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ABSTRACT: This is a sequel to our recent work [1] in which we calculated the lepton num-
ber violating (LNV) K¥ decays due to contact dimension-9 (dim-9) quark-lepton effective
interactions that are induced at a high energy scale. In this work we investigate the long-
distance contribution to the decays arising from the exchange of a neutrino. These decays
can probe LNV interactions involving the second generation of fermions that are not reach-
able in nuclear neutrinoless double-5 decays. Our study is completely formulated in the
framework of effective field theories (EFTs), from the standard model effective field the-
ory (SMEFT) through the low energy effective field theory (LEFT) to chiral perturbation
theory (xPT). We work to the first nontrivial orders in each effective field theory, collect
along the way the matching conditions and renormalization group effects, and express the
decay branching ratios in terms of the Wilson coefficients associated with the dim-5 and
dim-7 operators in SMEFT. Our result is general in that it does not depend on dynamical
details of physics at a high scale that induce the effective interactions in SMEFT and in
that it does not appeal to any hadronic models. We find that the long-distance contri-
bution overwhelmingly dominates over the contact or short-distance one. Assuming the
new physics scale to be around a TeV, the branching ratios are predicted to be below the
current experimental upper bounds by several orders of magnitude.
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1 Introduction

The origin of neutrino mass and the nature of neutrinos remain a challenging issue in
physics beyond the standard model. If neutrinos are Majorana fermions, the lepton number
is violated by two units. In that case it is desirable to explore lepton number violating
(LNV) signals beyond the Majorana neutrino masses. At a high energy collider such
as the LHC, the LNV signals usually manifest themselves as like-sign multileptons that
supposedly originate from the decays of new heavy particles engaged in neutrino mass
generation [2]. The null search result then sets a lower bound on the masses of new
particles under some simplifying assumptions. Complementary to these direct searches
are high-precision experiments at low energy that seek the imprints of new physics in
rare or forbidden processes. The most extensively studied so far are the so-called nuclear
neutrinoless double 3 (0v3f3) decays, X — X'eTeT, in which a parent nucleus X decays
into a daughter nucleus X’ with the release of a pair of like-sign electrons or positrons [3, 4].
The null result in current experiments can be then used to set a strong bound on the relevant
LNV physics [5, 6].

Other nuclear processes proposed to search for include, for instance, the muon to
positron or antimuon conversion =X — et (u)X’ in the upcoming Mu2e experiment [7].
On the other hand, there is a plethora of flavor physics experiments in recent years that
search for LNV decays in flavored and charged mesons such as K+, D¥, D B* and the
7 lepton [8-21], and the bounds on some of the decays are expected to be considerably
improved in future experiments [22, 23].

From the theoretical point of view the LNV decays of the flavored mesons and the 7
lepton are sensitive to the effective interactions of the fermions beyond the first generation
that cannot be probed in the nuclear Ov33 decays due to kinematical limitations, and can



thus provide complementary information on underlying new physics. These decays can
be best investigated with the aid of various effective theories while avoiding theoretical
uncertainties associated with nuclear physics. In a recent publication [1] we started the
endeavor with the decays K+ — 7 FI*[* arising from effective contact interactions among
light quarks and charged leptons [ = e, p. In this work we make a comprehensive analysis
on the decays by incorporating the long-distance contribution due to the exchange of neu-
trinos. Before diving into technical details we describe briefly the strategy of our study in
the framework of effective field theory (EFT).

In the low energy region defined by the kaon and pion masses, the relevant dynamical
degrees of freedom are the octet of the pseudo-Nambu-Goldstone bosons (7, K, 1), charged
leptons, neutrinos, and the photon, if we assume there are no new very light particles. The
low-energy manifestations of lepton number violation from any high-scale new physics are
reflected in the effective interactions of those light particles, which can be systematically
organized in chiral perturbation theory (yPT) formulated in terms of external sources [24—
26]. In particular, working to the leading order in yPT and in LNV effects, lepton number
violation could manifest itself through the neutrino mass (shown in figure 1(a)), effective
interactions of a single meson with a charged lepton and neutrino pair (figure 1(b)) or
of the two mesons with a pair of likely-charged leptons (figure 1(c)). The short-distance
(SD) contribution in figure 1(c) was thoroughly studied in [1], and this work will focus
on the long-distance (LD) terms in figure 1(a, b) due to the exchange of neutrinos. It
is easy to parameterize the above effective interactions, but our aim is to work them out
systematically in the EFT approach by matching sequentially to EFTs closer to new physics
at a high scale. In this manner we are able to express the decay branching ratios in terms
of the Wilson coefficients in the EFT defined at the electroweak scale or an even higher
scale when necessary.

The paper is organized as follows. We start in section 2 with the low energy effec-
tive field theory (LEFT) defined between the electroweak scale Agw and chiral symmetry
breaking scale A, [27, 28]. We collect the relevant dimension-3 (dim-3), -6 and -7 LNV
effective operators and discuss their one-loop QCD running effects. (The dim-3, -4, and
-5 operators are the mass, kinetic, and electromagnetic (transition) moment terms.) We
then match them to other EFTs along the ladder of scales. In section 3, the dim-6 and
-7 operators in LEFT are matched at the scale A, to xPT, thus determining the vertices
in figure 1 in terms of the Wilson coefficients in LEFT and low energy constants (LECs)
of QCD strong dynamics. Then in section 4 we match LEFT upwards the scale to the
standard model effective field theory (SMEFT), assuming that there are no new particles
with a mass of order Agw or lower. The relevant leading LNV operators in SMEFT are
the dim-5 and -7 ones known in the literature [29-32] and reproduced in appendix A. We
express the branching ratios in terms of the Wilson coefficients in SMEFT and the LECs
of strong dynamics through the above two-step matching, whose complete expressions can
be found in appendix B, and make some numerical estimates. Our main findings are finally
recapitulated in section 5.
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Figure 1. Generic Feynman diagrams for the decay K~ — 7T+l(;l5 in xPT, where the heavy blob
stands for effective LNV interactions. Diagrams with the two charged leptons crossed are not shown
in (a, b).

2 LNV effective interactions in LEFT

The low energy effective field theory is an EFT defined between the electroweak scale
Agw ~ 10% GeV and chiral symmetry breaking scale A, = 47 F, ~ 1 GeV. The dynamical
degrees of freedom include five quarks (u, d, s, ¢, b), all charged leptons (e, u, 7) and
neutrinos (ve, v, V), the photon and gluons, and enjoy QED and QCD gauge symmetries.
LEFT has been fruitfully applied particularly in flavor physics [27]. As a low energy effec-
tive theory, it is an organized and infinite series of effective interactions whose importance
is relatively measured by canonical dimensions of effective operators with similar symmetry
properties. For our purpose here we focus on the effective operators that violate the lepton
number L by two units and potentially contribute to the decays under consideration at the
leading orders.

We work without losing generality in the convention that quarks and charged leptons
have been diagonalized while neutrinos are in their flavor states. Different conventions
amount to different ways to incorporate quark and lepton mixing matrices in generally
unknown Wilson coefficients. We first recall that the SD contribution in figure 1(c) arises
at leading order from dim-9 operators involving two like-sign leptons and four quarks which
have been thoroughly analyzed in ref. [1]. In the following we investigate systematically the
effective operators that could finally dominate the LD contribution in figure 1(a,b). The
dim-3 operator is unique, i.e., the Majorana neutrino mass term in the effective Lagrangian:

1 N
3 MasVS Vs, (2.1)

where m,g is the neutrino mass matrix in the flavor basis of the neutrinos v, = v, v, vr
and the superscript C refers to charge conjugation. For the LNV interactions in figure 1(b),
the relevant operators in LEFT involve one charged lepton, one neutrino, and a pair of
quarks. These operators first appear at dimension six and have been classified in ref. [28].



Following our notations in [1], we denote them as follows:

RL,S /T g\ LRSS _ /P o\
Opraﬂ = (u%dL)(lLaVﬁC)y Opraﬁ = (uidR)(lLan), (22)
LL)V 7 N RR,V — T
Oproz,B = (ui’yﬂdL)(lRa'yﬂyﬁc)v Opra,B = (u%vudR)(lRay“ug), (23)
Oprnsy = (W 0, d) (TLac*V§). (2.4)

Here the Latin letters p, r indicate the flavors of the up- and down-type quarks «?, d” whose
chiralities (L, R) are shown by their subscripts and by the first two superscripts of the
operators O. Since Vg is right-handed, the chirality of the charged lepton field in a lepton
bilinear is automatically determined by the type of the operators, S, V, T'. In addition we
also require the SM effective operators due to charged-current interactions between leptons
and quarks:

sM 5 — N
O;()raﬁ) = %T(ui’yﬂdL)(lLOé’yuyﬁ)d /Ba (25)

where the V), is the Cabibbo-Kobayashi-Maskawa (CKM) matrix.

At the next order LNV operators carry a covariant derivative D, to become dimension
7. Considering the restrictions and reductions due to gauge symmetry, equations of motion,
integration by parts, and Fierz identities, we obtain the following LNV operators relevant
to our purpose here [33]:

VD 7 — = RR,VD 7 —
(’);JTLQX :(uﬁvudz)(lLazD“Vg), (’)pmg/ :(u%*y“d%)(lLazD”Vg), (2.6)

OLETD — (4 0, i) (e BWG),  OFAP = (o) (Tran* DG),  (2.7)
where Zﬁ“B = A(D"B) — ZﬁB and v DYl = 4 DY — A¥ DI The operators in equa-
tions (2.2)—(2.7), as well as the dim-3 Majorana mass term (2.1), make up the main body
for the LD contribution. These operators will be matched in the next section to those in
xPT where the lepton bilinears act as external sources.

Since we will match the effective interactions in LEFT to those in SMEFT at the scale
Agw and to those in xPT at the scale A,, it is necessary to sum the large logarithms
between the two scales using renormalization group equations. In our case the leading
effect arises from the 1-loop QCD renormalization. While the vector-type operators are
free of renormalization, the scalar- and tensor-type operators are indeed renormalized,
whose Wilson coeflicients satisfy the renormalization group equations:

d s @ S S RL,S ~LR,S

pgpC = —5o30RC5, € e {cnks o, (2.8)
d o _« T T LRT ~LRTD ~RLTD

pg Ol =ge0eCT, C e {Cpml, eptiP, eRiiP L, (2.9)

where Cp = (N2 —1)/(2N) = 4/3 with N = 3 being the color number. The solutions
between the scales pu; and o are

S _[as(p2) 0r/b s T (as(p2) —Crl
C” () = <a8(m)> C%(p2),  C'(m) = (%(m)) CT (),  (2.10)




where b = —11 4 2ny/3 with n; being the number of active quark flavors. Incorporating
quark threshold effects, we obtain the numerical results between the scales A, and Agyy:

C9(Ay) = 1.656C° (Apw), CT(Ay) = 0.845CT (Agw). (2.11)

Thus the scalar-type interactions are enhanced while the tensor-type ones are suppressed
when evolving down from the high scale Agw to the low scale A,.

3 Matching onto effective interactions in xyPT

While the charged leptons and neutrinos retain their identities at low energy, the quark
and gluon degrees of freedom will condense into hadrons due to strong dynamics. Since
the process K~ — 71l lg in question involves only the light quarks ¢ = u, d, s, its
transition matrix element due to effective interactions in LEFT can be beautifully evaluated
by matching to chiral perturbation theory, which is the low energy effective field theory
of QCD. xPT is based on the fact that the QCD Lagrangian has the approximate chiral
symmetry SU(3);, x SU(3)g for the three light quarks which is spontaneously broken by
the quark condensate (gq) = —3BF} to the diagonal SU(3)y. The symmetry breakdown
brings about eight pseudo-Nambu-Goldstone bosons (pNGBs), which are identified with

the octet of the lowest-lying pseudoscalars 7%, 70, K* K° KO 7. Inthe xPT formalism
they are represented by the element in the coset space SU(3) x SU(3)r/SU(3)y and take
the matrix form,

70 4o + -
iVaTI(2) it T I;o
Ulw)=exp | =5 | n=| 7 -5t : (3.1)
K- N L

where Fj is the decay constant in the chiral limit. Corresponding to chiral transformations
of quarks q;, — Lqr, and qg — Rqg, U transforms as U — LUR' with L € SU(3); and
R e SU(3) R

The interactions of pNGBs with leptons due to dim-6 and dim-7 operators in equa-
tions (2.2)—(2.7) can be realized through the external source method in which the global
chiral symmetry is promoted to a local one [24-26]. At the quark-gluon level, the QCD
Lagrangian with all possible external sources is parameterized as follows,

L = Lqcp + @l ar + arrpy*ar + [ao(s — ip)ar + @t owqr + hee],  (3.2)

where Lqcp is the QCD Lagrangian for massless u, d, s quarks. The external sources,
l, = ZL, Ty = 7“2:, s =st, p=yph t = tfwT, are 3 x 3 matrices in flavor space, and
transform under chiral group as [, — LZMLT + iL@MLT, Ty — RTNRT + iR@uRT, x = LRI,
" — Lt/ R', where y = 2B(s — ip). By comparing the external sources in equation (3.2)
with the effective interactions in LEFT formed with the operators in equations (2.2)—(2.7)
multiplied by their Wilson coefficients, one singles out the terms in external sources specific



to the K~ — #t transition:

(M) i = —2V2GEVai(lLa"va)

+Co (Trayvg) + Col, D(lrai DP V) 4 (3.3)

(r")ui = Cﬁgﬁv(lRa’y“VB )+ CﬁgﬁVD(lLaz DFvg ) o (3.4)
(i = CoS (TLav§) + -+ (3.5)
(ui = Cord TLav§) +++- (3.6)
(t")ui = Cries (a0 v§) + ciiig P (ran W DWG) + - (3.7)
(t)ui = CRETP ey DY) 4 - (3.8)

where 7 can be either d or s quark, and the ellipsis denotes terms not relevant to the
transition. In YPT the vector and scalar sources already appear at order O(p?) [24, 25]

£, = I}QTr (DU U)) + }fTr (vt + o), (3.9)
where
DU = 8,U — il U +iUr,, (3.10)
while the tensor sources first appear at O(p*) [26]
L9 2 i Ty (tf‘”(D#U)TU(DZ,U)T + t;f”D#UUTD,,U> , (3.11)

where Ay is a low energy constant (LEC). Since the tensor structure in equation (3.11)
involves at least two pNGBs, one charged and one neutral, it cannot contribute at tree
level to the process under consideration and will be ignored below. The expansion of
equation (3.9) yields the following terms relevant to the LD contribution to the decay
K- —atl; lg:

SRS
- (cf:éf Bur™ + c%%é‘ﬂf( (zmz’ Tmg) ], (3.12)
where the parameters defined at the scale A, are

a,@ \/§ (CRL,S _ CLR,S)

P 1 9 wiafB uia3
OB — V2 (CLL,V - CRR,V)
P2 - 4 uiaf uia3
8 \/i LL,VD RR,VD
(IXJB Ty (Cmaﬁ - Cmaﬁ ) ) (313)



with P, = 7, K for i = d, s (and sometimes ¢ = 1, 2). We note in passing that the
leading LD contribution does not introduce new LECs of QCD strong dynamics. The
above results show that the dim-6 vector-type operators are suppressed by O(p/B) relative
to their scalar-type counterparts while dim-7 vector-type operators are further suppressed
by O(p/Agw). To put it in short, among the dim-6 and -7 LNV operators in LEFT, the
scalar-type dim-6 operators generically dominate the LD contribution.

4 Matching onto SMEFT and decay branching ratios

Now we make connections between the effective interactions in SMEFT and LEFT, so
that we can parameterize the decay branching ratios as a function of the SMEFT Wilson
coefficients. The dim-5 and -7 LNV operators in SMEFT are reproduced in appendix A
where we slightly improve the basis of dim-7 operators over ref. [31]. At the scale Agw
where the electroweak symmetry spontaneously breaks down, we integrate out the heavy
SM particles (W, Z, h, t) to induce effective interactions in LEFT. The matching results
at Agw for the Wilson coefficients of the relevant dim-3, -6, and -7 operators in LEFT are,
in terms of those of the dim-5 and -7 operators in SMEFT,

Mg = —02CT0% — Cgf,*, ool = TCdTgf;HQ, (4.1)
Ceis = 5V 0255?5% Coras = 5Cioirmy (42)
i = 3V Clii: Cpad = J5Ciuen (49
o™ = Vir (ACT5 + Co 0 ) CRRYD _ pcrpads (4.4)

where v &~ 246 GeV is the vacuum expectation value of the Higgs field and we have
neglected contributions suppressed by small Yukawa couplings. Incorporating the 1-loop
QCD running effect in equation (2.11), the ¢; parameters in equation (3.12) defined at A,
are expressed in terms of the SMEFT Wilson coefficients defined at Agw:

v V2
¢ = 5 (1656) V3, B = 7Vl = Ve (45)

where

af wlof* ilafx
y VWCQuLLH - CdQLLHl’

B 1Bk
yPQ = Vui LS;ID - C;uLiHv
Vil = Vai (4CTHw + Cibnn) — 200 (4.6)

We are now in a position to employ equation (3.12) to calculate the LD contribution
to the K~ decay shown in figure 1(a,b). To make our answer complete, we include the SD
contribution in figure 1(c) which takes the form [1],

Lsp

7F02GF = C?BK_T(_Elgﬁ + cgﬂﬁﬂf(_@lﬂr_mlgﬁ, (4.7)

I The convention of ¢; differs from that in ref. [1] by a factor 2FyG2.



where
c?ﬁ = —2\/5 (0629§><8 + 088918)><8> Xlaﬁ’
C?ﬁ = —2\[2(1.3927><1)Vudvu5X2aB' (48)

The X parameters are sums of the Wilson coefficients of the dim-7 operators in SMEFT
defined at Agw,

af 11laB* 21afx*
A =2 (V Caurpr + V“dcduLDL>

X5 = 20T + 200 + 20 e + O s, (4.9)

while the QCD LECs determined in [34] are, in our notation [1], garx1 = 0.38 £ 0.08,
gds = (5.5 £2) GeV?, and ¢85 = (1.55 4+ 0.65) GeV2. The complete amplitude for the

decay K~ (k) = 7" (p)l (p1)l5 (p2) is,

M

- __ C — v C
% = TSDUaPRug + Ty ey PRuﬁ

+T2,u1/pu7a7u7y'7pPRug + T3yup%7M7V7pPLuga (410)
where Tgp stands for the SD term and the others are the LD ones:

Tsp = 2657 + 2628k - p, (4.11)
Tl;w = GFVuqusmaB (kupu t +pukuu71)
+t71 {Vud (Bc?‘(1 ch(t - p%)) (k — p1)upw

+ Vs (BESY = (= 13)) ku(k = 1) |

+u [Vud (Bcﬁa cf%(u — p2)> w(k—p2)y
+ Vi (Bcaﬁ — - )) (k — pz)uky}, (4.12)
Topvp = Vudc?{%k’u(k‘ —Pl)vppt_l - uscnzpu(k pg),,kpu_l, (4.13)
Tapp = Vuscﬁgku(k — pl)yppf1 — uch2pu(kz pg),,kpufl, (4.14)

with s = (p1 + p2)?, t = (k —p1)?, and u = (k — p2)?. The amplitude has the correct
antisymmetry under interchange of the two leptons upon using the relations for bilinear
spinor wavefunctions

U Pruf = —ugPruf, Uay"y” Pruf = —tgy’y" Prug ,
Ty "y Pru§ = wg7Py" " Prul, (4.15)

and obvious relations for Tsp and 7T; tensors. The decay width is calculated as

11 1
= ds [ dt |IM|?, 4.16
1+ 0og 2ms 12873m2 / s/ M| (4.16)




where the first factor removes double counting in phase space integration for identical

particles, and the integration domains are

s € [(ma + mg)Z7

with mg o 3 being the masses of the K, 7t

1
E;=—

- mi +m%),

Now we make some numerical analysis.

(mK - mfr)2] 5

€ [(E§+E§)2— ( E3? —m? +

(E5 + E3)? <\/E§2 E5? —

(4.17)
2
B )
2
) ] , (4.18)
, la, and lg respectively and
* 1 2 2
E3 :Tﬁ(m[(—s—mﬁ). (419)

The values of the SM parameters are taken

from the Particle Data Group [35]:

2P = 5.3166 x 1071 MeV,
Via = 0.9743,

my = 493.677 MeV,

me = 0.511 MeV,

Gp = 1.1664 x 107° GeV 2,
Vs = 0.2253,
my = 139.570 MeV,

m,, = 105.658 MeV, (4.20)

together with the yPT parameters Fy = 87 MeV [36] and B = 2.8 GeV [37]. Our master

formulae for the branching ratios of the decays K~ — 7T+l;l§ are

Bleme™)  1.7x 10733 |me.|? 2 2
= 80 |VFE 4.3 | V55
GVt Gove  ov2 T \Viql™ +4.3|V5]
+1073 x (48|X I+ 45|V % + 2.4 (V%] )
41078 x (29| &% + 23 | 5| + 1.6 |V ) +int., (4.21)
B(u=p~)  4.5x1073% |my,|? 2 2
— 16 | V4|7 + 2.2k
GeV6 GeV6 eV? + }y ’ 221
11073 (17|X““| +19 |y \ + V] )
Blempu™) 21x1073 \mw\ ep pe
Ve~ aeve vz T 26V 7 TIVRAL + 2 D+ L
+1073 x (61|X“\ 35| VL 24 |V P+ 1.9V + 1.3V ’“I2)
+1079 (280|x6’“| 110 | V1% 455 |Vhe P + 6.7 | V18| + 5.7 |V 2)
Fint., (4.23)
where int. stands for interference terms between any pair of Wilson coefficients, whose

complete forms are displayed in appendix B. We can see a few features from the above
results. First of all, since the neutrino mass scale is at most O(eV) [39, 40], the contribution



K~ —rnte"e™ K —atu pu~ K- —wrnte u~

names bounds | names bounds | names bounds | names bounds

1 1 e =1 L =1
Veg |73 845 | (VMATE 85 [ VST 6L | VTP 56.9

VeelTs 519 | [PMTE 612 | VTE 398 | [VMTE 375

w1l

Xee|T5 245 | |XMTE 323 | |XTTE 223

Ve, |5 243 | VTR 2nT [ VESITE 203 | [VAITF 191

Ves| T3 149 | [YeTE 17 | Y®TF 125 [T 11T

Xge|TS 32 | AT 34 | |ATE 29

1

1 -1 L =1 1
VelE 33 |t 82 [T 26 | sl 22

vesl Tt 2 | TR 23 YT s | TR 1

Table 1. Lower bounds (in units of GeV) are shown for inverse cubic roots (|X;|~/3 or |V;|~'/3)
of combinations of Wilson coefficients for dim-7 operators in SMEFT. Note that Xf‘ﬁ = Xf *,

from the neutrino mass matrix is negligible for any measurable branching ratios in a collider-
type experiment. Second, if we assume the Wilson coefficients associated with the dim-7
operators in SMEFT are similar in size, all of X and ) parameters will be of a similar
order of magnitude. Their relative importance is measured by their prefactors, which have
the rough ratios:

VX Yo Xy V3~ 100 :1072: 1073721077 : 107877, (4.24)

Generically speaking, a long-distance contribution (Yp, j term) due to a neutrino exchange
in figure 1(b) dominates over its similar short-distance one (X; term) in figure 1(c), which
in turn is similar to a Vp,;11 term.

The current experimental upper bounds on the above decays are

BexpleTe™) < 2.2 x 10719 [9], Bexp(pn™ ™) < 4.2 x 107 [9],
Bexple ™) < 5 x 1070 [10]. (4.25)

To get some numerical feel on what these bounds would imply and considering the limited
number of experimental bounds compared to that of Wilson coefficients, we assume only
one of the X; or ); is nonzero. The above upper bounds on branching ratios then translate
into the lower bounds on their inverse cubic roots as displayed in table 1. The bounds
are rather weak, especially when compared with those from nuclear Ov33 decays [32, 38].
This relative weakness originates from much smaller data samples accumulated in kaon
experiments than the number of nuclei available in a ton-level experiment of Ov33 decays
as we estimated roughly in ref. [1]. Thus the weak bounds should not be interpreted as
if the SMEFT approach would be valid for a new particle with a mass as low as tens or

~10 -
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Figure 2. Branching ratios for K= — 7T+l;l§ are shown as a function of the new physics scale
A in the SMEFT framework. Also shown are the current experimental bounds (upper horizontal
line) and the neutrino mass contribution alone (lower horizontal lines).

even a few GeV; on the contrary, if there are such particles, they must be incorporated
explicitly into the expanded version of SMEFT and even LEFT. Nevertheless, we stress
that however weak the bounds are, they are the first ones worked out in a systematic
effective field theory approach that involve the second generation of fermions and are thus
complementary to those obtained from nuclear Ov33 decays. Conversely, if we assume
the dim-7 Wilson coefficients are all of order A=2 where A is the new physics scale, the
branching ratios are dominated by the terms with the largest coefficients, i.e., the long-
distance terms of y;;ﬁ. In figure 2 we plot our theoretical predictions as a function of
A, together with the current experimental bounds; also shown are the contributions from
the neutrino mass matrix alone assuming m, ~ 0.1 or 1 eV. For instance, if A > 1 TeV
as the current LHC searches and the null results in nuclear 0v53 decays imply, we have
for SMEFT:

Bleme ) <80x107Y, Bup )<16x107Y, Ble p ) <26x1077. (4.26)

These branching ratios are several orders of magnitude smaller than the current experi-
mental upper bounds.

- 11 -



5 Conclusion

We have accomplished a comprehensive analysis on the lepton number violating decays
K* — ijliléc in the effective field theory approach. We focused in this work on the
long-distance contribution due to an exchange of neutrinos, and incorporated the short-
distance contribution obtained in our previous work [1]. It turns out that the long-distance
contribution overwhelmingly dominates over the short-distance one by about three orders
of magnitude in the decay branching ratios. Assuming there are no new particles with a
mass of the order of or below the electroweak scale, we related the decay branching ratios
to the leading LNV effective interactions in SMEFT due to dim-5 and dim-7 operators.
Our results are general in that subject to the above loose assumption they are independent
of dynamical details at an even higher new physics scale; instead, different dynamics are
hidden in the Wilson coefficients in SMEFT. Our results do not employ any hadronic
models, but are completely based on the well-established symmetries and effective field
theories from SMEFT through LEFT to xPT. While the hadronic LECs entering in the
short-distance contribution were fixed previously by experimental measurements and lattice
calculations, the long-distance contribution involves no parameters other than the pion
decay constant and quark condensate making our results very robust. Unfortunately, the
current experimental upper bounds on the decay branching ratios are too weak to set a
useful bound on the scale of new physics that is responsible for lepton number violation.
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A Baryon number conserving dim-7 operators in SMEFT
The dim-5 operator in SMEFT is well-known [29]:

Os = €jjémn(LCL™)HIH™, (A1)
The dim-7 operators were first systematically studied in ref. [30], and corrected by ref. [31].
In this appendix we improve further over the basis of operators in ref. [31] so that flavor
symmetries are apparently realized as advocated in ref. [32]. This only concerns the subset

of operators that violate lepton number but conserve baryon number. In table 2 the
newly chosen basis operators are indicated by (%), which replace the following old basis
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¢Y*H* + h.c. 2H3D + hec.
Orn €ijemn (LG L™ HIH™(HYH) OLenp €ij€mn (L) HI (H™iDFH™)
Y?H?D? + h.c. VH?X + he.
OLpmi(*) | €ijémn (mﬁ#Lj)(HmD“H") Orus g1€ij€mn(LC 0y, L™) HIH" B
OLpma(%) | €imen(LELY)(D H™ D*H™) Oraw go€ij(em!)n (LG50, L™ HI HW v
4D + h.c. VH + hee.
Ogurpr(*) €ij (EWU)(WZ'%}“LJ') OsLLLH eijemn (L) (LCTL™) H™
Oaorrm () €ij€mn (dQY)(LCIL™) H™
OorLu2(*) €ij€mn (A0, QN (LG ot L) H™
Ogurers (*) €5 (dyu) (LCiyte) HI
Ogurru €i;(Qu)(LC L)) HI

Table 2. Basis of dim-7 lepton number violating but baryon number conserving operators in
SMEFT. L, @Q are the SM left-handed lepton and quark doublet fields, u, d, e are the right-handed
up-type quark, down-type quark and charged lepton singlet fields, and H denotes the Higgs doublet,
respectively. D*H™ is understood as (D*H)™.

operators [31]:

pr

OLHDI
pr

OLHDZ

prst
OJuLLD

prst
OJLQLH1

T st
dLueH

prst
OJLQLH2

¢ijemn (LS Dy L) (H™ DM H™),
€im€jn(LS D, LIY(H™D"*H™),
€ij (dpytir) (LS iDL,
eijemn (dpLi) (QS LY H™,
ij(dpLi) (ule) HY,

€im€jn(dpy L) (QS7 LY H™.

The relations between the new (left) and old (right) operators are as follows,

T T rp
OLpm = OLup1 + OLuprs
1
DT _ _ (mpr D = (P Tp
Ol = = (O7pa + Ofupy) + 5 (OFup1 + Ofp1) + EoM,
Oprst _ Oprst + Oprts
duLDL ~— “duLLD duL LD’
prst _ mpsrt pirs _ (ptrs
OJQLLHl - OJLQLHl + OJLQLHl OdLQLHQ’
prst o psrt
duLeH ~— 2OJLueH’
prst _ STt _ (ptrs ptrs
OJQLLH2 = —4 (OdLQLHl OdLQLHl + OdLQLH2> )

where EoM refers to equations of motion terms.
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B Complete results for branching ratios in SMEFT

In this appendix we show the complete results for the branching ratios in terms of the
Wilson coefficients in SMEFT:
B(e~e™)
GeV6
= 2.3 x 10%078 |mege|* + 2.7 X 103074R (meo V5T ) + 6.3 x 10%074R (Mo VES¥)

+8 x 10| V55, |2 — 6.6 X 100 4R (mee L) + 3.7 x 10R (V55,V5%) + 4.3 | Vs |
—3.9R (V4 X)) — 9 x 1071 R (VS 66*) +4.2x 10" 1v—4§R(meeyee*)

—1.6 x 107107 R (meed5%) — 1.4 x 10710740 (mee X5S*) — 6.3 x 107207 1R (meeVESY)
+4.8 x 1072 | X2 + 4.5 x 1072 V5% — 3.8 X 107 207*R (meeV55)

—2.1 x 10720 (VE5V55%) + 2.0 x 1072R (V54 V555) — 9.6 x 1073R (V54 V55)
—8.6 x 1073R (V55 X5%%) + 6.8 x 1073R (VS V) — 2.7 x 1073R (V55,V57)
+2.4 x 1073 | V5% — 2.2 x 1073R (VE555) — 2.2 x 1073R (Y55, V57)

—2.0 x 10730 (VS XE) — 1.1 x 10730 (VS V) — 6 x 1071R (V55 X5%)
—5.1 x 107" R (VL V") + 2.3 x 107IR (AFVE) 4+ 2.1 x 1074R (AFexs)
+9 x 107°R (VLX) + 5.4 x 107 R (XFEVEE) — 1.4 x 107OR (V55 X5%)
—1.4 x 107R (V55,05%) + 5.2 x 107 TR (V5L X5) — 4.4 x 107 R (V55V57)
+2.9 x 1077 | V557 + 2.3 x 1077 [X5°)? 4 2.3 x 1077 R (X5°VE5)

+1.9 x 107 "R (VESVEEE) + 1.4 x 107 TR (V5V55%) + 1.2 x 107 R (A°YE)
+7.3 x 1078R (VE5V55) + 1.6 x 1078 | Veg|?

(B.1)

B(é‘e\‘/‘@.) (B.2)
= 6.1 x 103078 [my,|” + 6.1 x 10207 4R (m, Vi) + 2.3 x 10%0R (m,my““*)
—2 X 1007 R (mp XP) + 1.9 X 10074R (m, Vi) +1.6 x 10 | Vi |
1.1 % 10R (VRAYH*) = 3.2074R (my, VH47) + 2.2 | VPP — R (Vs a0
+8.4 x 107 R (VEAVELT) + 3.8 x 107 1R (VML VIET) — 3.8 x 107 1R (VE A H)
—1.2 x 107'R (VA VE™) — 7.1 x 1072R (VI VER) — 4 x 107207 R (my,, X57)
—3.4 x 107207 'R (my V") — 3.1 x 1072R (X{H VLT + 1.9 x 1072 | Vi
FL7 X 1072 [P — 1.2 x 107207 4R (my, V) — 7.9 x 1073R (VA4 i)
+5.1 x 107°R (y““x”“*) 2.0 x 1073R (VRA M) — 1.7 x 107°R (VA VIE)
+1 x 1073 | VH° — 7.5 x 10740 (VA ARH) — 6.1 x 107*R (VI VL)
—6 x 1074R (VA VHT) — 2.4 x 1074R (VEFYEEY) + 6.7 x 107°R (X[ *HA8H)
—6.2 X 107°R (WA X8H) 4+ 5.6 x 107°R (X{HYILET) — 4.7 x 107°R (Vb VAT
—2.1 x 107°R (VB VE™) +2 x 107°R (PP V™) + 1.1 x 107°R (VEE 84
+7.2 x 107OR (VEAVIET) + 4.0 x 107OR (VEAYH) + 1.1 x 107 7R (XL VIET)
6.7 x 1078 [ X4 + 4.9 x 1078 | VL) + 4. 1 x 1078R (X5 L)
+3.4 x 107%R (VEEVEL™) + 6.6 x 1077 | V4|7,
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B(e™p™)
GeV6
= 2.8 x 100078 |mey|* + 1.7 x 10%074R (me, VU + 1.3 x 103074 R (me, V)

+4.7 x 10%07*R (me, V) + 3.9 x 10207'R (me, VETY) — 8.2 x 10071R (mequ“*)
4.5 % 10071R (meu VEST) + 4 x 10R (VIS V) 2.6 x 10 | V45 |2 + 1.7 x 10 | Vet

+1.4 x 10R (VGVA™) + 1.2 x 108 (VESVETT) + 9.9% (V4 V™)

+9.3R (VA VET) — 5.90 R (me, VE5™) + 3.2R (VA VET)

—2.5R (VG XY 4+ 2 | VHP — LOR (Ve M) + 14|V 4 1.3R (Vh Vi)

+6.9 x 107'R (VA VES) — 6.7 x 107'R (X V™) — 5.8 x 1071 R (A7H VL)

+4.6 x 107'R (VAVRT) +3 x 107IR (VETVES) + 2.4 x 10710 R (meu)}e“*)

—1.7 x 10707 R (mep Xs™) — 1.6 x 107HR (V45 VES™) — 9.7 x 107204 R (me, Vi)
—7x 1072074 (me, Vi ) — 6.9 x 1072R (VEVES) — 6.3 x 1072R (X V)

(B.3)

6.1 x 1072 [X* — 5.5 x 1072R (Ve VH*) — 4.6 x 10 207 R (me, V)
—3.7 % 10720 (VHEVH*) 43.5 x 1072 [V4S|* — 2.6 x 107207 4R (m, V57)
2.4 x 1072 |V |? — 2.3 x 107207 1R (me, V) — 1.3 x 10720 (V54 V")

—1.3 x 1072R (W5VE5") + 7.8 x 107°R (X VES) 4 6.8 x 107°R (V74 Vi)
—5.3 x 107°R (XM V) +5 x 107°R (Ve Vs ) — 4.1 x 107°R (A" Vi)
=3 x 107°R (VG VE) — 2.6 x 1073R (VA Vi) + 2.3 x 107°R (y TV
—2.2 x 107°R (W VKS) +2 x 107°R (VAVET) +1.9 x 1073 |V

+3.6 x 107°%
—6.1x107™R (Y
+2.3 x 1077R
+1.7x 107"R (X,

+2.4 x 107OR (VESVES) — 8.7 x 107 "R (X" Vi)
+3.1x107"R (X e“ye“*) +2.8x 1077 5"
X;“ VEE) — 1.8 x 107 TR (Vi
e,uy (

BYVES) — 1.7 x 107TR (VEVES)
BV + 1.1 x 107 TR (VA VRS

—1.6 X 107°R (VL VL) — 1.4 x 107°R (AHYH*) +1.3 x 1073 ”6\2
—1.3 x 107R (VA V") — 1.2 x 107°R (VETAH) — 7.9 x 1071R (VR VEST)
—7.4 x 1070 (VAVE) — 7.3 x 1074 R (VR VE") — 6.9 x 107*R (VE V)
—6.9 x 107'R (V5 VeE") — 6.3 x 107R (VA VES) — 5.9 x 1074R (VAVES)
~5.1 x 1071R (y;:fy“@*) 5x 10740 (VE V) — 4.6 x 107R (VA VR
—4.5 x 107'R (VAYVL™) — 3.8 x 107 R (X' V) +2.6 x 1071R (A7 A547)
2.1 x 107*R (VAVES) — 2 x 1074 R (VAE VL") — 1.8 x 1074R (VT VST
—1.6 x 107*R (VETYVE") + 1.5 x 107*R (A7HVE) — 1.4 x 1074R (V55 054)
+1.1 x 107'R (X e”y*‘e*) +9.5 x 107°R (Vi Vis) + 7.3 x 107°R (X1 V)
—6.2 x 107°R (VI5VS) — 5 x 107°R (VRSVis) + 3.8 x 107°R (X[ HYEe™)
+3.4 x 107°R (X e“y*‘f“*) — 24 x 107°R (VISVE") — 2.1 x 107°R (V5VET)
—1.9 x 107°R (V5VE57) + 1.8 x 107°R (PESAH) — 1.2 x 107°R (Vi VEs™)
+8.5 x 107OR (VESVKS) 4+ 5.1 x 107°R (V5 y’“*) +3.8 x 107OR (VL5 V™)

(Vr2Vis)

(ViaYis)

(%" Vi)

(")

+1.2x 107" R (Y
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+1.1 x 1077 | V5|7 — 9.1 x 107°%R (Vik yw*) +8.3 x 1073R (X5H VL)
+7.2 x 107°R (X el‘ye“*) +5.5x 1078 | VRS 1% 5.1 x 1075R (Ve 01e%)

+3.9 x 107°R (VAHVES) + 3.4 x 107°R (y SVEb") + 3.2 x 107°R (Vi Veh™)
+3 x 1079R (VRS V) 4+ 2.2 x 1075R (V5 y“e*) +1.9 x 107%R (VA YVEY)
9.6 x 1079R (VAYH) +6.7 x 1072 |V 1° + 5.7 x 1077 | V24|,

Some interference terms have a smaller coefficient than their separate terms because of

phase space integration.
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