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1 Introduction

Topology has garnered much attention in a diverse number of sub-fields of physics. Topolog-
ical solitons [1] for instance have been the subject of intense study. Historically prominent
examples include the magnetic monopole in electromagnetism, the Skyrmion as a model
for baryons in quantum chromodynamics (QCD), screw dislocations in a crystalline lat-
tice as well as the magnetic Skyrmion in condensed matter physics, and cosmic strings
in cosmology.

Furthermore, a better understanding of topological phases and transitions between
these phases is required from both, a condensed matter perspective as well as from a high
energy perspective. Topological phases of matter [2] and symmetry protected topological
phases [3] as well as transitions between such topological phases are a driving force in
condensed matter theory and experiment. Gluon gauge fields are present in the strongly-
coupled quark-gluon-plasma which is currently created at the Relativistic Heavy-Ion Col-
lider (RHIC). These gluon field configurations are expected to undergo topological transi-
tions (sphaleron processes) [4–6]. Such transitions can create states with chiral imbalance
in which chiral anomaly-induced transport effects occur [7]. In order to better understand
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these topological processes in the elusive strongly-coupled regime of QCD at finite temper-
ature, chemical potential, and within strong electromagnetic fields, topological solutions
are in high demand. Holographic [8] models are able to provide such topological solutions
as we show explicitly in this work.

In addition, rotating fluids have also recently become a focus of experiments in the
mentioned research areas. Currently, RHIC creates quark-gluon-plasma states of matter
which constitute the “most perfect” and “most vortical” fluids [9] realized in an experiment.
Rotating systems are also of interest to condensed matter and ultracold gas experiments
which, for example, are currently being carried out in helium-4 Bose-Einstein conden-
sates [10], or in liquid metals with nonzero vorticity [11].

In this work we address the need for theoretical understanding of the aforementioned
experiments. We provide a tool to study topological or rotating gauge field configurations
in strongly coupled field theories through the use of the holographic principle [12, 13]. We
employ a particular instance of holography, namely the gauge/gravity correspondence [8].
Our calculations and results within Einstein-Skyrme gravity map to results within the
holographically dual strongly-coupled boundary field theory. Many solutions to gravity
with asymptotically AdS-boundary conditions are known. Examples include the AdS black
hole [14] and the AdS soliton [15]. These two solutions are particularly illuminating ex-
amples for our purposes due to their topology. The AdS black hole in Einstein gravity by
conjecture corresponds to a thermal plasma in the dual boundary theory, which happens
to be N = 4 Super-Yang-Mills theory. One may think of this as a model for a deconfined
phase [16] such as the quark-gluon plasma phase of QCD at high temperatures.1 In con-
trast to that, the AdS soliton [15] can be thought of as modeling a confining phase. This
solution has one single compact coordinate direction which is spatial and which ends at a
finite value of the AdS radial coordinate (perpendicular to the conformal boundary). In
this sense, this solution excises a part of space-time, as does the AdS black hole. The soli-
ton has topology R3,1×S1, while the black hole has R1,1×S3. These two examples realize
two distinct five-dimensional bulk topologies, leading to a gravitational view on thermal
field theories and confinement in the dual field theories but are devoid of topologically
interesting gauge field or matter configurations.

Including gravitating matter leads to a much richer set of possible phase structures in
the dual theory. Solutions of this type may or may not have horizons, and have been clas-
sified as versions of the AdS black hole or the AdS soliton with hair, respectively [17–20].
In [21, 22] new types of such asymptotically AdS solutions in three space-time dimen-
sions were found for rotating black holes. Matter is introduced as a non-linear σ-model
contribution to the action, and two types of solutions were found, namely self-gravitating
topological solitons and black holes with hair. It is important to note that Skyrmions
appear in a distinct way in [21, 22] compared to previous approaches by Son/Stephanov
and Sakai/Sugimoto which discuss Skyrmions on the field theory side of the gauge/gravity
correspondence [23, 24].

1Note that the AdS black brane with flat horizon topology does not display any deconfinement-like phase
transition. However, a black hole with compact horizon at an infinite number of colors, N , does feature
such a transition between a low and a high temperature phase [16].
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In [23, 24] Skyrmions defined on the field theory side of the gauge/gravity correspon-
dence are interpreted as baryons [1] in the field theory, see table 1. The Sakai-Sugimoto
model is very successful in modeling properties of QCD and has received much attention.
For a review and literature references see [25], and the more recent [26]. In [24] the grav-
itational object which is dual to such Skyrmions is a D4-brane wrapped around an S4

constructed as a soliton in the world-volume gauge theory of the probe D8-branes [24, 27].
This is a top-down construction with parameters fixed by string theory. Gravity is dynam-
ical in this setting. We will discuss realizations of baryons based on the Sakai/Sugimoto-
model [24] in section 4.

In [23], on the other hand, the gravity object is a five-dimensional instanton in a curved
but non-dynamical metric background. More precisely, the authors consider a (3+1)-
dimensional open moose theory, which is a non-linear sigma model with SU(2)-valued
fields interacting through a gauge field. This theory is then lifted to five dimensions. Put
in the context of a gauge/gravity correspondence, this is a bottom-up model.2

Our approach in this paper is different from both these setups.3 We follow [21, 22] and
dynamically couple Skyrmions to gravity in the AdS5 bulk, i.e. our Skyrmions live on the
gravity side of the gauge/gravity correspondence. A comparison of our setup to the previous
setups is provided in table 1. A striking feature of our work is a consistent top-down embed-
ding of AdS-bulk Skyrmion matter fields into holography. This is facilitated by an invertible
map from the Einstein-Skyrme action to the Einstein-Yang-Mills action [32], which we dis-
cuss in section 2.2 and which we show explicitly for our solutions in section 3. The Einstein-
Yang-Mills action with which we work is a consistent truncation of the bosonic part of min-
imal gauged type IIB supergravity in five dimensions, which is known to be dual to N = 4
Super-Yang-Mills (SYM) theory [33–35]. The Yang-Mills SU(4) gauge symmetry on the
gravity side corresponds to the global SU(4) R-symmetry of N = 4 SYM theory. It is also
this map which allows us to interpret the effect of the bulk Skyrmion matter through the
proxy of bulk meron Yang-Mills fields in section 4.4 This offers a means to construct topo-
logically non-trivial gauge field configurations not only in the bulk AdS space-time but also
in the boundary field theory, N = 4 SYM theory, and to holographically interpret them.

We direct the busy expert reader to the discussion section 5 for an overview and the
main outcomes of this work, as well as future directions. Meanwhile the patient reader may
want to begin with the following section 2 where the map between Einstein-Skyrme and
Einstein-Yang-Mills theory is established. We first describe the Skyrmion matter content of

2In addition to the models we explicitly compare to in this work, numerous other holographic models of
topological phases have been constructed for example in [28–31], see also references therein.

3Our work may loosely be viewed as a “hybrid” extension of [23] and [24]. Our setup is top-down
embedded in string theory and treats gravity dynamically in the bulk, vaguely resembling the idea of [24].
We combine this with a topological gauge field configuration in a non-linear sigma model, resembling the
spirit of [23]. Our model is mathematically distinct, and on a qualitative level it combines the strong suits
of the two previous models, eliminating many drawbacks.

4In order to maintain the full supersymmetry of N = 4 SYM theory, we would have to add a Chern-
Simons term to our action with a particular value of the Chern-Simons coupling. For simplicity we here
explore solutions excluding this term first. Including this term is a straightforward generalization left for
future investigation.
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Son/Stephanov Sakai/Sugimoto this paper
4+1d gravity dual instanton probe D4-brane gravitational Skyrmion
in AdS5 in external metric in string theory in Einstein-Skyrme theory
metric is: non-dynamical dynamical dynamical
gauge field is: not backreacted not backreacted backreacted
3+1d gauge theory Skyrmion CFT Skyrmion N = 4 Super-Yang-Mills
in flat R3,1 = baryon = baryon coupled to (non-)conserved

SU(2) current J
temperature: T = 0 T = 0 T 6= 0
topological charge: baryon number baryon number winding/Chern number q

Table 1. Gravity Skyrmions in this paper versus field theory Skyrmions [23, 24] and the respective
sides of the gauge/gravity correspondence. See main text and footnote 3 for a more detailed
comparison.

our theory in section 2.1 and discuss the mapping of this theory to an Einstein-Yang-Mills
theory in section 2.2, more specifically to a meron subsector of Einstein-Yang-Mills theory.
We then provide a review of the topological quantities which characterize our theory of
meron Yang-Mills fields in section 2.3.

Our main result is a new approach for constructing and holographically interpreting
models of strongly-coupled phases of matter with topological gauge field configurations.
Concretely, we provide three new, analytic, Einstein-Skymion/Einstein-Yang-Mills solu-
tions in section 3. First, in section 3.1, we analyze a static Skyrme-AdS5 black brane
with Skyrmion hair and obtain analytic solutions for the metric tensor elements which are
very similar to those of a Reissner-Nordström black hole. As the second analytic solu-
tion, we then describe a rotating Skyrme-AdS5 black brane with Skyrmion hair which is
obtained by utilizing a constraint previously found by one of the current authors [21, 22]
in section 3.2. Our third example, in section 3.3, is the asymptotically global (R1,1 × S3)
topological Skyrme-AdS5 black hole which carries non-trivial topological charge. In sec-
tion 4 we discuss the holographic interpretation of our solutions including the extraction
of the dual currents and energy-momentum tensor associated with the solutions presented
in section 3. That section is concluded with a computation of the topological charge of the
presented solutions.

The results of our work form the foundation of a more generalized treatment of topolog-
ical phases of matter at strong coupling. Our technique also allows an analytic study of such
transitions. As a proof of principle, in section 3.3, we compute the free energy and study
the topologically distinct phases of the boundary gauge field configuration dual to our an-
alytic topological Skyrme-AdS5 black hole solution, followed by a discussion of its possible
topological and phase transitions, extended in section 4.4. Gauge fields in our analysis are
in principle not restricted to stationary configurations and hence can characterize a broader
range of the dynamics associated with topological phases including their transitions.
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2 Skyrmions and merons

2.1 Skyrmions

The Skyrme model was introduced in 1961 [36] as a non-linear model for pions. The fun-
damental field is an SU(2) valued scalar U(x, t). The Skyrmions in (3+1)-dimensional flat
space-time have been discussed as descriptions of pions with their topological charge iden-
tified as a baryon number. Previous studies have investigated the Skyrme model coupled
to gravity (Einstein-Skyrme model) in (3 + 1)-dimensional space-time and have shown the
existence of solitons and black hole solutions with hair [37–55]. The quadratic term in the
chiral fields present in these articles often led authors to numerical solutions of the field
equations instead of analytic solutions for at least some of the fields. In contrast to previous
studies, in our work we seek analytic, fully backreacted, asymptotically AdS5 solutions to
the Einstein-Skyrme model.

The basic Skyrmion action in five dimensions is given by,

S =
∫
d5x
√
−g

(
R− 2Λ

κ
+ Lm

)
, (2.1)

in which R is the Ricci scalar, Λ = −6/L2 in AdS5 is the cosmological constant, L is
the AdS5 radius, κ = 16πG, G is the five-dimensional gravitational constant, and Lm
is the matter contribution to the Lagrangian density from the Skyrme field with coupling
constant ẽ. That matter contribution is,

Lm = fπ
16πKµK

µ + 1
32 ẽ2Tr ([Kµ,Kν ] [Kµ,Kν ]) , (2.2)

where we have introduced the SU(2) valued Lorentz four-vector Kµ = U−1∂µU , and U is
an SU(2) valued Lorentz scalar referred to as the Skyrme field. In the following sections
we will work with ẽ = 8πGe where e is a dimensionless coupling.

2.2 Merons

As a result of the work of the authors in [52, 56–59] the authors of [32] have shown that the
Einstein-Skyrme theory (2.1) has the same equations of motion as a particular Einstein-
Yang-Mills (EYM) theory. The latter contains a massive non-Abelian gauge field with mass
m in a pure gauge configuration Aµ = λU−1∂µU , with the SU(2) group element U , and
the real-valued parameter λ 6= 0, 1. Such configurations have been known for over 30 years
as solutions to classical SU(2) Yang-Mills equations and are referred to as merons [60].
Merons are classical topological soliton solutions.

The action of this theory is given by,

Smeron =
∫
d5x
√
−g

( 1
16πG(R− 2Λ) + 1

16πγ2Tr[FµνF
µν − 2m2AµAν ]

)
, (2.3)

with the Yang-Mills coupling constant γ, the cosmological constant Λ = −6/L2 with L the
AdS radius and the Proca mass m [61, 62]. In this paper we consider massless gauge fields,
m = 0, except in section 3.1, where the massive solution serves as a consistency check as
discussed there.
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For particular values of λ, the meron and the Skyrmion theory have the same solutions
under the identifications,

Aµ = λKµ , Fµν = λ(λ− 1)[Kµ,Kν ] , m2λ2

πγ2 = f2
π

2 ,
λ2(λ− 1)2

πγ2 = 1
2ẽ2 , (2.4)

where fπ is the coupling constant multiplying the kinetic Skyrmion term in the action
eq. (2.1).

In order for the meron solution to carry the appropriate half-integer topological charge,
we will see in the next subsection that it is crucial that |λ| = 1/2. Originally, merons
were considered in Euclidean space-time and interpreted as half-instantons.5 By definition
U−1∂U is a pure gauge solution. Thus, merons with A = 1

2K = 1
2U
−1∂U are half of

pure gauge solutions. Note that instantons are pure gauge only on the compact surface at
infinity, while merons are half of pure gauge solutions everywhere. Also, instantons have a
size while merons do not [60].

2.3 Topological charges

Our goal is to obtain a holographic field theory interpretation of topological solutions in four
dimensions via a five dimensional gravitational theory with Lorentzian signature. In five
dimensions topological invariants such as the second Chern number may be defined on any
four-dimensional submanifold [1]. Hence to begin, we now consider pure gauge solutions to
Yang-Mills theory in flat Euclidean space-time, i.e. in the Euclideanized 3+1-dimensional
field theory living on the boundary of AdS5. The spatial part R3 is topologically equivalent
to S3 given certain conditions which are fulfilled in our case.6 In our case, the gauge field
solutions mapping A : R3 → S3 are equivalent to those mapping A : S3 → S3.

In the previous subsection, we have learned that Skyrmion solutions are equivalent to
meron solutions. Both Skyrmions and merons carry topological charge [1, 60]. In order
to reveal their topological nature, we take the spatial R3 part of a given space-time and
compactify it to S3 by adding a point at spatial infinity. Then the solutions map a point on
that coordinate space three-sphere, S3, to a point on another three-sphere, S3

SU(2), which
is the group manifold of the Lie group SU(2). In other words, the solutions are maps of
S3 onto itself. All such maps fall into homotopy classes labeled by a topological charge q .
Topologically distinct solutions “wrap” the S3

SU(2) around the S3 a different number of q
times. In this subsection, we consider the topological properties of Skyrmions and merons
in the context of an SU(2) Yang-Mills theory.

Skyrmions and merons are topological soliton solutions in field theories [1, 60]. It has
also been known for a while, that solitons in D dimensions can be interpreted as instantons
in D + 1 dimensions.

5Instantons carry integer topological charge, merons carry half-integer topological charge.
6More precisely, the stereographic projection of Rn with a point added at infinity is an Rn representation

of Sn. Consider the definition of a based map, such as our gauge field solution, A: it maps one manifold
M to another manifold M̄, A : M → M̄, and identifies a base point x0 ∈ M with a point y0 ∈ M̄ by
A(x0) = y0. It is equivalent to another based map, A0 : Rn → M̄, if lim

x→∞
A(x) → y0. Choosing the point

at infinity as our base point, the maps A and A0 are equivalent. This shows that our gauge field can be
considered as a based map A : S3 → S3.
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A simple toy model. In order to get an intuition for these topological relations, it
may help to envision the analogous U(1) problem [1, 60]. In that case, each previously
considered S3 becomes an S1, also known as a circle. The topological solution maps the
spatial circle parametrized by an angle ψ to the gauge manifold circle, parametrized by an
angle θ, also known as the phase angle. Then the topological charge would be given by,

qcircle = 1
2π

∮
dΩiJ

i = − i

2π

∮
dΩiε

ij(∂jω)ω−1 = n

2π

∮
dΩiε

ij∂jθ , (2.5)

with the topological current, J i =−iεij(∂jω)ω−1, for a pure gauge field, ω= einθ, θ ∈ [0,2π],
xi = (x,y) = r(cosψ, sinψ), ψ ∈ [0,2π], and dΩi = n̂idψ with the outward normal vector
n̂i = (cosψ, sinψ), on the S1. Then,

qcircle = 1
2πn

2π∫
0

dθ = n . (2.6)

The integer n ∈ Z is the winding number of the S1
U(1), which parametrizes the U(1) gauge

manifold, around the spatial circle, S1.

Topological charges of SU(2) Yang-Mills solutions in four dimensions. In a
four-dimensional Euclidean SU(2) theory with Lagrangian L = 1

4F
a
ijF

ija where F = dA+
A ∧ A with Yang-Mills gauge coupling gYM, a topological charge of the Euclidean field
configuration (the solution to the equations of motion) can be defined by,7

q = gYM
2

8π2

∫
Dd4x = 1

16π2

∮
S3

n̂iJ
id3x , (2.7)

where n̂ is the timelike outward normal vector on a compact Cauchy surface, the spatial
coordinate space S3 mentioned above. The topological current,

Ji = gYM
2εi

jmn
[
Aaj∂mA

a
n + gYM

3 εabcA
a
jA

b
mA

c
n

]
, (2.8)

has a divergence which is a pseudoscalar density defined as,

D = 1
4F

a
ijF̃

a
ij = 1

2gYM
2∂iJ

i . (2.9)

Later we will see that our AdS5 solutions induce pure gauge solutions in the four-dimensional
dual field theory. It can be shown that pure gauge fields in four dimensions carry topological
charge q ∈ Z given that their energies decrease fast enough at infinity [1]. This can be seen
by writing eq. (2.8) in pure gauge considering that Ai → A′i = ωAiω

−1− (i/gYM)(∂iω)ω−1,

7Generally, this equation would include a limit instructing us to evaluate the expression on the boundary
at infinity, and gauge field configurations would have to be pure gauge only in that limit. Since we consider
a more restrictive case, pure gauge solutions everywhere in space-time, we drop this limit in all of the
expressions for the topological charge.

– 7 –
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and noting that under such a gauge transformation the current transforms as,8

Ji → J ′i = Ji + 2igYMεi
jmntr

{
∂j(∂mωAnω−1)

}
− 2

3εi
jmntr

{
∂jωω

−1∂mωω
−1∂nωω

−1
}
.

(2.10)
Taking only the pure gauge part of (2.10), we get the current of a pure gauge field
A = (∂ω)ω−1. Hence the winding number q is a property of the pure gauge field A. For
the SU(2) Yang-Mills theory the pure gauge part of eq. (2.10) happens to be the definition
of the degree of a map from S3 to SU(2) and hence takes on integer values [1]. In this case,
the topological charge (2.7) is q = c2 = N , where the second Chern number of the gauge
field solution is c2 =

∫
C2 (with the second Chern form C2 = 1

8π2 (tr(F ∧ F )− trF ∧ trF )),
and the instanton number is N = − 1

8π2
∫
tr(Fij ? Fij)d4x [1].

The meron topological charge identifying it as a half-instanton [60] is also defined by
eq. (2.7). Evaluating the gauge transformation of the current (2.8) for a half of a pure
gauge field 1/2(∂ω)ω−1, we get one half of the pure gauge current of the pure gauge field
A yielding [60],

Ji

(
A

2

)
→ J ′i

(
A′

2

)
= 1

2 × J
′
i(A′)=

1
2 ×
−2
3 εi

jmntr
[
∂jωω

−1∂mωω
−1∂nωω

−1
]
. (2.11)

Using the current (2.11) in eq. (2.7) implies that the meron, Ai, as a half of a pure gauge
solution has half the topological charge of the corresponding pure gauge solution.

As a topological soliton a Skyrmion in D-dimensions carries a topological charge re-
ferred to as the baryon number for historical reasons [1, 32]. This baryon number is exactly
the topological charge q . Considering the Skyrmion and the meron solutions as topolog-
ical solitons in four dimensions and considering their topological charge (2.7), we find
qmeron = 1

2 × q Skyrmion.
While the discussion of this section has been mainly concerned with gauge field config-

urations, the inclusion of these configurations as gravitating matter contributions has also
been considered. Fully backreacted analytic solutions within the Einstein-Skyrme model
with topological charge ±1 were originally found in [56]. These solutions were further inves-
tigated/extended in [57] where the authors find that Yang-Mills configurations which would
have been singular in flat space are “regularized” by their coupling to the surrounding geom-
etry. The authors name this effect the gravitational catalysis of merons [57]. Solutions with
higher baryon number have also been considered in the context of four dimensional SU(3)-
Skyrme-Einstein theory with cosmological constant [59]. There the authors presented the
first analytic, self-gravitating Skyrmions with baryon charge 4 in four dimensions and find
a novel transition at nonzero baryon charge between embedded and non-embedded gauge
field configurations. The topological solution presented in our work bears a resemblance to
those constructed in [58]. There the authors work with an Einstein-Yang-Mills model with
non-zero cosmological constant and construct a black hole solution with topological charge
1 and discuss its thermodynamics. The solution we find is distinguished by the admission of
arbitrary q ∈ N. Furthermore we also present two additional analytic black brane solutions
with zero topological charge; a Reissner-Nordström like solution and a rotating solution.

8The trace over generators is related in the usual way to the structure constant of SU(2), tr(τaτbτc) =
i
2 εabc.
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3 Skyrmion black brane/hole solutions & thermodynamics

In this section we show that analytic solutions of the field equations can be obtained for the
metric tensor elements which describe static or rotating black branes/holes with hair in a
five-dimensional universe which is asymptotically AdS5. For the static black branes/holes
analytic solutions can be obtained for scalar fields (hair) which are either massless or
massive SU(2)-valued Skyrmion fields. For the case of a static black brane with massless
scalar hair, the solution uniquely specifies an unknown function χ(r), which determines the
Skyrmion field. For the rotating black brane the Skyrme field is chosen to be a standard,
hedge-hog form [1]. A third class of solutions, asymptotic to global AdS5, is found to be
topologically non-trivial. The thermodynamic properties of these solutions are computed
and discussed.

3.1 Static Skyrme-AdS5 black branes

First, we find a solution which extremizes the Skyrmion action (2.1) with vanishing pion
coupling, fπ = 0. Below, we will see that the static solution we are about to present carries
an oscillating charge driven by an oscillating chemical potential and takes the same form as
an asymptotically AdS5 Reissner-Nordström black brane. Hence, we choose the informed
ansatz for the invariant line element accordingly,

ds2 = −A(r)dt2 + dr2

A(r) + r2

L2 dxidxi . (3.1)

In this expression r is the radial coordinate with the AdS-boundary at r = ∞, t is the
temporal field theory direction and xi = (x1, x2, x3) are the remaining field theory direc-
tions. A field rotating around the z-direction in internal space with angular velocity ω is
described by,

U = n1(r)1 + in2(r) (τ1 cos(−ωt) + τ2 sin(−ωt)) + in3(r)τ3 , (3.2)

where 1 is the 2×2 unit matrix, τ1,2,3 are the Pauli matrices τ1 = ((0,1),(1,0)),
τ2 = ((0,−i),(i,0)) and τ3 = ((1,0),(0,−1)), such that tr{τ1τ2τ3}= 2i, and ~n= (n1,n2,n3)
is a unit vector whose components satisfy the condition,

∑
i

n2
i = 1 . (3.3)

The ni are restricted to being functions of only the radial coordinate r. A simple choice
for the ni’s is,

n1(r) = cos(χ(r)) , n2(r) = sin(χ(r)) , n3(r) = 0. (3.4)

This is one of the choices for n1, n2 and n3 analyzed in [63].
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The Einstein equations reduce to two independent equations while the variation of the
action with respect to χ(r) yields a single equation,

−3A′(r)
2r − 3A(r)

r2 + ω2

2e2χ
′(r)2 sin2(χ(r)) + 6 = 0, (3.5)

r2A′′(r) + r2ω2

e2 χ′(r)2 sin2(χ(r))− 12r2 + 4rA′(r) + 2A(r) = 0, (3.6)

3 sin(χ(r))χ′(r) + r cos(χ(r))χ′(r)2 + r sin(χ(r))χ′′(r) = 0. (3.7)

We can solve eq. (3.7) separately from the metric sector and find,

χ(r) = arccos
(
− χ2

2r2 − χ1

)
. (3.8)

Inserting the solution into eq. (3.5) and eq. (3.6) we find,

A(r) = −a1
r2 −

χ2
2ω

2

6e2r4 + r2. (3.9)

The solution for the blackening factor is strongly reminiscent of an asymptotically AdS5
Reissner-Nordström black brane. However, the solution found here is distinguished as it has
only one horizon and hence there exists no extremal solution. Taking the limit of χ2 → 0
takes us back to an AdS5 Schwarzschild black brane, and hence we identify a1 = ms as the
mass of the black brane. We therefore take the solution for the blackening factor to be,

A(r) = −ms

r2 −
χ2

2ω
2

6e2r4 + r2

L2 , (3.10)

where we have reinstated the AdS radius L in anticipation of our later discussion on sta-
bility. Interestingly we find that the term proportional to r−4 typically associated with the
charge of the RN black brane depends on ω, the angular velocity of rotation in the internal
SU(2) space.

As discussed above, these Skyrmion solutions can be written as meron solutions,
i.e. half of pure gauge solutions. We have explicitly checked this claim for the solution
given here. Under the identification Aµ = −1/2U−1∂µU , the Einstein-Yang-Mills equa-
tions of motion are satisfied. As expected from the identifications (2.4), this is a solution
for massless gauge fields, i.e. m = 0.

Now we confirm that our choice of a vanishing kinetic term was not pathological.
Suppose we had included the kinetic term by choosing fπ 6= 0 in the Skyrme action (2.1),
which implies a non-vanishing Proca mass for the meron, m 6= 0. Then we would have
found that Einstein’s equations reduce to three independent equations, and the Skyrme field
equation provides a fourth independent equation. Solving all four equations simultaneously
leads to two possible solutions, one of these solutions is smoothly connected to the solutions
displayed in eq. (3.10) and eq. (3.8) and is given by,

A(r) = r2

L2 −
ms

r2 , χ(r) = kπ, ∀k ∈ Z . (3.11)

This can be seen by taking the limit of χ2 → 0 while taking χ1 = (−1)k+1. As with our
non-trivial solution eq. (3.10) without a kinetic term, we have explicitly checked that the
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solution eq. (3.11) can be written as the solution for a massive meron. This concludes our
analysis of the massive meron case, and we will consider only massless merons, m = 0,
from here on.

Returning to our m = 0 solution, eq. (3.10), we begin by addressing the location of the
horizon. This can be obtained via the location of the poles of Grr, the radial component
of the metric. As already mentioned the solution is reminiscent of a Reissner-Nordström
black brane although there is only a single horizon. There are six solutions to A(rh) = 0;
we take the root with Im(rh) = 0 and rh > 0,

rh = 1
61/3


(√

9L4m2
2 − 48L6m3

s + 3L2m2

)2/3
+ (48L6m3

s)1/3

(
√

9L4m2
2 − 48L6m3

s + 3L2m2)1/3


1/2

, (3.12)

where we have put m2 = (χ2ω/e)2. Taking the limit of vanishing mass ms → 0 does not
lead to an empty AdS solution, it instead leads to a black brane blackening factor and
horizon radius of,

A(r) = r2

L2 −
m2
6r4 , r′h =

(
m2L

2

6

)1/6

, (3.13)

where we note that the product (χ2ω/e)2 now acts like a mass, revealing the origin of
our choice of labeling. We can calculate the temperature of both solutions via standard
methods,

T = 1
4π
∣∣A′(rh)

∣∣ . (3.14)

Although we do not display the explicit formula for the temperature, in figure 1 we display
eq. (3.14) for various values of ω and χ2 for fixed ms. We can see the temperature grows
non-linearly for small χ2 but approaches linear behavior for large χ2.

The horizon area can be computed and associated to the entropy via S = A/4G5.
Computing the area A, we find,

A =
∫ √

det(gij(rh)) = r3
h

L3

∫
d3x = r3

h

L3V, (3.15)

where V =
∫

d3x is an infinite Euclidean volume. We then find the entropy density to be
given by,

s = S/V = 1
4G5

r3
h

L3 , (3.16)

with rh given by eq. (3.12). The entropy density scales with horizon radius in the same
way that both the Schwarzschild and Reissner-Nordström black branes scale.

We consider the thermodynamic stability of our solutions following the standard tech-
niques. Requiring the second variation of the entropy with respect to the temperature to
be negative, or equivalently requiring the heat capacity to be positive, implies stability of
the system against thermal flucuations [64],

cV =
(
∂E

∂T

)
V
≥ 0 . (3.17)
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Figure 1. Left: the horizon radius, rh as a function of the mass ms, is displayed on a log-log plot.
Right: the temperature T as a function of the mass ms is displayed on a log-log plot. The inset
displays the temperature T as function of the horizon radius rh. All images are displayed with the
additional Skyrmion mass parameter m2 = (ωχ2/e)2 scanned over a window spanning five orders
of magnitude with m2 = (10−3, 10−2, 10−1, 100, 101, 102) and the AdS radius L = 1. Between the
left and right images the colors correspond to the same value of the additional Skyrmion mass
parameter m2.

Likewise requiring the second variation of the entropy with respect to the charge density
to be negative, or equivalently requiring the charge susceptiblity to be positive, implies
thermodynamic stability against charge fluctuations,

χρ =
(
∂µ

∂ρ

)
V

≥ 0 . (3.18)

Using the chain rule and holding the volume V fixed in all derivatives, we may conveniently
write

cV =
(
∂E

∂T

)
V

= ∂M

∂ms

∂ms

∂rh

∂rh
∂T

=
( 3

4κ̄

)(
m2
3r3
h

+ 4 r
3
h

L2

)(
1
πL2 −

5m2
12πr6

h

)−1

, (3.19)

= 1
κ̄

3πr3
h

(
L2m2 + 12r6

h

)
12r6

h − 5m2L2 , (3.20)

for the static Skyrmion black brane solution. It is evident from this expression that the
heat capacity would be negative in only two cases. The first case is m2 < 0. This is ruled
out because m2 is defined as a square m2 = (χ2ω/e)2 and hence is positive or zero. The
second case, namely that m2 > 12r6

h/5L2, provides a bound on m2. In fact the saturation
of this bound, m2 = 12r6

h/5L2 can be reduced to,

m2 = 4
√

5
3Lm

3/2
s . (3.21)

At the saturation point the heat capacity becomes infinite and the horizon radius is given,
in terms of ms, as,

rh =

√
(
√

5 + 2)1/3 +
√

5 + 2
√
Lm

1/4
s

31/4(
√

5 + 2)1/3 . (3.22)
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Figure 2. Heat capacity of the static Skyrme-AdS5 black branes. Displayed here is the heat
capacity at fixed volume of the Reissner-Nordström-like solution, with the blackening factor given
by eq. (3.10), described in section 3. We display this quantity over several orders of magnitude of
the Skyrme mass parameter m2 = (10−2, 10−1, 100, 101, 102). The vertical lines displayed indicate
the lower bound on the temperature as given in eq. (3.23). We recall that the mass parameter is
given by m2 = (χ2ω/e)2.

The bound on the horizon radius provides a lower bound on the temperature given, in
terms of m2, as,

Tmin = 22/335/6m
1/6
2

55/6π
. (3.23)

It is interesting to note that this system has no extremal limit in which T → 0. This
curious behavior can be traced back to the sign of the term containing m2 (within χ2) in
the blackening factor in eq. (3.10). Instead of approaching zero temperature for a unique
value of the parameters ms and m2, the sign of the term including m2 leads to a minimum
temperature solution. In addition the heat capacity reveals that an infinite amount of
energy must be supplied to reach this minimum temperature. Figure 2 displays the heat
capacity for various values of m2 = 10−2, . . . , 102. We can see that the curves truncate at
the bound given by eq. (3.21) displayed as vertical lines at the location of Tmin.

The charge susceptibility χρ is a tensor in isospin space, (χρ)ab , defined as,

(χρ)ab = ∂Qa

∂µb
, (3.24)

where ρ here is a label and a, b = 1, 2, 3 are the directions in isospin space. This then
defines a relation between the charge density and chemical potential Qa = 〈Ja〉 = (χρ)abµ

b.
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Expressing the isospin charge in this way we find,

(χρ)ab =


(1−2χ2

1)χ2
2χ1−2χ3

1
0 0

0 (1−2χ2
1)χ2

2χ1−2χ3
1

0
0 0 χ1χ2

χ2
1−1

 . (3.25)

Analyzing the entries of the susceptibility tensor we find that,

(χρ)ab > 0 if

1 > χ1 > 1/
√

2 & χ2 < 0
−1 < χ1 < −1/

√
2 & χ2 > 0

(3.26)

Considering our theory with these parameter restrictions ensures that our solution is stable
against isospin charge fluctuations.

3.2 Rotating Skyrme-AdS5 black branes

Solutions of Einstein’s equations describing black holes with scalar hair have been found
in three and four dimensions [17–20]. In [21, 22], new types of such asymptotically AdS
solutions in three space-time dimensions were found for rotating black holes. Their matter
contribution is the non-linear σ-model, and they describe both self-gravitating topological
solitons and black holes with hair. One of the results of the analysis of these models was
the discovery of a hidden symmetry which allowed some of the metric tensor elements to
be expressed in analytic forms, and which lead to a family of black hole solutions. In [65]
this symmetry was shown to exist in a three-dimensional space-time with a dilatonic black
hole and in four-dimensional models with and without matter. In all of these cases the
imposition of the constraint,

gtt(r, p) = ω2gφφ(r, p) + 2ωgtφ(r, p) , (3.27)

where p = a cos(θ), led to a reduction in the number of independent field equations and to
analytic solutions for some of the metric tensor elements. The number of independent field
equations after the imposition of the constraint is one less than the number of independent
fields, allowing the freedom to specify one of the undetermined metric tensor elements, i.e.
one not obtained in analytic form, or to specify the matter field. In this section we show
that analytic solutions for the metric tensor elements of a black brane in a five-dimensional
space-time which is asymptotically AdS can also be obtained for rotating branes. In order
to obtain analytic solutions we make use of the constraint given in eq. (3.27). We comment
further on the significance of the constraint (3.27) and the reduction of field equations in
the discussion section 5.

The Lagrangian density is again chosen to be of the form in eq. (2.2) with vanishing
pion coupling, fπ = 0, and the field U is,9

U = n1(r)1 + in3(r)τz + in2(r) (τx cos(φ− ωt) + τy sin(φ− ωt)) . (3.28)
9It will be an interesting but non-trivial future project to find a similar rotating solution at fπ 6= 0.

The restriction to fπ = 0 for now allows us to find analytic solutions within the well-behaved sector of
Einstein-Skyrme theory which is equivalent to Einstein-Yang-Mills theory with a massless gauge field.
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The metric in this case is taken to be of the form,

ds2 = −A(r) dt2 +B(r)dr2 + F (r)(dx2 + dy2) + 2H(r) dt dφ+M(r) dφ2 , (3.29)

where φ is a compact coordinate with range {0, 2π}. Hence, the topology is R3,1 × S1.
We have used the scaling symmetry of the metric to set L = 1 in this section in order to
prevent cluttering of the equations. Imposing the constraint in eq. (3.27) and making the
replacement,

M(r) = Q(r)−H(r)
ω

, (3.30)

reduces the set of six independent Einstein equations to three equations in terms of five
unknown functions. One of the equations has the solution Q(r) = F (r), and another of
the three equations, after substituting for Q(r), has the form,

B(r) = F ′(r)2

4F (r)2 , (3.31)

where F ′(r) = dF (r)/dr. The one remaining equation has three unknown functions
{F (r), H(r), χ(r)} two of which can be arbitrarily chosen. A space-time which is asymp-
totically AdS can be obtained by the choices,

F (r) = a r2 + b, (3.32)

χ(r) = arccos
(
χ1 −

χ2
2
(
r2 − r2

0
)) . (3.33)

In these expressions a, b χ1 χ2 , and r0 are constants. Although at this point the choice of
Skyrmion is arbitrary in our Einstein-Skyrme theory, the form chosen for χ(r) has been
informed by our requirement of a mapping between our Einstein-Skyrme system and an
Einstein-Meron-Yang-Mills theory as described in section 2.2. In order for a horizon to exist
and for the space-time to be asymptotically AdS, the constant b must satisfy b = −a r2

0.
With these restrictions on the constants taken into account the metric functions can be
expressed as,

A(r) =
ω
(
3e2 (r2 − r2

0
) (

4a
(
r2 − r2

0
)2 + c2r

2 (r2 − 2r2
0
)

+ 4c1
)
− 2χ2

2ω
)

12e2 (r2 − r2
0
)2 ,

B(r) = r2

(r2 − r2
0)2 ,

F (r) = a (r2 − r2
0) ,

H(r) = 3e2(r − r0)(r + r0)
(
c2r

2 (r2 − 2r2
0
)

+ 4c1
)
− 2χ2

2ω

12e2 (r2 − r2
0
)2 ,

M(r) =
2χ2

2ω + 3e2(r − r0)(r + r0)
(
4a
(
r2 − r2

0
)2 + 2c2r

2r2
0 − c2r

4 − 4c1
)

12e2ω
(
r2 − r2

0
)2 . (3.34)

The dependence of these expressions on the constants e, r0, χ2 and ω shows how the
addition of the Skyrme field χ(r) can affect the geometry of a brane. In addition the
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solution depends on 2 undetermined coefficients:10 c1 and c2. The functions in eq. (3.34)
have the following leading-order terms in the near boundary expansions (r →∞),

A= 1
4ω(4a+c2)r2 , B= 1

r2 , F = ar2 , H = c2
4 r

2 , M =−−4a+c2
4ω r2 . (3.35)

A scaling transformation,

t̂ = 1
2

√
ω(4a+ c2) t , x̂1,2 =

√
a x1,2 , φ̂ = 1

2

√
−−4a+ c2

ω
φ , (3.36)

leads to AdS5 close to its standard form at large r,

ds2 = r2

−dt̂2 + dx̂2
1 + dx̂2

2 + dφ̂2 + 2c2√
16a2 − c2

2

dt̂dφ̂

+ dr2

r2 . (3.37)

We would like the metric to approach an AdS5 metric with one compact spatial coordinate
φ̂ in the limit that ω → 0; thus we choose to identify c2 = ω. As the notation implies, we
think of c2 as the angular velocity of the Skyrme field solution (3.28), which will turn out to
be proportional to the angular velocity of the rotating black brane. Now we note that the
line element reduces to AdS5 in the limit of vanishing angular velocity. In addition, for the
coordinate transformation not to become complex ω must be in the range 4a > ω > −4a.
As discussed later in section 4.2, the remaining coefficients a and c1 can be defined by the
calculation of Komar integrals. The resulting expressions for these coefficients are given as,

a = ω

4
√

1− (J/M)2 , (3.38a)

c1 = ω

4M

(
2G5J

2√
1− J2/M2

(
1−

√
1− J2/M2

)
+Mr4

0

)
. (3.38b)

where J,M are the angular momentum and mass of the space-time respectively.11 We can
see that the coefficient a plays a role reminiscent of the aMP parameter in more familiar
rotating space-times such as Meyers-Perry solutions where aMP = J/M .

We have explicitly checked that given the identifications in eq. (2.4) the Einstein-
Skyrmion solution, eq. (3.34) and eq. (3.33), satisfies the Einstein-Yang-Mills equations of
motion following from the action eq. (2.3) for λ = −1/2.

The rotating solution does not depend explicitly on t or φ hence has the following
Killing vectors,12

k = ∂t w = ∂φ. (3.39)

We then have a conserved quantity for a particle with four velocity uµ associated with its
angular momentum defined as Lobs. = −uµwµ. Consider now an observer with time-like

10Note that F (r) has been chosen for convenience. This choice creates a horizon and simplifies the form
of the solution.

11The derivation can be found in section 4.2.
12We use the standard notation for Killing vectors with w the vector itself and wµ as its components. In

particular for w we have w = wµ∂µ = wφ∂φ with wφ = 1 and all other components vanishing.
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four-velocity falling into the black brane with zero angular momentum,

Lobs. = 0 = −uµwµ = −uµgµνwν = −utgtφ − uφgφφ (3.40)

⇒ − gtφ
gφφ

= uφ

ut
=

dφ
dτ
dt
dτ

= dφ
dt = Ω. (3.41)

Inserting the expressions for gtφ and gφφ in eq. (3.41) we obtain the angular velocity of the
black brane,

Ω =
√

4a− ω
(
2χ2

2ω − 3e2 (r2 − r2
0
) (
r2ω

(
r2 − 2r2

0
)

+ 4c1
))

√
4a+ ω

(
2χ2

2ω + 3e2 (r2 − r2
0
) (

4a
(
r2 − r2

0
)2 + 2r2r2

0ω − r4ω − 4c1
)) . (3.42)

Taking the limit of r → r0 we find at the horizon r = r0 the angular velocity to be,

ΩH =
√

4a− ω√
4a+ ω

. (3.43)

Taking the limit as r → ∞ we find that there is also a non-zero angular velocity at the
AdS-boundary,

Ω∞ = lim
r→∞

Ω = − ω√
4a− ω

√
4a+ ω

. (3.44)

Looking back now to eq. (3.37) we can see that we can rewrite the scaled asymptotic form
of the AdS metric as,

ds2 = r2
(
−dt̂2 + dx̂2

1 + dx̂2
2 + dφ̂2 − 2Ω∞dt̂dφ̂

)
+ dr2

r2 . (3.45)

We consider the relative angular velocity given by,

ΩT = ΩH − Ω∞ = 4a√
4a− ω

√
4a+ ω

, (3.46)

as the relevant angular momentum for thermodynamic relations. One can note that the
angular velocity at the AdS-boundary is in the opposite direction of the angular velocity
at the horizon. For the angular velocity at the horizon to remain real-valued, ω > 0. This
is consistent with the bound from the entropy density as shown below.

The entropy of the space-time associated with the horizon area can be computed as
done in the previous section via S = A/4G5. Computing the area A,

A =
∫ √

det(gij(rh)) =
√

2
3

√
ω

(4a− ω)
χ2
e

(
2π
∫

d2x

)
=
√

2
3

√
ω

(4a− ω)
χ2
e
V, (3.47)

where V = 2π
∫

d2x is an infinite Euclidean volume. We then find the entropy density to
be given by,

s = S/V =
√

2
3

√
ω

(4a− ω)
χ2
e
. (3.48)

As in the static case, the horizon area is directly proportional to the Skyrme parameter
χ2. Furthermore as ω is bounded by |ω| < 4a for the entropy to remain real, the bound on
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ω is sharpened to 4a > ω > 0. This is consistent with the bound found from the angular
velocity at the horizon. As the Skyrmion angular velocity increases, the entropy density
begins at zero and rapidly increases as ω approaches 4a.

We calculate the temperature via the Killing vector vµ = kµ+ ΩHw
µ, where we utilize

the formula,
κ2 = −1

2 (∇µvν)(∇µvν) (3.49)

The Killing vector is given by vµ = (1, 0, 0,ΩH , 0), and a simple calculation gives the
temperature for the rotating Skyrmion solution,13

κ = 0 → T = 0 . (3.50)

From this we see our solution represents an extremal rotating black brane solution. The
finite entropy density at vanishing Hawking temperature is reminiscent of the finite entropy
of five-dimensional rotating black holes [66–69]. Of course, a non-vanishing entropy density
is obtained also for extremal Reissner-Nordström black holes.

Unlike the previous section this is a zero temperature solution rendering the heat
capacity not well-defined. For the purpose of a stability analysis [70], we can still use the
“angular momentum susceptiblity” of the angular momentum J to the angular velocity
ΩT . We proceed by starting with the internal energy as defined in [71],14

dM = TdS + ΩTdJ, (3.51)

from which we perform a Legendre transformation,

FJ = M − JΩT → dFJ = TdS − JdΩT . (3.52)

As shown above the temperature is zero in our system and hence,

dFJ = −JdΩT , (3.53)

from which we find,
∂FJ
∂ΩT

= −J . (3.54)

We can define the angular momentum susceptiblity as the second variation of FJ with
respect to the angular velocity giving,

χΩ = ∂2FJ
∂Ω2

T

= ∂J

∂ΩT
= M

Ω2
T

≥ 0 , (3.55)

13Coordinates are given by xµ = (t, x, y, φ, r).
14It is curious that in this expression the charge and chemical potential terms do not appear as it would

for a simple Reissner-Nordström black hole. Rewriting the Skyrmion matter action into a Yang-Mills action
as discussed in section 2.2, one may have naively expected that the Skyrme matter would be equivalently
creating a charged black hole. This is one instance in which it becomes clear that the thermodynamic
relations for the rotating Skyrme-AdS5 black brane solutions are not simply those of Einstein gravity plus
a Yang-Mills gauge field. Thus, these are not simply Reissner-Nordström solutions in disguise.
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where J will be discussed in detail in section 4. Here the angular momentum J and the
angular velocity ΩT are conjugate quantities. The inequality in (3.55) is the condition for
stability against rotational fluctuations, which holds for our rotating solution.

In order to ensure stability against charge fluctuations, we now consider the electric
susceptibility with respect to the charge as defined in the previous section,

(χφ)ab = ∂Qa

∂µb
. (3.56)

Using the expressions given in eq. (4.7) and eq. (4.9) we find,

(χφ)ab =


(1−2χ2

1)χ2

2χ1(χ2
1−1) 0 0

0 (1−2χ2
1)χ2

2χ1(χ2
1−1) 0

0 0 χ1χ2
1−χ2

1

 . (3.57)

There is a direct similarity to susceptibility matrix as displayed in eq. (3.25). This is due
to the similarity in the ansatz of the Skyrme field given in eq. (3.2) and eq. (3.28). The
difference in sign between the two susceptibility tensors comes from a difference in sign for
χ1 in the solution to the Einstein-Skyrme field equations. We find that,

(χφ)ab > 0 if

1 > χ1 ≥ 1/
√

2 & χ2 > 0
−1 < χ1 ≤ −1/

√
2 & χ2 < 0

. (3.58)

Considering our theory with these parameter restrictions ensures that our solution is stable
against isospin charge fluctuations.

3.3 Topological Skyrme-AdS5 black holes

The analytic solutions presented in the previous subsections are topologically trivial in
that they have vanishing topological charge q , according to eq. (2.7). However, an analytic
meron solution to the massless SU(2) Einstein-Yang-Mills theory with non-trivial topolog-
ical charge can be computed when we take the definition of the winding number seriously.
This quantity counts the number of times the mapping wraps the internal SU(2) group
manifold. In general this can be written as,

U = einχv
iτ i , (3.59)

where vivi = 1 and n ∈ Z. The integer n quantifies how many times our mapping wraps
the internal S3. This expression can be written in the form of our original ansatz as,

U = cos(nχ)1 + i sin(nχ)viτ i. (3.60)

We choose to work with coordinates (t, ψ, θ, φ, r) where ψ ∈ (0, π), θ ∈ (0, π), φ ∈ (0, 2π),
t is our temporal coordinate and r is the bulk AdS radial coordinate. It is particularly
useful to choose the form of the unit vector v as,

v = (cos(θ), sin(θ) cos(φ), sin(θ) sin(φ)), (3.61)
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along with setting χ = ψ. For n = 1 this results in a standard mapping of the unit three-
sphere into the SU(2) gauge manifold. We take as an asatz for the space-time metric,

ds2 = 1
A(r)dr2 −A(r)dt2 + r2

(
h1(ψ)dψ2 + h2(ψ)(dθ2 + sin(θ)2dφ2)

)
. (3.62)

The Einstein-Skyrme equations at vanishing pion coupling, fπ = 0, result in three inde-
pendent equations for h1, h2 and A. The solutions of these equations are,

h1(ψ) = n2, h2(ψ) = sin(nψ), A(r) = 1
e2r2 + log(r)

e2r2 + r2

L2 −
mt

r2 + 1 . (3.63)

Using the solutions eq. (3.63) along with Kµ created from eq. (3.60) and eq. (3.61), the
Skyrme equations of motion, along with the Yang-Mills equations of motion with λ = −1/2,
are trivially satisfied. As explained in section 2.2, the Skyrmion theory can be expressed
equivalently as an SU(2) gauge theory. The logarithmic term in (3.63) usually signals a con-
formal anomaly. However, the case at hand is more subtle and will be discussed in section 4.

The last three terms in A(r) are the global AdS blackening factor, see e.g. [72, 73].
This can be expected due to the boundary geometry being R × S3. It is interesting to
note that the terms with factors of the Skyrme model parameter e are new and deform
this solution away from global AdS5. It may appear that a competition between the term
1/(e2r2) with the mass and logarithmic term could make the horizon radius zero if e is
chosen properly. However, this is not the case. There is only a single simultaneous limit
for which the horizon location goes to zero, corresponding to mt → 0, e → ∞. The single
limit of e→∞ leads us back to the global Schwarzschild black hole.

Although our metric is expressed in a closed form (3.63), the logarithm in the black-
ening factor does not allow an explicit expression for the location of the horizon radius or
the temperature. Hence, we solve the resulting transcendental equation numerically. The
resulting horizon radius as a function of the black hole mass, rh(mt), and the temperature
as a function of the horizon radius, T (rh) (and mass T (mt)) are displayed in figure 3. At
small Skyrme-coupling, e� 1, the behavior of the temperature of a global AdS black hole
is restored. There exists a well-known minimum temperature in the global AdS5 black hole,
Tmin =

√
2/(πL), which is shifted to larger temperatures (at larger radii) as e decreases

from infinity towards zero. As usual, for one particular temperature, there are (at least)
two horizon radii. This indicates that there are two black hole solutions with the same tem-
perature, one small black hole and one large black hole. As the influence of the Skyrmion
is increased, lowering e, the minimum in the curve shifts to larger radii and eventually
disappears. Plugging the value for rh obtained by Mathematica’s FindRoot [74] back into
the blackening factor reveals that the residuals are O(10−11). That minimum is pushed to
larger horizon radii and disappears as e → 0. We have checked that the transition from
the lowest curve (e = 103) in the right of figure 3 to highest curve (e = 10−2) is smooth
as we increase the Skyrme model parameter e. This behavior results from a competition
between the Skyrmion with itself and with the black hole geometry, showing in (3.63), as
mentioned in the previous paragraph.

If we consider the limit as e → 0, this corresponds to an infinite contribution of the
Skyrmion in the bulk geometry, we note that the black hole of this configuration has a
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Figure 3. Gravitational data for the topologically non-trivial solution. Left: the horizon radius, rh

as a function of the mass mt, is displayed on a log-log plot. Right: the temperature T as a function
of the horizon radius rh is displayed on a log plot. The inset graphic displays the temperature T as
a function of the mass. All images are displayed with the Skyrme model parameter scanned over
a window spanning six orders of magnitude with e = (10−2, 10−1, 100, 101, 102, 103). Between the
left and right image the colors correspond to the same value of the Skyrme model parameter.

finite horizon radius determined by,

A(rh) = 0 = 1
e2r2

h

+ log(rh)
e2r2

h

+ r2
h

L2−
mt

r2
h

+1 ↪→ 1
r2
h

+ log(rh)
r2
h

+ e2r2
h

L2 −
e2mt

r2
h

+e2 = 0 . (3.64)

Now taking the limit as e→ 0 we find,

1
r2
h

+ log(rh)
r2
h

= 0→ rh = exp(-1) ≈ 0.368 . (3.65)

The black hole attains a finite horizon radius as e → 0, and as this occurs T → ∞. The
entropy turns out to be quantized,

S = 2π2n

4G5
r3
h , n ∈ N . (3.66)

This is in line with the fact that the energy of this solution gains a quantum of energy each
time the winding number n of the topological Skyrmion solution is increased.

The well-known Hawking-Page transition [75] from thermal AdS to an AdS black hole
space-time occurs in our solution in the limit e → ∞. In this limit the critical horizon
value is rh = L, which determines the critical temperature Tc = 3/(2πL). By computing
the free energy associated with our topological Skyrme black hole solution and comparing
it with that of thermal AdS, we discern the effect the Skyrmion has on the transition. We
compute the renormalized on-shell action as,

Sren = lim
ε→0

(∫
d4x

(∫ 1/ε

rh

dr
√
−g

(
(R− 2Λ)

16πG5
+ Tr(F 2)

16πγ2

))
+ Sct

)
, (3.67)

where Sct is the counter-term action. This action is given as the usual Gibbons-Hawking-
York boundary term needed to make the variational problem well defined plus additional
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contributions needed to cancel both 1/εn and log(ε) divergences [76],

Sct = 1
8πG5

∫
d4x
√
γ

(
K− 1

2L

(
2(1−d)− L2

d−2R(γ)
))

+ L

16πγ2 log(ε)
∫

d4x
√
γ0Tr(F 2

0 ) ,

(3.68)
where K is the trace of the extrinsic curvature, γ is the induced metric on a constant
r = 1/ε hypersurface, γ0 is the metric of the dual field theory and F0 is the external field
strength of the gauge field A in the dual theory. Applying this formula we find the following
difference in free energy between our topological AdS black hole and thermal AdS,

∆F = FBH − Fthermal = π2βnr2
h

κ

− ẽ2L4
(

3
n − 3

)
+ 4ẽ2r4

h + 4L2

4ẽ2L2r2
h

+ 3κ log(rh)
ẽ2r2

h

+ 1

 .

(3.69)
Notice, as stated in the previous paragraph, if we take the limit e→∞, the horizon radius
asymptotes to the horizon radius of the standard global AdS5 black hole, rh → rh(e→∞),
and leads to the free energy difference, for n = 1,

lim
e→∞

κ

π2βr2
h

∆F =
(

1− r2
h

L2

)
. (3.70)

Hence, we restore the standard Hawking-Page transition temperature defined by rh = L.
However, if ∞ > e > 0 and we consider e.g. n = 1, then the log(rh)-term and the 1/(e2r2

h)-
terms compete with r2

h/L
2.

The free energy difference (3.69) is displayed in figure 4 as a function of the horizon
radius. These results are generated at a large value of the Skyrme coupling ẽ = 106, i.e. with
a weak influence of the Skyrmion on the geometry. The lowest (blue) curve is virtually
identical to the standard free energy for a thermal AdS5 to global AdS5 black hole transition
at a critical temperature fixed by rh = L. Increasing the winding number of our solution,
this critical horizon radius increases by a ∆rh which is a discrete function of n, shifting the
Hawking-Page phase transition. This trend continues for larger n > 2 as well. Below the
transition, the configurations with larger n have a larger free energy. However, there exists
a “focal point” at a certain rh where all the free energies intersect. That means there is
no energetically favored topology at that horizon radius (or corresponding temperature).
Above that horizon radius, larger winding numbers are energetically preferred. As can be
seen from (3.69), the contribution from the thermal AdS free energy, Fthermal, (the 3/n-
term) is independent of the winding number n. The remaining terms in the expression are
proportional to n, which can be factored out, leaving an expression which is a polynomial
in rh. The polynomial vanishes at rh = 1.22 for ẽ = 106 and κ = 1, leaving Fthermal as
the only contribution to ∆F . Thus the parameters of the Skyrmion field can be chosen
such that the contribution of the topological black hole to the free energy is zero for all
winding numbers. In other words, in figure 4 at rh = 1.22 there is only one contribution to
∆F which is independent of n, hence the curves for different n intersect in the focal point
at that horizon value. These are rather interesting features of our solutions, which we will
discuss elsewhere [77].
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Figure 4. Skyrmion shift of the Hawking-Page transition. Difference in the free energy ∆F per
inverse temperature β between the topological Skyrme-AdS5 black hole and thermal AdS space-time
as a function of the horizon radius rh. The three curves correspond to different winding numbers,
n = 1 (blue), n = 2 (orange) and n = 3 (green). The black lines with larger dashing represent the
intersection of the difference in free energy with zero indicating the point at which the topological
Skyrme-AdS5 black hole has the same free energy as thermal AdS. These intersections occur at
rh = 1 for n = 1, rh = 1.13 for n = 2 and rh = 1.16 for n = 3. The black line with fine dashing
represents the intersection of all three curves at rh = 1.22 indicating all three of the differences
of the free energies take on the same value. Hence none of the three different winding numbers
displayed is thermodynamically preferred over the others. All curves displayed above are calculated
for ẽ = 106. A discussion of the focal point at rh ≈ 1.22 may be found at the end of section 3.3.

4 Holographic interpretation

In this section, we provide an interpretation of our solutions from section 3 in the holograph-
ically dual field theory. In section 2.2, we have shown that one may think of the Skyrmion
solutions, see section 2.1, as being equivalent to certain SU(2) gauge field configurations
known as merons. In particular this applies to the explicit Einstein-Skyrme solutions we
found: a static black brane in section 3.1, a rotating black brane in section 3.2, and a
topologically non-trivial black hole in section 3.3. Hence, we can interpret these gravity
solutions as being dual to a field theory containing a current Jµ carrying an SU(2) charge.

When evaluated at vanishing Proca mass, m = 0, the meron action (2.3) coincides
with the Einstein-Yang-Mills action with an SU(2) gauge field, Aµ. This is a well-known
consistent truncation of the bosonic part of minimal gauged type IIB supergravity in five
dimensions. As mentioned in the introduction, we choose to set the Chern-Simons term
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to zero in order to simplify the analysis, see footnote 4. The massless case is considered
throughout this paper with the exception of section 3.1, where we demonstrate the validity
of our solutions within the Skyrmion theory with nonzero kinetic term, fπ 6= 0 which re-
quires a nonzero Proca mass term, m 6= 0, as seen from (2.4). While our analysis does not
require it here, we note that such a mass can be generated within type IIB supergravity
through spontaneous symmetry breaking in the bulk, for example demonstrated by break-
ing a U(1)-subgroup of the R-symmetry in [79]. There, the dual field theory acquires an
anomaly breaking the global U(1) R-symmetry. For our SU(2) R-symmetry subgroup we
would expect a similar mechanism, however, we leave this study for the future and now
focus on massless gauge fields in the bulk. In other words, the massless meron theory cor-
responds to N = 4 Super-Yang-Mills theory (SYM) in flat Minkowski space coupled to an
external SU(2) gauge field F associated with an SU(2) subgroup of the SU(4) R-symmetry
of the N = 4 SYM theory, see e.g. [70, 80–83].15

Alternatively, a term similar to the F 2-term in the action (2.3) could arise as the leading
order (in gauge field strength) term of the truncated probe D-brane action. An example
is the D3/D7-brane intersection [86] with two coincident D7-branes. This introduces two
types (flavors) of fundamental fermions (quarks) into the N = 4 SYM theory, breaking
the supersymmetry to N = 2. In this case, the current Jµ should be interpreted as a
flavor current, associated with an SU(2) symmetry, and the associated conserved charge
may be interpreted as the isospin charge in QCD [87–91]. We should note here, that in
general the determinant of the metric of such a truncated D-brane action can be more
complicated than simply the determinant of the underlying asymptotically AdS space-time
metric. That is because the relevant metric induced on the worldvolume of the D7-branes
can contain contributions from the gauge field, see e.g. [91–93].

Since the solutions in section 3 are black branes/holes, generally the dual state is
a strongly coupled quantum many-body system at non-zero temperature. For example,
one may imagine the quark-gluon-plasma generated in heavy-ion collisions, or a strongly-
correlated electron system. The Skyrme hair of the branes is dual to the gauge field sourcing
the SU(2) current Jµ. That current is restricted in that it is dual only to merons, i.e. pure
gauge solutions.

We stress again, that none of our results requires a non-zero meron mass. However,
allowing a non-zero meron mass, the current Jµ is not conserved. Nevertheless, the diver-
gence of the current is precisely known and proportional to the squared meron mass,

∂jJ
j = c0m

2∂iA
i
(0) , (4.1)

where A(0) = lim
r→rbdy

A is the bulk gauge field evaluated at the AdS-boundary, m is the
meron mass, c0 is a constant depending on the black brane solution, i.e. on the micro-
scopic properties of the dual field theory, and i, j = 0, 1, 2, 3 are indices parametrizing
the boundary coordinates. Note that through the meron mass the non-zero divergence in
eq. (4.1) is related to the operator dimension ∆ of the operators added to the N = 4 SYM

15Including the proper Chern-Simons term may have interesting effects on the topological properties of
the solutions, see e.g. [84, 85], and is subject to future study [78].
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mentioned before, which break the SU(2) and conformal symmetry. We now discuss the
three solutions presented in section 3.

4.1 Currents and external fields

In the absence of the meron mass term in the meron action (2.3), i.e. fπ = 0, the current
J is in principle conserved. It is computed by expanding the meron field Aµ near the
AdS-boundary, and extracting the coefficient of the normalizable mode. We recall that our
gauge field Aµ = −1/2Kµ has operator dimension one.16 Hence, we can expand Aµ near
the AdS-boundary as,

Aµ = −1
2 A(0),a

µ τa −
1

2r2A
(2),a
µ τa +O(r−3) , (4.2)

revealing the normalizable and the non-normalizable mode. The standard AdS/CFT dictio-
nary tells us we can identify these with the vacuum expectation value of the dual operator
and its source, respectively,

〈Ji〉 = lim
r→∞

r2Ai = −1
2 A

(2),a
i τa , (4.3a)

Aext
i = lim

r→∞
Ai = −1

2 A
(0),a
i τa . (4.3b)

In other words, here Aext is the externally applied SU(2) gauge field configuration and 〈J〉
is the vacuum expectation value of the global SU(2) current. We can identify an SU(2)
chemical potential as the time component of the external gauge field µ = Aext

t .

Static solution. For this case we find the only non-zero component of the bulk gauge
field to be At with,

µa = A
(0),a
t =

(
2χ1

√
1− χ2

1ω sin(tω), 2χ1

√
1− χ2

1ω cos(tω),−2
(
χ2

1 − 1
)
ω

)
, (4.4)

and

〈Jat 〉 = A
(2),a
t = −

(2χ2
1 − 1

)
χ2ω sin(tω)√

1− χ2
1

,

(
2χ2

1 − 1
)
χ2ω cos(tω)√

1− χ2
1

, 2χ1χ2ω

 . (4.5)

It is interesting to check the divergence of this current via ∂i 〈J i,a〉 which gives,

∂i 〈J i,a〉 = ∂t 〈J t,a〉 = χ2(2χ2
1 − 1)√

1− χ2
1

ω2 (cos(ωt),− sin(ωt), 0) , (4.6)

where we see that we have a non-conserved global charge associated to our SU(2) gauge field.
A few observations are in order. First, a simple interpretation of the non-conservation is

due to the oscillating chemical potential inducing an oscillating charge density. The charge
16The operator dimension ∆ for a p-form field is related to the mass m of that field by m2L2 = (∆ −

p)(∆ + p− d) with d = 4, p = 1, and m = 0 for the gauge field Aµ. This yields ∆± = 1, 3, determining the
near-boundary exponents of the normalizable and non-normalizable modes of Aµ.
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density 〈Jat 〉 and chemical potential µa are always in phase while the divergence of the
current 〈J〉 and the chemical potential µa are always out of phase. By suitable adjustment
of the parameters χ1 or χ2 we may have a conserved current 〈J〉 (χ1 = ±1/

√
2). We note

that out of this two-parameter family the values |χ1| = 1, χ2 = 0 are pathological. However
if we take ω = 0 all sources µa and vacuum expectation values 〈J〉 vanish. Furthermore
it is interesting to note that although the charges are non-conserved, the current averaged
over one cycle of period 2π/ω is conserved. We note in passing that although there is a
non-zero external SU(2) gauge field in the dual field theory, the field strength associated
with this gauge potential is trivially zero, i. e. F aij = 0.

In section 3 we showed that our solution for the static black brane was smoothly
connected to the solution with a mass term present for the meron gauge field. Utilizing
the equations given in eq. (4.3a) and eq. (4.3b) for the massive meron solution leads to a
vanishing value for the vacuum expectation value of the dual current J and the external
gauge field Aext.

Rotating solution. In the case of the rotating black brane solution we find non-zero
components of both 〈Jat 〉 and 〈Jaφ〉. The sources of these operators are,

µa = A
(0),a
t =

(
−χ1

√
1− χ2

1ω sin(φ− tω), χ1

√
1− χ2

1ω cos(φ− tω),
(
χ2

1 − 1
)
ω

)
, (4.7)

A
(0),a
φ =

(
χ1

√
1− χ2

1 sin(φ− tω), χ1

√
1− χ2

1 cos(φ− tω),
(
χ2

1 − 1
))

, (4.8)

for the three SU(2) chemical potentials µa. While the dual current is given as,

〈Jat 〉=A
(2),a
t =

−(2χ2
1χ2−χ2

)
ω sin(φ−τω)

2
√

1−χ2
1

,

(
2χ2

1χ2−χ2
)
ω cos(φ−τω)

2
√

1−χ2
1

,−χ1χ2ω

 , (4.9)

〈Jaφ〉=A
(2),a
φ =

(2χ2
1χ2−χ2

)
sin(φ−τω)

2
√

1−χ2
1

,−
(
2χ2

1χ2−χ2
)
cos(φ−τω)

2
√

1−χ2
1

,χ1χ2

 . (4.10)

Again we check the divergence of this current via ∂i 〈J i,a〉 which gives,

∂i 〈J i,a〉 =
(
2χ2

1 − 1
)
χ2
(
16a2 − ω2

(√
16a2 − ω2 + 1

))
32a2

√
1− χ2

1

(cos(φ− tω), sin(φ− tω), 0) .

(4.11)
A few observations are in order here as well. First, a simple interpretation of the non-
conservation is due to the oscillating chemical potential inducing an oscillating current.
However in this case we have additional dependence on the compact coordinate φ. This
leads to a chemical potential with the form of a traveling wave whose wave vector has the
value k = 1 and whose angular frequency is ω. Accompanying the charge density “wave”
propagating in the compact φ direction is a current wave 〈Jaφ〉. The current wave lags
behind the charge wave by a phase of π as can be seen by inspection of eq. (4.9) and
eq. (4.10). Furthermore the divergence of the current is also a propagating wave in the
compact φ direction. This divergence of the current lags the charge wave by a phase of π/2.
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Figure 5. The t component of the charge, current and divergence “waves” in the dual theory are
displayed. The solid lines are displayed at t = 0 while the dashed lines are displayed at t = π/4ω.
For this image we make the choice ω = 1, χ1 = 0.1, χ2 = 0.1 and a = 4.

This can be seen in figure 5. Meanwhile the charge density 〈Jat 〉 and chemical potential
µa are always in phase. By suitable adjustment of the parameters χ1 or χ2 we may have
a conserved current 〈J〉 (χ1 = ±1/

√
2). Interestingly if we take ω = 0 all sources µa and

vacuum expectation values 〈Jat 〉 vanish leaving an external gauge field Aaφ along with a
persistent current along the compact φ direction. Furthermore it is interesting to note
that as in the static case although the four-current is non-conserved, the current averaged
over one cycle of period T = 2π/ω is conserved. Note also that the magnitudes of the
chemical potential vectors µa and charges 〈Jat 〉 which are three-vectors in gauge space,
have magnitudes which are constant in time.

It should be noted that associated with the external SU(2) gauge field in the dual field
theory is a field strength which has non-zero components in this case.

F 1
tφ = −F 1

φt = χ1

√
1− χ2

1ω cos(φ− tω), (4.12)

F 2
tφ = −F 2

φt = χ1

√
1− χ2

1ω sin(φ− tω) . (4.13)

Topological solution. For the topologically non-trivial solution we have only an external
gauge field in the dual theory. That is we have no bulk radial dependence of Aµdxµ. In
this sense the gauge field in the bulk represents a trivial lifting of the gauge field in the
boundary theory to the bulk theory

L(Aµ) = Ãµ = (Ai, 0) , (4.14)

where Ã is the bulk five dimensional gauge field. It can be expanded near the AdS-boundary
simply as,

Ãµ = (Ai, 0)r0 . (4.15)
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In the notation of the previous section we have the following gauge field configuration in the
boundary field theory given below broken into the three non-zero gauge field components.
For the component in the ψ-direction, A(0),a

ψ , we find,

A
(0),1
ψ = −n cos(θ) , (4.16a)

A
(0),2
ψ = −n sin(θ) cos(φ) , (4.16b)

A
(0),3
ψ = −n sin(θ) sin(φ) . (4.16c)

For the component in the θ-direction, A(0),a
θ , we find,

A
(0),1
θ = sin(nψ) sin(θ) cos(nψ) , (4.17a)

A
(0),2
θ = sin(nψ) (cos(θ) cos(φ) cos(nψ) + sin(φ) sin(nψ)) , (4.17b)

A
(0),3
θ = sin(nψ) (cos(φ) sin(nψ)− cos(θ) sin(φ) cos(nψ)) , (4.17c)

and for the component in the φ-direction, A(0),a
φ , we find,

A
(0),1
φ = sin2(θ) sin2(nψ) , (4.18a)

A
(0),2
φ = sin(θ) sin(nψ) (sin(φ) cos(nψ)− cos(θ) cos(φ) sin(nψ)) , (4.18b)

A
(0),3
φ = − sin(θ) sin(nψ) (cos(θ) sin(φ) sin(nψ) + cos(φ) cos(nψ)) . (4.18c)

Notably the field strength associated with this gauge field configuration has non-zero
Fψθ, Fψφ, Fθφ, which act as angular magnetic fields along φ, θ, ψ, respectively. Due to
the length of the expressions we do not display them here. While there is an external
gauge potential and field strength in the dual theory, the vacuum expectation value of the
current is zero for this configuration,

〈Jai 〉 = A
(2),a
i = 0 . (4.19)

We note that it is interesting that this lifted bulk gauge field sources the Einstein
equations and solves both the Einstein-Skyrmion and Einstein-Yang-Mills equations of
motion. It would be interesting to investigate if this type of solution can be generalized to
solutions with non-vanishing expectation value of the dual field theory current.

4.2 Energy-momentum tensor

The holographic energy-momentum tensor can be calculated via standard techniques as
laid out in [76, 94]. A space-time metric in the Fefferman-Graham coordinate system can
be written in the form,

ds2 = 1
4ρ2 dρ2 + gij(x, ρ)

ρ
dxidxj , (4.20)

where gij admits the following expansion,

g = g(0) + g(2)ρ+ g(4)ρ
2 + h(4)ρ

2 log(ρ) + · · · (4.21)
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The appropriate holographic relation is [95],

〈Tij〉 = 1
κ̄

(
g(4)ij − g(0)ijTrg(4) − (log(Λ) + C)h(4)ij

)
, (4.22)

where C is an arbitrary scheme-dependent constant and 4πG5 = κ̄. We utilized eq. (4.22)
to construct the quasi-local stress-energy tensor of Brown and York [96] for all solutions
we presented in section 3. This stress-energy tensor has been shown [97] to be dual to the
vacuum expectation value of the energy-momentum tensor in the dual field theory.

We can also use this stress energy tensor to define conserved charges of the solu-
tions [96]. Given a Killing vector ξ and a time-like unit vector uµ normal to a space-like
hypersurface Σ there is an associated conserved charge,

Q = −
∫

Σ

√
det(g(0))ξiuj 〈T ij〉 . (4.23)

For example, there is a time-like Killing vector associated with time translation ξt, and the
conserved charge is the mass of the space-time,

M = −
∫

Σ

√
det(g(0))ξtiuj 〈T ij〉 . (4.24)

Static solution. For the static black brane we find the same energy-momentum relation
as in the case of the Schwarzschild black brane with,

κ̄ 〈T 00〉 = ε, κ̄ 〈T i′j′〉 = pδi
′j′ , (4.25)

where the pressure p = ε/3 and i′& j′ ∈ (1, 2, 3). The energy-momentum tensor is traceless,
indicating we have a conformal fluid in the dual field theory. Here ε the energy density is
given as ε = 3ms/4.

Rotating solution. For the rotating solution we find,

κ̄ 〈T 00〉 = (4a+ ω)
(
r4

0ω − 4c1
)

16a2 , (4.26a)

κ̄ 〈T φφ〉 = (4a− ω)
(
r4

0ω − 4c1
)

16a2 , (4.26b)

κ̄ 〈T 0φ〉 =
√

4a− ω
√

4a+ ω
(
r4

0ω − 4c1
)

16a2 , (4.26c)

with 〈T ij〉 = 0, for i = x, y the non-compactified spatial coordinates. An elucidating choice
of the coefficient c1 can be seen from eq. (4.26) when taking c1 = r4

0a, yielding,

κ̄ 〈T 00〉 = r4
0
ω2 − 16a2

16a2 , (4.27a)

κ̄ 〈T φφ〉 = r4
0
ω2 − 16a2

16a2 , (4.27b)

κ̄ 〈T 0φ〉 = r4
0

√
4a− ω

√
4a+ ω (ω − 4a)
16a2 , (4.27c)
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with all other components of the energy-momentum tensor vanishing. One can see that
this solution represents a conformal fluid when one computes the trace of the energy-
momentum tensor using the metric of the boundary theory γµν = Diag(−1, 1, 1, 1) and
γ0φ = γφ0 = ω/

√
16a2 − ω2. Curiously we see this energy-momentum tensor encodes

zero pressure in both the non-compact field theory directions, while the boundary fluid
has both a momentum current and a pressure along the compact φ direction. One can
understand this behavior by considering a singly-spinning Myers-Perry (Kerr) black hole
in AdS5, i.e. with the two angular momenta set equal to each other. Interestingly, we see
that our rotating fluid has a direct analogy to the energy-momentum tensor of the extremal
Myers-Perry black hole [51, 67–69, 98, 99]. In the conventions of [100], the energy density
and pressures are given by,

〈T 00〉 = µ
(
aMP

2 + 3L2)
8πG5L4 , 〈T 11〉 = 〈T 22〉 = µ

(
L2 − aMP

2)
8πG5L4 , 〈T 33〉 = µ

(
L2 + 3aMP

2)
8πG5L4 ,

(4.28)
where it should be noted that the Myers-Perry aMP is the angular momentum per unit
mass. Despite strong formal similarity, this is different from our a, which appears as an
integration constant, a boundary condition on the metric function F (r), see eq. (3.33). In
the extremal limit aMP → L, and we find that the transverse pressures vanish,

〈T 00〉 = µ
(
4L2)

8πG5L4 , 〈T 11〉 = 〈T 22〉 = 0, 〈T 33〉 = µ
(
4L2)

8πG5L4 . (4.29)

Applying our formula given in eq. (4.24) to the energy-momentum tensor of our rotating
solution eq. (4.26) gives,

M = 8a2 (r4
0ω − 4c1

)
G5(4a− ω)2(4a+ ω)V, (4.30)

with V =
∫

d2x. We can also apply eq. (4.23) to obtain the conserved angular momentum
associated with the azimuthal Killing vector where we find,

J = 2a
(
r4

0ω − 4c1
)

G5
√

(4a− ω)3(4a+ ω)
V. (4.31)

With the angular momentum and the mass we can verify that the Euler relation,

M = ST + JΩT , (4.32)

is indeed satisfied for our rotating solution, where we have used the thermodynamic angular
velocity ΩT given in eq. (3.46). Using the relations for M and J also allow us to find
expressions for both the coefficients a and c1 in terms of ω,M and J ,

a = ω

4
√

1− (J/M)2 , (4.33a)

c1 = ω

4M

(
2G5J

2√
1− J2/M2

(
1−

√
1− J2/M2

)
+Mr4

0

)
. (4.33b)

Both parameters a and c1 depend upon the rotation parameter of a Skyrmion in the internal
space and the angular momentum per unit mass in the physical AdS space-time.
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Notice that we also have the following relation,

a = ω

4
√

1− (1/ΩT )2 , (4.34)

which is consistent with the definition of ΩT given in eq. (3.46).

Topological solution. For the topologically non-trivial solution we find the following
energy-momentum tensor,

κ̄ 〈T 00〉 = 3
16L

4
(4 log(Λ)

e2 + L2 + 4mt

)
, (4.35)

κ̄ 〈Tψψ〉 = L2 (e2 (4mt − 3L2)+ 4 log(Λ) + 4
)

16e2n2 , (4.36)

κ̄ 〈T θθ〉 = L2 csc2(nψ)
(
e2 (4mt − 3L2)+ 4 log(Λ) + 4

)
16e2 , (4.37)

κ̄ 〈T φφ〉 = L2 csc2(θ) csc2(nψ)
(
e2 (4mt − 3L2)+ 4 log(Λ) + 4

)
16e2 . (4.38)

Notably, this topologically non-trivial solution has finite energy density. Here Λ is an energy
scale associated with our renormalization procedure revealing a logarithmic dependence of
the energy-momentum tensor on the cutoff scale.17 This indicates that there should be
a special solution at |e| = ec = 2

√
log(Λ)+1√

3L2−4mt
for which the pressures vanish. If |e| < ec,

then the pressures are negative. Despite first appearances, the existence of such a potential
limitation does not invalidate the e→ 0 limits taken in the previous sections. In that limit,
the renormalization scale has to be fixed to Λ = exp(−1) in order to adequately represent
physics at the scale of the system.18 Tracing over the energy-momentum tensor with the
near boundary metric given by,

ds2 = sin2(nψ)
(
dθ2 + dφ2 sin2(θ)

)
− dt2

L2 + dψ2n2, (4.39)

reveals two trace contributions,

κ̄ 〈T ii 〉 = 3L2

4e2 −
3L4

4 . (4.40)

Each has its own origin.19 We note in passing that the trace vanishes by fixing e = 1/L.
We can trace the origin of the first piece to the presence of an external field strength

17In our expression for the energy momentum tensor we have chosen the finite scheme-dependent coef-
ficient C of eq. (4.22) to take the value C = 5/4. This value has been chosen to cancel an explicit finite
contribution to the energy density stemming from the gauge field configuration. This choice of C shifts the
contribution of the gauge field from the energy density to the pressures.

18We note that this choice of Λ = exp(−1) is the smallest possible value of the renomalization scale.
19Note that the first of these two trace contributions 3L2/(4e2) has nothing to do with either the conformal

anomaly of the N = 4 SYM theory we consider here, nor with its R-charge current (chiral) anomaly. It
arises from an explicit breaking of the conformal invariance by introducing the coupling scale e [95]. We
use this occasion to recall that in our model the R-charge current (chiral) anomaly is absent since we chose
to work at vanishing Chern-Simons coupling on the gravity side.
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F aij . It turns out that the first term in eq. (4.40) has nothing to do with the conformal
anomaly of N = 4 SYM theory. Instead, it is well known to originate from the coupling to
an external gauge field [76, 95]. This coupling breaks the conformal symmetry explicitly,
leading to a non-zero trace of the energy-momentum tensor. Hence, we can expect one
trace contribution to the energy-momentum tensor to be proportional to the trace over the
square of the field strength [76, 95],

κ̄ 〈T ii 〉 ∝ −
1
4TrF̃

2, F̃ = 1
3eF . (4.41)

The second term in eq. (4.40) has a deeper field theory meaning and corresponds to the
conformal anomaly of N = 4 SYM theory on the space-time R× S3 [96, 101],

− lim
ε→0

L4

8πG5

(
−1

8R
µνRµν + 1

24R
2
)

= −3L4

4κ̄ , (4.42)

where 1/r = ε is a cutoff surface on which we construct the Ricci tensor Rµν and Ricci
scalar R. Finding the conformal anomaly value consistent with the direct field theory
computation confirms the holographic relation of the Einstein-Skyrme theory to N = 4
SYM, as discussed at the beginning of this section.

Applying our formula for the conserved charge associated with time translations
eq. (4.24) to the energy-momentum tensor eq. (4.38) we find,

M = 3πL2n

32G5
+ 3πmt n

8G5
+ 3πn

8e2G5
log (ΛL) . (4.43)

This mass contains three terms, the second term, for n = 1, is the standard result for a
global AdS black hole (MBH) in five dimensions [15]. While the first term, again for n = 1
is the mass of the global AdS (MAdS) space-time [96]. The third term is the result of the
renormalization scale dependence of the energy-momentum tensor. What is interesting is
that for a solution with winding number q = n = 1 these results agree with the standard
results without an SU(2) gauge field up to a renormalization point dependence. While for
q = n > 1 we find,

M̊ ≡M − 3πn
8e2G5

log (ΛL) = MBH(n) +MAdS(n), (4.44)

for MBH(n) = nMBH(1) and MAdS(n) = nMAdS(1). In this way the imprint of the
Skyrmion field onto the energy of the space-time is clear. The masses of topological Skyrme-
AdS5 black holes can be measured in units of global AdS and black hole masses up to a
renormalization point mass.

4.3 Topological charge

As discussed in section 2.3, we will apply the definition of the topological charge (2.7) to
our solutions. Our solutions are pure gauge everywhere in space-time, hence,

q =−i e3

12π2

∮
S3

d3xn̂iε
ijmntr(AjAmAn) = 1

24π2

∮
S3

d3xn̂iε
ijmntr

(
∂jωω

−1∂mωω
−1∂nωω

−1
)
.

(4.45)
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We compute this quantity from our bulk gauge field solutions, evaluating them on the
S3 located at the boundary of our AdS5 space-time. This topological charge is also the
topological charge of the boundary field configuration due to eq. (4.14). For both the static
and rotating solutions the dual gauge fields given by eq. (4.4) for the static case and by
eq. (4.7) and eq. (4.8) for the rotating case do not represent maps covering the internal
S3 an integer number of times [63]. This is because in both cases only one of the spatial
components is non-zero. This is due to the fact that this ansatz restricts dependence to
the coordinates t and r. Derivatives acting in other directions vanish leading to Ki = 0.
The winding number q is a topological quantity. Hence, if it vanishes in one coordinate
system, then it vanishes in all.

Therefore the black branes considered in section 4.1 have zero topological charge. How-
ever the topologically nontrivial solutions presented in section 3 carry a non-zero topological
charge. Computing the charge density we find,

iεijmntr
(
∂jωω

−1∂mωω
−1∂nωω

−1
)

=
(3

4n sin(θ) sin2(nψ), 0, 0, 0
)
, (4.46)

leaving us with20

q = 2
3π2

∫ π

0
dθ
∫ π

0
dψ
∫ 2π

0
dφ3

4n sin(θ) sin2(nψ) = n ∈ N. (4.47)

In summary, the gauge configuration of the Schwarzschild black hole with Skyrmion hair
has a dual gauge configuration which wraps the internal S3 a total of q = n times. As
seen in the previous section, the mass of the space-time grows with each wrapping n of the
internal space-time.

4.4 Comparison to the Sakai/Sugimoto model

In table 1 we have already pointed out differences and similarities between the
Sakai/Sugimoto model [24], the Son/Stephanov model [23], and our model. Now that
we have presented the details of our model, a few more comments are in order.

Our setup is rather simple despite being a top-down model embedded in a pure gauge
sector of type IIB supergravity. Consequently, it allows for analytic solutions at T 6= 0. Re-
markably, our solutions take into account the backreaction of the gauge field configurations
(equivalent to our bulk Skyrmions) on the geometry. Previous works utilize the top-down
Sakai/Sugimoto D4/D8− D̄8-brane construction. There is a stack of N D4-branes which
generates an effective background metric, see [24, 102], similar to the stack of N D3-branes
in the original correspondence [8]. The D8- and D̄8 are technically involved due to the
square root of the determinant appearing in the Dirac-Born-Infeld actions for each probe
Dp-brane (e.g. a D4-brane has p = 4),

SDp = −τp
∫
dp+1x e−φ

√
det(P [G] + P [B] + 2πα′F ) , (4.48)

with the probe brane tension τp/gs = (2π)−pα′−(p+1)/2/gs where gs is the string coupling
constant. Further, there is the background scalar φ, as well as the pullback P [. . . ] of the

20Note that we had suggestively chosen to label the integer parameter in the solution (3.63) by n.
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background metric G, the pullback of the antisymmetric background two-form B, the gauge
field strength F living on the Dp-brane, and its coupling constant and the inverse string
tension α′ [24, 27]. Solutions often need to be obtained numerically, especially at non-zero
temperature and chemical potential [103–106]. Generally, this is a common feature of top-
down D-brane constructions, another example being the D3/D7-brane system [107, 108] at
non-zero temperature and chemical potential [109, 110], and in particular when computing
perturbations on top of the branes, e.g. meson spectra [89, 92], and confinement [103, 111,
112]. For example, the complexity of the D4/D8 − D̄8-brane system forces the authors
of [27] to abandon the non-Abelian DBI action and work only with the “leading order”
Yang-Mills and Chern-Simons terms to make the computation feasible.

By definition, the backreaction of these probe branes on the background geometry is
not taken into account, and neither is the backreaction of e.g. topologically non-trivial con-
figurations of the gauge field F . This can be seen when counting the factors of 1/α′2 ∝ N ,
where N is the number of colors, and comparing to the background action which is of order
N2. For example, the effect of D7-probe branes is suppressed by a relative factor of 1/N .

Going a step beyond probe branes, the backreaction of the D8-branes including simple
gauge field configurations onto the geometry has been taken into account [113]. However,
topologically non-trivial gauge field configurations have not been backreacted as far as we
know, and hence are a new feature of our solutions.

The Skyrmion in the D4/D8 − D̄8 system emerges in the boundary field theory. As
usual in quantum field theory, this boundary theory is defined in a fixed flat metric, i.e. with
the metric being an external field. These Skyrmions are identified as baryons. They are
constructed from D4-branes wrapped on a non-trivial four-cycle in the background metric.
Such a D4-brane is realized as a small instanton configuration in the world-volume gauge
theory on the probe D8-brane. In the simplified Yang-Mills-Chern-Simons action [27], the
effective boundary theory action is identical to the Skyrme model, in which baryons appear
as solitons, referred to as Skyrmions, as we reviewed in section 2.1. The baryon number of
such a Skyrmion, as we know, is defined as the winding number carried by the pion field.
This winding number is the instanton number in the five-dimensional Yang-Mills theory.

It is remarkable that within the D4/D8 − D̄8 model the authors [24, 27] consider
the three spatial boundary coordinates and the radial AdS coordinate as the Euclidean
space on which the topological properties are evaluated. This is also true for the Son and
Stephanov model [23]. As reviewed in section 2.3, in a higher dimensional (larger than
four) space-time, any four-dimensional subspace may be considered in order to assess the
topological properties of e.g. gauge field configurations. We have chosen to Wick rotate
the time coordinate and consider topological quantities in the four-dimensional subspace
spanned by Euclidean time and the three spatial boundary directions. This is another
point that sets our model apart from previous considerations.

Our model also allows phases and transitions among them, which differ from those
discussed already in the literature. The Sakai/Sugimoto model allows two distinct brane
constructions, and a transition between them at a critical temperature, Tc. This is the
confinement/deconfinement transition in a dual gauge theory [16]. In the low temperature
(confined) phase at T < Tc chiral symmetry is broken, while it is restored in the high

– 34 –



J
H
E
P
0
3
(
2
0
2
1
)
2
2
9

temperature (deconfined) phase at T > Tc [103, 104]. Our topological Skyrme-AdS5 black
hole solution realizes the confinement/deconfinement transition as it undergoes a varia-
tion on the Hawking-Page transition, as discussed above. In addition, since our gauge
field configuration or equivalently the Skyrmion is backreacted on the geometry, there are
topologically distinct phases carrying distinct Chern numbers which are accessible in our
model. These may be realized depending on their free energy (3.69). This also begs the
question if topological transistions are realized in the Sakai/Sugimoto model, e.g. between
QCD vacua. Our model may serve as a construction tool in this regard.

Our Skyrme model deconfinement transition temperature depends on the topological
charge q , which is a label of the dual field theory state, and the Skyrme coupling e. This
means, in our model, one (holographic QCD) vacuum with topological charge q undergoes a
deconfinement transition at a temperature distinct from that of a vacuum with a distinct q .
Our model may be useful to qualitatively study mechanisms for QCD vacua to transition
into each other. Note that recently in the Sakai-Sugimoto model transitions between
false holographic vacuum states have been considered [26]. There the rate for producing
true vacuum bubbles in a metastable phase has been computed. This has been done
utilizing the deconfinement transition and the chiral symmetry breaking transition. Similar
considerations in our model would be interesting, allowing vacuum bubbles with distinct
gauge field topology.

It would be interesting to relate our solutions and phases to those considered by Sakai
and Sugimoto. Their D4/D8-brane model [24, 27] is constructed in type IIA superstring
theory. Our model may be considered to be embedded in type IIB superstring theory.
Type IIA is related to type IIB theory by T-duality. If one of the 10 coordinates in either
theory is compactified onto an S1 with a certain radius R, strings can wrap around this
S1 a number of W times. There is also a momentum, K, along that direction. T-duality
exchanges W and K, taking us from type IIA theory on a small compactification radius, to
IIB theory on a large compactification radius, and vice versa. One is tempted to speculate
if T-duality could help to relate our Skyrme solutions to those of Sakai/Sugimoto.

More directly, we are able to show at least strong similarity between our solution and
those discussed in [27]. For this purpose we take a black brane limit of our black hole
solution. We utilize a stereographic projection in order to unwrap our compact geometry
S3 → R3,

(X,Y, Z) = sin(nψ)
1− cos(nψ) (cos(θ), sin(θ) cos(φ), sin(θ) sin(φ)) , (4.49)

applied to the 4D metric,

ds2 =
4
(
dX2 + dY2 + dZ2

)
(X2 + Y 2 + Z2 + 1)2 −

1
L2dt

2 . (4.50)

Now using the scaling transformation Xi → αxi/2, xi = (x1, x2, x3), t → αt and series
expanding around α = 0, we find that the leading order contribution is at O(α2),

ds2 ∼ − 1
L2 dt2 + δijdxidxj . (4.51)
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In order to compare, take g from eq. (3.3) in [27] and Taylor expand it around
z = 0 and (X1, X2, X3) = ~0, with Z = 1,

g ∼ 1√
x2

1 + x2
2 + x2

3 + 1

(
−1− ix3 −x2 − ix1
x2 − ix1 −1 + ix3

)
. (4.52)

Now take our SU(2) group element U and use the coordinate transformation above, series
expand around α = 0 and take the leading order contribution in α,(

−1 + iαx3 αx2 + iαx1
−αx2 + iαx1 −1− iαx3

)
. (4.53)

Finally, inverting all coordinates, (x1, x2, x3)→ (−x1,−x2,−x3), gives,(
−1− iαx3 −αx2 − iαx1
αx2 − iαx1 −1 + iαx3

)
. (4.54)

Now we squint our eyes a bit, remove the counting parameter by setting α = 1, and ignore
overall factors, attributing them to the brane embedding. The expanded group element
eq. (4.54) looks remarkably similar to the group element eq. (4.52), as we had advertised.
Differences may be due to the distinct metrics in which these gauge fields live.

Note again that we have considered different sets of coordinates in the two models. In
our model, we choose to work with the three spatial boundary coordinates, (x1, x2, x3), and
the time, t. In contrast to that, from [27] we see the authors chose three spatial boundary
coordinates and the radial AdS coordinate, z. As reviewed in section 2.3, both choices are
valid, and it is interesting that in our comparison they lead to gauge field configurations
strikingly similar in structure.

In application to QCD the Sakai/Sugimoto model has been very successful in predicting
observables and matching experimental results. It would be interesting to investigate if our
simpler solutions could be predictive in a similar fashion. Potentially, they may help in
gaining a simplified but analytic understanding of the underlying physics.

Finally, we put our topological solutions from section 3.3 into the context of known
realizations of baryons within the Sakai-Sugimoto model, reviewed e.g. in [114]. The stan-
dard realization of the baryon in QCD is in the form of the soliton solutions, referred
to as Skyrmions in (3+1) dimensions. A second realization is the instanton in holo-
graphic QCD [24]. Recently [114], it has been shown that the Abrikosov vortex in (1+2)-
dimensional Abelian Higgs theory [115] is the topological equivalent of the instanton in
holographic QCD. In this sense, there is a realization of the baryon in Abelian Higgs
theory. Merons have recently been considered as topological solutions, baryons, within
holographic QCD [114]. In their construction, which is distinct from ours, the authors find
that a single meron carries infinite energy. Hence, they construct a two-meron solution of
finite size and with finite energy. In contrast to that, our topologically non-trivial solutions
are not localized in the boundary spatial coordinates {x, y, z}. Instead, they are uniform
throughout boundary space and thus have no spatial size. Our solutions are also uniform
along the AdS radial coordinate r, which can be seen from eq. (3.61) because the gauge
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field configuration does not depend on r. In that sense, we have a family of non-local
gauge field configurations, labeled by second Chern numbers. Furthermore, our gauge field
configurations have finite energy density. This can be seen from the energy-momentum
tensor (4.38) which contains the contributions from the gauge field configuration and the
geometry (loosely speaking the “mass of the black hole”), see eq. (4.43).

In addition to the baryon realizations discussed above, there is the baryon from brane-
induced Skyrmions [106]. These are finite size baryons when truncated to light mesons [27].
However, they are pointlike when such a truncation is not performed [27]. In that case,
including a Chern-Simons term brings a baryon back to a finite size, curing the infinite
gradient problem of a pointlike configuration. Our model fits into this picture as a distinct
analytic holographic realization of a gauge field configuration with topological charge q = 1,
which may be interpreted as baryon number. Our solutions take into account the full
backreaction of the non-Abelian gauge field onto the geometry. These are solutions within
a (4+1)-dimensional Einstein-Skyrme theory. This is currently excluding a possible Chern-
Simons-term, but introducing such a term is possible.21 Just like the finite baryon size
effects found to result from Chern-Simons contributions in the Sakai/Sugimoto model, this
may have interesting consequences for our solutions.

In this work, we utilize the SU(2)-Einstein-Yang-Mills formulation of the Einstein-
Skyrme theory in order to obtain a holographic interpretation. It would be interesting to
understand a direct relation between the Skyrmion in the bulk and the observables in the
boundary theory. This may reveal a more direct relation between our bulk Skyrmions and
known representations of baryons in quantum field theories.

5 Discussion & application of results

We have found new black brane/hole solutions which can either be regarded as solutions to
Einstein-Skyrme theory, or equivalently as meron solutions in Einstein-Yang-Mills theory,
see section 2.2. On one hand, in the context of the gauge/gravity correspondence, the
meron point of view is more clear, see section 4. The solutions in the field theory are
states with a non-trivial SU(2) gauge field configuration sourcing an SU(2) current. On
the other hand, the Skyrmion point of view may serve as a construction tool for new,
non-trivial solutions, see section 2.1 and section 3. Two top-down embeddings into type
IIB superstring theory are provided for the Einstein-Skyrme action (2.1) via its Einstein-
Yang-Mills equivalent (2.3), see section 4. The first, more straight forward interpretation
of the SU(2) symmetry is as a subgroup of the R-symmetry in the N = 4 Super-Yang-Mills
theory. The second proposed embedding into a D3/D7-brane system is to be taken in the
spirit of a heuristic motivation.22

21In fact, the Chern-Simons term with a specific coupling strength is required for this theory to be dual
to N = 4 Super-Yang-Mills theory.

22Clearly, our Einstein-Skyrme action lacks the relevant factors coming from the metric induced on the
branes, see the brane action (4.48).
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Collecting the results of this work, we choose to separate them into two categories:
gravitational results and field theory results.

Gravity results. We have found three types of analytic solutions to the Einstein-Skyrmion
theory defined by the action (2.1):

1. The Static Skyrme-AdS5 black brane, eq. (3.8) and (3.9), is static in space-time and
rotating in internal space, i.e. rotating on the SU(2) gauge manifold at frequency ω.
The blackening factor takes a form similar to that of an AdS5 Reissner-Nordström
black brane. The “charge term” in the blackening factor (3.9) contains a charge-
like parameter, χ2ω, determined by the internal rotation frequency. However, this
parameter cannot take any extremal value as there is only one horizon. The Hawking
temperature T in figure 1, and entropy density s, eq. (3.16), of this solution are
determined by internal angular frequency ω, mass ms, and solution parameter χ2.23

2. The Rotating Skyrme-AdS5 black brane, eq. (3.34), is rotating in space-time with
relative angular frequency ΩT . This solution shares various properties with extremal
AdS5 Myers-Perry (Kerr) black holes. It has vanishing temperature, T = 0, but a
non-zero entropy density s (3.48). One interesting aspect of the holographic inter-
pretation of the Einstein-Skyrme model is that it reduces the arbitrariness of the
Skyrmion solution in the rotating case. The Einstein-Skyrme equations of motion
for the rotating black brane system have an additional freedom due to the hidden
symmetry associated with the imposition of the constraint. This leaves either the
Skyrme field or a metric component free. We choose to fix the metric and leave
the matter contribution free. However this freedom is removed when considering the
mapping of the Einstein-Skyrme system to an Einstein Yang-Mills theory. This leads
to an additional set of equations (the curved space Yang-Mills equations) which must
also be satisfied. This additional set of equations in our system reduces to a single
equation which fixes the solution of the Skyrme field.

3. The Topological Skyrme-AdS5 black holes, eq. (3.63), form a family of solutions
asymptoting to global AdS5, i.e. with a compact horizon and boundary field the-
ory topology S3 × R. Here, the Skyrmion solution has a non-zero winding number
q = n ∈ N, parametrizing this family of solutions. In other words, the solutions
wrap the spatial S3 n times around the S3 representing the SU(2) group manifold.
Again, while each solution is known analytically, the horizon location as a function
of the black hole mass and the Hawking temperature are calculated numerically and
displayed in figure 3. For a Skyrmion coupling constant, e � 1, the horizon and
temperature behave similarly to that of a global AdS5 black hole. In that case there
is a minimum temperature. However, when the Skyrmion becomes strong, e → 0,
the temperature develops an additional maximum at a small value for the radius.

23For simplicity, we mostly consider solutions without the kinetic Skyrmion term, i.e. at vanishing pion
coupling, fπ = 0. However, we have shown that these are smoothly connected to solutions with non-zero
pion coupling fπ 6= 0, eq. (3.11).
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Furthermore, this solution undergoes a Hawking-Page transition at a transition24

temperature altered by the Skyrmion dynamics and defined by the zeros of the free
energy difference (3.69). The free energy depends on both the Skyrme coupling e and
the winding number, n, of the gauge configuration, see figure 4.

All three solutions are equivalent to Einstein-Yang-Mills (meron) solutions.

Field theory results. The holographically dual field theory is N = 4 coupled to an
SU(2) (non-)conserved current sourced/driven by the three oscillating SU(2) chemical po-
tentials. These chemical potentials are the non-normalizable mode coefficients given in
eq. (4.4) for the static Skyrme-AdS5 black brane, in eq. (4.8) for the rotating Skyrme-AdS5
black brane, and eq. (4.18), (4.16), (4.17) for the topological Skyrme-AdS5 black hole. They
act as sources for the SU(2) current Jµ in the quantum field theory. The field theory states
dual to each of the three solutions have the following properties:

1. Static Skyrme-AdS5 black brane. The chemical potentials µa for the static solu-
tion are oscillating with frequency ω in internal space as time progresses. As a
consequence, the divergence of the current J is periodically oscillating around zero,
eq. (4.6). Hence the SU(2)-charge is conserved on average but not at any given in-
stant of time. The SU(2)-charges Jµ,a and the spatial current components Jµ,a in
a = 1, 2 gauge directions are oscillating over time with frequency ω, eq. (4.5). In this
state, the energy and pressure are identical to the state dual to the Schwarzschild
solution.

2. Rotating Skyrme-AdS5 black brane. For this solution, as for the static solution, the
chemical potentials are oscillating. However, there is an additional spatial source in
the φ-direction, which is the source for the component Jφ,a. This component oscil-
lates in internal space, and in one of the spatial angle directions as time progresses,
both with frequency ω. The divergence of the current J oscillates periodically, and
the time-averaged SU(2)-charge is conserved (see eq. (4.11)). The dual SU(2) cur-
rent components in the a = 1, 2 gauge directions are oscillating with frequency ω.
Expressions for all current components are given by eq. (4.9) and (4.10). A hallmark
of this solution is its vanishing pressure in the two spatial directions perpendicular
to the axis of rotation (see the energy-momentum tensor (4.27)). This behavior is
reminiscent of the extremal rotating Myers-Perry (Kerr) AdS5 solutions. Angular
momentum is flowing along one of the angle directions, namely φ. That current, the
energy density and the pressure in the φ-direction depend on the frequency ω and an
“angular momentum” parameter a given in eq. (4.33a).

3. Topological Skyrme-AdS5 black hole. For the topological Skyrme-AdS5 black hole,
the sources for the spatial currents are spatially modulated. All of the components
of the dual SU(2) current vanish in this state and its divergence is trivially zero.

24The Hawking-Page phase transition has been studied for rotating M2, M5, and D3-branes [116]. Since
in our framework we found rotating planar black branes and also topological black holes undergoing the
Hawking-Page transition, it may be interesting to compare to phase transitions in [116].
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In contrast to the static black brane, the chemical potentials µa = 0. The topo-
logical solution has an energy density which depends only on the black hole mass
mt, eq. (4.38). However, its three pressures are equal to each other and grow with
mt but decrease when e → 0. These states stand out because they carry non-zero
topological charge q = 1, 2, 3, . . . , and hence the conserved mass and the entropy
of the space-time are quantized. The conformal anomaly, including one contribution
from the Euler density external gauge field, is correctly reproduced by our gravity
calculation. This is a further confirmation that our interpretation of this setup as
N = 4 SYM plus a conserved current on S3 × R is correct.

Application to QCD and heavy-ion collisions. As an application of our analytically-
known topologically non-trivial state, one may consider the QCD phase diagram. Our state
undergoes a deconfinement transition and can be used to model the effect of topological
(e.g. isospin or flavor) gauge field configurations. Remarkably, in our model the gauge
field coupling e ∼ γ (of e.g. isospin or flavor) and the topological charge q determine the
critical temperature of the deconfinement transition. The effect of the field topology on
deconfinement depends on the coupling constant e. In particular, the critical point of
the phase diagram may be studied in extensions of this model. Is it possible to generate
topology-changing deconfinement transitions? Or is it possible to change the topology of
a state above or below the deconfinement transition as the temperature changes? Also,
could such a topology change occur along the renormalization group scale (which is dual
to the radial AdS coordinate)? A recent holographic model allows a transition between
large and small black holes and also models the deconfinement transition [117]. Such a
transition may also occur within our model. Our rotating states may also contribute to the
understanding of vortical quark-gluon-plasma states [9]. Such applications of our model
will teach us at least qualitative lessons and yield proposals for similar effects in QCD.

As is true for most holographic models, the Einstein-Skyrme model is very general in
its predictions. It does not allow quantitative predictions, e.g. for heavy-ion experiment
results. However, this drawback is also a strength of holography: our model describes
and highlights general (topological and/or rotation) features of strongly coupled quantum
many body systems. Hence, it is applicable to a large class of systems. Next, we exploit
this generality to discuss a different field to which our results can be applied.

Applications to condensed matter topological phases. Topological phases and
topological phase transitions in condensed matter systems, such as fractional quantum Hall
systems, constitute another field of application of our analytic solutions. In particular our
non-Abelian gauge field dynamics may prove useful in the manipulation of quantum states
which are stable against thermal and quantum fluctuations. The topological solutions we
found may allow the transition of a field theory state with a particular winding number q to
a state with a different winding q ′ dynamically. This constitutes a change in topology, i.e.
a topological phase transition. Could such a change occur along the renormalization group
scale (which is dual to the radial AdS coordinate)? It would also be interesting to under-
stand what kind of transition the Hawking-Page transition would model in a condensed
matter system.
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In our model states contain charge density waves. They occur as responses to oscillating
chemical potentials. Another effect is an oscillating angular current wave Jφ ∼ sin(φ−ωτ).
These charge density waves are determined by the Skyrme coupling parameter e.

Outlook. It would be interesting to give the bulk Skyrmion field U in eq. (3.59) a de-
pendence on the radial AdS5 position r. For this purpose one may consider hypersur-
faces perpendicular to the radial direction. The AdS-boundary is one such hypersurface.
From eq. (2.7) we see that then the topological charge on such a hypersurface is given by
n = n(rcutoff). This suggests the possibility of changing the topology of a given field theory
state as a function of the renormalization group scale (to which the radial AdS coordinate
is dual). Another important extension of our analysis here is to include a Chern-Simons
term for the meron field. After working out how to encode this in the Einstein-Skyrme
action, one would check if our solutions still solve the equations of motion which now con-
tain Chern-Simons contributions, or if other analytic solutions result from the inclusion of
a Chern-Simons term.

Relations between topology and entanglement are fundamentally important to an un-
derstanding of multi-particle quantum states. Topological entanglement [118, 119] and
quantum entanglement [120, 121] have been discussed. Holographic realization was pro-
vided for example in [122, 123]. As an example, the entanglement entropy in the (3+1)-
dimensional toric code [124], identifies topological order at non-zero temperature below a
critical temperature. However, [125] disagrees, stating that the quantum entanglement is a
non-local property of a quantum system; topological entanglement is a non-local property
of the gauge manifold. An analytic understanding of the underlying fundamental physics
of the interplay between entanglement and topology may be obtained from the (3+1)-
dimensional field theory states found in this paper, as well as (2+1)-dimensional states [65].

It would further be interesting to put our system into a magnetic field, splitting physical
phenomena such as hydrodynamic transport effects into a subsystem perpendicular to the
magnetic field and one longitudinal to it, see e.g. [126, 127]. This would reveal the influence
of topology on the transport effects.

On the technical side, one may want to answer the question of whether or not a near-
extremal solution can be found, e.g. by perturbing the components of the metric and/or the
meron/Skyrmion. Similarly, it would be interesting to know if all three of our solutions are
smoothly connected to solutions with an infinitesimal kinetic term (small fπ). One could
examine our extremal rotating solution further to determine its physical properties, and to
find non-extremal solutions in order to model vortical fluids. In [37, 38] the linear stability
of self-gravitating Skyrmions against small, time-dependent perturbations was investigated
for the particle-like solutions of the Einstein-Skyrme equations on a four-dimensional static
background. The dynamical stability of the solutions we obtained in the five-dimensional
version of the Skyrme model coupled to gravity have not been investigated in this paper. An
investigation of the stability of the topologically non-trivial global AdS black hole solution
is another interesting future project with which we are currently engaged [77].

Finally, our model could serve as a basis for revealing new connections between high en-
ergy phenomena and condensed matter phenomena. Our model QCD deconfinement transi-
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tion with its topological labels suggests there exists a counterpart in topological condensed
matter materials. What does this transition imply for e.g. strongly correlated electron
systems, quantum Hall states, or for topological insulators? Our rotating Skyrme-AdS5 so-
lution may provide a model for a rotating highly vortical quark-gluon-plasma. What is the
condensed matter analog of such a state? Can topological phases and topological phase
transitions known from condensed matter physics lead to a better understanding of the
QCD vacuua and transitions between them? What can be learned about toplogical phases
and transitions in condensed matter materials from QCD vacuum transitions and topolog-
ical gluon field configurations? Our model provides a testing ground for these questions.
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A Considering the constraint equation

We now turn to a discussion of the constraint (3.27). The rotating Skyrme-AdS5 black
brane solution was obtained by imposing a constraint between metric tensor elements.
The constraint minimizes the matter contribution to the Lagrangian density and reduces
the number of independent field equations, which is a characteristic of a hidden symmetry
of the action. One future goal will be to determine the effect of this hidden symmetry
on the conformal field theories which live on the four-dimensional boundaries of the five-
dimensional space-times which can be generated by various choices of the undetermined
fields. A second goal could be to further develop the correspondence between the Skyrmion
model parameters and the expected corrections to the field theory correlators. For now,
we state our observations and suspicions.

One observation is that eq. (3.27) is satisfied for the rotating Skyrmion solution de-
scribed in section 3.2, but it is not satisfied for the static black brane in section 3.1.
Furthermore, we have shown that the constraint (3.27) is satisfied at the horizon of an
extremal Myers-Perry solution [67].25 We found the rotating Skyrmion solution to have
features similar to extremal Myers-Perry black holes, namely vanishing temperature, van-
ishing transverse pressure, but a non-zero angular momentum. Hence, it seems plausible
that the constraint (3.27) is related to extremality. It would be interesting to test this
suspicion either in other extremal black hole examples or to find a general derivation.

Another question is if there is a symmetry associated with the constraint (3.27). In
this respect, we note that charged extremal black hole solutions in supergravity theories
can exhibit supersymmetry enhancement at the horizon. These are called BPS black holes

25The Myers-Perry black hole is a solution with the three possible angular momenta equal to each other
which is asymptotic to AdS5. Extremality implies that the black hole has reached its maximum possi-
ble angular momentum. At this extremal charge value, the inner and outer horizon coincide while the
temperature vanishes.
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because they preserve part of the supersymmetry by saturating the Bogomol’nyi-Prasad-
Sommerfield (BPS) bound. An example is the extremal dyonic Reissner-Nordström solution
of N = 2 supergravity in 3+1 dimensions [128]. The extremal BTZ black hole (in AdS3)
preserves some supersymmetry [68, 129], and hence is a BPS solution. The mass of the
extremal BTZ saturates the BPS bound with angular momentum |J | = M/` with the AdS3
radius `. Furthermore, it was found that such supersymmetric AdS3 black holes, as well
as their AdS5 cousins, have to rotate, otherwise there is no regular horizon [14, 130]. The
rotating BPS black holes in AdS5 can be oxidized to solutions of type IIB supergravity in
AdS5 × S5 [131].

These examples and observations suggest that our five-dimensional rotating solution —
when embedded into AdS5×S5 — may be an extremal solution which potentially preserves
part of the type IIB supergravity supersymmetry, i.e. a BPS solution.26 Interpreting our
solution as a meron solution to an Einstein-Yang-Mills theory implies that the dual field
theory would preserve part of the N = 4 supersymmetry. It is further interesting to note
that generally in the context of solutions to partial differential equations the BPS bound
yields a series of inequalities. These depend on the homotopy class of the solution at
infinity. This set of inequalities is useful for solving soliton equations. In some cases, the
original equations can be reduced to the simpler Bogomol’nyi equations. This may be why
the constraint (3.27), if it is related to the BPS bound, simplifies the Einstein-Skyrmion
equations. Scrutinizing these suspicions is beyond the scope of this paper and constitutes
a task for future work.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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