r)de? + 2dxdr = dxy OOI"d:EJr 5 (D.10)
Using A = x" as a curve parameter, the normal vector field for the second null congruence is
— dzt _ + T _ f
U+—<d)\>—(U+,U+,...)—<1,2,...>. (D.11)
The corresponding co-vector has the form?!
Uy = Uy Uppps-.) = <—£,1,o,o> . (D.12)

21We note here that the normal vector fields U differ in their overall normalisation from Ny defined
in the previous section (D.6). The normalisation has been chosen to avoid carrying around an irrelevant
numerical factor.
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The normal vector field U_ for the congruence dz™ = 0 is a constant vector field. We
normalize it such that U} - U_ = —2:

U_=UU",..)=(0,-2,...), U =U_1,U_pp,...)=(-2,0,...). (D.13)

Both U+ can be checked to be future-pointing. We could now proceed and compute the
expansions A+ but one nice feature of Eddington-Finkelstein coordinates is that they allow
one to ‘visualize’ the expansion properties of geodesics, and the causal structure. To do
this we introduce the advanced time coordinate

ti=xy —r=t+r,—reo =t+r=t+r,, (D.14)

and transform the null congruences Uy from coordinates (z4,7,,...) to coordinates ¢, r, .. .).

The result is
UL, ur,..) = (1_ ) :

UL, Ur,..)=(2,-2,..).

DO |~
|~

Y

Now it is manifest that U_ is future and inward-pointing for all r, while U, is future-
pointing, but will switch between outward-pointing and inward-pointing at » = rj,. Further
details depend on whether f is positive for r > rj, or for r < rp. Since the black hole case
r > 1y, is familiar, we focus on the cosmological case, r < r. Then U, is pointing outwards
on the inside r < 7j, but pointing inwards on the outside r > rj. At the horizon, r = ry,
U, points ‘upwards’, that is light rays are stuck at the horizon. Drawing the lightcones
associated with UL we see that future-pointing null and timelike geodesics can cross from
the outside to the inside, but not the other way. This shows that r < r; corresponds to the
standard static region IV in the cosmological Kruskal diagram, while r» > r; corresponds
to region III (and not to region II). In particular, the limit » — oo corresponds to past
timelike infinity and the coordinate r is timelike and past-pointing for r > rj.

Outside the horizons r = r; we can use the expression (D.7) in all regions of the
Kruskal diagram. In the main part of the paper our convention is to relabel coordinates
r <> t in non-static patches, so that the timelike coordinate is always denoted t. We also
multiply f by a minus sign in non-static regions, so that f remains positive. Let us here
be more explicit and define f(z) = — f(x). If we extend our solution from the static region
IV to the non-static region III, then ¢ — oo corresponds to past timelike infinity, and ¢ is
past-pointing. If we prefer to use a time coordinate in region III which is future pointing,
we should relabel ¢ — —t, so that the line element in region III is??

+ f(=t)dr? + 12dX? | —co <t < —ry. (D.15)

Let us now briefly discuss retarded Eddington-Finkelstein coordinates (z_,r,...),
where, in the static patch, we replace ¢ by the ingoing future-pointing null coordinate x_,

de_ =dt — f(r) tdr = dt — dr, . (D.16)

22Note that f and f are, in general, not even functions.
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The line element is
ds? = —f(r)da? — 2dax_dr + r?dX? (D.17)
with radial/transversal null geodesics

de_ =0, CZL_ _ —%f(r) . (D.18)

The future-pointing null normal vector fields of the null congruences are

Up=ULUL...)=(0,2,...), (D.19)
U= (U-,U",..) = (1_£> , (D.20)
which satisfy Uy - U_ = —2. Introducing the new ‘retarded’ time coordinate t = x_ + r,

and transforming from coordinates (z_,r,...) to coordinates (¢,r,...) they transform into
U, = UL UL,..)=(2,2,..), (D.21)
U.=Utur,...)= (1 - g—g) : (D.22)

This shows that UL is future and outward-pointing for all r while U_ is future-pointing
but changes between pointing inwards and pointing outwards at r = r,. For black holes,
where f > 0 for r > 7y, this provides the extension into the white hole part of the Kruskal
extension (region III). For cosmological solutions we see that U_ is pointing inwards for
r < rp, which we identify with the standard static region IV, and outwards for r > r}.
Future-pointing null and timelike geodesics can only cross from the inside to the outside,
which shows that the outside region is region II in the cosmological Kruskal diagram.
Relabeling coordinates r <+ ¢, the metric in region II is

d? ~
ds? = ——=— + f(t)dr* + t2dX?, r, <t < oo, (D.23)

ft)
where t is a future-pointing timelike coordinate, and where ¢ — oo corresponds to future
timelike infinity. Comparing to (D.15) we see that the regions II and III are related by
time reflection.

D.4 Asymptotic limits of planar Reissner-Nordstrom-like solutions

Evaluating (D.23) for the planar Reissner-Nordstrom solution in the asymptotic limit ¢ —
oo we obtain

t 2M S
2 2 2 | 42 5372
dST1 (1o0) = —QMdt +— dr® +t°dX*, (D.24)
which is the ‘positive mass’ version of the planar (type D) A-III vacuum solution of pure

2/3

Einstein gravity.?> Introducing a new time coordinate ¢ oc 72/3 and absorbing numerical

factors by rescaling r, x,y this becomes

ds?I’HOO) = —dr? 4+ 7723qr? 4 7Y3q X2 , (D.25)

ZSee [55] for background and original literature.
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which belongs to the class of type D Kasner solutions. These are the simplest homogeneous
but anisotropic vacuum cosmological solution of pure Einstein gravity. The A-III/Kasner
solution is defined for 0 < ¢t,7 < oo and describes a universe starting in a big bang at
t = 7 = 0 and then expanding in the (z,y)-directions while contracting in the transverse
direction r. Its time-reversed version, which is the asymptotic solution for Region III,

t 2M S
ds%]l,(—oo) = mdtQ - Td7”2 +t2dX?, —co<t<O0, (D.26)
= —dr? + 77284 + 3dX? ) —co<T <0, (D.27)

describes a universe which contracts in the (z,y) directions, expands transversally, and
end in a big crunch at ¢ = 7 = 0. The planar Reissner-Nordstrom solution that has been
obtained by adding non-trivial Maxwell fields describes a bouncing cosmology which in-
terpolates between a contracting and an expanding Kasner cosmology. This removes the
spacelike big crunch and big bang singularities at t = 7 = 0 and replaces them by an inter-
mediate region containing two timelike singularities which are shielded behind event hori-
zons. These singularities can be interpreted as sources, and by embedding Einstein-Maxwell
theory into the STU-supergravity and subsequently into string theory, these sources can
be identified as certain brane configurations [24].

The asymptotic solution in Regions I and IV for the planar solution of the Einstein-
anti-Maxwell theory is the ‘negative mass’, static version of the planar (type D) A-III
vacuum solution of pure Einstein gravity, which was first described by Taub [45]. It was
interpreted as the geometry outside an infinite static plane or domain wall, but the obser-
vation that neutral particles are repelled indicated a negative mass and made the physical
interpretation problematic. In the planar solution to the Einstein-anti-Maxwell theory the
naked timelike singularity is replaced by a spacelike singularity shielded by a horizon, so
that the deformed solution describes a planar black hole. The negative mass issue becomes
clearer in this description, since it is related to the negative kinetic energy of the Maxwell
field in this flipped sign version of Einstein-Maxwell theory. It is an interesting question
whether the embedding of this theory into type-IT* string theory will allow one to give a
viable physical interpretation of this solution.

E Grand canonical ensemble (with fixed volume)

In textbook thermodynamics, the internal energy E (often denoted U) in the grand canon-
ical ensemble depends on the extensive variables entropy S, volume V and particle number
N. In relativistic thermodynamics the particle number is not conserved, and therefore it is
replaced by conserved charges. Let us consider the case of a single conserved charge Q. We
take the volume (which in black hole thermodynamics corresponds to angular momentum,
or for planar solutions, linear momentum) to be fixed, so that the internal energy only
depends on entropy and charge, E = E(S, Q). The free energy F (T, Q) = E —T'S and the
grand potential Q(T,u) = E — TS — pQ are related to E(S, Q) by Legendre transforma-
tions which exchange the extensive variables S, Q with the intensive variables temperature
T = 1/8 and chemical potential p. Various partial derivatives can be read off from the
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total differentials

dE = TdS + pdQ , dF = —SdT + pdQ , dQ = —SdT — Qdy . (E.1)

In particular, we obtain the following relations used in the main text:

and
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