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1 Introduction

The study of the effect of soft gauge bosons on the dynamics of matter goes back a very
long way. In this paper we will be looking at both soft photons and soft gravitons, and
focussing on the way in which one can relate not only the leading soft factors, but also the
sub-leading and sub-sub-leading factors, to boundary terms in the corresponding classical
theory. We begin here by recalling the background to this study, and some of the key issues.

1.1 Background

Factorization theorems associated with gauge theories have a long history, beginning with
work of Sudakov [1, 2] for QED; they are implicit in work going back to Schwinger [3].
This history is reviewed by Collins [4], and summarized in several texts [5-8]. Of interest
to us here, for QED, QCD, and quantum gravity, are the “soft factors” associated with
any scattering involving low-energy gauge bosons. The result that such factors exist is



often called the “soft photon theorem”, or the “soft graviton theorem,” depending on the
context. For QED the nature of the soft factors is already clear in the work of Murota [9]
and Yennie et al. [10, 11].

A typical example is that analyzed for both soft photons and soft gravitons in 1965
by Weinberg [12], in which a set of particles scatter off each other, with the emission of a
single graviton or photon. We will be focussing on this particular process for much of this
paper — the factorization can be written graphically as

pll o ° o p;n pll o ° o p;n
q,¢€ q,¢€
~ x @DJ& (1.1)
pP1 * e * Dn pP1 * e * Dn

Here the boson momentum ¢ is taken to be very small, and the total soft factor .
contains all of the dependence upon the soft boson variables ¢, e. The key point is then
that the scattering amplitude picks up a multiplicative factor from the emitted boson.

Because the multiplicative soft factors are divergent in the infrared, they require careful
analysis. A key result here, discussed first for QED by Bloch and Nordsieck [13], and
thoroughly analyzed by Kinoshita [14, 15], Nakanishi [16], and others (and extended to
gravitons by Weinberg [12]), is that divergences due to soft radiation will cancel against
divergences due to virtual soft particles. A consistent approach including both divergences
then leads to finite cross sections.

Consistent approaches to the IR divergences and factorization can also be set up us-
ing a systematic eikonal expansion [17, 18], which has been employed in recent years to
study soft graviton effects in contexts ranging from gravitational decoherence to Hawking
radiation [19-27]. One can also address these divergences by “dressing” the asymptotic
states of the matter particles using coherent boson states [28-37]; these dressed states can
be imagined as a “cloud” of soft gauge bosons surrounding charged particles.

These divergences (or lack thereof) have many physical effects, which were first dis-
cussed in the context of bremsstrahlung by Bloch and Nordsieck [13]; they figure in the
calculation of radiative processes in many areas of physics. Detailed discussion can be
found in many texts [5, 7, 8, 38]; the very important applications to astrophysics are sur-
veyed in refs [39, 40]. The discussion of radiative corrections in quantum gravity is more
recent (see, eg., Donoghue [41], and refs. therein).

In recent years many of these ideas have come together in the discussion of several
related themes, viz., (i) the black hole information paradox; (ii) asymptotic symmetries
in both QED and quantum gravity; and (iii) decoherence caused by the emission of soft
photons and gravitons. The black hole information paradox dates back 45 years [42, 43], and
is still very controversial [44, 45]. The idea that one might analyze and possibly even resolve
this paradox in terms of soft graviton emission, with information stored in the form of
asymptotic “BMS charges” related to asymptotic symmetries at null boundaries, is however
quite recent [46-51]. In this point of view, the leading soft theorems arise as a consequence



of demanding that these asymptotic symmetries are symmetries of the S-matrix. Whether
soft gravitons are involved in resolving the black hole information paradox is still unclear.

Since this work, connections have been delineated between the divergent soft factors, in
both QED and quantum gravity, and asymptotic symmetries at null infinity (see e.g. [52—
54], and [55] for a review). The issues involved are subtle; IR divergences have long
been known to present complications when trying to directly quantize electromagnetic or
gravitational fields asymptotically, at null infinity (see, e.g., Ashtekar [56-58]).

The question of how soft gauge bosons cause decoherence of matter states can also be
related to asymptotic states. In QED, studies of decoherence are quite old [59, 60]; more
recent work on both soft photon and soft graviton decoherence [27, 61, 62] indicates that
matter states are almost completely decohered over long times except under very special
circumstances, although the problem is not completely resolved [63, 64]; the connection
with asymptotic states can be understood in various ways [27, 62]. In this context it is
interesting that scattering using dressed states [62] seems to exhibit interference terms
which are more in line with what is seen in finite time experiments.

1.2 Sub-leading and sub-sub-leading terms

While physically very important, the leading soft theorem and its physical applications are
not the whole story. It has been understood for some time that there are sub-leading correc-
tions [65—71]. Further connections between asymptotic symmetries and these sub-leading
corrections to the soft theorems have also been explored [72-80], in hopes that the asymp-
totic structure which explains the leading order might also account for the sub-leading ones.

Of particular relevance to us is work in the last few years investigating sub-leading
terms [24, 81-83], in which amongst other things it is conjectured that there are specific sub-
leading and sub-sub-leading corrections to the soft graviton theorem. This was shown to be
true for perturbative gravitational amplitudes at tree level; loop corrections were discussed
in [82, 83], and [84] derives loop corrected results independent of any IR cutoff. Consider a
tree level amplitude A, and the same amplitude but with an extra soft graviton with mo-
mentum ¢ and polarization €y, in the out state, o7 (g, €). The claim is then that, at tree level,

(q,€) = (y(o)+«7(1)+<7(2))A+O(|Q\2)- (1.2)

as |q| — 0, with ;) lq[FL.

The first term #(¢) is the usual divergent leading soft factor. The second term #(y)
was motivated by proposed extensions to the gravitational symmetries of null infinity. The
sub-sub-leading term .#(5) is somewhat more enigmatic. Its existence has been proven at
tree level, but although it seems clear that the soft theorems are intimately related to
asymptotic symmetries, there is currently no conclusive evidence that such a description
explains the appearance of .#(3).

In this work, we propose an explanation for the appearance of this term. As we will
see, there is something special about the terms which factorize at tree level — the leading,
sub-leading, and sub-sub-leading soft graviton factors. Drawing inspiration from eq. (1.1),
we expect that in order to factorize, the total soft factor .# can depend only on (i) the soft



graviton variables ¢, €, (ii) the initial hard momenta {p,}, and (iii) the final hard momenta
{pl,} (or derivatives with respect to these). In other words, we expect that the soft factor
can only involve what the graviton field can interact with at the infinite future and past
endpoints of the particle worldlines in the diagram.

Here we will make this intuition precise. By looking at a particular soft limit of the
source of gravitational radiation from a massive point particle — the Fourier transform
of the particle’s stress tensor 7% — we will find that only certain contributions to the
classical stress tensor can be written as boundary terms which localize to the endpoints of
the particle’s worldline. We will show that the only such contributions to 7% are simply
related to the leading, sub-leading, and sub-sub-leading soft graviton factors. This result
will be made precise in eq. (4.35) below.

It is remarkable that such a simple criterion singles out exactly these terms, while
predicting no further terms of the same type. Indeed, we will also show that a similar
manipulation of the electromagnetic current j¢ produces precisely the leading and sub-
leading soft photon factors. This will lead to the result (3.15). The equations (4.35)
and (3.15) are our main results.

The idea of relating the Fourier transform of the particle sources and resulting radia-
tive fields to the soft theorems is not new. Particularly relevant is work that has been done
on the so-called “classical soft theorems.” For example in [85], the classical limit of the soft
graviton theorem was taken up to sub-sub-leading order, in order to predict the classical
radiation fields at early and late retarded times produced by scattering events. This pre-
diction was then verified directly in the classical theory in five or more dimensions [86] and
in four dimensions [87-89]. Interestingly, these latter works also identify logarithmic cor-
rections to the soft theorems in four dimensions which arise beyond leading order because
of long range forces between the particles in the in and out states asymptotically.

Our work seeks to build on this connection between soft theorems and classical radi-
ation at early and late times. Specifically, here we relate the soft theorems directly to the
matter currents by looking for boundary terms in those currents, rather than explicitly tak-
ing the limits ¢ — £o0o in the resulting radiation field. This identification of unambiguous
boundary terms is new, and explains the factorizability of the tree level soft factors. Our
proof that there are no new terms of this type at higher orders is also novel, and provides
evidence against further factorization at higher orders.

The structure of the paper is as follows. In section 2 we review the soft photon and soft
graviton theorems, and establish our notation. Section 3 then contains the manipulations
of the classical electromagnetic current j7¢ which isolate the leading and sub-leading soft
photon factors. In section 4 we perform the same manipulations on 7% to yield the leading,
sub-leading, and sub-sub-leading soft graviton factors. This section also highlights one
major difference in the derivation between the electromagnetic and gravitational cases. We
then conclude in section 5. In the appendix A of the paper we give a detailed demonstration
of how our results show that the three soft graviton terms factorize out of all tree level
scattering amplitudes, in a simple model containing only gravitons and a scalar field.

In this work, we use the mostly-minus metric signature, 7., = diag(+1, —1,—1, —1).
Vectors with only spatial components will be bolded, otherwise all vectors have four space-



time indices. An overbar on a quantity denotes its complex conjugate. Lastly, a dot on a
quantity here will always mean a derivative with respect to proper time, X = dsX

2 Soft limit preliminaries

We begin by looking at the case mentioned in the introduction, i.e., with the amplitude for
a process in which a set of N particles with momenta {p,, } scatter into a set of M particles
with momenta {p/,}. The subscripts n and m label each particle in the in/out states. We
will call this amplitude A({p.,}{pn})-

Now consider the amplitude for the same process, but add to the out state a pho-
ton with momentum ¢ and polarization vector e. We call this modified amplitude
AP, };q,€l{pn}), and one finds that, at tree level [65-68]:

AP ael{pad) = (S +Sw)) AR }HH{pa}) + Ollal), (2.1)

as |q| — 0, with S o |q/¥~!. More concretely, we have

M N
So,1) = Na [Z emS(ao,l)(Qaﬂglm’P;n) - Z enS(0,1)(@, Tn,Pn) | 5 (2.2)
m=1 n—1
where N, is the “wavefunction” of the outgoing photon, i.e.,
Ny=— & (2.3)
(2m)%V/2d]
where the e, ,, are the charges of the matter particles, and where we have defined
Sty (a:p) = P (2.4)
q-p
a (o om Y — QbJ jba
Sy, 2,p) = . (2.5)
Here Jo = pogb — 3 apb = 9plaghl ig the angular momentum operator, in which the position

operator is represented by derivatives with respect to momentum when working in the
momentum eigenbasis.

Instead of the photon, we can also add to the out state a graviton with momentum ¢ and
polarization tensor e. We denote this graviton-emission amplitude by <7 ({p),}; ¢, €[{pn})-
One now finds that, at tree level:

A (Phtiadion}) = (S0 + ) + H) AdBH DY) +O(a?)  (26)
near |q| = 0, where once more

M N
«5ﬂ(0,1,2) = KAab [Z 5”(%{)172)(%1',77:,717771 Z 0,1,2 Qai'mpn) ) (2.7)
m=1

in which x = v/87(G is the Newton coupling, .4, the outgoing graviton “wavefunction,” viz.,

Eab
SCRTENG ik 28)



and

(S

a

. _pp
S (ap) = - (2.9)
. . ‘ Cjc(a b)

S (g, 2,p) =i ; _pp (2.10)
. . 1 chachjbd

(g, %,p) = 2 a (2.11)

where the parentheses around indices indicate symmetrization on those indices.

Equations (2.1) and (2.6) are the tree level soft photon theorem and soft graviton
theorem, to sub-leading and sub-sub-leading order respectively. In what follows we will
show how each of these factors is already encoded in boundary terms in the classical point
particle electromagnetic current and stress tensor. Our reasoning also explains why there
are in general no further factorizing terms at higher orders.

3 Electrodynamics

In this section, we will look at the conserved electromagnetic current associated with a
moving classical point particle. We first demonstrate that the soft factors appearing in the
leading and sub-leading soft photon theorems are already identifiable within the Fourier
transform of the current at small energies. After finding these, we will show explicitly that
there are no further terms of this type in the small energy expansion of the current.

3.1 Finding the soft factors in the classical current

At the level of the action, a charged particle couples to the electromagnetic field through
the interaction term
4 ) d4q )
Sint = [ d'xAg(x)j(zx) = [ 5 =74a(9)j"(—q) (3.1)
(2m)
in which A, can be thought of as representing a “soft photon” if we take the “photon”

momentum ¢* to be on-shell (¢ - ¢ = 0), and of very low frequency. The matter then
couples to the photon field via

7*(=q); (3.2)

where we write ¢® = |q|(1,7), where 7 is a spatial unit vector, and |q| is taken to be small,
|q| — 0. The Fourier transform of the current evaluated on a null four-momentum with
vanishingly small frequency is thus the object of our study, since this is what interacts
directly with on-shell soft photons.

The conserved current for a particle with charge e (and mass m) coupled to the Maxwell
field, which follows a classical trajectory X%(s), is

@) = e /0 T s X9(s) 6@ (@ — X(s)), (3.3)

in which s is the particle’s proper time, and the overdot represents differentiation with

respect to this proper time, ie., X(s) = %X(s). The integral is taken over the entire



trajectory of the particle, which we take to extend infinitely far in the past and future
directions. In the infinite past, no proper time has yet elapsed (s = 0), and it takes an
infinite amount of time to reach the infinite future s — oc.

Looking at the Fourier transform of this, j(¢q) = [ d*z €% j%(z), we get

j(q) = e/ooo ds X(s) "X (), (3.4)

This will be the starting point for our search for the soft factors; from here on we will
suppress the dependence of X% on s, as well as the integration limits.
Let us first rewrite this current using a simple identical transformation, i.e.,

) 1 d .
9(q) = ds X¢ o .
@) e/ ’ (m-x) ds* (3:5)

so that integrating by parts in s gives

¥ X d [ X
j*(q) = —Ze/ds < .X> —i—ze/dsequd <q X) (3.6)

In what follows we will concern ourselves with scattering processes, in which case the

limits of integration correspond to the infinite past and infinite future (as seen pictorially
n (1.1)). The boundary term in this expression is thus ill-behaved and should be dropped,
since it will be proportional to the oscillatory factor exp(#ig'cc0). More specifically, the
term in the infinite future is proportional to exp(ig’oc), and so vanishes if we take the
prescription ¢¥ — ¢" +ie, while the past term vanishes when taking ¢° — ¢° —ie. Dropping
the boundary term then renders the expression well-behaved, as the second term is only
nonzero when X # 0, which is not the case asymptotically giving the integrand a finite
limit in the infinite future and past.

This point has been raised before in [90], which agrees with our ie prescriptions, and
also gives some physical intuition for the problematic boundary term. The current (3.3)
is identically conserved, j*(z), = 0. In momentum space, we should have that ¢,j%(q) =
0, but contracting g, with (3.6) yields a generally nonzero value coming only from the
boundary term:

2a3"(q) = —ze/ds qu 7& 0 (3.7)

Enforcing current conservation gives us yet another justification for dropping the boundary
term, and from this point forward we will always neglect such terms. Similar conclusions
about this kind of integral have been drawn in [87], and a careful discussion of the ie
prescription turns out to be especially important when discussing logarithmic corrections
to the soft theorems [88, 89].

For us, the important thing to remember is that we should drop the oscillatory bound-
ary term, leaving us with the following expression for the particle current:

d [ Xe
ds e X — 3.8
74 ze/ se” o <q X) (3.8)




From here we want to look at what happens to this expression in the limit of small frequency.
Near |q| = 0 we assume we can Taylor expand the phase in the integrand (where we now
set ¢* = |q|(1,7)). We then have
=01 d [ Xe >
-a s i k el A — -a
() = Ze/ds LZO (g - X) 1 o <q-X> —]?::OJ(@(Q), (3.9)

which defines the kth order current j(;). The leading order term is

” , d [ Xe , X
Jloy(a) = w/ds% (q-X> = jeA (q-X) , (3.10)

where we have introduced the symbol A to stand for the difference between infinite future
and infinite past values, i.e., Af(s) = f(s = 00) — f(s — 0). We now see that the zeroth
order current is essentially the leading soft factor (with the momentum P being replaced

by mX), i.e. we can write
ijloy(—a) = eASE’O)(q,mX). (3.11)
The A here even explains the relative minus sign between outgoing and incoming particles
in (2.2) — it comes from the fact that the soft factor is a boundary term evaluated on
future/past boundaries.
Going now to first order, we have

ity(a) = ie/dS(iq-X)zS (qX;>
d X .. X
= —e/ds [ds (q.Xq-X> —(Q'X)q.Xl

d Xoo
_—e/dsds<q-Xq.X—X>, (3.12)

and we see again that this order too is simply a boundary term. Now, we can re-multiply
the X® in the second term by one, 1 = (¢- X)/(q- X), and rewrite this as

w d xXaxb _ xaxb quba

where in the second equality we’ve multiplied by 1 = m/m to convert X to P, and we see

the emergence of the orbital angular momentum J%. Clearly this is purely a boundary
term, and has the same relationship to the sub-leading soft factor as the leading order
current had to the leading soft factor:

ity (—a) = eASH)(g, X, mX) (3.14)

So what we have now shown is that, if we Taylor expand for small |q|, the current for
a point particle takes the form

i(~a) = e [ASH)(a.mX) + AS (0. X, mX)] + O(lal), (3.15)

where the first two terms are localized to the boundary of the particle’s worldline. This
demonstrates explicitly how the soft factors are connected to the boundary contribution
to the particle current, and is the one of the main results of the paper.



3.2 Proving there are no further unambiguous boundary terms

We have shown that the leading and sub-leading soft factors are present in the classical
particle current. Can we use this method to obtain further soft factors? The answer will
turn out to be no. At the next (sub-sub-leading) order, we have

o) = 5 [ astia- x)? (qx;)
—ie Xxa d Xe
= /ds [ds ( )2q X) - ((q.X)Q) p X] (3.16)

The first term again is a boundary contribution, but this time, it is not possible to write

the second term in the integrand as a total derivative in s. The term in question is

(0-X2) 2% = 20 X)) =5 = 200X (3.17)

d
ds

and clearly this isn’t just a total derivative. There is thus no unique boundary term at this
order to be identified as one of the soft factors. Indeed, we see that at this order, we can
always perform integrations by parts to move various terms to the boundary, but we are
always left with some “bulk” contribution, that doesn’t just depend on the boundary data.
A calculation similar to that in appendix A shows that the unambiguous identification of
terms which only depend on boundary data, at leading and sub-leading orders, is what
allows those terms to factor out of the (tree level) amplitudes which include soft photons.

It is now straightforward to show that the breakdown at sub-sub-leading order actually
persists to all higher orders in |q|. We have that

Jiea) = k,/ds (iq- X)* jg(Xa )
(ik+1) Xe d Xxe
= /ds lds ( )kq X) - ((q.X)k> q-X] , (3.18)

Yet again, the first term is already a boundary term. The expression appearing in the

second term of the integrand is

%((q'X)k) qX; = k(g X)X
= d% (k(q : X)k—lXa> ~k(k—1)(g- X)"2(q- X)X (3.19)

From the first equality, it is clear that this term isn’t a total derivative. In the second
equality, we have written the term as a total derivative, less a term that explicitly vanishes
when k = 0, 1. The second term in the last expression is thus a sort of measure of the failure
of each term to localize to the boundary, and it vanishes only at leading and sub-leading
orders.



4 Gravity

We turn now to the classical stress tensor of a point particle, via which our particle couples
to the metric perturbation in linearized gravity. In this discussion, we will find that our
method for obtaining soft factors tracks the procedure used in the previous section rather
closely.

There are however two major differences. Most obviously, we will find three unambigu-
ous boundary terms in the stress tensor, instead of the two boundary terms found in the
electromagnetic current. The second and more subtle difference is that in what follows, we
find “bulk” corrections to the boundary terms at sub-leading and sub-sub-leading orders —
at these orders, we do not get precisely the boundary terms we are looking for. However,
these bulk corrections vanish when the equations of motion are satisfied.

4.1 The soft factors in the classical stress tensor: leading term

The gravitational current for a particle with charge mass m following trajectory X%(s) is
the stress tensor
T () = m/dsX“ b(s) 6 (2 — X (s)) (4.1)

and, as in the electromagnetic case, we are interested in the Fourier transform of this:
To(g) = m / ds X(5)XP(s) 4 X ) (4.2)

Just as before, we can “multiply by one” with an insertion of (1/ig- X ) acting on the
exponential. We then integrate by parts, and drop the terms proportional to exp(4ig®c0),

T%(q) = Zm/ds equj (XaXb> (4.3)

leaving us with

q-X

Near |q| = 0 (where once again we set ¢* = |q|(1,7)) we can expand this expression
in powers of ¢, as

d (XX >
Tab = zm/ds [ — X)k] - ( qX> = kz:%)T&b)(q), (4.4)

which defines the kth order term Tz in the stress tensor. The leading order term is again

straightforward, and we have

= zm/ds (XaXb> = ImA (XaXb> (4.5)
. q- X

This clearly agrees with the zeroth order soft graviton factor, viz.,

1T (—q) = A (g, m ). (46)

verifying that we recover the leading soft factor from the lowest term.

~10 -



4.2 Sub-leading term: the acceleration terms

Turning to the first order stress tensor, we immediately find that things are different from
the case of electrodynamics. We have

va yvb
im/ds(iq-X)C;(l9 (jf{)
Xaxb . XeXxb
- _m/ds [d'S(q s X>_(q'X)q-X]
a b . .
_ _m/ds [ds <q X)q( ))i ) —XaXb] (4.7)

and unfortunately the last term is no longer a boundary term!

Te(a)

However things are not as bad as they appear. If we express the last term in the

integrand as

.. d . ..
ayvb _ % (axb)\ _ v(aybd)
XX _d8<XX) x@xb), (4.8)
where we have explicitly symmetrized on a and b, then we can express the sub-leading

stress tensor as

a Xox? - -
T (q) = m/ds [ds <q X - X Xb)> + x¢ Xb)] : (4.9)

qX

or, rearranging and again using m to turn X into P,

o d [ X°Xbxe - xlexbxe .
Tih(q) = —m/ds l (qc X + x(ax?)

Jc(an) .
— . (a 5b)
fo | (57 ) - e

e(a pb) )
- A <W> —m/dsX(“Xb). (4.10)

q-P

This is very close to including only the soft factor Aéﬂ(l), but we also have an extra
“acceleration” contribution —m [ ds XX and it is not immediately clear what to do
with this.

To understand terms of this form, linear in the particle’s acceleration, we consider the
(flat space-time) divergence of the stress tensor, viz.,

dz® da®
T () — / D (p_ x ]
W) = m [ ds [T T - X ()
de® dxb [ d d dab (4.11)
_ vt dx (4) (y > : da”
m lds <dm“6 (x — X(s)) ) + | terms like T s
where the terms not written explicitly vanish as
b b
d doo _ dde _dg (4.12)

dz® ds ds dz® ds ¢

- 11 -



Further, using (dz®/ds)(d/dz®) = d/ds, we have

b = m/ds ( (4)(ac—X(s))), (4.13)

which we can integrate by parts to get (after dropping another boundary term which will
turn out to be proportional to exp(4ig’oc))

T, = _m / as B2 50— X(s)) = —m / ds X060 (2 — X (s)). (4.14)

Finally, to make contact with our low energy expansion, we can take the Fourier
transform of this to get

T%(q) = —m / ds XX, (4.15)

Now, from the linearized Einstein equations we know that for the matter stress tensor,
T% , = 0. Thus we also have szb(q) = 0 when the equations of motion are satisfied.
Expanding the phase in (4.15) gives

T%(q) = —m/ds l (g X) ] X, (4.16)
and when stress-energy is conserved, these terms must vanish independently for each k:
1 3}
0= —m/ds [k'(iq-X)k} Xt (4.17)
At lowest order this implies conservation of momentum over the whole of the particle’s
worldline,
= —m/ds X0, (4.18)
and we also have the sub-leading and sub-sub-leading orders which will be useful for us,
0 = —imga / ds XX (4.19)
m cyayb
0 = = ela ds X°X*XP. (4.20)
Actually, because ¢, here is arbitrary, we have the slightly stronger result
0 = —im/dsX“Xb (4.21)
0 = % / ds XX X?, (4.22)

and we see from (4.21) that the problematic term in (4.10) vanishes when the stress tensor
is conserved, which it is when the equations of motion are satisfied. This analysis ex-
tends trivially to the stress tensors of multiple point particles — the analog of eqs. (4.21)
and (4.22) will simply contain a sum of terms of the same form, which vanishes on-shell.
This allows us to establish that

iT&%(—q) = A&”ﬁg (¢, X,mX) + (terms that vanish when T% , = 0), (4.23)
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and although we didn’t obtain an expression purely localized at the boundaries of the world-
line, what we have here is sufficient to understand the sub-leading soft graviton theorem,
as mentioned in appendix A.

It is important to understand that in linearized gravity, conservation of the stress-
energy necessarily fails to include contributions from the stress-energy of the gravitational
field. What this means is that these equations we see here predict the dynamics for point
particles which are free except for contact interactions with one another — i.e. they are not
subject to long range gravitational forces. One needs to go beyond the linearized limit to
incorporate gravitational effects in the stress tensor. Again this will not end up affecting
a tree level analysis.

We note that we did not need to have a discussion like this one in the electromagnetic
case. This is essentially because the electromagnetic current is identically conserved, rather
than only being conserved when the field equations are obeyed.

4.3 Sub-sub-leading order: back to the classical stress tensor

Let us now consider the next term (of sub-sub-leading order) in |q|. We start with

Xaoxb
/ds (iq - X)? (q X) (4.24)

and use the same integration by parts trick as before; this gives

Xaxb
T (q) = _im /d = 2 —2(q- X)X°X|. 1.25
B g (02 ) ~20 ) (4.25)
The second term here can be rewritten as
—2(g- X)X°X" = ((g- X)x°X" = 2(g- X)X X)) — X°X"(g- X) + 2(q- X)X XY
s
(4.26)
(by setting k = 2 in eq. (4.34)), leaving us with
Xaxb .
Tab o Zm /dS ( )2 (q X)XaXb (q . X)X(aXb)>
q- X (4.27)

%/ds (XX X) +2(g- X)X X

The first line of this equation is a boundary term, and each term in the second line
vanishes after invoking the equations of motion, thanks to eq. (4.22). As expected, we can
now rewrite this in a way that is suggestive of the sub-sub-leading soft factor. We get

_im (Xlex)ge(xbxd)
q-X

(4.28)
%/ds [Xaxb(q.X) +2(q-X)X<aXb>},
which after using mX — P gives
abiy — A [ G a0 im / axbi,. ¥ (a §b)
Toila) = —5A (N + 5 [ ds (XXP(q- X) +2(g- X)XXV] . (4.29)
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Using (4.22), we can now finally say that
iT("QI))(—q) = Ajﬂ(%g (¢, X,mX) + (terms that vanish when 7% , = 0), (4.30)
thus identifying the sub-sub-leading soft factor localized to the ends of the worldline.

4.4 Proof there are no further unambiguous boundary terms

Now we have identified the leading, sub-leading, and sub-sub-leading soft factors, we can
look at the general form of the stress tensor at kth order, i.e., the term

im v a yvb
T8 (q) = g/czg [(ig - X)"] % (ff{) (4.31)

Integrating by parts gives

m avyb va yb

o = O [ g (00T ) g @) ] e
m ayb . .

_ /ds Lm( )’fff{) k:((q-X)k_l) XaXb]. (4.33)

After some manipulation, the second “bulk” term here can be written as

(- X)) XX = 52 (g X)R LX) - XX g )]

+ k(g X)X XY _ %k(k C XX (g X)F (g X)
— %k(k —D)(k—2)X°X"q-X)?(q- X)*3. (4.34)

From this, we see that the bulk term has one piece that localizes to the worldline endpoints
(the first line), one piece that vanishes when the equations of motion are satisfied (second
line, using eq. (4.16)), and then one further piece that is not localized on the boundary,
and also does not vanish for any general reason (third line). Analogously to eq. (3.19), we
see that this last piece vanishes explicitly for £k = 0,1,2. That is, it vanishes at leading,
sub-leading, and sub-sub-leading order.

We can therefore conclude that for the point particle stress tensor, for small |q|, we
must have

T (—q) = [Ay(%f;(q, mX) + ASE (. X, mX) + A (¢, X, mX)]
+ (terms that vanish when 7% , = 0) + O(|q/?), (4.35)

and we have shown that at higher orders there are no terms which unambiguously localize
to the future and past boundaries of the particle’s worldline. This is the main result of
the paper. It is what singles out the leading, sub-leading, and sub-sub-leading soft factors,
and it explains the appearance of the sub-sub-leading term in [81].

There are several lacunae in our arguments, which require more technical discussion
— this is given in appendix A. There we explain how our classical reasoning applies to
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quantum scattering. That discussion encompasses scattering from N incoming particles
to M outgoing ones, and we include hard gravitons. We demonstrate explicitly that the
fact that these three terms are localized to the worldline boundary allows them to factor
out of all tree level amplitudes in a simple theory containing only a scalar field coupled
to gravitons. We also see how the contribution coming from terms that vanish when
T Zb = 0 must itself vanish at the quantum level, so that this contribution does not upset our
result. In essence this contribution vanishes quantum mechanically because the equations
of motion are satisfied at the operator level, or inside of a path integral.

5 Discussion

Our conclusions here are summarized in equations (3.15) and (4.35). We have demonstrated
that in a particular soft limit, the point particle sources j* and T contain contributions
which are localized at the boundaries of the particle’s worldline. These boundary contribu-
tions turn out to be simply related to the leading and sub-leading soft photon factors, and
the leading, sub-leading, and sub-sub-leading soft graviton factors. They are precisely the
terms which are known to factor out of tree level scattering amplitudes. Additionally, we
showed that there are no further terms in a low frequency expansion which unambiguously
localize to the boundary. This explains why tree level soft factorization stops after sub-
leading order for photons and sub-sub-leading order for gravitons. We show this explicitly
for a scalar field coupled to linearized gravity in appendix A.

Looking forward, we also expect that our perspective may be able to shed more light on
loop corrections to the soft theorems. In appendix A we have noted some places where such
effects might be seen in our framework. It could also be illuminating to investigate the log-
arithmic corrections found in some of the work on “classical soft theorems” [84-89, 91, 92],
using the approach presented here. Lastly, an extension of our results to non-minimal cou-
plings to radiation fields could provide a foundation to further understand “non-universal”
corrections to the soft factors beyond leading order [80, 93, 94]. Such an extension could
also include an analysis of spinning particles — beyond leading order the soft factors which
involve J% are modified when the particles involved possess intrinsic angular momentum.

A An example of soft factorization

In this appendix, we will demonstrate soft factorization at leading, sub-leading, and sub-
sub-leading order, at tree level, in a theory consisting of a scalar field coupled to gravitons.
We use a functional form of QFT without explicit reference to Feynman diagrams. However
we will note which approximations we take that are equivalent to working at tree level
diagrammatically.

First we will lay out our conventions and recall some basic results for scalar fields
coupled to gravitons. We then discuss the simplest 2 — 2 scattering amplitude with an
additional soft graviton emission, and see how soft factorization emerges. We then show
how the factorization property generalizes simply to all hard amplitudes in the theory. Some
of this has been discussed before by us, using the language of influence functionals [27].
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A.1 Computing scattering amplitudes using the generating functional

To establish our notation and fix our conventions, we recall basic results for a free scalar
field ¢ of mass m. The generating functional for the free field is

z[J] = /ngexp[—i/qﬁ[(‘lqﬂ—i/ﬂb] — o3[ IKI (A1)

in which K ! is shorthand for the free wave operator for the scalar field, J is a source for
¢, and we use a compressed notation for integration, in which

[or70 = [ d'ao@K @), (A2)
/ Jo / &'z J(2)d(), (A.3)

/ JKJ = / s / d'' J(2) K (z,2)J (). (A.4)

To generate amplitudes from this generating functional, one uses the Lehmann-

and

Symanzik-Zimmerman (LSZ) procedure [95] for computing the usual scattering operator
S from a generating functional. For the free scalar field this is

S = :efomET5r Z[J]

. (A.5)
J=0

The colons here denote normal ordering, and the “in” field operator ¢, obeys the wave

equation
K@) én(z) = 0, (A.6)

and is related to the full field ¢ via the weak asymptotic limits
i [(Blo@)]a) — (Blow)le)] = 0, (A7)

in which |a), |3) are arbitrary states of the system. We can split the scalar field into positive
and negative frequency parts

On(a) = (@) + ¢ = [ & (Wylway + ) (A8)

and demand the creation and annihilation operators obey the commutator [ap,a;;,] =

(27)36@) (p—p’). If we normalize states as |p) = a};\0>, the wavefunctions are normalized as
ip-T

(&

Yp(z) = W7

where E, = /|p|? + m? is the energy of a particle.
The elements of the S-matrix give scattering amplitudes A(S|a) = in (5]S|a)in, and we

(A.9)

are particularly interested in amplitudes of the form A({p/,}|{pn}). To obtain these from
the scattering operator in eq. (A.5), we define

)

St imahl01] = (Olay -y el K55l T Tal, ] o), (A.10)

p1 """ PN
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which gives scattering amplitudes after acting on Z. Commuting the creation/annihilation
operators through the S-matrix we obtain the standard LSZ expression in terms of the
amputation and on-shell restriction of the correlation function

AP} = Swpmp 0121

— /d4x’1 dry 1/_1p/1 (2}) .. .1/_1po ()

x /d4m1...d4xN Yo (21) - .. Upe (@) (A11)
x K (z)) ... K7 (2 ) K Y1) ... K (zw)
5 5 5

ST ST (@hy) 00 (w) oI an)

From this expression one can compute any S-matrix element between these massive particle
states.

If we now couple to gravitons in a linearized gravity theory, the generating functional
becomes

2,1 = /D¢Dh exp [—;/(bK_qu——;/hD‘1h+i/<;/T[¢]h+i/J¢+i/lh}
(A.12)
in which D~! represents the free wave operator for the graviton field Khey = gap — Nab, and
1% acts as a source for hy, (we have suppressed Lorentz indices here). T%[¢] is the stress
tensor of the scalar, and k = v/8rG. Doing the integrations, one gets

2,1 = e% Z;’;lTr(—Ké_I—ﬁT“b)] o3 [ JK(61)T & [IDI (A.13)

Here 7' is a differential operator corresponding to the stress-energy tensor of the scalar,
and —id/0I can be thought of as an insertion of the graviton field. A term involving the
trace of (K habT ab)n " in the first exponential factor, corresponds to a closed scalar loop
with n graviton insertions, and thus describes graviton polarization effects by scalar loops.
We are not currently interested in looking at loop corrections, so we simply drop this factor
in what follows, leaving

251 ~ e IKGDI o5 [IDI (A.14)

where in our compressed integral notation,
/IDI = /d4x/d4x/ I(x) Dypeq(z, ') I¢a"),  ete. (A.15)

In (A.14), K(d;) is the propagator K(z/,x|h) for the scalar field in a “frozen” back-
ground hgp, with the background field replaced by a functional derivative with respect to
I°. This propagator can be written in path integral form (compare ref. [7], problem 15.4):

K(«,zh) = i / ds / DX (') SXirin [ T haslg (A.16)

0
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T here takes the form of the stress tensor for the relativistic point particle discussed in
the main text, plus a contribution which is & n®. Note that the range on the proper time
integrals in the exponent here is different than in (3.3) and (4.1). This does not change
our results in any way. This second contribution will vanish when contracted with the
polarization tensor €y of the soft graviton, so we can forget about it. A very important
property of these path integrals is that the canonical momentum is not simply mX. Instead,

PK(z',z|h) = —idyK(a',2|h) = mi + O(k), (A.17)

so the canonical momentum is altered due to the propagation in the background field. The
same thing occurs when coupling a charged particle to a background vector potential A
in non-relativistic quantum mechanics. The property (A.17) will be important for what
follows.

A.2 2 — 2 scattering, plus a soft graviton

Using the LSZ formalism, we now generate the amplitude for a simple 2 — 2 scattering of
scalar particles, along with the emission of a single graviton of momentum ¢ and polariza-
tion €45. The momentum of the graviton is assumed to be small. Generalizing eq. (A.11)
to include gravitons, we have:

< (P}, P ¢, €|p1, p2) z/d4x’1/d4x by () ( /d4z\If 2)eab

/ d*z; / d*xa Wy, (1), (22) (A.18)

(x

abcd
x KNz K~ Y(xh) { z} “Hx
J o ] 4] J

X 6J () 6.J () 61°4(2) 6.J (1) 5J(x2)Z[J’ I]

Na) K (a)

J=I=0

Here, W, (2)€, is the (complex conjugated) wavefunction of the emitted graviton, and we
are acting on the approximate generating functional (A.14). Performing the derivatives
gives

o (P}, P ¢, €lp1, p2) = /d4 /d4332 Gyt (27) 0y ()

x [ dtor [ sy (@) p(eo)
x K= (2)) K~ (ah) K~ (1) K~ () (A-19)

X [K (), 21|67) K (2, x2]01) + permutations]

xi [t () e I7(:) ¢4 101
I=0
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To clean up our equations a bit, let us assume the particles are distinguishable, thereby
removing the symmetrization in the fourth line above. This leaves

< (P, P; ¢, €lp1, p2) = /d4x'1/d433’2 Gyt () p, (5)
X / d*zy / d g 1y, (1), (22) (A.20)
x KN (@)K (ah) K@) K (a2)

x K (2, 21|67) K (2, w|67) i / Y2 0 (2) ey I™(2) €3 10T

I1=0

Let us now pause and examine the expression

K (&), 1|67) K (aly, wa|67) i / 2 Uy (2) e 190(2) e J 1P

(A.21)
I=0

which appears in the last line of (A.20). The full amplitude (A.20) is simply obtained by
the usual LSZ prescription for the scalar field applied to this object. By eq. (A.16), this
expression is equal to

- / d81 / d32 / DXl / DXQ
0 0 T T2

. . . b =10 \ |51, b( =10 |52
" |:615[X1]|31+ZS[X2]82 G [T (5 )16t i [ 180 (52516

xi/d4z U, (2) € I°(2) e J DI (A.22)
=0

and here the factors

e T (5a) (A.23)

act as linear shift operators on the functional of 7% on the last line of (A.22), giving

- / d81 / dSQ / 'DXl / DXQ
0 0 ] T2

. . . 2
o [ezS[Xl,P1]|81+zS[X2,P2]|(S)2+“; [IT1+T2) DT +T2)

x ik / A2 Ty (2) e [T1+ To)™ (). (A.24)

There are several remarks to be made about this expression. First we see that the last
line is (A4 here is the same as in eq. (2.8))
= €,
in/d4z Uy (2) € [T1 + To)™ (2) = m+’? [Ty + T5]™ (—q)
(2m)*V/ld
= irAy [Ty + To)™ (—q), (A.25)

where A4y, here is the graviton wave-function defined in eq. (2.8); the external graviton
gives an insertion of the momentum space stress tensor we studied in the main text. It
even shows up in the form i7T'(—q), just as it does in eq. (4.35).
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Now note that because ¢ is on shell, and the emitted graviton momentum |q| is taken
ab
(—q) as

a sum of boundary terms plus terms that vanish when [T} + T3] . = 0. For convenience

to be small, we will simply use our classical expression (4.35) to write i [T} + T3]

we define just the boundary contribution

ifill/)z(—Q) = [A«V(%Ii(q,mxlm) + Af”ﬁ’i(q,Xl/a,le/z) + A«Vé’i(q,Xl/a,le/z)} ;
(A.26)
and then write the term in (A.25) as

ik [F1+ T2 (—q) (A.27)

when T} + T5 is conserved, and we have also neglected the terms higher order in |q|.
We can see that the stress tensor 17 + 75 is indeed conserved within the path integrals
of (A.24) as a consequence of the equations of motion. Note that the quantity

¢ / . s . s 1'52
/ “px, / " DX, SXLPGHIS(X PII +57 (1742 DI AT (A.28)
x1 xo
can be rewritten (with appropriate gauge-fixing) as
/Dh o1 [hD 7R /xl P, /mz DX, ISIXL P[5 +iS[X2, P52 +in [T+ To]h (A.29)
x1 T2

Because this expression is invariant under a change of bulk integration variables hgp + dhap,

% inside of the integral,

hay obeys the linearized Einstein equations sourced by [T} + T5]
which then implies that [T7 + Tg]ab

Finally, we note that the factor

o = 0 in the integrand as well.

exp (Zl‘j / [Tl + Tg] D [Tl + TQ]) (A.?)O)

in (A.24) is what contains the interaction between the two scalar particles mediated by
virtual gravitons. We can now restrict our attention to the tree level contribution to this
amplitude, which consists in making the replacement

-2
exp (w;/[ﬂ + T3] D T3 -I-Tz]) — Z'/‘62/T1DT2- (A.31)

Thus one virtual graviton is allowed to connect the two scalar particle lines in
the Feynman diagram for this process, but we throw away terms where gravitons
connect one line to itself, and terms with multiple gravitons connecting the two lines,
as these diagrams all contain loops. The tree level amplitude should be O(k3) — it
picks up a factor of x? from the virtual graviton connecting the two scalar lines, and an-
other factor of k from the vertex at which our soft graviton is emitted, so we have the graph:

—90 —



Henceforth we will drop all corrections that are not O(k?), to be sure we are isolating the
tree level result.
The tree level contribution to (A.24) is thus

/ dsl/ dSQ/ DXl/ DX (A.32)

« [ez [Xl,P1]|o +lS[X2,P2]|(S)2 Z.1%2/,1111)712] ilif/%b [(51 _i_(zﬂab (—CI)-

The boundary stress tensor insertions ¥y ;5 which appeared due to the soft graviton depend
only on the boundary data (g, 1 /2, ) /2 miy g, ma /2). We cannot in general substitute de-
pendence on e.g. mi with —id;,, because of eq. (A.17). Importantly however, since the cor-
rection to this prescription for the conjugate momenta is higher order in x, we can disregard
the correction because it will not be part of the tree level result. This means we can factorize
the boundary stress tensor out from the path integrals at this order, turning (A.32) into

ik N [z1+zg / ds / dsy / DX, DXQ (A.33)
T2

e k=

where now e.g. T s given by eq. (A.26) with md; replaced simply with —id,,, etc.
Note that dropping the O(k) corrections to the canonical momentum is equivalent to
assuming that the particles travel with constant momentum in the infinite past and future,
unaffected by long range gravitational forces between one another. Thus, e.g., at leading
order in 1/|q|, and to tree level in , we have

~ta A1h ~anb
it (—q) ~ DL TN (A.34)
q- p1 q-P1
which is a formal expression, in which
0 0
Ala - P/ — .
=17, = —1—. A35
V4 ax/l V4 81‘1 ( )

Though a little tedious, one can check that in this form, the operators ‘fl /2 also safely
commute with the free field operators K ! in eq. (A.20), so we can factor them out of the
entire amplitude by replacing 1 — —i0,,, —10;, — p1, etc.

When we perform all of these replacements, eq. (A.20) becomes

~ ~ 1ab
%(p’l,p’z;q,elpl,pz)ziﬁ%b[&'ﬁ%] (—9) (A.36)

x [ atah [ dah iy @iy (o) [ dan [t b @) i)
x K7 @) K (@) K @) K (a2)

X/ dSl/ d52/ DXl/ DXQ
0

" [eiS[xl,Pln HS[Xa, P2l / T1DT2].

- 21 —



For concreteness, we will fully write out one of the stress tensor operators. We have
(to sub-sub-leading order) that

c(a 5 el p sac s s ac s bd
() = vt il | o] 0P @] 1 e ] g
' g-py  q-m q-p) q-p1 2| g q-p1
- Z |: k;) qvx lvpl) ‘Sﬂ((,ig(qai.hpl)} (A37)
~ ab ~b “ “ ~
with J{a = (p’lax’l —x’(llp’lb), Jlab = (plai"l{ —uﬁ‘l‘plb), 2’1 = 0y, and &1 = —i0p, .
Finally, returning to eq. (A.36), we find that for small |q],
~ ~ 7ab
A (P, phi g elpr,pe) ~ ik [T+ %] () AW hlpLpe),  (A38)
where
2
A ~ jab ~
i’{'%b {Sl J”SZ} (7Q) = Ii%b Z [Z y Qa x/Term Z Q7xn)pn) )
k=0 n=1
(A.39)

so we have agreement with the soft theorems up to sub-sub-leading order, at tree level.

A.3 Generalization to all tree level scattering

Having seen how soft factorization works in 2 — 2 scattering, it is relatively simple to show
that the factorization holds also for all N — M scattering, both of scalars and of hard
gravitons. Here we show what is involved in generalizing the 2 — 2 example to (i) N — N
scalar particle scattering, (ii) N — M scalar particle scattering, and (iii) N — M scalar
particle scattering with additional hard gravitons.

N — N scalar scattering. Let us consider the contribution of connected diagrams to the
N — N amplitude (disconnected contributions themselves factor, so factorization extends
trivially to those). Each connected diagram which contributes to N — N scattering at
tree level takes the form

, (A.40)

or a permutation of this. We will always have N scalar lines connecting the in/out particles,
which are themselves connected by N — 1 graviton lines, while the external soft graviton is
attached to one of the incoming or outgoing scalar lines. As before, each internal graviton
propagator contributes a factor of k2, and the vertex where the soft graviton is emitted
contributes a factor of k. This makes the entire diagram oc x>V 1.

In terms of our framework, having N scalar lines means eq. (A.20) will be altered to

include N factors of K (a2, xz|07). So we will have

K(x’l,$1|51) .. .K(Q;QV,;EN\(SI) + permutations, (A.41)
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along with their associated amputations. If we restrict our results to tree level, the analog
of eq. (A.31) becomes

exp (“;2/ liv: T.| D [g: TnD — <m2/T1DT2>><---><(m2/TN1DTN>, (A.42)
n=1 n=1

plus permutations. This inserts the N — 1 graviton lines in (A.40), and is O(k*¥=2). The

soft graviton vertex is O(k), so once we include it, we have “used up” all of factors of x
that we expect to appear in (A.40). This again leads to the same power-counting argument
we used to go from (A.32) to (A.33), and allows us to very simply factorize any occurrence
of the boundary stress tensor out of the path integrals, and then the entire amplitude, at
tree level.

The simple relationship between our explicit 2 — 2 example and the more general
N — N case thus allows us to conclude that tree level soft factorization holds to sub-sub-
leading order for all N — N scalar scattering in this theory.

N — M scalar scattering. The even more general N — M scattering case is only
marginally more difficult to handle than the N — N case. First let us think about what
diagrams we expect to see in these amplitudes at tree level. Because the linearized theory
only contains the linearized graviton-matter vertex,

)

each external scalar line must be connected to another at tree level (meaning N + M
must be even). Connected diagrams which contribute at tree level will thus have a similar
structure as in the N — N case. There will be (25) scalar lines connected by (¥M) —1
virtual graviton lines, and the power-counting arguments we have been using still hold.
We will use an example of this kind of scattering to highlight one further subtlety.

The 2 — 4 amplitude contains the contribution

which contains a scalar line connecting two of the outgoing particles. The only thing this
changes in our formalism is that the path integral propagators K (', z|0;) now occur with
x, 2’ corresponding to two incoming or outgoing particles, rather than one of each.
Because we have represented the soft factors as (future boundary term — past bound-
ary term) in the stress tensor, one might be concerned that the path integral propagator
between e.g. two outgoing particles will induce a relative minus sign between their soft fac-
tors (as in eq. (A.34)), contradicting the soft theorems. This seems to happen initially when
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factorizing the boundary stress tensor out of the path integral. However as long as one is
careful when further factorizing the terms outside of the entire amplitude (see the lead up to
eq. (A.36)), one sees that the LSZ procedure indeed provides the correct sign for every term.

Soft factorization to sub-sub-leading order then holds at tree level for N — M scalar
scattering.

Adding hard gravitons. The last and most general kind of amplitude we can consider
in this theory is an N — M scalar amplitude which also contains any number of incoming
or outgoing hard gravitons, in addition to our single emitted soft graviton. It is very
straightforward to see that adding these gravitons will not upset factorization.

Consider adding a (hard) outgoing graviton of momentum & and polarization F to the
out state of our 2 — 2 example. The last line of eq. (A.20) becomes

K (2, 21]01) K (23, 22|07) (A.43)
/d4z’ (2 [D l(Zl)rdef SIeT (2" /d 2 Wy(2) € 1(2) es J 1P1 Y
Now, if the hard graviton functional derivative 6 /01 ef (2) hits the soft graviton contribution
i / 42 By (2) e I190(2), (A.44)
it will produce a term which vanishes, because
DM )y(2') = 0. (A.45)

The upshot is that the hard graviton contribution then just harmlessly commutes past
the soft graviton contribution. This is true for any number of incoming or outgoing hard
gravitons, and so our factorization arguments are still unaffected. Soft factorization occurs
up to sub-sub-leading order for all tree level amplitudes in this theory.

A.4 Conclusions

What have we learned from this? We have seen that when using the path integral repre-
sentation of the scalar propagator on a graviton background, eq. (A.16), the identification
of the soft factors as boundary terms in the stress tensor shows itself directly in the cal-
culation of soft-graviton-added amplitudes. This is particularly simple at tree level, where
we have ignored polarization of gravitons due to scalar loops. Additionally, propagation on
a graviton background changes the canonical momentum of the scalar in the path integral
(eq. (A.17)), but power counting arguments allowed us to essentially ignore this subtlety
at tree level, and immediately factorize the boundary terms.

So we have learned that the classical intuition presented in the main text carries over
rather simply to all scalar-graviton amplitudes at tree level. It is known, however, that
beyond leading order, the soft theorems acquire loop corrections. Importantly, we can look
back at the 2 — 2 example to identify two places where loop corrections could arise in our
framework. In particular, one could reintroduce graviton polarization effects to the generat-
ing functional, using (A.13) rather than (A.14). One could also keep track of corrections to
the canonical momentum at higher order in k when attempting to factor the boundary stress
tensor out of the path integral propagators. This would yield corrections to eq. (A.33).
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