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1 Introduction

The Seiberg-Witten solution to the N =2 SYM theory [1] provides an example of evalu-
ation of the spectrum of stable particles in the theory. In particular, it was demonstrated
exactly that the spectrum undergoes changes at some submanifolds in the moduli space [2].
In the simplest case of the SU(2) gauge group the W-boson turns out to be unstable near
the origin of the moduli space a = 0, where a is the vev of the adjoint scalar parametrizing
the moduli space. The region of instability is enclosed by the curve of marginal stabil-
ity, which involves two singular points where a monopole and a dyon become massless.
There are nontrivial monodromies of the spectrum around these points where the massless
particle emerges. Naively, the instanton contributions to the effective low-energy action
have poles at the origin of the moduli space but upon resummation the naive singularity
disappears.

The Seiberg-Witten solution has been derived explicitly upon introducing the €2-
background [3], so that the powerful localization technique allowed to evaluate the in-
stanton contributions. Somewhat similar to the undeformed case, naively there are points
in the moduli space a = ne;, where W-bosons with non-vanishing angular momentum n



become massless. The deformation parameter €1 enters the partition function as the an-
gular speed via the factor exp(—e;J), where J is an operator of rotation in some plane
in R*. There are poles in the instanton sums exactly at these points; however, with the
use of the approach from [4] it was shown in [5] that in the pure SU(2) gauge theory the
effective twisted superpotential can be resummed in such a way that naive poles recollect
into branch cuts. Similar to the undeformed case, the spectrum of the stable states is
expected to be rearranged near the poles.

According to the AGT correspondence, the instanton part of the Nekrasov partition
function in 4d is equal to a particular conformal block in 2d, whose type depends on matter
content of the supersymmetric gauge theory [6, 7]. In particular, the partition function
of the N' = 2 four-dimensional SU(2) gauge theory without matter fields corresponds
to the irregular conformal block in two-dimensional theory [8], and the effective twisted
superpotential arising in the Nekrasov-Shatashvili limit [9] corresponds to the semiclassical
irregular conformal block. In the same manner, partition functions of the N' = 2* SU(2)
theory with adjoint matter and of the N' = 2 SU(2) theory with four matter fields in the
fundamental representation correspond to the 1-point conformal block on a torus and to
the 4-point conformal block on a sphere respectively.

It is also useful to utilize the integrability trick. It has been recognized that all low-
energy information concerning the SU(2) and SU(N) SYM theories [10, 11] is stored in
SU(2) and SU(N) classical closed Toda chains. Similarly, the N'=2* SU(N) SYM with
adjoint matter corresponds to the classical SU(NN) elliptic Calogero model [12]. The idea
behind integrability is quite simple. Namely, we add a proper probe defect into the the-
ory and capture the information about the theory from the dynamics of the probe. The
correspondence with the integrable systems becomes even more clear in the (2-deformed
case when they get quantized [9]. The Schrédinger equation for the wave function of the
finite-dimensional Hamiltonian system is the same as that, which defines the semiclassical
conformal block and which is obtained on the CFT side from the null-vector decoupling
equation in the semiclassical limit, when one inserts the degenerate operator into a corre-
sponding correlator (see for instance [13]).

Namely, the problem of finding the semiclassical 1-point torus conformal block is equiv-
alent to the spectral problem of the Lame equation [14]. From the point of view of conformal
field theory, the Lame equation arises as the null-vector decoupling equation for the 2-point
correlator on the torus [15]. In a proper limit the Lame equation turns into the Mathieu
equation, whose solution defines the semiclassical irregular conformal block [16, 17]. The
spectrum of the Mathieu equation consists of a sequence of bands and gaps [18], so the
semiclassical irregular conformal block has an interesting analytic structure. The 4-point
conformal block on the sphere can be calculated by solving the Heun equation and requiring
a particular monodromy from its solutions [19].

Recently, a significant progress has been made in identifying conformal blocks with
different objects in AdSs. It has been shown that the global 4-point conformal block
on the sphere corresponds to the so called geodesic Witten diagram — the diagram in
a particular quantum field theory on the AdSs background, where positions of vertices
over which integration is performed are restricted to geodesics connecting points at the



boundary [20]. The semiclassical 4-point conformal block in the heavy-light limit was
identified with the action of the geodesic configuration in the geometry of the conical
defect in AdSs [21]. Analogous results were also obtained for conformal blocks on the
torus. The global 1-point conformal block on the torus was shown to correspond to the
Witten diagram in thermal AdSs [22]. In [23, 24] the interpretation of the semiclassical
n-point conformal block on the torus in terms of geodesics in thermal AdSs was suggested.

We shall show very explicitly how the jumps of the superpotential /conformal block at
the cuts are represented in terms of configurations of simplest geodesic networks. To this
aim the special linearized limit of the semiclassical conformal block is considered. We will
analyze several types of conformal blocks, corresponding to geodesic networks in thermal
AdS3 and in the background of the conical defect and of the BTZ black hole. In all the
cases the corresponding rearrangement of the geodesic configuration will be identified. We
will start, however, with the discussion of analytic properties of the semiclassical irregular
conformal block, which does not seem to have any simple holographic interpretation, but
which is crucial for the whole topic.

The paper is organized as follows. The main text consists of 3 parts, each of which
is devoted to different types of classical conformal blocks. In section 2 the resummation
procedure of the semiclassical irregular conformal block and its consequences in CFT5 are
discussed. In section 3 we analyze the analytic structure of the linearized semiclassical torus
conformal block with the use of an analogous resummation procedure and of its holographic
interpretation. In section 4 we analyze the analytic structure of the semiclassical heavy-
light 4-point conformal block on the sphere with the use of its holographic interpretation.
In Conclusion we formulate the main results of the paper and mention a bunch of open
questions. The relation between geodesics in the conical defect and in the BTZ black hole
backgrounds and also the network of geodesics at a constant angle in the BTZ background
are discussed in appendices.

2 Irregular conformal block

In this section we briefly review the definition of the irregular conformal block, methods
of calculating it, and how it is related to the spectrum of the Mathieu equation in the
semiclassical limit. Then we discuss a double series representation of the semiclassical
irregular conformal block, which reveals its discontinuities at some discrete values of the
conformal dimension.

The irregular conformal block is defined as the norm of the Gaiotto state |A, A?) [8]:
Fiur(A, c|A?) = (A A? | A A?). (2.1)

By definition, the Gaiotto vector |A, A?) is a linear combination of vectors belonging to
the Verma module of some primary vector |A), which satisfies to the following conditions:

Li|A A?%) = AZ|A A?),

2.2
L, |A A% =0, n>2. (22)



One can solve these equations order by order in A2, looking for a solution in the form
|A,A%) =372 A% |uy,) , where |vg) = |A), Lo [v,) = (A +n) |v,). It is also known that
the irregular conformal block can be obtained from the 4-point conformal block on the
sphere Fupt (A, Ay, c|z) in the limit, when some external dimensions tend to infinity, while
the coordinate z tends to 0 [25]:

€2,€3 — —0O0, 2 — 0,

2.3
eaesz = A* = const, (2:3)

where ¢; = bQAZ" o L€ external dimension in the semiclassical limit, and we use the
standard parametrization of the central charge ¢ = 1 +6(b~! +b)?> = 1 + 6Q?. So, the
following equality, relating these two conformal blocks, holds:

Fin(A,elpA%) = Tim Fape(A, Aiyelz) = > 0N ey A (9.9
20 N>0

where (Ngl) (1NN are the elements of the inverse Gram matrix of basis vectors in the
Verma module, built over the primary vector |A):

(NA) Yy = <A| Ly/L,y |A> . (25)

From Zamolodchikov’s recursion formula for the 4-point conformal block on the sphere [19,
26, 27], taking the limit of large conformal dimensions, one can also obtain the recursion
formula for the irregular conformal block [28], which is convenient for actual computations
of conformal block coefficients:

Apn(c)

Fr(Ajc) = _—
mn+N=K A= Amn

fN(Amn + mn,c), -FO = 17 (26)

where the notation Fy(A,c) = (N A 1) (v, ny Was introduced for elements of the inverse
Gram matrix, and A,,, are the degenerate dimensions, which are given explicitly be-
low (2.20). The coefficients A, (c) are defined as follows:

(_1)m+n 1

Amn — )
(c) 2 Llpb T+ gb

(2.7)

where the numbers p and ¢ in the product run over the following sets of integers: p =
-m+1,-m+2,...,m; ¢ =-n+1,—n+ 2,...,n, excluding the pairs (p,q) = (0,0)
and (m,n).

It is widely believed that conformal blocks exponentiate in the semiclassical limit. The
problem of calculating the semiclassical irregular conformal block

fir(e|A?) = %irr(l) b? log Firr (A, c|b™2A%) (2.8)
_)

(the argument rescaling A2 — b=2A? is necessary for the conformal block to exponentiate in
the semiclassical limit) is equivalent to the problem of finding the spectrum of the Mathieu
equation, describing a particle in the periodic potential,

— " (2) + 2A% cos(22)¢(2) = u(v, A*)(2) (2.9)



for quasiperiodic wave functions 1 (z + m) = €™ (z) [16, 17]. The quasimomentum v of
the particle is related to the conformal dimension in the semiclassical limit:

(2.10)

€= A‘b—>0’

and the energy of the particle u(v, A?) is conjecturally related to the semiclassical irregular
conformal block:

Ao
C40A

The particle energy also has a natural interpretation in CFTs as the expectation value of

u(v, A?) = — fur(v, A?) + const . (2.11)

the operator Ly over the Gaiotto state, or rather as the deviation of this expectation value
from the value A, as the following equation holds:

Ao 9 2<A,A2‘L0—A|A,A2>
~Tgn A =0 (A, A2) A, A2 b (2.12)
which follows from the equality:
3 |A, A% = (Lo — A) |A, A7) . (2.13)

The first few terms in the expansion of the semiclassical conformal block in the parameter
q = A%, which can be obtained either from the definitions (2.1) and (2.8) or from solving
the Mathieu equation perturbatively in the potential amplitude, have the following form:

1, 3—5¢ 4 12 — 38¢ + 1862 5
irr\ € 0]
finle®) = 5.0~ eaar10? T weerapragd TOW)
2 502 + 7 16(9v* + 5812 + 29
=— Q- g — ( ) ¢° + O(q®).

v?2—1 (12 =13 (% —4) 3?2 -1 w2 —4)(¥?-9)
(2.14)

With the use of the formula (2.11) an analogous expansion, singular at integer values of
the parameter v, can be also obtained for the energy u(v, A%). From the general theory of
the Mathieu equation it is known, however, that for every v € Z the equation (2.9) has
solutions, corresponding to top and bottom edges of gaps and bands in the spectrum [18].
A certain procedure of resummation of the irregular conformal block (2.14) allows one
to obtain energy values at the edges of bands/gaps and gives new information about the
analytic structure of the conformal block [4, 5, 29]. To obtain a good expansion of the
irregular conformal block near integer values of v, one reorganizes its expansion in ¢ as a

flrr v, q = Z |: <’I’LZ/> +g(/§n) <nq+y>:| q2k72+n, (215)

double series:

where functions g(kn) have the following form:

. 1 —log?2 + log (1+\/1+422/{%>—\/1—1-422/(,%
91" (2) = :
! z (2.16)

5
N 1+422/¢2)7 " Qop_3(2%) + Pr_1(22)
gsg )(z2) = ( ) S2h—1 » k> 1,




Figure 1. Branching points of the functions g(kn), entering the double series of the semiclassical

irregular conformal block fi,;(v, ), on the plane of intermediate dimensions v. Branch cuts are
depicted as wavy lines.

where ¢, = n!(n — 1)! and Q,,(2), Pn(z) are some polynomials of degree m, whose form
depends on n and k. The explicit form of the first few functions g(kn) with k£ > 1 is given in

the work [5]. Square roots /1 + Azfinﬁ )%%, entering functions g(k") with k& € N, have branching

points at v = n, n + 2i¢q"/(,. Every function g(ln),n € N contains also a logarithm with

additional branching points ¥ = n, co. On the complex plane v € C with branch cuts,
extending from the points n + 2ig"/(,, n € N to infinity and passing through the points
v =mn,n — 2iq"/(, (figure 1), one can choose branches of all the multivalued functions
entering the expression (2.15) in such a way that all the square roots will be positive at
real v, and all the logarithms will be real. On this branch the expansion of the double
series (2.15) in ¢ reproduces the expansion of the conformal block (2.14). It is not difficult
to see that this double series has finite and different limits at v — n 4+ 0. For instance, at
v — 1+ 0 we obtain the following limits of the irregular conformal block (the two series
below differ only in signs in front of odd powers of g):

¢ ¢ 5
firr (v, q)‘y_>1+0 =2q— 976 +0(q°),
, 0.4, (2.17)
_ Z ¢ g 5
firr(V,Q)’l,ﬁl,O—_251_5‘*’6_478"1'0(‘] )

It means that the semiclassical irregular conformal block changes discontinuously at integer

values of v:
lim b°log (A, ,b72A% | A, ,b72A%) # lim b log (A}, b72A% | A, b72A%) (2.18)
b—0 b—0

where conformal dimensions A* differ only in the sign of a small additive constant:

1—n?
VAY], = — FO (2.19)



What happens to the irregular conformal block when the parameter v is exactly integer?
First, the value of v is equal to the integer number n for degenerate dimensions A,,:
Q2

1 —1

2_1

1 [b72(1 —n?) +2(1 —nm) +b*(1 —m?)],  (2.20)

but Gaiotto states |A, A?) with such dimensions, satisfying conditions (2.2), do not exist.
However, there is an infinite set of conformal dimensions with integer v, which do not
define degenerate states:

1 —n?
4
where §(b) = O(1) at b — 0 and 6(b) # 1 [(1—nm)+b*(1—m?)]. It appears that
irregular conformal blocks with such dimensions do not exponentiate in the semiclassical

A=p2

+6(b) (2.21)

limit. To demonstrate it, let us give the general form of the perturbative expansion of the
irregular conformal block:

(A 2A2) A, 5202 =1 4 A1 (A ' (2.22)
’ ’ A—An \D

Az An (An)® 7 (AN° 12 /312
+[AA12+AA21+AAH p) TOMERT),

where coefficients A,,, are defined in the formula (2.7). For conformal dimensions having
the form (2.10) in the semiclassical limit the following equality holds:

2 2

A—A,, =b"2

+0(1), (2.23)

so the behaviour of singularities in the conformal block expansion (2.22) changes signifi-
cantly for v € Z. For instance, when v = 1 and §(b) = dy9 = const, one obtains:

—4

b
log (A b 2AYA b 2A2 = |——— + O | A* + | ———
0g (&, bAT) A, 2, "W M e

b—8
+ O(bﬁ)] A%+ O(A'?).

(2.24)
For comparison, the irregular conformal block at non-integer v has the following structure:

2
2 —1

log (A, b72A%) A, b72A% = [— b2+ 0(1)} A

502 + 7
" [‘ WZ— 12— 1)
=b2 firr (v, A?) + O(BY).

2.25)

b2+ 0(1)] A ron)

According to the relation (2.11), differentiating the resummed conformal block (2.15) with
respect to log A gives the representation of the energy u(v,q) as a double series. After
differentiation, the logarithms contained in functions g(ln) disappear, so branching points

4q2n /C?
1+ (n:l:u)él :
the energy u(v, q) has again different limits at ¥ — n + 0, reproducing known values of the

energy at the bottom of the (n+ 1)th band and at the top of the nth band respectively [5].

The double series for

of the function u(v, ¢) are defined only by square roots



From the point of view of CFT5, these different limits mean that the expectation value of
the operator Lg over the Gaiotto state changes discontinuously at v € Z:

(AT, A?| Lo | A, A?) 7£b2(A;,A/F}LO}A;,A2>

b? :
(AF,A2) AT A2 |, (A, A2) A, A%

(2.26)

3 One-point torus conformal block

3.1 Linearized limit of semiclassical torus conformal block

In this section we define the linearized 1-point semiclassical conformal block on the torus,
which will later appear from the holographic point of view, and show that it can be re-
summed in the same way as the semiclassical irregular conformal block, which, in particular,
reveals its discontinuity at some value of the semiclassical intermediate dimension.

The 1-point conformal block on the torus is defined as follows [14, 22]:

-ﬁ}sor(Apv A,C‘Q) - Tr PquL07C/24¢A(Z):| Y (31)

where Pa, is a projector on the Verma module of the primary vector [A,), ¢a(z) is a
primary field having the dimension A, and ¢ = €?™", where 7 is a modular parameter
of the torus. As before, we consider the redefined conformal block Fior(Ap, A, clq) =
q AT F (A, A, €lq), such that Fior(Ap, A, ¢0) = 1. The first few terms of the ex-
pansion of the semiclassical torus conformal block

Fror(eps €lg) = lim b log Frar(Ap, A, clg) = ; flep €)a" (32)

in the parameter ¢ have the following form [15]:

€2 €2
filepye) = = 1—v 1+0
4 + 463 + €4 et —2e% 4463 + ¢
Plen ) = =5 T ag o T o) (3:3)
—2¢% + 463 4 ¢ n et 4€® +4e3 + €4
2(1+v) 2(1+v)3 424v)
where the following notation for conformal dimensions in the semiclassical limit was
introduced:
— 312 _ 1=,
Ezb A’b—>0’ Gp: 4 :b AP‘b—)O' (34)

For comparison, let us also represent the first expansion coefficients of the semiclassical
irregular conformal block (2.14) in the same form:

(irr) _ 1 - 1
hw) = 1—v 14+v’ (3.5)
(i) ) _ 1 1 1 1 1 1 '



So, one sees that the expansion coefficients of the conformal block on the torus and of the
irregular conformal block are related to each other as follows:

S W) = lim €2 (v,€). (3.6)

Therefore, to obtain the semiclassical irregular conformal block from the semicalssical con-
formal block on the torus, one has to take the limit ¢ — oo, ¢ — 0, €2q — const in the
latter and introduce the redefinition €2¢ = A*. By definition, the linearized semiclassical
conformal block on the torus is obtained from the full semiclassical torus conformal block
in the limit €, — 0, € — 0, while 0 = €¢/€, — const [23]:
tlg;(%: elg) = € lim ejjlftor(elﬂ elq). (3.7)
ep—0
e—0
Comparing the expansion in ¢ of the linearized conformal block with the expansion of the
full torus conformal block (3.3), one can see, which part of the full semiclassical torus
conformal block survives in this limit:
52 €

{in(%ﬁ) = "¢ o T

1—-v’

et €2

2" (epy€) = % (=80% +4%) = 20—vP (1-v) (35)

6 4 2

lin p 2 4 6 2¢ 4e €
= P (—245% + 854 — 6%) = — - .
3" (e €) = 5 ( - ) 31—0)p T31-0p 1-u

In the formulae above the equality €, = (1—v)/2 has been used, which is obtained from (3.4)

in the limit v — 1. It can also be seen from these formulas that the most singular (when
v — 1) terms at each order in the variable ¢ add up to the familiar function g(ll) from the
formula (2.16), which has branching points and different limits when v — 1 £ 0:

€2 et 266

_ 2 4 6
1o gt T3a—up? T 39)
_[Lea (e 2@ ] _ca ), '
1—v " 20—v)3 31—wp U7\, )T

The linearized semiclassical torus conformal block can be resummed in the same way as
the semiclassical irregular conformal block was resummed in (2.15):

. 1—v eq/? _
i (ep =5 q> =<y oy (f_y) g0 (3.10)
k>1
(1)

The first two functions g}/, k > 1 have the following form:

(1) —1+(1—222)\/1+422

S 0 | .11
0 —1+ (1442%) 712 (1 + 222 — 22" — 162°) '
3 (Z) = 2025 .

The series obtained has different limits when v — 1 4 0, which differ only in the sign.
Note also that at ¥ — 1 £ 0 the conformal block is expanded only in odd powers of
v/q- In the next section the linearized semiclassical conformal block on the torus will be
calculated analytically.



3.2 Holographic interpretation of semiclassical torus conformal block

The linearized semiclassical 1-point conformal block on the torus has a simple holographic
interpretation as the length of the tadpole graph embedded in thermal AdSs (figure 2),
which is a torus topologically. This interpretation was suggested in the work [23], but
the non-perturbative answer for the linearized torus conformal block was not given there.
We close this gap and also generalize the analysis of geodesics to the case of negative
intermediate dimensions, which corresponds to the case ¥ > 1 and which allows us to obtain
the holographic interpretation of the discontinuity mentioned above. We are looking for
the extrema of the following action:

S = €Sioop T+ €Slegs (3.12)

where Sjoop is the length of the loop, and Sieg is the length of the leg, which is attached
at one end to the boundary of AdS3. Thus, the semiclassical conformal dimension ¢, in
the torus conformal block is identified with the mass of a particle in the loop, while the
external dimension e is identified with the mass of a particle, propagating along the leg.
The modular parameter of the torus in CFTs is related to the length of the thermal cycle
in AdSs, the metric on which has the following form:

2 2\ 1
r r
ds? = —72 (1 + l2> dt* + (1 + 12> dr?® 4 r2dy?, (3.13)
where it is supposed that the modular parameter is purely imaginary 7 = i|7|, and t ~
t+2m, 0 <71 <00, p ~ @+ 2w It will be shown later that up to a constant not depending
on ¢ = e*™7 the following equation holds:

tlgllr(ep76|Q) = S(eXtr)(€p76|q)> (314)

where in the r.h.s. we have the action (3.12), calculated on the extremal configuration.
Later it will be shown that the r.h.s. only exists when |e/ey| < 2. Only those geodesic
configurations are considered, which belong to the slice of the torus, shown in figure 2. For
the correct formulation of the variational problem, namely for eliminating boundary terms,
appearing due to variation of the action (3.12), it is necessary to require compliance with
the law of momentum conservation in the vertex (the subscripts are defined in figure 3):

ep (i — &) + et =0, (3.15)

where the derivatives are taken with respect to the proper length along each of the geodesics.
We parametrize the loop in such a way that increasing the proper length along the loop
corresponds to the growth of time ¢. The leg parametrization is chosen such that the
velocity at each its point is directed toward the vertex. As usual, instead of solving geodesic
equations, we use the momentum conservation law along geodesics and the equation u? = 1:

dt
Pt = gi—— = const > 0,
ds

ANt (AN
gt ds Grr ds = 1.

(3.16)

~10 -



Figure 2. The configuration of geodesics in thermal AdSs, which is holographically dual to the
linearized semiclassical 1-point conformal block on the torus. The intersection of the solid torus
with the plane, in which the circle 7 = 0 (represented by a dotted line) lies, is shown.

We suppose that the time coordinate ¢ changes from —x to 7, so the boundary condition

for the loop can be chosen in the following form:
r(—m) = r(m) = p, (3.17)

where p is the radial coordinate of the vertex. As the equality ¢ = £; holds for the loop, it
follows from the momentum conservation law in the vertex (3.15), that for the leg fo = 0.
Radial components of the velocity vector are related to each other as follows in the vertex:
€
21y = —— 7. (3.18)
€p
Therefore, for each sign of the intermediate dimension €, (the external dimension e is
supposed to be positive everywhere in the text) there are two options for the behaviour of
geodesics in the vicinity of the vertex (figure 3):
a) >0, 79<0, 79>0 c) <0, 79<0, 72<0 (3.19)
b) € >0, 79>0, 79<0 d) € <0, 79>0, 79>0 ’
Soon it will be shown that options (b) and (c) can not be realized, as it follows from the
geodesic equation that the inequality 79 > 0 holds for the loop (otherwise the geodesic
corresponding to the intermediate dimension reaches infinity r = co and does not form a
loop). From the equation (3.18) one finds the radial coordinate of the vertex as the function
of the momentum vector component p;, conserved along the loop:

82

where the following notations are introduced: § = €/e,, s = p;/|7|. As was mentioned
above, the whole geodesic configuration exists only when |§| < 2. From the equations (3.16)

- 11 -



Figure 3. Geodesics behaviour depending on the sign of the intermediate dimension. It is shown
in the text that only the options (a) and (d) are realized, when €, > 0 and €, < 0 respectively.
Arrows show the orientation of geodesics, chosen in the text.

one obtains the law of radial motion:
dr\ 2 dr\? 9 221+r2—32
(&) +v=(G) -t e 2o (=0

2> 1or

s?2 < 1. If s2 < 1, then the particle reaches the radial coordinate 7 = 0. In this case the

The qualitative behaviour of the effective potential V' (r) depends on whether s

smooth geodesic does not form a loop, so we do not consider it in what follows. On the
other hand, if s> > 1, the particle moving in the effective potential V (r) with zero energy
changes direction of its motion at the point 7 = 7, = v/s2 — 1. In this case we find the
general solution to the equation (3.21) ¢(r), depending on two constants ¢y and s:

—r [23\/1 +r2—s24+r(l+ 32)} +s2-1
CCESVERY /

and to fulfill the condition (¢ = 0) = r. (otherwise the boundary condition for the

Q2rl(t—to) _ _

(3.22)

loop (3.17) can not be satisfied) one must set the constant ¢y to 0. For the requirement
r(m) = p to be satisfied, the conserved momentum s must be expressed through the radial
coordinate of the vertex p as follows:

—p [25\/1—1—/)T82+ p(1+ 82)} +s2 -1
- EEDGEE D ‘

The solution (3.22), (3.23) describes a particle, starting its motion from the radial coordi-

€2|T\7r

(3.23)

nate r = p at the moment ¢ = —7 and reaching the coordinate r = r, at the moment ¢t = 0.
Let us also note that p = ﬁ —1 > r, = vs2—1, so the configuration consisting

of the leg and the loop always exists. Substituting p(s) from the vertex condition (3.20)
into the equation (3.23), one obtains the following equation for the conserved momentum
s, defining the trajectory of a particle, moving along the loop:

82/2 + |8]/s2 — 1+ 62/4
U i /+|’Sv28_1 il (3.24)

q
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which is solved as follows:
52 q—l
(7' =1)*

Thus, the desired configuration of geodesics is found, and what is left is to calculate lengths

s =1+ (3.25)

of both geodesics:

1 2 o2
2og LEVLER =5

p dr
S —2/ —————=2lo 3.26
A Y - R Y/ (326)
/A dr arsinh 52 )
———— = —arsin — — 1,
P \/1+7"2 1—52/4

Sleg = (327)

/A dr +/p dr - 52 )
e — ———— =arsinhy/ ——— — 1,
o Vi+r2 Jo V1412 1—02/4

where two options for the leg length correspond to the cases of positive and negative
intermediate dimensions respectively, i.e. to configurations (a) and (d) in figure 3. The
regulator A tends to oo, and we discard those terms, which depend only on A, in the
final answer. Taking into account the equation (3.20), defining the position of the vertex,
and the equation (3.25), defining the momentum in the loop s as the function of § and g,
we find:

lg 1+ /(T = 1)2 + 82T

SOO :210 )

loop g /7q71 %4_52 (3 28)
Sl lgt + 1| +2¢/(¢T = 1)2 + 52¢ 1 ‘

Sleg:qclog‘ g | +2v/(q ) q

gt = 1] V4 =67 ’

So, we obtain the following closed-form expression for the linearized semiclassical conformal
block on the torus! for ¢ < 1, taking into account that fl2(e,, €/0) = 0:

tor
- 1+q+ /(1 —q)?*+d%q 0] (1 +¢q) +2¢/(1 —q)* + 5%
lin
or(€ps €lq) = 2€p 10 Felo ,
tnlp€l0) = 2¢plog 2 S -9+
(3.29)

where the first sign should be taken for positive ¢,, and vice versa. This expression has
different limits when e, — %0 (or, equivalently, when v — 1 F 0):

lin

1+.,/q
tor(€p, €/g) — Felog 7— g. (3.30)

In conclusion, it is worth noting once again that geodesic configurations, reproducing the

linearized semiclassical torus conformal block, qualitatively differ in the leg position in
the cases ¢, > 0 and ¢, < 0 (figure 3, (a) and (d)). It is also useful to understand how

!Despite the fact that the holographic picture only exists for |0] < 2, the linearized semiclassical confor-
mal block on the torus exists for all values of §. When § — £2, the vertex radial coordinate (3.20) tends
to infinity, and when |§| > 2, it becomes imaginary, so that the holographic picture breaks down. However,
as a function of 4, the holographic action is equal to the conformal block for all values of § € R, which can
be checked by expanding the former in powers of q.
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conclusions about the analytic structure of the semicalssical irregular conformal block,
made in section 2 on the basis of its double series representation, and the analytic structure
of the linearized torus conformal block (3.29) are related to each other. First, in the case
of the irregular conformal block we dealt with a function having the expansion in g of the
form (2.14), valid for both v > 1 and v < 1, and having different limits from the right
and from the left when v — 1. The same is true for the torus conformal block, because
the formula (3.29) can be uniformly written for both positive and negative intermediate

dimensions €,:

lin

tor (€ps €|q) = 2¢,log

1+qg++/(1—¢q)? +52q_6log5(1 +q) + 2/ (1 —q)? + 6% (3.31)
2 (04+2) T

(1-1q)

Second, square roots and logarithms, appearing after the resummation of the irregular
conformal block (2.15), are exactly the same as square roots and logarithms, appearing
after the resummation of the torus conformal block (3.10). Comparing the resummed
series (3.10) and the analytic answer (3.31) for the linearized torus block, we see that the
resummed series captures a significant part of the analytic structure of the conformal block.
Of course, the expansion (3.10) can now be easily obtained from the analytic answer (3.31).

3.3 Generalization of holographic picture to other poles

It is worth mentioning that there also exist tadpole configurations, solving the equations
of motion and satisfying the momentum conservation law in the vertex, for which the
loop wraps the torus n times, n € N. In this case the boundary condition for the loop
changes (3.17):

r(—nm) =r(nm) = p, (3.32)

which leads to the change of the equation (3.24):

2 2 m
o ey B VE TR .

q

Thus, in the case of n windings one has to make the replacement ¢ — ¢" in the for-
mula (3.28) for the loop and leg lengths. A natural question arises: what corresponds to
the geodesic configuration with the winding number n in CFT3? The action of this con-
figuration, where the mass of the particle in the loop equals €, — €, = ¢, — (1 — n?)/4 and
the mass of the particle in the leg equals €, reproduces the nth linearized torus conformal
block f (g))r(ep, €|q), which is obtained from the full semiclassical 1-point conformal block on
the torus in the following limit (compare to the limit (3.7)):

ép — €n, — 0, € = 0, while 6, = — const . (3.34)

€p — €p

From the perturbative expansion of the conformal block on the torus (3.3), we find the
following non-zero coefficients of the expansion of the nth linearized conformal block in ¢
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(compare to (3.8)):

_ 2 2
f%n)(ep,e) =2 <_5n> - :

n—v’

n 2
(n) € —€p —85721 + 57% _ et B €2 335
2n (€, €) = n ( 16 C2n—-v)3  (n—v)’ (3:35)
(n) €p — €n [ —240% + 854 — 66 2¢6 4et €2
(epse) = = ) = — + _
3n P n 48 3n—v)® 3n-v)3 n-v’

where the equality €, — €, = n(n—v)/2 has been used, which follows from (3.4) in the limit
v — n. Based on the first expansion coefficients of the nth linearized conformal block, one
concludes that

n in €y — €En n
E02(6p76|q) = tlor ( Z n €14 ) ’ (336)

where the r.h.s. of this equation coincides with the length of the geodesic configuration

with the winding number n, mentioned above.

4 Four-point conformal block on sphere

4.1 Heavy-light limit of semiclassical four-point conformal block on sphere

In this section we briefly discuss the so called heavy-light limit of the semiclassical 4-point
conformal block on the sphere. By definition, the semiclassical heavy-light conformal block
is obtained from the semiclassical 4-point conformal block on the sphere

Japt(€p, €i|2) = ll;ig(l) % log Fupt (Ap, Aj, c|2) (4.1)

in the limit €, — 0, €12 — 0, where all posible ratios of these semiclassical conformal
dimensions are held fixed [21]. In the equality above the following notations for conformal
dimensions in the semiclassical limit, analogous to (2.10) and (3.4), were introduced:

€ = b2Ai’b~>0’ ep = VA (4.2)

p‘baO'

More precisely, the semiclassical 4-point heavy-light conformal block is the first (linear)
order in the expansion of the ordinary semiclassical 4-point conformal block in parameters
€p, €1 and €2, with the condition on their ratios mentioned above being fulfilled. So, the
heavy-light limit of the semiclassical conformal block on the sphere is an analogue of the
linearized limit of the semiclassical torus conformal block (3.7), considered before. Let
us note that all the conformal dimensions entering the heavy-light conformal block are
actually heavy (A;, A, ~ b~2 when b — 0), despite of its name. The reason, why some
of them are called “heavy” and others “light”, lies in the fact that €,, €12 < 1. In what
follows the case of equal “heavy” dimensions is considered €3 = ¢4 = €5, and the following
notation is introduced for “light” dimensions: €; = ¢, €2 = 62.

4.2 Holographic interpretation of semiclassical conformal block on the sphere

The holographic interpretation of the non-vacuum semiclassical 4-point heavy-light con-
formal block on the sphere in terms of geodesics in the conical defect background and in
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Figure 4. The configuration of geodesics in the background of the conical defect in AdSs, which
is dual to the semiclassical 4-point heavy-light conformal block on the sphere. The disc depicted is
a slice of AdS3 at constant time ¢ = const. Polar coordinates (p, ¢) are introduced on the disc.

the BTZ black hole background was suggested in the work [21]. Namely, it is equal to the
extremum of the action of the configuration of three geodesics in the background of the
conical defect in AdS3 (figure 4) or of the BTZ black hole (figure 6):

Flep eilz) = elog(1 — 2) + S (e, ¢1]2) = e log(1 —2) + (65, + 1St + €57) ), (4.3)

where z is related to the position of endpoints of the geodesics attached to the boundary
(the precise relation is given below). “Heavy” external dimensions, which are equal to
each other, define the background geometry through the parameter o = /1 — 4¢j,. When
€n, < 1/4 (« is real), one gets the conical defect, and when ¢, > 1/4 (« is imaginary),
one gets the BTZ black hole. “Light” external dimensions define masses of particles that
move along geodesics attached to the boundary of the space at one end. The intermediate
dimension is equal to the mass of the particle, whose trajectory ends at the singularity or
at the horizon.

We generalize the holographic correspondence for geodesics in the conical defect back-
ground to the case of negative intermediate dimensions and also find the geodesic config-
uration at a constant time slice in the BTZ black hole background, which is dual to the
conformal block for imaginary a. We show that, depending on the sign of the intermediate
dimension €,, the extremum geodesic configuration is defined by different branches of a
square root. Using the analytic answer, we find the same discontinuity in this conformal
block as we had above for the other conformal blocks.

In appendix A we also show that the configurations of geodesics in the BTZ black hole
and in the conical defect backgrounds, mentioned above, map into the same configuration
when one embeds the BTZ black hole and the conical defect into global AdSs space.
In appendix B we reproduce the heavy-light conformal block considering geodesics at a
constant angle in the BTZ black hole background and explicitly show that they are obtained
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(a) e, > 0, configurations ——, +—, —+ (b) €, < 0, configurations ——, —+, +—

Figure 5. Possible behaviour of geodesics in the vicinity of the vertex. Arrows show the orientation
of geodesics, chosen in the text.

by analytic continuation from geodesics at constant time in the conical defect background.
However, it does not seem possible to find a geodesic configuration in this background
corresponding to €, < 0 and thus to reproduce the discontinuity this way.

4.2.1 Conical defect

In this section we demonstrate how the semiclassical heavy-light 4-point conformal block
on the sphere and its discontinuity are reproduced holographically in terms of geodesics at
constant time in the conical defect background.

The metric of the conical defect has the following form:

a2

ds* = — <12dp2 — dt? + sin? pd¢2> , (4.4)
cos? p \ «

where 0 < p < /2, —00 < t < +00, and ¢ ~ ¢ + 2m. Only those geodesics are considered,

which belong to the slice t = const of the original cylinder (figure 4). Choosing the

parametrization of geodesics in such a way that for each of them velocity vectors are

everywhere directed toward the vertex, one obtains the law of conservation of momentum

in the vertex in the following form:

€[p¢ + egp:;S - 07

2 ) (4.5)
Y S Y L S|
a2 tan? p, a?tan?p, 7

where py = gs¢ dp/ds = const is the angular momentum, conserved along the trajectory of

the particle with the mass ¢; (the definition of p;) is analogous). For a positive intermediate
dimension €, > 0 (we consider only positive “light” external dimensions, such that ¢ > €, >
0), there are 3 options to choose the sign in front of ¢ and €] respectively: ——, +—, —+.
When the intermediate dimension is negative ¢, < 0, there are the following options:

++, —+, +—. In both cases the first option is realized when 612 — 622 < 6120, the second one
2
-
parametrization of geodesics, the plus sign in front of the square root means that the

is impossible, and the third one is realized when el2 — 622 > €. According to the chosen

geodesic approaches the vertex from inward, and vice versa (figure 5). From the momentum
conservation law (4.5), we find the radial coordinate of the vertex p, as a function of the
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angular momentum pg, conserved along the leg:

(apo) _ ot —G/2 (d )
2 4e2

4.6
a?tan? p, (46)
Note that u? > 0 if and only if ¢ — €; < |ep| < € + €], so the holographic picture exists
only when this inequality is satisfied. From the equation u? = 1 and angular momentum
conservation one obtains the following law of radial motion:

dp\* _(dp 2 5 . o [ca*tan?p B
() +vr=(%) -asints o) =0 (47)

For a particle with zero energy the effective potential V (r) has a reflection point p, =
arctan [py|/a. From the last equation one can find the angle between end points of external
legs A¢ as a function of the conserved angular momentum pg for configurations —— and
—+ in the case of positive intermediate dimensions €, > 0:

Aj- :M /2 dp N |p;5|/77/2 dp
a? Jp, sinpy/tan?p—(ps/a)?  @® Jo, g p\/tan2 p— (Py/)?

in py

sin py, sin p,,

2lpyl e d
Ad~t =Adp— ¢ p
O =ASTTH o? / - 2 /
Pl smp\/tan p— (py/)?

1 .S
= — | arcsin

: /
. sinp
— px + arcsin —— —p/],
o

*

1 . sin p, . sinp),
= — |arcsin — — py + T — arcsin ——= — pl |,
@ sin p, sin p,

where p, and p/, are reflection points for particles with masses ¢; and € respectively. Anal-
ogously, one finds the angle A¢ for configurations ++ and +— in the case of negative
intermediate dimensions €, < 0:

1 . » . /
ApTT == [27r — arcsin sTnp — px — arcsin S?n Py _ p;} ,
a sin p, sin p,
4.9
1 . sin p, . sinpl, , (4.9)
A¢pTT = — |7m — arcsin — — px + arcsin — — il -
a sin p,, sin p,,

From the equations (4.8), (4.9) one finds the radial coordinate of the vertex p, as a function
of the angle § = aA¢/2 for all the configurations and both signs of the intermediate
dimension:

sl P V& = (a—e?sin®0
CO

t =
o 2u 2usin 6

: (4.10)

where the first sign corresponds to the positive intermediate dimension, and vice versa
(both of the equations (4.8) have the same solution as well as both of the equations (4.9)).
Instead of calculating geodesic lengths directly, it is much simpler to find how the total
action (4.3) changes with the change of the angle 6 [21]:

2 N2 32
d €2 — (e —€))?sin" 0
d—§:2utanpv:(el+eg)cot9$ \/p l .

4.11
sin 6 ( )
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Integrating this equation, we find the action of the configuration of three geodesics:

cosf

V1 —[2sin?0
F (e, — €;) log (|ﬁ]cos€+\/1—,6’2sin20> , (4.12)

where 5 = (¢ — €])/€p and the angle 6 is identified with the coordinate z in the conformal

S = (e + €) logsin @ + €, artanh

block as follows:

alog(l — z)
2
alog(l — z)

sinf = —isinh = —isinh ¢,
(4.13)

cos § = cosh = cosh@'.

Thus, we obtain the following closed-form expression for the heavy-light conformal block
for both signs of the intermediate dimension,? taking into account that f iipnt(ep, €, €[0) = 0:

. . az
Fipi(epseis il z) =€t log(1 — 2) + (e + €)) log (—sinh6') — (e + ¢]) log —-

2
L cosh 0’ + 1—|—Bgsinh20’+ I V1-p5%az
—log eplog ———
2 cosh @ — /1 + $2sinh? ¢/ P 4 (4.14)

|8 cosh @ + /1 4 32 sinh? ¢
8]+ 1 ’

F (e — €)) log

where the first sign should be taken for positive €,, and vice versa. This expression has
different limits when €, — £0:

lin lin
f4pt(6p7 €1, €;|2)|Ep_>+0 - f4pt(€p7 €1, €;|Z)‘€p_>_0 = 2(62 - El) |9/| (415)

As is seen from the last formula, the difference between values of the heavy-light conformal
block at points ¥ = 1+ 0 and v = 1 — 0 is proportional to the difference between “light”
external dimensions, so when ¢ = ¢, one obtains from (4.14) an unambiguous linearized
vacuum block, setting ¥ = 1. As in the case of the linearized torus block, the answer for
the heavy-light conformal block can be uniformly written for both positive and negative
intermediate dimensions:

. az
f}fpnt(ep, e, €]2) =€ log(l — 2) + (e + €) log (— sinh 9') — (e, + €)) log 5
Lo log cosh @ + /1 + 32 sinh? ¢ +e,log V1-—p2az
2 cosh @ — /1 + 32sinh? ¢’ 4
, Bcosh@ + /1 + (2sinh? ¢’
— (e —¢) log .

B+1
2Despite the fact that the holographic picture exists only when ¢ — €, < lep| < € + €], the heavy-light

(4.16)

conformal block exists also for conformal dimensions not satisfying this inequality. So, as a function of €, €,
and €], the holographic action is equal to the conformal block for all €, €, €, € R, which can be checked
by expanding the former in powers of z. Exactly the same comment is also true for the next section, where
the conformal block is reproduced as the action of geodesics at a constant time slice in the BTZ black hole
background.
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4.2.2 BTZ black hole. Geodesics at constant time

In this section we demonstrate how the semiclassical heavy-light 4-point conformal block
on the sphere and its discontinuity are reproduced holographically in terms of geodesics at
constant time in the BTZ black hole background.

When €, > 1/4, the parameter a = /1 — 4¢p,, defining the background geometry (4.4),
becomes imaginary and one obtains the metric of a non-rotating BTZ black hole outside
the event horizon, substituting oo = iy into (4.4):

ds? = LZ (12d,02 +di* — sin’ pd¢2> : (4.17)
cos? p \ v

where the range of coordinates is chosen as follows: 0 < p < 7/2, —00 < ¢ < 400,

and t ~ t 4+ 27. Indeed, after the transition to the Schwarzschild-like radial coordinate

r = ry/cosp, one obtains the standard BTZ black hole metric with swapped names for

angular and time coordinates:

2

2 2 2\ 7,2 2 1,2
ds® = —(r* —~%)do +T2_72+7" dt=, (4.18)
so that the paramater ~ defines the event horizon position r1 = 7. In this section we
rename the coordinates, so that ¢ is the time coordinate and ¢ is the angle:

ds? = —(r® —4%)dt* + +rd¢?, (4.19)

,,«2_,72

where 0 < r < 00, —00 < t < 400, and ¢ ~ ¢ + 2m. In the coordinates (t,p,d) the
event horizon is defined by the equation p = 0, so we expect that the leg corresponding
to the intermediate dimension should be attached to the horizon in order for the action
of a geodesic configuration to reproduce the conformal block. We consider the geodesic
configuration on the constant time slice ¢ = const (figure 6) with the following induced
metric:

ds® =

= o (dp* +~72d?) . (4.20)

2

As above, from the equation u* = 1 and from the momentum conservation law py =

9esde/ds = const, one obtains the law of radial motion:

dp 2+’y2 TG G B (4.21)
do pi cos? p

If py > 7, then the effective potential has a turning point p, = arccosy/ps, so that the
particle, launched from the boundary, returns there again after some time. Otherwise, it
crosses the black hole event horizon. The general solution to the equation above, satisfying
the condition p(¢g) = 7/2, has the following form:

1 1+
6~ g0 = —log LEL

T sinp 4 /y%/p] — cos?p

(4.22)
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Figure 6. The configuration of geodesics in the background of the BTZ black hole at the constant
time slice, which is dual to the semiclassical 4-point heavy-light conformal block on the sphere. The
smaller circle is the event horizon.

The geodesic with the mass €, should be attached to the black hole horizon, but the question
is where exactly at the horizon it should be attached. One might try to answer this question
by embedding the BTZ black hole geometry to the global AdSs, where it is known that
the end of the geodesic corresponding to the intermediate dimension must be placed at the
“center” of the cylinder for the conformal block to be reproduced. Namely, one could try to
attach this geodesic to some arbitrary point at the horizon. Instead, we consider geodesic
configurations, where the geodesic with the mass ¢, satisfies the equation d¢ = 0 (figure 6).
It solves the problem with the end point, described above, and, indeed, we will see that
the conformal block is reproduced on such configurations. How these configurations relate
to those considered in the previous subsection is discussed in appendix A. The momentum
conservation law in the vertex is analogous to (4.5):

ey + €ply =0,

2 002 12 a2 (4.23)
pZ cos p't cos
ie,\/1—M’ie;\/1—M+ep:0.

Y2 v?

Due to the presence of a turning point in the effective potential for the radial motion, one
is able to make the mass in the leg, attached to the horizon, negative. Furthermore, as in
the section 4.2.1, geodesics may approach the vertex both from inward and from outward
depending on the relation between masses of particles, propagating along geodesics. The
behaviour of the geodesic configuration is qualitatively and quantitatively the same as in
that case and is described in the figure 5 and between equations (4.5) and (4.6). So,
analogously to (4.6), one obtains the radial coordinate of the vertex p, as a function of the
angular momentum pg, conserved along one of the legs:

(e1pg)?

2 cos? p, = p?, (4.24)
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where the parameter p is the same as in the previous subsection. Analogously to (4.8),

one finds the angle between end points of external legs A¢ as a function of the conserved

angular momentum py for configurations —— (& — ¢> < €5) and —+ (¢ — ¢ > €2) in the

case of positive intermediate dimensions €, > 0:

1 1 1+7/lp,
o =g safled A
v sin py, + \/ V2P, — cos? py sin py, + \/ V2Pl — cos? py
- D (4.25)
1 1 1—v/lp,
Ao =L |1og +7/Ip| ~log /1P| .
T sinpy + \/72/1% — cos? py sin py, + \/72/19@? — cos? py |
One also finds the angle A¢ for configurations ++ (& — € < €3) and +— (¢ — > > €2)
in the case of negative intermediate dimensions €, < 0:
1 1- 1—1/Ip,
Agt = 1 | log 7/1pe] log /1P| 7
v sin py, + \/72/193, — cos? p, sin py, + \/72/10;? — cos? py (126)
- - 4.26
1 1- L+ ~/1p,
At = 1| Zlog /psl ¢ log /1Py '
T sin p,, + \/vz/pﬁ, — cos? py, sin py, + \/72/19;? — cos? py |
The solution to all of the equations (4.25), (4.26) has a familiar form:
12
1 / \/62 + (e — €))% sinh“ 6
e P (4.27)

COS Py 24 2psinh 0 ’

where § = yA¢/2. Choosing the minus sign, one obtains the solution to both equations
in (4.25), and the choice of the plus sign gives the solution to both equations in (4.26). It
follows from (4.27) that py, > v and p@) > =, so the solution we found is self-consistent.
Solving the differential equation

dS  2€epy  2p

o =" 4.2
o ol Ccos py (4.28)
we obtain the action of the whole geodesic configuration:
h
S = (e, + €) log sinh § + €, artanh cosh
1+ B2sinh?6
F (e — €)) log <lﬁ|cosh9+ \/1+ B%sinh? 9> , (4.29)

which is analogous to the formula (4.12) and can be identified with the conformal block.
So, considering geodesics at the constant time slice in the BTZ black hole background also
allows one to reproduce the discontinuity in the semiclassical heavy-light 4-point confor-
mal block on the sphere. Moreover, the qualitative behaviour of the extremum geodesic
configuration with the change of ¢, at this slice is the same as for the conical defect, which
is not a surprise from the point of view of global AdS3 (see appendix A).
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5 Conclusion

In this paper we have analyzed some analytic properties of semiclassical conformal blocks.
It was questioned what is the counterpart of the resummation procedure of the instanton
contributions near the poles suggested in [4, 5] from the point of view of semiclassical
conformal blocks and geodesic networks. It was demonstrated that semiclassical conformal
blocks change discontinuosly at integer values of the parameter v (or at v = 1 for the
linearized limit), which defines the intermediate dimension in the semiclassical limit, due
to branch cuts in the complex v-plane that cross the real axis. The same phenomenon
takes place also for the expectation value of the operator Ly over the Gaiotto state.

The linearized semiclassical torus conformal block was calculated analytically with
the use of its holographic interpretation as the length of the tadpole graph embedded in
thermal AdS3. We have shown that this geodesic configuration changes qualitatively when
moving from values v < 1 to v > 1 (or, equivalently, from positive values of the mass in the
loop to negative ones) as a consequence of the momentum conservation law in the vertex.
Thus, the linearized torus block changes discontinuously at ¥ = 1 in accordance with the
analysis of its resummed series.

Finally, an analogous analysis of the behavior of the configuration of geodesics was
accomplished in the case of the semiclassical 4-point heavy-light conformal block on the
sphere. We generalized the result [21] to the case of negative intermediate dimensions
which allowed us to see different limits of the heavy-light conformal block when v — 140.
Similarly to the case of the torus conformal block, the configurations of geodesics in the
background of the conical defect in AdSs, dual to the heavy-light conformal block, are
different depending on the sign of ¢,.

There are many questions to be elaborated further. The most immediate one concerns
the microscopic mechanism which provides the disappearance of the massless W-boson
with non-vanishing angular momentum from the spectrum. In the undeformed case the
curve of marginal stability (CMS) in the moduli space does the job, so that the W-boson
decays into a dyon and a monopole and no longer exists as a stable particle inside the
CMS. This process can be seen in many ways, for instance in terms of geodesics [30] or
string junctions [31]. As was mentioned in [5] there is a natural analogue of the CMS in the
deformed case at large values of the deformation parameter since the twisted superpotential
for the CP(1) model emerges in this limit upon resummation.

However, it is unclear what is the analogue of the decay of the W-boson into the
monopole and the dyon at the CMS in the 2-deformed case. First, note that the spectrum
of BPS states in the Q-deformed theory is more rich [32-34]. Namely, apart from BPS
particles there are extended objects in the spectrum, such as strings and domain walls,
whose tensions are proportional to the deformation parameter and which are heavy and
semiclassical in the limit of large deformation parameter. The immediate inspection of
BPS masses of W-bosons and dyons shows that there is no naive collinearity of masses at
the CMS in the deformed case. Hence, a more complicated pattern of the decay of the
W-boson with non-vanishing angular momentum should happen, which probably involves
the extended states. Certainly, this point deserves further investigation.
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Another point concerns a generalization of the analysis to the case when the defect is
inserted into the deformed SYM theory and the quantum integrable system emerges. It
was argued in [5] that the resummation of instantons near the poles corresponds to the
opening of tiny forbidden zones well above the barrier in the spectrum of the corresponding
Hamiltonian. According to the AGT duality, the defect brings an additional operator
inside the conformal block. It is interesting to understand if the insertion of the additional
operator amounts to the same interpretation of the jump of the order parameter as the
rearrangement of the geodesic configuration. In other words, we question how the non-
perturbative phenomena in the quantum mechanics can be linked with the dynamics of
particles in AdSs.

One more question concerns the transition from the NS limit to the limit of two small
deformation parameters which are eventually switched off. All the CMS’s around the
higher poles at @ = ne; should glue into the single CMS around a = 0 in the Seiberg-
Witten solution.

Our work was supported by RFBR grant 19-02-00214. The work of A.G. and M.L. was
supported by Basis Foundation fellowship. A.G. thanks Simons Center for Geometry and
Physics at Stony Brook University and Kavli Institute at UCSB where the part of work
has been done for the hospitality and support.

A Global AdS;

In this appendix we make a comment on how geodesic configurations considered in sec-
tions 4.2.1 and 4.2.2 relate to each other from the point of view of global AdSs, where both
geometries may be embedded into.

To obtain the embedding of the BTZ black hole into the global AdSs, it is convenient
to start from the embedding of AdSs into the 4-dimensional space, covered by coordinates
(X1, X2, Th,Ts), with the flat metric:

ds®* = —dT? — dT% + dX}? + dX3. (A1)

Thermal AdSs is a Riemannian manifold, defined by the following equation, with the metric
induced from the flat space:

T2+ T8 — X7 — X3 =1. (A.2)
The last equation is satisfied for the following embedding of a 3-manifold, covered by

coordinates (t, p, ¢):

5t int
T = cos , Ty = e , X1 = tanpcos¢, Xy = tan psin¢. (A-3)
cos p cos p

The induced metric on that manifold is that of AdSs space:

1

ds® = =~
cos? p

(—dt* + dp® + sin® pdg®) , (A4)

where 0 < p < /2, ¢ ~ ¢ + 27 and we take —oo < t < 00, considering thus the universal
covering of the initial space. The outer region of the BTZ black hole is embedded into the
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thermal AdSg as follows:

inh h
X1 = M, T = M, Xy =tanpcosh (yt), To = tanpsinh (y¢), (A.5)
cos p cos p
where —o0o <t < +o0, 0 < p<7/2, ¢ ~ ¢+ 27. The induced metric on that manifold is
that of the outer region of the BTZ black hole. So, putting tildes over AdS3 coordinates,
one obtains that the outer region of the BTZ black hole is embedded into the global AdS;

as follows:

~ inh
cos p

tan jsin ¢ = tan p cosh (yt),

cost  cosh(y¢) (A.6)
cosp  cosp
int
S — = tan psinh (vt).
cos p

From these equations one sees that the BTZ constant-time slice ¢ = 0 maps into the AdSs
constant-time slice £ = 0, and the line ¢ = 0, ¢ = 0 maps into the line £ = 0, (;3 =m/2.
It explains why in subsection 4.2.2 we required the geodesic with the mass €, to satisfy
the equation d¢ = 0. Such geodesic configurations in the BTZ black hole background are
in one-to-one correspondence with those geodesic configurations in AdSs, for which the
equation <Z~> = m/2 holds for the geodesic with the mass €.

B BTZ black hole. Geodesics at constant angle

In this appendix we demonstrate how the semiclassical heavy-light 4-point conformal block
on the sphere is reproduced holographically as the length of geodesics at a constant angle
in the BTZ black hole background. These geodesics are obtained from those in the conical
defect geometry by analytic continuation o = iy. However, we are not able to reproduce the
conformal block with a negative intermediate dimension in this way and thus to interpret
the conformal block discontinuity in terms of the behaviour of geodesics at a constant angle
in the BTZ geometry.

We consider geodesic configurations in the space with the metric (4.18). We do not
rename coordinates in this section intentionally, so that every equation below is obtained
from a corresponding equation from section 4.2.1 only by the substitution o = ivy. Separate
geodesics, considered in the conical defect section, satisfied the following set of equations:
dt =0, u? =1, py = const. Imposing the same constraints on geodesics in the BTZ
black hole background, we thus consider non-rotating particles, moving along space-like
trajectories, for which the energy conservation law holds true:

1. w?=1< —tan’pd® + 0t =1, (B.1)

cos? p

; b
2. p¢ = const & ¢ = ’}/QT(;;@[)’ (B2)
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oAb

Figure 7. The configuration of geodesics in the background of the BTZ black hole at the constant
angle slice, which is dual to the semiclassical 4-point heavy-light conformal block on the sphere.
The right triangle of this Penrose diagram is described by the metric (4.17) at ¢ = const. The
dashed lines are slices of surfaces ¢ = const and p = const. The horizon is depicted by diagonal
solid lines.

where derivatives are taken with respect to the proper length along geodesics. From these
equations, one obtains the effective potential for the radial motion without turning points
(compare to (4.7)):

<§Z> FV ()

dﬁ>2 202 ~? tan® p
— ) +~sin“p| ——F5——-1] =0, B.3
<d¢ v (B3)

which means that one will not be able to make the mass in the leg, corresponding to the
intermediate dimension, negative without violating the momentum conservation law in the
vertex if one considers only geodesic configurations at the slice ¢ = const restricted to the
exterior region of the BTZ black hole. The momentum conservation law in the vertex in
the black hole case coincides again with what we would obtain from (4.5) by the analytic
continuation:

apg +€epy =0,

pi Pff (B.4)
— 14+ ——2— — 1+ 25— =0,
€] + 2 tan? py € + V2 tanZ p, + €

except that now we have only one option for choosing sings in front of square roots. In the

first equation we supposed that for the leg attached to the horizon psy = 0 in the vertex,
which will be explained below. These equations have a real solution for the vertex radial
position only when €, > ¢ + €:
(epg)” 2

a2l = M (B.5)

7 tan® py
where the definition of the parameter u? is given in the eq. (4.6). The final question, which
is left, is where exactly the geodesic, corresponding to the intermediate dimension, should
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be attached to the horizon for the action of the geodesic configuration to reproduce the
conformal block. The equations ¢ = const, p = 0 define a one-dimensional surface rather
than a single point. In the conical defect case that geodesic solved the equation d¢ = 0,
so in the black hole case we also impose the same equation on that geodesic, despite of
the fact that it is not a necessary condition for geodesics attached to the horizon. Thus,
the trajectory of a particle with the mass ¢, is attached to the “center” of the Kruskal-like
extended BTZ geometry (see figure 7). From the eq. (B.3), one obtains the time separation
A¢ between boundary points of geodesics, corresponding to “light” external dimensions,
as a function of the conserved energy py:

1/sinpv+\/cot2pv+'y2/pi 1/sinpv+\/cot2pv+72/p’¢?

1
A¢p = — |log + log , (B.6)
g 1+7/Ipgl L+/|pyl
from where we find the radial position of the vertex:
/ B \/EQ—i—(el—e’)ZsinhQé
tan p, = — @t cothf + X2 : , (B.7)

2/ — 2 2v/—p2 sinh 6
where 6 = ~vA¢/2. That solution is positive for small enough values of the parameter 6.
Let us also note that both of the last two equations can be obtained from (4.8) and (4.10)

by the analytic continuation. Finally, we are able to find the action of the whole geodesic
configuration, integrating the following equation:

sz = 24/ —p? tan p,. (B.8)

Thus, the action is given by the following formula (note that we consider the case €, >
0, ¢ >¢):

cosh
+ (e — ) log (ﬁ coshf + /1 + 32 sinh? 5) , (B.9)

which can be also obtained from (4.12) by the substitution @ = é7y. Concluding this

S = — (e + €)) logsinh § — ¢, artanh

subsection let us emphasize its main points. First, the 4-point conformal block on the
sphere with conformal dimensions, satisfying the condition €, > € + ¢}, is reproduced holo-
graphically as the action of the geodesic configuration in the BTZ black hole background,
with the trajectory of the particle with the mass ¢, being attached to the “center” of
the Kruskal-like extended geometry and with all the geodesics being located outside the
horizon. Furthermore, all the equations describing that geodesic configuration are obtained
from corresponding equations in the case of the conical defect by the analytic continuation.
Second, the form of the effective potential (B.3), namely the absence of reflection points,
does not allow one to reproduce holographically the conformal block with a negative in-
termediate dimension, keeping external dimensions fixed and positive, and thus to see the
change in the holographic picture when moving from €, > 0 to ¢, < 0.
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