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1 Introduction

The charmless three-body hadronic B meson decay processes provide us a field to ap-
praise different dynamical models of strong interaction, to investigate hadronic final-state
interactions and analyze hadron spectroscopy, to determine the fundamental quark mixing
parameters and understand C'P asymmetries. In order to extract the significative infor-
mation from experimental results and present the effective and accurate predictions for
the three-body B decays, some methods have been adopted in abundant works, such as
the U-spin, isospin and flavor SU(3) symmetries in [1-10], the QCD factorization (QCDF)
in [11-25] and the perturbative QCD (PQCD) approach in [26-28]. The three-body decays
B — Krh, with h is the pion or kaon, have been studied by Belle [29-35], BaBar [36-43]
and LHCb [44-51] Collaborations in recent years. These decays especially the B — Kz
were found to be a clean source for the extraction of the Cabibbo-Kobayashi-Maskawa
(CKM) [52, 53] angle v [54-61]. The relevant processes also provide new possibilities for
the measurements of the C'P violation in the B decays [30, 45-47].

The total decay amplitude for the B meson decays into three light mesons K, =
and h as the final state can be described as the coherent sum of the nonresonant and
resonant contributions in the isobar formalism [62-64]. The nonresonant contributions are
spread all over the phase space and play an important role in the corresponding decay
processes [65-67]. The resonant contributions from low energy scalar, vector and tensor
resonances are known experimentally, in most cases, to be the dominated proportion of
the related decays and could be studied in the quasi-two-body framework [68-70] when the
rescattering effects [71] and three-body effects [72, 73] are neglected. For the three-body
decays B — Kmh, one has the resonant contributions from the K, wh and Kh pairs which
are originated from different intermediate states and as well containing the two-body final
state interactions. And the J” = 07 component of the K7 spectrum, denoted as (Km)§s
is always found very important for the relevant physical observables.



The kaon-pion scattering has been extensively studied in refs. [74-80] in recent years.
While the primary source of the information on I = 1/2 S-wave K7 system comes from
the LASS experiment for the reaction K~ p — K~ 7tn [81]. The K7 S-wave amplitude has
also been studied in detail in the decays DT — K~n 7t by E791 [82], FOCUS [83, 84] and
CLEO [85], n. — KK by BaBar [86] and 7~ — Kgm~ v, by Belle [87] with the methods of
Breit-Wigner functions [88], K-matrix formalism [89-91] or model-independent partial-wave
analysis. To describe the slowly increasing phase as a function of the K invariant mass,
the scalar K7 scattering amplitude was written as the relativistic Breit-Wigner term [88]
for the resonance Kj(1430) in the LASS parametrization together with an effective range
nonresonant component in [81], and the effective range term has been applied a cutoff to
the slowly varying part close to the charm hadron mass at about 1.8 GeV for the three-
body B decays in the experimental studies [38, 40, 42, 43]. At about 1.95GeV one will
find the presence of the resonance K§(1950) in [81] and also in the 7. decays in [86, 92].
This state was assigned as a radial excitation of the 0T member of the L = 1 triplet in
the LASS analysis [81]. The lowest-lying broad component of the S-wave K7 system is
the K(700) [93], also named as x or K;(800) in literature [82, 84, 85, 94-99], which has
commonly been placed together with the resonant states o, fy(980) and a((980) into an
SU(3) flavor nonet, and they have been suspected to be exotics [100-106].

In this work, we will focus on the contributions of the resonant state K{(1430) in
the B — Kwh decay processes in the PQCD approach based on the kr factorization
theorem [107-110]. The contributions of the resonant state Kj(1950) in the hadronic
three-body B meson decays involving S-wave K7 pair have been ignored in the rele-
vant theoretical studies and be noticed only by LHCb Collaboration very recently in the
works [111, 112]. We will systematically estimate, for the first time, the contributions from
the state K;(1950) for the B — K7h decays in this work. As for the resonance K (700),
we shall leave to the future studies in view of its ambiguous internal structure and the
accompanying complicated results for the three-body B decays [113], in addition, the cor-
responding contributions have been covered up by the effective range part of LASS line
shape for the experimental results [38-40, 42, 43].

For the quasi-two-body decays B — K(1430,1950)h — Kmh, the subprocesses of the
B — Krh decays, the intermediate state K{j, as demonstrated in the figure 1, is generated
in the hadronization of quark-antiquark pair including one s or s-quark. The process
K — Km, which can not be calculated in the PQCD approach, is always shrunken as the
decay constants in the twist-2 and twist-3 light-cone distribution amplitudes of the scalar
mesons [113-115] in the studies of the two-body B meson decays involving the scalar mesons
K;(700) and K;5(1430), see ref. [116] and the references therein for examples. While in the
quasi-two-body framework based on PQCD, one can easily introduce the nonperturbative
subprocess K; — K into a time-like form factor in the distribution amplitudes of the K
pair. The quasi-two-body framework based on PQCD has been discussed in detail in [68]
and has been adopted in some studies on the quasi-two-body B meson decay processes
recently [117-126].

This work is organized as follows. In section II, we give a brief introduction for the
theoretical framework. In section III, we show the numerical results and give some discus-
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Figure 1. Typical Feynman diagrams for the decay processes B — Kih — Knh, h =(n,K). The
symbol ® is the weak vertex, x denotes possible attachments of hard gluons and the rectangle
represents the scalar resonances K.

sions. Conclusions are presented in section IV. The factorization formulas and functions
for the related quasi-two-body decay amplitudes are collected in the appendix.

2 Framework

In the rest frame of B meson, we define its momentum pp and light spectator quark

momentum kg as

mp mp
B=—(1,1,0r), kp= <SCB 0 k?BT), 2.1

ps ="2(1,1,00) .0, (2.1)
in the light-cone coordinates, where xp is the momentum fraction and mp is the mass.
For the resonant states K and the K7 pair generated from it by the strong interaction
as revealed in the figure 1, we define their momentum p = m—\/g(g ,1,0). Its easy to validate
¢ = s/m2B, where the invariant mass square s = p? = m%ﬁ for the Km pair. The light
spectator quark comes from B meson and goes into intermediate state in the hadronization
of K as shown in figure 1 (a) has the momentum k = (0, m—\/’%”z, kt). For the bachelor final
state h and its spectator quark, their momenta ps and k3 have the definitions as
mp mp

p3 = ﬁ(l —C,0,0T), k3 = <\/§(1—C>$3,0, k3T> . (22)
Where x5 and z, which run from 0 to 1, are the corresponding momentum fractions.

The matrix element from the vacuum to the K7~ final state is given by [127]

(KT (p1)m™ (p2)ldu(1 — 75)5]0) = [(pl —P2)u— Apfgﬁpu] F{7(s) + Ap[;rquf”(S), (2.3)

with the pi(p2) is the momentum for kaon(pion) in the K7 system, Ax, = (m% — m2)
and m (m;) is the mass of K (m) meson. The FX™(s) is the vector form factor which has
been discussed in detail in the refs. [87, 128-135]. The the scalar form factor FX™(s) is

defined as [136-138]
_ Agr L kr Kr
(Kml|gs|0) = Cx —————F3 " (s) = BoCx Fy " (s) , (2.4)

ms — My

where ¢ is the light quark u or d, the isospin factor Cy =1 for X = {K+7~, K7} and
Cx = 1/v2 for X = {K*7% K°7°}. The constant By equals to Ag,/(ms — m,). The



form factor FOK’r(s) above is suppose to be one when s goes to zero. When the K7~ pair
originated from the resonant state K;(1430)°, we have [137]

(K~ |ds|0) ~ <K+7T|KSO>DlK6k<KSOd8|0> = i ier (K5 lds|0) (2.5)
and
My ier = 20T o D0 _pfin(s) (26)
Ky JrpmEKg
with ng = % - fKz, the decay constants defined by (K0|ds|0) = MK; ng and

(K3°(p)|dyyus|0) = frzpu [113], and the mass mg: could be replaced by the invariant mass
/s for the off-shell K§. One can find different values of fx; for K{(1430) in [139], we

employ fKS(Mgo)m%(g(Mgo) = 0.0842 4- 0.0045 GeV? [140] and ng(l%O)mg(g(l%o) = 0.0414

GeV? [141] in this work. The Breit-Wigner formula for the denominator Dy = m%{S -

(13783
Ko

s — imgsT'(s), with the mass-dependent decay width I'(s) = Foq% 7 and T'g is the full

width for resonant state K. In the rest frame of the resonance K, its daughter kaon or
pion has the magnitude of the momentum as

DO | =

q==/[s — (mg +mz)? [s — (mgx —mz)?] /s . (2.7)

The qo in T'(s) is the value for ¢ at s = mig. The coupling constant gxs g = (K7 |KG°),
one has [18]

8w m%{g Uryoknr
IK;Kn = 7 ) (2.8)

where the I'kx r is the partial width for K — K.
The S-wave K7 system distribution amplitudes are collected into [113, 138, 142, 143]

1
2N,

Dpr(z,8) =

[Bo(z,8) + Vs5¢°(2, ) + Vsl — 1) (2, 5)] (2.9)

T

with the v = (0,1,07) and n = (1,0,07) being the dimensionless vectors. The twist-2
light-cone distribution amplitude has the form [113, 138, 142]

b(z,5) = fj% {6z<1 —2) [ao(ﬂ) + gamwcﬁ{?@z - 1>] } L (210

with C2/? the Gegenbauer polynomials, ag = (ms(u) — mg(p))/+/s for (K5, K;°) and
ap = (mg(p) — ms(u))/v/s for (KGt, Ki°) according to ref. [142]. The a,, are scale-
dependent Gegenbauer moments, with a; = —0.57 £ 0.13 and ag = —0.42 + 0.22 at the
scale u = 1GeV for the resonance K(1430), and the contributions from the even terms
could be neglected [113]. There is no available Gegenbauer moments for the state Kj(1950),
we employ the scale-dependent a; and a3 of Kj(1430) for the entire S-wave K7 system in



mpo = 5280 mps =5279 mpo =5.367 mge =0.140 meo = 0.135
Mg+ = 0494 mgo = 0498  fx =0.156  fr =0.130

M (1430) = 1.425 £ 0.050 T i (1430) = 0.270 £ 0.080

M (1950) = 1.945 +0.010 £0.020 T s (1950) = 0.201 % 0.034 = 0.079

A =0.22453 +0.00044 A =0.836+0.015 5 =0.12270518 7 =0.35570-512

Table 1. Masses, decay constants, full widths of K§(1430) and K (1950) (in units of GeV) and
Wolfenstein parameters [93].

the numerical calculation. For the twist-3 light-cone distribution amplitudes in this work,
we take the asymptotic forms as

. FKﬂ-<S>
~ 2V2N.

The factor Fg(s) is related to scalar form factor Fg<™(s) by Fir(s) = 20 Ff7(s).

™ pe*

¢'(2, )

(1-22). (2.11)

0
The distribution amplitudes for B meson and the bachelor final state h in this work
are the same as those widely employed in the studies of the hadronic B meson decays in
the PQCD approach, one can find their expressions and parameters in the appendix.

3 Results and discussions

In the numerical calculation, we adopt the decay constants fp = 0.189GeV, fp, =
0.231 GeV [144], the mean lifetimes 750 = (1.520 & 0.004) x 10712 s, 75+ = (1.638 +
0.004) x 107" s and 7o = (1.509 £ 0.004) x 107" s [93] for the B°, BT and B mesons,
respectively. The masses and the decay constants for the relevant particles in the numerical
calculation in this work, the full widths for K§(1430) and K;(1950), and the Wolfenstein
parameters of the CKM matrix are presented in table 1.

Utilizing the differential branching fraction eq. (A.8) and the decay amplitudes col-
lected in appendix A, we obtain the C'P averaged branching fractions (B) and the direct
CP asymmetries (Acp) in table 2 and table 3 for the concerned quasi-two-body decay
processes involving the resonances K;j(1430) and K3(1950) as the intermediate states, re-
spectively. The results for those quasi-two-body decays with one daughter of the K is the
neutral pion are omitted. One will get a half value of the B and the same value of the Acp
of the corresponding result in tables 2, 3 for a decay with the subprocesses K — K
considering the isospin relation. For example, we have

1
B(B" — K;(1430)" 7% — Kt7%%) = 5B(B+ — K§(1430) "7 — K%t 7%,  (3.1)

while these two processes have the same direct C'P asymmetry.

For the PQCD predictions in tables 2, 3, the shape parameters wg = 0.40 4+ 0.04 or
wp, = 0.5040.05 in eq. (A.3) for the B or BY contribute the first error. The second error
for each PQCD result comes from the Gegenbauer moments a; and as in the eq. (2.10). The



Decay modes Quasi-two-body results

Bt — K;(1430)°7F — Ktn—nt  B(107°)  2.27+0.59(wp) +0.17(azs 1) £ 0.34(mf +aj)
Acp(%)  —1.3+0.2(wp) £ 0.4(azy1) £ 0.2(mf+aj)

BT — K;(1430)* 7% — K70 B(107%)  7.86 £2.16(wp) £ 0.55(az+1) = 1.36(mf+ad)
Acp(%)  1.5+0.4(wp) £ 0.8(azy1) £ 0.4(mf+aj)

Bt — K;(1430)*K° — K7t K®  B(1077)  2.3340.04(wp) + 1.29(az11) & 0.34(mi +al)
Acp(%) —18.4 £5.8(wp) £ 2.7(az+1) £ 5.4(mf +ak)

BT — Kx(1430)°K+ — K—atK* B(107%)  2.86 £ 0.54(wp) & 0.51(az 1) £ 0.42(m& +ak)
Acp(%)  17.94 0.4(wp) +8.0(azs1) + 0.9(mf +ak)

BY — K;(1430)T7n~ — KOntn~ B(107%)  2.07 4 0.54(wp) + 0.14(az; 1) £ 0.30(mf +aj)
Acp(%)  0.3+0.5(wp) £ 0.8(azy1) £ 0.1(mf+aj)

BY — K;(1430)°7% — K+tr— " B(107%)  1.39 £0.35(wp) £ 0.11(az41) + 0.18(mf+ad)
Acp(%)  —1.8+0.4(wp) £ 0.2(azs1) £ 0.1(mF +a3)

BY — K;(1430)* K~ — K7t K~ B(107%)  5.77 +2.38(wp) + 2.92(az11) & 0.62(mi +al)
Acp(%)  4.9+6.4(wp) £3.7(az41) £ 3.6(mE +ak)

BY — K(1430)" K+ — K7z~ K+ B(1077)  3.84 4 1.48(wp) & 1.95(azy1) £ 0.09(m& +ak)
Acp(%)  —5.0+2.6(wp) £6.7(azy1) £ 3.0(mf +a)

BY — K;(1430)°K° - K*7=K°  B(1077)  3.04 +0.15(wp) + 2.04(az11) & 0.36(mf +al)
Acp (%) —

B — K;(1430)°K° — K—7TK®  B(107%) 2.89 4 0.53(wp) + 0.65(az,1) & 0.41(mi +al)
Acp (%) —

BY — K§(1430)" 7t — K°7—nt  B(107°)  3.77+0.78(wp) + 0.51(azs1) £ 0.01(m§+aj)
Acp(%) 1554 1.6(wp) +3.2(azs1) £ 1.0(m3 +ad)

BY — K;(1430)°7° — K~ 7t70 B(10™7)  5.03 4 0.38(wp) + 1.52(az 1) + 0.80(mF+ad)
Acp(%)  59.243.2(wp) + 7.1(azs1) £ 2.5(mF+ad)

BY — K;(1430)" K~ — K°7TK~  B(107°) 1.4440.20(wp) £ 0.26(ag11) & 0.25(m{ +al)
Acp(%) 044 0.3(wp) £ 1.8(azt1) £ 1.2(mE +ak)

BY — K;(1430)" K+t — K7~ K+ B(107%) 1.7440.16(wp) + 0.84(az11) & 0.24(mf +al)
Acp(%)  —51.1 £1.1(wp) £ 6.7(az+1) £ 5.5(mf +ak)

BY — K(1430)°K° — K*n~K°  B(107°) 147+ 0.22(wp) 4 0.24(az 1) £ 0.25(m& +ak)
Acp (%) —

BY — K;(1430)°K° - K—7#TK®  B(107°) 1.1940.06(wp) £ 0.71(ag;1) & 0.17(m{ +al)
Acp (%) —

Table 2. PQCD predictions of the C'P averaged branching fractions and the direct C' P asymmetries
for the quasi-two-body B — K{j(1430)h — Kmh decays.
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Figure 2. Differential branching fractions from threshold of K pair to 3GeV for the Bt —
K§(1430)°nT — Kt~ 7t and BT — K{(1950)°7+ — K7~ 7T decays.

third one is induced by the chiral masses mg and the Gegenbauer moment aé‘ =0.25%+0.15
of the bachelor final state pion or kaon. The large uncertainties of the decay widths of the
states K(j(1430) and K5(1950) in the table 1 result in quite small errors, which have been
neglected, for these quasi-two-body predictions in the tables 2 and 3. The reason is that the
variation effect of decay width I in the denominator D of eq. (2.6) will be mainly canceled
out by the uncertainty of I - (equals to I B(K§ — K)) in the numerator gxe jr. For
instance, the corresponding errors for the decay process BT — K(1430)%7+ — Ktr—n ™
are 0.04 x 107° and 0.2% for its branching fraction and direct C'P asymmetry, respectively,
while for Bt — K{(1950)°7" — KT~ 7T, the two errors are 0.01 x 107¢ and 0.1%. There
are other errors, which come from the uncertainties of the Wolfenstein parameters of the
CKM matrix, the parameters in the distribution amplitudes for bachelor pion or kaon, the
masses and the decay constants of the initial and final states, etc. are small and have been
neglected. One can find that for those decay modes with the main contributions come from
the annihilation diagrams of figure 1, their branching fraction errors generated from the
variations of the a; and as could be larger than the corresponding errors from wp or wp,,
because there is no shape parameter for B meson in the factorizable annihilation diagrams.

In this work, the branching fraction of a quasi-two-body decay process involving the
resonant state K (1950) is predicted to be roughly one order smaller than the correspond-
ing decay mode with the resonance Kj(1430). Or rather, the ratios between the C'P
averaged branching fractions for the decays in table 3 and table 2 with (without) the
factorizable emission diagrams of figure 1 (c) are about 12%-15% (6%-9%). The differ-
ence mainly originated from the (S — P)(S + P) amplitude the eq. (A.43), which has the
intermediate state invariant mass factor mpg+/¢ (= /s). This factor makes the propor-
tion originated from eq. (A.43) in the total branching ratio for a quasi-two-body decay
mode invloving Kj(1950) larger than that of the corresponding decay process including
K(1430) because of the larger pole mass of the resonance KJ(1950). Take the decays
BT — K}(1430,1950)°7T — K7~ 7" as the examples, when we neglect the contribution
from the (S — P)(S+ P) amplitude of the eq. (A.43), the ratio between two branching frac-
tions of the decays BT — K(1950)°7" — KTn~ 7T and Bt — K{(1430)°7" — KTn— 7™



will drop to 8% from about 15%. From the lines of the differential branching fractions for
BT — K;(1950)°7T — KT~ 7" and BT — K(1430)°7T — K7~ 7" in figure 2, one
can find that the main portion of the branching fractions lies in the region around the
corresponding pole mass of the intermediate states.

We must stress that the ratios between the corresponding branching fractions in table 3
and table 2, and also the branching fractions in table 3 for the quasi-two-body decays involv-
ing K(1950) are squared dependent on the result ng(lgg,O)m%(g(l%o) =0.0414 GeV?3 [141].
If the value 0.0414 becomes two times larger, the ratios and the branching fractions in
table 3 will become four times larger than their current values. In ref. [112], there are two
branching fractions measured by LHCb to be

B(B® = n.K;(1950)° — n.KT7~) = (2.18 £ 1.04 £ 0.047059 £ 0.25) x 107°, (3.2)
B(B® — n.K;(1430)° — n. K n) = (14.50 £ 2.10 £ 0.28 7200 + 1.67) x 107°. (3.3)

The two central values above give us the ratio about 0.15 between these two branching
factions, but there is no diagrams like figure 1 (c) for B® — 7. K;? decays. Because of the
large errors for BY — n.K((1950)°, we can not extract the decay constant [K;(1950) from
this measurement. While from the data of the fit fractions for 1. — K3K*7T in [86] and
ne — KTK 7% in [92] both from BaBar, one can expect a larger value than 0.0414 GeV3
for the fK3(1950)m§(3(1950).

The two-body branching fractions for B — Kjh can be extracted from the quasi-two-
body predictions of this work with the relation

I'(B = Kih — Krh) =T(B — Kih) x B(K{ — K7). (3.4)

In ref. [145], a parameter 1 was defined to measure the violation of the factorization relation
the eq. (3.4) in the D meson decays. For the B — K{(1430)h and B — K{5(1430)h — Kh
decays, we have

_ TI(B— K{(1430)h — Krh)

- I(B — K} (1430)h) x B(K} — K)

m?;q;(mo) Ui (1430) / (ms—m)® ds  AN2(miy, s, mp)A2 (s, mi, m2)
(

v
4mmp dnq0

(3.5)

Q

mg+mg)2 S (s — m%((’)ﬂ(1430))2 + (ng(1430)FK5 (5))2’
where \(a,b,c) = a® + b? + ¢ — 2ab — 2ac — 2bc, the §, is the expression of eq. (A.9) in
the rest frame of B meson and fixed at s = m%{g(1430)' With eq. (3.5), we have n = 0.90
for the decays Bt — K (1430)°7*, which means the violation of the factorization relation
is not large when neglecting the effect of the invariant mass s in the decay amplitudes
of the quasi-two-body decays. In order to check this conclusion, we calculate the decay
BT — K}(1430)°7" in the two-body framework of the PQCD approach, and we have
B(BT — K{(1430)°7%) = 35.2 x 1075, which is about 96.2% of the result in table 4
extracted with eq. (3.4), and Acp(BT — K§(1430)°77) = —1.0% is consistent with the
—1.3% in table 2.

The comparison of the PQCD branching fractions with the experimental measure-
ments for the two-body decays BT — K(1430)%7", BT — K(1430)"7° and B —



Decay modes Quasi-two-body results

Bt — K;(1950)°7F — Ktn—7t  B(107%)  3.36 4 0.86(wp) + 0.24(az; 1) & 0.51(mf+aj)
) 1.540.3(wp) +0.2(azy1) + 0.3(mf+aj)
) 1.19 4 0.32(wp) % 0.08(asz11) £ 0.21(mF +aj)
) 3.540.1(wp) +0.4(azy1) +0.2(mf+aj)
) 1.86 +0.04(wp) 4+ 0.60(az.1) + 0.38(mi +ak)
) —9.245.3(wp) £4.0(azy1) + 2.8(mi +ak)
) 3.59 +£0.66(wp) & 0.54(az, 1) £ 0.54(mi +ak)
) 19.2+0.1(wp) + 74(azs1) + L4(mE +ak)
) 2.99+0.77(wp) £+ 0.20(az11) + 0.45(mF +aj)
) 1.9+0.5(wp) £0.5(ag+1) £0.1(mf+aj)
) 2.01 £0.50(wp) % 0.15(az11) £ 0.26(mF +a3)
) 0.440.6(wg)+0.3(azy1) +0.3(mf+aj)
BY — K;(1950)" K~ — K7t K~ B(107%) 5.14 £ 1.90(wp) £ 1.66(az41) + 0.29(mE +ak)
Acp(%)  —2.84+10(wp) +10.6(azy1) & 3.3(mf +ak)

)

)

)

)

)

)

)

)

)

)

)

)

BT — K;(1950) 7% — K070 B(10~¢

BT — Kx(1950)*K° — K°z+K®  B(107#®

BT — Ki(1950)°K+ — K—atK+ B(10~7

B° — K;(1950)* 7~ — Kortx—  B(106

BY — K;(1950)°7° — K+tr— 7Y B(10~¢

B — Ki(1950)" K+ — K°7z— K+  B(107%) 2.36 +0.95(wp) + 1.10(az11) & 0.06(m{ +al)
—1.0 £ 2.4(wp) £ 8.5(azy1) £ 1.3(mf +ak)
BY — K;(1950)°K° - K*7=K°  B(107%) 2.22 +£0.08(wp) £ 1.05(az41) & 0.35(mE +akd)

BY — K;(1950)°K° — K—7TK®  B(1077)  3.36 £ 0.64(wp) £ 0.58(az;1) & 0.48(mE +ak)

BY — K§(1950) "7t — Ko7~ 7t B(10-%)  3.35 4 0.59(wp) £ 0.37(az11) + 0.01(mF+aj)
12.9 + 7.0(wp) £ 3.1(azy1) = 0.8(mF +a3)
3.74 4 0.35(wp) + 1.01(azy1) & 0.48(mJ+a3)
57.1 +4.0(wp) + 8.1(az11) + 5.5(mJ+aj)
2.03 +0.31(wp) £ 0.19(az 1) & 0.32(m& +ak)
0.6 +0.2(wp) £ 1.0(az11) £ 0.9(m& +ak)

BY — K;(1950)" K™ — K°7— K+  B(1075)  1.26 £ 0.15(wp) £ 0.54(az41) & 0.20(mE +ak)

BY — K(1950)°7° — K~ 7t 0 B(10—8

BY — K;(1950)" K~ — K°7TK~  B(10~°

Acp(%) —45.1 £1.3(wp) £ 4.6(az1) £ 5.7(m +ak)
BY — Ki(1950)°K° — K*7~K°  B(107%) 2.1340.33(wp) £ 0.19(az11) & 0.33(m{ +ak)
Acp (%) —
BY — K;(1950)°K° - K—7TK®  B(10™7)  7.65 £ 0.54(wp) £ 4.56(az41) + 1.48(m{ +ak’)
Acp (%) —

Table 3. PQCD predictions of the C'P averaged branching fractions and the direct C' P asymmetries
for the quasi-two-body B — K{j(1950)h — Kmh decays.



Two-body decays This work Data Ref.

Bt — K;(1430)°7T  36.6+11.3+3.9  34.6+33+4.2773 BaBar [43]
320412427 +52  BaBar [38]
51.6 + 1.7+ 68757 Belle [30]

Bt — K;(1430)tn®  12.7+42+14 119+ 1.7+ 1.079% BaBar [43]

B® — K5(1430)t7~ 3344102436  29.97334+1.6+06+3.2  BaBar [40]
49.7+3.846.77}3 Belle [31]

Table 4. Comparison of the extracted predictions with the experimental measurements for the
relevant two-body branching fractions (in units of 1076). The first error for the theoretical results
is added in quadrature from the errors in table 2, the second error comes from the uncertainty of
B(K{(1430) — K7) = 0.93 £ 0.10 [93].

K$(1430)" 7~ are shown in the table 4, with the first error added in quadrature from the
errors in table 2 and the second error comes from the uncertainty of B(Kj(1430) — Kr) =
0.93 £ 0.10 [93] for these theoretical results. The branching fraction and direct C'P asym-
metry for Bt — K{(1430)°7" in Review of Particle Physics [93] averaged from the results
in [30, 38, 43] are 39fg % 107% and 0.0614-0.032, respectively, which are consistent with the
predictions (36.6411.3+3.9) x 1075 in table 4 and (—1.340.5)% in table 2. Because of the
large uncertainty of the Acp = 0.26701% for BT — K(1430)*7° in [93], we can not eval-
uate the significance of the prediction (1.5+ 1.0)%, but our branching fraction agrees very
well with BaBar’s result in [43] for this decay mode. For the decay B® — K{(1430)T7~,
one has two results as listed in table 4 from BaBar and Belle Collaborations, its average B
is presented to be (334 7) x 1070 in Review of Particle Physics [93], this value agrees well
with the PQCD prediction (33.4410.2£3.6) x 1076, There is an upper limit of 2.2 x 1076
for the decay BT — K (1430)° KT, which is below our expectation. Our predictions in this
work will be tested by future experiments. In the very recent work, LHCb Collaboration
presented the branching fractions for the combined decays BY — K Or*KT as [51]

B(B? — K(1430)*K¥ — K 'ntKT)
= (194+1.44+04+156+£20+0.3)x107% (3.6
B(B? — K'5(1430)°K° — KTr+K"?)
=(205+1.64+06+57+224+03)x107%  (3.7)

which are in agreement with the PQCD predictions in table 5.
On the experimental side, the LASS parametrization [36, 81]

s : molo "
R(s) = Vs — 4 %08 — (3.8)
qcotdp — iq mo—s—zmoFOEq—O

are employed in most cases to describe the S-wave K7 system, where mg and 'y are now
the pole mass and full width for Kj(1430), and cotdp = aiq + %Tq with the parameters
a=2.07+0.10GeV~! and r = 3.324£0.34 GeV~! [36]. The relativistic Breit-Wigner term
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Decay modes Quasi-two-body results

BY - Ki(1430)*KF — K Ox*KF  B(1075) 1.97 4 0.45(wp) + 0.10(az1) + 0.43(mi +ak)
) —T7.7+15(wp) £ 1.3(azs1) £ 4.3(mf +ak)
BY — K '5(1430)° K — K¥7+ K0 B(1075)  1.50 % 0.36(wp) = 0.09(az1) % 0.40(mi +ak)
Acp (%) —

)

)

)

)

BY — Ki(1950)*KF — K OntKF  B(107%)  3.20 £ 0.69(wp) = 0.21(azs1) + 0.62(mi +ak)

Acp(%)  3.1+0.2(wp) £2.9(azr1) £ 1.6(mE +ak)
BY = K'5(1950)° K0 — K¥7+ K0 B(1076)  2.67 % 0.59(wp) =+ 0.25(az41) + 0.61(mi +ak)
Acp (% —

Table 5. PQCD predictions of the C'P averaged branching fractions and the direct C' P asymme-
tries for the combined decays BY — K7K, with the resonances Kg(1430) and K((1950) as the
intermediate states.

of eq. (3.8) is different from eq. (2.6). Before the Fi(s) in egs. (2.10)—(2.11) be replaced
by the LASS expression, a coefficient is needed for R(s). We have the replacement

A q —
Fgr(s) = R(s) = mT(}UQKg(1430)K7er§(1430)R(5) (3.9)
0

on the theoretical side. With R(s) in the concerned quasi-two-body decay amplitudes, one
could in principle have the predictions for the decays B — (Km)jh, including the results
as same as the values in the table 2 for the resonance Kj(1430) and the contributions from
the nonresonant effective range term. But we argue that, considering the nonresonant
term of a three-body decay amplitude should not be included in the resonance distribution
amplitudes the eq. (2.9), it’s improper for the effective range term of the eq. (3.8) to be
studied in the quasi-two-body framework with the same expressions of the decay amplitudes
in appendix A.

The two-body decays BT — K;(1430)°x ", BT — K} (1430)*7°, B — K (1430) "7~
and BY — K} (1430)°7° have been studied in ref. [113] and updated in [142] in the QCDF
with K(1430) being the first excited states of KJ(700) (scenario 1) or the lowest lying
scalar state (scenario 2), and in the scenario 2 K{j(700) is treated as a four-quark state.
In view of the discussions for K§(700) in [100-106], we will consider only the results for
the K{(1430) in the scenario 2 in this work. The branching fractions in [113, 142] for
the four decays invloving the Kj(1430) are all smaller when comparing with the measure-
ments and our results but with quite large errors as shown in table 6. The difference
between our predictions and the concerned results in [113, 142] may be partly due to the
dynamical enhancement of penguin contributions in PQCD approach as discussed in de-
tail in [107, 108, 146], and also due to the small values for the decay constant fK6(1430)
and the B — K{(1430) and B — = transition form factors F(flKg and Ff{r in [113, 142].
The value fr(1430) = 34MeV [113] will make our branching ratios involving K(1430)
1.5 times smaller than the results in table 6. With the parameters in this work, the form
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Two-body decays This work Theory ref.
BT — K;(1430)°7+ 36.6+11.3+3.9 11.0 13038754 0%° [113]
129039050005 [142]
AT6 el [147)
BT — K;(1430)*7° 127+42+14 5.375 gty 6ra23 [113]
T4 STTE RS [142]
28.878 1119733 [147]
B — K7 (1430)t 7~ 33.4+10.2+ 3.6 11.372-4+37+a5:8 [113]
138555 55 0 [142]
43.05 5250 [147)
BY — K(1430)°7° 22.44 6.6 + 2.4 6.4175312-2+26.1 [113]
5.671 311515 [142]
184755715150 [147]

Table 6. Comparison of the extracted predictions with the results in literature for the relevant
two-body branching fractions (in units of 107%). The sources of the errors of our results are the
same as in table 4.

factors F(ffr(O) = 0.26 and F(flKg(M?’O)(O) = 0.42 could be induced in the PQCD approach.

The value 0.26 is close to 0.25 for Ff{r(O) in [113, 142], but the 0.42 for F(flKg (0) is two
times larger than the value 0.21 in refs. [113, 142]. In the PQCD approach, the two-
body decays B — K(1430)m were studied in [147], with the branching fractions larger
than the corresponding results of this work except the decay B — K(1430)°7% which
is 18.4735T 15700 x 1076 in [147] as listed in table 6. The result 28.8 7310132 x 106
in [147] is about double of our prediction and BaBar’s measurement [43] for the decay
BT — K;(1430)* Y. The difference between the results in [147] and our predictions could
be be explained as the different input parameters. The decays B — K(1430)K have been
studied in the QCDF in [148]. One can find the comparison of relevant branching frac-
tions in table 7. The Acp = —22.517220T0-83139019% for the decay BT — K;(1430)*K°
in [148] is consistent with the result (—18.4 + 5.8 + 2.7 + 5.4)% in table 2, while the
Acp = —2.601 150059132207 for BT — K(1430)°K ™ in [148] is smaller than the PQCD
prediction (17.9 £ 0.4 + 8.0 + 0.9)% in this work and with an opposite sign.

With m, in the region (0.64~1.76) GeV, the branching ratios of the decay processes
B~ — [K;(1430)° — K- 7F]7~ and B® — [K;(1430)" — K% |7 were calculated in
QCDF in ref. [13] with the predictions (11.64:0.6)x107% and (11.14:0.5) x 107, respectively.
These two decays have also been studied in ref. [14] in the mg, region (1.0 ~ 1.76) GeV
and the branching ratios are (12.11 £ 0.32) x 107% and (11.05 £ 0.25) x 107°, respectively.
In the PQCD approach we have (16.6 + 5.3) x 107% and (15.2 £ 4.7) x 107° in the region
Mmpcr €(0.64 ~ 1.76) GeV, (16.4 £5.1) x 107¢ and (15.0 & 4.6) x 1079 in the region my, €
(1.0 ~ 1.76) GeV for the branching ratios of the decays B* — K(1430)%7" — K*r 7t
and BY — K{(1430)*n~ — K% "7~ respectively, which are consistent with the results
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Two-body decays

This work

QCDF [148]

Bt — K (1430)T K°
Bt — K} (1430)°K+

3.76 £2.16 + 0.40
39.9+13.8+4.3
0.93£0.61+0.10

+0.54+1.40+1.17
1'14—0.38—0.56—0.92

+10.33+5.52+4-3.37
33'70—8447—4.82—3.94

+0.72+0.03+4-2.27
1‘0770‘4770.0470‘97

+0.45+0.02+0.14
0'5870.2970.0370.05

+1.204+1.95+2.67
2'39—0.85—0.90—2.00

+13.36+6.09+6.06
40'47—10.77—5438—6.16

6.19 £ 3.95 £ 0.67
4.90 £ 3.34 £0.53
46.1 £15.0+5.0

Table 7. Comparison of the extracted predictions with the QCDF results in [148] for the relevant
two-body branching fractions (in units of 10~7). The sources of the errors of our results are the
same as in table 4.

Decay modes This work Theory ref.
Bt — K;(1430)°7" — Kta— 7t 22.7+7.0 11.370.0433+01 [1g)
15500 3% 00 [21]

Bt — K;(1430) 7" — Ko7tn® 7.86 4 2.61 5.410.0+1.640.1 [18]
.6500 00 [21]

Bt — K;(1430)°K+ — K~ 7K+t 2.86+0.85 1.070:9+0-2+6.0 [18]
Lo%ootozton  [21]

B — K§(1430) T~ — Kntr— 20.7 + 6.3 10.370 0129400 [18]
106500536500 [21]

BY — K§(1430)°7% - Ktn— 70 13.9+4.1 4.1700+H1-0+6.0 [18]
42750 50 [21]

Table 8. Comparison of the PQCD predictions with the theoretical results for the relevant quasi-

two-body branching fractions (in units of 107%). The errors of this work have been added in

quadrature.

in refs. [13, 14] within errors. The three-body decays B — Kmh have been discussed in
detail in refs. [18, 21] in QCDF. The comparison of PQCD predictions in this work with
the related results in [18, 21] are listed in table 8. From table 4 and table 8, one can find
that the PQCD predictions are totally larger than the QCDF results [18, 21] but closer to
the available data.

There is no direct C'P asymmetries for B?S) — KPK? and B?s) — KKV in tables 2, 3,
because these decays have contributions only from the penguin operators in their decay
amplitudes. For the decays B — K;(1430)*7~ — K%r "7~ and BY — K}(1430)%7° —
K*trn=70 via the b — sqg transition at quark level, the very small proportion of the
total branching ratio from the current-current operators led to the small direct C P asym-
metries for these two decays as shown in table 2. The same pattern will appear again
for the decays BT — K;(1430)°7T — K*r—7n" and BT — K{(1430)*7" — K%ntx0,
and also for the corresponding decays with the K{(1430) be replaced by the K(1950)
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Figure 3. Differential direct C'P asymmetry for the decay B — K (1430)" K+ — K7~ K*.

as the intermediate, but not for the decays BY — K (1430)"7" — K%~ 7" and BY —
K;(1430)°7% — K—nt7Y via the b — dqq transition. The interference between the weak
and the strong phases of the decay amplitudes from current-current and penguin operators
results in the large direct CP asymmetries for the BY — K (1430) 7" — K°r~nt and
BY — K (1430)°7Y — K~ 7% decays. As an example, we display the differential distri-
bution curve of the Acp in m, for the decay process B? — K}(1430)" K+ — Ko7~ KT
in figure 3.

For the decays BT — K}(1430)%7" and B® — K (1430)"7~, with the isospin limit,
one has the ratio [147]

o B(BT — K§(1430)°7T)

R= ~1. 3.10
Tp+ B(BY — K;(1430)+7~) (3.10)

With the predictions in table 6, we have the ratio R = 1.017 4 0.003 in this work. The
small error for R is because the cancellation between the errors of two branching ratios,
which means the increase or the decrease of the parameters that caused the errors will
result in nearly identical change of the weight for the numerator and denominator of R.
For the decays BT — K(1430) "7 and B® — K{(1430)°7°, the diagrams of figure 1 (a),
(¢), (d) will contribute to the branching fractions, the decay amplitudes from figure 1 (a)
are same for both BT — K (1430) "7 and B® — K(1430)%7°, but the decay amplitudes
from figure 1 (c), (d) have the opposite sign considering the difference for wu and dd to
form a neutral pion. It is not strange for the ratio between the branching fractions of
BT — K}(1430)T7? and BY — K(1430)°7° away from unity.

A relation for the direct C'P asymmetries of the two-body decays BT — KT7" Bt —
K7+, B » KTn~ and BY — K" was suggested in ref. [149] as

2B(Bt — K*70) 10
B(BO — K+7T7) T+

2B(B° — K°7%)
B(BY — K+n—)
B(BT — K%*) 7p0
B(B® — K+tn~) tp+

Acp(BT — K*x0) + Acp(B® — K7

= Acp(B° = K*77) + Acp(BT — K7™ (3.11)

Considering the same transitions at quark level, one could extend the eq. (3.11) to the B —
K;(1430)7 decays with the replacement K — K{§(1430). This relation is satisfied within
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errors with the Acp(B? — K$(1430)T7n7) = (0.3 £0.9)%, Acp(BT — K(1430)°7 ") =
(=1.34+0.5)%, Acp(BT — K;(1430)* %) = (1.5 £1.0)% and Acp(B® — K3(1430)°7Y) =
(—1.8 £ 0.5)%, and relevant branching fractions in table 2. One can find that the relation
eq. (3.11) will also hold for B — K{j(1950)7 decays with the values in table 3.

4 Conclusion

In this work, we studied the contributions from the resonant state Kj(1430) and, for
the first time, from the resonance K;(1950) in the three-body decays B — K7h in the
PQCD approach. The crucial nonperturbative input factor Fg,(s) in the distribution
amplitudes of the S-wave K7 system was derived from the matrix element of the vacuum
to K final state and was related to the scalar time-like form factor FX™(s) by the relation
Fin(s) = Bo/mk; Ff™(s). This relation also means that the LASS parametrization for
the (K'){ system which frequently appeared in the experimental works cannot be adopted
directly for the Km system distribution amplitudes in the PQCD approach.

With ng(MgO)meg (uz0) = 0.0842 £ 0.0045 GeV3 and ng(195o>m§<g (1950)
0.0414 GeV3, the branching fractions and the direct CP asymmetries for the concerned
quasi-two-body decays B — K;(1430,1950)h — Kmh were calculated. An important
conclusion is that the C'P averaged branching fraction of a quasi-two-body process with
K§(1950) as the intermediate state is about one order smaller than the corresponding decay
mode involving the resonance K§(1430). In view of the important contribution from the
S-wave K system for the B — Kmh decays, it is not appropriate to neglect the K(1950)
in the theoretical or experimental studies for the relevant three-body B meson decays. We
compared our predictions with the related results in literature and found the predictions
in this work for the relevant decays agree well with the existing experimental results from
BaBar, Belle and LHCb Collaborations.
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A Decay amplitudes

The Lorentz invariant decay amplitude A for the quasi-two-body decay B — Kjh — K7h
in the PQCD approach, according to figure 1, is given by [26, 68]

A=PpQH Q3 P, @ Pgrr . (A.l)

The symbol ® here means convolutions in parton momenta, the hard kernel H contains one
hard gluon exchange at the leading order in strong coupling «; as in the two-body formal-
ism. The distribution amplitudes ® g, ®;, and ® g, absorb the nonperturbative dynamics
in the relevant decay processes.

~15 —



The B meson light-cone matrix element can be decomposed as [150-152]

¢p = N (#p +mp)1s08(kB), (A.2)

where the distribution amplitude ¢pg is of the form

xpmp)? 1
¢p(rp,bp) = NB.TUQB(l — xB)Qexp —<§wQB) — Q(WBbB)Q} ) (A.3)
B

with Np the normalization factor. The shape parameters wp = 0.40 + 0.04 GeV for B°
and BT, wp, = 0.50 +0.05 for BY, respectively.
The light-cone wave functions for pion and kaon are written as [153-156]

B = s [ o) + " () + mbhf ~ 17 (0)]. (A1)
The distribution amplitudes of ¢(x3), ¢* (x3) and ¢ (x3) are
o (@s) = 5 mﬁxga —a3) [1+ abCY2(0) + a3 (1) + PP 0] (A.5)
o (a2) = 5 e (14 (30m = 7 ) G320 - 3| + b1+ 6 €10 (a0
1 7 3
o7 (z3) = 2\};hwc(—t) [1 +6 (57)3 — 58w~ 55 Ph o 5pha2> (1 —10z3 + 10333)] , (A7)

with t = 2x3 — 1, 0217/42 (t) and C’f’ 7/2%4(t) are Gegenbauer polynomials. The chiral masses m}

for pion and kaon are m3 = (1.440.1) GeV and m{{ = (1.640.1) GeV as they in ref. [157].
The Gegenbauer moments af = 0, a{{ = 0.06,a£‘ = ().25,@2 = —0.015 and the parameters
Ph = mh/mg, n3 = 0.015, w3 = —3 are adopted in the numerical calculation.

For the the differential branching fraction, we have [93]

aB 9 Tz

— 2 A8
The magnitude momentum for the bachelor h is
1 \/ 2 2)2 2 2 2 A
=3 [(m% —m2)" —2(m% +m2) s+ s?]/s (A.9)

in the center-of-mass frame of the K{j, where my, is the mass of the bachelor state. The
direct C'P asymmetry Acp is defined as

B(B — f) - B(B — f)
B(B — f)+B(B — f)

Acp = (A.10)

For errors of the B and Acp induced by the parameter P = AP in this work, we employ
the formulas

O0Acp
oP

2(BAB - BAB)

AP = (B + B)?

AB = ‘AP AACp:’

(A.11)
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With the subprocesses Ki™ — {K%7 ", V2K 7%}, K — {KT7n~,v2K%}, K}~ —
{K%~,v2K~7%} and Ki° — {K—nt,v/2K%0}, and the K is K (1430) or K(1950),
the concerned quasi-two-body decay amplitudes are given as follows:

* G * a
A(BT — KT = \/g {V WVauslan FEE + CiMEE] — Vi Vi Km - ;’) FLE

C C
+<a6 - 2> FTh + <C3 29)MTh + (05 - ;)M/ZL—(}IE

+(aq + ar0)F5E + (ag + as)F3y + (Cs + Co) Mkf

+(Cs + conakf] (A.12)
. G
A(BT = K;Tn°%) = 2F {V Vuslaa Ffgs + CoMf + ai (P + Fiy)
3 3Cq0
FCAME + MDY - ViV (a0 - an) P + 0 aeb

3C
+75 MR + (aa + an0) (Bl + Fig) + (a + as)(FFY + F3f)

(Cs + Co) (MEE + MEE) + (Cs + Cr)(MER + M,%}?)] } (A.13)

_ G a
A(BY 5 KiTK%) = ZE {V Vud[alFf;“{}g + Cle}gg] —ViVia [(M — 10>F7@IL(*

\/5 2
Cy C
+(as + a10)F£IL<3 + (ag + QB)FEK* + (C3 4+ Co) M AK*

+(C5 + C7)M£}§5] } (A.14)

GF [« . aio

o ViVl g+ O] - Vitaa (- 02 ) P
C C

+<CL6 )FTh + <03 9>MTh + (CS 27)MJI“/}?

+(ayg + a10)FEE + (a6 + ag) F3E + (C3 + Co) MLF

A(BT — KiPK™) =

+(C5 + &)Mﬁ}f] } (A.15)

* — G *
A(B - Kjtr) = \/g {V Vauslar FEE 4+ CLMEE] — Vi Vi [(a4 + ayo) FEE

+(ag + ag) Fef + (C3 + Co) MFE + (Cs + Cr) ML

+(a4—>FAh +< >FAh + <03—09)MLL
(Cg, — C;) Mf”ﬂ } (A.16)
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. 3
A(B > Ki70) :{ uﬂ@smgFﬁ%—+C&Nﬁ%g]—Vﬁv%[<20m-—aﬁf%ﬁg

3C 3C,
#2000t o+ 28 ars — (- 20 H + P

2 2
C
(o= )+ 0 - (0= ) art 4 ek
(C -~ C2>(M i +M£,If)} } (A.17)
* — G * *
A (BO — KO""K ) = \/g{Vuqud[agFjIL(g + CQMﬁf(g] — VigVia |:(CL3 +ag — a5 — a7)F£[L(§
+(Cy + C1O)M£IL<5 + (Cs + CB)M}?I% + ( as — % — a5+ )F
_ G N X
A(B" = K~ K*') = \/g{ ubVUd[aszl% + C2M£1ﬂ = ViV [(% +ag — a5 — a7)Fxf
SP a9
+(Ca+ Cro) Mkl + (Cs + Co) M3, + <a3 -5 Tt >FAK*
C C
+<C4 - ”’)MAK* (C6 - 8> MAK*] } (A.19)
*0 17 GF
A(B° = K;°K®) = ﬂ{thth[( 10>F%IL<5+ ( 6_>(F K*+FAK*)

C C 4

Cy+C Co+C
_94;10> a5+ Y )FAK* <03+04 _ 9210> MEL.
Cy
(Cﬁ_2>(IMAK* "‘le}f)"_ <a3—6;9—a5+ )F

+(c- G2 )urkt] }. (A.20)

. G a a
A(BO —>KOOKO) = \/g{‘/;bv}d[< 10>FTh +< 28>(F7€}ILD+F£}I:)
C. Cr 4
+(c 9>M LL <C )(M LR MRy + <(03+C4

_C’9+C’10> —G5+CI;>F£}€+(C3+C4— 09+C'10)M

2 2
C a
<06_8>(M MAK*) ( 3—59—(15—1- >FAK*
C
+(cn- G0 )art | (A21)
Gr

A (Bg — KS_W+) — {V Vud[alFTK* + C4 TK*] V;Zth [(a4 + am)F%[L(S

NG
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+(as + ag) FRf; + (Cs + Co) Mks + (Cs + Cr) Mg

a C
+<a4—10>FAK* (CLG )FAK* <03_9>MAK*

+(05 _ C?) MAK*:| } (A.22)

* G * 3a
A(B? = K3°x%) = =& {V yVaalas Ffgs + CQM%[QS] — ththK —ag— 1
509 3a1o
C 3C a
(5= G ) ety + 25 nr ( - ) ks~ (o

2 )FAK* i <03 i 09>MAK* i <c5 i &)Mm]} a1

e
NG

ViV [<a4 T a0)EE + (g + as) FEF + (Cs + o) MEL

4 C C
+(C5 + Cr) Th+(3<03+04—9+10>— as + >F

2

Co+C
+< 6—2)F <03+c4—9+21°)M££

C C
+<05—7>M <06_8>M dh + (a3 +ag — a5 — a7) Fike

+(Ca + Cro) Mijs + (C + CB)MEIP((’;] }, (A.24)
Gr
V2
—VipVis [(CM +a10) P + (as + as) Frgs + (Ca + Co) i

4 Co+C
+(C5 + C7) M. TK* <3(03+C49210> as + >FAK*

Co+C
+<a6_2>FAK* + <CS+C4_ 9—;10>

A(BY - K3 K*) = {v Vislar FEL, + C1MEE, + asFLE + CoME)

M
+<C5 — C) MAK* <06 — C) MAK* (a3 + ag — a5 — a7) A}
+(Cy + Cro)MEE + (Co + cg)Mj,ﬂ } (A.25)
A(B) = K§"K°) = f/g{vtbvts [( - “210> Fiy + (a6 - ) (Ffy, + i)

C C 4
+(c- G )aekt + (05 - G )t ety + (G
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_@+QQ_

Co+C
2 >FAh+<C3+C4—9_|_1O>M£L

2

a

C
+<06—28)(M§ MAK*) <a3—29—a5+ 2>FAK*
C
— Gr (. . a
A(BgﬁKOOKO) — _\/i{‘/tb‘/ts[<a4_;0>F%flég+ ag — 2>(F K*+FAK*)
Co Cr 4
+<C3 >MTK* <C5 - 2> (MTK* MAK*) < <C3+C4

Cy+C Cy+C
_921ﬂ_5+ )&w <@+@—1ﬁgmﬁ@m

2

(@—QﬂM H, (A.27)

in which G is the Fermi coupling constant, V’s are the CKM matrix elements. The

Cs
HO—)MQW+M%H(3—%—%+ >F

combinations a; of the Wilson coeflicients are defined as

C C C C C
ZC'QJr?l, a2201+?2, a3203+§4, a4:C4+§3, as 205+?6,
(A.28)
C C C C C
CLG:CG-i-i, a7:C7+i, CLg:Cg-i-J, CLQZCg-i-ﬁ, alozcl()—l-fg.
3 3 3 3 3
(A.29)

It should be understood that the Wilson coefficients C' and the amplitudes F' and M for
the factorizable and nonfactorizable contributions, respectively, appear in convolutions in
momentum fractions and impact parameters b.

The general amplitudes for the decays B — Kjh — Kmh in the decay amplitudes
eq. (A.12)-eq. (A.27) are given according to the figure 1, the typical Feynman diagrams in
the PQCD approach. In the following expressions, we will employ LL and LR to denote
the contributions from (V' — A)(V — A) and (V — A)(V + A) operators, respectively. For
the contribution from (S — P)(S 4+ P) operators which come from the Fierz transformation
of the (V — A)(V + A) operators, we will use SP to denote it. The emission diagrams
are depicted in figure 1 (a) and (c¢) with B — K and B — h transitions, and described
as the subscripts TKj and Th in their amplitudes, respectively. The factorizable and
nonfactorizable diagrams have been merged in figure 1, which could be distinguished easily
from the attachments of the hard gluons. Those diagrams with two attachments of the
hard gluon passed the weak vertex are nonfactorizable diagrams, we name their expressions
with M, while the others are factorizable, and we name their expressions with F. There
are two similar merged annihilation diagrams, the figure 1 (b) and (d), with the subscripts
AK( and Ah in their amplitudes, respectively, which demonstrate the W annihilation and
W -exchange, space-like penguin and time-like penguin annihilation-type diagrams.
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With the ratio 79 = mf/mp, the amplitudes from figure 1(a) are written as

FH; = $Comi (G ~ 1) [ dopds [ bodbabdbon(on, ba)
L [VEEz = 1)@ + ') = (2 + 1)6] Earz(tahar (25, 2, b, b)
+(¢6-2v6") Baaltar)haa(wn, = b5, b) |, (A.30)

Ffft = —Ffgs, (A.31)
Fiis = 16mCrmipro fic(x) / depdz / bpdbpbdbdp(zs,bp)

< {[01¢(22 = 1) = 1] + /([0 — (2 + 2)6°]] Fara(tar)ha (w5, 2, b b)

+6(2¢ — 25) = 21/C6"(C — wp + 1)| Bura(tar)has(w, 2,b5,b) | (A.32)
Mg, = 32rCpmi//2Ne(¢ — 1) / da pdzdas / bpdbpbsdbsdp(xp, bp)d™

{1601 = w5 — 2) + 2 + 25 — 1)+ V/C2(0" — ¢)]

X Ba34(ta3)has(zB, 7, 73,08, b3) + [[w3(1 — ) — 2B]d + 2[¢ — /C(6° + ¢")]]

% Basa(tat)has (x5, 2, 73, b, bg)}, (A.33)
Mg = 32rCrmizro//2Ne / drpdzdrs / bpdbgbsdbspp(zp,bg)

{1601 = 2a) + w5 + 25 = 1][6+ /(6" = $)](6" +67)

+VC(VCh+ ¢° + ¢) (" — 7)) Eaga(tas)has(xp, 2, 73, b, b3)

+[[(1 = Oz — wplld + VC(¢* — (¢ — ¢7)

+\/gz(\/6¢ +¢° + ¢t)(¢P + ¢T)] Ea34(ta4)ha4(x37 z,23,bp, b3)}’ (A'34)
M7 = 32nCrmi//2N(¢ - 1) / dzpdzdas / bpdbpbsdbsp(xp, bp)d”

<{[l(es — )¢~ + 2 — a3+ 116 — /C2(6" + 6]

X Eusa(tas)has(t 5, 2, 23,05, b3) + [[x5 + 23(¢C — D))o — 2¢/C(V/ <P — ¢° + ¢')]

XEa34(ta4)ha4(5L‘B,Z,ajg,bB,bg)}, (A35)

with the color factor Cr = 4/3. The amplitudes from figure 1(b) are written as

Flfs = 8nCpmp fp / dzdas / bdbbsdbs

X{ (1= Q) (2 = 1)gd™ + 20/Cro[(2 — 2)6° + 20'167 | Eyia(to1) hn (2, 23, b, b)

+[(1 = Qles(1 = Q) + ¢Jod™ +2¢/Crod”[(C(as — 1) — 23) (67 + ¢7)

— (" — 1)) Epi2(tpe) hua(z, 3, b, b3)}> (A.36)
Fife = —Fhi, (A.37)

- 21 —



FEII;S = 16W0Fm%f3/d2d$3/bdbb3db3

{ (€= DV = D@ + 69 + 200007 (= — 1) — 1]]

X Bp1a (o) b (2, 23, b,b3) + [2/C(1 = )¢°¢™ + 23rod(¢ — 1)(¢7 — ¢7)

~2(ropd”] Epa(ts2) ha (2, 43, b, bs)}7 (A.38)
Mg, = 32nCrmi/ /2N, / dzpdzdas / bpdbpbdbop(zp,bp)

x{ [[(2(1 —z—x3)+{(rp+223+2—1)— (zp —i—x;;)]qﬁqﬁA

+/Crol(ws + (1= )3 — 1)(6" — ¢) (6" + ¢7)

+2(8° + ') (¢ — ¢7) + 46° "] Evsa(tes) hus(z B, 2, v3,bp, b)

+[(¢ = 1)(z = 1) + V/Cro[(¢(as — 1) — w3+ 28)(¢° + ) (87 — ¢7)

+(z = 1)(¢° — ¢")(¢" + ¢7)]] Evsa(toa) hoa(z B, 2, 23, bB, b)}, (A.39)
MER, = 327Cpm%/+/2N. / drzpdzdxs / bpdbpbdbop(rp,bp)

LU= 1)+ DV = 696" + r06l(ws(1 = Q)+ — 2) (67 +67)

+C2(¢7 — ¢7) + 2¢0" ] Evsa(tes) os(x B, 2, 3, bp, b)

+[(1 = 2)VCC = 1)(¢° — "™ + rodl(Cas — (x5 — 28))(¢7 + ¢7)

+¢2(¢" = ¢7) — 2¢0"]| Eysa(toa) hoa(z B, 2, 23, b, b)}a (A.40)
M5, = 32nCpmi/ /2N, / drpdzdxs / bpdbpbdbgp(rp,bp)

><{ [(2¢+2=1)(¢=1)¢d™ + /Crol(C(1—z3) +xp+23—1)(6° + ¢') (87 — ¢7)

+2(¢° — ¢') (" + ¢") — 46°0" )] Epsa(tes) hus(zp, 2, v3,bp, b)

+[(1= Q2 = 2) + 23(¢ — 1) + @8]od™ + roV/C[(1 — 2)(6° + ¢') (67 — ¢7)

+((1 = Qs + ¢ — zB)(¢° — ¢")(¢" + ¢")]] Evsaltoa) hea(zp, 2, 23, bp, b)},

(A.41)
The amplitudes from figure 1(c) are

FEE = 87Cpm Fien(s)/ s / de pdas / bpdbibydbyds (x5, bp)

X { [(1=O)((¢—Das— )¢ = ro[(23(¢—1) + ¢+1)¢" + ((—1)(2235—1)¢" ]
X Eeta(te)hei(xp, 23,05, b3) + [C(¢ — 1)zpd™ + 2ro(Cap + ¢ — 1)¢”]
XEC]_Q(tCQ)hCQ(SUB,I'g,bB,bg)}, (A.42)

F2P = 16nCrmy/CFir(s) / dzpdrs / bpdbpbsdbsdp(zp,bp)
X{ (¢ = D)™ + rolas(C — 1)(¢7 — ¢7) — 207 Ecra(ter)her (2, 23, b, b3)

+[(¢ = Dape™? +2r0(¢ + 25 — 1)¢"] Baz(te)he2(zp, 23, b5, 53)}, (A.43)
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LL
Mry, =

LR _
Mzt =

327rCFm4B/\/2NC/dedzdx3/debBbdbqu(xB, bp)o

{ [P =D(@s+2-1)¢" + rolC(wp+2) (97 +67) + a3((~1) (6" —67) — 26" ]]
X Beza(tes)hes(TB, 2,23,bp,0) + [(1 — Qas[(¢ — 1)¢? + ro(¢” + ¢7)]

—(z5 — 2)[(¢ = D)o + (ro(¢” — ¢1))] Eesa(tea)hea(z B, 2, 23, bp, b)}7 (A.44)

327rCij§\fg/\/2Nc/d:dezdazg/debBbdbngB(mB,bB)

{1 = Dlan +2 = D@ + 696+ rl(C(1 — ) + 22)(¢" — 66 + 87)
+(p+2z— 1)(¢> + 6" (¢" — ¢")]| Ecsa(tes)hes(w, 2,23, bp, b)

+[(z = 2p)(¢° = (¢ = D¢ +ro(¢" = 67 + (¢ = Droxa(6° + ¢")

x(¢F + ¢ )H c34(tc4)hc4(:c3,z,:zzg,bB,b)}, (A.45)

The amplitudes from figure 1(d) are

Fil = 8nCpmi f / dzdzxs / bdbbsdbs

LL __
My =

{1 = DI = Vg + oo™ = 20/Crog™[(€ — Daa(9” = 67) +207]]

X Eq12(ta1)ha (z, 23, b, bs [212¢/Cro(¢° + 6" + (1 — ¢)po?

—2(¢ = 1)V/Cro(¢* — 6)¢"] Eara(taz) haz(z, w3, b, bg)} (A.46)
—FiE (A.AT)

167Crm% [ / dzdxs / bbbz dbs

x { [2(1 = Q)v/(6°6™ +rodl((¢ = Vs + 1)(67 + ¢7) + (" — ¢7)]

X Bara(tar)har (2,3, b,b3) + [ (1= V(6" = 60 + 2n0(C(2 = 1) + 1)697 |

X Egia(tas)has(z, 3, b, b3) } (A.48)
327Cpm%/+/2N, / dzpdzdzs / bpdbpbdbdp(zg,bp)

x{ [l +2 = D¢+ ¢~ (@p + 269" + v/Crol(s — (s — 1)(6° — ¢

><(¢P+¢>T) + (xp+2—1)(¢°+¢") (9" —¢") — 4¢°0"]| Eusa(tas)has(zp, 2, v3,bp, b)
+[(1 [C(z3 —xp + 2 — 1) — 23+ 1o — /Crol(zp — 2)(¢° — ¢") (07 + ¢7)
+(1- >< — 16" + (6" = )] Eaa(tan)has(wp, 7. 23,bp,b) |, (A49)

32nCrmp/\/2N, / dzpdzdas / bpdbpbdbop(rp,bp)

{1 = DV(an +2 = 29" + 0" +ros[C(en + 2 = (" +67)
+(Cmg — 23 — 1)(¢7 — ¢7) — 208" Egza(tas)has(z s, 2, 23, bp, b)
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+[VC(C = D(@p = 2)(@° + 8o + rodl((xp — 2) (@7 + ¢7)

—I—(l — .1‘3)(( — 1)((Z)P — (Z)T)]]Ed34(td4)hd4(x3, Z,T3, bB, b)}, (A.50)
M5P = 327rCrm%/\/2N. / dzpdzdrs / bpdbpbdbop(rp,bp)

X{[(l — QlC(zp + 2 + 23 — 2) — 23 + 1dpo™ + /(rol(wp + 2 — 1)(¢° — ¢')

(&7 +0") + (x3¢—C—23)(¢°+0") (0" —¢") + 46° "] Egza(tas)has(x s, 2, x3, b, b)

+[(1 = ) ap = 2)00™ +rov/C[(1 - 23)(C = 1)(¢° = ) (0" + ¢7)

+(zp — 2)(¢° + ¢")(¢" — ¢")]] Egza(tas)haa(z B, 2, 23, bp, b)}, (A.51)

B PQCD functions

In this section, we group the functions which appear in the factorization formulas of
this work.
With ¢ = (1 (), Z3 = (1 —z3) and z = (1 — 2), the involved hard scales are chosen as

tar = max{me 1/b5, 1/b} (B.1)
tey = max{mB\/m? 1/bg, 1/b} (B.2)
tas = o { /T35, mi 5162 — wal. 1/, 1/ (B.3)
fos = max {mB 757, may/zles — 23Cl, 1/bs, 1/b3} (BA)
ty1 = max{mBﬁ 1/b, 1/53} (B.5)
13 = max {mB ¢ + 236, 1/, 1/b3} (B.6)
by = max {mgm ), mpy/1 — 2(#C — ), 1/bs, 1/b}, (B.7)
t = e {ma[o(C + 020), o5l — €~ ), 1/, 10} (B3)
fo = max {mB\/a;E 1/bs, 1/b3} (B.9)
teo = max {mB rp(¢, 1/bp, 1/b3} (B.10)
by = max{ Vw525, mpy[| —wp — 2llwsC + Cl, /s, 1/b} (B.11)
fog = max{ s\/z823C, mpy/les - 2lasC, 1/bs, l/b}, (B.12)
fy1 = max {mB\/J 1/b, 1/53} (B.13)
typ = max {mBﬁ 1/b, 1/b3} (B.14)
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fys = max {mB\/g;jz, mpy/1— (@sC + Q)1 — a5 — 2), 1/bs, 1/b}, (B.15)

tg4 = max {mB\/:C;;Z, mpy/ ’1’3 — Z‘.i’37, l/bB, 1/b} . (B.lﬁ)

The hard functions are written as
hei (5,2, b5, b) = Ko(mp/T52b5) [e(bB A (mB\/EbB)IO (mB\/Eb)
+(b & bB)] Se(2), (B.17)

haQ(JZB, Z, bB, b) = KO <m3@b> St(l'B)
21000 — be)H (mpy/C = 25b)Jo(mp/C = w5bp)

+(b 4 bg)], rp < (, (B.18)
[G(b — bB)Ko(mB\/.%'B — Cb)IO(mB\/xB — CbB)
+(b > bg)], rB > G,

= H (mpy/2[Cos —wplbs),  Cas > ap,
X - i
Ko(mpy/z[zp — (T3]bs), (73 <z,

hat(25, 7,23, bp, bs) = [e(bB — by K (mB\/@bB)IO (mB\/mbg) ¥ (bp & bg)}

X 2 HD (mpy/2[23C — xp]bs), x3¢ >,
Ko(mpy/z[zp — z3(]bs), 23 < 2,

hut (2, 23, b, bs) = <l;r> i a7V (mb [5(¢ + xgé)bg)st(z) (B.21)
X [e(b — by)HY (mB\/ﬁb) Jo (mmeg) r (b bg)},
hipa (2, 3, b, by) = <’;T> i " (mi\/2(C + 230)b) Sils) 60 — by)
<l (mB\/C + xgc‘b) Jo <mB\ [c+ ngbg) o bg)} . (B.22)

hbg(xB,Z,ajg,bB,b) = %FK() (mB\/l - Z(Cﬁgg — xB)bB> |:9(b3 — b) (B.23)

(B.19)

(B.20)

< HV (mB Z(¢C + xsé)bs) Jo (mB Z(¢ +x3¢ )b) + (bp b)] 7

hoa(2p, 2, 23, b, b) = %T [e(bB —byHY (mB\/Z(C + xgi)bB)
% Jo (mB\/ ¢+ xgé)b) +(bp & b)}

% %Hél)(mB\/f(C +x3¢ —xB)bp), xp <(+ws(,
Ko(mpv/z(xp — ¢ — 23()bp), zp > ¢+ 3¢,

(B.24)
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hei(zp,3,bp, b3) = Ko(mpy\/zpwsCbp) [9(53 — b3) Ko (mB 963553)
x 1y (mB 933@3) + (b3 < bB)]St(xS)v (B.25)
hea(zp, x3,bp,b3) = hei(x3,xp,b3,bR), (B.26)
hes(w, 2 w3, b, b) = [0(bs — Ko(mB\/xBngbB)Io(mB\/xBxggb) (b > b)]

Sl (mp /(1 =25 = 2l + (), ap+2<1,
Ko(mpy/ (x5 + 2 — 1)[z3C + (]b), xp+2z>1,

(B.27)

hea(z5, 2,73,b5,b) = e(bB — b Ko (mB\/xBngbB>Io (mB\/mBacgéb) 4 (bp b)}
{ i g (mp\/23(z — wp)Cb), @B <z

(B.28)

(mpy/z3(xp — 2)C b rp > 2z,

?w
Ko(
hdl(z,xg,b, b3) = < > mB :i‘gZ&b)St(l'g) |:0(b—b3)

< H{! )(mBm - g;gib) Jo(mB\/l - xgébg) Lo bg)}, (B.29)

. 2
hao(2, 3, b, bs) = <’§> HY (mpy/ 232Cb3) Sy (2) (B.30)
[a(b bs) H (mB\/>b>Jo(mB\/>b3) (b <> bs) }
hdg(aZB,Z,l'g,bB,b) = %TK()(mB\/l — 1'3(1 — B — 2)54- (IL'B +z— l)CbB) (B.?)l)

x[005 = b HEY (m\/752C05 ) Jo (my 752C0) + (b > b))

haa(zB, 2,3, bp, b) = %r[@(bB - b)H(” (mB izngbB)Jo (mB fgzéb) + (b & b)}

”H mB\/xg z—2xp)C bB rp < z,
X (B.32)
Ko(mpy/Z3(zp — 2)Cbp), B > 2,
where H(()l)(x) = Jo(x) +iYp(x). The factor S;(x) with the expression [158]
21+2¢(3/2 + ¢)
S, = 1—x)¢ B.33
)=~ W= (B.33)

resums the threshold logarithms In?y appearing in the hard kernels to all orders, and the
parameter ¢ has its expression as ¢ = 0.04Q? — 0.51Q + 1.87 with Q? the invariant mass
square of the final state f in the B — f transition [143, 159].

The evolution factors in the factorization expressions are given by

Ealg(t) = Ozs(t) exp[—SB(t) — SKS (t)], (B.34)
Ea34(t) = as(t) exp[—SB(t) — SKS (t) — Sh”b:va (B35)
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Eblg(t) = as(t) eXp[—SKg - Sh(t)], (B36)
Eysa(t) = avs(t) exp[—SB(t) — Sk (t) — Shllbs=b, (B.37)
Eclg(t) = Ozs(t) exp[—SB(t) - SKS (t)], (BSS)
E34(t) = as(t) exp[—Sp(t) — Sk (t) — Shllbs=bp > (B.39)
Eg15(t) = Epa(t), (B.40)
Eaza(t) = Epsa(t), (B.41)
in which the Sudakov exponents are defined as
mp 5 [t dﬂ _
S :s<x ,b>+/ —q(as(it)), B.42
s = pn) 45 [ Trutai) (B.42)
t _
mpg mp d,u _
Sk =s|z——=,b +5(12,b>+2/ —Yq (s , B.43
ks = (780) +s (=972 [ et (B.43)
t —
mp mp d/L _
Sy = —,b3 | + 1—2x3)——,b —1—2/ — s , B.44
o= () v (0 ) 2 [ T, B
with the quark anomalous dimension v, = —a;/7. The explicit form for the function
s(Q,b) is [152]
A g A . A®) /g
5(Q,0) = ——qIn| x| -5 (¢—-b)+— |71
(@0 = 55,4 <b> o (170) 45 <b >
(2 (1 2ve—1 § (1 7 b
B AQ_A (€ m (4 +A 362(2 ln(2qA)—|-1_ln(2bA)—|-l
463 4/ 2 453
AN B, o o ns
TR [111 (29) — In (25)} : (B.45)
with the variables are
§=W[Q/(V2A)], b=n[1/(bA)], (B.46)
and the coefficients A® and §; are
33— 2ny 153 —19ny 1 _ 4
61 - 12 ) /82 - 24 ) A - 37
67 w2 10 8 1
@ 2= =~ e 2 E
A 9 5 37" + 3ﬁlln<2e ), (B.47)

where ny is the number of the quark flavors and «g is the Euler constant.
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