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ABSTRACT: We derive the relativistic non-resistive, viscous second-order magnetohydrody-
namic equations for the dissipative quantities using the relaxation time approximation. The
Boltzmann equation is solved for a system of particles and antiparticles using Chapman-
Enskog like gradient expansion of the single-particle distribution function truncated at
second order. In the first order, the transport coefficients are independent of the magnetic
field. In the second-order, new transport coefficients that couple magnetic field and the
dissipative quantities appear which are different from those obtained in the 14-moment
approximation [1] in the presence of a magnetic field. However, in the limit of the weak
magnetic field, the form of these equations are identical to the 14-moment approximation
albeit with different values of these coefficients. We also derive the anisotropic transport
coefficients in the Navier-Stokes limit.
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1 Introduction

The ubiquitous magnetic field seems to have played a great role in shaping and working of
our present-day universe. We see magnetic fields at the very largest scales in the universe.
They are usually very weak, no more than a million times weaker than Earth’s magnetic
field, but they exist throughout the known universe. Although weak, often the magnetic
fields are called the sturdy unsung workhorses of astrophysics and cosmology. On the other
hand, one of the strongest steady-state magnetic field in the known universe can be found on
the surface of a type of neutron star called Magnetars. Surprisingly, the strongest transient
magnetic fields in the universe are manmade and can be found on earth during the initial



stages of heavy-ion collisions at Relativistic Heavy Ion Collider (RHIC) near Brookhaven,
New York and at Large Hadron Collider (LHC) near Geneva, Switzerland. These strongest
magnetic fields are produced by fast-moving charged protons (usually having Lorentz factor
v ~ 100 or larger) inside the colliding nuclei of heavy ions (Pb or Au). The strength of the
magnetic field produced in such collider experiments for example for a typical peripheral
Au+Au collisions at \/syny = 200 GeV may reach as high as (~ 10'8-10'9 Gauss) refs. [2-
6], this is almost three to four orders of magnitude larger than those found on Magnetars.
The magnitude of the produced magnetic field is expected to grow linearly with the center-
of-mass energy but the lifetime of these strong fields reduces for higher energy collisions.
The heavy-ion collisions also produce a new form of very hot and dense matter known
as quark-gluon plasma (QGP). The success of relativistic hydrodynamics in describing the
space-time evolution of the QGP created in high-energy heavy-ion collisions refs. [7—10] and
the existence of very large magnetic fields in these collisions indicates that one should take
into account the proper interaction of magnetic fields with QGP. Especially since the QGP
and the subsequent hadronic phase are known to be electrically conducting refs. [11-13].

Relativistic magnetohydrodynamics (RMHD) is one of the self-consistent macroscopic
frameworks that describes the evolution of mutually interacting charged fluid and electro-
magnetic fields. In several recent works, the effect of the electromagnetic fields on the QGP
fluid in the context of special relativistic systems have been studied in refs. [14-20]. Al-
most all of them involves numerical solutions of RMHD equations, the analytic solutions for
some simplified cases are presented in refs. [21-27]. The transport coefficients such as the
shear, bulk viscosity etc. are taken as input to the RMHD simulation, but they are deter-
mined from an underlying microscopic theory in refs. [28-36]. It is a well known fact that
a straightforward extension of non-relativistic viscous fluid formulations (a.k.a. Navier-
Stokes equation) to the relativistic regime (without magnetic field) refs. [37, 38] leads to
unacceptable acuasal and linearly unstable behaviour in refs. [39-41]. These issues were
later addressed and resolved by Israel and Stewart (IS) who developed a causal and stable
second-order formalism refs. [42, 43]. The order of the theory is determined by the presence
of different order terms in the gradient expansion of the hydrodynamic quantities such as
fluid four-velocity u*, temperature 7', etc. in the energy-momentum tensor. Although IS re-
solves the major problem, the theory is known to be causal and stable in a restricted manner
refs. [44-47]. Recently, there are some new developments in the formulation of first-order
theories which is potentially causal and stable refs. [48-54]. However, we note that in the
newly developed theory the existence of a relaxation time scale (usually found in the second-
order theories) in the definition of non-equilibrium hydrodynamics variables needs further
investigation. Although initially developed as a phenomenological theory, the IS theory was
later derived from the underlying kinetic theory using Grad’s moment method. One of the
limitations of the moment method is the absence of a smallness parameter such as Knudsen
number (Kn) which otherwise would have helped to systematically improve the result by
keeping higher-order terms. Later, more concrete and updated form of the IS equations
(without electromagnetic fields) were derived from the kinetic theory in refs. [55-64].

It was only recently that the second-order causal magnetohydrodynamics equations
were derived for non-resistive in ref. [1] and resistive case in ref. [65] for a single compo-



nent system of spinless particles (no antiparticle) using a 14-moment approximation. In
the current work we consider contribution from both particles and antiparticles, hence-
forth whenever we compare our results with ref. [1] we report the result for particles only.
In ref. [66] we showed that this new theory of second-order relativistic MHD is causal
and stable under linear perturbation. In this paper, we derive the RMHD equations for
the non-resistive case using Chapman-Enskog expansion of the single-particle distribution
function within relaxation time approximation (RTA). Here we consider both particles and
antiparticles while calculating the relaxation equations for the dissipative quantities. Due
to the presence of smallness parameter Kn in the RTA formalism we have the freedom
to construct magnetohydrodynamics equations order by order and calculate corresponding
transport coefficients. It is necessary to use a causal theory of magnetohydrodynamics to
study other important phenomena associated with strong magnetic fields. For example,
the coexistence of the strongest magnetic field in the universe and the hot dense medium
of quarks and gluons also opens up possibilities to experimentally verify some of the fun-
damental issues of Quantum Chromo-Dynamics (QCD). One such fascinating phenomena
is “chiral magnetic effect” (CME) where an induced charge current is supposed to be pro-
duced parallel to the magnetic field in a chiral imbalance system refs. [67, 68]. Some other
important phenomenon associated with strong magnetic fields are chiral separation effect
ref. [69], chiral Hall effect ref. [70], chiral vortical effect ref. [71] etc. A chiral kinetic theory
framework is currently under development to further explore these important phenomena
see refs. [72-74].

The manuscript is organized as follows: in section 2 we give a textbook-like introduc-
tion to the energy-momentum tensor for the electromagnetic fields and the fluid-matter, we
also discuss the kinetic theory definition of various hydrodynamical variables in the same
section. In section 3 we present the first and second order magneto-hydrodynamic equa-
tions of motion for the non-resistive dissipative fluid. We conclude this work in section 4.
Throughout the paper we use the natural units, h = ¢ = kp = ¢g = po = 1 and the metric
tensor in flat space-time is g"” =diag(+1,—1,—1,—1). The time-like fluid four velocity
u? satisfy u,ut = 1. Also, we use the following decomposition for the partial derivative:
Op = w0 + (g — upuy)0” = uy, D + V. The Vaus is decomposed as:

1
voul = w4+ 0% 4 §9A°‘5, (1.1)

where w® = (Vou? — VPu®)/2 is the anti-symmetric vorticity tensor, 0¥ = Ve =
% (Vo‘uﬂ + VA uo‘) — %HAQB is the symmetric-traceless tensor and 6 = J,u* is the expan-
sion scalar. The fourth-rank projection tensor is defined as ALY = 3 (AgAg + AgAZ) —
TAMYA 5.

2 Relativistic magnetohydrodynamics

2.1 Equations of motion of the electromagnetic field

Here we start by giving some text-book like introduction to the relativistically covariant
formulation of electrodynamics. Without any loss of generality the second rank antisym-



metric electromagnetic field tensor F* can be defined in terms of the electric E*, magnetic
field B* four-vectors (defined later) and four-velocity u* as in refs. [75-77]:

F" = By’ — Bul + Py, B, (2.1)
its dual counter-part is given by:
FW = Blqy” — BYut — e’“’aﬁuaEﬁ, (2.2)

where E* = FHqy, and B* = F“”uy = %e“"o‘ﬁul,Fag. Also, using the anti-symmetric
property of the F* it is easy to see that both E* and B" are orthogonal to u* i.e.,
EFu, = Btu, = 0. Futhermore notice that in the rest frame u* = (1,0) we have EF :=
(0,E), and B* := (0,B), where E, B corresponds to the electric and magnetic field three
vectors with E? := F0 and B := —%eiijjk.

We can write the Maxwell’s equations in a covariant form as:

O F™ = Jv, (2.3)
O F" =0, (2.4)

where J¥ is the electric charge four-current which acts as the source of electromagnetic
field. It can be tensor decomposed in a fluid with four velocity «* in the following manner:

T = i 4 P, (2.5)

where j# is the conduction current and d* = A% J" is the charge diffusion current with n, =
uy,J# the proper net charge density. If we assume a linear constitutive relation between
j* and E* (Ohm’s law) then j* = o"YE, where o is the conductivity tensor. Also note
that by construction u,j* = 0 which imply that the conduction current exists even for the
vanishing net charge. The solution of egs. (2.3), (2.4) along with a given J* in eq. (2.5)
completely specify the electro-magnetic field evolution. J* acts as a coupling between the
fluid and the fields because it contains the fluid informations such as fluid conductivity o**,
net charge density n, etc., and act as a source in the Maxwell’s equations. Incidentally, for a
single component gas as considered here the net charge is equivalent to net number density
and the following relation holds ng = gny, where n; corresponds to net number density.
We assume here that the fluid under consideration does not possess polarisation or
magnetisation and thus the electromagnetic field stress-energy tensor can be written as:

1
THY = —FREY 4 Zg“"WﬁFaﬁ. (2.6)

Now taking the partial derivative of the field stress-energy tensor we get the equation of
motion to be:
O, Th, = —F" . (2.7)

Up until now, no external (electromagnetic field) sources were considered. So, the charge
current density comes only from the fluid i.e., J*# = J ]’f . However, in presence of an external
source current J!, (for example, the spectator protons in heavy-ion collisions act like an



external source for the electromagnetic fields in the QGP) the total current is a combination
of conduction and external current densities:

ext®

JH =T + T, (2.8)

In this case, the external current density acts as a source term in the energy-momentum
conservation equation (discusses later in detail). In this work, we consider an ideal MHD
limit which corresponds to very large magnetic Reynolds number R,, > 1. The magnetic
Reynolds number is given as, R,, = LUopu, where L is the characteristic length or time scale
of the QGP, U is the characteristic velocity of the flow and p is the magnetic permeability of
QGP. The large R, limit can be attributed to a very large/infinite electrical conductivity.
But the induced charge density due to the electromagnetic field J,ﬁld = oE" (here o is
the isotropic electrical conductivity i.e., o* = og"”) has to be finite, so to maintain that
E* — 0 for this case. This brings our electromagnetic tensor F'*” to the following form:

FM — BM = Py, Bg. (2.9)
Using egs. (2.8) and (2.9) in the Maxwell’s equations eq. (2.3) we get:
P (uq0,Bs + Balyua) = J§ + Tl (2.10)

Now writing the energy-momentum tensor for the electromagnetic case by using eqs. (2.6)

and (2.9) we get:
2

B
Thi = T = 5 (e’ — AW — 20), (2.11)

where B¥B,, = —B? and b* = % with the property b#u, = 0 and 0*b, = —1. Furthermore
from eq. (2.9) one can show that B B,,,, = 2B? so we can introduce another anti-symmetric
tensor defined as:

P == (2.12)

with the following properties: b**u, = b**b, = 0 and b""b,,, = 2.

2.2 Kinetic theory and hydrodynamics

In this section, we define a few hydrodynamical variables from the kinetic theory. We start
with the equilibrium distribution function for particles given by fy and is defined as:

1

fo= Fam—ai (2.13)

where u - p = u,pt and r = +1,—1,0 are for fermions, bosons and Boltzmann gas, re-
spectively. Here f = % is the inverse temperature, u* is the four-velocity, p* is the
four-momentum and o = % is the ratio of chemical potential to temperature with p being
the chemical potential. For antiparticles o — —a and fy — fo.

For dissipative fluid, one can define fluid four velocity u* in more than one ways but
the most popular choices are by Eckart and Landau-Lifshitz. In this work, the fluid four
velocity has been defined by the Landau-Lifshitz frame which corresponds to the vanishing
heat flux in the local rest frame of the fluid. For that case, the net four current N* and the



energy-momentum tensor T]’f Y can be decomposed in terms of u#, the projector operator
AMand dissipative fluxes diffusion current V“ the shear 7* and bulk stress II in the
following way:

NF = nput + VY, (2.14)
T = eut'u” — (P +IHAM 4 7, (2.15)

where ny is the net number density, € is the energy density, P is the isotropic pressure of
fluid. According to kinetic theory framework the energy-momentum tensor and the particle
four current of a fluid can be defined in terms of moments of the single particle distribution
function f in the following way:

Tf" = /dpp"p” (f+7), (2.16)
N = [a (5 ). 217

where dp = gd®p/[(27)3p"] with p® = \/p% + m?2, m being the mass, g is the degeneracy
factor. For near-equilibrium system the distribution function can be decomposed into
equilibrium fo and a correction to it 6f as f = fo + 6f (for antiparticle §f — &f). The
explicit form of the §f is obtained from the Boltzmann equation and it depend on the
scheme used. For example the ¢ f for the case of relativistic ideal gas in magnetic field in
terms of Grad’s fourteen moment method was derived in ref. [1]. With the above definition
of N* and T all other thermodynamic variables can be defined as:

€ = uu, T = uyu, / dpp"'p” (fo + fo) ; (2.18)
ny = u,N* = uu/dpp“ (f() — fo) , (2.19)
A, A -
R o — HopV
P=-——"T"=—— /dppp (fo+fo), (2.20)
VE = ALNY = A’;/dppy (55 —57) . (2.21)
A AL =
I = =0T = _i/dppﬂp” (5f+5f) : (2.22)
T = AT = AP / appp® (5f + 7). (2.23)
where 6T+ = —IIAM 4+ #, For a single component fluid the net current N* and charged
current are related as:
J]’f = gN*", (2.24)

where ¢ is the magnitude of electric charge.
For later use, we express the integrals in eq. (2.18) to eq. (2.20) in terms of thermody-

namics integrals Iflzl)i (defined in appendix A) as:
e =107, (2.25)
ny = 10 (2.20
p=-1" (2.27)

here + corresponds to the addition or subtraction of f.



2.3 Conservation of energy-momentum tensor of fluid and field

In a simple fluid (for zero magnetic field) the energy-momentum tensor and the particle
currents are conserved separately according to the following conservation laws:

9,N" =0, (2.28)
QT = 0. (2.29)

Now let us consider a fluid interacting with the electro-magentic field and let T#” be the
total energy-momentum tensor (field+fluid). T#” can be written as a sum of energy-
momentum tensor of the fluid and the electromagnetic field as:

T = T + TP, (2.30)

In general, the total energy-momentum tensor contains additional terms in ref. [76] which
cannot be unambiguously attributed to either fluid or field but in case of constant suscep-
tibilities and vanishing E* these terms vanishes and eq. (2.30) is a good approximation.
Note that due to the conservation of electric charges, the charge current of the fluid is
individually conserved:

8,“]}‘ =0. (2.31)

If we have an external charge current, it will act as a source in the energy momentum
conservation equation which in this case takes the following form:

0T = —F" Jopt 2. (2.32)

The conservation equation for electromagnetic field eq. (2.7) with external source takes the
following form:
8.U‘Tgﬁ/1 - _FV/\ (Jf,)\ + Jext,/\) . (233)

Using eq. (2.30) and egs. (2.32), (2.33) we get:
0T = F* g . (2.34)

Usually, the total energy-momentum tensor of an isolated system remains conserved but in
case of the presence of an external source (here external charge current) the conservation
is satisfied only when a proper source term is taken into account. As we can see that in
this case, the fluid evolution depends on the fluid charge current through eq. (2.34).

It is convenient to express the conservation equations in an alternative form by tak-
ing projection along and perpendicular to fluid four velocity. The parallel projection of
eq. (2.33) and eq. (2.34) gives:

u, 0, TH = 0, 2.35
u-EM
u, 0, T = 0, (2.36)

it implies that the energy density of the fluid and the field are unaffected by the charge
currents/magnetic field. The perpendicular projection of eq. (2.33) and eq. (2.34) using



eq. (2.8) gives

NP8, Ty = BV (Jpn + Jearn) s (2.37)
ASO T = =B . (2.38)
This shows that unlike energy density, the momentum density of the fluid depends on the

diffusion current/magnetic field and the momentum density of the field also depends on
the external current, along with the fluid diffusion current.

2.4 Ideal and dissipative non-resistive magnetohydrodynamics

In case the fluid is ideal, the total energy momentum tensor takes the form:
B? B?
T(’ég = (e + 2) utu” — (P o 2) AR — B*py” . (2.39)

If the fluid is dissipative with finite shear and bulk viscosity, the energy-momentum tensor
in that case becomes:

B? B?
T —= <6+2> uHu? — <P+H+2> AW — BEBY 4+ qHV, (2.40)

The system of equations is closed with the constitutive relation of charged-current .J }‘ =
nrut +d7 and with an Equation of State (EoS) relating thermodynamic pressure to energy
and number density p = p(e,ny). Now using eq. (2.31), eq. (2.34) along with eq. (2.14),
eq. (2.15) and using the thermodynamic integrals given in eq. (A.7) and eq. (A.8) we get
the evolution equations for ¢, 8 and @* which are of the following forms:

1

Q= p- [_J§8>+(nf9 + 0.V + 30 { (hng +T1) 0 — 170,,) ] , (2.41)
. 1 .
B = Do [—J§g> (nf0 + 9, V) + T (hng +10)0 — 1%0,,} } , (2.42)
1
= (4 1) hny [nﬁf (VFa —hVHB) — Ajoym"" 4+ VHII — quf“’Vf,y} . (243)

where Doy = J§8)+J1(8)+ - 2(8)_ 2(8)_ y h= #'

3 Formalism and results

3.1 Boltzmann equation

The relativistic Boltzmann equation (RBE) in the presence of a non-zero force F" is given

by:
0

op”
where f(x,p,t) is the one particle distribution function characterising the phase space
density of the particles, C[f] is the collision kernel. In the ideal MHD limit the electric
field vanishes in the local rest frame of the fluid, hence the only contribution to the force

Prouf +F 5 f =Clfl, (3.1)



term in the RBE is due to the magnetic field which is F* := ¢F"“p,, for particles where ¢
is the electric charge of the particles, and F* = —Bb* (eq. (2.9)).

Much simplification can be made if we assume the collision kernel of the form relaxation
time approximation given by Bhatnagar-Gross-Krook (BGK) for non-relativistic systems
and by Anderson-Witting in ref. [78] for the relativistic systems of the following form
C[f] = —“T—fé f where 7, is the relaxation time or the time taken by the particles away from
equilibrium to come to the equilibrium state and 6 f = f — fy denotes the deviation from
the equilibrium distribution fy. Now substituting the collision kernel into the eq. (3.1) we
get the RBE for the particles:

ov, O . _u-p

PlOuf +qF P! == 3f (32)
The corresponding equation for the antiparticles are obtained by replacing ¢ — —¢ and
f — f. The above approximation of the collision kernel in the Boltzmann equation has
its own limitation e.g., the relaxation time (7.) here does not depend on momentum of the
colliding particles as mentioned above.The interaction between colliding particles are such
that the mean free path is larger than the interaction length. In other words we assume
that f(x,p,t) is a smoothly varying function over the duration of collisions and distances
of the order of the interaction range.

3.2 Expansion in gradients

One can cast eq. (3.2) to the well-known hydrodynamic gradient expansion form in ref. [79],
given the system is close to equilibrium, i.e., the collision kernel is almost vanishing, C[f] ~
0. In the absence of an electromagnetic field eq. (3.2) can be written in the following form:

-
(Zorou+1) =@+ 0f = fo, (33)
where we have introduced the operator D = u%pﬂau. Multiplying the inverse operator

(D + 1)t in the above equation and subsequently doing a power series expansion gives

=S D= (— e p“('?u)nfo. (3.4)
n=0

n=0 u-p

The above expansion is valid given that Kn = 7.0 < 1, which of course is also the relevant
expansion parameter. If one identifies the typical gradient strength to be proportional to
the temperature, 0 ~ T, then the expansion parameter is 7.7 and the series expansion is
valid for 7.1 < 1.

However, in the presence of a magnetic field, the naive gradient expansion breaks since

one introduces a new scale into the problem which is proportional to the strength of the
wp
power series expansion, gives the following result

magnetic field. Defining the operator Dp = (puau + qF‘”’pV%) and doing a similar

= 72(—93)"f0,



Along with previous assumption 7.7 < 1, one has to also assume that 7./r, < 1, where
rq = k1 /qB is the gyroradius (Larmor radius) and %k, is the component of the momen-
tum perpendicular to the direction of the magnetic field. In the plasma, the typical
transverse momentum of particle k£, ~ T and thus one has also to satisfy the condition
X =qB1./T < 1.

In the following, f is obtained by keeping the terms up to second order, i.e., n = 2 in
eq. (3.5), which yields

f=fo+6fD 5@ (3.6)
where
s =T (p O +qF"“pu >fo, (3.7)
u-p
and 5 5
5F® = T( 19, + qF > [ T ( 9y + qFPP ) } 3.8
fo =, WOt aF ™ pg 5 ) |\ P70+ aF s 5 ) o (3-8)

The above expression can be simplified by using the relations ¢ Bb**p, gfﬂ =0 and F* =
—Bb*, which gives

f=fot+6fV +5f, (3.9)
where

SFM = —

(3.10)

and

5f2) =

Tc (e ov 8
w |:wp aaf0:| b pua > |: af0:|

Similarly for antiparticles ¢ f is calculated by replacing fo — fo and ¢ — —gq. It is important

to note that although the magnetic field does not enter explicitly in the first term of § f(2)
moreover it does enter implicitly through the acceleration term @*, i.e., eq. (2.43) while
taking higher-order moments of such terms.

3.3 First order equations

The term 0 f () neither depends explicitly nor implicitly on the magnetic field, since in
the first-order equations we keep terms till order O(0) in eqs. (2.41)—(2.43). However, for
completeness, we nevertheless discuss here the result for the first-order terms in gradient
expansion. The results of the present section are the same as in ref. [63] which was derived
for zero magnetic fields.

We evaluate the dissipative part of the energy-momentum tensor (which includes the
shear, bulk viscosity, and diffusion) using () and 6f() in the following,

i — Aug/dppapﬁ 5;(1) +5f(1>), (3.11)
T = ——/dpp v’ f(l) +5f ) (3.12)
V“) _ A“/dpp 5f —6f ) (3.13)

~10 -



Substituting the value of (1) from eq. (3.10) into the above eqs. (3.11)~(3.13), after some
algebra we get the following relations. For shear viscous pressure

WELIV) = 27.Br0"", (3.14)
where 3, = 5@8” and o = Aggvauﬂ.
For the bulk viscous pressure,
Uy = —7c6n9, (3.15)
where § = J,u" and
Bn %JQ + XJ31 — me , (3.16)
with the terms X and )Y being

I e+ P) = I g

X =
Doy
(0)— (0)+
P) —
y J (€+ ) J30 nf’ (317)
Dso
Finally for the net particle diffusion current,
‘/(/{) = 766VV“04, (3.18)

"f J(O)— J(l)—‘

where By = o1

3.4 Second order equations

We derive the second-order relaxation type equations for the shear, bulk viscous pressure
and diffusion current by taking the appropriate moments of §f(). While deriving these
equations, we keep terms up to order O(9?). We know that the second-order transport
coefficient differs even for zero magnetic fields when calculated using RTA in ref. [63] and
moment method in ref. [60]. We might expect a similar result for non-zero magnetic field
as well.

For shear stress. By definition the second order contribution to the shear stress tensor
is given by:

(2) = A“B/dpp 24 5f(2)) , (3.19)

where § £ is given in eq. (3.2). Note that the total shear stress is the combination of first
and second order terms:

T — Wé‘ll; + wé’j) (3.20)
Evaluating the integral of eq. (3.19) (see appendix (B.1) for details) and adding it to the
eq. (3.20) we get the evolution equation for the shear stress tensor:

nz
LIS——TT + 280" + 27r§“w”>'y — T7r7r7T,<yN0'V>’y — $ar O + Ao llot — 7oy Vi)

Te

Ay VAT o 4 Ly VYY) 4 5WBAgEqu'mgﬁp7rw — chBT,rVB1'L<“b”>”V(7
~regBArv VbV 0 — grbv 5V (B ) (3.21)

- 11 -



the resulting second order transport co-efficients are given in terms of thermodynamic
integrals in table 2. Note, that the co-efficients 7,1, and A,y contain the derivatives of [,
ref. [59], while 7,y 5, Aryp contain derivatives of d,y 5, respectively. We notice that the
last four terms contain the magnetic field explicitly and are new when compared to the case
for zero magnetic field in ref. [63]. Compared to the calculation done for non-zero magnetic
field using a 14-moment approximation in ref. [1], we found only the first ten terms on the
r.h.s. have a similar form or analogous structure. However, the last three terms are new and
do not appear in the 14- moment approximation. We will discuss this issue in section 3.5.

For bulk stress. Similar to the shear viscosity, we derive the second order evolution
equation for the bulk viscous stress. By the definition:

_ ’B/dpp (572 +67®). (3.22)

Evaluating the above integral by using 6 /() from eq. (3.2) and noting the fact that the total

bulk stress is a combination of first and second-order terms i.e., II = II(;) + II(y) after some

algebra (the details are given in appendix B.2 we get the evolution equation for bulk stress:
II . Y .

— = —II — oqpIIf + A" Ouy — vV i — vV - Va—Igqyd -V — Bnb

Te
+7—c7—HVBuanbaBVﬁ - ch(SHVBv“ (BbuﬁV/@> - TCqB)\HVBb“ﬁVgVHa, (323)

where the second-order transport coefficients are given in terms of the thermodynamic inte-
grals in table 3 and we use eq. (3.17) for the expression of X and ). Coefficients vy, Ay
contain derivatives of Iy, while iy g, Ay g contain derivatives of dry g, respectively.
The last three terms of the above equation are new compared to that of ref. [63] and are
magnetic field dependent. When compared to the 14-moment approximation in ref. [1] in
the presence of a magnetic field, the bulk viscous relaxation equation did not have any
magnetic field dependent term.

For diffusion current. The expression for the diffusion current for the net charge in
second order is:

v —M/dpp (57 — 57, (3.24)

where & f(Q) is taken from eq. (3.2). Like other dissipative quantities, the total diffusion four
vector is composed of first and second order terms, i.e., V¥ = V(‘f) + V(‘QL) After evaluating
the integral (for details see appendix B.3 in eq. (3.24), we get the following second order
evolution equation for the diffusion current:
Vi ) .
— = VW VW = Ay VYol =Sy VIO + AynIVFi e — Ay Vya — Ty e
Te
+TVHH’U:“ + lVﬂA‘“’(%wZ — lVHV‘uH-i-ﬂVVNOt — qB(SVBb‘”VW +chBlVﬂ-Bbg‘u8N7r,w
+7eqBrynpb " iy — 1.q Blyngb ™V 11 — q7.dvy g BV V,0 — qr Avy s Bb 'V, 0

—q7epyvB BV VWl — 1eqryv B ALD (BOV,), (3.25)
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Transport Denicol | CE

Coefficients | et al.

By 4P/5 4P/5 Transport | Denicol | CE

Tor 10/7 10/7 Coeflicients | et al.

S 4/3 4/3 S 28/5 | B/2

Ty 0 0 ovp 5p/12 |

Py 0 0 drvB — 2/5

ey 0 0 onve — 1/3
(a) TV B - 2/3

lvrp - B%/12

Transport | Denicol | CE TVILB _ £2/12

Coefficients | et al. lvig _ 32/12

Bv ng/12 | ng/12 ovvB - B/3

Avv 3/5 3/5 Avie - 33/20

dvy 1 1 PVVB - B4

Vx B/20 | /4 v N 5/4

AV £/20 £/16 (c)

lyr B/20 | B/4

(b)

Table 1. (a) Comparison between the coefficients for the shear-stress equation for a massless
Boltzmann gas (here we compare the result for particles only) calculated in this work using CE
method and Denicol et al. using the 14-moment method in ref. [65]. (b) Comparison between the
coefficients for the diffusion equation for a massless Boltzmann gas calculated in this work using
Chapman-Enskog method (CE) and Denicol et al. using the 14-moment method in ref. [65] (particles
only). (c) Transport coefficients appearing in the shear, bulk and diffusion equation that couple
magnetic field and dissipative quantities for a massless Boltzmann gas (particles only).

where the second order transport coefficients are given in terms of thermodynamic integrals
in table 4. Coefficients 7y, Ay, contain the derivative of ly; Ty, Ay contain the
derivative of [y 1 and dyy g contains derivative of 7y g, respectively. To arrive at the final
expression eq. (3.25) we also make use of X and Y given in eq. (3.17). A comparison of the
above to the RTA calculation done in ref. [63] without magnetic field shows that the last
eight terms in the r.h.s. are new and are magnetic field dependent. A similar comparison
with the relaxation equation for the diffusion in the presence of a magnetic field derived in
ref. [1] using 14-moment approximation shows that the first 13 terms are of similar form,
while the last seven terms are not present in the moment method.
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3.5 The ultrarelativistic and weak field limit

The transport coefficients in the ultra-relativistic limit, i.e. m/T = 0, for a classical Maxwell
gas with a constant relaxation time 7., can be calculated analytically using the thermo-
dynamic integrals. The transport coefficients are grouped into: (i) those which are inde-
pendent of the magnetic field are collected in tables 1(a) and 1(b) for the shear and the
number diffusion, respectively. (ii) Those which are magnetic field dependent are collected
in table 1(c). In this limit, the bulk viscous pressure vanishes and has not been considered.
In the same table, the results from the 14-moment approximation in the presence of a
magnetic field ref. [1] in the ultra-relativistic limit have also been shown. It is worthwhile
to note that in this limit, the new coefficients namely é,5 and dyp are different in the
above two approaches.

In the limit of weak magnetic field, which translates to the statement that temperature
of the system is sufficiently large than the strength of the magnetic field 72 > ¢B. We de-
fine the dimensionless parameter gg = ¢B/T? such that gg < 1. The RTA approximation
in the presence of magnetic field eq. (3.5), has two power counting schemes, viz. Kn = 7.T
and y = ¢B7./T. However, in the weak field limit, the expansion parameter x = gp7.T
becomes smaller and hence treated as sub-leading contribution. Therefore, at second order
one effectively retains term till O(Kn?) in spatial gradients and O(x - Kn) for the mixed
terms.! In this limit the relaxation equations reduce to following forms:

T = 2B 0" — W:V + 277§“w”>7 - TM7T§’LUV>7 — OO + NpppIlot” — TWVV<“1Z”>
AV IV 0 Ly VIRV S g AL BO PP, (3.26)
Il = —fBnb — TE — 60 + A 0, — vV -0 — Ay V - Va — Inyd -V, (3.27)
Vi = B, VHa — ? — Vo™ = Ayy Vel — dyy VEO + AynlIVFEa — Ay "'V,
—TypmhuY —:TVHHd“ + vy AM 0 ) — lyn VHIL — q¢Boy gb" V. (3.28)

The above set of reduced relaxation equations (3.26)—(3.28) formally corresponds to the
relaxation equations as given in ref. [1]. The dimensionless magnetic field dependent trans-
port coefficients T, and Ty g in the weak field limit are plotted in figure 1 as a function
of m/T. In the limit m/T — 0, these coefficients reduce to those obtained in table 1(c).

3.6 The Navier-Stokes limit

In the Navier-Stokes limit, we keep terms O(Kn), and O(x - Kn), which leaves us with the
first and second terms in right hand side of egs. (3.26)—(3.28) which are of first-order in
gradients as well as the last term which is magnetic field dependent and are also first-order

We do not keep terms which are O(x?), since they do not contribute to the expansion eq. (3.5).
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1.0

0.8}

Figure 1. Dimensionless transport coefficients Tdy g and T, that couple fluid to magnetic field
as a function of m/T.

in gradients. Bringing these terms to the left we have,

II
~ = fno, (329)
iy
(gT + qB(szblw> V7 = BVV“a, (330)
By gvP
(g 7 _ 5WBA$;quWgﬂp) Toyp = 2Br0™. (3.31)
Tc

Since the bulk viscous pressure does not involve any magnetic field dependence, the
Navier-Stokes limit for bulk viscosity ¢ turns out to be trivially the same as that without
any magnetic field, i.e., ( = f7.. One needs now to invert the coefficients multiplied in
the left of the rest of the equations to get the respective constitutive relations. The general
solution for the rest of the equations are given as
|
-

Vy = (k) Pl + 51 PE + 5 P O, (3.32)

_ (0) (1) (=1) . (1) (=1 (2) (=2)
Typ = (nopaﬁw +m (Pozﬁw + Paﬁw) + 2 (Pocﬁw - Paﬂw) + 13 (Paﬁw + Pocﬁw)

. 2 -2
ting (P, — P53 >aa5. (3.33)
where P(SH77 P(SJ;Y and ng are second rank projection tensors while P(%)7 » with n = =2 to

n = +2 are fourth rank projection tensors, respectively, where as the symbol i = /—1.
The definition of these tensors are shown in appendix C and further details can be found
in refs. [80, 81]. In the above set of equations K|, K1, kx and no — 14 are the transport
coefficients. These coefficients can be obtained by substituting the above solution to the
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Figure 2. The magnetic-field dependence of the diffusion coefficients and the shear-viscosity coef-
ficients. The solid lines are the results from the current work while the dotted lines are from ref. [1].

left hand side of eq. (3.31) and eq. (3.30) and using the usual properties of projection
tensors. The resulting diffusion coefficients are

/43” = ,BvTc, (334)
_— Py e - (3.35)
1 + (qBTC(SVB)
Bt25
Ky = BvaBreove = Kk qBTvB. (3.36)

1+ (¢B7.0vB)°

Similarly, the shear viscous coefficients are

o = 2ﬂﬂ'7—ca (337)
20,T,
m = PaTe 55 (3.38)
1+ (2¢B7.0xB)
4B-qBT20: 1
= ¢ = 2mqB1.0:B, 3.39
P (2qBr.s,g)? 7T (8:39)
2BrTc
n3 = B 2 (340)
1+ (qBTc57rB)
2B:qBT26,
N = /B a BQ = 773qB7_057rB- (341)

1 + (qBTc(Sﬂ'B)

The coefficients 17 and 73 are even function of magnetic field, where as 72 and 74 may have
either sign, and they are odd functions of B. In the limit of vanishing magnetic field, i.e.,
qB — 0, the diffusion coefficients reduce to rx — 0 and x| = k,, while the shear viscous
coefficients reduce to 12 =14 = 0 and 171 = 13 = 1y as expected.
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The transport coefficients in the Navier-Stokes limit found in the present work are |,
k1 and kx for the diffusion coefficients and g, 11, 172, 13, N4 for the shear viscous coefficients
respectively. In ref. [1] the above were labelled as kg, koL and kox for the diffusion
coefficients and nog, 101, Mo2, M03, Moa for the shear viscous coefficients respectively. Given
one uses the same basis as ref. [1], we get the following relations between the transport
coefficients [82]:

ko = K5
Kol = K1,
Kox = Kx,
Moo = M1,
_ 16(¢B7.6:p)*
N1t = ———— "M,
3
No2 = 13 — M1,
no3 = 12/2,
No4 = 14. (3.42)

The transport coefficients from both the approaches, in the m = 0 limit, is shown in figure 2
as a function of xy = ¢B7./T. The solid lines correspond to the results from RTA used in
the present work while the dotted lines are the results from 14-moment approximation used
in ref. [1]. One notices that although quantitatively the transport coefficients are different
moreover qualitatively they are similar. The difference arises because one obtains different
value of transport coefficients §,p and dy g in the two approaches.

4 Conclusion

We derive for the first time the relativistic non-resistive, viscous second-order magneto-
hydrodynamics equations for the dissipative quantities using the relaxation time approxi-
mation. Assuming that the single-particle distribution function is close to equilibrium, we
solve the Boltzmann equation in the presence of a magnetic field using Chapman-Enskog
like gradient expansion with two relevant expansion parameters: the Knudsen number and
a dimensionless parameter xy = ¢B7./T that depends on the strength of the magnetic field.
In first-order, dissipative quantities are found to be independent of the magnetic field.
Moreover, in second-order, we found new transport coefficients that couple magnetic field
to dissipative quantities apart from the usual transport coefficients that one gets without
any external field. When compared to the results of the 14-moment approximation, ad-
ditional terms involving the magnetic field appear in the relaxation time approximation.
However, in the weak field limit, the form of the relaxation equations is the same as that
of the 14-moment approximation but with different values for the transport coeflicients. In
the ultra-relativistic limit, the resulting transport coefficients from the two approaches are
compared, some of the coefficients are found to differ. Finally, we find that one recovers
the usual anisotropic transport coefficients for fluid in magnetic fields in the Navier-Stokes
limit. As a further extension of the present work, we plan to investigate the general case for
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the relativistic resistive viscous fluid in a magnetic field in a future study in ref. [83]. The

formulation of the relativistic causal magnetohydrodynamics is expected to be useful in

astrophysical phenomena involving relativistic plasmas as well as femto-scopic high energy

heavy-ion collisions.
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A Thermodynamic integrals

The n-th moments integral for the distribution function is defined as:
I(m):l: . dp 4 f
H1p2 o — mepuz R YT (fO fO) )

which can be docomposed as:

JmE  _ pm)E

H1H2.- i n0
+
ot —’1(121) (Ao Dpspia Dy _ypu, + DeTm) .

where n > 2q.

Similarly the auxiliary moments integral
(m)= :/dp fy+ fofe
iz (- py PP Pun (fofo fofo) :

can be decomposed as:

J(m):t (m)+ . + J(m):l:

H1H2-fin no  Ypr o Upy
m)+
et ng ) (Ao Dpispa - Dy _1pu, + perm.) .

where fo =1 — rfy. Here we define the thermodynamic integrals as follows:

1 _
(m+ __ - L\ —2g—m o, B\q
ba™ = Gy /dp(u p) (Dapp®p")" (fo £ fo)

and

T — (2qu1)” / dp(u - p)" 2" (Agpp®p? ) (fofo + fofo) :

One can write the J in terms of I as:

1 + *
JO* 3 1+ (=29 10T ]

+
Upy ** Upy, + I?’(LT) (ApypoUps *+ + Up,, + peTML) + - -+

nl (Amuzuus Cr Uy, perm.) 4

(A.1)

(A.2)

(A.8)

The general expression of Dy, used in eq. (2.41) and eq. (2.42) is given by: D,, =

0 0 0)— 0)—
JOr JOF a8
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B Second order relaxation equation for dissipative stresses

In this appendix we discuss the detail calculation of the second order dissipative stresses.
The contribution due to the antiparticles are not shown explicitly for simplicity but they
appear in the final expressions.

B.1 Shear stress

The second order shear stress Wé”) is given by eq. (3.19):

Te p Te 8{70 o D
ﬂ/dpp ( p@{ p 3Jfo}+u.qu pn@p“/ wpt % . (B.1)

For convenience, we write them into two parts as:

iy = T1 + To. (B.2)
Here
= ALs / dpp®p” (TCP”(% {Tcp"aafob, (B.3)
u-pt P lup
= ALY / dpp*p” <qu "y afw [u P afOD (B.4)

Let us first evaluate the integral Z:

v o Te Te &
= Aﬁ,@/dpp p’ (prap [Mp (‘%fo]),

=A+B+C, (B.5)

where

A= AL / dpp®p°7.D {Tcpp”@afo} :

B = Aj / dpp”p 729”V [cho}

C = AL / dppp 7PPV [Cp"Vafo]

P p
A straight forward calculation gives:
-
A=-A% / dpfo fop®p’7.D [ _Cpp"{ Bp" Oty + (u - p) 058 — Dy} ] :

We can rewrite the above expression in terms of the thermodynamic integrals given in
appendix A and eq. (2.43) as

+ P

2 A (O ;0 BqBbP7
+r2 A g0 g [ Vol (B.6)

A = —Tc7:F<HV> - 27—(:2 <TJ?E(1)) _ J?El) ) (uvv)a _|_7_2A,u1/J(O + . WP [6(]3[)0“7‘/]
€
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Similarly for B we have:

B = ALY / R i v [cho],
p

= —Alj / dp fo fop®p 7ppprTc [6}? iy + (u-p)f — a}
Using the thermodynamics integral discussed in appendix A we get:

) ohv — 2727 ( ﬁJ42 ),

B = ~2r2 (A" + 1) i (5 +IE7 )l
)*)y}gaﬂu 2T2V ( 5J42 ) (B.7)

= 972 [(Jé?” + Jg”) X — (Jél)* )

where in the last line we have used the expression for & and § given in eq. (2.41) and
eq. (2.42). The X and ) are same as eq. (3.17). Finally, for C we have

C= / dpp*p’ —=p’V, {T'Cpp"vafo} ;

=~ [ dpfofors Tfp PV | (B0 Vs + () Vb = Va0

Like the previous cases we use the thermodynamic integrals given in appendix A along
with eq. (2.43) and eq. (1.1) to rewrite the above expression:

¢ = 2vi (a2 I )+2v< {v%n <J§2> — 54 = )] 4pr2 (205 + Yot
——ﬁ 2J£1)+9 w_ BTQJG(g)+90“”—4BTCQ (JAE;)++2J(§§)+)J<WQJZ>
" s v,
+272VH lJ42 < "y , (B.8)

Now let us evaluate the second integral Zs:

I, = —A; /dpp ((c) quan(;;[p”f%foO,
= ALs / dp fo fop®p (( p) qBbp ((ﬁppaauwr(u'p)aoﬁ—f%a)ﬁi)+/3é’oupp(’A§>,

= 2r2gBYBIG) T (Alg 4 Al g ) o, (B.9)
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where we have used a%p"&, Jo = 0sfoAT+ p"%@a fo and the expression for 9, fy to arrive
at the final expression. Now using eqs. (B.6)—(B.9) we get the final expression:

7ré‘2l; = —TC7'1'<“”>—27'0222<“V”>04< —|—PJ§1) Jé?) QAWJ?EIH B {Bzfl;:"vg}
+r2am 70+ alﬁgf lfrv} 2[R IR ) = (Y + IR ) v] oo
~272 0 () BT ) 4+ 2V (@) Br2 ) + 2w {v%r (Ji} —eifPJi?_ﬂ
2 g g 432 (2D ) oot B s g
—4pr? (Tt +2JG) ) olewy) 4272w [J (5 fo; & ﬂ
+272qBYBILE) T (Al g7+ Al g™ ) o (B.10)

Here we kept terms only upto second-order in gradients.

B.2 Bulk stress

Let us now consider the bulk viscous case. From eq. (3.22) we get:

1 7 7 0 T,
H = ——A d o, _C ¢ Y —— c 0
(2) 3 aﬂ/ pp°p (u.pp Oy {u o apf()] + Py g Lt.p pfO])a
=T, + 1o, (B.ll)
where
a Te
T, = : / dpp®p” p“a [p”apfo} ,
p u-p
0 T
T, = d F’“’ y € pP )
2 / pp®p” —— p@“[u ppc?pfo}

Note that for our case F*¥ = —Bb*”. Let us first evaluate Z; by breaking it into three
parts 7y = A+ B + C where

A= /dpp pP1.D [T_Cpppapfo} ;

Aaﬁ
B=_=08
3

A,
C=— 'B/dppp p“V(
- p u -

We evaluate each of the above integrals one-by-one:

dpp“p” 7019“% (cho) :

fo()) .

Aa C
A== / dpp“p°1.D [Tppp@pfo} ,

_ B / dpfo fop®p’7.D {T.cppp (Bp”apuv + (u-p) 9,8 — 3;@)} : (B.12)

2
O=goam, — ﬂJ“”*aanbaﬂvﬁ

- 272 (0)-_ny
- _+1II <7 e R v
Tl = s p Y dta 3 3(c + P) 3
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We have used the thermodynamic integrals given in appendix A along with eq. (A.2) and
eq. (2.43) to arrive at the final expression eq. (B.12). Now let us evaluate B with the help
of thermodynamic integrals and its properties given in appendix A:

A, .
B = —Tﬁ dpp pﬁ pp“V u(Tefo),

_ 5;?% (5J§§>+uu) —l—%@[(J(O) +J§;>+)5_ <J§P—+Jg)7>d}' (B.13)

Similarly for C we have

A 8 Te Tep”
C=—=22 [ dpp*pP —CpH
3 PP Vi <u pf0>

Ag, T @ Tc c
== /dpfofop p %pp“vu (u p (BPYVpuy + (u-p) Vo — Vpoe)) :

5725 " 23 (14 572 N n 2
Ty (7‘]63 3 i )92+3v“ [V“a (ng) e+fP T )]

" BaBOY,
e+ P

2 572 J
+TC3 (ISt + 0 ") oo + %W [_ngu - ] . (B.14)

Needless to say, here we kept only terms upto the second-order. The remaining integral 7
is evaluated in a similar fashion,

_ aﬁ g a TC P
I, = /dppp qub p”au[u papf0:|7
_ O‘B/dffaﬁT B p, 2 [ T (0780, + (- p)3,B — D)
3 pPJojop P pq pya/‘uppp pU~ p)op P )

A
= —=2724Bb; (BT Vs + BIG Dy ) (B.15)

using the expansion given in eq. (A.2) and the anti-symmetric property of b we get:

Br? _
T, = -1 370 BID™ (56 sy + 56V ) = 0. (B.16)

Finally using egs. (B.12)—(B.14) and eq. (B.16) we have:

2 2
: c (0)— 27—0 (0)— . e 2Tc B (0)+ . af
gy = —7Il Ui - o - aqB
@) T, +3hJ V¥ 3J21 U Vo 3(6+P)J3 UaqBb™ V3
5720 23 0)+ D+ . 1)— 29—\ .
+ <7J + 5 )92 [(J” + I ) A= (I + 057 ) o
2

2 (0 + ) P+ %vu (Lo = 1) vl

578 [J42)+5quWVu1
_ i _

3 e+ P (B-17)

Eq. (B.17) is the second-order relaxation equation for the bulk-viscous stress.
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B.3 Diffusion current

In this section we discuss the detail derivation of the diffusion current. From eq. (3.24) we
get:
T, T, T, o[
vh _M/d a(c 79 { ) ] Te_qFov { 0 D B.18
() = Ba [ dpp™ \ P00 | P Oulo| L a e | P O fo (B.18)

where

Te o Te
Il = Ag/dppaip 80' |:pp8,0f0:| )
p p

0
I, = Al / dpp® in"”pu o [ pfo]

P
Let us first calculate the Z; by breaking it up into three parts as: Z; = A + B + C where

A =AY / dpp®1.D [Tcp”apfo] ;
uU-p
Te o .
B =Ag / dpp®™ ——pV, (cho),
Te o Te
C:AZ/dppa P Va< i pfO)
u-p U -

For A we get:
A==t [ dpfofop®nD | TP (B0, + (u-1) 0,5 — )]

= LD | [ dpfoor o (B Oy, + (a-1) 0,8 = )

nqub””’Vl,}

B.19
e+ P ( )

— VW~ s2ARD [

We have used the thermodynamic integrals and its expansion given in the appendix A,
along with egs. (2.41) and (2.42) to arrive at the final expression. Similarly for B we get:

B = A¥ / dppaip"va (cho) :

= ALV, (/ dpp“ 719 cho) + ALV, uy (/ dpp“p”? 5D cho)

(u p)
= 72V (U B - Iy ) — r2Bate (BJQ(?) + 3J§2)> — 2B i
—r2 By (T +2J53)7). (B.20)

Lastly for C we get:

-2
C = A“/dpp Cp P’V ( pfo>

2 P
= ALV, /dpp e p"info + ALVou, /dpp p 7213"*]) Vofol-
P (w-p)” u-p
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Substituting the expression for V,fy and using the usual thermodynamic integrals and
their expansion along with eq. (2.43) and eq. (1.1) the above expression takes the following

form:
(0)+ (0)+
J J.
C=-= ( i1+Pf J(m) (V¥a) 0+ i J21 e -7, (ir;f_']?qH) (Vie)or

_ JO+ _
+TC2J2((1)) 6@70#—702 < 21+ ;f J(1)+> (Va) wﬁy‘—i-TCQJQ((l)) 571%)@‘

, @)+
B'Y
Tk [ﬁq b V] 272 <J42 "

iy P J(3)+> (V) O'#-I-QTEJZES)*BI‘LWO'#

(2)+
'y (3)+ m 57’c w 2 AL (2)— _py
_ 3 < 2L Ipt ) (Vi) o+ i3 B0 —21200,, (B o)

2 _ 1 AT B _ Bb™V,,
——5;0 v [BI50) - I e [ﬁq - PV } + 7)) ot [5q6+ PV]
@ 4 BquWV} 57, {6quWV}
+27.J45 o {€+P —J42 0 P | (B.21)

Now let us calculate the integral Zs:

I = —AL / dp fo fop® in Py 8(, [T.ppp (BP"Opuy + (u - )0, — 3p04)] , (B.22)

Op

= r%4B [hJQ(%)b’WVWa — IS,

B eAsdrm,  gaeeTta, | RIS TEev, T
e+ P e+ P e+ P '

Adding egs. (B.19)—(B.22) together we get the final expression for the diffusion current
(which after simplification becomes eq. (3.25)):

nrqBLYV,

e+ P
—Tfﬁu“9< I 45 I ) 2B 2B (1) 420
(0)+

J(O) Joil g+ " A2 0= poup 2 da1 My )+ o) ot
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C Projection tensors

The definition of the second and fourth rank projection tensors used in the text is shown
in this section.
A general antisymmetric second rank tensor b, can be defined by

buu = E,u)\ub)\a (Cl)

where b, is a unit axial four vector. The second rank projection tensors are then defined as

P = bub,,
1 .
P;S;rl) =35 (Apy = buby — b))
1
Py = 5 (B = byby + b)) -

where i = y/—1. They satisfy the following properties

PO PR = Gy P, (C.2)
m T —m m
(P)" = P = Pi, (€3)
1
S PM = A, P =1, (C.4)
m=—1

where m, m’ = 0, 4+1. The projection tensors P,Egl) satisfy the following eigenvalue equation
(see ref. [80])
PMpE — jm p(m) (C.5)

uk v 7
where m is the eigenvalue. Also b,, can be represented as a linear combination of the

projection tensors
1

b =y imP{. (C.6)

m=—1
It is also easy to generalize them to the fourth rank projection tensor which are defined in
terms of the second rank projection tensor as

1 1
P, = 3 S PUYPIS (mmy +my), (C.7)
m;=—1my=—1
where § (m, m; + mg) = 1 for m = m; + my and zero otherwise. Notice that m; + mgo as-
sumes the five values m = —2,—1,0,1,2 which in turn result in the five shear viscous
coeflicients dicussed in the text. A generalization to higher ranks is also possible using the
above basis if need arises.
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Table 2. Transport coeflicients appearing in shear-stress equation eq. (3.21).
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Table 3. Transport coefficients appearing in bulk equation eq. (3.23).
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Table 4. Transport coefficients appearing in diffusion equation eq. (3.25).
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