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ABSTRACT: We study quantum corrections in four-dimensional theories with N = 1 su-
persymmetry in the context of Quantum Gravity Conjectures. According to the Emergent
String Conjecture, infinite distance limits in quantum gravity either lead to decompactifi-
cation of the theory or result in a weakly coupled string theory. We verify this conjecture
in the framework of N = 1 supersymmetric F-theory compactifications to four dimensions
including perturbative o’ as well as non-perturbative corrections. After proving unique-
ness of the emergent critical string at the classical level, we show that quantum corrections
obstruct precisely those limits in which the scale of the emergent critical string would lie
parametrically below the Kaluza-Klein scale. Limits in which the tension of the asymptot-
ically tensionless string sits at the Kaluza-Klein scale, by contrast, are not obstructed.

In the second part of the paper we study the effect of quantum corrections for the
Weak Gravity Conjecture away from the strict weak coupling limit. We propose that
gauge threshold corrections and mass renormalisation effects modify the super-extremality
bound in four dimensions. For the infinite distance limits in F-theory the classical super-
extremality bound is generically satisfied by a sublattice of states in the tower of excitations
of an emergent heterotic string. By matching the F-theory o'-corrections to gauge threshold
corrections of the dual heterotic theory we predict how the masses of this tower must be
renormalised in order for the Weak Gravity Conjecture to hold at the quantum level.
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1 Introduction

Recently there has been much activity aiming to distinguish effective field theories (EFTs)
that can be consistently completed to a theory of gravity from those that do not allow for
such a completion and hence lie in the so-called Swampland, Vafa:2005ui. This has led to
the formulation of a growing web of general conjectures about the nature of any theory of
quantum gravity that lie at the heart of the Swampland Program (for reviews see [2, 3]).
Since string theory combines both quantum gravitational and field theoretic dynamics it
provides an ideal arena to test these quantum gravity conjectures in explicit setups. In this
context the asymptotic boundaries of the moduli space of string compactifications are of
particular interest as here the structure of the moduli space simplifies considerably allowing
for precise statements.

If these asymptotic regions lie at infinite distance in moduli space the Swampland
Distance Conjecture (SDC) [4] asserts that a tower of states has to become asymptotically
massless in the vicinity of the infinite distance point. According to the Emergent String
Conjecture [5], an infinite distance limit in any quantum gravity theory is either an effective
decompactification limit or a limit in which a unique critical string becomes weakly coupled
and tensionless compared to the Planck scale. The asymptotic physics crucially depends
on the parametric behaviour of the string tension, Tg,, with respect to the Kaluza-Klein
(KK) scale (in less than ten dimensions) [5]:

Tsir = MI%K decompactification limit
Tyr ~ MZi emergent string limit (1.1)

Tur < M2y pathological

In the first case, the physics is dominated by a KK tower leading to decompactification. In
the emergent string limit, by contrast, the weakly coupled string excitations and the KK
tower are parametrically comparable.! The theory hence asymptotes to a weakly coupled
string theory without changing the number of dimensions, even if it is not formulated
as a string theory away from the boundaries of its moduli space. The third possibility
will be discussed further below. Examples of the first type include limits in which the
parametrically dominant tower of states consists of BPS particles due to branes wrapped
on certain non-contractible cycles as studied in [6-11]. Emergent string limits, on the

'Here the symbols >, ~, < refer to parametric behaviour in the infinite distance limit. In particular
~ also refers to cases where for example the string tension and the KK scale are just separated by finite
volume effects. If this suppression is large, but finite in the infinite distance limit, we speak of a numerical
suppression.



other hand, arise when solitonic strings due to wrapped branes become weakly coupled and
acquire a tension comparable with M12<K [5, 12—-15]. The special role played by tensionless
strings to understand the Swampland Distance Conjecture in four dimensions has also been
stressed in [16], which studies in particular the backreaction of such strings on the fields in
an N = 1 supersymmetric effective action.

Since an infinite distance point implies a weak-coupling limit for a gauge symme-
try [6, 12, 17], the Weak Gravity Conjecture (WGC) [18] requires that among the infinite
tower of light states there should be charged states whose charge-to-mass ratio exceeds that
of an extremal black hole. In a stronger version of the WGC these charged states are even
expected to populate a sublattice of the entire charge lattice [19-22] or at least an infinite
subtower of states [23]. Alternatively one can interpret this condition as the statement
that there should exist a tower of states for which the net force is repulsive [13, 24, 25].

Consistency with the Emergent String Conjecture requires that in any infinite dis-
tance limit which does not correspond to an effective decompactification, the states satis-
fying the (sub-) lattice WGC must be the excitations of emergent weakly coupled strings.
This was confirmed in non-perturbative compactifications with eight supercharges in six
dimensions [12, 13, 15] and with four supercharges in four dimensions [14]. However, in
compactifications to four dimensions quantum corrections have to be taken into account
which can in principle obstruct classical infinite distance limits. This has been shown for
N = 2 theories in the vector multiplet [5] and the hypermultiplet moduli space [26, 27].
The issue of quantum corrections in four-dimensional setups with N = 1 supersymmetry
has been addressed in [28-30].

In particular the results of [27] show that (non-)perturbative quantum corrections and
tensionless strings go hand-in-hand: The quantum corrections precisely obstruct geometric
limits in which the tension of the emergent, critical string would naively drop parametrically
below the KK-scale. This would lead to a pathological phase of the theory with a genuine
critical four-dimensional string which is not expected to exist on general grounds (see (1.1)).

In the present work, we discuss the effect of quantum corrections for the swampland
conjectures in four-dimensional theories with N = 1 supersymmetry.? We will find a
conspiracy of quantum effects to obstruct precisely the pathological limits in (1.1), while
both decompactification limits and emergent string limits are unobstructed (see figure 1).
As our second main result we will see how the precise charge-to-mass ratio appearing in
the WGC is modified at the quantum level as a consequence of gauge threshold corrections
(cf. figure 2).

To obtain these results, we reconsider the setup of [14] and investigate the role of
perturbative o’-corrections in infinite distance limits in the Kahler moduli space of F-theory
compactifications on Calabi-Yau fourfolds.> Our starting point for this investigation are
the leading perturbative corrections at order (a/)? in the form computed in [34-38]. The
first part of this paper is thus dedicated to investigating whether such quantum corrections
obstruct certain classical infinite distance limits similar to what happens in N = 2 setups.

2Quantum log corrections to swampland conjectures have been studied in [31, 32].
3For a discussion of infinite distance limits in the complex structure moduli space of Calabi-Yau fourfolds
in the context of the swampland conjectures, see [33].
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Figure 1. Infinite distance limits of the F-theory geometry Cy — B3z — Bs (for the class where
() is a rational curve): The quantity A — oo parametrises a finite volume infinite distance limit in
which the volumes V¢, — 0 and Vp, — co. The parameter p describes an additional homogeneous
rescaling Vg, ~ p3. The plane is separated by the codimension one locus u? ~ X at which a unique
emergent heterotic obtained by wrapping a D3 brane on Cy becomes light at the same rate as the
KK scale. The region where p2/\ — 0 is obstructed by a/-corrections, whereas the opposite regime
u?/\ — oo is a decompactification limit where MI%K/TStr — 0. Note that Ag and A; dualise to
holomorphic and non-holomorphic threshold corrections in the heterotic frame, see section 4.
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Figure 2. Left: Neglecting corrections away from the infinite distance point the (sub-)lattice WGC
is fulfilled by a (super-)extremal tower of heterotic string excitations. Center: The gauge coupling is
corrected away from the infinite distance point such that the former WGC states do not marginally
lie above the classical bound (here, they lie below, as in the example of section 5.2.). Right: Taking
into account corrections to the relation M2 ~ nTy, the tower of formerly extremal states satisfies
the repulsive force condition |Fcoulomb| = |FGrav| + |Fyuk| although it is still sub-extremal with
respect to the classical extremality bound. We expect corrections to black hole solutions to be such
that (super-)extremality of the string states is restored (red line).
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Figure 3. We consider F-theory compactifications on £ — Yy, — Bs. As in [14], infinite distance
limits with emergent strings feature a fibration structure Cy — B3 — Bs, such that the fiber Cy
shrinks relative to By. The role of the emergent string is played by a D3 brane wrapped on Cj.
The curve Cj can either be a torus leading to a Type II string, or a rational curve leading to a
heterotic string.

Our main interest is in infinite distance limits that do not correspond to decompacti-
fication limits and thus reduce to a weakly-coupled string theory as displayed in figure 3.
To make contact with the WGC we further need a gauge theory to become weakly-coupled
at the infinite distance point. As analysed in [14] such limits can only be attained if the
base of the elliptically-fibered Calabi-Yau fourfold admits a rational fibration. The emer-
gent string then corresponds to a D3-brane wrapped on the rational fiber and is dual to
a critical heterotic string. In the case of a U(1) gauge theory, a sublattice of the string
excitations captured by the elliptic genus classically satisfy the WGC [14]. Since also the
asymptotic geometry of the moduli space receives perturbative corrections a particularly
interesting question is whether this classical statement remains true even after the inclusion
of quantum effects.

Quantum corrections should also be a necessary ingredient when analysing the swamp-
land conjectures upon moving slightly away from the infinite distance points towards the
interior of the moduli space. The general expectation is that swampland conditions such
as the WGC should be still valid in the interior of the moduli space. However, quantities
such as the charge-to-mass ratio of extremal black holes receive corrections encoded in the
corrections to the F-theory moduli space geometry slightly away from the strict emergent
string limit. Analysing the structure of the F-theory corrections then allows us to also
make a statement about the WGC slightly inside the quantum moduli space.

In the following, we give an overview and summary of the key results of this paper:
The first part of the paper revisits the geometry of infinite distance limits in the Kahler
moduli space of F-theory compactifications on Calabi-Yau fourfolds [14]. Such limits can
lead to the appearance of asymptotically tensionless heterotic or Type II strings. In this



Figure 4. Shown are the possible infinite distance limits in the Kahler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II string
(lower left corner) becomes tensionless (at the fastest rate) with respect to the four-dimensional
Planck scale.

case the F-theory base is fibered by a curve such that the string is realised by a wrapped
D3 brane. The situation is summarized in figures 1 and 3.

Regarding the classical geometry of the emergent string limits we present a uniqueness
result in section 2. We find that any infinite distance limit in which more than one non-
contractible curve shrinks to zero size at the fastest rate is necessarily a decompactification
limit. In this case the tower of states predicted by the distance conjecture is the Kaluza-
Klein tower and not the tower of excitations associated with the string from wrapping
D3-branes on the shrinking curves, which asymptotically disappear from the spectrum.
Any limit in which this is not the case can only feature a unique such shrinking curve
corresponding to a unique emergent critical heterotic or Type II string. See also figure 4
for illustration.

In section 3 we show that even the limits with a unique emergent string are severely

2_corrections to the F-theory effective action, as

constrained by the leading perturbative o
computed in [34, 35, 37, 38]. These generically present an obstruction to what is called
pathological limits in (1.1), i.e. to those limits in which the tension of the emergent string
asymptotically vanishes when compared to the KK scale. The parametric hierarchy be-
tween the two scales translates to the shrinking of divisors vertical with respect to the
fibration by Cj, leading to a loss of control. This censorship by a’-corrections offers a
tentative way out of the conundrum of a four-dimensional critical string theory that such
limits would propose. At least for a subclass of such limits, we will understand the quan-
tum corrections responsible for this shielding of the pathological infinite distance limits as
follows: They lead to a strong coupling transition at finite distance before the potentially
problematic infinite distance regime can be entered. This effect is reflected not only in the

perturbative o/-corrections, but also in the non-perturbative effect of D3-brane instantons.



On the other hand, there are no quantum obstructions both for the decompactification
limits and for the emergent string limits in which the emergent string scale is parametri-
cally at the same order in the infinite distance parameter as the KK scale. This result is
intuitive because the infinite distance limits correspond to weak coupling limits, and hence
the potential is expected to vanish asymptotically. It also fits with the general asymptotic
behaviour of the potential advocated in [39].

Combining our results, we can conclude the following:

Infinite distance limits in the Kéhler moduli space of F-theory on Calabi-Yau
fourfolds correspond either to a pure decompactification limit or to a transition
to a different duality frame determined by a unique emergent string such that
Tstr ~ M. Any attempt to decouple the string from the KK tower is faced with
diverging o'-corrections.

In the second part of the paper we focus on those limits resulting in a weakly coupled
heterotic string and elaborate on the interpretation of the heterotic string states as the
constituents of the WGC tower. Section 4 reviews the relevant aspects of F-theory /heterotic
duality in four dimensions. To leading order in the infinite distance parameter, the gauge
coupling is determined by the ratio of the volume of the compactification space B3 and
the shrinking fiber, g% ~ VB,/Vc,. This relation receives subleading correction terms,
called Ay in figure 1, aﬁl\r/[eady at the level of classical geometry in F-theory as we move away
from the strict infinite distance point, as well as contributions due to the perturbative o/-
corrections (Aj in figure 1). We will explain how, in the dual heterotic frame, Ay maps to
the holomorphic gauge threshold corrections, whereas A; maps to non-holomorphic loop
corrections of g%%M.

Section 5 then studies the subleading modifications to the WGC due to these two
effects. To this end we invoke the interpretation of the WGC bound as the requirement
that the net force between two test particles from the tower be repulsive [13, 24, 25]. To
leading order, this is equivalent to imposing super-extremality with respect to an extremal
black hole. The repulsive-force bound depends both on g%M and on the mass My of the
test particle of charge gx. We first show that for generic fluxes in F-theory, a sublattice of
string excitations satisfies the resulting bound in the strict weak coupling limit. This is an
extension of the results in [14] which builds on recent observations in [40, 41] concerning
the modular properties of the elliptic genus of strings in generic flux backgrounds.

Naively, the loop corrections to g%M seem to imply that the states which satisfy the
leading order WGC bound violate the quantum corrected bound. A more careful investi-
gation reveals that while the tension of the heterotic string (which is BPS) is uncorrected
at the quantum level, the masses of its non-BPS excitations may receive corrections to the
classical relation M,% ~ nTy,. Hence the WGC predicts the form of these mass renormali-
sations if we impose that the same tower of states continues to satisfy the repulsive force
condition (figure 2). Furthermore, if the equivalence between the repulsive-force condition
and super-extremality survives the loop corrections, the repulsive-force bound predicts the
charge-to-mass ratio for extremal black holes in the 1-loop corrected theory. Note that the
gauge loop corrections are not to be confused with higher derivative o/-corrections to the



charge-to-mass ratio of extremal black holes, whose role in the WGC has been noted early
on in [18, 42] and which have been analysed more recently e.g. in [43-46]. The WGC in
situations without supersymmetry has been studied in [47].

The resulting corrected extremality bound satisfied by the tower of string excitations
depends on the holomorphic and non-holomorphic gauge threshold corrections Ay and
A1 as

MG M > Fm@inME)
Mg T Mgy

—1- %(AO +AY. (1.2)

We conjecture that (1.2) holds generally for a four-dimensional N = 1 quantum gravity
theory including 1-loop corrections.

2 Uniqueness results for classical infinite distance limits in 4d N =1
F-theory

This section is devoted to the classical infinite distance limits in the Kéhler moduli space of
F-theory compactifications to four dimensions with NV = 1 supersymmetry. A hallmark of
such limits is that, apart from a potential homogeneous rescaling of the volume, the base Bj
of the F-theory elliptic fourfold Yy must itself exhibit a rational or genus-one fibration Cy —
Bs — By whose generic fiber shrinks in the limit compared to the two-dimensional base
Bs. A D3-brane wrapping this shrinking fiber then gives rise to a (relatively) tensionless
fundamental heterotic or Type II string, respectively, signalling the transition to a dual,
weakly coupled frame emerging in the infinite distance limit.

While this general structure has been uncovered already in [14], our new insights in
this paper are two-fold: first, we prove uniqueness of the fastest shrinking fibral curves of
Bs already at the level of classical Kéhler geometry, using similar methods as in [5]. This
is crucial in order for the resulting asymptotically tensionless string to play the role of a
dual fundamental string. Second, we point out that some of these classically attainable
limits seemingly give rise to tensionless critical strings at a scale parametrically below the
Kaluza-Klein scale. As we will see in section 3, this pathological feature is remedied once

quantum corrections are taken into account.

2.1 Systematics and general picture

We begin with a general overview of the classical infinite distance limits and a summary
of our new results. The technical details are then elaborated on in sections 2.2 and 2.3.
Consider the base space Bs of an elliptically fibered Calabi-Yau fourfold Y; on which
we compactify F-theory to four dimensions. Neglecting, for the time being, quantum
corrections we focus in this section on the classical Kéhler geometry of Bs. The infinite
distance limits in the Kéhler moduli space can be parametrised in terms of the Kéhler form

JZZUQJQ, (2.1)

where J, denote the generators of the Kahler cone. In an infinite distance limit, one or
more of the Kahler parameters v scale to infinity [5, 14].



Generically this implies that the volume of B3, measured in ten-dimensional string units,

1
W%Z6Luﬁ, (2.2)
3

diverges. If this is the case, we can introduce the homogeneously rescaled Kahler form .J’

defined by
J=uJ (2.3)

such that the rescaled volume,

1

VJ/B?, - 6/B (J/)3 = Hig VB, (2.4)
3

stays finite in the infinite distance limit with p — co.?

There are now two possibilities [5]. The first option is that the rescaled Kéhler form .J'
does not undergo any further infinite distance limit, i.e. the rescaled Kahler parameters v'®
stay finite. In this situation, the infinite distance limit of J corresponds to a straightforward
decompactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-
theory/Type IIB string scale Myp tends to zero as

~ (VBy) O~ 0. (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as
measured in units of Myg. This follows from the assumption that the rescaled Kéahler form
J’ does not by itself undergo any further infinite distance limit. The only effect of the limit
is therefore the overall rescaling of Vpg,.

The second, more interesting option is that the original limit for J implies a residual
infinite distance limit in the rescaled Kéhler moduli space whose Kéhler metric is deter-
mined by J’. Such limits correspond to finite volume infinite distance limits (with respect
to the rescaled Kahler form J’) because by construction the volume in the rescaled metric,
ng3, does not scale to infinity. They fall into two classes, dubbed J-class A and J-class
B in [14] (see figure 5). The two types of residual limits are distinguished by the precise
scaling behaviour of the Kahler parameters v'® of .J', as will be described in detail in sec-
tion 2.2 and 2.3, respectively. The complete classification of infinite distance limits is then
obtained by superimposing one of the two limits for J’ with the overall scaling (2.3). This
parallels the classical situation for Calabi-Yau threefolds [5].

Let us first focus exclusively on the classical finite volume limits (with respect to J'). A
preliminary analysis of the properties of the two types of finite volume limits has appeared
in [14]. The general intuition is that if one or several of the Kéhler parameters v'* diverge,
a curve or divisor on B3 must become asymptotically large. In order for the total volume
of Bs to remain finite (with respect to J’), the volume form must have the structure of

10f course, if the volume Vp, does not diverge in the infinite limit, we can simply set u = 1.
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Figure 5. The existence of a finite volume limit in the K&hler cone of B3 where one of the Kéhler
moduli v"® — oo leads to a natural classification of the remaining Kahler cone generators into three
different sets Z;. 3 according to their intersection properties with Jg and Jy (see [14] for details).
Limits of J-class A only allow for generators of type Z; and Z3, whereas limits of J-class B can only
feature generators of type Zs.

a product of the volume of the large cycle with an asymptotically small cycle, at least
to leading order. The more accurate statement is that Bs must admit a fibration whose
generic fiber is either an asymptotically vanishing curve or surface.

If B3 admits a fibration by a curve, then this curve must be either a rational curve,
i.e. a P!, or a genus-one curve. This follows from the requirement that the anti-canonical
class K By of Bz must be effective in order for an elliptically fibered Calabi-Yau Y over B3
to exist. The significance of such fibrations is that a D3-brane wrapping the generic fiber
gives rise to a solitonic string corresponding to a critical heterotic string (in the case of a P!
fiber [12, 14]) or to a critical Type II string (in the case of a genus-one fiber [5, 15]). As the
fiber shrinks (at least in the metric determined by J’) these strings become asymptotically
light and weakly coupled. Their excitations yield a tower of light, weakly coupled states.
This tower of states competes with the KK modes from large curves or divisors on Bg, which
are always present: Indeed, as noted above, if the volume of Bj stays finite (with respect
to the Kéahler form J'), some curve or divisor becomes large. The asymptotic physics of
the infinite distance limit depends on which of the towers of weakly coupled, asymptotically
massless states dominate in the limit, i.e. which towers of states become light at the fastest
rate. If the KK tower is parametrically lighter than the string tower, the limit describes
a decompactification limit, while if the mass scales of the two towers are comparable, we
enter the regime dominated by a light string in an effectively four-dimensional theory.

Generically, B; may admit several rational or genus-one fibrations. The important
question is then if there is always a unique such fibration whose fiber vanishes (in the
metric J') at the fastest rate and how this rate compares to the KK scale (again defined,
for the time being, with respect to J’). In the remainder of this section we will provide
a very sharp answer to this question within the range of classical finite volume infinite
distance limits, using similar techniques as in [5]:

~10 -



For any finite volume infinite distance limit of J-class A or B, precisely one of the
following three possibilities occurs (all volumes are measured with respect to J'):

1. The base B3 exhibits a unique P!-fibration whose generic fiber shrinks at a
rate faster than the rate at which any other non-contractible curve on Bj
vanishes. A D3-brane wrapping this rational fiber gives rise to an asymp-
totically tensionless heterotic string.

2. The base Bs exhibits a unique T2-fibration whose generic fiber shrinks at a
rate faster than the rate at which any other non-contractible curve on Bj
vanishes. A D3-brane wrapping this torus fiber gives rise to an asymptoti-
cally tensionless fundamental Type II string.

3. There exists no unique rational or genus-one fibration within Bs whose fiber
volume vanishes at a rate faster than the rate of any other non-contractible
curve. However, the KK scale is parametrically smaller than the string scale
from any wrapped D3-brane on a non-contractible 2-cycle.

Having established the behaviour of the finite volume infinite distance limits for .J’, the
physics of the full infinite distance limit requires taking into account also the overall scaling
. In particular, this modifies the relation between the scales associated with the solitonic
fundamental strings (if present) and the KK scale, both of which have to be measured with
respect to the full Kahler form J, rather than .J'. As we will see, the first two types of limits
for J' above translate into either a decompactification limit for J or to a limit in which
the duality frame changes to that of the respective weakly coupled fundamental string
which becomes light. In the latter case, one speaks of an emergent string limit. Which
of the two scenarios occurs depends on the precise comparison between the parameter p
appearing in (2.3) and the parameter controlling the volume of the vanishing fiber, that
we will denote as A later. The third possibility above remains a decompactification limit.
All this is illustrated in figure 4.

The uniqueness results summarised above exclude the exotic possibility that there are
two or several weakly coupled fundamental strings emerging in the limit: According to our
findings, if several fundamental strings become light at the same rate, then their string
scale is always parametrically above the KK scale, i.e. the limit is a decompactification
limit. This resolves potential inconsistencies which would follow from the coexistence of
several weakly coupled fundamental strings at or below the KK scale. Interestingly, consis-
tency with the emergent string picture is obtained in this respect already within classical
geometry. Nonetheless, another conundrum remains: The first two types of classical limits
above allow for situations in which the emergent string scale is parametrically suppressed
with respect to the KK scale, rather than sitting at the same parametric scale. Such a
behaviour would point to a new, genuinely four-dimensional weakly coupled string theory.
As we will establish in section 3, the geometric regime in which this would occur is afflicted
by diverging o'-corrections and must hence be ruled out.

- 11 -
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Figure 6. Besides Jy, the J-class A limits feature two other sets of K&hler cone generators,
distinguished by their intersection properties with Jg.

2.2 Classical infinite distance limits of .J-class A

We now show the claims summarised in the previous section for the first type of infinite
distance limits, based on the classical finite volume limits of J-class A for the rescaled
Kéhler form J'. Recall first the defining characteristics of the limit [14].

J-class A limit for J’. The Kahler form J' =) v"*J, can be parametrised as

o
T =Mo+ Y S5t YoV with @f 31673, (2.6)
pneZy rels

where A — oo in the limit. As depicted in figure 6, the Kahler cone generators are grouped
into a distinguished generator Jy and two further types of generators, the set {J,} with
p € Iy and {J,} with r € Z3, defined by the intersection numbers

J3 =0,
JBJ,#0  VYuelp, (2.7)
BT =Jy-Jp-Je=J-Js-Jy =0  Vrstecls.

For later purposes we also define the finite parameter vector
b = (1,07 /N), (2.8)

where the index m runs over {0} U Z3.
As detailed in [14], the existence of the Kihler class generator Jy with J§ = 0 and
Jg # 0 implies that the base B3 admits the structure of a fibration whose generic fiber is
the curve in class
Co=Jy-Jo. (2.9)

Since Kp, is effective and Jj is a generator of the Kihler cone, Cy- Kp, = Jo-Jo- Kp; > 0.
In light of the adjunction formula,

2-29= /B (Kp, —2Jo)J5 = Kp, - Co, (2.10)
3
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we are thus left with either of the two options: If Cy - K B; = 2, the generic fiber Cj is a
P!, while if Cy - Kp, = 0, it is a curve of genus one, i.e. a torus.
Classically, the volume of Cjy, measured in the rescaled metric J’, tends to zero as

Ve, ~ A2 (2.11)

At the same time any divisor S with Jy-.Jy-S # 0 expands as V'(S) ~ A2. If one such divisor
is a component of the discriminant of the elliptic fibration Yy, Cy is necessarily a rational
curve.” In this case the infinite distance limit is a weak coupling limit for the non-abelian
gauge group factor supported on the stack of 7-branes along the divisor S. Similarly Cy is
a P! if one of the expanding divisors corresponds to the height-pairing associated with an
abelian gauge group factor [12].9

Our first important new point, as mentioned above, is that if Bs admits any other
P! or T2-fibration whose generic fiber class Cy is not identical to the class of Cj (up to
a potential scaling), then the volume of its generic fiber Cy cannot vanish in the limit
A — oo. In this sense a J-class A limit admits a unique rational or genus-one fibration
with asypmtotically vanishing fiber volume.

To see this, let us suppose that B3 admits another rational or genus-one fibration
whose generic fiber is given by a curve Cy different from Cp. This implies that there exists
a nef divisor D € K(Bs), with K(B3) the closure of the Kihler cone of Bs, such that”

D? =nCy, neN, (2.12)
D3 =0. (2.13)

Then, using the intersection properties of the Kéhler cone generators, one can indeed show
that VID? cannot vanish asymptotically in the limit A — oo. The proof is presented in
appendix A.1.

The full infinite distance limit, including the overall scaling p in (2.3), can then be

o
J= M()\Jo > Sty b’TJr> , (2.14)

ey rels

expressed as

where we write 1
p=2tT 0 with x> —5- (2.15)

Here x is a free parameter, which, at the classical level, controls the asymptotic ratio of
the Kaluza-Klein scale and the scale of the solitonic fundamental string excitations: The
tension of the solitonic string from a D3-brane wrapping the curve Cj scales like

2

sol H —3/2
M L Ve~ o 2324 2.16
MIQIB Co A2 ( )

51f by assumption Jo - Jo S # 0 and hence Jo - Jo-S > 0, then Jy - Jo - KBB > 0 because S < A = 12K33
in order for S to be a component of the discriminant. See also the discussion at the beginning of section 5.1.

STechnically, this follows from the conjectural relation b < nKp, for some n € N for the height-pairing
divisor b of a U(1).

"To obtain such D we just pick a nef divisor of the base of the fibration with a positive self-intersection
and pull it back to define D.
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The Kaluza-Klein scale, on the other hand, is set by the volume of the expanding divisors
(whose class contains one or more of the generators .J,,) on Bs as

2

My
2

Mg

~ (pA) T~ AT (2.17)

Assume first that the curve Cj is a rational curve such that a D3-brane wrapping Cj
gives rise to a heterotic string. We can identify three different regimes:

1. If z > 0, the ratio
My 2|
—2z|T
het
This indicates that the limit corresponds to a straightforward decompactification

limit.

2. If £ =0,
Miee  Micc 332 g, (2.19)
MI2IB MI2IB

In this limit, the heterotic string takes over the role of the new fundamental string in
a dual description, and the new heterotic string scale sits parametrically at the same
scale as the Kaluza-Klein scale. This corresponds to an effectively four-dimensional
weak coupling limit in the dual heterotic frame, i.e. to an emergent heterotic string.
For later purposes, let us summarise this limit as

- I N
J-class A, rescaled: J =X+ Z b J, + Z %JH, A — 00, (2.20)
rels o€l

where the intersection numbers satisfy the relation (2.7) and the parameters a* and
bT/:\ = /" /X are finite in the limit X — 0o. The P!-fiber class is given by Cy = Jo - Jo
and we have relabelled \ = PA = A3/2 in terms of the parameter A appearing in (2.6).
This incorporates the rescaling by u = Az in (2.14).

3. If £ < 0, then
—het  \72l2l 0. (2.21)

In this limit, the dual heterotic string would become parametrically lighter than the
Kaluza-Klein scale. Such behaviour would point to a completely new type of intrin-
sically four-dimensional theory, rather than to a weakly coupled compactification of
the dual heterotic string. However, as we will show in section 3.2, this regime is out
of computational control due to the appearance of unsuppressed o’-corrections. Note
that this includes in particular the case £ = —2 in which p does not scale to infinity

2
at all, as in a fully finite volume limit.

Most of this discussion applies equally well to situations in which the fastest shrinking
curve Cj is a genus-one fiber, rather than a P! fiber, within Bs. In this case, the solitonic
string obtained by wrapping a D3-brane along Cj is a fundamental Type II string [5, 15],
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rather than a heterotic string. The physics of the limit is most easily determined by
performing two T-dualities along the directions of the toroidal fiber. The T-duality maps

Ve, — Ve, = Vgi ~ ¥, (2.22)
gus — gus = Vg, gus ~ A¥*7" (2.23)

and the string associated with a D3-brane wrapped on Cy becomes an unwrapped D1-string.
Its tower of string excitations sits at the mass scale

Mg — -3/2
M2 o~ s~ A /2 (2.24)
1B

There are now two types of Kaluza-Klein states, associated with either the large T-dualised
curve Cy or with the large divisors on Bj3, whose volume does not change by the T-duality:

) 2
Miciico | \ospre Mikiss 320 (2.25)
M2 ’ M ' .
1B 1B

This leaves us with the following behaviour:

1. If x > 0, then the KK scale is set by MI%K; B,» and the system undergoes a decom-
pactification limit because

25 A2l . (2.26)

2. If z = 0, the D1-string scale and the KK scale agree parametrically and we enter the
regime of a dual four-dimensional compactification with the role of the fundamental
string played by the D1-string.

3. If x < 0, the KK scale is set by M12<K00v which again parametrically coincides with
M]%r The pathological behaviour observed for the heterotic string in the regime
x < 0 is therefore avoided.

2.3 Classical infinite distance limits of J-class B

The second possibility for a classical finite volume limit at infinite distance corresponds
to a

J-class B limit for J’ [14]. The Kahler form J’ can be parametrised as (figure 7)

J' =X+ Y VI, with b3\, (2.27)
nels

subject to the intersection properties

J3 =0,

2.28
J3-J,=0  Vuecl, (2.28)

and such that for each J, there exists at least one J, with Jo - J, - J, # 0.
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Figure 7. In limits of J-class B all the remaining Kéhler cone generators except for Jy belong to
the set Z as defined in [14].

To obtain the full infinite distance limit we must again include the overall scaling factor
p in (2.3), which is a priori independent of the parameter A. Before doing this, let us first
investigate the properties of the finite volume limit (2.27) for J’ itself, as this has not been
fully analysed in [14].

The Kaluza-Klein scale, measured with respect to J’, is set by the curve with the
largest volume, which is given by

Ve ~ A (2.29)
Hence, ignoring for now the overall scaling u, we find
Mg
e AL (2.30)
Miig

This serves as an upper bound for the Kaluza-Klein scale of the full limit including the
overall sale factor pu =~ 1.

There are now two possibilities: A priori in order for a limit (2.27) to exist, the base
B3 need not admit a fibration by a (rational or genus-one) curve Cp.® In this case there
do not arise any tensionless critical strings, and hence, the limit is a decompactification
limit as signalled by the light KK tower. The second possibility is that there does exist a

shrinking rational or genus-one fiber Cy, and hence, a nef divisor D € K(Bs) such that
D? =nCy, neN, (2.31)
D? = 0. (2.32)
If the volume of the generic fiber Cy on Bjs scales as
Ve, ~ A7, with v >1, (2.33)

then the fundamental string obtained by wrapping a D3-brane along Cj leads to a tower of
states at or below the Kaluza-Klein scale (2.30).” Alternatively, if v < 1, the limit corre-
sponds to a decompactification limit because the Kaluza-Klein tower is the parametrically
leading tower of states. In the latter case, no further work is required.

8 As an example, Bz can admit a fibration by a P? surface over P!, with the volume of the base P' scaling
to infinity in the limit while the overall volume of B3 remains finite.

9Note that eventually we need to take into account also the scaling behaviour of the overall parameter
. However, as we will see below, as long as p - 1 the bound for the string tower to lie at or below the
actual Kaluza-Klein scale continues to be given by v > 1.
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Let us therefore assume that a fibral curve Cp with the scaling behaviour (2.33) exists.
We may further suppose that the fiber Cy has its volume vanishing at a fastest rate, in
case Bs admits other fibrations whose fibers also shrink. Our first task is to show that
such a fastest-shrinking curve Cj is unique, to the extent that no other curve fiber C
vanishes at the same rate as Cp. One can now expand the divisor D in (2.31) in terms of
the generators of the Kéhler cone and deduce from (2.33) various constraints on the Kéahler
parameters (2.27). This analysis, which is performed in appendix A.2, establishes that the
parameter v > 1 must in fact lie in the regime

1<y<2. (2.34)

Furthermore, we show there that any other fibral curve C{, if it exists and shrinks in
the limit, must necessarily shrink at a rate A7 with ~' < «. This establishes that the
fundamental string which becomes light parametrically at the same rate as the Kaluza-
Klein scale (or, in principle, faster than the Kaluza-Klein scale) is unique.

We are now in a position to combine these results about the limit for the rescaled
Kéhler form J’ with the overall scaling p. The full infinite distance limit takes the form

J=p\o+ > ). (2.35)
pEL
This leads to
VBS = lu3 ) VCU = 'LL)\_’Y ’ chax = /"L)\’ (236)

where we are assuming again the existence of a fibral curve Cj as in (2.33) and where Cipax
continues to denote the curve class with the maximal volume.

Consider first the case where Cj is a rational fiber such that a D3-brane wrapping Cy
leads to an asymptotically light heterotic string. The Kaluza-Klein scale Mkk and the
heterotic string scale My, set by Vg

max

and V¢,, respectively, compare as follows:

My 1 My, -
~ (pA), T~ AT (2.37)
Mg Mgy
If we parametrise
1
p=A2 0 with x> -3 (2.38)
this leads to
MR, = MEN27TT27 (2.39)

There are now three different regimes for the parameter x:
1. If x > 0, we find that

AjIZ(K —2-2
~ A\ =l 0 2.40
Mﬁet ’ ( )

where the asymptotic behaviour follows from our previous result that v < 2, as
asserted in (2.34). Hence this regime corresponds to a decompactification limit.
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2. If x = 0 and if there indeed exists a rational fibral curve Cy whose scaling exponent ~y
saturates the maximal possible value v = 2, then the infinite distance limit takes us
to a dual heterotic frame with an emergent asymptotically weakly coupled heterotic
string satisfying

Mgy ~ My - (2.41)

This describes a dual weakly coupled effectively four-dimensional heterotic compact-
ification. If no such fibral curve with v = 2 exists, the limit is again a straightforward
decompactification limit. For later purposes, let us rewrite the limit which does give
rise to a weakly coupled heterotic string (v = 2) as

- X it -
J-class B, rescaled: J=AJg+ Iy + —Ji, A—o00. 2.42
RDILE D ISl (242)
A€y AELs

The parameters ¥ and b remain finite in the limit and the generators satisfy the
relations (2.28). The P!-fiber class takes the form Cy = D - D for D given as a linear
combination involving all J;; (this, in fact, defines the subset ig) and possibly also
Jo. The remaining generators J; have the property that D - D -J; > 0. For more
details on the intersection numbers, see appendix A.2. Note the similarity to the
limit (2.20).

3. If x <0, then
Mgy

2
M, het

~ \YT2H2e] (2.43)

In principle, according to the purely classical analysis so far, this regime could give
rise to situations where M2, /M2, — 0 (for v > 2 — 2|z[).1% However, we will
show in the next section that this regime is out of computational control due to the
appearance of perturbative o’-corrections.

So far we have assumed that C is a rational curve such that the emergent string from
a wrapped D3-brane is a fundamental heterotic string. Let us briefly turn to the possibility
that Cy is a genus-one fiber, associated with an emergent Type II fundamental string. As
in the previous section, it is convenient to perform two T-dualities along the toroidal fiber
Cy. After the T-dualities the fiber expands and the Type IIB string coupling is rescaled
correspondingly:

1
~ AT (2.44)

~ 1
VCO ~ >\*§*$+’Y’ ~
guB

where we are using the parametrisation (2.38). The new light string after the T-duality
corresponds to the unwrapped D1-string, and the Kaluza-Klein scale is set by the volume

10The minimal value for & compatible with p = 1 is x = —%. In this case M., /MZk 3 1 requires v > 1.
This confirms that restricting to the regime v > 1 in search for an emergent fundamental string whose
excitations tower lies at or (in principle) below the Kaluza-Klein scale was indeed justified even in the full
limit including the overall scaling p.
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of either the expanding curve Cy or of the curve Ci,ax, whose volume scaling is unaffected
by the T-duality. As a result

2 2 .
7M§1 ~AZTET MIgK ~ min(A2 T A2 (2.45)
Mg Mg
This leads to the following three regimes:
1. If z > 0, then
M2
M—IgK ~ X272l (2.46)
D1

resulting in a decompactification limit.

2. If x =0, then M%l ~ MI%K if v = 2, leading to an effectively four-dimensional limit
with the role of the fundamental string played by the D1-string. If v < 2, on the
other hand, we encounter again a decompactification limit of the original Type 1IB
theory.

3. If x < 0, then ME{K = M]:Q)p where the precise behaviour depends on the relation
between x and ~y. Interestingly, this regime does no longer contain a pathological
situation in which the D1-string tower would lie parametrically below the Kaluza-

Klein tower.

3 Quantum corrected infinite distance limits in 4d N = 1 F-theory

The analysis of the previous section has been purely classical on the F-theory side. At the
same time, for compactifications with IV = 1 supersymmetry in four dimensions, quantum
corrections are expected to arise. The goal of this section is to investigate how such
corrections modify the structure of infinite distance limits.

In fact, we have already observed a conundrum that arises at the purely classical level:
For certain ratios of the Kéhler parameters we might enter a regime where the mass scale
associated with a solitonic critical heterotic string becomes parametrically smaller than the
KK scale. This would point to a new type of weakly coupled inherently four-dimensional
string theory, in the sense that the higher-dimensional KK scale can be decoupled para-
metrically from the string scale in four dimensions. From all we know about critical string
theory, such a phase of string theory is unlikely to exist.

We will see that this happens precisely in a regime which is inflicted by parametrically
large o/-corrections which render the geometric analysis unreliable. This establishes con-
sistency of the infinite distance limits. At the same time, no obstructions are found to the
decompactification or emergent string limits as classified in (1.1).

3.1 Overview

Before we dive into the details let us briefly summarize the different classes of perturbative
and non-perturbative corrections that can correct the four-dimensional effective action of
N =1 compactifications of F-theory:
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1. The four-dimensional Kéhler potential K¥' receives perturbative o/-corrections. We
consider the form of corrections as calculated in [34, 35] and more recently refined
in [37, 38].11 They are obtained by including the eight-derivative terms into the action
S11 of 11-dimensional supergravity. Subsequent dimensional reduction yields the o/-
corrected 3d N = 2 effective action of M-theory on a Calabi-Yau fourfold Y. The
higher-derivative terms translate into corrections of the 3d N = 2 Kéhler potential
and coordinates. Uplifting to F-theory leads to corrections of the corresponding
four-dimensional N = 1 quantities. As anticipated above, we will see that these
corrections reinstate consistency of the infinite distance limits.

2. In addition there are non-perturbative corrections due to e.g. D3-instantons in F-
theory. In the related context of four-dimensional N = 2 compactifications of Type
IIB string theory these play an important role in obstructing infinite distance limits
in the hypermultiplet moduli space for which Mgk > Mo [26, 27]. In certain cases
these non-perturbative corrections to the moduli space geometry can give a non-
zero quantum volume to curves that were classically required to shrink. While the
N = 2 analysis of [26, 27] mainly considered D-instanton effects on the moduli space
geometry, in our N = 1 F-theory set-up the effect of D3-instantons on the Ké&hler
potential is not under computational control. Luckily, we will see in section 3.3 that
the effect of such instantons is sufficiently suppressed, at least for the infinite distance
limits leading to decompactification or to a weakly coupled emergent string.

3. In four-dimensional N = 1 theories non-perturbative effects such as D-brane in-
stantons can also correct the superpotential W. In F-theory, D3-brane instantons
wrapping divisors of the base Bs of the Calabi-Yau fourfold Y4 can contribute to the
superpotential in case they exhibit a suitable amount of fermionic zero-modes. The
F-theory superpotential gives rise to an F-term scalar potential Vg such that in prin-
ciple a diverging non-perturbative superpotential can yield a divergence in the scalar
potential. As a consequence, the point in moduli space where the superpotential
diverges cannot be reached dynamically. In the context of the swampland distance
conjecture this has been analysed in [29] and we will revisit this issue in the present
context in section 3.3. While we find no obstructions to the decompactification and
emergent string limits, we provide additional evidence that the problematic limit of
a heterotic string at a scale below the KK scale is dynamically shielded and one runs
into a strong coupling transition at finite distance in moduli space before reaching
the infinite distance limit.

3.2 <d/-corrections in the Kihler potential

The first type of corrections which will play an important role are perturbative o'-
corrections to the Kéhler potential that arise from higher curvature corrections in M-
theory. To begin, we first note that the infinite distance limits should be reformulated as
a genuine limit in the F-theory moduli space. Analogously to Type IIB orientifolds the

"Djifferent approaches for determining o-corrections in F-theory have been developed in [48, 49].
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four-dimensional N = 1 chiral multiplet moduli space relevant for the discussion here is
classically spanned by

ReTgl:l/ JAJ, S:iﬂ'co, (3.1)
2 Jp, s

where the D, are a basis of divisors on the base Bjs of the elliptically fibered Calabi-Yau
fourfold Yy and J is, as before, the Kéhler form on the base. We have also added the
IIB axio-dilaton to the list of relevant chiral multiplets even though we do not consider
parametric rescalings for this modulus in the following.

Let us focus on perturbative o/-corrections to these moduli. The leading O(a'?) cor-
rections have been calculated in [34, 35, 37] by dimensionally reducing higher derivative
terms in the 11-dimensional M-theory effective action on a Calabi-Yau fourfold and sub-
sequently lifting to F-theory. For completeness we display the corrections in the M-theory
effective action in appendix C. After the uplift to F-theory, the o/-corrections affect both
the four-dimensional Kéahler potential and the Kéahler coordinates (3.1). The correction to
the former is given by [37]

KT = —2log(Vg,) (3.2)
in terms of the quantum corrected base volume'?
Vi, = Vi) +a? ((F1 + R2) 2 + RaT) (3.3)
and the Kéhler coordinates are [37]
ReT, = Ko +a? <(I€3 + I<65)@ + R5M + Z,log Vg)) + rkgTa + I€7Za> . (3.4)
2 oV 2v) ’

Here V](303) is the classical volume of B3 computed from the Kéahler form J = v“J, as

VJ(BO::.) = %f33 J3, and we define

Ka—/ Ja NI NJ, Kaﬁ—/ JaNJg N J. (3.5)
B3 B3
The o/-corrections are encoded in the quantities
Z, = / B(YO)AT (o), 2= Za0® = / e3(Ya) A (), (3.6)
Yy Yy
and T, which is given, for smooth Weierstrass models, by
1
= —18(1 S B WA, :
To = —18( +a2)ReT§L/Dacl( 3>AJ/DQJ AT (3.7)
T = Tav™. (3.8)

12The corrections considered here are leading compared to further a/>-corrections to the Kihler potential,

which in Type IIB orientifolds read K = —2log(Vp, + &) with & = —x(X3)¢(3)/(2(27)%¢5/?) [50]. While
these can be relevant at small gs, we are here taking a parametric limit in the Kahler moduli without
changing gs and hence the (a’)2 corrections are the dominant corrections.
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Furthermore

7, = K Nno sum over «
@ Theta ( ) (3.9)
Z = Z, 0%
and
1
2 _

The parameters x; and k; = %mi are a priori unfixed numerical constants which are inherited
from the uncertainties of the Kéhler potential and the Kéhler coordinates in the under-
lying three-dimensional M-theory compactification. By comparison with the one-modulus
case, [37] fixed

K1+ kg = 512, 4ks + 4ks + kg =0 (3.11)

and furthermore comparison with the results of [34] (in which 7y, is effectively set to zero)
requires

K3 + k5 = 768. (3.12)

On the other hand, ), ,, which appear in the four-dimensional Kéhler coordinates (3.4)
in F-theory, may differ from their counterparts in M-theory through 1-loop corrections to
the F-theory lift [34, 37]. Compared to [37] we allow for these renormalised couplings,
which appear in (3.4) via (3.9), to depend on the specific Kdhler coordinate T, in question.
This important point will be explained further in section 4.1, where we will argue that
some of these renormalised couplings /@ﬁm must in fact vanish by consistency with F-
theory /heterotic duality.

The chiral multiplets are dual to linear multiplets whose scalar component is the real
saxion L®. These are related to the Re T, via

oK' 9K" o 9KF
_OReTa T P OReT, DL

where K is the inverse of the matrix K, defined in (3.5). Using (3.2) and (3.4), we find

LY = KoP (3.13)

e a?

L= —5+—5 ( (2k907 05T, — kg8, Tp — 3507 T) K
VB?, VB?,
+ (29 — 3k5) KPTs + (2(R1 + ko) — 3(ka + k3)) K25 (3.14)

(07

v - - K3 + K5 1 v - v® K5
‘<o><<”1+”°2>‘ 2 >Z‘2V<O>Z‘V<m<”2‘z)7>-
B3 Bs Bs

Note that the o/-corrections depend on K*?, which is the inverse of K p defined in (3.5), i.e.
KK gy = 05. The geometric meaning of the linear multiplets L® is that they parametrise
the o/-corrected volumes of the curves C* dual to the divisors D, via

Voo = Vg, LY, (3.15)

where the o/-corrected volume Vp, is given in (3.3).
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The above corrections at order (a/)? are the first of an infinite series of perturbative
corrections. Perturbative control requires that the correction terms are suppressed with
respect to the purely classical contributions. This is equivalent to demanding that

Z T !

1
— <1 — <1 (3.16)
(0) ’ (0) ’
VB3 VBS
which in the cases considered here also ensures
Za Ta
— 1 — 1 Yo 3.17
% <L % <L o (3.17)

Finally in the models that we consider the logarithmic correction to Re 7T, only appears
for a € T;(Zy) for limits of J-class A (B) as we will discuss around (4.46) and therefore
never spoils perturbative control in our limits.

Let us examine under which conditions the infinite distance limits analysed in the
previous section satisfy this constraint. For both types of limits (2.14) and (2.35) we
see that

z AZo+ ... s
voRe a 23 ~ZgNTE (3.18)
B3

T Ao+ ...

voRe a fﬁ ~ TN 4 (3.19)
B3

where the omitted terms scale at strictly subleading order in A (for the J-class A lim-
its (2.14)) or at most at the same order (for the J-class B limits (2.35)). In (3.18) the
index o = 0 refers to the Kéahler class Jy as defined in the respective limits and we recall
that the parameter z is defined via p = \1/2+% 13

We can thus single out the topological invariant Zy together with 7g to indicate whether
a chosen infinite distance limit exists or not.

Case 1: Tg # 0 or Z9 # 0. Perturbative control is lost at order (a’)? for infinite
distance limits in which the parameter z < 0 because (3.16) is violated. Importantly,
this excludes the pathological limits discussed in section 2 in which, at the classical level,
a tensionless heterotic string seems to emerge whose mass scale is parametrically below
the KK scale. Including o'-corrections is therefore crucial to understand the asymptotic
physics of the infinite distance limits and establishes its consistency. Note that if Ty # 0
or 2y # 0, this would likewise exclude the limits with < 0 in which a Type II string
becomes tensionless, even though in this case no inconsistency arises. This in particular

excludes infinite distance limits in the regime where Vp, is finite (where 2 = —3).1

13Here, we assumed that v° is the only classical Kéhler modulus that grows as v ~ X in our limit.
However, in principle also the moduli v with o € Z3 (fg) for J-class A (B) are classically allowed to have
the same X scaling as v°. Since all topological data related to the corresponding J, can be re-expressed in
terms of those for Jy it is enough to consider the quantities associated to the latter Ké&hler cone generator.
So here and in the rest of this section we restrict to discussing 2o and 7o.

! This is also in agreement with the analysis of [28] of certain Large Volume Compactifications [51], in
which Vp, is stabilised at finite volume and where an interplay between the Ké&hler cone structure and
potential (cz')2 corrections renders the remaining moduli space compact.
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Before we provide additional evidence for this breakdown of the effective theory, let
us also consider limits in different regimes of the parameter x. For x > 0 the perturbative
corrections are manifestly parametrically suppressed in A. According to the classification
of the previous section, in this parameter regime the theory asymptotically decompactifies,
at least partially, due to the parametrically leading tower of KK states.

For = 0, on the other hand, the o/ corrections are not parametrically suppressed
with A. Their strength crucially depends on the chosen reference values for the Kahler
parameters v® that define the trajectory. To see this, we first observe that for x = 0 limits
as given in (2.20) and (2.42), respectively, the F-theory Kéhler moduli classically behave as

ReTg" ~const.,  ReTS ~X*,  peZjorI. (3.20)

Looking at the corrections to the F-theory Kéahler coordinate

1 2W,
ReTy ~ Re TSI' <1 + 96 Re T51'> + k2o + k770 = Re T(‘fl‘ + const. , (3.21)
where
R5
Wo=Z20+-_2To, (3.22)

768

we observe that for the correction to be negligible we should choose Re TSI' > 1 ap-
propriately, which then translates into a condition for the reference values of the Kéahler
parameters v®.

To understand the significance of this consider, for definiteness, a limit on a rationally
fibered base. As will be discussed in greater detail in section 4.1, a suitable linear com-
bination of the ReT), is dual to the heterotic dilaton Re.S, while ReTj corresponds to a
Kahler modulus of the heterotic base Bs that enters quadratically in the volume form of
Bs. Hence, the classical x = 0 limit on the heterotic side corresponds to a weak coupling
limit while keeping the volume of the base Bs constant. In other words, our limit crucially
depends on the point in heterotic Kahler moduli space that we choose as our starting point.

If we choose Re T§! and thus the heterotic base Kihler modulus too small, we encounter
the same problem as in the regime where = < 0 case: On the F-theory side we cannot trust
the geometric description due to the large o/-corrections. On the heterotic side, in the limit
of small Kihler moduli we also expect O(a’?) corrections as they have been calculated
in e.g. [52]. For z = 0 we see that we should choose the heterotic base volume large
enough such as we are in the regime where we can trust the classical heterotic/F-theory
duality without having to worry about the o/-corrections that might spoil the weak-coupling
duality.

Let us now come back to the fate of the infinite distance limits in the regime x < 0,
focussing again on the heterotic limits by taking B3 to be rationally fibered. While the
appearance of uncontrolled o/-corrections is already sufficient to resolve the conundrum
proposed by these classical infinite distance limits, it is desirable to better understand the
physics as one enters the regime of large A for < 0. Answering this question requires full
control of all perturbative and non-perturbative corrections, but we can nonetheless provide
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a hint already on the basis of the O(a’?) results for negative values of the combination Wy
defined in (3.22) which appears in (3.4).

To this end note that classically the heterotic string coupling corresponds in F-theory
to the volume of a section (i.e. of a copy of the base By) of the rational fibration. This
well-known relation will be reviewed in more detail in section 4.1. For Wy < 0, (3.4) shows
that the volume Re T, vanishes at this order in o/ along the trajectory once

(0)
N
max WO

is reached. Hence, instead of a weakly-coupled heterotic string at infinite distance, at

(3.23)

@ (o/ 2) we observe a strong coupling singularity for the solitonic string obtained by wrap-
ping a D3-brane on the P!-fiber at finite distance in the F-theory moduli space. At the
same time at this order in o/ the corrected Kahler potential

KT = —2log Vg, , (3.24)

with Vp, as in (3.3), diverges in the vicinity of Apax. Even though for a definite statement
higher-order and non-perturbative corrections should be taken into account, this obser-
vation suggests that for x < 0 and Wy < 0 there is no tensionless and weakly-coupled
heterotic string in the spectrum that we expected classically. In particular along the clas-
sical trajectory we are leaving the geometric F-theory phase around Ap.x and beyond that
point the fate of the solitonic string, which is classically dual to the critical heterotic string,
is unclear as we enter a strong-coupling phase for its associated string coupling. We thus
see that for Wy < 0 and = < 0 the classical emergent string limit does not persist at the
quantum level. We will provide more evidence for this picture in section 3.3 by analysing
also the non-perturbative superpotential.

In appendix D we study examples of classes of geometries for which Wy < 0 is indeed
fulfilled. In particular, this is the case in J-class B limits for a smooth Weierstrass model
over a projective, smooth, and almost Fano base B3. For more general geometries and
in particular J-class A limits we cannot fix the overall sign of Wy. One reason is that
To depends on unknown parameters as and k5. Still, for generic models with a rational
fibration for B3 that we consider in appendix D at least one of the quantities Zy and 7y is
non-vanishing.

Case 2: Tog = 0 and Z¢ = 0. If B3 is a rational fibration, then 7y = Z7 = 0 occurs
at best in highly non-generic models (even though we cannot provide an example). In
this case there would be no obstruction to taking even a problematic limit in the regime
x < 0, at leading order in A\. But at the same time there exist other 4-cycles J,, a # 0,
in these non-generic models whose volume Re T}, vanishes in the classical infinite distance
limit. By the same arguments, the vanishing of such four-cycles is then obstructed if the
analogous combination W, (rather than (3.22)), is non-zero. As a consequence, unless all
W, vanish,'® the classical infinite distance limit is still obstructed at O(a’?) even though
this obstruction does not occur at leading order in .

15Based on genericity arguments we conjecture that this cannot happen, but it would be interesting to
prove or disprove this rigorously.
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The situation is quite different if Bsg is elliptically fibered. Here, we have Ty5 = 0
and Zy = 0 already for every smooth Weierstrass model over Bj, as also discussed in
appendix D, and in fact 7, = 0 and Z, = 0 for all vanishing divisors. Thus at least for
these simple models, the characteristic integrals controlling the O (a’Q) corrections vanish.
Therefore, at this order in the perturbative corrections there is no obstruction to taking
the small fiber limit for any value of x > —1/2. Recall that the T-dual theory has a
solitonic D1-string probing the T-dual base B3 in the large volume limit. In this duality
frame, we do not expect any large a/-corrections to occur. The analysis of the previous
section showed that for x < 0 the KK-scale is set by the modes on the torus fiber and
parametrically coincides with the tension of the solitonic string. Hence, the absence of a
quantum obstruction at the perturbative level to the limit with & < 0 in the case of a T
fibration is not in contradiction with the general expectation that there should not be a
genuinely four-dimensional critical string.

2

Though the corrections at the order o/* vanish, for the classical limit to persist even

for < 0 one should also consider the higher order corrections that will scale as

2 1 P\ 2
O") ~v e ~ | =\ 3.25
@)~ oy~ (5) (3.25)
If these vanish for all n the classical limit indeed survives for x < 0. It would be interesting
to investigate this for the smooth Weierstrass models over an elliptically-fibered base Bj,
for which the o’-corrections are not required to establish consistency.

3.3 Non-perturbative obstructions

So far we have focused on perturbative o/-corrections to the Kahler potential and observed
that in the case of a rational fibration they obstruct the classical F-theory limits with
x < 0. We have also seen that limits with = 0 are marginally allowed. However, since
the fiber of the F-theory base Bs shrinks to zero size also in such limits, the question about
obstructions due to non-perturbative effects remains. This has both a kinematical and a
dynamical aspect.

In this section we will argue that there appear no non-perturbative obstructions to
taking an infinite distance limit corresponding to either a decompactification limit (the
regime z > 0 in the notation section 2) or to an emergent string limit (the regime z = 0).
The pathological limit = < 0 (for rationally fibered base), on the other hand, in which we
already lose perturbative control, is also inflicted with non-perturbative corrections, and
at least in certain cases we are able to interpret these as triggering a phase transition at
finite distance in moduli space to a theory without a heterotic string.

Let us begin with potential kinematical obstructions. From experience with dual Type
ITA compactifications on Calabi-Yau spaces one might be worried if quantum corrections
to the two-cycle volume as computed by mirror symmetry could obstruct a vanishing cycle
volume limit. We will give two reasons why such corrections do not affect the analysis of
our F-theory infinite distance limits.

To see this, compactify Type ITA string theory on the same Calabi-Yau fourfold Yy
to two dimensions. This theory is dual to the four-dimensional N = 1 supersymmetric
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F-theory model on Yy, compactified down to two dimensions on an additional 72. In the
two-dimensional Type ITA setting non-perturbative effects due to worldsheet instantons
are well-known to modify the notion of two-cycle volumes. At the quantum level, it is
the o-model volume rather than the classical volume which governs the BPS masses of
wrapped objects. If the point of vanishing o-model volume is not part of the full moduli
space, this signals a quantum obstruction to contracting the cycle in the two-dimensional
theory.

One might therefore wonder if in the related Type IIA compactification on Yy the
shrinking of the P!-fiber is obstructed in this manner. The o-model volume of a curve
C € Hy(Y,) can be calculated using fourfold mirror symmetry [53]. In appendix E we
study the resulting expressions for the Type IIA o-model volume of the P'-fiber Cy of Bs
in a prototypical example. We will see that the quantum corrections are exponentially
suppressed with the volume of curves on the base By of Bs, which tend to infinity in the
limit as the volume of the P!-fiber shrinks. Specifically we will find for the o-model volume
in the infinite distance limit of large p and A that

VHA(C()) ~ % + e 2mHA (3.26)

The fact that the non-perturbative corrections are exponentially suppressed is a special
property of the curves which shrink at infinite distance in the moduli space. Similar
conclusions have already been obtained for infinite distance limits in Type ITA string theory
on Calabi-Yau threefolds in [5].

The upshot is that in the related two-dimensional Type IIA context, the shrinking of
the rational fiber is not obstructed by worldsheet instanton corrections. Even if we had
found such an obstruction, this would still not prevent a vanishing tension limit for the
wrapped string in the four-dimensional F-theory. The reason is that the worldsheet in-
stantons modifying the classical volume in Type ITA are dual to the effect of D3-branes
wrapping a curve on Bz times the 72 factor. In the limit of infinite torus volume, corre-
sponding to F-theory in four dimensions, this effect would be suppressed.

By contrast, D3-brane instantons wrapping four-cycles, rather than curves, on Bs are
known to correct both the Kahler potential and superpotential of the F-theory effective
action. The effect of an instanton wrapping a four-cycle D,, is exponentially suppressed by

_Sinst FIe

e ~ e ReTa (3.27)

Depending on the zero-mode structure instantons may correct either the Kéhler potential
or lead to a superpotential of the form

W=> Aye T, (3.28)
N,a

where Ayn are moduli-dependent coefficient. The question whether a significant contribu-
tion to the superpotential comes from the D3-instantons thus depends on the number of
fermionic zero modes as well as the scaling of the instanton action. The first condition is
rather difficult to answer in general and so in the following we will ask what happens if
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D3-instantons with exactly the right number of fermionic zero modes exist. This is, in fact,
expected in theories with genuine N = 1 supersymmetry [54].

The second condition depends on the precise scaling of the Kdhler moduli in (2.14).
Let us consider the two different types of fibration separately again:

Rational fibration. In a decompactification limit for a rational fibration, i.e. for lim-
its in the regime x > 0, all D3-brane instanton contributions to the effective action are
suppressed since

2
Re Ty “7 =¥ 500 Va. (3.29)
This mirrors, in the dual heterotic frame, the parametric suppression of all non-perturbative
corrections in the large volume, weak-coupling limit of the heterotic string theory.
For & = 0, this is no longer the case as the classical action of D3-instantons wrapping
vertical divisors of Bj scales as

Re Tyert. ~ const. , (3.30)

which is sensitive to the o’-corrections to ReT}, discussed in section 3.2. These D3-
instantons map to heterotic world-sheet instantons wrapping 2-cycles in the heterotic base
By. For x = 0 the volume of these 2-cycles remains constant along the trajectory along
which we take the infinite distance limit. The amount of suppression of these instantons de-
pends on the starting point from where in moduli space we take the infinite distance limit,
similar to the discussion around (3.20), rather than on the limit as such. For a suitable
choice of this starting point we can safely exclude a kinematical obstruction to the infinite
distance limit due to such instantons. What is more, the contribution of D3-instantons
wrapping Bo, i.e. heterotic space-time instantons, is even exponentially suppressed with
the inverse heterotic coupling and hence negligible in the limit.

In particular, it is clear that there cannot be a dynamical obstruction of the infinite
distance limit due to D3-brane instantons in the regime where x = 0. To see this consider
the F-term potential that derives from the superpotential (3.28)

Vi = e [KO‘BDTQWDTﬁW 3w . (3.31)

In the limit with = = 0, this term is suppressed due to the eX factor. Indeed, using (3.24),
Ve asymptotically scales as

Vi = V;gl [const.] ~ ™3 ~ AT32 5 0. (3.32)

Thus, asymptotically the scalar potential vanishes for precisely those infinite distance limits
that are kinematically allowed and thus correspond to weak coupling limits also at the
quantum level. This is in agreement with the general expectation that close to any infinite
distance point the scalar potential has to vanish asymptotically as argued for in [39].
This should be contrasted with the situation for x < 0 where we already saw that the
geometric description breaks down at finite distance due to perturbative a’-corrections.
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In this case we do not necessarily expect the scalar potential to vanish asymptotically as
the classical infinite distance/weak coupling limit does not persist at the quantum level.
At least for Wy < 0, with W, given in (3.22), we already argued that we enter a strong-
coupling phase for the solitonic string obtained by wrapping a D3-brane on the P'-fiber of
Bs. Since ReT, also controls the D3-brane instanton action, the non-perturbative contri-
bution to the superpotential (3.28) as well as all contributions to the Kéahler potential are
likewise affected by the quantum corrections. In particular for Wy < 0 the correction is
such that the action of all D3-instantons becomes small at this order in o/. This includes
D3-instantons wrapping the base By which are irrelevant in the limits with > 0. Interest-
ingly these D3-instantons are magnetically dual to the D3-brane wrapped on the rational
fiber, i.e. the heterotic string. Thus, instead of a limit where the solitonic string becomes
tensionless, we enter a region where, at this order in o/, the tension of the string remains
finite but its magnetic dual — the D3-instanton on By — acquires a vanishing action. In
this regime all D3-instantons (with suitable fermionic zero-modes) contribute at O(1) to
the superpotential:

W =Y Ayexp{—kf [ReTy +ImT,]} = > Ay O(1), (3.33)
N,o N,

where Re T, is given in (3.4).

If Ay # 0, which for genuine N = 1 models should be true for at least a subset of
instantons [54], a convergence of the superpotential in the region where the perturbative
expansion breaks down cannot be guaranteed due to the small instanton action. The
divergence in the superpotential might dynamically shield the transition point, but this
point lies at finite distance corresponding to a strong coupling limit for the heterotic string
instead of an infinite distance limit with a weakly coupled heterotic string.

This observation can be better understood in simpler models that are related to six-
dimensional N = (1,0) (or four-dimensional N = 2) F-theory models. Therefore consider
F-theory on a Calabi-Yau threefold that is a smooth elliptic fibration over the Hirzebruch
surface F1. The Mori cone generators of [F1, the base h and the fiber f, satisfy

h-f=1, h-h=-1, f-f=0. (3.34)

The spectrum of solitonic strings in this theory consists of a critical heterotic string obtained
by wrapping a D3-brane on f (cf. [12]) and an E-string obtained by wrapping a D3-brane
on h. As realised long ago by Witten [55] shrinking the F-theory base h gives rise to a
strong coupling singularity for the heterotic string. Furthermore, after shrinking h C Fy
we enter a new phase corresponding to F-theory on T2 — P? which clearly has no heterotic
string in its string spectrum. During this process the tension of the heterotic string remains
constant. We thus see that strong coupling singularities associated to a vanishing tension
of the E-string in this particular setup can give rise to a phase transition which removes
the heterotic string from the spectrum.

We can now compactify this set-up on a torus to obtain a four-dimensional N = 2
theory. When wrapped on the T2 the six-dimensional E-string yields D3-instantons in four
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dimensions. As shown in [56] if supersymmetry is further broken to N = 1, corresponding
to F-theory with rationally fibered base Bs, these D3-instantons generate a superpotential
of the form

W = f(G.2) x (Q Eala) 0(@2)> . (3.35)
1(q0)

Here, Q@ = e~2™b is the exponentiated complexified volume of the base By dual to the
heterotic dilaton and gy = e~ 2™70 is the exponentiated complexified volume of some vertical
divisor of Bs. The pre-factor f(G,z) depends on the choice of fluxes G and the other
geometric moduli z of the system which we ignore here. The ¢p-dependent contribution
in (3.35) can be interpreted as a perturbative correction to the D3-instanton action [56]
and the origin of these D3-instantons in the E-string is reflected by the appearance of the
E-string partition function.

Expanding the n-function for large Ty we observe that the leading contribution to the
superpotential due to the D3-instanton from the E-string behaves as

W~ f(G,2) x e 27 T=3T0) 4 (3.36)

Accordingly, if Ty is finite the effective D3-instanton action vanishes for some finite Re T
and the convergence of the superpotential is not guaranteed any more. This is the four-
dimensional avatar of the six-dimensional strong coupling singularity discussed above.

To understand what happens at this strong coupling singularity in four dimensions,
let us go back to the N = 2 parent theory. In addition to the duality to the heterotic
string used so far, F-theory compactified on (T2 — Fy) x T? is also dual to Type IIA string
theory compactified on 72 — F. In terms of heterotic variables, the volume ¢, of the base
P! of IFy is given by

1 1

tb—S—iU—§T, (3.37)

where T and U are the standard moduli of the heterotic torus. This implies that the locus
. 1

ty, =0, ie. S = §(T—|—U) , (3.38)

is the Type ITA analogue of the strong coupling singularity encountered around (3.36) upon
identifying (T'+ U) <> Tp. Similarly to the six-dimensional F-theory model, blowing down
the base of 'y allows us to enter the phase where Type IIA string theory is compactified
on the Calabi-Yau threefold 72 — P2. Since this threefold does not have a K3-fibration,
the new phase of the four-dimensional theory does not have a heterotic string in its string
spectrum.

To sum up, in this simple example (of a limit in the regime z < 0) we have seen that

1. due to quantum corrections the D3-instanton action vanishes along a finite distance
locus which can give rise to unsuppressed non-perturbative contributions to the su-
perpotential,
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2. the vanishing of the instanton action is associated to a strong coupling singularity of
the heterotic string,

3. at least in the six-dimensional N = (1,0) and the four-dimensional N = 2 parent
theories this strong coupling singularity is associated to a phase transition which
(among other things) removes the heterotic string from the spectrum.

However, the superpotential does not diverge at every strong coupling singularity. A
simple example is obtained by replacing IF; — Fo. In this case, the six-dimensional string
that is associated to the strong coupling singularity is not an E-string but a string associated
to an A; orbifold singularity. This string in fact enjoys higher supersymmetry as it is
already present in Type IIB models [55]. As was shown in [56] after compactifying further to
four dimensions and breaking to N = 1 supersymmetry, the coefficient of the superpotential
term similar to (3.35) vanishes identically such that the D3-instantons associated to the
non-critical Ai-string do not contribute to the superpotential.

It would be very interesting to see how the observations in these simple examples
generalize to the more general case of infinite distance limits in the regime x < 0. For us,
the important message is that the region where perturbative control is lost can in certain
cases be further obstructed by a diverging superpotential and that the solitonic heterotic
string is not even necessarily stable along trajectories with = < 0.

This is in contrast to the regime where z > 0, for which we saw that the infinite
distance limit is not obstructed by a non-perturbative superpotential.

Genus-one fibration. If we consider a genus-one fibered Bs, all arguments apply in an
analogous manner for limits in the regimes = > 0 or z = 0. However, the case < 0 is
different: Recall that here, at least for smooth Weierstrass models Y; over Bs, we found
no kinematic obstruction at O(a/?) to taking the vanishing fiber limit, in agreement with
the fact that such limits would be perfectly well-defined. This raises the question whether
a non-perturbative superpotential can obstruct such a kinematically allowed !¢ infinite dis-
tance emergent string limit. In the following, we give some preliminary arguments based
on simple examples why we expect this not to be the case. A systematic analysis of the
superpotential for genus-one fibrations in the limit of vanishing fibers is, however, left for
future work.

If the superpotential diverges in the regime of a vanishing fiber volume, V¢, = 0, this
should be caused by a tensionless fundamental Type IIB string, obtained by wrapping
a D3-brane on Cy. This is similar to the diverging superpotential due to the E-string
discussed in the heterotic set-up. However, while the E-string (and its generalisations) in
four dimensions is a genuine N = (0, 2) string, the fundamental Type IIB string enjoys a
higher, N = (2,2) worldsheet supersymmetry. This corresponds to an N = 2 space-time
supersymmetry that is broken by the orientifold. Suppose that the four-dimensional model
arises from a six-dimensional model which in turn undergoes an infinite distance limit of
a vanishing T%-fiber on the base B,. In this case the fundamental Type IIB string already

16WWe reiterate from the previous section that for the limit to really be allowed perturbatively, also all
higher order o would have to vanish.
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exists in six dimensions. Compactifying further to obtain a four-dimensional theory, the
fundamental Type IIB string can either wrap the additional curve or not, yielding either a
D3-instanton or staying as fundamental Type IIB string in the four-dimensional spectrum
of strings. Taking the volume of the T2-fiber to zero causes the Type IIB string to become
tensionless and at the same time the D3-instanton to acquire a vanishing action. This
is only true since we saw that the a’-corrections in this limit vanish and we can trust
the classical geometry. We can therefore ask whether this D3-instanton associated to the
fundamental Type IIB string can contribute to the superpotential. Following the intuition
of the example of [56] in the heterotic case, we would expect the contribution to the
superpotential to be of the form

W= f(Gv Z) x b (QOZell.(qi) +.. ) ) (3'39)

where gy = 2770 is the exponentiated volume of the cycle wrapped by the D3-instantons,
Ze11. the six-dimensional elliptic genus of the Type IIB string and b a coefficient multiplying
the superpotential. We first notice that the six-dimensional elliptic genus Z.;. = const. [5]
such that the instanton action S ~ ReTjy is not corrected. This complies with our pre-
vious results about the o/-corrections. The question if a non-perturbative superpotential
obstructs the infinite distance limit with < 0 then boils down to whether b is vanishing
or not.

As an example take the base Bs to be dPy x P!, where dPy is elliptically fibered over
P!. This base allows for both a T2- and a P-limit by either taking the elliptic fiber of dPy
as the curve C or viewing the P!-factor as the fiber of a trivial rational fibration. We are
interested in the 72-limit and the resulting duality to a D1-string. The non-perturbative
superpotential due to D3-instantons for this model has been investigated starting with [57]
and is of the form

—onty £4(T0) ‘
7712(TO)

Here classically ReT) = Vpiy,, with o the zero section of dPy and ReTy = Vpa2, pi. Note

W=e

(3.40)

that in deriving this expression, the effect of space-time filling D3-branes has not been
taken into account [58]. If one of the D3-instantons intersects such a D3-brane, additional
zero modes may modify or even cancel its contribution to the superpotential. Irrespective
of this complication, we note that any of these instanton contributions is suppressed in the
limit of vanishing T%-fiber as Re T} — oco. In particular a contribution scaling like e 2770 ag
expected from (3.39) is absent. This is similar to the case of a non-critical string arising in
the case of a F-theory compactification involving Fy as discussed in the heterotic context
above. For this string, which also preserves higher supersymmetry, the superpotential
coefficient also vanishes.

Note however, that again the effects of space-time filling D3-branes can in principle lift
certain zero modes of D3-instantons making them contribute to the superpotential [54]. A
detailed study of this effect also in more general set-ups is left for future work.

At the level discussed here we conclude that in the case of a genus-one fibration, we
do not expect the limit of vanishing fibral volume to be obstructed by a superpotential.
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3.4 Flux induced D-terms

So far we have considered compactifications without specifying the possible background
fluxes. In F-theory compactifications on fourfolds Y; such fluxes take values in G € H*(Yy).
Even though the effect of background fluxes is a priori not quantum, but arises already
at the classical level, we conclude this section by commenting on potential flux induced
obstructions to taking the infinite distance limits.

Fluxes within the so-called primary horizontal subspace Hﬁ(ﬁ(l@) are known to induce
a classical Gukov-Vafa-Witten superpotential [59] which depends on the complex structure
moduli of Yj. In the language of Type IIB compactifications with 7-branes, these include
the Type IIB complex structure moduli, the 7-brane moduli and the axio-dilaton. The
infinite distance limits in the Kahler moduli space which form the subject of this work are
therefore not obstructed by such F-term potentials. Their effect on infinite distance limits
in the complex structure moduli space of M-theory compactifications on fourfolds has been
studied in [33].

By contrast, four-form fluxes in the primary vertical subspace Hgé%t(}/;l) induce a D-
term potential, which manifestly depends on the K&hler moduli. In Type IIB language,
such fluxes map to certain gauge fluxes on the 7-branes present in the background. If we
consider the gauge group on a 7-brane wrapping a divisor S, the flux induced contribution
to the D-term potential takes the form (see e.g. [60])

2 Jg, ANtrF
VD — gYMé—Q 7 5 — fS 3 .
2 VB,

As it stands this formula holds for a stack of 7-branes wrapping a divisor S on Bs, with

(3.41)

suitably embedded gauge flux F € HU1(S). More generally, it continues to apply to
abelian gauge groups if we identify the divisor S with the height-pairing of the rational
section which is responsible for the appearance of an abelian gauge group factor in F-theory.
Such fluxes will play a central part in the context of proving the Weak Gravity Conjecture
in section 5.3, which motivates us to investigate the consequences of their induced D-term
potential for the infinite distance limits.

The gauge coupling appearing in the D-term potential (3.41) depends on the volume
of S in string units via

27
9ym
and is hence maximised for the parametrically smallest divisors. In the infinite distance

limits under consideration, these are of the form S = Jy. In this case
A
Gz [InFIm. (3.43)

in both J-class A and B infinite distance limits. The scaling behaviour of fS J A F de-
pends on the concrete flux background but is bounded as indicated. Since Vg, ~ p3, the
asymptotic D-term potential hence scales at worst as

A 3
Vp = (/LQ) if S~ Jy. (3.44)
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For p =2 A/2 the flux-induced D-term potential could hence in principle diverge. This
regime, however, has already been excluded based on our analysis of the perturbative «’'-
corrections in section 3.2. The only remaining potential obstruction to taking the infinite
distance limit could therefore arise in the emergent string regime u ~ \/2 (cf. (2.20)
and (2.42), in which the flux-induced contributions to the D-term potential remain (at
worst) parametrically constant.

However, even in this regime, the flux-induced potential may be cancelled by conden-
sation of charged matter fields. This, of course, is only possible for suitable signs of the
massless field charges. In [61] it has been conjectured that such a cancellation of the D-term
is in fact always possible in a consistent theory of quantum gravity. We will assume this
for the remainder of this paper.

For the central application of the infinite distance limits in this paper, however, this
assumption is not even required. Namely, to prove the Weak Gravity Conjecture in section 5
we will be interested in configurations where the class of the gauge divisor S receives a
contribution from one of Kéhler generators of type J,,, u € Z; (in limits of J-class A, (2.14))
or Jy, fi € Ty (for J-class B limits). In this case, the divisor volume scales as Vg ~ p?\?
and hence

1
Vp = .
(nA)S

Clearly this potential can never obstruct the infinite distance limit of large p and .

(3.45)

4 F-theory/heterotic duality and quantum corrections

We have seen that for a rationally fibered F-theory base Bjs the infinite distance limits
studied in the previous sections correspond to the weak-coupling limit of a critical heterotic
string. In this section we therefore discuss some relevant aspects of F-theory/heterotic
duality in order to understand the precise interpretation of the F-theory limits in the dual
heterotic frame. In particular we will elaborate on how both the classical F-theory geometry
and the perturbative o'-corrections encode perturbative loop corrections to the heterotic
gauge coupling. This fact will be of central importance in the context of the Weak Gravity
Conjecture studied in section 5.

4.1 Classical corrections to F-theory/heterotic duality

As is well-known [62, 63], F-theory/heterotic duality in four dimensions can be thought
of as adiabatically fibering the eight-dimensional duality of the heterotic string on 72 and
F-theory on K3 over a Kédhler surface Bo. On the heterotic side this results in an elliptically
fibered Calabi-Yau threefold

p: Z3—>BQ. (41)

On the dual F-theory side one arrives at a K3-fibered Calabi-Yau fourfold Y; which, as
always in F-theory, also allows for an elliptic fibration 7 : Yy — Bj3. As a consequence of
Y, admitting both an elliptic and a K3-fibration, the base Bs must be rationally fibered
with projection

p: B3 — By (4.2)
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and generic rational fiber Cy. This means that Bjs is in general a blowup of a projectivisation
P(O@ T) of arank 2 bundle O @ T over the base By, which is either a Hirzebruch surface
(or a blow-up in r points thereof), a del Pezzo surface or the Enriques surface K3/Zy. The
group H!(Bs) of divisor classes is spanned by a so-called exceptional section S_ with the
property that S_ -g, S_ = —S_ g, p*(c1(T)), furthermore the p-vertical divisors p*(Cy,),
a=1,...,hH(By) (where C, is a basis of H"!(By)) as well as additional blowup divisors
E,. Of course one can define several section divisors in addition to S_ by taking linear
combinations of S_ with a pullback divisor. We will collectively denote these as .S;. Of
particular relevance is the section

Sy = S_+p*(cr(T)) (4.3)

for the following reason: If we consider an F-theory model with a stack of 7-branes wrapping
S_ and Sy, then the associated non-abelian gauge groups arise, on the dual heterotic side,
from either of the two Eg factors of the perturbative heterotic string. The twist of the
fibration (4.2) is encoded in the class ¢1(7) € H%'(By) which governs the asymmetric
embedding of a gauge instanton into the two Eg factors [64].

For abelian gauge groups, the role of the divisor wrapped by the stack of 7-branes is
played by the height-pairing of the associated rational section of Yy (see the reviews [65, 66]
for details and references), and the embedding of the abelian gauge group into both Eg
factors is more intricate [67, 68].

In view of the defining intersection numbers, we can identify these three types of
divisors with suitable linear combinations of the different types of Kéahler cone generators:

J —class A : p*(Co), By +— Jn, me{0}UZ;
S; — Jy, el
o HESL (4.4)
J—classB:  p"(Ch),Eys «— Jm, me{0}UZL
S; — Ju, pe 7

Under F-theory/heterotic duality, the volume moduli of p*(C,) map to the Kéahler
moduli of the p-vertical divisors on Zj3,

Vo (Ca) = Nl (4.5)

where 7,3 = Cy -B, Cg. The volume moduli of the blowup divisors map to heterotic
5-brane moduli and the volume of the section divisor S_ is related to the heterotic dila-
ton, as we will recall now. To this end note first that for the adiabatic argument for
F-theory/heterotic duality to work the volume of the base Bj of the rational fibration has
to be much larger compared to the volume of the rational fiber.!” In terms of divisor

To arrive at a perturbative heterotic string dual one furthermore has to take a stable degeneration
limit [62, 63] in the F-theory complex structure moduli space which guarantees that the volume of the
elliptic fiber of the heterotic compactification space is large and worldsheet instanton corrections from the
fiber are suppressed. This requirement is orthogonal to our analysis of the limits in the F-theory Kahler
moduli space.
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volumes this translates into
Vs, > Vp*(C’a),Eu ) (4.6)

i.e. the volume of a section divisor of the rational fibration has to be much larger than the
volume of a divisor which is vertical w.r.t. the rational fibration or of a blowup divisor.

If we parametrise the asymptotic Kéhler form as in (2.14) or (2.27), to leading order
in A the respective volumes are given by

2

Vot (Ca),Ea = YOI meoyuzs) 3 % . Vs, = vol(Juer,) ~ u?A\?,  for J-class A limits
2

Vo (Co) Ea = vol(Jme{O}sz) 3 'MT, Vs, = vol(J ,¢z,) ~ p2\Y,  for J-class B limits.

(4.7)

We observe that in both cases (4.6) is fulfilled in the limit A — co. To avoid clutter, for
the remainder of this review section we focus on the J-class A limits.

The relation between the heterotic string scale and the Planck mass is computed in
the F-theory frame by recalling that the heterotic string is associated with a D3-brane
wrapping the generic fiber Cy of B3 and hence

M3, M
—PL — 47yp, —het — 97V, - (4.8)
Mg U Mg ’
As a result, the heterotic four-dimensional dilaton can be expressed as
1 M2 VB
Re Shet 1= = —24 = =2, (4.9)
2 M}?et Ve,

In the strict weak coupling limit, this can be approximated by the volume of any of the
sections of Bs,

Re Shet (4:6) Vs. .

K3

(4.10)

The (complexified) heterotic dilaton is closely related to the heterotic gauge coupling

via the relation, valid at the heterotic tree-level,

2m 0 Mg, 0
2 Mpe (2m) Re Shet + O(Sher) = mM2 + O(Shet) - (4.11)
Iym het

Here the parameter m appears for an abelian gauge symmetry and fixes the U(1) normali-
sation; from a heterotic worldsheet perspective, m corresponds to the Kac-Moody level of
the U(1) current algebra.

This relation receives perturbative loop (and non-perturbative) corrections. At the
one-loop level, the gauge coupling, measured at the heterotic string scale My, receives
threshold corrections which are independent of the heterotic dilaton (see e.g. [69] and

references therein):

2 - _
s = (2m) Re Sher + A(M, ). (4.12)
Iym
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The threshold corrections A(M , M) obtain two types of contributions,

A= Ag+ Ay, (413)
given by
Ay = 27 RefD (M) (4.14)
Ay = SiKH(M, M)+.... (4.15)
7T

Here f (1)(]\/[ ) is the Wilsonian one-loop correction to the gauge kinetic function and de-
pends on the heterotic Kahler moduli and NS5-brane moduli, which we collectively denote
by M. The second type of 1-loop corrections, A1, includes the contribution from the het-
erotic tree-level Kahler potential, as well as further corrections associated with the wave
function renormalisation of the charged matter fields and also possible field independent
correction terms. The renormalisation coefficient ¢ depends on the matter content of the
gauge theory and can be found e.g. in [69].

On the F-theory side the dual of the perturbative heterotic gauge theory arises from
a D7-brane wrapped on a divisor

S= D A"t Y W, (4.16)

me{0}UZ3 neTy

for which h* # 0 for at least one pu € Z;.'® The associated gauge coupling is then given,
in the large volume regime on the F-theory side and evaluated at the IIB/F-theory string

scale, by
27

Ve — VO (1)

where the superscripts refer to the order in the Type IIB o' expansion.'® In the weak

coupling limit on the F-theory side, the classical volume, computed to order (a/)° in the
(0,0)

Type IIB/F-theory frame, can be split it into a leading contribution Vg and a subleading
contribution Véo’l):
v = v v o (170 (4.18)
with
Vo (MA)Z%h#kumni)sz” ~ (uA)? (4.19)
yy = <’f\2> h® kg™ ak ~ <’f\2> . (4.20)

8This includes as special cases the sections S_ and S for the perturbative heterotic non-abelian gauge
group factors, but also captures the physics of U(1) gauge group factors by identifying S with the height
pairing, as noted above.

9More precisely, the leading o/-corrections appear at order (a')2.

— 37 —



For future purposes we will introduce a similar decomposition of the volume of the
curve Cy and the F-theory base Bs as

Vo, = VS +V5) + ... (4.21)
Vg, = V) + V5 + . (4.22)

where the classical volumes are computed as

ng)) = koo " ~ Lol

32
1 -~ 31 ~
Vi) = 1 Sk 55 + (5 ) Sk aka” +0 (1/2%) . (4.23)
Vi Vi

To match both expressions (4.12) and (4.17) at the heterotic string scale, we first first
21
9m |MHB

run from Mpp up to the heterotic string scale My, which are related via (4.8):

2 2 b M3 2 b
= = —1 B ) — —— — —log(2 4.24
o e = g 575 () = b 5 CV) . (020

where b is the S-function coefficient. Then, with the help of (4.9), we obtain

2w VsV, b
—_ =2 — = — —log(2 . 4.2
2o M mRe Shet oV, 8r og(2mVe,) (4.25)

We can now expand the ratio of volumes appearing on the r.h.s. in terms of the leading
and subleading contributions to the classical volumes as well as the o’-corrections as follows:

(0,0)5,(0)
VsVe, Vs Ve,
= 1+Ag+A1+... 4.26
2mVs,  2my 00 ( 0+ A1 ) (4.26)
where
(0,1) (0,1)
Vi Vs 3
Bs S

appears to order (o/)? and the first o/-corrections are assembled in Aj.
Then the heterotic tree-level relation (4.11) is equivalent to the geometric relation

0,0)+ ,(0
v

(0,0)

=1. (4.28)
QmVB3

This relation can indeed be checked explicitly both for the classical limits of J-class A and
J-class B, with?°

2m =S -, C. (4.29)

*°Tn the special case where S is a section S;, we have 2m = 1 and the relation reduces to (4.9).
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The proof for classical limits of J-class A has already been given in [14]. As a new result, we
observe here that in the relevant classical J-class B limits of the form (2.42), (4.28) follows
from the analysis of appendix A.2, and we discuss the technical steps in appendix B.

As a consequence, we find

YsVeo At 1A+ AL (4.30)
2mVg,
and hence
27 b
%h\/{hct = 2mRe Shet (1 + AO + Al) — g 10g(27TVC’O) . (431)

We propose that this matches the structure of the one-loop threshold corrections on the
heterotic side, (4.12), if we make the following identifications

Ao = 2mRe Shet A() (4.32)
- b
A1 = 2mRe Spet A1 — 8 log(2mVey,) - (4.33)

A detailed interpretation of (4.33) will be given in the next section. Before we come
to this, note that (4.32) means that the subleading classical corrections to the volumes as
encoded in Ay map to the heterotic threshold corrections derived from the holomorphic
1-loop correction to the gauge kinetic function. To check (4.32) at the parametric level, we
observe the scaling behaviour

r @2

5=~V (Cob. (4.34)

2mRe Shet Ao ~ (1*A?)
Here we made use of the scaling behaviour (4.7) of the volume of the pullback divisors
p*(Cy) or the blowup divisors E, on the F-theory base Bs. As explained already, these
volume moduli map, respectively, to the heterotic base Kahler moduli and the heterotic
5-brane moduli. This perfectly matches the moduli dependence of the 1-loop corrections
to the gauge kinetic function on the heterotic side as computed for instance for heterotic
Calabi-Yau compactifications in [70, 71]. In particular, the corrections of [70, 71] vanish if
the dual heterotic instanton is symmetrically embedded into both Eg factors and provided
there are no heterotic 5-branes. This means that on the F-theory side, the base Bj is the
direct product Bs ~ Cy X By with no blowup divisors E,, in perfect match with the form
of the correction terms Ay.

We conclude that already the classical F-theory geometry away from the adiabatic
limit (A — o00) calculates one-loop corrections to the heterotic gauge coupling which are
proportional to the heterotic Kahler moduli and the 5-brane moduli and hence leading in
a possible o, expansion of the one-loop corrections.

4.2 Interpretation of F-theory o’ corrections in dual heterotic frame

The remaining task is now to quantify the contribution A; to the heterotic threshold
corrections (4.33). Recall that Ay was defined in (4.30) and involves the o'-corrections on
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the F-theory side which modify the dependence of the curve, divisor and total threefold
volumes on the Kéhler parameters v®. The main result of this section is that the leading
o/-corrections appearing in the ratio (4.30) indeed have the correct moduli dependence to
map to the non-holomorphic threshold corrections A; on the heterotic side. This, however,
is only possible if we constrain some of the parameters of the o/-corrections as in (4.46)
and (4.57) below. We interpret these as new consistency conditions on the parametrisation
of the F-theory o/-corrections deduced by F-theory/heterotic duality.

To compute Aj, recall the expressions (3.3), (3.4) and (3.14) for the o/-corrected
quantities. The quantum corrected volume of the curve Cy = Jy - Jy is obtained as

Ve, = VB, koou L* (4.35)

where koo, = Jo - Jo - J, and the linear multiplets L are displayed in (3.14). To evaluate
this, we make use of the following two observations:

First, the expression (4.35) contains terms involving the matrix K o8 In appendix F
we show that these take the form

k KW—EV(C?U& oL Joclass A
004 =3 V](go) + I -class
(0)3 . (4.36)
ko K”a—lvcﬂov oL J-class B
Opov - 5 V(BP) + W -class
3

where Véoo ) is the classical volume of Co and Vé?ﬂ) of the curve Cp, = Jo - Jy, for some
0

reference generator Jﬂo.ﬂ Using this one notes that to the given order the terms propor-
tional to 0,7 in (3.14) all vanish in (4.35) because after contracting with K*? they are
proportional to

V0, T5 = 0. (4.37)

Here we used that 73 is homogeneous of degree zero in v®. Collecting all remaining terms,
including the o'-corrections to the pre-factor Vg, in (4.35), gives

- - zZ - T 1
Ve, = é%) 14+a? ((Iﬂ + Ro — K3 — K5) O] + (Rg — KS)W - 51) + 0O (2)\2>] (4.38)
VBS VB;; /J,
with ) )
1 Z 1 Z, 0% A

Bs B3

To understand the scaling of §; recall that Z, was defined in (3.9) and in the limits (2.14)
or (2.35) under consideration V}(Bog) ~ 1, while the largest Kihler modulus scales as p\.

2IThe precise definition of this generator can be found in appendix A.2.

40 —



For the volume of the gauge divisor S = h®J, and the total volume, one finds

Z T
Vg = Véo) 1+ a? ((53 + ’%)W + K5 0) + 52) , (4.40)
VB3 VBg
. . Z T
VBB = V(Bog) 1+ 042 ((Hl + KQ)W + Kz(())) s (441)
VBB VBS
where
aZ, hT, heZ, 1
52 = WIOgVBS + K¢ S(JO) + K7 Véo) = O (Iu2>\2> ) (442)

with the scaling of d2 again referring to the limits (2.14) or (2.35), in which Véo) ~ N2,
We are interested in the ratio of volumes (4.26) appearing in the expression (4.25) for
the gauge coupling. Collecting all terms, we find that

(0)1,(0)
V'V
VsVo, _ Vs Ve (1—04261+O<212)> . (4.43)
2mVp, 2 o

3

This identifies the o/-correction A defined in (4.26) as

1

The suppressed subleading terms are of order 1/(u\)? ~ 1/Vs, in the notation of
section 4.1. This is the expected scaling of a heterotic one-loop correction to the tree-level
relation (4.11) and we will compute these explicitly below. By contrast, d; introduced
in (4.39) could in principle lead to a correction which scales as

A
51=0 (/ﬂ> ~ 1/ Ve () e - (4.45)

This would be of the same order as the classical result for the emergent string lim-
its (2.20) and (2.42) since we have y?/\ ~ 1 in this case. From the heterotic perspec-
tive, such a would-be moduli dependent string tree-level correction to the relation (4.11)
between the heterotic dilaton and gauge coupling must not occur; as we discussed in sec-
tion 4.1, (4.11) is perturbatively only modified at heterotic loop-level, but not by pure
heterotic o’-corrections.

Consistency of F-theory/heterotic duality hence requires that the O (%) contribution
to 61 vanishes. In view of (4.39) this implies that the product v*x} , (no sum over a)
must grow slower than at a rate puA for all values of a. Looking back at the definition of
the limits of J-class A given in (2.20) and J-class B, cf. (2.42), this leads to the respective
constraints that

/ !
Kioq =0 Vo € {0} UZ: J-class A

b 0 - (4.46)
Kjo =0 Va € {0} ULy J-class B.
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As long as these relations are satisfied, we have found that the o'-corrected volumes

satisfy the relation®?

(0)1,(0)
VsV, VS VCO 1 1 1
_ 1 — V) =(1 — - 4.4
() +0 e +0(3)*0 2z ) ) (4.47)
3

where the second contribution in the last bracket is due to the classical subleading terms
Ay in (4.26).

Before scrutinizing the o’-correction terms of order (’)(ﬁ) further, let us comment
on the geometric origin of this relation. At the classical level, the Kahler potential and
Kahler coordinates respect the no-scale structure

v*Re TV = SVg)S) , (4.48)
or equivalently
(V)72 = Ghasn (L) (O (1), (149
_ 1
(Vg?) 2ReT(®) = 5,{&/37@(0))5(/;(0))? (4.50)

If the no-scale structure continued to hold after including the leading o’-corrections, the
WGC relation (4.47) would follow immediately from its classical counterpart (5.15). How-
ever, as stressed already in [36, 37], the perturbative o'-corrections in general break the
no-scale condition (4.48). By direct computation, one finds that no-scale is only restored if

Kig =0 Va (4.51)
and in addition
2/%2 — kg — 3,‘%5 =0. (4.52)

However, (4.51) would be in conflict with arguments put forward in [38] suggesting the ap-
pearance of logarithmic corrections to the Kéahler coordinates in certain Type II orientifold
compactifications. This is to be contrasted with the weaker constraint (4.46), which follows
from imposing (4.47) and is hence a prediction of F-theory /heterotic duality. Indeed, (4.46)
is compatible with the specific models considered in [38]. The key point here is our pro-
posal that the coefficients of the log V](303)
coordinates in the F-theory effective action, i.e. the universal parameter x4 appearing in

terms need not be universal among the Kéhler

the M-theory quantities (C.2) and (C.5) may receive non-universal 1-loop corrections under
the uplift to F-theory, as parametrised by the non-universal renormalised parameters mﬁM.
In particular, we have seen that the relation (4.47) required by F-theory/heterotic duality
holds to leading order in A even if the no-scale condition is violated.

To conclude this section, we now give the explicit form of the o’-corrections encoded
in Ay under the assumption that (4.46) indeed holds. For definiteness we focus here on the

22Gince we have p = A**Y/2 with 2 > 0 the corrections of the form 1/(u))? are O(1/)%).
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J-class A limits since the J-class B limits behave similarly. Using the results and definitions
from appendix F, especially (F.19), (F.20) and (F.21), we can collect all correction terms as

2

(0,1)
(0% - ~ 3 3 a B m
Aj=— 71)(070) </<c1 + Ko — 5/&3 — 2/<c5> <A Zo + 20 — V(T?:O)va )
Bs Bs

(0,1)
N . N 1., 1.
+ </€2 - 2/€5> (A ;a"" ;M'U'u - VBB ;m’U ) + §ZMUM_§A Da (521)530370)

(0,0
O (wiﬂ) |

B3
These corrections at O (a’Q) should now be matched with the non-holomorphic heterotic

(4.53)

threshold corrections appearing in (4.12),

~ C _ C C M4
A= ZK(MM)+...= ——log(VE)4+...= - 1 OB (454
1= g WM, M) + 5 08(VE,) + 87 08 (VBz Mi )T (4.54)
via (4.33),
. b
A1 = 2mRe Shet A1 — o log(2nVe). (4.55)
Y

In (4.54), Vgg is the volume of the base of the heterotic Calabi-Yau threefold in heterotic
string units, and after the last equality we have expressed it in terms of the corresponding
tree-level volume in Type IIB units. The only way to obtain such a term in A; is via the
log Vp, term that enters through the first term in d2 as given in (4.42):

2mRe Shet A1 = 2mRe Spet 02 + . .. = a’h*Z, log ngg) R

(0)

- M2,V

= a’h®Z, log <Mget ;’: ) +... (4.56)
1IB

After the second equality we used that 2mRe Spet = Véo) + ... according to (4.9) and
relations such as (4.30). Thus the logVp, term has the same form as a usual one-loop
renormalization provided that

2705 b

a’h®Z, = & (4.57)
We recall that the parameter Z, had been defined in (3.9) and that h® appears in the
expansion of the gauge divisor S = h®J,. Interestingly, (4.57) hence constrains the param-
eters Z, for those a for which Z, is not already zero by means of the earlier consistency
condition (4.46). This is for all K&hler parameters as labelled by a € Z; for limits of J-class
A and « € 7, for limits of J-class B.

If this is satisified the r.h.s. of (4.55) reads

(0) (0) H
b M2,V b b M.V b v
| het “Ba |\ ¥ 105 (9 | Thet B2 } 7 B2 ]
8r ° (MI%B 2 ) g 108 (21V00) = —g - log (MﬁB 2 gr 2\ 2r
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In the case of gauge group G = U(1) the beta-function coefficients b and ¢ are in fact
equal, ¢ = b, and hence the F-theory corrections reproduce the heterotic result. For more
general cases one should take into account that group-dependent threshold corrections give
additional contributions Al.

For the simple case of a U(1) gauge group we conclude that heterotic/F-theory duality
gives a condition for the F-theory uplift of the parameters Z, by relating them to the
B-function on the divisor S in addition to the constraints encountered in (4.46). Similar
proposals for the coefficient of the log Vg, term have already been made in [72-74] and [38]
from the perspective of Type IIB orientifolds.

Example. In order to gain some intuition for the threshold corrections at order 1/(u\)?,
let us study a base Bs = By x P! that is trivially P'-fibered. The Kihler cone of Bs is
generated by J, = [Bo] and J, = [Ds? x P'] such that

Jo-Jy-Je=kay, Ji=Jy-Jy-Je=0. (4.59)

From the triple intersecions we see immediately that J, can either be identified with Jy or
generators of type Zg in a J-class A limit, whereas J, must be the only generator of type
7:. It follows that the most general Ansatz for the Kéhler form is

a* ,
J=u AJ0+§J*+ZbJT . (4.60)
rels

Even though the trivial P'-fibration is a rather degenerate case because K w = Ky =
0 = D, the formulae from appendix F.1 still apply as the scalar D drops out for any
geometry with only a single Z; generator. The quantities A% in (F.18) simplify significantly
as a consequence of D =6D=6B =0 as well as Kooy = koox- We have
*

A" =0, A* = (ETABT)* == (4.61)

Assuming that the gauge divisor is S = J,, it then follows that the only relevant
correction terms at order 1/(uM)? are proportional to either Z, or 7,. The quantity Z,
depends on the details of the elliptic fibration over Bs through the third Chern class
c3(Y1).23 Independently of the elliptic fibration we can see that

Tan~ J2-J=0. (4.62)
The resulting sub-leading o/-correction is

2mVp, . a22*
VsVo, vy

1
[2 +logvg)3)] | (4.63)

Note that, as discussed in section 4.1 the classical O(1/\3) corrections vanish for a trivial
fibration.

#3See table 5 of [75].
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5 The Weak Gravity Conjecture with quantum corrections

We now apply the analysis of the previous sections to prove the Weak Gravity Conjecture
(WGC) in the infinite distance limits which we have been considering. First, we will show
the WGC relation for all types of classical limits in the Kéhler moduli space in which
the gauge coupling on a stack of 7-branes tends to zero. This completes the previous
results of [14] by including also the J-class B limits. Our main focus is then on the
subleading corrections to the WGC, working to 1-loop order in the heterotic frame. The
gauge threshold corrections imply that naively the Weak Gravity Conjecture is no longer
satisfied; the WGC can, however, be saved if we allow for a 1-loop mass renormalisation
for the states in WGC tower. We make an ansatz for such mass renormalisation effects
and constrain it by demanding that the force between two WGC test particles be repulsive.
This determines the required mass renormalisation in terms of the threshold corrections. As
a result the WGC is satisfied, but with a modified charge-to-mass ratio (5.24) compared
to the leading, classical value. Interpreting this modified bound as the charge-to-mass
ratio of extremal black holes gives a prediction for this quantity in the one-loop corrected
four-dimensional effective theory.

5.1 The WGC relation to leading order in F-theory

To recapitulate our findings so far, we have identified two types of infinite distance limits
in the Kahler moduli space of F-theory which are not pure decompactification limits: The
base Bz admits either a torus fibration or a fibration by a rational curve P!, whose volume
shrinks in each case compared to the base volume. In the context of proving the Weak
Gravity Conjecture, only the second type of limits plays a role, as it is in one-to-one
correspondence with infinite distance limits in which a 7-brane gauge group factor becomes
weakly coupled.

Let us briefly recall the argument why this is so from [12, 14]. If a 7-brane gauge
group becomes weakly coupled, the volume of the divisor S wrapped by the 7-brane stack
in question must tend to infinity. One can check the consequences of this requirement for
both limits of J-class A, (2.14), and of J-class B, (2.35), subject to the constraints that
they are not of pure decompactification type. For J-class A, this is the limit (2.20) and
for J-class B the limit (2.42). In both cases, the volume of S tends to infinity in the limit
if and only if the intersection product with the fiber is non-zero, S - Cy > 0. Furthermore,
if S supports a 7-brane gauge group, it must satisfy the relation S < nKp, for some value
of n, where K B is the anti-canonical divisor on Bs. This is obvious in the case of a non-
abelian gauge symmetry because in this case S is a component of the discriminant divisor
A = 12Kp,. If the gauge group in question is purely abelian (and not a Cartan subgroup
of a non-abelian gauge group factor), then S corresponds to the height-pairing associated
with the rational section of the elliptic fibration which underlies the existence of the U(1)
gauge group factor in F-theory. Even though not proven in full generality, it is conjectured
that such height-pairings likewise satisfy a bound b < nKp, for some n > 0 [12]. Combined
with the fact that S-Cy > 0, the relation S < nK B, implies that K B; - Co > 0. This singles
out Cy as a rational, rather than as a torus, fiber of Bs.
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Hence in the limits in which gyy — 0 for a 7-brane gauge group in F-theory a unique
heterotic string, obtained by wrapping a D3-brane along the rational fiber Cy of Bs, be-
comes tensionless. This allows us to prove the Weak Gravity Conjecture in such limits as
follows [12, 14]. For simplicity we focus on a single abelian gauge group factor. The aim
is to show that the excitations of the weakly coupled heterotic string associated with the
fiber Cy = P! contain a tower of states of charge ¢; and mass Mj, which satisfy the WGC
relation

B L Fu@En oo 1 (5.1)
2 = 2 N 2 '
M Mgy My,

Here g%\“flngQBH denotes the charge-to-mass ratio of a suitable extremal black hole in the
four-dimensional effective theory. The gauge coupling is to be evaluated at the scale of the
WGC tower itself.

In computing the black hole charge-to-mass ratio, one has to take into consideration
the effect of all massless scalars in the effective theory which change the extremal black hole
solution [20]. In the strict weak coupling limit, our theory asymptotes to four-dimensional
Dilaton-Einstein-Maxwell theory, and the precise numerical value for this ratio indicated
in (5.1) follows from the explicit coupling of the dilaton in the four-dimensional heterotic
frame [14]. We will discuss the next-to-leading order corrections to this value momentarily.

An alternative way to understand the Weak Gravity Conjecture bound is to demand
that there exists a tower of states which cannot form bound states, taking into account again
the contribution of the massless scalars to the effective interaction between charged massless
test particles [13, 24, 25]. This condition amounts to requiring that for the WGC tower

!
|FC0ulomb| > |FGrav‘ + ’FYuk| ; (52)

where |Fooulompb| denotes the repulsive Coulomb force while the attractive force includes
the universal gravitational interaction |Fgray| along with a model dependent Yukawa inter-
action | Fyyk| mediated by massless scalar fields [24]. For a single abelian gauge interaction
and with the massless real scalar fields ¢" normalised as in

M3 1
S = —FL(/=gR — g,sd¢" A xd¢*) — —5—F A+F, (5.3)
RL3 2 2gYM
this criterion requires that the WGC tower satisfies [13, 24, 76]
2 2 4 2 2
Iym 9k > 1 d—3 lMPl s 9 Mk ) Mk 5.4
MZ T ME <d—2|d4+4M,§9 r\az) C\ag ) (5.4)

Here we assumed that the ratio My /Mp), with M}, the particle mass, depends on the VEV of
scalar fields ¢". In the strict weak coupling limit, the leading contribution to the Yukawa
couplings stems from the combination of Kéahler moduli dual to the heterotic tree-level
dilaton.

At least in the infinite distance limit gyy — 0 the two approaches indeed agree [11, 13]
(more generally, see [25]). The point is that, as we now show, asymptotically

Mlgl S (M]? ) <Mk% > . . ..
— g0 | —= | 0s | —2 | =2 in the weak coupling limit . (5.5)
My Mg, Mg,
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Let us see how this works in our particular setup. The real scalar fields ¢" are the linear
multiplets L®, whose inverse kinetic matrix is given by

0’K OL” 2
o~ =9 =L°L°F — — K. 5.6
OReT,,0ReTp OReTjp VB, (56)

g

Here K7 is the inverse of the matrix K, defined in (3.5). The massive states on the other
hand are given by the excitations of the heterotic string. For a classical, weakly coupled
heterotic string, the mass of the states at excitation level ny is related to the heterotic
string scale My as

ME = 8nM(ny —1). (5.7)

Together with the second and third relation in

2
g%M = VS ) M}%et = 27TVCO ) Mlg’l = (47T)V33 ) (5'8)
one hence finds
M]? Ve,
M2 = Ar(ng, — 1)V33 = dm(ny, — 1) Y koop L. (5.9)

In the last equality we applied the relation (3.15) to the curve Cy = Jy - Jy associated with
the heterotic string, and the notation refers to the Kéhler form in the weak coupling limit
of J-class A. A similar relation holds in the limits of J-class B.

In this language the r.h.s. of (5.4) reduces to

-2
1 1 1 1 1 1
3z (37 | 20 ool | g0 | 3 koopL” | O | 3 koo L” | | = 3 [2*2}’
Pl ueLy pETL peTy Pl
(5.10)
where we used that
kooug™ 70 koo, LML (5.11)

to leading order in the strict weak coupling limit. This reproduces the black hole rela-
tion (5.1).
To conclude the discussion so far, we must show the existence of a tower of states with
the property that to leading order in the weak coupling limit
Q%MQE ; 1
ME Mg

as gym — 0. (5.12)

The proof consists in two steps: First one establishes the existence of certain a tower of
states in the heterotic spectrum with U(1) charge ¢i at excitation level nj such that

g > 4mny, (5.13)

where m = %C’O -S > 0. We will discuss this step in section 5.3.
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In the second step one deduces from the inequality (5.13) the actual asymptotic WGC
relation (5.12). Using (5.7) and (5.8) we can recast (5.13) as

g%Mqi S 9\2(1\/[ 2m 2mVp, 1

MI? T An M}%et N VsVe, MPQ,I. (5.14)
This means that the states satisfying (5.13) have the property that
Pk 5 Sy 2 2V, 1 gy L (5.15)
M 4 Mg, VsVe, Mg, Mg,
For the last equality we used (4.30) and recall that the correction A scales as
A=Ng+A1+...=01/N) +01/u*)\?). (5.16)

This relation holds both for limits of J-class A and B (see appendix B). Hence to leading
order in A the WGC relation (5.12) is indeed satisfied.

5.2 The WGC at 1-loop order

We now elaborate on the next-to-leading order terms in the WGC relation (5.12) and make
a proposal how the WGC is still satisfied taking these into account.

Our point of departure are the subleading corrections A in (5.15). In section 4.1 we
have identified these as one-loop corrections to the classical relation (4.11) between the
heterotic gauge coupling gyy and the heterotic dilaton.

If gym were the only quantity to receive such subleading loop corrections, this would
jeopadize the WGC away from the strict weak-coupling limit. Indeed, the relation (5.15)
obeyed by the would-be superextremal tower does not coincide with the bound (5.12)
at subleading order, see figure 2 for an illustration. Note that in general the sign of
the threshold corrections A is model-dependent, as can be seen both from the geometric
expression in F-theory and from the dependence of the thresholds on the bundle data in
the dual heterotic frame (see e.g. [70]). The sign chosen in figure 2 is the one obtained for
a specific example discussed at the end of this section.

What saves the day is that also the mass of the string excitations for the solitonic
heterotic string in F-theory may experience loop corrections modifying (5.7) to subleading
order. The heterotic string itself is BPS in the four-dimensional N = 1 theory and thus
supersymmetry protects the ratio between its tension and its two-form charge. However,
the excitations of this string are not BPS and their masses can get renormalised at the same
order through string loop effects. Such a correction to the relation (5.7) will affect both
sides of the WGC condition in its form (5.4). This can in principle cancel the correction
to gywm such that the WGC remains to hold to subleading order.

Ideally one would compute the loop corrections to (5.7) from first principles and test
if they are of the right form such that the WGC (5.4) continues to hold. Instead, we turn
tables round and infer the form of the subleading corrections to (5.7) needed so that (5.4)
holds at sub-leading order in A\. We therefore put the WGC to use in order to make a
prediction for a physical observable, here the string-loop corrected masses of the string
excitations.
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The corrections to the mass of the excitations are expected to appear at one-loop level
in the heterotic string coupling. Hence in the following we take Mﬁet /MI?,l as our expansion
parameter to single out the one-loop correction and make the ansatz

2 2 2 2
My gr(ng — 1) Mnet <1 N ]‘Aﬁl;tm(L)> . Sy — 1)]‘]\4}? 1+6). (517
Pl Pl
The function m(L) encodes the corrections to the excitations masses in terms of the linear
multiplets denoted collectively as L. We can now plug this ansatz for the mass correction
into the r.h.s. of (5.4) and expand it to linear order in m(L). Then the WGC relation
becomes

2 2, 4 2 2
gym; L1 ( 1 Mp, M Mo 2
>—(1-6+= g 0, s J)+006%) ), (5.18)
M]f MI%I 2 Mffet M1f2>1 M1%1

where we used (5.5).
We now aim to determine the mass correction

het (L) (5.19)

by imposing (5.18) on the tower of states satisfying (5.13). By combining (5.17) and (5.15)
we compute the charge-to-mass ratio of these states as

2 2
IymYk 1

> ——(1-A-9). 5.20
TR TR ) (5:20)

The Weak Gravity Conjecture is therefore satisfied if the r.h.s. of (5.20) equals the bound
appearing in (5.18). Equating both expressions yields a differential equation for the mass
correction 4, valid to linear order,

1 Mg M M !
i—M}fl g0, (Mh;) Os (Mh; > = —A. (5.21)
het Pl Pl
Since ¢ is given by (5.19), we clearly have
M? M? M2
Or < het (5> =20, < het) §+ =het g m(L). (5.22)
Mg, Mg, Mg,

The combination Mﬁet / Mlgl corresponds to the dilaton, and the derivative acting on it
reduces the power of the dilaton for the first term. Hence the second term is subleading
by one power of M2, /M3, in the weak coupling limit. Plugging this back into (5.21) and
using (5.5), with M}, traded for My, we arrive at the relation

1

where we neglected the terms at subleading power in the heterotic dilaton. With this input,
the WGC condition (5.18) turns into the

g 1 1
WGC relation at 1-loop : M > <1 - A) , (5.24)
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where we recall that A = Ag+ A is related to the gauge thresholds via (4.32) and (4.33).
This relation is manifestly satisfied by the tower (5.13) as long as the mass corrections §
obey (5.21).

To summarise, the 1-loop corrections to the gauge coupling together with the mass
renormalisation effects modify the effective WGC bound on the charge-to-mass ratio as
in (5.24). We have come to this conclusion by interpretating the WGC as the repulsive force
condition (5.2), (5.4), and by demanding that the mass renormalisation effects conspire
with the gauge threshold corrections such that the repulsive-force condition (5.4) is still
satisfied. As reviewed, in the strict weak coupling limit this condition is equivalent to
requiring super-extremality with respect to extremal black holes. If both approaches to
the WGC, (5.1) and (5.4), continue to agree including the 1-loop corrections, this means
that the effective value for the charge-to-mass ratio of an extremal black hole appearing
on the r.h.s. of (5.1) must likewise be modified at 1-loop level of the effective action, i.e.

2 2 1 1
e _ 1 (1 = A) . (5.25)
Mgy Mg, 2

It would be extremely interesting to investigate this further.

Let us evaluate (5.24) in a regime where the classical contributions to A are leading
compared to the o'-corrections, i.e. where Ag > A;j. In the heterotic duality frame this
requires large heterotic volume. In this regime, the differential equation (5.21) can be
expressed as

(0,1) (0,1)
1 Mgy o ( 9 <Mfft M, Ve, Vg
= 9" | koop 57— rm(L)))+0 ) = o ’ (5.26)
v, Pz o My ) T T oo

with p € Z; (cf. (2.7)) and « running over all Ké&hler moduli. Here for definiteness we
assumed a weak coupling of J-class A, for which we recall that
M}?et _ 1V00 1

MZ ~ 2vg, 27T (5.27)

a similar expression holds for the J-class B limits. To arrive at (5.26) we furthermore
approximated A by Ay and made use of (4.27).

To develop an intuition for this differential equation let us consider the simple example
where the base of the F-theory fourfold Bs is a rational fibration over P2,

B3 = P(OIPQ © Op2(—t)) , teNg. (528)

The Kahler cone is spanned by the hyperplane class H of P? and the section S_, which
satisifies

S_.-S_=tS_-H, (5.29)
in agreement with our notation of section 4.1. The intersection polynomial reads

I(B3) = t*S® +1S2H + S_H*. (5.30)
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Let us parametrise the Kéahler form as
J=v"H +v°S_, (5.31)

and denote the associated linear multiplets as L" = h and L* = s. In this language the
heterotic string tension is given by

M2, s
== 5.32
M3 2] (5.32)

and therefore we are interested in the terms up to and including O(s?). The components
of the kinetic metric ¢®? in this example are computed as

g* =257, g = —ts?, g™ = h? £ ths + O(s%). (5.33)
As for the corrections to the mass of the string excitations (5.17) reduces to

M2

M—E’fl — dr(ng — 1)s (1 + gm (s, h)) . (5.34)
Let us consider a U(1) gauge theory in this geometry. The gauge divisor S is identified

with the height pairing associated with the extra U(1), which we parametrise as

S=zS_+yH, x>0, y>—ut. (5.35)

The range of x and y is chosen such that S is effective. Correspondingly

1 T

For this model, one computes to leading order in s that

V(Ovl) V(O,l)

Bs S y S

= — =—(t+2Z)=+... (5.37)
0,0 (0,0) ’
Vé3 ) Vg ( x) h
such that we get
2s Y
2 _ g 3

0: (s*m(s, ) = == (t+22) + O(s*). (5.38)

Since we are interested in the terms up to O(s?) we can expand m(s,h) = m((h) +
smM(h) 4+ ... and read off

m@(R) = —— <t+2%) :>5:—% (t+2%>+...:—%A+.... (5.39)

This confirms the general claim (5.23). The one-loop corrected excitation mass is accord-
ingly given by

2

Mk

T dn(ny, — 1)s (1 2 (t + 2%)) +0(s%). (5.40)

2h
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It is also interesting to evaluate the net change in the WGC relation (5.24), which
becomes

2 2
Gymdi & L (1 _ 5 (t 29)) 41
g~ g\ U (5.41)

to one-loop order. Hence, in this concrete example, the sign of A depends on the choice of
y and x, which must lie in the range indicated in (5.35). For instance for a U(1) restricted
Tate model, S = 2Kp, = 45_ +2(3 — t)H and therefore, e.g. for ¢ = 1, the bound on the
charge-to-mass ratio is lowered by the loop corrections, as depicted in figure 2.

Finally, let us mention that the WGC for the string itself is not corrected by the
subleading terms and hence the string tension as such does not receive loop corrections as
expected due to its BPS properties. To see this note that the expressions for the tension
and the charge of the BPS string under the 2-from gauge symmetry, obtained by reducing
Cy along the rational fiber,

1 1 1
Q> = ZM]?’I 9 = §MF2>152a My = §5M1;2>17 (5.42)

are not affected by the correction terms and hence satisfy the no-force condition (see
e.g. [16])

M2, MZ, 1
Mélgssas het as het _ — 14)1182 — Q2MI%1 (543)
Mg Mg 2

also in the presence of the corrections due to the non-trivial twist of the fibration.

5.3 Super-extremal sublattice in the heterotic spectrum

It remains to show that a tower of states exists which satisfies the inequality (5.13),
q,% >4dmny, (5.44)

where ¢ and ny are, respectively, the U(1) charge and the mode number of the k-th
excitation in the tower. As discussed, the inequality (5.44) is key to proving that the states
in the tower are super-extremal, in the sense of (5.24). The results in this section are an
extension of the discussion in [14] in the light of the recent results [40, 41].

We have already noted in section 3.4 the importance of the flux backgrounds G €
H*(Y}) to specify an F-theory model. Of particular relevance to the analysis in this paper
are the gauge fluxes on the internal part of the 7-branes. As before consider a theory with
an abelian gauge group factor U(1) which becomes weakly coupled at infinite distance.
One way to engineer such a theory?? is if the elliptic fibration Y; admits a rational section
S4, to which we can associate a non-trivial class o(S4), the image of the section under
the so-called Shioda map (see e.g. the reviews [65, 66| for details). The gauge divisor S is
related to o(S4) via the relation S = —m,(0(S4) - 0(S4)), where 7 is the projection of the

24We will comment on a different origin of U(1) symmetries in F-theory on fourfolds at the end of this
section.
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elliptic fibration. On Y} one can then specify a non-trivial background U(1) flux F', which
combines with the class 0(S4) into the four-form flux

G=7"FANo(Sy), with Fe H"(Bs). (5.45)

We will argue that for generic such U(1) fluxes, there exist states obeying (5.44) with
U(1) charges
qr = 2mk , Vk € N, (5.46)

thereby confirming the Sublattice Weak Gravity Conjecture.

Let us first recall how such a sublattice (5.46) arises in the analogous setup in 6
dimensions with N = (1,0) supersymmetry. It was established in [12, 13] that a subset
of the full spectrum, as captured by the elliptic genus of the asymptotically tensionless
heterotic string, already provides the desired sublattice particles. Specifically, the elliptic
genus of a six-dimensional heterotic string associated with the curve Cp,

Z 9m[Col(¢,6) = —¢ 'Y _ N(Co(n,7)) q" ¢, (5.47)

n,r

is a meromorphic Jacobi form of weight —2 and index m. Here, the fugacity parameters
q and ¢ distinguish states with different U(1) charges and mode numbers, and the expan-
sion coefficients N (Co(n,r)) are interpreted as the degeneracies® of the states. Then the
Jacobi nature of Z_s ,,, [Co] was used [12] to assure, via its theta expansion [77], that the
expansion (5.47) contains super-extremal terms for every charge g in the sublattice (5.46).
Furthermore, in the sequel [13], the argument was generalized to theories with multiple
U(1) gauge fields; the elliptic genus is then promoted to a higher-rank Jacobi form, for
which the index m is a matrix, but the theta expansion is still viable and leads to the
Sublattice Weak Gravity Conjecture for multiple U(1)s.

The situation is rather different for four-dimensional compactifications with N = 1
supersymmetry. After all, the elliptic genus of the four-dimensional heterotic string,

Z—l,m [G; CO] (Q7 f) = _q_l Z NG’(CO(n7 T’)) qn gr ; (548)

n,r

is not a Jacobi form for a generic four-form flux G. The day can be saved, however, by
the recent observation [40, 41] that the elliptic genus of a four-dimensional string decom-
poses as?0

Zam|G,Col =Z 1m +80:Z o, (5.49)

where Z,, p, (for w = —1, —2) are individually a Jacobi form of weight w and index m.
For a generic flux background, both contributions in (5.49) are non-vanishing. To
prove the sublattice WGC it suffices, in fact, for the term of the form £0:Z_5,, to be

#1n fact N(Co(n,r)) are the degeneracies of the left-moving excitations counted with signs since the
elliptic genus is defined as an index. Nevertheless, non-trivial N(Co(n,r)) with n > 1 still imply a non-zero
number of excitations, and hence, the existence of spacetime particles is guaranteed via level matching.

26This decomposition structure is in fact a manifestation of the quasi-Jacobi nature [78] of four-
dimensional elliptic genera.
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non-zero. Indeed, the non-trivial Z_» ,, by itself contains a tower of super-extremal terms
obeying (5.44), which furnish a charge sublattice,

g =2mk, k=1,2,3,..., (5.50)

according to precisely the same logic as in the six-dimensional setup. Then, because the role
of the derivative £0¢ in (5.49) is simply to multiply all the expansion coefficients of Z_5,,
by the associated U(1) charges, the super-extremal sublattice terms in Z_5 ,, persist in the
full elliptic genus Z_1,, [G, Cp]. Note that the super-extremal terms in £0¢Z_5,, cannot
be cancelled by Z_;,, since the latter has vanishing expansion coefficients for any U(1)
charges in the sublattice (5.50) [14]. Rather than forming a sublattice, the states encoded
in Z_1 ,, include a tower of super-extremal states which form a shifted®” sublattice

g =2mk+1, k=0,1,2,..., (5.51)

in the full charge lattice. This proves the WGC in generic flux backgrounds.

For non-generic fluxes, on the other hand, the second, derivative contribution to (5.48)
may be vanishing. Such fluxes were called quasi-modular or modular fluxes in [14], depend-
ing on the properties of the contribution Z_1 ,,. Hence for such special fluxes, the sublattice
version of the WGC cannot be proven based on the elliptic genus Z_1 ,,, [G, Cy] alone be-
cause the latter only guarantees the existence of states in the shifted sublattice (5.51). This
of course is not sufficient to show that no unshifted sublattice of super-extremal states ex-
ists because Z_1 ,, |G, Cy] only computes an index of states, rather than the full partition
function. An extreme case would be situations without any gauge flux, F = 0, where
the elliptic genus vanishes completely and the theory is non-chiral. Chirality is therefore
crucial in order to prove the WGC via the route of the elliptic genus.

This proof of the Sublattice Weak Gravity Conjecture, both in six-dimensional N =
(1,0) and in chiral four-dimensional N = 1 setups, relies heavily on the Jacobi behaviour
exhibited by the elliptic genus of the heterotic string, propagating in six and four dimen-
sions, respectively. However, the effective physics is much richer in the latter setup, which,
to some extent, is a natural consequence of the less amount of supersymmetry. We will
end this section by commenting on two distinctive features in four-dimensional N = 1
compactifications with fluxes:

Stiickelberg mass. The chirality of the theory in generic flux backgrounds also leads to
another important aspect of the abelian gauge theory, namely that its gauge boson acquires
a Stiickelberg mass M. At scales below Mg, the U(1) is merely a global symmetry and
in particular the Coulomb interaction at those scales is exponentially suppressed. In view
of the interpretation of the WGC via the repulsive-force condition (5.2) it is therefore
important to compare the scale at which the WGC bound is evaluated and M. For the
classical finite-volume limit this was already analysed in [14]. Since this particular limit

*"The shift (5.51) of the sublattice by 1 follows from the fact that Jacobi forms of weight w = —1 are an
odd function in £. This does not necessarily mean that no unshifted super-extremal sublattices exist since
the elliptic genus captures only a subsector of the full spectrum.
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is obstructed by o/-corrections and we are forced to impose a rescaling in order to stay in
the perturbative limit, we will reconsider the evaluation of the Stiickelberg mass here. As
we will see, My lies below the scale of the emergent weakly coupled string tower. This
means that in the emergent string limit the U(1) gauge boson is effectively massless at
the mass scale of the emergent string for any choice of gauge flux and hence mediates a
long-range force. Since we evaluate the WGC precisely at the emergent string scale, the
U(1) is indeed generating the Coulomb potential that enters the repulsive force conjecture
used in our previous discussion.

It is well known that the non-trivial anomaly cancelling term [ B A F in a four-
dimensional chiral effective theory [79, 80] is responsible for the Stiickelberg mass. In our
present setup, the two-forms B¢ arise from reducing the IIB 4-form Cjy along the 2-cycles of
Bjs. Including the [ B A F term into the effective action (5.3) and dualizing the two-forms

B® and the corresponding linear multiplets L% into the chiral multiplets T}, we arive at?®
5> P AsF 4 MRgPPaT, A xdT; Moy 2 (o — gy da — gymA
5 P19 dTo A xdTg + — o (da — gymA) A (da — gymA)
RL,3
(5.52)

The Stiickelberg axion « is a linear combination of the axions Im7, which depends on the
chosen fluxes. The Stiickelberg mass is then

M32t = Q%Mnglgla (5.53)
where the (dimensionless) axion decay constant f, is determined by the fluxes to be (cf. [14])
2 =gl (5.54)

Here ¢* is given by (5.6) and the II, are flux dependent topological quantities
M, =ws-S-F. (5.55)

Let us first consider a model without blow-up divisors such that there are no heterotic
NS5-brane wrapping curves in the base of the dual heterotic Calabi-Yau. For the most
general fluxes, the leading contribution to f2 comes from II, with a € {0} U Z3 (J-class
A, and similarly for J-class B limits) and with the corresponding metric element scaling

like e.g.
)\2
g% ~ (L)% ~ i (5.56)
In this case the Stiickelberg mass scales like
M2 1N 2_1M2_>\M2
stNlu2)\2E PI_E PI_E KK - (5.57)

28We have changed the normalisation of the gauge field compared to (5.3) in order to directly read off
the physical Stiickelberg mass from the Lagrangian.
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Here the KK scale is determined by the volume of the base Bo

2 2
MKK _ 1 MIIB 1

M, Vg/f Mg, At

(5.58)

Thus for emergent string limits, where A ~ p?, and generic fluxes the Stiickelberg mass
sits at the KK scale as far as dependence on the infinite distance parameters A and p is
concerned. However, we still have to require A\/u? < 1 to keep control of the perturbative o~
corrections, i.e. Mg is numerically suppressed with respect to Mkxk. In particular this also
means that the Stiickelberg mass is numerically suppressed with respect to the emergent
string scale.

Let us analyse what happens for more special choices for fluxes. For so-called modular
fluzes in the nomenclature of [14], II, # 0 only for o € Z; (in the language of J-class A
limits) such that we get

2 — Mf%l — M2 gﬁ (5 59)
st ()‘M)G PISYM » .

where we used g ~ LFLY if u,v € Z;. This is consistent with the dual heterotic picture
since for modular fluxes the Stiickelberg axion is just the universal heterotic axion with
axion decay constant f2 = g‘{,MMI%l. Finally let us consider the case that B3 has blow-
up divisors. As reviewed in [14] in this case the Stiickelberg axion on the heterotic side
receives contributions from the axions dual to the two-forms of NS5-brane worldvolume
theory. Wrapping the NS5 brane on a curve I'/ in the base of the heterotic Calabi-Yau
threefold yields for the effective action of the 2-form B,

1 Vru
S,=—— | dB, AxdB, = -1t dB, A *dB, . 5.60
“ T 2ME /Rl,g o MR /Rl,g o /A *Ba (5.60)

As discussed in section 4.1 we have to identify Vru on the F-theory side with the volume
of the corresponding vertical divisor such that we get

1 A 1
2 _ 2 2 as2
fa= Ver ~ o2 = Mg = TM‘LMPI = Myix - (5.61)
Thus even if the Stiickelberg axion receives contributions from the NS5-brane axions the
Stiickelberg mass of the U(1) gauge boson is of the order of the KK-scale and thus numer-

ically suppressed with respect to the emergent string scale.

Flux-induced breaking to U(1). While U(1) gauge bosons can be realised via a non-
trivial Mordell-Weil lattice of sections in six-dimensional F-theory, fourform fluxes provide
yet another route to realise them in four dimensions via flux-induced breaking. Let us
briefly convince ourselves that the proof of the WGC can be extended to such constructions.
Suppose the theory contains a non-abelian gauge algebra g, which is realised by a stack
of 7-branes along a divisor S on Bj. There are largely two qualitatively different types of
vertical g fluxes one may consider in such geometries. Cartan fluxes take the form

™FAE;, with Fe& H"(Bj), (5.62)
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where E; is the exceptional divisor on the fourfold Yj associated to the Cartan u(1); of g.
With such a flux turned on, the Lie algebra is by construction broken as

g— b du(l);, (5.63)

where b; is the commutant of u(1); within g. Then, the elliptic genus refined with respect
to u(1); once again decomposes as (5.49). Hence, precisely the same logic applies as for
U(1) symmetries engineered via rational sections, leading to (at worst shifted) sublattices
of super-extremal particles.

One can also consider turning on gauge fluxes which can induce chirality with respect
to a non-abelian gauge group factor without breaking it to its Cartan by itself (see e.g [65]
and references therein). The elliptic genus in such a flux background would still have a
derivative sector as in (5.49), where Z,, ,,, are g-invariant Jacobi forms, as opposed to weak
Jacobi forms. One may then turn on in addition a Cartan flux to break g as in (5.63).
Then, the theta expansion of the final elliptic genus with both fluxes combined would in
the end lead to the desired super-extremal particles.

All in all, we conclude that the elliptic genus guarantees the presence of a desired
super-extremal tower also for such flux-induced U(1)s.

6 Conclusions and outlook

In this paper we have elucidated open questions arising in the Swampland Program for
four-dimensional N = 1 supersymmetric theories. The computational framework in which
we have embedded the discussion is F-theory compactified on a Calabi-Yau fourfold, for
which initial investigations of the Swampland Distance Conjecture (SDC) [4] and the Weak
Gravity Conjecture (WGC) [18] have appeared in [14]. As for theories with eight super-
charges, infinite distance limits either lead to a decompactification or feature emergent
critical strings [5], whose excitations are candidates for the WGC and SDC towers of states.
The ubiquity of perturbative and non-perturbative quantum corrections to the Kahler po-
tential and superpotential makes the four-dimensional minimally supersymmetric setting
an interesting playground for sharpening our understanding of the rich interplay between
swampland conjectures, string dualities and the quantum geometry of moduli spaces.

The main new ingredient that we have taken into account in the present work are the
leading o/2-corrections to the F-theory effective action, as computed in [34-38]. Already
at this level we have seen that the inclusion of quantum corrections is crucial for the
consistency of the theory in that they censor pathological limits which would lead to a
four-dimensional critical string theory with the compactification space decoupled. This
mirrors the situation in theories with eight supersymmetries [26, 27]. Although our results
are promising, due to the low amount of supersymmetry we necessarily have to rely on a
limited amount of information and a fully non-perturbative understanding of the fate of
these limits is currently out of reach.

The limits that we have considered are for the Kéahler parameters of the three-
dimensional base Bs of the elliptically fibered fourfold on which we compactify F-theory.
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The proper N = 1 coordinates in this case are the four-cycle volumes of the base. Ten-
sionless emergent strings can appear in case the base is itself fibered by a rational curve
(heterotic string) or a torus (Type II string). Since the limits involve a shrinking of the
fiber to zero size, one has to carefully take into account stringy o/-effects which could ob-
struct it. Although we find that the shrinking of the fiber itself does not appear to pose
a problem, the implied shrinking of vertical divisors can lead to diverging o/-corrections.
This is because of the nature of the perturbative o/-expansion as an expansion in inverse
divisor volumes as opposed to curve volumes.

Delving into some more detail, we have found that, unlike in six dimensions [12],
the naive finite volume infinite distance limits of [14] generically do not survive the leading
perturbative o/-corrections. In order to make the limits work, we had to superimpose them
with an additional homogeneous rescaling of the F-theory base. We have then demonstrated
that a subset of the resulting two-parameter limits is able to evade the constraint imposed
by the o'-corrections. Interestingly, the censored limits are precisely those that would lead
to an inconsistent decoupling of the KK tower from the emergent string, i.e. T,/ MI%K — 0,
while the parametric scaling T, ~ 12<K is marginally allowed.

To be more precise, the leading o/-correction depends on certain characteristic integrals
such as [ c3 Am*(J,) on the Calabi-Yau fourfold [34-38]. In the case of a P!-fibration these
are generically non-zero and we have shown this explicitly at least in J-class B limits of
a smooth Weierstrass model over a smooth, projective, almost Fano base Bs. Moreover,
in the latter class of models the sign is such that in the pathological limits perturbative
control is lost already at finite distance. In contrast, if the vanishing fiber of Bs is a T2
and Y} is a smooth Weierstrass model the characteristic integrals vanish so there can be
no obstruction at leading order although we have no reason to expect this to be the case
for higher orders in the o’ expansion. It would certainly be desirable, once available, to
include also higher order o'-corrections into the analysis. In addition, a more exhaustive
and systematic study of the sign of the leading order correction is possible but left for
future work.

Another puzzle of the remaining consistent limits was that there could in principle exist
several non-contractible curves in Bs that shrink at the same rate in the limit, leading to
a theory with multiple light fundamental strings. In fact it is not hard to come up with
an example such as By = (P')? (J-class B limit). By refining the analysis of [14] of the
intersection properties of the relevant divisors in B3 and the scaling of the divisor volumes
we find that such limits must always correspond to a decompactification MIQ(K [Tstr — 0.
For the truly emergent string limits T, ~ 12{K the string is always unique!

Regarding non-perturbative corrections we have explained why the volume of the
shrinking fiber does not receive any corrections. First, compactifying on a torus to two di-
mensions one can use fourfold mirror symmetry to study world-sheet instanton corrections
to the volume of the fiber. We have found that neither are these important in the limit,
nor do they uplift to F-theory. Second, D3-brane instantons on four-cycles can give rise
to obstructions through their contribution to the Kéhler potential or superpotential. For
those limits which survive the perturbative o/-corrections we have found that even though
the D3-instanton induced superpotential can be (at most) constant the scalar potential is
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suppressed due to the universal 1/Vp, factor. By contrast, the scalar potential can in prin-
ciple diverge in those limits in which classically Ty, /]\4%K — 0. In the case of a rationally
fibered B3 we have seen that this is in fact expected and including also the perturbative
o’-corrections the superpotential blows up at finite distance so that the solitonic heterotic
string runs into a strong coupling singularity.

Quite differently, in the case of a genus-one fibration where we already observed the
vanishing of the leading perturbative o’-correction we have also found no indication of an
obstruction by a superpotential. Although the fact that we have not observed any necessary
obstructions for limits with a shrinking genus one fiber is surprising, this does not present
an inconsistency as these limits never lead to the offending hierarchy Ty, /MZ, — O.
Nevertheless it would be extremely interesting to study this further.

After clarifying the existence and nature of the infinite distance limits we have ad-
dressed the interpretation of the excitations of the emergent string as the tower of states
satisfying the sublattice WGC. At leading order in the limit and ignoring the a’-corrections
we have shown that the relation Vs - Vo, = 2mVp,, which was shown for the J-class A
limits already in [14], holds also in the J-class B limits. This relation between the volumes
of the gauge divisor S, shrinking fiber Cy and B3 when translated into a relation between
the gauge coupling, emergent string tension and Planck mass is one of the crucial ingredi-
ents in proving the sublattice WGC. The other ingredient is the spectrum of the emergent
heterotic string. Extending the results of [14] and making use of the recent observations
of [40, 41] we have managed to identify a sublattice of charged states satisfying the WGC,
at least for generic flux backgrounds.

Beyond the strict weak coupling limit we have proposed a dictionary between correc-

tions to the relation 921 ~ VB, /Vc, in F-theory and loop corrections to the gauge coupling

on the heterotic side. In F-theory the corrections arise both from deviations from the rela-
tion Vs - Vg, = 2mVp, in classical Kéhler geometry away from the strict infinite distance
limit as well as from the perturbative o’-corrections. Here the analysis of the a/-corrections
was limited to the case of a U(1) gauge group. For different gauge groups, a more careful
analysis of the group-dependent threshold corrections would be required.

Including these corrections we have found a deviation from the classical repulsive force
condition for the tower of states just discussed, which could only be repaired by assuming
that the classical relation between the heterotic string tension Tie; and the excitation
masses MfL ~ nThe is corrected. Requiring that the same sublattice of states which
satisfies the classical WGC bound still complies with the WGC at the 1-loop level hence
leads to a prediction for the mass renormalisations of the string excitations.

Furthermore, by demanding that the repulsive force condition is still identical with
the black hole extremality bound we have turned this into a prediction for the corrected
black hole masses. It would be exciting to check the consistency of our proposal with a
proper calculation of the one-loop corrected black hole charge-to-mass ratio in heterotic
supergravity or of the 1-loop mass renormalisation effects for the string excitations. An-
other interesting question for future work is whether we can make the index of the charge
sublattice arbitrarily large.

Clearly, the topic of swampland conjectures in low-dimensional theories with minimal
or no supersymmetry continues to be an exciting area of research.
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A Uniqueness results for classical infinite distance limits

In this appendix we prove the uniqueness of the fastest-shrinking fibers in finite volume
infinite distance limits of J-class A and J-class B, respectively.

A.1 J-class A

We consider a limit of the form (2.6). In addition to the intersection numbers (2.7), we
recall from [14] that

Jo-Jr = npJdo- Jo, n, >0, (Al)
JrJs = npsdo - Jo, nps >0

Let us furthermore introduce the notation
kagy = Ja - Jg - Jy. (A.2)

Then (A.1) together with (2.7) implies ko,s = 0 and ks = 0.

As reviewed in section 2.2, the base Bs admits a rational or genus-one fibration whose
generic fiber is given by the curve Cy = Jy - Jo and whose volume shrinks in the limit
A — oo. Furthermore, if Bs admits another fibration by a curve Cp, there must exist a
nef divisor D with the properties (2.12) and (2.13). Let us assume that Cy is a shrinking
curve, i.e. that

Vi, =0 for X — oo, (A.3)

As we will see, this leads to a contradiction.

The proof is an application of the proof leading to Proposition 1 in [5], which studied
limits of J-class A for Calabi-Yau threefolds, rather than for a Kahler threefold Bs. Since
D is a nef divisor, it can be expanded in terms of the Kihler cone generators of Bs as

D=p"To+ > p"Ju+ > 0T, % php >0, (A4)
pnely rels
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Furthermore, since by assumption D? is proportional as a class to Cy = Jy - Jo, at least
one p* must be strictly positive (otherwise, by the intersection properties (A.1) and (A.2),
D? would be proportional to Cy). We pick one index

ag € Z; such that p® > 0. (A.5)
An obvious consequence is that p® = 0; if not, D? contains a positive contribution,
(P°)*P**ko0ap # 0, (A.6)
which contradicts the vanishing (2.13). It also follows that
pr=0 Vrels, (A.7)
since otherwise V})Q = J'. D? contains a non-trivial O(A) contribution given by
AP korgag = Ap™* P nrkooa , (A.8)

where ¢ is a putative index in Z3 for which p™ > 0, and n, is a constant of proportionality
in (A.1) which is strictly positive. We thus have

D=> p'J,. (A.9)

a€ly

Let us now choose a pair (uo, o) € Z; for which
Juo + Juvy 70 and  p'°,p" > 0. (A.10)
Such pair must exist in order for the class D? to be non-vanishing. Then,
Vi, = J - D > A\p"p"koyqu, (A.11)
and the asymptotic vanishing of V;, implies that
Kooy = 0. (A.12)
Now, Lemma 5 in appendix B.1 of [5] states that
Jo Jug = 6dpg - oy, K >0. (A.13)
Using this result along with (A.12) leads to
koope = Kkougry =0, (A.14)

in contradiction with the fact that koo, = Jo - Jo - J,, # 0 for all p € Zy for limits of J-class
A. This proves that no Bs cannot admit any other fibration by a genus-one or a rational
curve which also shrinks in the limit A — co.
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A.2 J-class B

We now turn to the J-class B limit as defined in (2.27) subject to (2.28). As explained in
the main text, in order for the limit not to correspond to a (partial) decompactification,
there must exist a leading-shrinking fiber Cy of genus 0 or 1, obtained as (2.31), whose
volume behaves as

Ve, 2 Vpe ~ A7, with v >1. (A.15)
Let us start by expanding the nef divisor D, associated to Cp by (2.31), as
D=p"Jo+ Y piJu, with p°>0, pff >0, (A.16)
ﬂei—Q

where fg C I, is a non-empty index subset. It is then natural to decompose Zs as

Iy = j,—g U z_,—g U :Zv,—g R (A17)

such that
D*.J; =0, Vi€, (A.18)
D* J, >0, VieTl. (A.19)

We will now show that without loss of generality Zo = () and also that the Kéhler coefficients
b'¥ are subject to the following constraints:

Vi< M7 VieZ,, and the inequality saturates for at least one fi, (A.20)
VA2 X\T7 Viely, and the inequality saturates for at least one fi. (A.21)

Note that (A.20) will imply in particular that v < 2 due to the general form (2.27) of the
J-class B limit.
First, to justify Zy = (), we observe that the nef divisor D defined as

D=D+ Y phJs, with pff >0 (A.22)
pely
leads to the same curve class (up to scaling) as Cp, that is,?’
D? = kD? = knCy, with k> 0. (A.23)
The scaling behavior of V’CO is then computed as
Voo ~Vpe=J' -D*~J' - Jo- Jy = Z 0" koo ~ Zb/f’, (A.24)
€L, v

where [i € 7, is an arbitrarily chosen index. Here, we have made use of the fact that D?

and Jy - Jj are proportional classes, and also of the following intersection properties:3’

kOO;) =0, kopl) =0, k:[]f,’a >0 Yo € ig, YU € ig . (A.25)

298ee the arguments from (B.103) to (B.114) in [5] for details. The key is to observe that D?, D - Jz, and
Js - Jo are proportional to one another as curve classes for all fi, 7 € Zs.

390ne observes that D?, D - Jy, Jo - Ju, and J - Jp are all proportional to one another as curve classes for
all 4,0 € 75. This follows from the vanishing of Ve, in the limit A — oo, which implies kopp = 0 Vi1, 0 € Io.
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If V¢, scales as in (A.15), we thus see that
VP XN Vo e, (A.26)
which furthermore has to saturate for at least one 7. Now, the volume of B3 is computed as
Vg, = éJ’?’ ~ NP Ko (A.27)

where the subleading contributions have been neglected based on (A.26). Finiteness of Vi,
implies that
Vi ~ X771 for some jig € I, (A.28)

and also that
VEI N Ve, (A.29)

as claimed.
We will now show that there cannot exist any other such leading-shrinking curve fiber
Co. To this end we suppose that another such fiber Cy exists with the volume behavior,

Ve, ~ Vo, ~ AT (A.30)
Necessarily the fiber Cy is associated with a nef divisor D obeying

D?=aCy, neN A.31)
D3 =0. (A.32

—~
~—

We then have
D-D*=kD-D-Jy=KD-Jy-Jsy =r"D* Jpy, kK K >0, (A.33)

for fig € Iy appropriately chosen to have the property (A.28). Here, we have used the fact
that, for a nef divisor D associated with Cp, the intersection products D?, D - Jy, Jo - Jiio
are proportional classes, and similarly for D (see footnote 30). Let us now note that the
last intersection in (A.33) must vanish since, otherwise, we have

Vi ~ Ve =J - DP VD Ty, ~ 60 (A.34)
which, given the scaling behaviors (A.28) and (A.30), implies —y > v—1 and hence, v < 3,

contradicting (A.15). Therefore,

D-D*=0, (A.35)

and hence
D-D=kpD?, with kp >0, (A.36)

by Lemma 5 of [5]. Of course, precisely the same logic leads to the proportionality
E‘D:HDDQ, with kp >0, (A.37)

and therefore, we learn that D? and D? are proportional to each other as curve classes,
and hence, Cy and Cj are one and the same fiber.
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B The classical weak gravity bound in J-class B limits

In this appendix, we consider J-class B limits and prove the geometric relation re-
quired for the sublattice weak gravity tower to asymptotically saturate the classical super-
extremality bound:

VsVi, = 2mVy, . (B.1)

We work in the unrescaled limit (2.28) such that, following the notation of section 2.3,
V! refers to the classical volume of *, ignoring subleading corrections in the limit.

The proof of (B.1) is analogous in spirit to the case of J-class A provided in [14] and
goes as follows. Note first that since m = %C’o - S is linear in the curve class C, we may
replace Cp in (B.1) by Cy, = Jo - Jp, for a fixed fig € Ty (recall that D? and Jy - J; are
both proportional to C as curve classes; see footnote 30). We will thus prove that

VsVe,, = 2m Vi, (B.2)
where my, is defined as
1
mﬂo = 50;10 . S . (B3)
To show this, we first expand the gauge divisor S as
S=n"Jo+ Y K+ > hJp, (B.4)
ﬂEjg ﬁejg

and compute in turn the parametric behaviours for the volumes of Cj,, S and B3 in the
limit A — oo:

Ve, =9 o Tag = Y V7 koo (B.5)
17612
1 1 A
V§ = §J’2 S=(\o+ > VRIS 4 (B.6)
fi€To
1 ; - 3
=52 S Vi Y VR ) Jo - Tpy Y BT+ (B.7)
,llei—z /lﬂ)Ej:Q ,5622
1 i A i
"2 D Whkoop | | D VAR + 0 Rus) | - (B.8)
pELs 0,0€Ls
1 1 - )
Vg, = EJ’?’ =5 (Mo + SOV VT (B.9)
pels pELs
1 3 A X
=3 > VPkoep | | DD VH@ARG + k) |+ (B.10)
pELr f,0els
(B.11)

Note that, in deriving the above expressions, the vanishing of the triple intersections

kooo = koop = kogo = kasp =0, Vi, 0,p €Iy, (B.12)
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the non-vanishing of the triple intersections,
kogs >0, Vae€Iy, Ve, (B.13)

as well as the following proportionality relations

J[L -Jp = Iiﬂ,;J() . Jﬂo s with Kap > 0, Va,ve :2-2 , (B.14)
Jo - Jﬂ = I*i,ag]o . Jﬂo , with Kp > 0, V,& € ig, (B.15)

have been used multiple times. Furthermore, in singling out the leading order contributions,
we have relied on the constraints on the Kéhler parameters (A.20) and (A.21). We also
pety kojop > 0
since otherwise S cannot correspond to a gauge divisor of our interest in the limit.

assume that the coefficients in the expansion of S in (B.4) should obey >

Finally, note that the rescaled elliptic index (B.3) is expressed as
1 1 3
Mpy = §J0 o - S = 3 Z hPkopg s - (B.16)
pEL

Altogether, therefore, we conclude that for A — oo:

1 o 7 v (o
VeVey, = 5 | 2o Whopop | | D2 V@A 0 kgs) | | 3 6 oo | = 2mig Vs,
pELs L,0ELy 6€Ls
(B.17)

C The linear multiplets L* in the effective action

In this appendix, we review the calculation of the real scalar field L® in the linear multiplets
in the M-theory and F-theory effective action. We start in the three-dimensional N = 2
theory obtained by reducing M-theory on a Calabi-Yau fourfold. The Kahler potential
and the Kéhler coordinates in this theory have been calculated in [37], building on and
extending earlier works [34, 35, 81] (see also [48]). They are given by

K = —3log (Vg) +a® (k1 + K2) 20" + mgﬁvi)) (C.1)
and the Kéhler coordinates by
KiZkUk Kﬂ%vk

K;
ReT; = — + o2 <(Ii3 + Ks5) + k4 Z;log Vl(,g) + reTi + /<a7ZZ-> , (C.2)

K5
3! 3y 3y
where
2 o 1
o = g1 (C.3)

and the Z; and 7; are the M-theory precursors of the F-theory quantities introduced in
section 3.3! The dual coordinates to ReT; can be determined by looking at

;. OK v
L = =5 ore (C-4)

31For the definition of 7; we pulled out the Z; contribution that arises in the definition of the divisor
integrals in [37].
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To calculate this one has to take into account that the 7; now also depend on the v'. We

thus get
Li= % + % {6@&(%’@/@1 — 260! T K™ — 850k 8 TRK™ + (6152 — 8kis) KU T

Vy4 Vy4

+ (6(k1 + ko) — 8(k3 + K5)) K Z; — W (3(k1 + Ko) — (k3 + Ks) + Ka) V2

Yy
Vi
— @y Br2 — Ks) Ukﬁ] : (C.5)
3V

By comparison with the one-modulus case studied in [36, 37] fixed
K1+ ke = 512, Ky = —1152, 4dks +4kg + kg = 0. (C.6)
If we demand that for 7; — 0 we reproduce the results in [34], this fixes in addition
—K7 = K3 + K5 = T768. (C.7)

Let us now come to the F-theory uplift: The uplift of the Kéhler potential and of Re T, is
readily obtained as

KF = —2log (vg]g + 0 (R + Ro) Zat®™ + ;%QTaua)) , (C.8)

where 5; = %I{i and

K, KoZz0° K, Tz -
ReT, = —2 +a? | (k3 + K5) (f);) K5 (%? + Z, log vg? + keTo + K720 | -
2 2V, 2Vp,
(C.9)
Here
Z, = Ky 0 Za (no sum over «) (C.10)

and the parameters ’iﬁ;,a are still to be determined. Note that as explained in [36, 37|, they
can differ from their M-theory counterpart x4 because the F-theory uplift might receive
1-loop quantum corrections. Differently from [37], however, we allow for the possibility
that the renormalised parameters are non-universal among the divisor classes, i.e. upon
uplifting the chiral coordinates to F-theory quantities Re T, we replace

-1
K4 1-logp K o - (C.11)
All quantities above are understood to be related to the base Bs which we indicate by the
Greek letters.
There are now two ways to obtain the F-theory expression for the L*: The first method
directly uplifts the expression in (C.5) by using [34]

g a8
K 1 Kas 1vv , (C.12)

2 6 1O

B3
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and replacing r1/; by K1/2. Again we allow for a non-universal renormalisation of x4, but
this time as

K4 —> R4, (C.13)

where the parameters 4 3 appearing in the uplift of the L' to L? may in principle differ
from the parameters r , in (C.9). This gives

o v a? - o 1vP
Lo = S0} - 0 ((mqﬂaﬁn — 266070, Tp — 8k5v7 05T (/cﬁ “ 550 )
B3 B3 B3
1 v 1 v
+ (6:‘%2 — 855) Keh — SUY 7-5 + (6(/?01 + RQ) — 8(/‘63 + K5)) o — vy Z/J’
6 1O 6 1O
B3 B3
20 . . 0% o 20
50 (3(R1 + R2) — (k3 + kp)) Z — O) ngﬁ -0 (Bka —ks)T |, (C.14)
3Vg, 3Vp, 3Vp,
where
é’\ﬁ = Zgkyp (no sum over f3) . (C.15)
The second strategy is to compute the L directly from (C.8) and (C.9), yielding
o ve Oé2 - Ba
L= —~+ —& (2R 08T+ — ke 05 T3 — 3r5v7087T,) K
PO 1,0
B3 Bs
+ (2Rg — 3k5) KPUT5 + (2(R1 + Re) — 3(k3 + k) K725 (C.16)
ve - . K3 + K5 1 v™ - 3 v /L K5
_1)(0)((/451+f€2)_ B >Z—2])(0)25'U _'V(O)<K/2_2>T>
B3 B3 B3

Here the potential quantum corrections to the uplift are encapsulated in the same param-
eters ) , entering the definition of Zg already in (C.9).

Consistency of the F-theory uplift requires that both approaches agree. This allows us
to fix the remaining open parameters as follows: First matching the ®? T3 implies

K9 = K5 = K1 = K3 . (017)

Similarly, the terms involving ZABUB in (C.14) and Zsv? in (C.16) must also match. This
is to be read as a consistency condition on the quantum corrections to the uplift. Under
these two conditions (C.14) and (C.16) agree.

Let us stress that the conclusion (C.17) is of course only valid under the assumption
that the uplift of the terms in the L’ other than those related to x4 does not obtain
quantum corrections. In any event, we do not impose (C.17) in the main text but continue
to compute with the most general parametrisation, using the form (C.16). As we discuss in
section 4.2, the WGC relation (4.47) holds regardless of whether or not (C.17) is imposed
to leading order in A - provided the quantum corrected parameters Iﬁ:ﬁly ., satisfy (4.46). It is
nonetheless interesting to state that if in addition (C.17) holds, the relation (4.47) becomes
particularly simple: In this case the leading order corrections to V¢, vanish and the leading
order corrections to Vg and Vp, on both sides of the equation (4.47) are identical.
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D Computation of 7y and Z; in classes of geometries

In this appendix we exemplify the computation of the invariants 7y and Z; for rationally
and elliptically fibered base spaces. These invariants govern the perturbative (a/)? correc-
tions as discussed in section 3.2.

D.1 Rational fibration

We begin with the case where the infinite distance limit leads to the shrinking of the
rational fiber of the F-theory base B3. Of particular importance is the combination Wy
in (3.22). As discussed in section 3.2, if Wy < 0 we reach a strong coupling singularity at
finite distance in the parameter regime where x < 0.

First we will exemplify situations in which the combination Wy in (3.22) is indeed
negative. Establishing such examples requires control of both 75 and 2.

The correction 7y to the Kéhler coordinates depends on the unknown coefficients as
and k5 in (3.7) and (3.4), respectively, which makes it difficult to quantify. Despite this
problem, let us evaluate 7Ty for the simple class of F-theory geometries given by a smooth
Weierstrass model over Bs. In this case the gauge group is trivial. On the dual heterotic
side, this corresponds to a gauge bundle that breaks the perturbative gauge group com-
pletely. We can now use (3.7) to calculate 7g. We have to differentiate between J-class A
and B limits due to the different intersection properties of Jy in this case. For J-class A,
we obtain

1
J-class A: Ty = —18(1 + a2)7cl (/ Jo N Jog A J> </ J N Jy /\61(33)>
ReTo Bs Bs

~ —18(1 + 042) 1 ( Z koouv‘u> (21)0) = —36(1 + Ol2)7

koo, v0vH
ZuEIl 004 pET

(D.1)

where we used K - Jy - Jy = 2. For J-class A limits, we thus arrive at a model-independent
and non-vanishing contribution to Re T, whose precise pre-factor depends on the value for
a9 and k5. For J-class B limits we also find a model independent result, but this time the
leading contribution in \ is vanishing,3?

J-class B: To=0, (D.2)

since the first integral in the expression for 7y vanishes due to Jy-Jy = 0. Thus, for smooth
Weierstrass models, the contribution from 7y does not scale with A and is therefore of the
same order as any contribution coming from the constant topological term Zj.

Next, we will show that in the case of a smooth Weierstrass model with projective,
smooth, and almost Fano base B3 we find Zy < 0.

To see this, note first that for smooth Weierstrass models the topological term Z
reduces to

Zy = —60/ c1(B3)? A Jo. (D.3)
B3

32Note that in the case that there exists a Kahler cone divisor J, with a € fz and Jo - Jo # 0 and we
choose to scale v* ~ X the J-class B limit effectively turns into a J-class A limit upon replacing a <> 0.
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As reviewed in the main text in section 4.1, among F-theory models with a rationally
fibered base p : B3 — By there exist the class of models that are dual to a perturbative
heterotic string theory. In particular if the heterotic dual is perturbative there cannot be
any exceptional divisors due to blow-ups of curve in Bs that would give rise to E-strings.
In this case ¢;(Bs) is given by

61(33) = p*Cl(BQ) + 2S+ —t. (D4)

Here t = ¢1(£) characterises the twist of the fibration and S5 is the exceptional section at
infinity of the fibration p. Using Sy (S;+ —t) = 0 we find

2y = —240/ Cl(BQ) A pidy . (D5)
B2

The integral in the expression above is strictly positive for By either a del Pezzo surface
or a (blow-up in r points) of a Hirzebruch surface. Thus for these models, which have
a perturbative heterotic dual and no non-abelian or abelian gauge factors, Zj is strictly
negative. We can generalise this slightly by considering smooth Weierstrass models over
bases Bs that are projective, smooth, and almost Fano. This in particular includes cases
where some curves along the bases Bs of the geometries considered before are blown up
to exceptional divisors of B3. However, performing too many independent blow-ups will
destroy the almost Fano condition. Under these assumptions —Kp, is known to be nef and
big and through (D.3) we are interested in the quantity

Jo - (_K33)2 = (_KB3’J0)2 . (D'G)

Now —Kp,|J, is still nef as this property is preserved under restriction and since Jy is a
Kahler cone divisor and therefore ample the restriction of —Kp, to Jy is also big. These
two properties of —Kp, |, imply that (—Kp,|j,)? is strictly positive. Thus in the case of a
smooth Weierstrass model with projective, smooth, and almost Fano base Bs we also find
Zy < 0.

Using (3.12) we note that the correction to Re T, due to Zj is strictly negative in
these models but unlike the contribution due to 7y, it is model-dependent. However in
the J-class A limit, a strictly negative Z( for smooth Weierstrass models over almost Fano
bases does not yet imply a strictly negative Wy due to the non-zero contribution coming
from the 7p term in (3.22). In case x5(1+a2) < 0, 7o contributes with a positive pre-factor
to Wy which could therefore yield to Wy > 0.

Note that since 7g is model-independent and just depends on whether we take a J-class
A or B limit, the case where Wy = 0 is very special as it can only be reached in specific
models with certain values of Zy. We thus expect that in generic N = 1 models we have
Wy # 0.33 It would be further interesting to see whether W, > 0 is actually possible or

33 A special case is e.g. a smooth Weierstrass model over a base Bz which is rationally fibered over the
Enriques surface K3/Z2 which has Zy = 0. In case a J-class B limit for these models exists, the obstruction
to leading order vanish since Wy = 0. However, these models are closely related to models with higher
supersymmetry which might be responsible for the vanishing of the leading order correction and just yield
subleading corrections. These subleading corrections arise since K3/Z; has additional curves Ja, a # 0,
with J2 # 0 that uplift to divisors of Bs. Since for these divisors we have T # 0 the limits of vanishing
Re T, is obstructed which then also obstructs the original J-class B limit on K3/Zs.
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whether we always run into a strong coupling singularity as it is the case for J-class B
limits for smooth Weierstrass models over almost Fano bases.

As a first step into that direction we can go beyond smooth Weierstrass models over
almost Fano bases Bs, for which we had shown that Zy < 0. First of all, we can perform
a large number of blow-ups of curves in the class of bases By considered around (D.4). In
this case the exceptional blow-up divisors F, will contribute to ¢1(Bs) as

c1(Bs) = p*c1(By) + 251 —t+ Y coFa, (D.7)
a
where ¢, are constants. This leads to an additional term for Wjy:
Zy = —240/ c1(Ba) ApaJo =60 cach | EaNEyAJy. (D.8)
Bs . Bs

If the blow-ups are all independent E, - Ej, = d4, the second term in the expression for W
above gives a strictly positive contribution such that Wy < 0 cannot be ensured any more
if the number of independent blow-ups is large enough.

Furthermore note that in the presence of a non-abelian gauge symmetry Zy will not
be given by (D.3) any more. If we assume that the singularity corresponding to a single
gauge group factor realised on a divisor S is crepantly resolvable, we have [75]

2, = / (—60¢1(Bs)? + aci1(Bs)S — b8%) Jo,  a,b>0. (D.9)
B3

This reflects the observation of [35] that Z is closely related to the gauge theory in F-
theory. Starting from an almost Fano base Bs and a suitably chosen gauge group it may
in principle be possible to reach Zy > 0, but we have not verified whether this actually
occurs in explicit examples.

D.2 Genus-one fibration

Let us now turn to the case of genus-one fibrations that, as discussed above, yield a ten-
sionless fundamental Type IIB string at infinite distance. In this case, we can again look at
the o/-corrections related to Z and 7. Assuming a smooth Weierstrass model, we use (D.3)
to evaluate Zy. However, now that we have a T?-fibration p : B3 — Ba, c1(B3) is given by

1(Bs) = per(By) — 1op*A(By) (D.10)

Since Jp is also a pull-back divisor from jo € H?(Bs), i.e. Jo = p*(jo), we find
Zy = / 61(33)2 ANdyg=0, (D]_l)
B3

for any T2-fibered base Bs. As for the 7 contribution we note that since K - Cy = 0 for
elliptic fibrations we find to leading order in A

To=0, (D.12)

unlike in the case of rational fibrations for both J-class A and J-class B limits.
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E Quantum volume in Type ITA on Y,

In this appendix we consider Type IIA string theory compactified on an elliptically fibered
fourfold Y, and investigate quantum effects in its o-model Kéhler moduli space. Our goal
is to determine if there exists a non-perturbative kinematical obstruction to taking infinite
distance limits in which the rational fiber Cy of the base Bj3 shrinks.

To illustrate the general idea we consider a simple example of J-type A as in (2.14)
with Z; = {1} and Z3 = {2} such that the Ké&hler form is given by

J =10+t g + 1275, (E.1)

Such a system is realised for instance if Bj is a rational fibration over a Hirzebruch surface.
In this case t! gives the o-model volume of the rational fiber of Bz, t the volume of the
fiber of the Hirzebruch surface and t? the volume of its base. The question is now whether
the point of vanishing o-model volume ¢! is part of the moduli space. For the moment
let us forget about the Z3 modulus t? and focus on the two-modulus system associated to
t? and t'. We follow the example presented in [53] where the Picard-Fuchs equations for
Y,, when reduced to the moduli t° and ¢!, yield the differential equations describing the
Hirzebruch surface Fo. For this system the discriminant locus is given by

Ap, = (1 —429)% x ((1 —421)* — 64272)) =0, (E.2)

where, in this particular example, the zg; are related to t%! in the large volume limit via

1 1-2 —4/1-4
01 _ ( 20,1 — 4/ zo,1> ’ for 10 =0. (E.3)

—1
o8 220’1

2

We thus see that e.g. at z9 = 0 corresponding to t® = oo, the o-model volume of the rational
fiber of B3 vanishes if z; = 1/4. And indeed the point (zp, z1) = (0,1/4) lies on the divisor
Ap, = 0. However, once we fix 0 < zp < 1/4, z; = 1/4 is not on the discriminant divisor
anymore as the singularity splits for finite zg. In this example the split of the singularity
induces a quantum volume for the rational fiber of Bs due to its coupling to the curve in
the base By. On the other hand, the point (29, 21) = (1/4,21) € Ag, for any z; > 0 such
that the curve in By does not receive a minimal non-zero quantum volume due to the P!
fiber of Bjs.

The important question is now whether this effect is big enough to obstruct any limit
in which the rational fiber shrinks asymptotically to zero size. From (E.2) the effect of
switching on zg > 0 is to shift the singularity as

; 1
A = 1 + O(z0) . (E.4)
Thus, for zy < 1 the minimal corrected o-model volume t! scales as

tlo (258~ —log (1 — O(20)) ~ O(z0) ~ e~ 27" . (E.5)

min.

From here we learn that the minimal quantum volume of the rational fiber is exponentially
suppressed in the volume of the base curve t°.
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If we now impose the scaling (2.14) we see that the corrected scaling due to the quantum
volume is

1 H —27pA
t Np—l—e THA (E.6)
Accordingly, the effect of the quantum volume is negligible in this limit.
In fact the exponential suppression of the quantum volume as compared to the classical
scaling holds in general. Of course also the Z3 modulus ¢2, which so far we have only treated
as a spectator, might be non-trivially coupled to ¢! and introduce an additional contribution

to the quantum volume. However, this effect will be at least suppressed as
St~ e 2N 0 for x> —1/2. (E.7)
Similar results as for the rationally fibered case also hold if Bs is genus-one fibered. In

summary, non-perturbative corrections as captured by fourfold mirror symmetry cannot

further obstruct limits with vanishing fiber limits.

F «’-corrections to the volume of Cj

Here we prove the relations

1 V50" 1

koou KM = - ——+ 0O <> J-class A
(0) 4
2 Vi, UA

©) o (F.1)

iy 1 Vcﬂ v 1

kopor K" = - % + 0O <4> J-class B
2 VJ(B;,») HA

in the limits (2.14) and (2.35). The identities presented above are needed in order to
evaluate the o/-corrections to the volume of the distinguished curve Cy. In conjunction
with (C.16) they imply that the volume of this curve is only corrected by a multiplicative
factor as in (4.38).

F.1 J-class A
Consider a limit of J-class A,
at -
J= M()\Jo D et DY Jr> , (F.2)
neZy rels

with intersection numbers as in (2.7). We are interested in the volume of the curve Cy =
Jo - Jgy, for which we find

po _ 1

= 22 kooﬂau = ﬂkTa, kOOu = J() . J() . JM . (F3)

=2
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We evaluate the righthand side of (F.1) as follows

A
VG 1 fikla | 4o <1> (F.4)
R IV R S SN VA R |
3 )\QCL
1 1 / 1
b?"
= - ——— LA +(9<> . (F.5)
1+2n§b + bTNb MA 0)\# )\4

Here we have defined the vectors

n= (nT)TEI3 ’ b = (b/T>TEI3 (Fﬁ)

and matrix N = (n,s)rscz, that encode the linear dependencies between the intersection
numbers (A.1).

The next step is to determine the asymptotic form of the kinetic matrix K,g defined
in (3.5) and its inverse K%, which appears on the lefthand side of (F.1). It is convenient
to group the index set as ({0} UZ3) UZ;. In the following, indices m,n will range over
{0} UZs. We find the block matrix structure

AIBT
X = (Kaﬁ)a,ﬁe{o}uzguzl = ’él*ﬁ’ )

1
A:“&%(ﬁ), B:u/\k®<1+—wT+bTN>, (F.7)

T
D = pA <k0,u1/ + kr,uu) .
A w,vely

We recall the definition

b= (1 b’/)\) (F.8)
and define the block components of the inverse of X as
ABT
R [ (F.9)
B'D

The lefthand side of (F.1) can now be brought in the form
(0)

1 . . \Z R
Koo KH™ = e (T BTB)™ = pA——"5 - (b" BT B)™
8 A1 4 225Y 4 VTN 2V -
1 7T T 1 (O) 1T RT ( | )
koo KM = - (0" BTD)Y = b"BTD
oon (L + 205 YINY ( ) 2v(0) A )y

Provided the sub-matrices A, D are invertible, the inverse kinetic matrix is determined
as follows. The matrix block A is a rank one update of A~*

b bl
bTAb

A=4A"1— , (F.11)
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where the inverse of A is

22 1 1 | —nITN—1
R (L S
AT = pu kTa(l —nTN-1n) ( | ) » (F12)

provided N is invertible.
The block B is implicitly determined in terms of the inverse of D as
~ (D7) @b"
po P kab (F.13)
(kT D—1Bb)
Finally, D is again a rank one update of D~

(D~ 'k) ® (k"D 1)

D=D"1- F.14
kKTD-1k ( )
Using these formulae it is straightforward to verify that (F.10) reduces to
(0)
S
koou K™ = pA—S2 . o™ |

00p H 2Vg)) (F15)

3

Combining (F.15) with (F.4) we find that to leading order in the scaling parameter A the
relation (F.1) holds.

Subleading corrections. Away from the limit (2.20) the kinetic matrix K,z receives

corrections of the form

0 1687
oX = (- -2,
5B1 6D (F.16)
6B = L (kynua?) 5D = L (k,a?)
22 muy wm - 22 puv JTR 7

§A=—AsBTB -~ BT"SBA - BTDB + O (1/\Y),
6B = ~BSB'B — DSBB + BABT(BA + DB) + D6BBT (DB + §BA) + O (1/)\7)
8D = —BABT — DDD — DSBBT — BSBTD + O (1/)\7) . (F.17)
Using the definitions (4.23) and the fact that BT D = 0 it follows that
»©

3 pm 3 m __ AmMm -
T(O) koouK 2 <1+ V(O’O)> v A + 0O ()\4) ,
Co B3
(0)
VB v 1 v 1
Tgf) koo KM = —§A +0 <)\4> ) (F.18)
0

A™ = <5T63TB _TABT(SBA + DB))m AV = (ETABT v BT(SBTf))“ .
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Note that the leading order term %fum in equation (F.18) scales as pA, while the
other, sub-leading terms are all of order u/A? and hence relatively suppressed by 1/A3 ~

Vo (Ca).Eal VSi-
We can now go back to the expressions for V¢,, Vp, and Vs and evaluate these to

@] (ﬁ) In particular, the expression for V¢, (4.35), which depends on the linear

multiplets L* given in (3.14), explicitly involves the subleading terms in (F.18):

2
Ve, _ 1+ — (R1 + R2 — K3 — K5) Zmv™ — (R1 + Ra — §H3 - §/‘ﬁs)AaZa
PO p(0:0) 2 2
Co B3
(0,1)
~ 3 AT 1AaD ~ T o™ 1 T oh B3 T o™
— (R2 — 555) atg o+ (F2 — K5) Tmv™ + ofis | Tut" = 1(3070) mv
3
1 (0,1) 1 1
- pw_ “Bs m| _ ZZ ok -
+ 2(/{3 + Ks5) <Zuv V](BO’O) Znv ) 52nY +0 ((MA)4> , (F.19)
3

Vs o? ng) (0,0)
— =14 (K3 + K5) (Zava — 3 vam> + (52VB7
0 0,0 0,0
v vy vy ’
(0,1)
Vg 1
+K5 (7'06 a _ 030 vam> + 0O <4> , (F.20)
v (uA)
(0,1)
Vg. 042 - ~ a 1% m
(BO‘; =1+ 0.0) (/<L1 + FGQ) (Zav — ?03,0) Znv )
VBg VB3 VBg
4+ Ko | Tov™ — 030 ’vam> +0 <4> . (F.Ql)
VY (1)

Here we have collected the derivative terms that appear in the o'-corrections to V¢, in the
quantity D, = 2kov70,Ty — kev7 0y To — 365070, T,.

F.2 J-class B

The proof for the J-class B limits proceeds in an analogous fashion. We recall that the
curve Cy ~ D? is proportional to Cho = Jo - Jp, for some fixed fig € Zo. Using the results
from appendix B, the right hand side of (4.36) evaluates to

HA 1
1vol(Cpy)v® 1 - 1 1
5VO (V;SO)U ~ — Rl G ,u,b’lt = Wj b//)\ ’ (F.22)
2 QARG+ WV \ | 25 B
where we have defined ¥ = (b’ﬂ)ﬂejz, V= (b’ﬂ)ﬂ€j2, ko= (Kp)sez, as well as K =

(“ﬂﬁ)g,aeiQ'
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Using the constraints on the intersection numbers from appendix B we find the follow-

ing kinetic matrix

A,BT
X = (Kap) o pefoyutout, = (B D ) ,

T . .
A=p k™Y (0” ) ~ AT B=p k® (#%TWL @) ~pN T (F23)
H 1

b
D = pu) <k/2f/ + k[u)ﬁ) ~ A .
A €Ly

Here we have introduced the vector k = (kopoi)sez,- The rest of the proof follows mutatis

mutandis.
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