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ABSTRACT: We compute the topological entanglement entropy for a large set of lattice
models in d-dimensions. It is well known that many such quantum systems can be con-
structed out of lattice gauge models. For dimensionality higher than two, there are gener-
alizations going beyond gauge theories, which are called higher gauge theories and rely on
higher-order generalizations of groups. Our main concern is a large class of d-dimensional
quantum systems derived from Abelian higher gauge theories. In this paper, we derive
a general formula for the bipartition entanglement entropy for this class of models, and
from it we extract both the area law and the sub-leading terms, which explicitly depend
on the topology of the entangling surface. We show that the entanglement entropy S4 in
a sub-region A is proportional to log(GSD ), where GSD ; is the ground state degener-
acy of a particular restriction of the full model to A. The quantity GSD ; can be further
divided into a contribution that scales with the size of the boundary 0A and a term which
depends on the topology of JA. There is also a topological contribution coming from A
itself, that may be non-zero when A has a non-trivial homology. We present some examples
and discuss how the topology of A affects the topological entropy. Our formalism allows
us to do most of the calculation for arbitrary dimension d. The result is in agreement with
entanglement calculations for known topological models.
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Introduction

The concept of entanglement entropy in quantum many-body systems is increasingly gain-

ing relevance for both the quantum information and the condensed matter theory commu-

nities. In the latter case, the interest comes from applying ideas of quantum information

that could provide new tools for the study of quantum many-body systems and, in con-

sequence, to deepen the understanding of their quantum phases. In particular, questions

about the scaling of this entropy with the system size appear to be relevant as an indicator

for quantum entanglement. Of particular interest is the scaling of entanglement entropy for



ground states of gapped systems, since they often follow an area law [1-3]. More precisely,
if we consider a distinguished sub-region A of the total system, the scaling of entanglement
entropy is linear with the boundary of the region, dA. See [2] for a detailed account on the
occurrence of area laws for the entanglement entropy of quantum systems.

The growing interest on the study of entanglement entropy in quantum many-body
systems arises from different points of view. For example, a source of interest in the scaling
area law of entanglement entropy comes from asking whether a quantum many-body system
can be simulated by a classical computer. The scaling of entanglement entropy specifies
how well a given many-body quantum state can be approximated by a matrix-product
state or a PEPS [4]. More importantly for the purposes of this work, the topological
entanglement entropy [3, 5] arises as an interesting probe for topological order [6-8] in
quantum states. The entanglement entropy calculated in the ground states of topologically
ordered states follows an area law plus a universal correction indicating the presence of
long-range entanglement.

Topological phases of matter are usually characterized by exhibiting long-range entan-
glement and non-local order parameters such as the ground state degeneracy (G\SD) and
topological spins. In addition, entanglement entropy turns out to be a good measure of
the presence of topological order [9, 10]. Details about the connection between topological
entanglement entropy and topological order are for example exposed in [5, 8, 11]. For two
dimensional topological phases, the scaling of the entanglement entropy presents a constant
term [3, 5] that corresponds to the topological entropy. This result is examined in detail
for the Toric Code in [11-14]. In this paper, we show that this extends to Abelian higher
gauge models in all dimensions. Indeed if the model is topological, it presents a non-zero
topological entropy given in terms of the higher cohomology groups of both the bulk and
the boundary dA of the subregion A.

In general, two dimensional topological order and topological entropy are relatively
well understood. The same cannot be said about higher dimensional topological phases.
Our interest here is to shed some light on the main features of topological entanglement
entropy in dimensions higher than two. To do so, we restrict ourselves to study Abelian
lattice models that come from higher gauge theories, such as the ones studied by [15—
23]. Some of these models are topological. They present a ground state degeneracy that
depends on the topology of the underlying manifold, and extended excitations generalizing
anyons to higher dimensions. The models presented here can be interpreted as higher
gauge generalizations of the Toric Code. This simplification allows us to work in arbitrary
dimensions and to understand in detail how these models depend on the topology of the
underlying manifold. In the present work we look at the topological entropy and how it
depends on the topology of the subregion A.

The definition of entanglement entropy is straightforward: we consider a bipartition of
the system into a sub-region A and its complement (B). Let p be the density matrix of the
ground space state, defined in the whole lattice. Then, pg = Trp(p) is the reduced density
matrix, obtained by tracing out the contribution from region (B). The entanglement
entropy is then defined as the von Neumann entropy of the reduced density matrix, namely,

Sa:=—-Tr(palogpa). (1.1)



In a gapped phase, the entanglement entropy is expected to satisfy an area law as the
leading term. The topological information is contained in subleading terms and, in general,
it is not easy to extract. Several prescriptions [3, 5| were constructed in order to extract
the topological correction to the entanglement entropy in two dimensional gapped systems.
These prescriptions have been generalized [24, 25] for d = 3 and, consequently, used to
successfully obtain the entanglement entropy of fracton models [26, 27].

In this paper, we study the entanglement entropy of n-dimensional Abelian higher
gauge theories, all at once, without the need to adapt the procedure for each dimension.
This can be achieved by using the language of homological algebra, in which higher gauge
theories are naturally described as shown in [19]. The way the entanglement entropy is
obtained, in essence, relies on the fact that the lattice models are constructed as stabilizer
codes [28]. Similar calculations for stabilizer codes are performed in [12, 29-32]. The result
obtained for the entanglement entropy relates this quantity to the ground state degeneracy
of an associated model, which we write as

Sa=log (GSDy), (1.2)

where GSD j is the ground state degeneracy of a particular restriction of the original model,
to be defined in section 4.1. We show that this result allows us to write S4 as a sum of two
terms. The first one Sy4 is in agreement with the area laws depending on the geometry
of the boundary 0A, while the second term Stop, is explicitly topological, depending on
the topology of both the bulk of the region A and its boundary 0A. This result holds
for any higher gauge theory in the sense of [19] and for any dimension d. We explicitly
calculate examples where the topological term depends not only on the Betti numbers of
the subregion A and its boundary 0A, but also on more exotic properties.

The paper is structured as follows. In section 2 we begin by reviewing Abelian higher
gauge theories in detail, this is done by giving explicitly an example. Next, in section 3
we show how these models are easily described in the language of homological algebras,
as described in detail in [19]. In section 4 the calculation of the entanglement entropy is
performed, and we show how to extract both the area law and the topological entropy from
it. In section 5 we apply the results of section 4 to examples in 2D and 3D. We end the
paper with some final remarks in section 6.

2 DModels from Abelian higher gauge theories. The warm-up example

Before we define our class of models in full generality, it is convenient to first present an
examples in 3 dimensions. It will be described in the usual way as a many-body system
defined on a lattice. The Hilbert space H consists of quantum states attached to elements of
the lattice such as vertices, links, and plaquettes. A Hamiltonian H acting on H completes
the picture.

In section 3 we will introduce a formalism that allows us to describe all models in
this class in a unified way for all dimensions; this is made possible by employing a few
constructions coming from homological algebra. As far as the present section, we don’t
need to be concerned with all the homological details, but we will point out some of the



chain complexes that will be part of the construction presented in section 3. It is worth
mentioning again that the example exhibited in this section is merely illustrative. We
choose to present the model for a 3-dimensional cubic lattice to be more intuitive. Through
our formalism, to be presented in section 3, these models can be defined and studied in
any dimension d for more general cell decompositions, including simplicial complexes.

2.1 0,1,2-gauge in 3D

This model is a generalization of an ordinary gauge theory. In addition to the states local-
ized on the links and labeled by an Abelian group G, we also have states associated with
plaquettes that are labelled by another Abelian group Gs, and states on vertices associated
to the Abelia group Gy. Here we use the additive notation for the group operation. When
Gy, Go are trivial we recover the Quantum Double model defined in 3-dimensions. When
Gy = 0, this class of models corresponds to an Abelian version of the models constructed
in [17, 18], where 2-groups were considered. We will leave the discussion about the relation
between our formalism and the one based on 2-groups (or more generally, n-groups) to
section 3. Here we are working with a particular case of Abelian 2-groups, where the only
data we need is expressed by the group homomorphism 82G 1 Gy — G

For simplicity, we consider a 3-dimensional space ¥ discretized by a cubic lattice. Let
Ky, K1, Ko and K3 be the sets of vertices, links, faces and cubes, respectively. For each
vertex v € K we have a Hilbert space H, with orthornomal basis {|h),h € Go}. For each
link [ € K; we have a Hilbert space H; with orthornomal basis {|g),g € G1}. For each
plaquette p € Ky we have a Hilbert space H, with orthornomal basis {|a),a € G2}. We
call this kind of model a 0,1, 2-gauge theory to indicate that there are quantum states
associated with sets Ky (vertices), K; (links) and K5 (plaquettes). The total Hilbert space
is the tensor product over all local Hilbert spaces, namely

H= ) Ho Q) Hi (X Hy. (2.1)

veEKp leK, pEK>
It is convenient to represent a basis element of H as functions (fo, f1, f2), where f; : K; —
Gy, for 1 = 0,1,2. We will use a notation where each element of the lattice will have a
group element attached in order to represent the functions f;.
The Hamiltonian has the form

H:—ZAU—ZAZ—ZBZ—ZBP—ZBC, (2.2)
veKp leEK leKy peEKs ceK3

and is composed by a sum of commuting projectors labelled by vertices, links, plaquettes
and cubes. The vertex operator A, is a sum of gauge transformations. In other words,

1
Ay = — E A? | where:
|G
geG1

Higher gauge transformations appear in the definition of A;:

1
A= —— A8,
! Gs| Z l

BeG:
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Figure 1. The action of Af is shown on an initial arbitrary basis state, involving the link [ € K3
and its four adjacent plaquettes.

The elementary transformation Alﬂ acts on the adjacent plaquettes with 8 € G5 and on
the link with (0$3), as shown in figure 1.

The 0-holonomy operator, B;, compares the gauge fields of adjacent vertices with the
map 31G applied to the link degree of freedom, namely

B |0——®) = bz - v.6f9) | O—>—D) (2.4

The 1-holonomy is not exactly the same as in the Quantum Double models: the operator
B, is defined by

B, |dp o Ab :(5(a+b—c—d,82Ga) dA a Ab ). (2.5)
7 7

Note that this operator gives eigenvalue 1 when the holonomy of the plaquette is equal
to 82G a. To distinguish it from the ordinary holonomy, this operator is usually called fake
holonomy. Here we will use the name 1-holonomy instead.

To simplify our notation, we will denote 95« simply by da whenever there is no danger
of ambiguity. The 2-holonomy operator B. measures the sum of the degrees of freedom
living on the plaquettes that compose the boundary of the cube ¢, with eigenvalue 1 when
the result of the sum equals zero and eigenvalue zero otherwise, as defined in equation (2.6):

az 6 az
B, |l > =0 | > (-1)%0;,0 | ||« > (2.6)

[ ] =1 o

where o/ = {0, 1} takes into account the relative orientation of the faces with respect to the
cube, similarly to the 2-holonomy operator. A discussion about the topological properties
of this model, such as ground state degeneracy (GSD), will be postponed until we present
the general formalism.

The data needed to cast this model into the formalism of section 3 is as follows. One
needs to specify a pair of chain complexes. The first one represents the discretization of
the manifold and is given by

005 200 2 0 25 0y 0, (2.7)



where C; is generated by K; and 0; is the boundary map, for ¢ = 1,2,3. The algebraic
data is also a chain complex of the form

o5 of
0— Gy — G — Gy — 0. (2.8)

Example 2.1. GO = G1 = ZQ, G2 = Z4.

The groups that label the degrees of freedom are chosen to be Gy = G; = Zy = {0, 1}
and Gy = Z4 = {0,1,2,3}. Moreover, the homomorphism that relates 1,2-gauge fields
is chosen to be such that 82G (1) = 1. As in the previous example, we use a graphical
description for the basis states as follows:

e a dotted line through a plaquette when it holds a |2) p state, and an oriented dashed
line for the [1,3),, states,

e for the links we picture a gray surface orthogonal to it for |1); state, no surface for
the |0), state,

e a gray volume for vertices in |1), state.

The flat configurations of the theory are those that are invariant under the actions of Bj,
B, and B, for all link [, plaquettes p and cubes c of the lattice. Such configurations consist
of dotted or dashed loops, conditions that are enforced by B.. The 1-holonomy operator
B, implies that every dashed line encloses a gray surface, which is the boundary of a gray
volume. If ¥ has the topology of a 3-dimensional ball, there is only one ground state
given by

GS) =T[4 J]4 R 1), R 1), R 1), (2.9)
v l v l p

For manifolds with exotic topologies, the number of ground states depends on the number
of non-equivalent non-contractible closed surfaces one can drawn over . The topological
nature of this model will become clearer when we introduce the general formalism in 3.

Now that we are familiar with some examples of Abelian higher gauge theories, we are
ready to describe them all at once using a more general mathematical structure. The more
general framework that is going to be exhibited in the next section also allows to compute
the entanglement entropy, in the more general case, as we will show in section 4.

3 Review of Abelian higher gauge theories

The model presented on section 2 is an example of what we call Abelian higher gauge
theories introduced in [19]. It is useful to describe them using a formalism borrowed
from Homological Algebra since it allows us to handle a large class of models of arbitrary
dimensions. In this section we recall from [19] only the basic notation and results needed
to calculate the entanglement entropy for any such model. We refer to [19] for further
details. We have indicated in the last section that the models are parameterized by two
chain complexes. The first one is geometrical in nature and accounts for the structure of the



lattice. As for the second, it is a chain complex of finite Abelian groups encoding the higher
gauge group of the model. There will be one model (Hilbert space and Hamiltonian) for
any such choice of chain complexes. The choices corresponding to the example was given
in section 2.

A simplicial decomposition is a natural choice for lattices of any dimension. Although
the formalism can accommodate for any finite cell decomposition we will assume that the
lattice K is made of simplices. In other words

K=KoUKiyU---UK_,

where K, is the (finite) set of n-dimensional simplices. We would like to point out that
there are no further assumptions on K, which makes the formalism very flexible. For
instance, K may have a boundary and may not have a uniform dimension
It is a standard procedure [33] to associate to K a chain complex
oy oy ag ¢

05C 5 Cpq =5 ... 201 5 Cy— 0, (3.1)
which we will denote by (C(K),d), where 0 represents the trivial group. We recall that
C,, is the Abelian group freely generated by K,. In other words, if we write the group
operation as an addition operation, ¢ € C), is given by a formal linear combination

c= Z n(z)x (3.2)

reK,

with n(z) € Z. The homomorphisms 95 : C,, — C,,_; are the usual boundary maps.
To describe the higher gauge groups that label the degrees of freedom in the simplicial
complex, we introduce a chain complex (G, 9%) of finite Abelian groups given by
g oy ag ¢
025Gy -5 Gy =5 225G 5 Gy —0, (3.3)
where 0 denotes the trivial group and GG Gy — Gp_1 are group homomorphisms such
that 8G o p+1 =0, for any 0 < p < d. Note that the d = 2 case, i.e., the chain

86‘
0— Gy —=G1—0 (3.4)

can be recast into the language of strict 2-groups or equivalently, crossed modules, which
were used in [17] to construct models of topological phases in 3 + 1 dimensions based on
higher gauge theories. A crossed module is a quadruple G = (G, G2, 9,1>), where G and
G are groups, 0 : Go — G is a group homomorphism and > : G X Gy — G» is an action
of G1 on G, which satisfies the following conditions:

dgv a) = g(da)g™, (3.5)
(0B) > a = BaB™L. (3.6)
Since we consider only Abelian groups, the chain (3.4) defines a crossed module with trivial

action. In fact, the general case where the chain complex (G,3%) is composed of d + 1
groups can be reformulated in the language of (Abelian) strict (d + 1)-groups.
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Figure 2. A configuration f € hom(C, &), consisting on a collection of homomorphisms {f,}.

Now, we define a gauge configuration f to be an assignment of a group element g € G,
for each element x € K,,. In other words, a gauge configuration is a sequence f = { fn}flz:o
of functions such that

fnt Kn = G, (3.7)
x = fo(z).

Strictly speaking, we should call f a higher-gauge configuration. Only in the case when
all groups except G are trivial f is a proper gauge configuration, as can be seen from the
examples of last section. For simplicity, we will keep using “gauge configuration” to mean
a generic f.

Because C), is freely generated by K, each map f, in (3.7) defines a unique group
homomorphism f, : C,, — G,, which is given by the extension of f,, by linearity, i.e., if
c € Cy as in (3.2), then

reK,
We use the same name f,, to denote a gauge configuration as in 3.7 and a homomor-
phism f, : C;, = G, since there is a one to one correspondence between them. The set
Hom(C,,, G;,) of homomorphisms is also an Abelian group if we set

(fn + fn)@:) = fn(x) + fn(x>v fns fn € Hom(Cn,Gn).

It is useful to collect all such Abelian groups in a single direct sum. This simple fact allows
us to view a gauge configuration f as an element of the direct sum

d
hom(C, G)° := @ Hom(C,, Gy) (3.9)
n=0

of Abelian groups. Thus, a gauge configuration can be represented by a collection of maps
between chain complexes, as depicted by the diagram in figure 2. We would like to point
out that figure 2 is not a commuting diagram. When this happens, f € hom(C,G)° is
called a chain map and, as we will see, the corresponding gauge configuration is gauge
equivalent to the trivial one.

We are now in position to define the model by providing a Hilbert space H of states
[9) and a Hamiltonian operator H acting on H. The set hom(C,G)? is finite. Let H be
the complex vector space generated by the orthonormal basis {|f)} fchom(c,cyo- In other
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Figure 3. An element g € hom(C,G)(C,G)! as a sequence {g,}2_, of skewed maps.

words, a state ¢ € H is given by a linear combination

Wwy= > @D, (3.10)

f€hom(C,G)°

where ¥ (f) € C, and the internal product is (f|g) = d(f, g). We can explicit the orthonor-
mal basis {|f)} as a tensor product over the local degrees of freedom living on the simplexes
labeled by the groups.

1) =@ 1) @ 1/0) Q) 1F) Q)+ Q) 1/(s)) (3.11)

veKy le Ky peKso se€EK,

where the tensor product is made over all the O-simplexes (vertices v), 1-simplexes (links
1), 2-simplexes (plaquette p),... through to the d-simplexes associated to a group of the
chain (G, 8G). In order to define the Hamiltonian, we will need to introduce more groups
other than hom(C, G)° given by (3.9). Let us consider the groups hom(C, G)? defined by

d
hom(C, G)P := @) Hom(Cyr, Gn—p). (3.12)
n=0

An element g € hom(C, G)P is a sequence {g,}¢_, of homomorphisms g, : Cp, — Ghn—p-
The example of hom(C, G)! is shown in figure 3.

An important observation is that the sequence of groups hom(C, G)? can be made into a
co-chain complex. This is achieved by considering maps 6 : hom(C, G)? — hom(C, G)P*1,
defined by:

(6Ph)p = hn—1 005 — (—1)PO5_, o hn, (3.13)

with h € hom(C, G)P. In fact, it is straightforward to verify that 6P*1oé? = 0, which turns
the sequence

52 1 6! 0o_ & 1ot
-+« —— hom(C,G)”" ——— hom(C,G)" —— hom(C,G)" —— - -- (3.14)

into a co-chain complex. The expression above shows only the part of the sequence that
is relevant for the present application, please refer to [19] for a more detailed account.
Associated to this co-chain complex, there are the so-called Brown cohomology groups [34]

HP(C, G) = ker(67) /Tm(677 1), (3.15)



which, as shown in [34], are isomorphic to the direct product of the cohomology groups of
the chain complex (C(K),9%) with coefficients in the homology groups of (G,9%), i.e.,

d
H?(C,G) = @O H"(C, Hyp(@)). (3.16)
n=0

From (3.16), it is clear that the cohomology groups defined in equation (3.15) are topo-
logical invariants of the manifold described by the chain complex (C(K),3%). The Brown
cohomology plays a major role in our formalism, as we will see in the following sections.
We refer the reader to [19, 34] and references therein for a more detailed account on Brown
cohomology and on the isomorphism (3.16).

To complete the description, we need to define a chain complex that is the dual
of (3.14). This will be done by dualizing the groups G,, as follows. Let Hom(G,,, U(1)) be
the set of homomorphisms a : G, — U(1), for each 0 < n < d. Since each G,, is Abelian,
this is nothlng but the set of irreducible unitary representatlons of G,,, denoted by G Let
us give G a structure of an Abelian group. Let a,b € G and g € G,,. Let us write the
group operation in Gn as a + b and the inverse of a as —a. The group is defined by setting
(a+b)(g) = a(g)b(g) and (—a)(g) = (a(g))~!. In order to dualize (3.14) we first define the
dual hom(C, G),, of (3.12) as

d
hom(C, G), = GBHom(Cm @n_p). (3.17)

n=0

As before, an element m € hom(C, G),, is a sequence {m,,}¢_, with m,, € Hom(C,, G,_,).
Each m,, is completely defined by its values on the generators = € K,,. This allows us to
introduce a pairing

(-,-) - hom(C, G), x hom(C, G)? — U(1)
(m, ) = (m, f) (3.18)

given by
(m, £y =] TI mn(@)(fu()). (3.19)
n=0 zeK,

Let us define a boundary map 4, : hom(C, G), — hom(C, G),—1 given by

(Opm, [) = (m, 671 f), (3.20)

where m € hom(C, G), and f € hom(C,G)P~L. Clearly, §, o ,+1 = 0 and thus the chain
complex dual to (3.14) that we will need is given by

e hom(C,G)_y 2 hom(C, o 2 hom(C,G)y 2 ... (3.21)

~10 -



3.1 Operators and Hamiltonian

The Hamiltonian we presented as an example in section 2 have a similar structure. It is a
sum of operators that can be divided in two types. There are higher gauge transformations
and diagonal operators measuring higher holonomies. In the general formalism, these two
sets of operators in H come from the co-chain complex (3.14) and the chain complex (3.21),
respectively. The first set of operators is parametrized by hom(C, G)~! whereas the second
one by hom(C, G);.

For t € hom(C,G)~! and m € hom(C,G); we define:

Aelf) = |f+67 M), (3.22)
B |f) = (m, &) |f). (3.23)

The interpretation of (3.22) and (3.23) can be derived from the special case when the
chain complex (3.3) is made of trivial groups except for G;. The resulting model has the
familiar form of a gauge theory on the lattice. In this case, it follows that a configuration
f € hom(C, G)° assigns one group element of G for each link of the lattice, as expected in a
ordinary gauge theory. Furthermore, ¢t € hom(C,G)~! gives a group element g(v) € G; for
each vertex v of the lattice. One can verify that A; performs on each vertex v an ordinary
gauge transformation with parameter g(v). As for the general case, f and A; define what we
mean by higher gauge configurations and higher gauge transformations. As we pointed out
before, we will keep calling them gauge configurations and gauge transformations. Going
back to the special case, we need to look at the eigenvalue (m, 8% f) of B,, to see what is it
measuring. It follows from the definition that 6°f € hom(C,G)! and m € hom(C, G)1, it
assigns to each face p of the lattice its holonomy h, and a unitary representation y, € U(1)
respectively. Operators B,, are therefore measuring the number Hp Xp(hp) depending on
all holonomies of the lattice.

The first thing to be noticed is that both A; and B, are not localized as they act on
the entire lattice. For the definition of the Hamiltonian, however, we need to define local
projectors. This is easily achieved by taking ¢ and m with a local support in the lattice K
and averaging over the groups.

Definition 3.1 (Localized maps). Let z € K,,, g € Gp+1 and 1 € G,_1. We define the
local maps é[n, z,7] € hom(C,G); and e[n, z, g] € hom(C,G)~! by

e[n,z, g|(y) == {g, ify== (3.24)

0, otherwise
eln,z,r](f) :=r(fu(z)), (3.25)
where y € K, and f € hom(C,G)P.

Definition 3.2 (Local projector operators). Let x € K,,,g € Gpt1, 7 € Gn_1. We
define local gauge projector A, and local holonomy projector B, ; as:

1
A"@: |G +1| Z Ae[n,x,g]a (326)
" 9€Gn11
1
Bpa = Bty ol 3.27
= o] 2 D (327
TEGn71

- 11 -



The Hamiltonian operator H is defined as

d d
H==> > Awz—Y_ > Bua (3.28)

n=0zcK, n=0zcK,

It is straightforward to show that A,, , and B, , are commuting projectors. Further-
more, in the special case where the chain complex (G,9%) has only G different from the
trivial group, we recover the quantum double model with group Gi. Also, by choosing
(G, 8G) we can reproduce the example we have discussed in the last section.

This Hamiltonian is actually frustration free since there is at least one state that gives
eigenvalue 1 for all A, , and B,, ;. Let |0) denotes the state labeled by the trivial element
of the group hom(C, G)°. It corresponds to a configuration that maps all elements of K,
to 0 € G, for all n. Let us define

d
0 =11 II Anal0)-
n=0 {L‘EKn
One can show that |0) is non zero and

An,:c
Bn,x

0 =10)¢ (3.29)

for all0 <n < d and z € K,,. Therefore, a state |¢) is in the ground state H if and only if

An,m |sz)> = W)) s (3'31)
Bn,a: |¢> = ‘¢> ) (3‘32)

forall0 <n<dand z € K,.
It is useful to characterize Hg in another way. Let us consider the following operators:

1. projector Ag given by

1
== E A 3.33
A0 = Thom(@, &) " (3.33)
tchom(C,G)~1

that maps any state |f) € H into a normalized sum of gauge equivalent states;

2. projector By given by

1
R — E B, .34
Bo [lhom(C, G)1| (3.34)
mé&hom(C,G)1

which gives eigenvalue 1 for a state |f) € H, only if satisfies f € ker(6°); in other
words, it projects onto the flat holonomy sector of H.

As stated in [19], the projector IIy on the ground state subspace Ho can be written as

HO = AOBO . (335)
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Furthermore, the dimension of Hg is determined by the zeroth Brown cohomology group
H%(C, G) of the cochain complex in eq. (3.14), which explicitly shows how the ground state
degeneracy depends on the topology of the underlying manifold. This result can be stated
more precisely as follows:

Theorem 3.3 (Dimension of the ground state subspace). The dimension GSD =
dim(Ho) of the ground state subspace Ho is given by the number of flat states |ker(8°)],
modulo the gauge equivalence |Tm(5~1)|, that is

 |ker(8%)]

p— 220
5D = (o))

d
|H(C,G)| = ] I1H'(C, Ha(G))]. (3.36)

n=0

Proof. The proof of this theorem can be found in [19] as its main result.

3.2 Example

To see how this general framework works, let us review the example given in section 2, this
time built from the formalism presented in section 3.

3.2.1 0,1, 2-gauge

The 0, 1, 2-gauge model presented in section 2.1 comes from the chain complex (C,d%)
given in equation (2.7). We show the relevant maps in figure 4, in particular:

e (lassical gauge configurations now consider degrees of freedom on plaquettes given
by maps fo € Hom(Cy, G2), in addition to the link configurations defined by f; €
Hom(C1,Gq), and the configurations for the vertices fy € Hom(Cy, Go). In figure 4
they are represented as straight lines.

e The generalized notion of gauge transformations include 1-gauge transformations
given by maps typ € Hom(Cp, G1) and 2-gauge transformation, from every link to its
neighbor plaquettes ¢t; € Hom(C1,G2). In figure 4 they are represented as skewed
dotted lines.

e We have as holonomy maps: the 1-holonomy with the functions m; € Hom(C1, Go),
the 1-holonomy which is measured by maps mg € Hom(Co, G’l) and the 2-holonomy
measured by ms € Hom(Cs, Gg) They are nt represented in the figure, but they
would be skewed in the opposite direction of the gauge transformations.

So the Hamiltonian in equation (2.2) is obtained by the decomposition for the maps:

1 1
H=-3_ Ghl > Adosa = D [Gol D Aduag +

z€Ko geGy zeKq g€Ga
1 1 1
- 1Gol D Bepyal — e > Bipyal = Y. Gl > Bisys  (337)
vek: 06 ey M A e, 2|
re€Go ¥ reGi Y reGy

Now that we have familiarized with the general theory with the help of the example,
we are ready to proceed onto the next section, where we present the main results of this
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Figure 4. Chain complexes for the 0, 1, 2-gauge model 4.

paper. The calculation of the entanglement entropy for all Abelian higher gauge theories
can be carried out in general. The result obtained relates the entanglement entropy of
an Abelian higher gauge theory to the GSD of a related theory, as we will precisely see.
Furthermore we also compute the topological contribution to the entanglement entropy.

4 Entanglement entropy in Abelian higher gauge theories

In this section we calculate the entanglement entropy for the class of models defined in [19]
and reviewed in section 3. We begin by defining the bipartition of the (C’ (K), 80) chain
complex into a subcomplex (C(K A), 65) and its complement. We then observe that an
associated higher gauge theory can be defined in the subcomplex (C(K4), 82) which will
be useful for both the calculation and the interpretation of the results. As usual, we begin
by introducing the density matrix p in terms of the ground state projector of (3.35). The
reduced density matrix p4 = Trp(p) is then obtained and shown to be best written in terms
of the local operators of the higher gauge theory defined in the subcomplex (C’ (Ka), (‘)g).
The entanglement entropy is the von Neumann entropy of the reduced density matrix

Sa = —Tr(palogpa).

The result we obtain relates this quantity to a restricted gauge theory in region A. In par-
ticular, we show that the entanglement entropy of a higher gauge theory with Hamiltonian
as in (3.28) is equal to the logarithm of the ground state degeneracy GSD ; of a related
higher gauge theory restricted to region A, in other words

SA = log (GSDA) .

We further analyze the result to extract the topological information. As we will explain in
section 4.43, the entropy S has two terms:

SA = SaA + STopm (41)

where Sp4 scales with the size of the boundary and Stp, is a constant contribution de-
pending on the topology of A and its boundary 0A.

4.1 Bipartition of the geometrical chain complex

We recall from section 3 that the geometrical content of the model is given by the chain
complex (C(K),d%) encoding the lattice. We consider a simplicial chain complex for
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convenience. In order to calculate the entanglement entropy we first need to define the
bipartition of the lattice. The system is divided into two regions A and B, where A is the
region we have access, as in [27, 29, 30].

We split the simplicial complex K = Ui:o K, into a subcomplex K4 of dimension
d by choosing a smaller subset Kq4 C K, together with their subcomplexes of smaller
dimension. Then K4 is a subcomplex as the boundary maps are well defined, i.e. their
image belong to the subcomplex K 4. For each 0 < n < d dimension the sets of n-simplices
is divided in the form K,, = K,, o U K, g, where K, 4 is the set of n-simplices in region A
and K, p the set of simplices in region B. We do this in such a way that K4 = Uz:o Kya
is a subcomplex of K. Note that in general the complement K is not a simplicial complex
on its own, as its boundary maps may have image in K 4.

Let (), 4 be the n-chain group generated by the n-simplices, x € K, 4, of region A.
Let also 87(57 4 Cna — Cy_1,4 be the restriction of the boundary map 8,(5 into the subset
K, 4. Clearly 87(;:14 o 87%_1714 = 0. This makes (C(KA), (‘92) into a chain complex

95 A 07 1,4 5 4 of 4
CdA—>Cd 1,A > e ClA—>COA (4.2)

Let us apply the construction reviewed in section 3 to the (C (Ka), 85) complex together
with the same chain complex of Abelian groups in (3.3), namely

s g | s ¢
0—>Gd——>Gd 1—> ——>G1——>G0—>0 (4.3)

Homomorphisms between the two chain complexes (4.2) and (4.3) can be constructed
giving rise to the groups

hom(Cya, G)P = @ Hom(Cyp 4, Gn—p)-

Elements of such groups are sequences of morphisms f,, 4 : C, 4 — G, —p whose support
lies on K 4. For example, a gauge configuration on region A is an assignment of a group
element g € Gy, for each element z € K, 4. This is, a collection of maps fa = {f, 4} for
n=20,1,...,d, where:

fn,A : Kn,A — G,

x = fna(z).

Therefore, gauge configurations in A can be viewed as elements of the group

hom(Cjy, G @Hom 'n,A, Gn).

The set of vectors {|f) 4}, labeled by group elements f € hom(Cy,G)°, form a basis of the
Hilbert space H 4. In other words, a state |¥) , € H 4 is written as

(W) 4 = Z U(f)1f)a

f€hom(C4,G)0
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Similarly, we have the group hom(C4,G)~! whose elements serve as parameters for the
higher gauge transformations as well as the dual group hom(C4, G); that parametrizes the
higher gauge holonomy operators. More importantly, a higher gauge theory in region A
can be defined by considering a chain complex similar to the one in (3.14), that is,

—1

1) 59
hom(Cy, G) ™t =25 hom(Cy4, G)° 2 hom(Cy, G)*, (4.4)
where the co-boundary map & : hom(Cy4, G)? — hom(C4, G)P~! is defined by
(6Zf)n = fnfl,A o 87?:A - (_1)1)8571) © fn,A'

4.2 Reduced density matrix

As usual, we start by introducing the density matrix p of the model with Hamiltonian (3.28),
given by
R ! )
P % ()~ GSD’
where IIy : H — Ho is the ground state projector of eq. (3.35) and GSD stands for the
ground state degeneracy of eq. (3.36). We start from a product state, a linear combination

(4.5)

of the ground space states, which are independent states.
From (3.35) we know that the ground state projector Iy can be written in terms of
the projectors in (3.33) and (3.34) as

1 1
Iy = 7———— A —_— By | . 4.
0 |hom(C,G)*1| Z t |h0m(C,G)1| Z ( 6)
tchom(C,G)~1 me€hom(C,G)1

However, we want to re-parametrize the two sums in the above equation such that they
run over non trivial elements only. In other words, we want to factor the redundancies out
of the sums, reframing the sum as sum over classes. This can be achieved by looking at the
group structure of hom(C,G)~! and hom(C,G);. Take for instance hom(C, G)~! whose
elements parametrize the higher gauge transformations of the theory. The redundancies
in the sum over t € hom(C,G)~! of (4.6) come from elements that act trivially over
quantum states (examples of such elements are shown in section 5). Recall that gauge
transformations act on actual states by means of the 6~ operator. Thus, we can identify the
elements of hom(C, G)~! that act trivially on states: they form a subgroup of hom(C, G)~!
called the kernel and given by ker(6~1) := {t € hom(C,G)~!|6-1(t) = 0}, where 0 €
hom(C, G)? is the identity element that labels the trivial gauge configuration. Morever,
non-trivial gauge transformations are parametrized by elements of hom(C,G)~! that are
not mapped to the identity by 6!, they define a subgroup of hom(C, G)° known as image
and denoted Im(6~1). Both the kernel and the image of the co-boundary map, §~!, are
related to each other by the first isomorphism theorem [35] which in this case reads

hom(C, G) 1

ker(6-1) ~ Im(6~1). (4.7)
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Elements of the quotient group in the above expression are the cosets of ker(§~!) in
hom(C, G)~1. This is:

hom(C, G)~1

ker(6—1) :={[t] |t € hom(C, G)_1}7

where the coset [t] = {t + h;, h; € ker(67!)} consists on all elements of hom(C, G)~! that
differ from ¢ by an element in ker(6!). This is precisely what we need to factor the sums
in (4.6). The sum over ¢t € hom(C,G)~! can be replaced by a sum over the cosets of

ker(6~1) in hom(C, G)~! as follows:

> A= > ker(671)| As,

-1 om -1
tEhom(C,G) [S]E h; keigjf]?)
where s € [s] is an arbitrary representative of the coset. A similar argument holds for the
sum over m € hom(C, G); which allows to factor out the redundancies from the second sum
in (4.6). By doing this, we ensure that the sums run over independent group elements only:

1 1
R LTI VR E NETOV D ) R

hom(C,G)—1 hom(C,G)q
[t]e ker(6—1) [m} ker(d7)

note that we have used [hom(C,G)™!| = [ker(6§~1)||Im(d~1)| to simplify the normalization
factor of the first sum. A similar identity holds for the second sum. This leaves us with
the density matrix of (4.5) written as:

1 1
= A B, l. 4.9
P = GSD |Im(6—1)|[Im(3y))| 2. ! > (4.9)
hom(C,G)—1 hom(C,G){
[2] ker(6—1) (Ml Tt

We can now proceed to the calculation of the reduced density matrix. Let us consider
the bipartition of the geometric chain complex (C (K), 60) described in section 4.1. This
procedure splits the Hilbert space into two subspaces H = H 4 ® Hp. Then, we obtain the
reduced density matrix by taking the partial trace over region B, this is:

pa:=Trp(p). (4.10)

To evaluate the partial trace we consider a basis {|f,.5)}, where f,, 5 € hom(Cg, G)°
is the restriction of the tensor product 3.11 over simplexes only belonging to B. Therefore
we can write the basis dividing the tensor product:

1)y =1fa) @ 1fB), (4.11)

where |f4) is the tensor product over the elements belonging to the subcomplex A, the
same for complementary B. For simplicity, let us denote its basis as {|b;)}, with i =
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1,2...,dim(Hp). The reduced density matrix is now written:

1 1
— b; AiBy, | 16;), 4.12
where [t] € hom(C.G) 7! and [m] € %&G))l. Both A; and B, are traceless operators unless

ker(6—T)
they are equal to the identity operator, as we show in proposition A.1 of appendix A.

Because of this, the only terms that survive the partial trace are those for which A; and
By, act as identity in Hp. In other words, the only operators that survive the partial
trace are those that act exclusively on H 4. In terms of local operators this means that all
holonomy operators labeled by simplexes that belong to region A will survive the trace. The
case of gauge transformations is more subtle since we need to discard gauge transformations
labeled by elements that lie at the boundary of A as well, see appendix A.

To account for such operators we use the restricted gauge theory defined by the complex
in (4.4) with a slight modification. We are interested on further restricting such a theory
by allowing gauge transformations that act on the interior of K4 only. In other words, we
want to discard the gauge transformations at the boundary dA. To this intent, let us give
a more precise notion of interior of A. Let K, ; = {x € K, a|x N 0A = 0} be the set of
all n-simplices that have no intersection with the boundary of A. Then, the interior of A
is the set A := UZ:O K, i

Recall from section 3 that the higher gauge transformations of a higher gauge theory
are parametrized by elements of the group hom(C,G)~!. Thus, to account for gauge
transformations that act exclusively on the interior of A we just need to consider the
subgroup of hom(C 4, G)~! whose support is contained on A only. This can be done using
the notion of interior of A as follows: consider homomorphisms whose support lie on the
interior of A, namely Hom(C), 5, Gn+1). Let then:

d
hom(C;,G) ™! = @ Hom(C,, 1,Gn1),
n=0

with elements f € hom(C ;, G)P consisting on collections of maps f = {f,}:
fa: K, 5 Guip, (4.13)
z = f(z), (4.14)
where x € K, 7 and f(7) € Gpyp.
It is straightforward to show that hom(C;,G)? is a subgroup of hom(C4, G)?. More-

over, we can define the restriction of the co-coundary operator é” into the interior of A.
This is, 62 := 0P| ;, such that the sequence
-1

0
hom(C1,G)~" 24y hom(Ca, G)° 225 hom(Ca, @)Y, (4.15)

is a co-chain complex, i.e., 594 o 521 = 0. This co-chain complex encodes an Abelian higher
gauge theory over K4 whose gauge transformations are restricted to act on the interior of
A only.
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We can now return to equation (4.12) and evaluate the partial trace of the density
matrix p, which yields

1 1
= A,B, | Trp(1 4.16
PA= GSD [tm(3—1)[[m(5,)] (pzq: ’ q) 5(15) (4.16)
where the sums now run over independent internal gauge transformations
hom(C;,G)~!
pe hom(C, &)™ A ) , (4.17)
ker(6,)
and non-trivial holonomy values in A
hOHl(CA, G)l
c e 4.18
T= Tker(d1]4) (4.18)

Finally, observing that Tr(1p) = dim(Hp) we get for the reduced density matrix:

1 dlIIl (Hp)
= Ap,B
PA= GSD Tm(6—1)|[Im(d1)| (pz )

The above expression can be further simplified as follows: observe that by applying

the first isomorphism theorem [35] on the sequence of eq. (3.14) it is easy to show that the
dimension of the Hilbert space factors into

dim(H) = |hom(C, G)°| = |ker(8")| [Im(s°)].
Also, in appendix B we show that [Im(6°)| = [Im(;)| this allows us to write:
GSD |Tm(671)||Tm(6;)| = dim(H) = dim(H4) dim(Hp),

which in turn yields for the reduced density matrix,

pA= HA (ZA B ) (4.19)

4.3 Entanglement entropy

Having found the reduced density matrix in (4.19) we are able to calculate its Von Neumann
entropy, also known as entanglement entropy. This calculation will require us to evaluate
the logarithm of p4 at some point and this is usually done using a series expansion. In this
sense, we will start by calculating the square of p4:

\Im(éo)HIm
2 = / ! =
PA= dlmHA (ZAB> p/zq:/Aqu dim(H 4)? ZAB

where in the last equality the factors in the numerator come from rearranging the sums

hom(C 4,G) ™! / ~ hom(C4,G)1 . .
Ther(0y) and over ¢ € Tker(0ia) This leaves for the square of the density

over p/ €

matrix:

(8% [Tm (55|
dim(Ha)

P = PA=ApA. (4.20)
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Now we can calculate the logarithm of p4 by series expansion, which yields: log(ps) =

% pa. Finally the entanglement entropy is:

Sa = —Tr(palog(pa)) = —Tr(palog(N)) = log(1/A)Tr(pa) = log(1/N), (4.21)

where we have used Tr(p4) = 1. Let us look at the A factor more carefully, since it encodes
the essential information about the entanglement entropy of the model. By recalling that
dim(H4) = |hom(Ca, G)°| = |ker(69)| [Im(6%)|, we are able to write:

1 dim(H4)  |ker(59)]

. \Im(csg)yjlm(a/gl)\ - ‘Im(égl)\’ .

Equation (4.22) is already very interesting since it relates 1 /X to the ground state degener-
acy (GSD) of the model restricted to H 4 and for which gauge transformations act in the
interior of A only. By replacing this expression into eq. (4.21) we are able to state our first
result, that the entanglement entropy is given by:

‘ker(ég)‘

‘Im(agl)\

Sa =log =log (GSD;) . (4.23)

We want to highlight that the only requirement we asked for the bipartition is that the
simplicial complex K is divided into a subcomplex K 4 and its complement. Therefore, this
result is very general since it is valid for any higher gauge theory of the type described in
sections 2, 3 and constructed in [19] and for any arbitrary dimension.

4.4 Topological entanglement entropy

Having a general result for the bipartition entanglement entropy S4, given by equa-
tion (4.23), it is natural to ask if it is possible to extract from it both the area law and
the sub-leading, possibly topological terms, explicitly exhibiting its dependency on both
the geometry and the topology of the region A. Here we give an answer to this question
and show how S depends on A. We demonstrate that the topological contribution to
the entanglement entropy comes from topological invariants of the sub-region A and from
topological invariants of the entangling surface 0A. These invariants are related to Brown’s
cohomology groups [34]. One can express the cohomology groups of Brown as a product of
all cohomology groups of the manifold in question with coefficients in the homology groups
of the chain complex of groups (4.3) (see [34] for further details). Thus, for higher gauge
theories, the topological entanglement entropy depends on the Betti numbers of A and 0A,
but the actual relation is more involved than the case of 1-gauge theories.

Let’s consider equation (4.23). It depends on the quantity GSD ;, the ground state
degeneracy of a model restricted to the region A without gauge transformations at the
boundary 9dA. This quantity can be rewritten in the following way: multiplying and
dividing it by |Tm(65")|, i.e., the order of the group image of 65", we have

Im(5," 0)| [Im(d75"

(@, w6 Im,h - m(; )] (4.24)
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where, from theorem 3.3, GSD4 = |ker(63)|/[Im(6")| is the ground state degeneracy
of the model restricted to region A. As explained in section 3, GSD4 = [H*(Ca,G)|,
where |H°(C4,G)| is the order of the zeroth Brown cohomology group of the complex
(C4,G). Therefore, GSD4 is a topological invariant of A. However, there are more
topological contributions to the entanglement entropy coming from the entangling surface
0A, which can have non-trivial topology. They are hidden in the term |Im(6£1)\/|Im(6g1)|,
which essentially counts the number of non-equivalent gauge transformations labelled by
simplexes at the boundary 0A of A. To see this, first we note that, in the same way we
constructed a co-chain complex that encodes an Abelian higher gauge theory defined on
the region A but with higher gauge transformations restricted to act on the interior A of A,
we can also construct a co-chain complex that represents an Abelian higher gauge theory
defined on A but with higher gauge transformations that act only on the boundary 9A
of A.

Let K, 94 = {x € K, |z N A= 0} be the set of n-simplices that have no intersection
with the interior of A. Clearly, K, iNKnoa = () and K, U Knpa = Kya. Higher
gauge transformations over A are parameterized by elements of the group hom(Cy4, G)~!.
Therefore, the transformations that act over the boundary of A are parameterized by
the subgroup hom(Cya,G)~! C hom(Cx,G)~ !, whose elements are collections of maps
f = {fn} such that, for each 0 < n <d, f, : K;, 94 — Gpn+1 has support in the boundary
of A. Then, we define the restriction 55{% = (521]3 4 of the co-boundary map 651, therefore

6—1 50
hom(Cpa, G) ™1 2% hom(Cy, G)° -2 hom(Cy, G)* (4.25)
is a co-chain complex since 52‘ o (55}1 = 0. This co-chain complex defines an Abelian

higher gauge theory on A with higher gauge transformations labelled by elements of JA.

From (4.15) and (4.25), we can establish the following result:

Lemma 4.1. .
[Im(d, )]

By

Proof. See appendix C.

We can then focus in studying the set Im(&;j). First, note that we can construct,
for any —d < p < d, the group hom(Cya, G)P = @fl;%) Hom(Cy, 94, Gn—p) and the co-
boundary map &} 4 : hom(Cpa, G)? — hom(Caa, G)PTL just as we did above. Therefore,
we can construct the co-chain complex

654 652 &9
hom(CaA, G)_d NN hom(Cp 4, G)_l 24, hOHl(CaA, G)l — e (4.27)

and, for this co-chain complex, we can also define the Brown cohomology groups
HP(Cya, G) = ker(55,)/Tm(65,1). (4.28)
Now, for any —d < p < d, we have that

lhom(Cya, G)P|
[HP (Ca, G)|[Im (57, )]

Tm(d54)| = (4.29)
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Indeed, since &}, : hom(Cpa, G)P — hom(Cya, G)P*! is a group homomorphism, the first
isomorphism theorem says that

hom(Cya, G)P /ker(85 ) = Tm (8} ,), (4.30)

which implies that
lhom(Cy 4, G)P|

[Tm(65 ,)| = (4.31)
o4 |ker( aA)|
Now, from equation (4.28), we have that
ker(65
HP(Co, G| = L 004)L (132
[T (65,47

so, substituting [ker(8% )| = |HP(Coa, G)|[Im(35 )| into (4.31), we get (4.29). This equa-
tion is a recursion relation that allows us to write [Im(8%,)| in terms of [Im(65,")|. In

particular, for p = —1,
()] = —hom(Con O] (1.33)
[H™(Coa, G)|[Im(5,3)|
Applying (4.29) once more, we have
_ hom(Cpa, G) " HH2(Cha, Q)| _
Im(65;1)] = | ’ o Im(6,3)]. 4.34
100 = TG, GlThom(Con, )2 ) o
This procedure can be continued until we finally reach
_ hom(Cyq, G —d
m(55)] = —on(Coa G) 1 (4.35)

IH=%(Cya, G)||Tm(5, ")

This ends the recursion since |Im(§ 8(d+1))\ = 1 because hom(Cys, G)~@1) = {0} and

55{51“1) is the inclusion map. Putting all together, we have
d
Tm(352) = [ [hom(Coa, G)P|H(Coa, G|, (4.36)
p=1
where @ = 1 when p is odd and @ = —1 when p is even. Thus, we can write |Im(58_j)|

as a product of terms that depend on the geometry of the entangling surface 0A4, i.e.,
the |hom(Cya,G)P| terms, with terms that depend on the topology of JA, that is, the
|HP(Cya, G)| terms, for —d < p < —1.

We can now go back to the entaglement entropy S4. We have that, from equa-
tions (4.23), (4.24) and lemma 4.1,

Sa =log (GSDj;) = log(GSD4) + log ([Im(55,)]) - (4.37)

From (4.36), we have

d

d
log (JIm(6,4)[) = > (—1)""og (Jhom(Cya, G)P|) + Y _(~1)Plog (JHP(Coa, G)]) -
p=1 p=1
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Now, as explained in [19], here we are considering the case where there are finitely many n’s
such that K, is non-empty, and each of these non-empty sets are also finite. Moreover, all
groups G, appearing in the chain complex (G, 8%) are finite. Thus, the groups hom(C, G)P
are finite for all p, and their order is given by

d d
lhom(C, G)P| = [ ] IHom(Crn, Gryp)| = [ [ 1Gn—ypl "l (4.38)
n=0 n=0
In particular,
d—1
lhom(Coa, G) 7P| = [ [Gnypl ™24, (4.39)
n=0

and thus

d—1 d—1
log (Jhom(Cya, G)7?|) = log (H IGn+p|K"’3A|> =Y [Knoallog (|Guipl) . (4.40)

Now, using the isomorphism (3.16), we can write

d
log(GSD.4) = log (|H(C, G)) = 3 log ([H"(C.a, Ha(G)))) (4.41)
n=0
and
d d-1 d
> (=1)Plog (JH"(Coa, G)|) = Y > (~1)"log (IH"(Coa, Husp(@))]) - (4.42)
p=1 n=0 p=1

Therefore, the entanglement entropy S4 can be written as

Sa = Soa + Stopo, (4.43)
where
-1 d
Soa= > (~1)"Knpallog (IGnsl) (4.44)
n=0p=1

is the “area law” term, that is, the term which explicitly depends only on the geometry of
0A, and

d d—1 d
Stopo = Y log ([H"(Ca, Ha(G))) + D Y (=1)"og (IH"(Con, Husp(G))])  (4.45)
n=0 n=0 p=1

is the topological entanglement entropy, i.e., the term that explicitly depends on the topol-
ogy of both A and 0A. To calculate it, we must be able to compute cohomology groups
with coefficients in the homology groups of the chain complex (G, 9%). Cohomology with
coeflicients is related to the usual integral homology through the universal coefficient theo-
rem (see [33] for a general reference), which states that, for any Abelian group D and any
0<n<d,

H"(C, D) = Hom(H,,(C), D) ® Ext'(H,_,(C), D), (4.46)
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Figure 5. We obtain the chain complexes that define Abelian 1-gauge theories in d dimensions by
setting Gy = G2 = 0 in example 2.1. The relevant maps are the configurations associated to the
links f1, the gauge transformations ¢y, and the 1-holonomies mo, as explained in 4.

where H,,(C) is the homology group of order n with integer coefficientes of the chain
complex C' = (C,0%). The Ext! term is related to the torsion part of H,(C), and it is
trivial whenever H, (C) is free. Writting H,,(C) = Z%" & T}, where Z%" corresponds to the
free part of H,(C), (3, being the Betti number of order n of the chain complex C, and T;
is its torsion part, we can see that indeed there is a relation between Stop, and the higher
Betti numbers of both the region A and its boundary dA. In particular, when we consider
manifolds with torsion-free homology groups, the Ext! term in (4.46) is trivial and we have
as a result

|H"(C, D)| = [Hom(H,,(C), D)| = [Hom(Z°", D)| = | D|’". (4.47)

However, the dependency on the Betti numbers of A and JA can be non-trivial when the
homology groups have torsion. In this case we must compute the Ext! term. In section 5,
we illustrate our results by calculating the entanglement entropy of several examples coming
from higher gauge theories, which include the familiar Quantum Double Models in their

Abelian versions.

5 Examples

In this section we calculate the entanglement entropy of the model shown in section 2.
We will use this example to demonstrate how the topology of both A and JA affect the
entanglement entropy. For 1-gauge theories (Abelian Quantum Double Models), we recover

well-known general results for any dimension d.

5.1 1-gauge theories

We consider the general Abelian 1-gauge theory, also known as the Abelian Quantum
Double model, but now in any dimension d. This theory is defined by the chain complexes
in figure 5. This example can be seen as a particular case of the d-dimensional version of
the model introduced in 2.1, where the only non-trivial group is Gj.

The geometrical chain complex, generated by the simplicial complex K = Ui:o K,,
corresponds to the d-dimensional manifold M in which the theory is defined. Let’s consider
a bipartition of this manifold into two regions, A and B, where A is a d-dimensional closed
immersed submanifold of M, as in the general case discussed in section 4.1. This corre-
sponds to splitting the simplicial complex K as K = UZ:O K, AUK, p, where UZ:O Kp

— 24 —



C C C C
a(;I,A as,A 82,A c al,A

0 —— Cga 2,4 LA Coa— 0
mg Jfl lo
0 . G - 0

Figure 6. Chain complexes that define Abelian 1-gauge theories in d dimensions for a subregion
A, as explained in 4. The maps are the ones explained in 5 restricted to the subcomplex K 4.

is a subcomplex of K. Therefore, following the general procedure shown in section 4.1, we
can construct for region A the chain complexes shown in figure 6.

From these chain complexes, as was demonstrated in sections 4.1, 4.2 and 4.4, the
following cochain complexes are well defined for this theory:

—d —2 0
hom(Cia, &)~ 245 ... 245 hom(Ca, &)1 24 hom(Ca, G)' = - - - (5.1)
554 54 89
hom(Cp 4, G)_d oA, L2 hom(Cyy, G)_l 24, hom(Cy4, G)l — (5.2)

We can then apply equation (4.43) to find the entanglement entropy S4 of this theory.
First, let’s compute Sy 4, given by equation (4.44). We have that

d—1 d
Soa =) ) (-1 Knpallog(|Gnap))- (5.3)

n=0 p=1

This quantity depends only on the simplicial complex of the boundary of A and on the
higher gauge groups of the theory in question. For 1-gauge, there is only one non-trivial
gauge group (7, all other groups being equal to {0}, as is shown in figure 6. Therefore,
since the order of trivial groups is equal to one, the only term which will survive in the
double sum in equation (5.3) is the n = 0, p = 1 term, and we have as a result

Soa = ’K075A‘1Og(|G1|). (5.4)

Thus, we have indeed an “area law” term, because Sg4 is proportional to the number of
vertices in the boundary of A, which is essentially the size of the boundary. We are only
left to calculate Stopo. From equation (4.45), we know that

d d—1 d
Stopo = Y log ([H"(Ca, Ha(G))) + D Y (=1)"log (IH"(Con, Husp(G))]) . (5.5)
n=0 n=0 p=1

We will leave the topology of A and 0A unspecified for a moment and proceed as far
as possible. For a 1-gauge theory, the non-trivial piece of the chain complex (G,9%) is
given by
o ¢
02 G 0, (5.6)

and the only non-trivial homology group related to this chain complex is

H;(G1) = ker(9¢) /Im(85) = G.
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Therefore, in the first term of (5.5) the only non-zero contribution to the sum comes from
n = 1, while for the second term of (5.5) the only non-zero contribution to the sum comes
from n = 0,p = 1. Hence, the topological entanglement entropy in Abelian 1-gauge theories
is given by

STopo = log (JH' (Ca, G1)|) — log (JH°(Cya, G1)]) - (5.7)

Then, to compute Stop, We need to calculate the order of the cohomology groups
HY(C4,G1) and H°(Cyyu, G1), with coefficients in G1. To do so, we employ the univer-
sal coefficient theorem for cohomology (4.46), which states that

H"(C,G1) = Hom(H,(C),G1) @ Ext'(H,_1(C), G1), (5.8)

for every 0 < n < d, where H,,(C) is the nth homology group with integer coefficients of
the chain complex C. Here we only need the n = 0 and n = 1 cases. For n = 0, there is no
Ext term [33], so

HD(CaA, G1) = Hom(Ho(Cya), G1). (5.9)

We have also that Ho(Cpa) = Z%©O4  where By(9A) is the zeroth Betti number of dA.
Therefore,
H°(Cya, G1) = Hom(Z%0A) @) (5.10)

and hence
[HO(Cya, G1)| = [Hom(Z%ON Gy)| = |Gy [P0, (5.11)

Likewise, the Ext term is trivial for the n = 1 case, and we can write
HY(C4,G1) = Hom(H{(Ca),G1). (5.12)
So in general, the topological entanglement entropy for Abelian 1-gauge theories reads
Stopo = log ([Hom(H1(Ca), G1)]) — fo(0A)log (|G1]) (5.13)

and it depends on the number of non-contractible curves one can draw over region A, as
well as on the number of connected components of dA. To proceed further, we need to
specify the topology of A. For example, if A has the topology of a d-dimensional ball,
its first homology group is trivial and hence we get that Stopo = —So(0A)log (|G1]), i.e.,
it is only sensitive to the number of connected components of the entangling surface 9A.
If we take A = T?, where T¢ is the d-torus T¢ = (S1)?, we have that H;(C4) = ZA(A)
where (1(A) is the first Betti number of A which, in this case, is equal to $1(A) = d. Then
[Hom(H;(C4),G1)| = |G1]*) and

STopo = (51 (A) - 50(8A))10g(|G1‘) :

It is important to mention that we could also build theories with degrees of freedom
attached to other components of the lattice, such as its 2-simplices (plaquettes). Doing so,
we have a particular case of a 2-gauge theory. As we will see in the following discussion,
this makes the topological entanglement entropy depend on higher Betti numbers. An
example of such model is the 4-dimensional Toric Code [36]. Note that in [36] it is not
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Figure 7. Chain complexes that define Abelian 1-gauge theories in d dimensions with degrees of
freedom living at the faces of the lattice. fo are the configurations, ¢; are the gauge transformations
labeled by links, and there is also mg as the 2-holonomies.

called a 2-gauge theory. We do so in order to be consistent with our formalism. Let’s
then consider an Abelian 2-gauge theory in d-dimensions with degrees of freedom living at
the 2-simplices of the lattice. The chain complexes describing this model is presented in
figure 7.

We can repeat exactly the same steps we did for calculating the entanglement entropy
of the 1-gauge model obtained from the chain complexes in figure 5. Hence, we can skip this
discussion and right away apply the formula (4.43) to calculate the entanglement entropy
of this model. Here, since the only non-trivial group is G2, the only non-zero terms in the
sum that define Sy are the p=1,n=1 and p = 2,n = 0 terms, so Sy4 is given by

Soa = |K1,04/log(|Ga|) — [Kopallog(|Ga|) = ([ K1 0a] — [Koaal)log(|G2]). (5.14)

Note that this term vanishes for a 3-dimensional region A with periodic boundary condi-
tions. Now, since the only non-trivial piece of the group chain complex shown in figure 7 is

o5’ of
0—=— Gy —0,

the only non-trivial homology group associated to this complex is
Hy(G) = ker(85)/Im(85) = Go.

Thus, the non-zero contribution to the first term of Stop, comes from the term with n = 2,
while the non-zero contributions to the second term of Stp, come from the terms with
p=1,n=1and p=2n = 0. Therefore, the topological entanglement entropy of this
model is given by

Stopo = log (JH*(Ca, G2)|) + log (|H(Coa, G2)|) — log (|[H (Cha, G2))) - (5.15)

Again, using the universal coefficient theorem (4.46) to calculate the cohomologies, we first
note that there is no Ext term for n = 0 and it is trivial for n = 1. Therefore,

IH(Cpa, G2)| = [Hom(Hy(Cpa), Ga2)| = |Ga|0OA), (5.16)
IH'(Coa,G2)| = [Hom(H:(Caa), G2)l, (5.17)

where we used again that Hy(Cy4) = Z7°(®4) . However, applying the theorem to [H?(C4, G3)|,
we have that

[H2(C'4, Go)| = [Hom(Ho(Ca), Go)||Ext! (H1(C4), Ga)l, (5.18)
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and we can’t say much about Extl(Hl(CA),Gg) without knowing the homology group
H;(C4). For example, whenever H; (Cj) is free, wich happens when we, for instance, choose
A to be a d-dimensional ball or a d-torus, Ext!(H;(C4),G2) = {0} and we have that

[H?(C4, G2)| = [Hom(H2(Ca), G2)l,

and the topological entanglement entropy now is related to the number of non-contractible
curves and surfaces one can draw over A and A, respectively, and therefore St,p, depends
on higher Betti numbers of both A and 0A.

To give an example where the Ext term is non-trivial, take the 4-dimensional manifold
A =RP? x [0,1], i.e., the product of the real projective space with the unit interval. It is
a manifold whose boundary is A = RP3 URP3. The homology groups of RP? are

Z, if n=0 or n=3,
H,(RP?) =4 Zy, if n=1, (5.19)

0, otherwise.
Let’s compute the second homology group of A. By Kiinneth’s theorem [37], we have that

Hy(RP? x [0,1]) = € H;(RP?) @ H([0,1])
i+j=2
= Ho(RP?) @ Hy([0,1]) @ Hy(RP?) ® Ho([0,1]) @ H1 (RP?) ® Hy([0,1])
> (Z®{0}) o ({0} ®Z)® (Z: @ {0}),

that is,
Ho(RP3 x [0,1])) X Z D Z D Zo. (5.20)
The first homology group of A = RP3 x [0, 1] can be computed in the same way:

Hy (RP? x [0,1]) = 5 H;(RP?) ® H;([0,1])
it+j=1
= Ho(RP?) ® Hy ([0, 1]) ® H1(RP?) ® Hy([0, 1])
= (Z®{0}) ® (Z: ® Z),

that is,
Hy(RP3 x [0,1])) 2 Z @ Zy ® Z. (5.21)
Then, from equation (5.18), we have

[H2(C'4, Go)| = [Hom(Z & Z © Zy, Go)||Ext (Z © Zo @ Z, G3)|
= |Go[*|ExtN(Z ® Z2 ® Z, G2)),

and Zs ® Z = Zy [37] and that

ExtY(Z ® Zy, G3) = Ext!(Z, Gy) @ Ext!(Zy, Go) = Ext!(Za, Go),
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Figure 8. Chain complexes for the 0, 1-gauge model in 5.2. The configurations for the links are
determined by f;, while for the vertices by fy. The gauge transformations are given by tg, while
we have the 1-holonomies mo and 0-holonomies m; not shown in the figure.

because Ext!(Z, G2) = {0} [33], we have
[H?(Ca, G2)| = |Gl *[|G2/2Go], (5.22)

where we used that Ext'(Z,,G) = G/nG, for any n € N and any Abelian group G [33].
Now, the order of the cohomology groups (5.16) and (5.17) of the boundary dA = RP3 U
RP3 are

[H°(Coa, Ga)| = |G2l?, (5.23)
|H1(03A,G2)| = ‘HOHI(ZQ EBZQ,GQ)| = |G2|4, (524)

and thus, the topological entanglement entropy is given by
STopo = log(|Ga|*|G2/2G2]) + log(|Ga|*) — log(|G2l*), (5.25)
i.e.,
Stopo = log(|G2/2Ga]) + 2log(|Gal). (5.26)

Expanding the results found in the literature [25, 38], here we demonstrated that
the topological entanglement entropy depends not only on the topology of the entangling
surface 0A, but also on the topological properties of the bulk region A. Moreover, the
Betti numbers of A and JA are not the only information needed to obtain the topological
entropy. For some models, it may depend also on torsion properties of the sub-region A
and its boundary, captured mainly by the Ext' functor.

5.2 (2D) 0, 1-gauge theories

Let’s consider a 0, 1-gauge theory, a particular case of the one exhibited in section 4 with
G9 = 0. For simplicity, we focus in the 2-dimensional case, but the discussion presented
here can immediately be extended to any dimension d. The chain complexes defining this
theory are shown in figure 8.

Again, we divide the lattice into two regions, A and B, where for A we have a sub-
complex UZ K, 4. Following the general procedure shown in section 4.1, we can construct
for region A the chain complex (C’A,ag) and find that the entanglement entropy S4 is
given by equation (4.43). Let’s calculate first Sp4. It is straightforward to see that the
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only non-zero contribution to the sum in (4.44) is given by the n = 0,p = 1 term. So we
have that

Soa = |Kopallog(|G1l), (5.27)

and it is again an “area law”. Now, consider the (G,9%) chain complex of this theory:

og og os

02 Gy — Gy —= 0. (5.28)
The non-trivial homology groups associated to this chain complex are

Hy(G) = ker(8§) /Im(85), (5.29)
H;(G) = ker(d¢) /Im(85). (5.30)

So, the non-zero contributions to the topological entanglement entropy (4.45) are
Stopo = log (JH(Ca, Ho(G))|) + log (|H'(Ca, Hi(G))]) — log (JH°(Coa, Hi(G))]) . (5.31)

This result is true for any Abelian finite groups Gg and G;. However, now we have to
specify these groups in order to calculate the homology groups (5.29) and (5.30). Thus,
let’s first consider the model with Gy = Zgo = {0,1} and G; = Z4 = {0, 1,2,3}. The map
O : Zy — Zs is defined by 0 (1) = 1. The homology groups (5.29) and (5.30) are thus

Ho(G) = ker(95)/Im(9') = Zs/Zs = {0}, (5.32)
H(G) = ker(d¢) /Im(8S) = Zo. (5.33)

The topological entanglement entropy of this model is thus
Stopo = log ([H' (C, Z2)|) — log ([H"(Coa, Z5)]) (5.34)

Note that this result is equal to the G; = Zo 1-gauge theory. Again, this model exhibits
the same topological properties as the Toric Code.

We can also consider the model where Gy = Zo and Gy = Zo, with 81G 2 Lo — Lo
being the identity map. In this case, both Ho(G) and H;(G) are equal to the trivial group,
and the topological entanglement entropy is equal to zero, confirming the non-topological
nature of this model.

5.3 (3D) 1, 2-gauge theories

This time we consider the case of the 1,2-gauge theory (section 2.1 and section 4 with
Go = 0). Although here we treat the 3-dimensional case, the procedure below can right
away be extended to arbitrary dimensions d. The chain complexes that define this theory
are reproduced here in figure 9.

Once more, we divide the lattice into two regions, A and B, where region A is such
that we have a subcomplex K 4. From the general procedure shown in section 4.1, we can
construct for region A the chain complex (Ca,d9) and then find that the entanglement
entropy S4 is given by equation (4.43). To compute it for this model, let’s calculate first
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Figure 9. Chain complexes for the 1,2-gauge model. The configurations maps are fy for faces,
f1 for links, the gauge transformations are the tg, t1; while the 2-holonomies are given by ms, the
1-holonomies by m.

Ssa. We see that the only non-zero contributions to the sum in (4.44) are the ones given
by then=0,p=1,n=1,p=1and n =0,p = 2 terms. Therefore

Soa = |Kooallog (|G1]) + |K1,04[log (|G2|) — | Ko,p4|log (|G2l) (5.35)
= |Ko,pallog (|G1]) + (| K1,04] — [Ko,04])log (|Ga]) . (5.36)

Note that, if we were dealing with a two dimensional system with periodic boundary
conditions, the terms proportional to log(|G2|) would cancel out, as the number of links
and vertices is the same, and we would have the same result as the one found in the
1-gauge case.

Now, to calculate the topological entanglement entropy Stopo, given by equation (4.45),
first we consider the chain complex (G, 9%) of this model:

o’ o oY
0 = Gy =— G — 0. (5.37)

The non-trivial homology groups associated to this chain complex are as follows:
Hi(G) = ker(9)/Im(85), (5.38)
Hy(G) = ker(95) /Im(85). (5.39)
Thus, Stopo is given by

Stopo = log (JH'(Ca, Hi(G))]) + log (JH*(Ca, Ha(G))|) — log (|JH(Coa, Hi(G))]) +
(5.40)

— log (JH'(Coa, Ha(@))|) +log (JH”(Coa, Ha(@))]) -

(5.

A1)

To proceed further, let’s choose the model where Go = Z4, G1 = Zo and 82G 2 Ly — 7o
such that 0§ (1) = 1. We can then calculate the homology groups (5.38) and (5.39) to be

Hy(G) = {0}, (5.42)
Hz(G) = Zs. (5.43)

Therefore, the topological entanglement entropy of this model is

Stopo = log ([H*(Ca, Zs)|) —log (|H'(Coa, Zs)|) + log (JH*(Coa, Zs))) - (5.44)
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Figure 10. Chain complexes for the 1,2, 3-gauge model.

This formula is equal to the 2-gauge (5.15) case, with degrees of freedom living in the
plaquettes of the lattice and Gy = Zo. Note that we never used the fact that we are
dealing with a 3-dimensional system to derive equation (5.44), which means that the same
result holds for dimension d > 3. Then, if we for example take d = 4, this choice of
groups for the 1, 2-gauge model imposes that its long-range entanglement characteristics,
detected by the topological entanglement entropy, are the same as the 4D Toric Code one
studied in [36]. Other choices of groups may generate 1, 2-gauge models with more unusual
behaviors.

5.4 (4D) 1,2, 3-gauge theories

Now we consider the 1,2, 3-gauge theory in four dimensions. We do this to show that our
formalism allows us to readily shift from a 3-dimensional presented in 2.1 case to a 4D, our
formalism can be extended to any arbitrary dimension d. The chain complexes that define
this theory is shown in figure 10.

We again divide the lattice into two regions, A and B, where region A is such that we
have a subcomplex Uizo K, 4. The general procedure shown in section 4.1 allows us to
construct for region A the chain complex (Cly, 02) and thus we can find the entanglement
entropy S4 using equation (4.43). To calculate it for the 1,2, 3-gauge model, let’s study
first the term Sp4. We see that the only non-zero contributions to the sum in (4.44) are
the ones given by the p=1,n=0,1,2, p=2,n=0,1 and p = 3,n = 0 terms. Therefore

Soa = |Kopallog (|G1]) + [K1,04llog (|G2|) + |K2,04|log (|G3]) +
— |Ko,pallog (|Ga|) — |K1,04[log (|G3]) + |Kopallog (|G3]),
that is,

G1l|G G
saA:Ko,aAuog(' l 3')+\K1,3A|log ('2')+1K2,8Auog<\c;3\>. (5.45)

|G| |G|

To calculate the topological entanglement entropy (4.45), we first consider the chain com-
plex (G,9%) of the 1,2, 3-gauge model:

o5 s o5 G
0= G3 = Gy =Gy — 0. (5.46)

The non-trivial homology groups associated to it are the following ones:

H;(G) = ker(d¢) /Im(85), (5.47)
Hy(G) = ker(05) /Im(85), (5.48)
H3(G) = ker(95) /Im(85). (5.49)
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Hence, Stopo is given by

Stopo = log (JH' (Ca, Hi(G))]) + log (|H?(Ca, Ha(G))|) + log (|H?(Ca, H3(G))|) +
log ([H°(Coa, Hi(G))[) — log (|H' (Cya, Ha(G))|) — log (|H*(Caa, Hs(G))|) +
+log ([H°(Cya, Ha(@))]) + log (JH' (Coa, H3(G))]) — log (JH°(Cya, Hs(G)) )

U'

(5.50)

Note that the topological entanglement entropy does not change from the 3D to the 4D
case, because the homological groups are the same. To give a more concrete example, let’s
consider the case where G; = Gy = G3 = Z4 and the homomorphisms (1) = 05(1) =
The lattice is a discretization of a solid ball S3. In this case, we can calculate the homology
groups (5.47), (5.48) and (5.49). They are

Hi(G) = Z4/Zoy = L, (5.51)
Hy(G) = {0}, (5.52)
Hs(G) = Zs. (5.53)

Therefore, the topological entanglement entropy of this model is

Stopo = log (|[H'(Ca, Z2)|) + log (|H?(Ca, Zs)|) — 2log (|H°(Coa, Z2)|) +
— log (|H?(Cya, Zs)|) + log (|H'(Coa, Z5)]) - (5.54)

Let’s use the universal coefficient theorem to compute these cohomology groups. We have
that, as before,

[H®(Cya,Z2)| = [Hom(Ho(Cpa), Zo)| = 25004, (5.55)
[H'(Cpa, Zs)| = [Hom(H;(Coa), Zs)|, (5.56)
|H'(C'4,Zs)| = [Hom(H(C), Zs)). (5.57)

Since in this case A = S?, we have that 8y(0A) = 1, H1(Cya) = Hy(Ca) = {0}. Therefore,
IH'(Coa, Zs)| = [H'(Ca,Z2)| = 1. Now,

IH?(Cya,Zs2)| = [Hom(Hy(Caa), Zo)|[Ext! (Hi (Caa), Zs)|, (5.58)
[H3(Ca, Zs)| = [Hom(H3(Ca), Zo)||Ext! (Hy(Ca), Zs)| (5.59)
and, since H1(Cpa) = Ha(C4) = {0}, the Ext terms are trivial. So, with Ha(Cga) =

H3(Ca) = Z, we have that [H*(Cya,Zs)| = |H*(Ca,Zs2)| = 2. Hence, the topological
entanglement entropy of this model is given by

Stopo = —2log(2). (5.60)

We see that, although we defined the model over a manifold with trivial topology and
the ground state degeneracy of this model does not exhibit a topological dependency, the
topological entanglement entropy is different from zero, indicating the presence of long-
range entanglement.
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6 Conclusions

The paper carried out the calculation of the entanglement entropy for all Abelian higher
gauge theories in a comprehensive way. Furthermore we could separate the entropy into the
topological information and the geometrical one. We started by making a review of the kind
of models we treated. Then we described them in very general terms, as introduced in [19].
The calculation followed from the definition of the density matrix p as being proportional to
the ground state projector, see (4.9). To obtain the reduced density matrix we considered
a bipartition of the simplicial complex K into a subcomplex K 4 and its complement. The
partial trace over the unknown region was used to obtain the reduced density matrix p4,
which included operators that were exclusively supported in K 4, see (4.19). From the Von
Neumann entropy formula we derived the entanglement entropy and showed that it could
be naturally interpreted as the ground state degeneracy of the same model but restricted
to the subcomplex K4, see (4.23). In this sense, we mapped the problem of calculating the
entanglement entropy of a higher gauge theory to a problem of counting the flat edge states
of the theory restricted to region A. Then, we further divided this restricted ground state
degeneracy into two contributions, one comming from the bulk region A and the other
comming from its boundary 0A, and we showed that this splitting allows us to write the
entanglement entropy as a sum of two terms (4.43): one being the area law, i.e., a term
depending only on the geometry of the entangling surface JA, and the other being the
topological entanglement entropy, a term depending on the topological properties of both
A and 0A.

We demonstrated a formula for the topological entanglement entropy Stopo in terms
of the cohomology groups with coefficients in the homology groups of the complex (4.3).
The universal coefficient theorem can be applied to give a formula for Stop, in terms of
the integral homology groups of the manifold in question, which in turn can be used to
express the topological entropy in terms of the Betti numbers of the underlying space and
its boundary. However, our equations show that, even in regular 1-gauge theories (Abelian
Quantum Double models), Stopo can depend on torsion properties of the manifold.

A Trace of local operators

In this appendix we show how taking the partial trace of the ground state projector, or
any product of projection operators of the theory, implies in eq. (4.16).

We begin by writing the density matrix, p, using the local decomposition of Ay and
By (see [19] for a detailed account on this). The local decomposition yields

d d
Ag = H H Apg, and By = H H By 2,

n=0zcK, n=0zcK,

such that the density matrix of eq. (4.5) can be written as

(i) (i)

n=0zcK, n=0zcK,

~ 34—



This form is convenient for taking the partial trace as the operators are now labelled by
simplices « € K, for 0 < n < d. This allows the identification of the operators that act
exclusively on region A from the operators that act on both A and B, in order to get the
terms that survive the partial trace. Therefore, the reduced density matrix is written as

pa=Trg(p) = Trp H H Ap g H Bny |- (A.1)

n xeKn, yEKn

Before proceeding with the calculation of the above partial trace, we will introduce a
property that will let us evaluate the partial trace rather straightforwardly.

Proposition A.1. Let z,y € K,, be n-simplices for 0 < n < d. The local operators,
Ap g, Bny : H — H, are traceless unless they act trivially (as the identity operator 1y).

Proof. Let {|f)} be a basis of H, with f € hom(C,G)". We start by taking the trace of
the local operator A, ;:

Tr (An:c) = Z (f] Anz
f

1
f>:mz Z <f’Ae[n,x,g]‘f>'

f gEGn+1

From (3.22), the action of A, , on a basis state consists in general on a shift of basis

elements, which yields

Tr(dus) =1 2 2 U+ el g))).

f 9€Gnt

From the last expression, by using the orthogonality of the basis, it is clear that the only
non-null term in the sum occurs only when g = e € Gp1, the identity element. Thus,
we have:
_ Tr(1)  dim(H)

’Gn—i-l’ |Gn+1’ .

Similarly, for the trace of local holonomy measurement operators, B, ,, we have:

Te(Boy) =S (1B = 12 X (1Bt 1)
Ty

f TEGn_1

Tr (Apz)

Using (3.23) the above expression can be written as:

TE)= Y Y BRI = D X 0 L) ) 16,

f reén—l

where in the last line we used the fact that (é,¢9) =1, Vg € G,,—1 and é € Gn_1, the trivial
representation. From the orthogonality relations of characters [39-42], we note that:

D (1,80 fa))(8,6% ) = b(e, fuly)),
7
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which implies that the trivial representation term is the only one that has non-zero trace,
since it acts as the identity operator.

|#]

Tr (By) :|G ik

This result can naturally be extended to products of such operators to show that the
only term that survives the trace is the one that acts trivially on region B. This allows us
to express the reduced density matrix, p4 of eq. (A.1) in terms of operators that act only
in region A.

In this case, proposition A.1 implies that any operator (or product of several) that is
different from 1p, the identity operator in Hp, will have vanishing trace. In particular,
local gauge transformations A, will survive the trace if and only if x € K A where A is the
interior of A.! On the other hand, local holonomy measurement operators B, will survive
the trace if and only if y € K, 4 which corresponds to the entire region A. Consequently,
the reduced density matrix is:

pa=Tes(p)[[ T[] 4= [] B

n ‘IEKn,A yeK, A

From which we write eq. (4.16).

B Auxiliary isomorphism

In this appendix, we prove the equality |Im(50)‘ = |Im(d1)| that allowed us to relate the
dimension of the Hilbert space H and the ground state degeneracy G.SD through:

GSD |Tm(671)||Tm(6;)| = dim(H) = dim(H4) dim(Hp).

In order to do so, we will show that there is a well defined bijection between ker(d;) and
hom(C, G)!/Im(8°) from which the result follows.

Let A, B be two finite Abelian groups and ¢ : A — B a homomorphism between them.
Consider also A = Hom(A,U(1)) and B = Hom(B, U(1)) their corresponding unitary
irreducible representations, let d; : B — A be the homomorphism between representations
induced by ¢ via

P(B) :==Bo o,
where 8 € B is an irrep of B.

Proposition B.1. The subgroups ker qAS and Im'% are 1somorphic.
Proof. We will split the proof in two parts, in the first half of the proof we show that there

is a well defined map between ker aAﬁ and % and then we show that its inverse is also

well defined, which turns the maps into a bijection.

Local gauge transformations are labeled by simplices # € K,, and they act on the gauge fields at the
co-boundary, 0" (x). In particular, gauge transformations located at * € K, 04, the boundary of A, also
act on B. Thus, they do not contribute to the trace.
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1. Note that an irreducible representation 8 € kerqAS if and only if Im¢ C kerS. This
allows us to construct the following commuting diagram:

B—"L o (B.1)
|
g
B
Im¢
where 7 : B — % is the canonical projection sending b € B into its correspond-

ing equivalence class [b] € % Furthermore, 8/ € Hom (%,U(l)) is unique and
defined as:

B'([b]) = B(b)

notice that 3’ is well defined within equivalence classes since Im¢ C kerS. To see
this, consider b’ # b € [b], this means that b — V' € Im¢ C ker/3, therefore:

Bb—b)=1, =BOH)BY)" =1,
= B(5) = BY) = B(b)).
This is, we have shown that given an irrep 5 € kerquS then there is a unique morphism
' € Hom (%,U(l)).
We now need to show that the converse also holds, to this intent, consider ' :
% — U(1). Recall that Im¢ C kerS. Observe also that (3 is the only map for which

the diagram in B.1 commutes.
Thus, we have shown that given a 3 € Hom (%,U(l)) there is a unique

B=p on € kerd.

2. Now we carry on showing that the map above is in fact a bijection and it defines an
isomorphism. Let ¢ be the map:

L kerd; — Hom (Imgb

).
B= B,
where /(b)) := B(b). Let now, &, be the map:
% : Hom <I:i¢ U(1)> — kerd,
g = Bi=pom,

where 7 : B — % is the canonical projection that sends b € B into its corresponding

1

equivalence class [b] € 2. Notice that x = ¢, since:
q Tmé

(k01) (B)(b) = k(B)(b) = (B om)(b) = B'([b]) = B(b).

— 37 —



Therefore, the map ¢ is a bijection. To prove that it defines an isomorphism we only
need to check for its compatibility with the group operation in ker¢. This is, given

b1, P2 € keré, we want to show that (51 - B2) = ¢(B1) - ¢(B2).
So, consider b € B and, [b] € %:

L(Br - B2)([b]) = (B1 - B2)'([b]) = (B1 - B2) (D) = B1(D) - Ba(b) = 1(B1) - 1(B2)-

Hence, ker¢ ~ Hom (%, U(1)>.

In particular, as a result of the above proposition, it is true that, for A, B finite groups:

Hom ( -2- U(1) _ 18 (B.2)
<hn¢ ) Im¢

where in the last step we used the fact that all groups are Abelian. We are one step away
from our goal which can be stated as the following proposition

‘kergﬁ( -

Proposition B.2. Let ¢ : A — B be a homomorphism between finite Abelian groups.
Moreover, let qg : B — A its dual morphism. Then,

ITm ¢| = )Imq%‘.

Proof. From proposition B.1, we know that: ‘kerq@‘ = \Ilmij;ﬂ' Now, applying the first

isomorphism theorem [35] on qg : B — A, we know that: B /ker<2> ~ Imé, from which we
can write:

recall that |B| = |B| since we are dealing with Abelian groups. Replacing eq. (B.2) into
the above one, we get:

[Im ¢| = [Tm .
C Proof of lemma 4.1
We start with a proposition:
Proposition C.1.
|ker(521)| = |ker(6§1)|]ker(6gj)]. (C.1)
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Proof. Consider ker(d5"), a subgroup of hom(C4, G)~!. From the definitions of hom(C;, G) 7!,
5;, hom(Cya,G)~! and 4,4, it is clear that

ker(d; Y ={f € hom(C;,G)~ 1\5 Ly =0}

and
ker(6,4) = {f € hom(Cypa, G) 05, f = 0}
are subgroups of ker(5;'). We introduce the following equivalence relation on ker(¢;"): let
fr ! € ker(6,1),
f~flef —f=gc ker(éil). (C.2)

That is, two collections of maps f and f’ in ker(521) are equivalent if they differ by a

collection of maps in ker(&il), i.e., maps with support in K; = U;il oK, A that are also
sent to the trivial map by the co—boundary operator. This equivalence relatlon defines the
quotient group ker(d, ) /ker(6; 1). Define the map ¢ : ker(d;")/ ker(6; ) — ker(d, ), which

for a class [f] € ker(d, )/ker( i ) o([f]) = floa € ker(58A) where f\aA ={(floa)n} is a
collection of maps in hom(Cy4, G)~! such that

fn( )7 if CUGKn,aA,

0, otherwise.

(Floa)a(e) = { (.3)

So, ¢ is a map that sends any class [f] € ker(d, )/ker( 1) to the restriction flgs to DA
of one of its representatives. This map does not depend on the choice of representative
of a class. Indeed, let [f] € ker(é;l)/ker(éil) and choose two representatives [, f” € [f],
f"# f”. We could have that ¢([f]) = f'|oa and @[f] = f"|sa. But there is g € ker(dgl)
such that f' — f” = g, so f'|loa — f"|oa = glaa = 0, because g € hom(C 5, G)~!. Therefore,
floa = f"loa. Moreover, ¢ is an isomorphism. To see this, first take [f] € ker(¢). So,
o([f]) = 0 & flspa = 0, which means that f is a collection of trivial maps. Therefore,
ker(¢) = {0} and ¢ is injective. The map ¢ is also surjective, because if we take a map
g € ker(d;, A) it is a collection of maps which are zero everywhere except in the boundary
of A and it can be obtained by applying ¢ in the class [g] € ker(6,,")/ ker(6 1). Therefore,
¢ is bijective. Now, let [f],[g] € ker(ézl)/ker(éAfl). The sum [f]+ [g] is given by [f]+[g] =
[f +g]. We have then ¢([f]+[g]) = &([f +9]) = (f +9)loa = Floa+gloa = o([f]) + &([g]),
for any representatives f € [f] and g € [g]. So, ¢ is also a homomorphism and therefore it
is indeed an isomorphism. Thus, we have indeed that

ker(dzl)/ker( D= ker((saA) (C4)

which implies that
[ker(81)| = [ker(67")|[ker(555)]- (C.5)
Now, since K, 1 N Kppa =0 and K, ; UKy, pa = K, 4 for any n =0,... ,d, we can

write the n-chain group C, 4 as a direct sum of subgroups C;, 4 = C,, 1 ®Cy 94, i.e., every
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¢=3 sex, , C(¥)z € Cy a can be written as ¢ = 3 ; c(x)r + 34k, 5, c(@)z. This
implies that any homomorphism f, : Cp 4 = Gpnt1, where G,,41 is some arbitrary finite

Abelian group, can be written as f, : C, ;1 ® Cp 94 — Gpy1. Thus,

n

Hom(C 4, Gny1) = Hom(C, A9 Cnoa,Gny1).

n
There is a natural isomorphism [37, 43]
HOHI(CmA S Cn,aAa Gn-l—l) = HOHI(CMA, Gn+1) S Hom(Cn,B/b Gn+1)7

thus,
Hom(Cp 4, Gni1) = Hom(CmA, Gn+1) @ Hom(Cy, 94, Gri), (C.6)

this implies that
hom(C4, G)™! 2 hom(C;,G) ™' @ hom(Cya,G) ™, (C.7)

and thus
lhom(Ca, G) | = |hom(C 5, G) " !||hom(Coa, G) 7| (C.8)

Then, from the first isomorphism theorem, we have that

hom(C'4, G) ™ /ker(5,') = Im(5,1), (C.9)
hom(C'z, G) ™ /ker(67") = Im(67 1), (C.10)
hom(Cpa, G) ™" /ker(65 1) = Im(dy ), (C.11)
SO
—1y| _ |hom(C4,G)7 Y|
‘Im((SA )| - |ker(5AZl)| ) (012)
~1N\ |hom(C ;,G) ™1
—1y| _ |hom(Cp4,G) 1|
[Im(d50)| = W (C.14)

Thus, dividing (C.12) by (C.13), we have finally that

(53] _ |hom(Ca, G) Y| [ker(d5")|
Tm(671)] ker(6,")[  |hom(C'5,G)~!|

_ [hom(Cg, G)~![[hom(Coa, G)~H|[ker(571))
|ker(521) | \ker(é(gj)\ lhom(C' 5, G) !

o ]hom(CaA, G)fl‘
[ker (8, )|

= |Im(5,)1,

where we used equations (C.8), (C.5) and (C.14).
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