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ABSTRACT: We suggest a would-be solution to the solar neutrino tension why solar neu-
trinos appear to mix differently from reactor antineutrinos, in theoretical respect. To do
that, based on an extended theory with light sterile neutrinos added we derive a gen-
eral transition probability of neutrinos born with one flavor tuning into a different fla-
vor. Three new mass-squared differences are augmented in the extended theory: two
Ami g < O(1071) eV? optimized at astronomical-scale baseline (ABL) oscillation exper-
iments and one Am2g; ~ O(1)eV? optimized at reactor short-baseline (SBL) oscillation
experiments. With a so-called composite matter effect that causes a neutrino flavor change
via the effects of sinusoidal oscillation including the Mikheyev-Smirnov-Wolfenstein matter
effect, we find that the value of Am? measured from reactor antineutrino experiments can
be fitted with that from the 8B solar neutrino experiments for roughly Am? < 10713 eV?
and Am3 ~ O(10~'1)eV2 Nonetheless, we find that the current data (solar neutrino
alone) is not precise enough to test the proposed scenario. Future precise measurements of
8B and pep solar neutrinos may confirm and/or improve the value of Am3.
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1 Introduction

One of the great discoveries in particle physics is the experimental evidence of neutrino
oscillations, implying that neutrinos are massive particles and that the three flavor neu-
trinos v, vy, vy are mixtures of neutrinos with definite masses v; (with ¢ = 1,2,...) which
are identified based on the charged particles (electron, muon, tau) produced via weak in-
teraction [1]. Despite the successful description of the properties of three known neutrino
species through decades of experimentation, we are faced with a growing list of anoma-
lous phenomena — experimentally unexpected results that conflict with the three active
neutrino oscillation standard framework (3vSF [1]): (i) the so-called “short-baseline (SBL)
anomalies” [2-13] (including MiniBooNE data [14]), anomalous results measured in several
experiments at distance less than 1 km, and (ii) the so-called “solar neutrino tension” [15—
17] (see also refs. [18-20]), a discrepancy between the oscillation parameter determined
in solar neutrino experiments and the one measured in reactor neutrino oscillation exper-
iments. Although the solar neutrino tension (below 20 uncertainties) seems small, the
discrepancy has been the long-standing tension in the neutrino physics of 3vSF [15-17]. In
fact, it is well known that none of the B measurements performed by Sudbury Neutrino
Observatory (SNO) [18], Super-Kamiokande (SK) [16], and Borexino [19, 20] has shown any
evidence of the low energy spectrum turn-up expected in the standard Mikheyev-Smirnov-
Wolfenstein (MSW)-the large mixing angle, LMA, solution for the value of mass-squared
difference Am? favored by KamLAND [21-23]. Moreover, the recent observation of low-
energy B solar neutrino flux (as low as ~ 3.5 MeV) by SK [16] has marked the raise of the
solar neutrino tension. The anomalous phenomena (the SBL anomalies plus solar neutrino
tension) could be due to some unknown physical phenomena that are sensitive to SBL oscil-
lations and solar neutrino oscillations, or else unlikely statistical fluctuations in the current



data, or experimental errors. If such anomalous phenomena point to potential problems
with the 3vSF predictions, they may provide a new level of importance as possible routes
to “new neutrino physics”, an extended theory for phenomena unexplained by the 3vSF.

In theoretical respects, the most straightforward interpretation of those anomalous phe-
nomena could be neutrino oscillations with new parameters. Problem is, in the 3vSF [1],
there are only six oscillation parameters: two mass-squared differences Am2 ; and Am3,
three mixing angles 623, 013, 012, and one Dirac CP phase dcp. These parameters are not
sufficient to fit the anomalous phenomena, indicating that the current theoretical under-
standing of neutrino oscillation may not be complete. If the anomalous phenomena are
interpreted in terms of neutrino oscillations, it may suggest the presence of other types of
light neutrinos called sterile neutrinos that do not have weak interactions.! An attempt to
explain the SBL anomalies has been proposed in a framework of neutrino oscillation [25].
Moreover, in the same framework for neutrino oscillation the experimental results on high
energy neutrinos released from IceCube [26-28] could be interpreted® as new oscillation
effects [25, 30, 31].

The goal of this work is to study for a theoretical understanding of the solar neutrino
tension why solar neutrinos at SNO, SK, and Borexino experiments appear to mix differ-
ently from reactor antineutrinos at KamLAND, despite that both neutrinos are sensitive
to the same oscillation parameters in the 3vSF. To do that, first, based on an extended
theory with light sterile neutrinos added [25] we derive a general transition probability
between the massive neutrinos that a flavor eigenstate v, becomes flavor eigenstate vg
with «a, 8 = e, u, 7, that can also have a potential for explaining both the anomalous phe-
nomena and ultra-high energy neutrino events at IceCube, simultaneously.® Second, we
re-examine the MSW matter effects in our theoretical framework and suggest a solution to
the solar neutrino tension with a so-called composite matter effect that causes a neutrino
flavor change with new oscillatory terms containing Am3g; < O(10711) eV? optimized at
astronomical-scale baseline (ABL) (2> Les = 149.6 x 105 km, earth-sun distance) oscillation
experiments together with the MSW matter effect. An important point is that, contrary
to the MSW effect [32, 33] that causes a change in the flavor content of a neutrino but
without sinusoidal oscillation, the so-called composite matter effect causes a neutrino flavor
change via the effects of sinusoidal oscillation, as well as the MSW matter effect.

This work is organized as follows. In section 2 we provide an introduction to the
model setup, masses and mixings. In section 3 we compute a general transition proba-
bility for three flavor neutrinos with their three light sterile neutrino pairs, subsequently,

!The authors in ref. [24] have extended the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix
to interpret the SBL anomalies as neutrino oscillations. While, instead of the way of extending the PMNS
matrix, in order to introduce new oscillation parameters the authors in ref.. [25] have parameterized with
unitary condition in a way that a diagonal form of 2 x 2 partitioned matrix holding the 3 x 3 PMNS mixing
matrix is linearly multiplied by a 6 X 6 mixing matrix of active to sterile neutrinos.

2The track-to-shower ratio of a cosmic neutrino [29] can give a new oscillation curve as a signal dependent
on neutrino flight length if the neutrino mixing parameters of 3vSF, initial flavor composition, and tiny
mass splittings are given as inputs.

3However, in this paper, we will not study phenomenological interpretations of the SBL anomalies and
astronomical neutrino data at IceCube, see refs. [25, 30, 31].



in section 3.1 we investigate possible mass orderings and show how additional oscillation
parameters could be constrained by cosmological data (the sum of active neutrino masses)
and the effective neutrino mass in both S-decay and neutrinoless-double-beta (0v35)-decay
experiments, and then we interpret reactor anti-neutrinos at KamLAND in the new oscil-
lation framework in section 3.2. In section 4, we re-examine the MSW matter effects in the
extended 3vSF, and we analytically study why the oscillation parameters determined in
solar neutrino experiments are not in complete agreement with the measurements collected
in other types of experiments. Conclusions are drawn in section 5.

2 Masses and mixings

In the basis of interaction eigenstates, ¥y = (v S%)T, where active neutrinos are in the
up-stairs and sterile neutrinos are in the down-stairs, the most general renormalizable

Lagrangian for neutrinos reads in the charged lepton basis at low energies [25]

ZHﬂL’yMVL s (21)
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where ¢ is the SU(2) coupling constant, 6y is the Weinberg angle, ¢ = (e, pu,7), vy =
(Ve, vy, vr), and Sgp = (S51,52,...5,). The light neutral fermions S, do not take part in
the standard weak interaction and thus are not excluded by LEP results, while the number
of active neutrinos that are coupled with the W+ and Z bosons is N, = 2.984 4 0.008 [34].
After electroweak symmetry breaking, eq. (2.1) describes 3 x n Majorana neutrinos. In the

case of n = 3 sterile neutrinos, the 6 x 6 Majorana neutrino mass matrix is*
My M}
M, =P (2.2)
Mp Mg

which is complex and symmetric, where Mp, My, and Mg are 3 x 3 mass matrices for Dirac
masses, left- and right-handed Majorana masses, respectively. Thus it can be diagonalized
by a 6 x 6 matrix W, through basis rotations from interaction eigenstates vy to mass

YL = (;;) — W) (;;) =np. (2.3)

The phenomenology of eq. (2.2) depends on the values of the matrices My, Mp, and Mg,

eigenstates ny, that is,

that is, the mass eigenvalues and mixings of Mp, Mg and M;. We impose unitary condition
to W, (such that satisfys the unitary condition W,,T/VVT = W;r W, = Igxg), which preserves
norm and thus probability amplitude, and choose the 6 x 6 unitary neutrino transformation

matrix as [25, 30, 31]
UtVi ULVi
W, = | 24
(URVQ —Z'URV2> (24)

4Consider a Lagrangian extended by another type of Majorana neutrinos Nz whose masses are much
larger than the scale of electroweak symmetry breaking scale. After integrating out such heavy degrees of
freedom, small left-handed Majorana neutrino masses, My, ~ —m’5 M R Ymp, can be naturally generated via
seesaw mechanism [36-39] where mp and Mg are Dirac and Majorana neutrino masses, see e.g. refs. [30,
31, 35].



where Uy, corresponds to the PMNS mixing matrix Upymns, Ug is an unknown unitary
3 x 3 matrix, V; = diag(1,1,1)/v/2, and V5 = diag(e™X1, eX2 ¢iX3) /1/2 with x; being ar-
bitrary phases. The 6 x 6 unitary mixing matrix V,, forms a bridge between active and

sterile neutrinos:

e'?1 cos 6 0 0 —e'1 sin 6y 0 0
0 €92 cos 0 0 0 —e'2 gin fy 0

v — ' 0 0 e'?3 cos 03 ‘ 0 0 —e'?3 sin O3
v e~"1 gin 6y 0 0 e~ cos by 0 0
0 e~2 gin @y 0 0 e~ 2 cos Oy 0

0 0 €3 gin O3 0 0 €3 cos O3

(2.5)
In the mass eigenstates vy, 9,13, ST,S5,55 basis the Hermitian matrix ./\/ll,/\/li can be
diagonalized as a real and positive 6 X 6 mass-squared matrix by the unitary transformation
W, of eq. (2.4)

W M, M W* = diag(m? ,m2 ,m2  m2  m? m2)

vy v v3? 517 5927
:VT<1M|2+|M|\5L+§<\Mg|2+|Ms|2> SIS ) )V*
—5(I1Ms|* — | ML[?) M2 — |M|6] + (1M [* + | Ms]?)

(2.6)

where a real positive diagonal matrix M = U}r‘g Mp U= diag(mi, me, m3) and two com-
plex diagonal matrices M, = ULTMLUL and Mg = UgMSUR are used. In eq. (2.6), the
parameter § is defined® as

6k = (Mp)p + (ME)e  with arg(dx) = xx (k = 1,2,3), (2.7)

where the mass-squared eigenvalues (real and positive) are given by

2 my| 0|
= M M
i, =+ )P + |0 + 2Dk
1 M| 0|
2 2 k|0
_ M — 2.8
i, = md+ (e + |0 — ik (28)
and the mixing angles 0, between active and sterile neutrino is given by
|(Mp)|* — |(Ms)|?
tan 260, = sin 2¢y, . 2.9
2m |0 (29)
From eq. (2.8) we define the mass splitting for k-th generation as
Am2 = m? —m? = ol (2.10)
Yk 5k cos 20y,
Here, for simplicity, we take ¢ = —r/4 and assume |(Mg)g|,mi > |(M)g|, or equiva-
lently, M, ~ ( MOD Xfé) in eq. (2.2). Then the mass-squared eigenvalues of k-th generation

5The real positive condition of M = U% Mp Uy, derives the phase of V2 to be equivalent to that of d.



of eq. (2.8) can be expressed in terms of 0 and Am? as

— A = Y A 2.11
M, 4 sin 20, M M 4 sin 20y, M (2.11)

which in turn, together with eq. (2.10), leads to

Am2{<0:>7r/2<0k<37r/4 (2.12)

>0=0<0p<m/4

The three active neutrino states emitted by weak interactions are described in terms of
the mass eigenstates v, Sk (k= 1,2,3) and the 3 x 3 PMNS mixing matrix U = Upyng a8

3
Vo= Udknk (2.13)
k=1
with the massive states
1 Vi
= — 0 —sinf 0 in 0 , 2.14
ng \/i(cos . — sin 0y, cos 0}, + sin k)<5k> (2.14)

in which the field redefinitions v, — e~/ 4y, and S, — et/ 48, have been used. Since the
active neutrinos are massive and mixed, the weak eigenstates v, (with flavor a = e, pu, 7)
produced in a weak gauge interaction are linear combinations of the mass eigenstates
with definite masses. The charged gauge interaction in eq. (2.1) for the neutrino flavor
production and detection is written in the charged lepton basis as

g 14 1+
Lec = \[Wu ly 5

Thus in the mass eigenstate basis the PMNS leptonic mixing matrix [1] at low energies

AP Upre nge + hec. . (2.15)

is visualized in the charged weak interaction, which is expressed in terms of three mixing
angles, 012, 013, 023, and three CP-odd phases (one d¢cp for the Dirac neutrino and two @1 2
for the Majorana neutrino) as

C13C12 C13512 s13e”"0cr
_ 6 i
UpmMns = | —ca3s12 — s23¢12513€"°CF  cagcia — S23512813€°CF  se3c13 | Py, (2.16)

idcp idcp

523512 — C23C12513€ —823C12 — C23512513€ C23C13

where s;; = sin 0;;, ¢;; = cos 0;; and P, is a diagonal phase matrix what is that particles are
Majorana ones. Three-flavor oscillation parameters from global fit results at the best-fit
values and (10) 30 confidence intervals in ref. [15] for normal mass ordering, NO, [inverted
one, I0] in table-1.

On the other hand, as shown in ref. [16], in the 3vSF there is a clear discrepancy for
mass-squared difference at < 20 C.L.: the value Am; preferred by KamLAND [23] is
somewhat higher than the one Am?D from solar experiments [8, 16, 19, 20, 40-45], while

their mixing angles are overlapped, which is as follows at 20 C.L. for #;3[°] = 8. 51+8 %g,
Am2 = 4.85T338 x 107°eV?, 05[°] = 33.7170 59,
Am¥y = 7497013 x 1077 eV?, OxL[°] = 33.657050 . (2.17)



013[°] dcpl’] 012[°] O3]  Amy[107%eV?] Am3, [107%eV?]

+(0.12)0.37 +(40)149 (0.9)2.5 £(0.033)0.097
NO 8.61° ¢ 13030 217 (28)8 +078)2.45 497 (11)8.8 +o21)0.62 2929 (0.031)0.004
+(0.12)0.38 +(25)71 33-82_(0.76)2.21 +(0.78)2.4 7-39_(0.20)0.09 4(0.033)0.094
10 8.65 1573035 280_(28)s4 49.7_ (075085 2.512_ (5031)0.099

Table 1. The global fit of three-flavor oscillation parameters at the best-fit and (10)3c level with

Super-Kamiokande atmospheric data [15]. NO = normal neutrino mass ordering; IO = inverted
mass ordering with Am2; = m2 — m? 2, —m2 for NO, and Am3, = m2 —m?,

2 _
Vo v ATn’Atm =m
for 10.

V3 va

The oscillation parameter Am? determined in solar neutrino experiments is not in com-
plete agreement with the measurements collected in other types of reactor and accelerator
experiments: the so-called “solar neutrino tension”.

3 Mass-induced neutrino oscillations in vacuum

The parameterization of eq. (2.4) as a mixing matrix of active to sterile neutrinos, lead-
ing to interferences between active and sterile neutrinos, has additional oscillation pa-
rameters (Am?,60) that trigger new oscillation effects in charge of both explanations of
SBL anomalies and solar neutrino tension, as well as ultra-high energy neutrino events
at IceCube. Such additional oscillation parameters Am? and @ appear in the expression
of active neutrino masses, modifying the standard form of transition probability of the
3vSF, that are up to the eyes in the cosmological data (the sum of active neutrino masses),
three active neutrino oscillation data, and effective neutrino masses of both §-decay and
Ovp3p-decay experiments.

Let us first bring out a transition probability of new oscillations with the help of the
neutrino mixing matrix eq. (2.4). The transition probability between the massive neutrinos
that a neutrino eigenstate v, becomes an eigenstate v follows from the time evolution of
mass eigenstates as

2

N2
P, s, (W,, L, E) = ’ (Wl, e’wLWJ> , (3.1)

ab

where a,b = e, u, 7,1, 52,53, L is the distance between the neutrino detector and the
neutrino source, F is the neutrino energy, and M, = WX M,W,. We are interested in
the flavor transition between the active neutrinos ve, vy, vr. From eq. (3.1) the flavor
transition probability between the active neutrinos v, r can be generically expressed in
terms of the oscillation parameters #, Am?, L, E, and the mixing components of the 3 x 3
PMNS matrix U,; as

& 2 2. o [Am] 2
Py = 0ap — Z |Uak|“|Upk|* sin ( 4EkL> cos” 20y,
k=1
* * . A 1 * * A
= " Re [U5Us; Uz Ut | sin® Ay + 5 3 Im [U3Us;UsiUak sin Ay, (3.2)
k>j k>j



where

2
Amkj

s . . . o (AQ .
sin® Ay; = (1—sin 26y, {sm2 ( B L> (1—sin26;)+sin? < 4E]L> (1+81n20j)}

AQ? AS2,
+(1+sin29k){sin2< 4%’%) (l—sin20j)+sin2< 4E’”L> (1+sin29j)}, (3.3)

2
Amkj

- . . . - (AQf .
sin Ag; = (1—sin26y,) {sm( 5B L) (1—81n29j)+sm< 2EJL> (1+sm29j)}

2 2

. _ (AQj . _[ASg; .
—(1+sin26y) < sin 5 L | (1—sin26;)—sin 5F L | (1+4sin26;) 7, (3.4)

with Am%j = m,%k — m?,j, ASy; = mgk - mgj, and AQ%]- = m,%k — mgj. In the model the
mixing parameters # and Am? are determined by nature, so experiments should choose L
and E to be sensitive to oscillations through a given Am?. As expected, in the limit of
ms; — my, and 6; — 0 (i = 1,2, 3), the new transition probability of eq. (3.2) is recovered

to the standard form of that for three neutrinos in vacuum [1].

3.1 Possible mass orderings

In the new oscillation framework of eq. (3.2) there appear three additional oscillation pa-
rameter sets (Am?,6;) in addition to the six standard oscillation parameters. To resolve a
tension between the mass-squared differences of solar and reactor neutrinos in eq. (2.17),
as well as to accommodate an eV sterile neutrino for a possible solution to the SBL anoma-
lies [25] and ultra-high energy neutrino events at the IceCube detector [25, 30, 31, 46-48],
we assume

AnE
< |[Amd| ~ =
1 L

AT E
< Ami, < Ami,,, < |Am2| ~
ABL2 SBL

|Amf| ~ (3.5)
together with |cos 291(2)| ~ 1 and a sizable 03 from eq. (2.10), where Lapy, and Lgpy,
stand for astronomical-scale baselines (2 Les) and short-baselines (< 1km), respectively.
Hence eq. (3.5) means the effects of the pseudo-Dirac neutrinos for the first and second
generation characterized by Am%@) can be detected through ABL oscillation experiments
without damaging the three-active neutrino oscillation experimental data, while that for
the third generation characterized by Am3 can be measured through SBL oscillation exper-
iments [25]. Moreover, eq. (3.5) indicates that the mass splittings Am%(z) should be con-
strained by results in reactor and accelerator based neutrino experiments, such as the results
of reactor experiments (optimized at oscillation lengths L ~ km with Am3; ~ 2.5x1073 eV?
and Ey, ~MeV) and solar neutrino oscillation experiments (optimized at L ~ O(10 ~ 100)
km with Am3, ~ 7.5 x 107° eV? and Ej, ~MeV), since they can modify the reactor angle
613, atmospheric mixing angle a3, and the LMA solution ;5. Whereas® the mass splitting

SRecent cosmological data have a tendency toward disfavoring an excess of radiation beyond the three
neutrinos and photons: considering the Big Bang Nucleosynthesis (BBN) and cosmic microwave background
(CMB) limits to AN < 0.2 at 95% CL [49]. The SBL anomalies including MiniBooNE data may indicate
the existence of eV-mass sterile neutrino, while present cosmological data coming from CMB+LSS, and



Am2 ~ O(1) eV? can be constrained by SBL (< 1km) oscillation experiments (and possibly
long baseline oscillation experiments) as shown in ref. [25].
Considering the hierarchy of mass splittings eq. (3.5), there are two possible neutrino

2 m2 < 0 into account

mass spectra’ by taking an order of eV mass splitting Am3 = my,
as in ref. [25]: (i) the normal mass ordering m2 ~ m2, < m2, ~m2, < mZ, < m?2, (NO)
and (ii) the inverted mass ordering m2, < m2 ~m?2 < m2, ~m2 << m? (IO) because
of the observed hierarchy Am%, > Am3; and the requirement of a MSW resonance for
solar neutrinos Am%; > 0, see eq. (4.18). Since oscillation experiments are insensitive
to the absolute scale of neutrino masses, we study how the new mixing parameters (6,
Am%) can be constrained through the sum of three active neutrinos > m,. Cosmology is
mostly sensitive to the total energy density in neutrinos, directly proportional to the sum
of the neutrino masses which can be expressed in terms of 6 and Am3, see eq. (2.11).
Together with the known mass-squared differences (JAm3;| ~ |Am3,|, Am3,) in table-1
of the standard oscillation form, the sum of the neutrino masses can be parameterized in

terms of new parameters (Am%, Or):

3
Z " (91, Am%) =my, + \/m?,1 + Am3; + \/m?jl + Am3,, (3.6)
S
Z (92, Am%) =\/m2, — Am3, + my, +\/m2, + Am3,, (3.7)
S
Z (93, Am%) =my, + \/m,2,3 — Am3, + \/m,%3 — Am3, (3.8)

where m,, = /Am3/sin 26, (14sin 26;)/2. Cosmological and astrophysical measurements

provide powerful constraints on the sum of neutrino masses complementary to those from
accelerators and reactors. Bounds on the sum of the three active neutrino masses can be

summarized as

0.340 — 0.715eV (CMB PLANCK [59])
0.06 [eV] < o< 3.9
VIS Zm { 0.170 6V (CMB PLANCK+BAO [60]) , (3.9)
a lower limit for the sum of the neutrino masses $2_; m,, > 0.06 eV (for NO) and > 0.103 eV
(for 10) could be provided by the neutrino oscillation measurements; upper limits® at 95%
CL are given in ref. [59].

BBN do not prefer extra fully thermalized sterile neutrino in the eV-mass range since they violate the hot
dark matter limit on the neutrino mass. It can be realized by requiring sterile neutrinos do not or partially
equilibrium at the BBN epoch when the initial lepton asymmetry is large [50-58]. Especially in ref. [51]
showed quantitatively the amount of thermalization as a function of neutrino parameters (mass splitting,
mixing, and large lepton asymmetry) but with a loophole for eV sterile neutrinos to be compatible with the
extra energy density preferred by CMB + LSS.

"Here the possibilities of mass ordering via the sign of Amf(m in eq. (2.12) are not considered.

8Massive neutrinos could leave distinct signatures on the CMB and large-scale structure (LSS) at different
epochs of the Universe’s evolution [61]. To a large extent, these signatures could be extracted from the
available cosmological observations, from which the total neutrino mass could be constrained.
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Figure 1. Contour plots in the parameter space (Am?, sin260;: upper panel) and (Am3, sin 26;:
lower panel) for fixed values of };_, 5 3 m, (solid lines) and m;, probed in tritium 3 decay (dotted
lines). The upper red-dotted line corresponds to the upper bound my, < 2.3€V [71], whereas the

lower red-dotted line to a future sensitivity of my, < 0.20 [73]. For }_,_, , 3 m,, we take the values

from eq. (3.9). And the best-fit values in table-1 for the active neutrino oscillations are used.

The existence of massive neutrino at the eV scale can also be constrained by S-decay
experiments [62-64] and by Ov(-decay experiments [65-70]. The two types of mass order-
ing, discussed above, should be compatible with the existing constraints on the absolute
scale of neutrino masses m;. The most sensitive experiments on the search of the effects
of neutrino masses in -decay use the tritium decay process 3H — 3He 4+ e~ + #,. Non-
zero neutrino masses distort the measurable spectraum of the emitted electron. The most
stringent upper bounds on the v, mass, my,, have been obtained from direct searches in



the Mainz [71] and Troitsk [72] experiments at 95% CL:

1
3 2 i
2.30eV, Mainz [71]
(e ) , 3.10
e (;2‘ . m) {2.05ev,Troitsk 72]. 10

The upcoming KATRIN experiment [73] planned to reach sensitivity of mp, ~ 0.20eV will
probe the region of the QD spectrum in the model. Note that the bounds in eq. (3.9) coming
from independent cosmological measurements are still tighter than the constraints coming
from kinematic measurements of tritium 5 decay. The Ovf[-decay rate [74] effectively
measures the absolute value of the ee-component of the effective neutrino mass matrix M,
in eq. (2.2) in the basis where the charged lepton mass matrix is real and diagonal. Since
the two mass eigenstates of first and second generations in each pseudo-Dirac pair have
opposite C'P, there appears only third generation in 50v-decay rate. Using eq. (3.8) one
can easily see vanishing 350v-decay rate, as shown in ref. [25]. Hence if the S50v-decay
rate is measured in the near future the model would explicitly be excluded.

In order to display new physical effects, we investigate the influence of Amz and sin 20,
on the sum of active neutrino masses and the effective mass in (-decay. Plugging the
experimental constraints of table-1 into egs. (3.6)—(3.8) and eq. (3.10), allowed parameter
spaces of Am% and sin 26}, can be obtained in terms of the sum of active neutrino masses and
the effective mass probed in tritium S-decay, respectively. Contour plots in the parameter
spaces (Am3, sin26) for fixed values of 3" m, (solid lines) and my, probed in tritium
B-decay (dotted lines) are presented for NO and IO in the upper panel of figure 1 for Am?
versus sin 26; and in the lower panel of figure 1 for Am3 versus sin 26s, and figure 2 for
Am3 versus sin 203, where a lower limit for the sum of neutrino masses > 3_; m,, > 0.06 ¢V
(for NO) and 2 0.103¢eV (for I0) and upper limits 0.340 ~ 0.715¢V at 95% CL [59]. In
the plots we consider 10716 < Am%@) < 107%eV? for figure 1 since they should be less
than the measured Am%ol, while for figure 2 only eV-mass scale of sterile neutrino since
too heavy neutrino is conflict with cosmology ANST < 0.2 at 95% CL [49, 51].

3.2 Interpretation of reactor neutrino at KamLAND

As shown in eq. (2.17), the KamLAND v, survival probability has reported a precise
determination of Am%(L = Am3; and Ok, = 015 at 99.998% C.L. [21, 22]. It has confirmed
the LMA solution which can theoretically be explained via the MSW solar matter effects
in neutrino oscillations [32, 33].

Nuclear fission reactors are a powerful source of v, with energies around a few MeV.
Thus, the expected oscillation length is O(10 ~ 100) km, which is a reasonable dis-
tance relative to a reactor to place a detector and observe v, disappearance. Assuming
CPT (charge-conjugation, parity, and time-reversal) invariance, the oscillatory 7. signa-
ture observed by the KamLAND experiment [75] can be reinterpreted in the baseline of
4rE/Am3 < L ~ 4nE/ {Am3,,AS3} < 47TE/Am§(1) as

Am? 1
Py, ~1— cos? 015 sin? 20,5 sin? ( 477;21 ) — §(sin2 20,5 + sin 0,5 cos? 203), (3.11)
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Figure 2. Same as figure 1 except for the parameter space (Am3, sin 263).

which is CP conserved Py, _,5, = P,,_,, and does not include the earth matter effects [1,
32, 33], where |sin20s| < 1 and Am3; ~ ASZ are used. The 7, disappearance prob-
ability depends on the parameters Am3, and 615 as in the case of the 3vSF, which
derive the KamLAND #, transitions, the dependence on 6;3 and 63 having. Due to
|Am3| > Am3, > |Am3|, at long-baselines (e.g. (L) ~ 180 km) the terms involving
sin? (Aggg L) and sin? (iﬂgg L) average out, such that eq. (3.11) is sensitive to the parame-
ters Am3, (or AS3)) and 612, as the KamLAND v; survival probability in the three neu-
trino standard form which is obtained in the limit my, — m,, and §; — 0 with ¢ = 1,2, 3.
Whereas it is negligible for the sensitivity of #3 due to the tiny value of sin 63 ~ 5 x 1074,
Thus, new effects due to the sterile neutrinos on KamL AND experiment can safely be
negligible. Hence the U, survival probability of eq. (3.11) is in good agreement with that of
the three neutrino standard form Pg’:il;;e ~ sin? 613 + cos® 013 (1 — sin? 20,5 sin? (Aﬁél L)).

Within the 3vSF [15], however, a clear discrepancy at < 20 C.L. has been shown
between the global solar neutrino data and KamLAND reactor data regarding the value
of Am? with high accuracy in eq. (2.17), while the mixing angle is consistent. In the next
section, we will claim that, if a new oscillation parameter Am3 in eq. (3.5) is optimized
by nature at the earth-sun distance L.; = 149.6 x 106 km and solar neutrino energies
0.1 £ E[MeV] < 19, a new v, disappearance oscillation effect that only affect solar neutrinos
could appear and give a solution to the solar neutrino tension.

4 Solar neutrino tension and its possible solution

The low-energy B solar neutrinos (as low as ~ 3.5MeV) observed by SK [16], within
the 3vSF, translate into the mass-squared difference Am% somewhat lower than Am;
measured by KamLAND but the same mixing angle 65 as 6k, measured by KamLAND,
as shown in eq. (2.17). Moreover, it is well known that none of the ®B measurements
performed by SNO [18], SK [16], and Borexino [19, 20] shows any evidence of the low energy
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spectrum turn-up expected in the standard MSW-LMA solution for the value of Am%(L
favored by KamLAND. Hence the clear discrepancy at less than 20 [15-17] indicates that
the current theoretical understanding of neutrino oscillation may not be complete. Some
unknown physical phenomena that only affect solar neutrinos must be at play to explain
such discrepancy.

In this regard, we investigate why solar neutrinos at SNO [43], SK [16] and Borex-
ino [19, 20] appear to mix differently from reactor antineutrinos at KamLAND [21, 22] for
theoretical understanding of the solar neutrino tension, by re-examining the MSW matter
effects in our new framework of eq. (2.1).

4.1 Solar matter effects in neutrino oscillations

We discuss, first, how neutrinos produced in the Sun propagate towards the surface of the
Sun and then to a detector on Earth, and study the relevant transition probabilities. To
do this, we construct an effective Hamiltonian for matter effects in the Sun by assuming
that neutrinos propagating in matter interact coherently with the particles in the medium.
Neutrino propagation in matter is conveniently treated via a Schrodinger laboratory-frame
time-evolution equation of the form i0v/0x = H,, 15 where distance x plays the role of
time. Here ¢y = (vq, S,)T is a multi-component interaction state with correspondingly,
the Hamiltonian in-matter H,, is a matrix in the interaction space ;. The effective
Hamiltonian in-matter H,, in the interaction basis has the form of 6 x 6 matrix

1 m2 I3 O3 T Aqls 03
Hon = == (Wi " W ith Ay = 2BV, 4.1
2F l ( 0 mgk13> oy 0s)] ™ 1)

where k = 1,2,3, a = e, u, 7, and I3 (03) stands for the 3 x 3 unit (null) matrix. Here
the parameter A, is a measure of the importance of matter effect with the matter-induced
effective potential; V,, and V; = 0 are the potentials experienced by the active neutrinos
and the sterile neutrinos, respectively, and F is the neutrino energy. For anti-neutrino
the Hamiltonian can be obtained by the substitution V, — —V, and W, — W}. v.’s
have charged-current (CC) interactions with electrons and neutral-current (NC) interac-
tions with nucleons V, = v/2G (N, — N,,/2), while v,,’s and v,’s have only NC interactions
V., = V; = V2Gp(—N,/2) whose equivalence is available at tree level in the weak interac-
tions [76], and any S,’s have no interactions, V; = 0, where G is the Fermi constant, and
Ne (N,,) is the average electron (neutron) number per unit volume along the neutrino path.

Consider, for example, electron neutrinos (v,s) generated in the Sun by nuclear reac-
tions. Assuming that there are no sterile neutrinos initially when the v.s are produced by
the weak interactions at the core of the Sun. The flavor state v, propagates as a mass
eigenstate v,,; in the medium and at any later time the eigenstate v,,; has an “active” and
“sterile” component. Hence, sterile neutrino gets generated as a vacuum-like state via the
coherent oscillations with the assumption that no matter effects between active and sterile
neutrinos occur during propagation.

During neutrino propagation in matter, the mixing is defined with respect to eigen-
states of the Hamiltonian in matter 1, = (NMpni, Smi)?: Hom Mm = Homi Nim, Where H,p; are
the eigenvalues of H,,,. Thus a unitary mixing matrix W, in matter (WmW;,[L = W&Wm =
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I) is defined as the matrix which connects the interaction states ¢y = (va, So)? with the
eigenstates of the Hamiltonian in matter n,,:

Ve Nmz . ULV1 iZ/[Lvl
= = m h m — . v ; ) 4.2
Uy (Sa> W ( S ) with T (URVQ —ZUR‘/Q>V Ok, or) (4.2)

where U7, is a 3 x 3 transformation matrix of the form
Uy, = Lk Itz Il (4.3)

responsible for the mixing in matter for active neutrinos, which is a product of three matri-
ces Tylhi; = I (U (67}) rotation in corresponding planes by the set angles with the phase
matrices I; = diag(1, 1", e 1), I, = diag(e’¥%',1,e""%%"), and I3 = diag(e5", e~"¥5", 1),
and Up is given by the mixing matrix in vacuum since between the sterile neutrino them-
selves have no weak interactions in matter.

The mixing parameters in Uz, and V,, of eq. (4.2) appear in the final amplitudes of v, —
vg with o, f = e, u, 7, see eq. (4.27), when projecting the flavor states onto propagation
basis states at the neutrino production and detection. Since the mixing parameters only
in Uy, (correspondingly instantaneous mass eigenstates) become functions of V,, for active
neutrino propagation in a medium with varying density, it is expected that an active
neutrino propagates with both mixing angle between active neutrinos ;7 and mixing angle
between active and sterile neutrinos 0. Hence an intermediate instantaneous eigenstates
&m = (Vmi, Smi)T can be defined with a transformation relation in matter

Vo s VUmi . = U, 0
= =W, with W, = 4.4
where a unitary mixing matrix W,, transforms between the interaction eigenstates WV
and the (instantaneous) mass eigenstates &,,. In turn, another unitary mixing matrix

X, = W);Wm in matter can be defined as the matrix that connects the eigenstates &,
with the eigenstates n,:

Vmi Nmz . Vi W
= — X, th X,, = Ty, 45
o= () =) = (351 =

in which the mixing matrix X, in matter between the active and sterile neutrinos becomes
the one in vacuum. The sterile neutrinos get generated as vacuum-like states via coherent
oscillations during propagation.

4.1.1 Mixing in matter

With the help of the mixing of eq. (4.4), we can seclude the active neutrinos from the sterile
neutrinos. In the interaction basis ¢ = (va, Sa)T, then, the effective Hamiltonian H,, of
eq. (4.1) in matter is modified to

1 ~ m2 I3 Og = T A3 03
Hiy =5 |Wo| 2 W, 4.6
m2E l ”< 03 m3k13> v 0 0 (46)
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With respect to the eigenstates of the Hamiltonian in matter H% of eq. (4.6), &, i.e.
HE e = HEEm where HE . are the eigenvalues of HZ , a relevant neutrino mixing in
matter is given by the matrix W, in eq. (4.4) that connects the interaction states 1) ¢ with
the eigenstates of the above Hamiltonian in matter &,,.

Then, the mixing of active neutrinos in matter can be defined with respect to the
eigenstates of the active neutrino Hamiltonian in matter v,,;. In the basis of three neutrino
flavors v, = (ve, Vps VT)T the active neutrino Hamiltonian in matter H,, has the form of

3 x 3 matrix

. 00 0 A 00
Hp =5 |UL | 0 Am3, 0 |UF+| o0 o00]], (4.7)
0 0 Amd 000

where irrelevant terms of the Hamiltonian proportional to the unit matrix are omitted.
Considering the matter effects in the Sun, which are of special relevance for solar neu-
trinos. As ves produced at the core of the Sun move outward, A., will decrease as the
density decreases, and the neutrinos will eventually go through the resonance regions,
and proceed out into the vacuum. The electron (neutron) number density N. (N,) of

3 is a monotonically decreasing function of the

solar matter measured in number per cm
distance R from the center of the Sun along the neutrino path, and they can be an-
alytically approximated as log(N./N4) = 2.36 — 4.52R/Rs — 0.33 e~ (R/0.0T5Ro)M o
log(N,,/N4) = 1.72 — 4.80R/ R, with the solar radius Rg = 6.96 x 10° km and Avogadro’s
number N4 [77-80], where the logarithm is base 10 and N.(0) ~ 103 N4/cm?® (N, (0) ~
50 N4 /cm?) is the electron (neutron) number density at the point of v, production in the
Sun [79, 80]. Then the difference of the potentials for v, and v, ,, i.e. A¢y = Ae — Ay =
2E(V. —V,), due to the charged current scattering of v, on electrons (v.e — vee) [32, 33],
reads A, = 2v/2 E GpN.(R):

Aeu(R,E) ~ 1.57x 107° (103%51]33) (11\i V> eV2, (4.8)
After crossing the Sun, the make-up of the neutrino state existing the Sun will depend on

the relative size of A, versus Afj (at neutrino-state resonance point) whose parameters
are determined by nature. Similar to eq. (4.3) in matter, the mixing matrix in vacuum
Ur in eq. (4.7) is a general form of mixing matrix for three neutrino flavors, instead of the
standard form of eq. (2.16),

Ur = LiUps I2U13 I3Uq2 (4.9)
as a product of three matrices IU;; = Ij(vx)U(6;5) of rotation in the space of neutrino
mass eigenstates by the set angles with the phase matrices I; = diag(1,e%t, e=%1), I, =
diag(e™2,1,e7%2), and I3 = diag(e*??,e~%3,1).

The mixing in matter for active neutrinos is defined with respect to the eigenstates of
the active neutrino Hamiltonian v,,; = Z/{zl/a: H,, vini = Hppj Vs where H,,; are the eigen-
values of H,,. The effective matter mass eigenstates |v,;) with effective masses M,, satisfy
the eigenequation H,|vpm:) = Aj—%|l/ml> The Hamiltonian in eq. (4.7) can be diagonalized
performing several consecutive rotations with eq. (4.3)

Hppi = Ul Hy Uy . (4.10)
L
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Due to the matter effect of the form of diag(Ae,,0,0) in eq. (4.7), the 2-3 rotations do
not depend on the effect of medium on neutrinos, leading to 655 = 63 at leading order
and 7" = 1. Furthermore,’ the diagonalization of eq. (4.10) requires ¢§' = @2 and
ps' = 3 = 0. Then, due to the perturbative primary approximation one can obtain
effective mixing angles in matter

sin 2013
tan 29717% = 20 AEN ’ (4-11)
COS 2013+ A sin? 01, A,
sin 26019
- 2971% ) (4.12)

1 _ Aeu 2 om sin2(0§’é—913) 9 _ Amgl
SO0 (cos 201 Amg, COS 07%) + oS —0r3) (sin? 619 Amgl)
where higher order corrections are proportional to sin(613 — 67%), and mass-squared eigen-
values in matter

M2 = Agy cos® 075 cos® 07y + A3, sin® (07 — 013) cos® 073 + Am%l{ cos? 015 sin? 07
+ sin® 05 cos? (075 — 013) cos? 075 — % sin 26019 sin 2075 cos(013 — Q’fé)} + mzl ,

M2, = Acy, cos® 074 sin 073 + Am3,; sin® (073 — 013) sin® 073 + Am%l{ cos? 15 cos® 073
+ sin? 61 cos? (075 — 613) sin? 075 + % sin 2619 sin 26075 cos(013 — 9%)} + m?jl ,

MVQ3 = Ay sin? 074 + Am3, sin? 012 sin? (613 — 07%) + Am3, cos? (613 — 07%) + m?2

vy

(4.13)

where higher order corrections proportional to sin?(f13 — 67%) are neglected.
In fact, through a 1-3 rotation in eq. (4.10) the vanished 2-3 and 1-3 elements of ma-
trix H,,; are corrected as %Am%l sin 2615 sin (674 — 013) cos 073 and 3 A3, sin 261, sin (073 —
613) sin 675, respectively, reflecting that both corrections are proportional to sin(67% — 613)
and whose corrections should vanish by doing additional 2-3 and 1-3 rotations, but they
can be safely neglected in the Sun, see below. From egs. (4.11) and (4.12), as usual, we
define resonant values
cos 2012

[ A— 2 12 2 oo 2
13 = cos2013(Am3; — sin® 010Amy; ), Aly = Amy——5 .
cos® 075

(4.14)
Using table-1 and eq. (4.8) for given solar neutrino energies 0.1 < E[MeV] < 19, from
eq. (4.11) we obtain

with good accuracy, since the condition of Ay > A, (R, E) is satisfied in all ranges of
solar neutrino energies. Thus the corrections to the #33 and 075 can be safely neglected in
solar matter. Then each equation in eq. (4.14) can be approximated with good accuracy
as A7y ~ Am3, cos 2013 and Afy ~ Am3, cos 2012/ cos? 013.

Therefore, in solar matter a matter mixing angle 673 is only effective, and the mixing
matrix eq. (4.3) becomes

Ur, ~ 11Uz3(093) 12U13(613) Islh12(675) , (4.16)

In the charged-lepton basis, the Dirac CP phase dcp in the standard form of eq. (2.16) is equivalent to
dcp = p1 — p2 in the general form of eq. (4.9) due to p3 = 0.
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and the mass-squared eigenvalues in eq. (4.13) become

M31 ~ m?,l + Agy cos? 013 cos? 07 + Am3, sin? (612 — 073)

M2 ~m?2 + Aeycos® O13sin? 075 + Am3, cos? (012 — 673) ,

M2 ~m?2 + Agusin® O3 + Amj3, . (4.17)
In vacuum limit i.e. 6i} — 6;; with Ac, — 0, from eq. (4.13) we clearly see that the mass-

squared eigenvalues M2 go to mZ . From eqgs. (4.12) and (4.13), then, the mixing angle 673
and the mass-squared difference AMZ, = MBQ — M31 are well approximated to

m . sin 2912
tan 2‘912 — cos 2912 ~ Aeyu cos2 013 ’ (418)
Am%l
2 3
A 20

AM?Z, ~ Am?> cos 2019 — Lep €05 U13 +sin? 2615 | . 4.19
21 21 2
Ams,

For a medium with varying density the eigenstates v,,; are no longer eigenstates of
the Hamiltonian of eq. (4.7). Indeed, since Uy, is = dependent, the neutrino propagation
equation is written as

AV . . TduL
= (Hmi—zZ/{LW)Vmi. (4.20)

Considering eq. (4.16) reduces the above neutrino propagation equation to the two-neutrino
state problem in solar matter

zi Umi\ [ —AM3/AE —idf73/dz \ [ vim (4.21)
dr \ vme )\ id07y/de  AM3ZJAE )\ vpo )’ '
where the eigenstates are redefined as v,; — ei(M31+M32)/ 4E1/mi with ¢ = 1,2 and
a1 A sin 2019 dAe, . AMZ
= — th A = . 4.22
dx 2 (A cos2612 — Aep)? + (A sin26012)? dx W cos? 013 ( )

If the density is slowly changing, on a distance scale of roughly the wavelength in matter,
the off-diagonal term df73/dx can be negligible. Here we assume the adiabatic condition
|dOTs /dx| < |AMSZ,|/AE, then the states v,,; become the eigenstates of the Hamiltonian of
eq. (4.7).

Next, to find a mixing between the active and sterile neutrinos we perform a basis

Vo Vi = [ Vo i Ur 03
= = v th l/: . 42
o=(5) - (5)=m(s) wam=(Gn) e

Then the associated Hamiltonian for the active to sterile neutrinos in vacuum is given in

rotation

the mass eigenstates £ = (14, 5;)7 by

1 m2 _[3 03 T
H® = =X, X, , 4.24
2F ”( 03 m3k13> g (4.24)
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where X, = WiW,. In the propagation basis &, = (Vmi, Smi)” of eq. (4.5), the associated
Hamiltonian in matter is given with the replacement of m,%k by the effective mass Mfk of

eq. (4.17) as
as _ L o[ M3I3 03 T

Hy = 2EX”< O; mgkI:s)XV , (4.25)
where X, is equivalent to X,, in eq. (4.5). Eq. (4.25) shows clearly that, in the propagation
basis &, for example, an effective mass of an electron flavor neutrino is not induced by a
background electron medium. Hence, it is assumed that there is no matter effect between
active and sterile neutrinos during propagation in the Sun, as mentioned before. The mixing
in matter X,, in eq. (4.5) can be reduced to two-neutrino state problem between the active
neutrino and the sterile neutrino, which can be defined with respect to the eigenstates
of the effective Hamiltonian HZ’ for the active to sterile neutrinos n,, = (Nomi> Smi) T
HE ny, = He ny, where H are the eigenvalues of H{’. Then the effective in-matter
mass eigenstates |n,,) with the masses M,, and mg, satisfy the eigenequation

1 (M2 04
as = — Vk . 4.26
M) 2E( s ) ) (4.26)
Note that the eigenvalues in the eigenequation H%|n,,) = H:|n,,) do not have matter
effects and behave like those in vacuum.

4.1.2 Three-active-neutrino oscillation probabilities in matter

We are interested in the flavor transition between the active neutrinos v, v, v,. The
transition probability in matter between the massive neutrinos that a neutrino eigenstate
Vo becomes an eigenstate vz follows from the time evolution of mass eigenstates as

A2 2
Py, (0,05, 0i5, L, B) = [(Wo e ZEEW ) 0] (4.27)

Vo —Vg 17

where «, 5 denote either e, p, or 7, and ./\;112, = diag(M2 , M2, M2 m?

vy v v3? 81

eq. (4.26). We have assumed adiabatic case in eq. (4.21) so that 1, = (Mpni, Smi)? prop-

2 2 s
mg,, ms,) in

agate from production to the surface of matter and the mass eigenstates in matter do not
mix. From eq. (4.27) the flavor transition probability between the active neutrinos v , -
can be explicitly expressed in terms of the oscillation parameters 6, 6™, L, E, and Am? as

3 9 )
A A
Py, =Y Uakl*|Usel? {0082 < 4?“L) + sin? 20, sin® ( 47;’%)}
k=1

* * . A 1 * * A
+ > Re[UpUpiUiUok] (2 = sin? Ay ) + 5 o Im U, U U Uar] sin Arj
k>3 k>j

(4.28)

where sin? Akj and sin Akj are given by egs. (3.3) and (3.4), respectively, except for the
replacement of Am%j by Asz = Mfk —ij, and the 3x3 mixing components Uy; = Uqi(L)
in vacuum at neutrino detection point L and Uy,; = Uyi(x) in matter at neutrino production
point zg. As expected, in the limit of 6;7 — 0;; (i #j =1,2,3) with Ac, — 0, the transition
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probability in matter of eq. (4.28) is recovered to the form of eq. (3.2) in vacuum; moreover,
with the limit of Am; — 0 and 6, — 0 it is recovered to the 3vSF, i.e. the standard form
of that for three active neutrinos, in vacuum [1].

Now we have a new theoretical framework for neutrino oscillation that allows to com-
pute the probability of neutrinos born with one flavor in matter tuning into a different
flavor. Let us discuss how our scenario can describe the solar neutrino tension with the
MSW-LMA solar neutrino oscillations. Considering baselines 47 E/{Am3, AQ%Z, AS%K} <
4rE/{AM3, AQ3,, AQF,, AS3,} < L (where £ = 1,2) and averaging out the associated
oscillating phases in the propagation between the Sun and the Earth for given solar neutrino
energies, the solar v, transition at the exposed surface of the Earth can be described by

Am?
P, ~ cos? 015 cos® 9{’%{ cos? 075 cos? 015 cos® ( 4E1 L

Am3 1
+ sin? 7% sin? A5 cos? ( iy L) } + 3 sin? 07 sin® 03 (1 + sin? 203) . (4.29)

4F

where the sensitivity of #3 is negligible due to the tiny value of sin#;3 ~ 5 x 10~* and
074 ~ 013 of eq. (4.15). The above v, transition probability is different from that of
the conventional 3vSF, Pﬁ;ﬂ’ff ~ cos? 013 cos® 074 (cos® 074 cos? b12 + sin? 073 sin? 012) +
sin? 013 sin? 073 [1], in that it contains oscillatory terms of Am%@). We refer to the matter
effect that causes a neutrino flavor change via both the effects of sinusoidal oscillation and
the MSW matter effect as a “composite matter effect”. Contrary to the conventional MSW
matter effect that causes a change of electron neutrino but without sinusoidal oscillating
terms [32, 33], the so-called composite matter effect causes an electron neutrino change via
the effects of sinusoidal oscillation induced by the oscillatory terms of Am%(z), as well as
the MSW matter effect, as shown in eq. (4.29). In the v, transition probability of eq. (4.29)
from the composite matter effect to vacuum oscillations, we will show that the value of
Am?; measured in KamLAND [21, 22] can be compatible with that measured in SNO [43],
SK [16], and Borexino [19, 20] at higher energies (> 3MeV) through new oscillation effects
induced by the terms containing Am%@):

e If the matter parameter A, at v, production point is much larger than the resonant
density, i.e. Acu(zo, ) > Af, in eq. (4.18), the matter mixing angle 675 of eq. (4.16)
goes to 7/2 for Amgy > 0 and cos 2612 > 0 (612 < 7w/4). Then, the solar v, transition
can be described!? as

Am3 1

P™ .~ cos'3sin? 65 cos? 20 + - sin® 013 (1 + sin? 293) (4.30)
eTrve 4F 2

for E > few MeV (such as ®B and hep neutrinos). As expected, for the earth-sun

distance Les being much smaller than the oscillation length, ie. Les < 47E/ Am%,

we can obtain a similar form to the 3vSF, Pm3YSE ~ 0654 0,5 sin2 615 + sin? 615. Con-

Ve—Ve

sequently, for 8B neutrinos with energies above a few MeV, the SK+SNO [81] and

°Tn this case, the oscillatory term containing Am? is disappeared in the limit of 875 — /2.

~ 18 —



Borexino [19, 20] data can explain the MSW-LMA solution to solar neutrino oscil-
lations. For L.s > 4mE/Am3 in eq. (4.30), however, the oscillating phase averages
out and the LMA solution cannot be explained.

On the other hand, as indicated in refs. [16, 43], the recent observation of low-energy
8B solar neutrino flux (as low as ~ 3.5MeV) by SK [16] has marked the raise of the
solar neutrino tension that is a discrepancy appearing in the 3vSF, see eq. (2.17).
This discrepancy could be due to the oscillating phase of eq. (4.30) that only affects
solar neutrinos. Interestingly enough, such discrepancy appearing in the 3vSF can be
removed by the new oscillation effect without significantly modifying the MSW-LMA
solution to solar neutrino oscillations. For oscillation lengths L3¢ = 47 E/Am3 being
optimized to Leg, that is,

E 10~ 1ev?
L3¢ =248 x 10%k > Les, 4.31
2 8X0m<1MeV><Am§>N (431)

a bound of Am3 < 1.7 x 107" eV? is roughly derived for energies above 1 MeV in
order not to significantly modify the current LMA solution, as illustrated in figure 3.
In the 3vSF, the mass-squared difference from the ®B solar neutrinos at SK [16] is
somewhat lower than that from the reactor neutrino at KamLAND [21, 22] at less
than 20, as shown in eq. (2.17). On the other hand, in our new oscillation framework,
the data from the ®B solar neutrino experiments can be well fitted with that of the
KamLAND v, as illustrated in figure 3: we find, numerically, that a solution to the

solar neutrino tension can happen roughly at
0.9 x 1071eVZ < Am2 < 1.7 x 1071 eV?, (4.32)

with the global fit of mixing parameters of 3vSF in table-1. Note here that the above
estimation is derived from the 30 data (instead of the 20 data) of table-1.

e If the matter parameter A, at v, production is well below the resonant value A7,
in eq. (4.14), i.e. A7y > Acu(x0, E), the corresponding matter effects are negligi-
ble, leading to 073 — 612. For Les > LY = 4nE/Am? with 0.1MeV < E <
few MeV, the oscillating phase averages out. Then, it leads to P ~ cos* f12/2 +

Ve—Ve —
2
sin? 015 cos? (AZSQ L) which cannot explain the Borexino pp, "Be, and pep data [19, 20].

In fact, since the oscillation length L at the low energy range in eq. (4.29) can be
sensitive to the earth-sun distance L.g, it should be at least one order of magnitude
larger than L., in order for the pp, "Be, and pep data shown in the left plot of figure 3

to fit well: 5o
E 107 eV
L = 2.48 x 10 km ( ) ( ) > Les, (4.33)
0.1MeV Am? “
whose condition leads to a bound!! of Am?
|Am?| < 10713 eV2, (4.34)

1This bound satisfies the Borexino pp data [19, 20], as clearly shown in the right plot of figure 3, and
which is stronger by one order of magnitude than a bound Am? < 1.8 x 107'2eV? at 30 in ref. [82].
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Then, the v, survival probability at the exposed surface of the Earth is given by

1 Am?2
B, =~ cos” 013 {1 —3 sin? 2015 — sin® 05 sin? < 4722 L) }

1
+ 5 sin’ 013 (1 +sin?265) , (4.35)

for E < few MeV (such as pp, "Be, hep, pep, and 8B neutrinos [1, 83]). In this case,
the oscillating phase of eq. (4.35) can make new appreciable effects when L$*¢ < L.,
see the cyan curves of figure 3, for energies less than 1 MeV.

e If the matter parameter A., at v, production is only slightly below the resonant value,
ATy 2 Acu(zo, E) in eq. (4.12), the neutrino does not cross a region with resonant
density, but matter effects are sizable enough to modify the mixing. Whereas, in the
case that Ae,(zo, E) > Af,, the neutrino can cross the resonance. For both cases with
energies £ > 1MeV (such as ®B and hep neutrinos [1, 83]) and L.s < 47E/Am3,
the new oscillatory term containing Am32 can play a crucial role in modifying the
solar v, transition rate while satisfying the solar neutrino data. The solar v, survival

probability then can be described by

Am?
P, ~ cos? 013 cos® 075 {0052 075 cos? 019 + sin® 075 sin? 0,4 cos® ( 4E2 L

1
+ 5 sin? 074 sin® 03 (1 + sin? 293) . (4.36)
As shown in figure 3, the oscillating phase in eq. (4.36) dramatically modifies the
gray shaded band predicted by the conventional MSW effect in the 3vSF at energies
2 1MeV.

The resulting energy and oscillating parameters Am%@) dependence of the survival prob-
ability of solar neutrinos are shown in figure 3 (together with a compilation of data from
solar experiments [84]) where 65y ~ 0 and 3 = —1.28 (whose sizable value could be a
solution to SBL anomalies [25]) are taken, as well as the prediction of the MSW-LMA solu-
tion of the 3vSF using the 1o parameter values (gray band) and the best-fits (black dotted
line) given in table-1; the solar best-fits of eq. (2.17) (gray line). In the left plot of figure 3
for Am? = 10712 eV? and Am2 = 1.2 x 10711 eV?, the cyan band corresponds to the 1o
range of the mixing parameters in table-1, especially, Am%ol = 7.39J_r8:% x 107°eV? and
sin? 015 = 0.31070:015 with sin? 613 = 0.0224015:000%% and the blue solid line for the global
best-fits, while the red solid line corresponds to the KamLAND best-fits of eq. (2.17) and the
black dashed line for the solar best-fits of eq. (2.17) with sin? 613 = 0.0219 £ 0.0014. In the
right plot of figure 3, the cyan band (1o parameter values given in table-1), blue solid line
(best-fits in table-1), red solid line (KamLAND best-fits of eq. (2.17)), and black dashed line
(solar best-fits of eq. (2.17)) correspond to Am? = 10~ eV? and Am3 = 1.2 x 10712 eV?,
while the orange band (1o parameter values given in table-1), blue solid line (best-fits in
table-1), red solid line (KamLAND best-fits of eq. (2.17)), and black dashed line (solar
best-fit of eq. (2.17)) for Am? = 107'2eV? and Am3 = 1.2 x 1071 eV2.
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Figure 3. Solar v, survival probability as a function of neutrino energy, where N, ~ 85.5 N4cm ™3

in eq. (4.8) at around the center of the Sun is used. The points represent, from left to right, the
Borexino pp, "Be, pep, and ®B data (blue points) given in [84] and the SNO+SK ®B data (yellow
point) given in [1]. Also shown are the SNO+SK data (red point) and SNO LETA + Borexino
(purple point) of the 8B flux [18]. The error bars represent the lo experimental + theoretical
uncertainties. The gray shaded band corresponds to the prediction of the MSW-LMA solution of
the 3vSF using the 1o parameter values given in table-1 and the black dotted line for the best-fits,
while the gray line corresponds to the solar best-fits of eq. (2.17). In left plot for new predictions
of the MSW+ Oscillation effects for Am? = 10713 eV? and Am3 = 1.2 x 1071 ¢V?, the cyan band
corresponds to the 1o parameter values in table-1 and the blue solid line for the global best-fits,
while the red solid line corresponds to the KamLAND best-fits of eq. (2.17) and the black dashed
line for the solar best-fits of eq. (2.17). In right plot, the cyan band (blue solid, red solid, and black
dashed lines) correspond to Am? = 10-13eV? and Am3 = 1.2 x 1072 eV?, while the orange band
(blue solid, red solid, and black dashed lines) for Am? = 10~2eV? and Am3 = 1.2 x 10~ eV,

In order to see a chi-square fit in probability space, we use the following expression

for x2:
Ppbserved . Pﬁheory 2
A )

Here i runs over the observed measurements (pp,” Be,pep,® B neutrinos in probability

Ppbserved

space), P

and o; are the central values and uncertainties corresponding to a set
of data shown in figure 3, and the theoretical prediction for PPPserved jg Pitheory (for exam-
ple, eq. (4.29) for “MSW+Oscillation” effect). In the case that P/ is given by eq. (4.29)
for MSW+Oscillation effect, there are five free parameters E, 612, Am2;, Am?, and Am3,
while there are three free parameters in the case that Pl-theory corresponds to the case of
3vSF (for Am%@) — 0).

Fitting the model function of eq. (4.29) to a set of data shown in figure 4 via a chi
square minimization, we obtain the best-fit LMA for various parameters Am3; and Am%@)
as shown in table-2. In figure 4, blue dotted (solar best-fit AmZ = 4.85 x 10~° eV? of
eq. (2.17)) and blue solid (KamLAND best-fit AmZ; = 7.49 x 107°eV? of eq. (2.17))
lines are due to the conventional MSW effect of 3vSF, while red solid (Am? = 10713 eV?,
Am? = 1.2 x 10711 eV?), gray dashed (Am? = 10712eV?, Am3 = 1.2 x 107" eV?), and
black solid (Am? = 10713 eVZ, Am3 = 1.2 x 107'2eV?) lines are due to the composite
matter effect “MSW+Oscillation” with a given global best-fit AmZ in table-1. And black
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Figure 4. Plot of x2-fitting the model function of eq. (4.29) to a set of data.

Model function 615[°] x%/d.o.f goodness-of-fit | Am2;[107%eV?] Am?[eV?]  Am3[eV?]
prse) 34.62 1.55/2 54.0% 4.85 0 0
prGyse) 3226  1.12/2 57.1% 7.49 0 0

P, 33.76  2.88/4 57.8% 7.39 10718 12x107H
P, 33.48 12.05/4 1.7% 7.39 10712 12x1071
P, 33.12  1.80/4 77.2% 7.39 10718 1.2x10712
P, 35.07  6.46/4 16.7% 4.85 1071 12x107H
P, 33.35  5.57/4 23.3% 6.11 10713 5x 10712

Table 2. Chi-square fit of 615 for various Am3; and Am?@).

dotted (solar best-fit Am?Z = 4.85 x 107 eV? of eq. (2.17) and Am? = 10"13eV?, Am3 =
1.2 x 107" eV?) and brown solid line (Am3; = 6.11 x 107°eV? and Am? = 10783 eV?
Am3 =5 x 107'2eV?) are due to the composite matter effect.

According to table 2 and figure 4, the gray dashed line (with x2/d.o.f = 12.05/4)
is excluded at the 98.3% C.L. Thus, a range of Am? favors Am? < 10713 eV? which is
consistent with that of eq. (4.34). As expected, the black solid line (with x?/d.o.f = 1.80/4)
will approach to the blue solid line of 3vSF but give a much better fit due to a relatively large
degrees of freedom when Am3 < 1.2 x 10712 eV? leading to the vanishing oscillation effect.
Thus, we can conservatively take a range of Am3 to be Am3 ~ O(107 eV?), as expected
in eq. (4.32), in a similar ball park. Comparing x? goodness-of-fit between the blue dotted
line (with x?/d.o.f = 1.55/2) and the blue solid line (with x?/d.o.f = 1.12/2) for the MSW
effect shows that the latter gives a better fit but comparable, however, the former may give
a better but comparable fit once the data of ref. [16] are used. Interestingly enough, the
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x? goodness-of-fit of the red solid line (with x2/d.o.f = 2.88/4) for the composite matter
effect is well consistent with that of the blue solid line (with x?/d.o.f = 1.12/2) for the
only MSW effect.

All the data shown in figure 3 and 4 that are consistent with the rough estimations of
egs. (4.32) and (4.34) favor

Ami <1072V, Amj ~ 01071 eV2, (4.38)

through the composite matter effects. This indicates that our new oscillation scenario
can be a good candidate for explanation of a MSW-LMA solution to the solar neutrino
tension. Future precise measurements of ®B and pep solar neutrinos may confirm and/or
improve the value of Am3 as a solution to the solar neutrino tension, including future
measurements of hep solar neutrino which has not been detected yet. Moreover, future
precise measurements of the carbon-nitrogen-oxygen (CNO) cycle neutrinos together with
the recent measurements by Borexino Collaboration [85], one of two sets of nuclear fusion
reactions, will give a full understanding of solar neutrinos at less than few MeV, as well as
the nuclear fission processes inside the Sun.

5 Conclusion

This is the first theoretical study of a would-be solution to the so-called solar neutrino ten-
sion why solar neutrinos at SNO, SK, and Borexino experiments appear to mix differently
from reactor antineutrinos at KamLAND. Three gauge-singlet neutrinos added to the stan-
dard model Lagrangian make the neutrinos massive, as required by experimental observa-
tions. A unitary condition is imposed to the 6 X 6 mixing matrix which connects the interac-
tion eigenstates with the mass eigenstates. Then the extended theory with three light sterile
neutrinos forms pseudo-Dirac pairs that augment three additional oscillation parameter sets
(Am?, ;) besides the six oscillation parameters of the 3vSF (Ami |, Am3,,,, 012,023, 013,
Scp): two Amig < O(1071) eV? optimized at ABL (2 Les = 149.6 x 10° km, earth-sun
distance) oscillation experiments and one Am2g; ~ O(1)eV? optimized at reactor SBL
oscillation experiments (with their corresponding mixing angles |6 (2)| = 0 < |03] ~ O(1)).
If the light sterile neutrinos exist and have particular masses, each of them should produce
a unique feature that is detectable by its optimized experiment.

In the extended theory, we have derived a general transition probability between the
massive neutrinos (that a flavor eigenstate v, becomes flavor eigenstate vz with «, 8 =
e, i1, 7) that can have a potential for explaining the anomalous phenomena (the solar neu-
trino tension plus SBL anomalies) in terms of neutrino oscillations. Assuming no sterile
neutrinos are initially generated when electron neutrinos are produced in the Sun by nu-
clear reactions. Then, we have re-examined the MSW matter effects in our theoretical
framework and suggested a solution to the solar neutrino tension with a so-called compos-
ite matter effect that causes a neutrino flavor change with new oscillatory terms containing
AmZpr < O(1071) eV so that |Am?| < |[Am3| < 0(1071) eV < |[AmE| ~ O(1) eV2.
We stress that, contrary to the conventional matter effect that causes a change in the flavor
content of a neutrino but without sinusoidal oscillation, the composite matter effect causes

~93 -



a neutrino flavor change via the effects of sinusoidal oscillation induced by the oscillatory
terms containing Am3p;, as well as the MSW matter effect.

With the composite matter effect of our theoretical framework, we have shown that the
values of Am? measured in reactor KamLAND, Am%; = 7.49701% x 107° eV? [23], can be
compatible with those measured in solar neutrino experiments (SNO, SK, and Borexino)
at energies (> 3MeV) for Am? < 10712eV? and Am3 ~ O(107!!)eV?, as summarized
in figure 3 and figure 4. This indicates that our new oscillation scenario can be a good
candidate for explanation of a MSW-LMA solution to the solar neutrino tension. However,
as shown in table 2 and figure 4, it is clear that the new scenario is not much more
preferred than the standard case. In other words, the current data (solar data alone) is not
precise enough to test the proposed scenario. Future precise measurements of 8B and pep
solar neutrinos may confirm and/or improve the value of Am3 as a solution to the solar
neutrino tension, including future measurements of hep solar neutrino which has not been
detected yet.
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