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ABSTRACT: We systematically analyze the operator content of unitary superconformal
multiplets in d > 3 spacetime dimensions. We present a simple, general, and efficient al-
gorithm that generates all of these multiplets by correctly eliminating possible null states.
The algorithm is conjectural, but passes a vast web of consistency checks. We apply it
to tabulate a large variety of superconformal multiplets. In particular, we classify and
construct all multiplets that contain conserved currents or free fields, which play an im-
portant role in superconformal field theories (SCFTs). Some currents that are allowed in
conformal field theories cannot be embedded in superconformal multiplets, and hence they
are absent in SCFTs. We use the structure of superconformal stress tensor multiplets to
show that SCFTs with more than 16 Poincaré supercharges cannot arise in d > 4, even
when the corresponding superconformal algebras exist. We also show that such theories
do arise in d = 3, but are necessarily free.
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1 Introduction

In this paper we revisit the problem of constructing unitary multiplets of a superconformal
algebra &(d, ) in d > 3 spacetime dimensions,' with N-extended supersymmetry. These
multiplets play an essential role in the study of the corresponding superconformal field the-
ories (SCFTs) and their deformations. A unitary multiplet M of &(d, N) is conveniently
described by presenting its decomposition into a finite number of unitary, irreducible rep-
resentations {C,} of the bosonic subalgebra so(d,2) x R C &(d, ),

M = @ Co, (finite sum). (1.1)

The non-compact Lie algebra so(d, 2) is the conformal algebra, while the R-symmetry al-
gebra fR is a compact Lie algebra; their unitary representations are well understood. There
are various equivalent ways to think about (1.1), e.g. as the decomposition of a super-
field M into its component fields {Ca}, or as the expansion of an &(d, N') character x
in terms of so0(d,2) x MR characters xc, .

Our main result is a simple and general algorithm that outputs the decomposition (1.1)
for any unitary superconformal multiplet (section 3). Along the way, we review various
aspects of unitarity (super-) conformal representations (sections 1 and 2). We use our algo-
rithm to tabulate a wide variety of superconformal multiplets (section 4); a Mathematica
package that implements the algorithm and can be used to generate any superconformal
multiplet will appear in [1]. We also make a detailed survey of multiplets that contain
conserved currents and explore some of the implications for unitary SCFTs (section 5). A
more detailed summary of applications appears in section 1.4.

1.1 Conformal field theories

Conformal field theory (CFT) is a subject of enduring interest, with myriad applications,
see for instance [2] for a recent introduction with references. CFTs are powerfully con-
strained by the so(d, 2) conformal algebra, and all local operators must reside in represen-
tations — also called multiplets — of this algebra. Throughout this paper, we will only

!Superconformal algebras also exist for d = 1,2. In two dimensions, they arise as subalgebras of super-
Virasoro algebras, whose representation theory is substantially richer. Since there is no corresponding
phenomenon in higher dimensions and we would like to keep the discussion uniform, we restrict to d > 3.



discuss unitary theories, and hence unitary multiplets. The unitary, irreducible representa-
tions of so(d,2) are well understood (see for instance [2—6] and references therein). Every
conformal multiplet C consists of (typically infinitely many) local operators O, which can
be taken to transform irreducibly under the maximal compact subalgebra so(d) x so0(2)
generated by the (Wick-rotated) Lorentz transformations M, and the dilatation D.
(The other so(d,2) generators are the momenta P, and the special conformal transfor-
mations K,.) Thus, O has definite so(d) Lorentz weights Lo and a definite scaling dimen-

sion Ao related to its s0(2) weight. Throughout, we indicate these quantum numbers as?

O =[Lola, - (1.2)

The full Lorentz representation containing O is specified by the so(d) quantum numbers of
its highest weight operator Oy, .. Depending on the context, we will interchangeably use
the notation (1.2) to refer to full Lorentz representations, via their highest weights, or to
the weights of individual operators that reside in such representations.

The state-operator correspondence identifies every local operator O with a unique state
|O) in radial quantization. The conformally invariant CEFT vacuum corresponds to the unit
operator O = 1. We will frequently abuse notation and write O when we mean |O). Every
unitary, irreducible conformal representation C possesses a unique operator V of lowest
scaling dimension Ay, which is known as the conformal primary (CP). As such, it is
annihilated by the special conformal generators K, whose scaling dimension Ak, = —1
is negative. All other states O in the multiplet C are obtained by acting on V with the
translation generators P,, whose scaling dimension is Ap, = 1. The states O are referred
to as conformal descendants (CDs) of the CP V. In the operator language, the CDs O are
simply given by spacetime derivatives P, ~ @, of the CP V. By contrast, V cannot be
written as a derivative of a well-defined, local operator.

It follows that the structure of the entire multiplet C is completely determined by the
quantum numbers of the conformal primary V, and we will often use V to refer to the
multiplet C generated by the CP V and its CDs. In particular, there is a natural inner
product on the Hilbert space of states in radial quantization, which descends from the two-
point function of local operators, and the norm of all states in C is completely determined by
the quantum numbers of the CP V (see [2, 4] and references therein for additional details).?
In unitary theories, all primary and descendant operators in a conformal multiplet C must
have non-negative norm with respect to this inner product. This results in unitarity bounds
on the scaling dimension Ay of V in terms of its Lorentz representation Ly. Schematically,

Ay > f(Ly). (1.3)

2Unless stated otherwise, we will use integer-valued Dynkin labels to specify weights and representations
such as Lo. For instance [n] (with n € Zxo) is the (n + 1)-dimensional spin-% representation of su(2); it
contains the weights [n], [n — 2],...,[—n]. See appendix A for a summary of our Lie algebra conventions.

3To compute the norm of a CD O one proceeds as follows. Express |O) ~ Py, --- P, |V). In radial quan-
tization, P} = K, so that (O|O) ~ (V|K,., -+ Ky, Py, -+ P,, V). This can be evaluated using K,[V) =0
and the commutation relation [P,L, K] ~ Nuv D + My, The result is a polynomial in the dimension Ay,
with coefficients that depend on the Lorentz weights Ly of V, multiplied by the norm (V|V).



This leads to the important distinction between long and short conformal multiplets:

e Long Multiplets: if the inequality (1.3) is strict, then all states have positive norm
and we refer to C as a long multiplet. Given a Lorentz representation Ly, we can
always construct a long multiplet based on a CP V with these quantum numbers by
choosing its scaling dimension Ay, to be sufficiently large.

e Short Multiplets:if (1.3) is saturated, then some states in C — called null states —
have zero norm. The null states form a closed subrepresentation of C (also unitary un-
less C = 1 is the identity), and hence they can be consistently removed from C. The re-
sulting conformal multiplet contains fewer states than a long multiplet based on a CP
with Lorentz quantum numbers Ly. Consequently, we refer to it as a short multiplet.

The most extreme example of a short conformal multiplet is the unit operator 1, which is
annihilated by all derivatives and has Aq = 0. A less trivial example of a short conformal
multiplet is a conserved flavor current j,. The conservation equation 0*j, = 0 and its
CDs are null states that fix the scaling dimension of j, to be A;, = d — 1. Yet another
elementary example is a free scalar field ¢ of dimension Ay = %, whose null states are
given by the equation of motion 9%¢ = 0 and its descendants. In general, the CP of any
short conformal multiplet is annihilated by a first- or second-order differential operator.
The unitarity constraints on short conformal multiplets were worked out in [4]. A detailed

discussion can be found in section 5.

1.2 Superconformal field theories

The symmetry algebra of SCFTs contains both the conformal algebra so(d,2) and a
Poincaré supersymmetry (SUSY) algebra of the schematic form {Q,Q} ~ P,. Since P,
has scaling dimension Ap, = 1, the Poincaré Q-supercharges have Ag = % These sym-
metries combine into a larger superconformal algebra & that also contains superconfor-
mal S-supersymmetries of scaling dimension Ag = —%. They anticommute to the special
conformal generators, {S,S} ~ K,. Both @ and S are fundamental Lorentz spinors,
which combine into a spinor of the so(d, 2) conformal algebra. Typically & also contains a
bosonic R-symmetry subalgebra S8 C &. It commutes with all so(d,2) conformal genera-
tors, but @ and S transform in definite (and conjugate) representations of fR. The fact that
the R-symmetry is part of the symmetry algebra & is a hallmark of SCFTs. By contrast,
non-conformal supersymmetric theories need not have an R-symmetry, and if they do it
only acts as an outer automorphism of the Poincaré SUSY algebra.*

The requirement that & be a consistent superalgebra with these properties is very
restrictive [7] (see also [4]): superconformal algebras only exist in d < 6 dimensions. The
bound d < 6 is related to the fact that the consistency of the superconformal algebras relies
on sporadic properties of so(d,2) fundamental spinors. Such sporadic phenomena occur
when d is sufficiently small, but terminate with the triality automorphism of s0(6,2). More-
over, the classification also implies that for 3 < d < 6 the superconformal algebra &(d, )

4There are nonconformal supersymmetric theories with exotic SUSY algebras of the schematic
form {Q,Q} ~ P, + R, where R is an R-symmetry generator. See for instance [7—11].



is essentially uniquely determined by the spacetime dimension d and the amount of su-
persymmetry N.° Here N denotes the number of Q-supercharges in units of a minimal
spinor; we will write Ng for the total number of Q-supercharges. For instance, theories
with Ng = 8 correspond to N = (1,0) ind =6, N =1ind =5, N =2 in d = 4,
and =4 ind=3.

The resulting list of superconformal algebras &(d,N) in 3 < d < 6 dimensions is as
follows:0

d=3  6(3,N)=o0sp(N|4) D s0(3,2) x s0(N)g,

P S(4,N) =su(2,2IN) D s0(4,2) x su(N)g xu(l)r, N #4,
a S(4,4) = psu(2,2]4) D s0(4,2) x su(d)p, N =4,

d=5 &(5,1)=f(4) > 50(5,2) x su(2)p, N =1,
d=6 S(6,N) = 0sp(6,2|N) D s0(6,2) x sp(2N )R . (1.4)

In each case we have displayed the bosonic subalgebra; it is a direct product of the conformal
algebra so0(d,2) and the R-symmetry algebra R, indicated by a subscript R in (1.4).” In
d = 3, 4,6 dimensions, there is a superconformal algebra for every positive integer /. Most
of these algebras have Ng > 16 supercharges; by contrast, standard lore posits that local
quantum field theories only arise for Ng < 16. We will discuss this issue in detail in
section 5.1.4. In d = 5, there is a unique, exceptional superconformal algebra f(4), with
minimal A" = 1 supersymmetry, i.e. N9 = 8. While quantum field theories with more
supersymmetry do exist in d = 5 (e.g. maximally supersymmetric Yang-Mills theories,
with V' = 2, Ng = 16), they cannot be superconformal (see for instance [12]).

Many properties of conformal multiplets reviewed in section 1.1 have close analogues
in the superconformal case. (Useful background material on superconformal multiplets,
with references, can be found in [4, 6, 13, 14].) Now all local operators must transform
in unitary multiplets M of a superconformal algebra & listed in (1.4). The structure of
these multiplets is the main subject of this paper. Each local operator O is specified by
its so(d) Lorentz weights Lo and scaling dimension Ap, as well as its weights Ro under
the R-symmetry algebra $R. Throughout, we will denote an operator with these quantum
numbers as

O = [LolX, (1.5)

"For d = 3 and N = 8, there is a choice of triality frame for the s0(8)r symmetry representations
of @ and S. We take them to be vectors, since they are so(N')g vectors for all other values of A in three
dimensions. In d = 6, the superconformal algebra forces all Q-supersymmetries to have the same chirality,
while the S-supersymmetries have the opposite chirality. For this reason we sometimes refer to AV-extended
superconformal symmetry in six dimensions as (N, 0).

6One might wonder if there are N' = 4 SCFTs in d = 4 whose superconformal algebra is su(2, 2|4), which
is a central extension of psu(2,2|4), by u(1). This possibility is ruled out in section 5.1.4.

"The only superconformal algebra in (1.4) with trivial R-symmetry algebra is &(3,1), i.e. d =3, N = 1.
In d = 6, we use the convention that sp(2)r = su(2)r (see appendix A).



using square brackets [ - - -] for the Lorentz representation and parentheses ( - - -) for the R-
symmetry quantum numbers. As before, we will also use this notation to denote full
representations, via their highest weights. For instance, we will often refer to the Lorentz
and R-symmetry representations R of the @Q-supersymmetries,

R
Rg =Qnw. = [LQ](AQQz)l/Qv (1.6)

where Lg and Rg depend on the choice of superconformal algebra &(d, N'). This descrip-
tion is appropriate when the @-supercharge representation R¢ is irreducible. For d =
3,N =2or d=4 (with any N') the Poincaré supercharges instead transform as a direct
sum of two irreducible Lorentz and R-symmetry representations. In these cases it is nat-
ural to distinguish two independent sets of supercharges @ and @ (here the notation Q
does not mean complex conjugation), which transform irreducibly as R¢g and RQ under
the Lorentz and R-symmetry. We will refer to @) and @ as left and right supercharges.
(The terminology is borrowed from d = 4, where Q and @ are Lorentz spinors of opposite
chirality.) In order to streamline this introduction, we focus on the situation with one irre-
ducible ). Several modifications are needed in the two-sided case; they will be explained
in later sections.

Just as in the bosonic case, every unitary, irreducible superconformal multiplet contains
a unique operator V of lowest scaling dimension Ay, referred to as the superconformal
primary (SCP). The SCP is annihilated by all S-supersymmetries (with Ag = —%), and
hence by K, ~ {S,S}. All other operators O in the multiplet can be obtained by acting on
the SCP V with the Q-supersymmetries (with Ag = %), this includes the action of P, ~
{Q,Q}. The O’s are referred to as superconformal descendants (SCDs) of V. By contrast,
VY cannot be written as a ()-descendant of a well-defined, local operator. We will say that
an operator Oy that can be obtained by acting ¢ times with a @)-supercharge on the SCP V
is a level-£ SCD (consequently, the SCP V resides at level ¢ = 0),

Or~QW,  f=level € Zxg. (1.7)

Here Q'Y can be thought of as the ordered action of £ supercharges on the state |V) in radial
quantization, or as £ nested, graded commutators of Q-supercharges with the operator V.

It follows from the above that the superconformal multiplet M is completely fixed by
the quantum numbers [Lv](ARVV) of the SCP V. In particular, the norm of every SCD |O) ~
Q1 - QnlV) is completely determined by the norm of the SCP |V). In analogy with the
conformal case (see footnote 3), radial quantization leads to QT = S, so that (O|O) ~
(VISp - S1Q1 - - QnlV). This can be evaluated using S|V) = 0 and the superconformal
anticommutator {Q, S} ~ D—R+ M, (here R is an R-symmetry generator, and M, gen-
erates Lorentz transformations). The result for the descendant norm is a polynomial in the
dimension Ay, with coefficients that depend on the Lorentz and R-symmetry weights Ly
and Ry of V, multiplied by the norm of the primary (V|V). Here the signs of —R + M,
schematically indicate that the norms decrease with increasing R symmetry representation,

and with decreasing Lorentz representation. Thus, the state of smallest norm at a given



level has the largest R symmetry representation and/or the smallest Lorentz representa-
tion. This is born out in the classification of unitary representations discussed below and
in section 2.

Unitarity dictates that all local operators in a superconformal multiplet M — the
SCP V and all SCDs O, (¢ > 1) — must have non-negative norm. Since there are more
SCDs than CDs (all P,-descendants are -descendants, but not vice versa), the super-
conformal unitary constraints are stronger than those that follow only from conformal
symmetry. These constraints were systematically worked out in [4, 6, 13-17].% In analogy
with (1.3), they can be expressed as a bound on the scaling dimension Ay, of the SCP V
in terms of its Lorentz and R-symmetry representations Ly and Ry,

Ay > f(Ly)+g(Ry) +da = Ay (Ly, Ry arbitrary) (1.8a)
or
Ay = f(Ly)+ g(Ry) +dpcp = Ac.p (Ly, Ry restricted) . (1.8b)

Here f(Ly) differs from the function entering the bosonic unitarity bounds (1.3). The
functions f(Ly) and g(Ry) are the same in (1.8a) and (1.8b), while the offsets 4 g c p are
numerical constants that satisfy

0Aa>0p>0c>0p =— As4>Ap>Ac>Ap. (1.9)

This leads to a rich hierarchy” of long and short multiplets,'? also depicted in figure 1:

e Long Multiplets (L):these are multiplets for which the inequality (1.8a) is strict, so
that all states have positive norm. As in the bosonic case, we can always construct a
long multiplet based on a SCP V with any Lorentz and R-symmetry quantum num-
bers Ly, Ry by taking its scaling dimension Ay to be large enough. We will use the
letter L, followed by the quantum numbers of its SCP V), to denote a long multiplet,

LYY, Ay > Al (1.10)

o Short Multiplets at Threshold (A): these multiplets saturate the inequality (1.8a).
Hence they contain null states, which must be removed, and the scaling dimen-
sion Ay, of the SCP V is fixed in terms of its Lorentz and R-symmetry quantum
numbers. For any choice of Ly and Ry, we can construct an A-type short multiplet
by setting Ay = A4, as in (1.8a). Such a multiplet will be denoted as follows:

AZ[LV]X%AV) , le ZZO . (1.11)

8The same representations were also analyzed in the context of AdS supergravities, see for instance (18-
20].

°In the discussion of long and short conformal multiplets following (1.3), we did not distinguish between
threshold and isolated short multiplets of the conformal algebra. This is because the only isolated conformal
multiplet is the unit operator 1 with Ay = 0, which is separated from the continuum of Lorentz-scalar
operators O with Ap > % by a gap if d > 3. Short conformal multiplets with spin are always at threshold.

10Unlike some treatments, see e.g. [13], we do not distinguish between short and semi-short multiplets.



Here /¢ is a positive integer that indicates the level of the first (or primary) null state.
The precise range of allowed ¢-values depends on the spacetime dimension d.

The null states of an A-type short multiplet have the distinguishing feature that they
themselves form a unitary superconformal multiplet. (More precisely, they would
form a unitary multiplet if their primary had positive norm; here it has zero norm,
because it is embedded as the primary null state of a parent A-type short multiplet.)
Generically, this null-state multiplet will also be an A-type short multiplet, but for
special choices of Ly or Ry it may be an isolated short multiplet of B, C, D-type, see
below.

e Isolated Short Multiplets (B,C,D): these multiplets only occur for special choices of
Ly, Ry or spacetime dimension d (e.g. C- and D-type multiplets only exist when d >
5). The scaling dimension of their SCP V is fixed by (1.8b), and they are isolated from
all other types of multiplets (both the continuum of long or A-type multiplets, as well
as other isolated short multiplets) with the same Lorentz and R-symmetry quantum
numbers by a gap (see (1.9) and figure 1). When they exist, they will be denoted as

X\, Xe{B,C,D}, (€. (1.12)

Here ¢ (whose range depends on d and X)) indicates the level of the primary null state.
As before, the null states of B, C, D-type multiplets form closed submultiplets and
must be removed, but unlike the null states of A-type multiplets they do not them-
selves form unitary representations. A simple example of an isolated short multiplet,
which exists in all SCFTs, is the unit operator 1 with Ay = 0, which is annihilated
by all supercharges.

The structure of long and short representations summarized above, and depicted in
figure 1 has important implications for SCFTs. For instance, the fact that the scaling
dimensions of short multiplets are fixed in terms of their Lorentz and R-symmetry quantum
numbers sometimes allows us to determine their spectrum exactly.

This structure also leads to the notion of recombination rules: as the scaling dimen-
sion Ay of a long multiplet L[LV]XD;V) is lowered, it eventually hits the unitarity bound
Ay = A4 from above. At this point, the long multiplet fragments into an A-type short
multiplet with the same Lorentz and R-symmetry quantum numbers, and another unitary
short multiplet N that contains the null states of the A-type multiplet. Schematically,

L[LV]X‘VVL a7 ALY @ NILNSY ) e (1.13)
The Lorentz- and R-symmetry representations Ly, Ry of the null-state multiplet, as well
as its shortening type N € {A,B,C, D}, depend on Ly and Ry. However, its scaling
dimension Ay is unambiguously fixed in terms of A 4 and the level ¢ at which the primary
null state of the A-type short multiplet resides. Recombination rules such as (1.13) con-
stitute useful consistency conditions on the structure of unitary short multiplets, and they
will play an important role throughout this paper.
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Ay
Ap
Ac
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Figure 1. Hierarchy of unitary long and short multiplets. Long multiplets exist when A > A 4.
Their continuum extends down to short A-type multiplets with A = A 4. Isolated short multiplets
exist when A = Apg ¢ p, but not if A lies in a gap between Ay > Ap > Ac > Ap.

Not Unitary

Not Unitary

Not Unitary

The recombination phenomenon also shows that the spectrum of short multiplets need
not be invariant under continuous deformations: given a family of SCFT labeled by some
exactly marginal couplings (as was shown in [11], this can only happen for d = 3, NV = 1,2
or for d = 4,N = 1,2,4), the spectrum of short multiplets can change as a function of the
couplings. Some short multiplets may disappear by recombining into long ones, while some
long multiplets may hit the unitarity bound and fragment into short ones. In general, the
spectrum of short multiplets is only protected modulo such recombinations. Precisely this
data is captured by the superconformal indices defined in [6, 14]. Certain special short
multiplets never appear on the right-hand side of any recombination rule (1.13). Their
spectrum is therefore preserved under exactly marginal deformations, and we will refer to
them as absolutely protected short multiplets. Note that only isolated B, C, D-type short
multiplets can be absolutely protected. A trivial example of such a multiplet is the unit
operator 1, but below we will encounter more interesting examples as well.

A detailed survey of all long and short unitary superconformal multiplets in d > 3
dimensions, including the quantum numbers of their SCPs and primary null states, as well
as the resulting recombination rules, can be found in section 2. There we also discuss the
additional features that arise in two-sided situations with left and right Q, Q supercharges,
and enumerate all absolutely protected multiplets.

1.3 Constructing superconformal multiplets

As reviewed in the previous subsection, the operator content of a superconformal multi-
plet M is obtained by acting with all Q-supercharges on the SCP V, while setting to zero
any null states. It is convenient to organize this operator content by decomposing M into
irreducible multiplets C, of the bosonic conformal and R-symmetry algebra so(d,2) x R,
as in (1.1). Every conformal multiplet C, is fully specified by the Lorentz and R-symmetry



quantum numbers L., R, and the scaling dimension A, of its CP, which we also denote
by C, as long as no confusion can arise. It is useful to grade the conformal multiplets C, by
the level of their CP within the superconformal multiplet: a CP Cy) at level £ satisfies Cy) ~
Q'V. A more refined version of the decomposition (1.1) can then be written as follows:

M=@c? (finite sum), 9 =[LJJT, A=Ay + g . (1.14)

By focusing on the CPs Ct(f), we can work modulo the ideal of CDs, i.e. we can set all deriva-
tives to zero, P, ~ 0, ~ 0. Therefore, the Q-supersymmetries effectively anticommute,

{Qi,Q;} =0, i,j=1,...,Ng. (1.15)

Standard arguments about Fermi statistics then imply that CPs can only occur at levels ¢
satisfying 0 < £ < fax with fax < Ng. This explains why the direct sum in (1.14) is finite.

The constraints of unitarity on superconformal multiplets M, expressed in terms of
the quantum numbers of their SCPs V as in (1.8a) and (1.8b), are well understood, see for
instance [4, 6, 13-17] and references therein; a detailed summary appears in section 2. By
comparison, less is known about the operator content of these multiplets, although many
results have been obtained in various cases of interest. This may seem surprising, because
the discussion above shows that it is in principle straightforward to determine the operator
content of any superconformal multiplet M as follows:

1.) Find all @-descendants of the SCP V by acting on every state in its so(d) x R
representation with all independent combinations of Q)-supercharges, up to reordering
using (1.15).

2.) Proceeding level by level, Clebsch-Gordon decompose all of these states into irre-
ducible so(d) x R representations C((f). Every state in this decomposition is a linear
combination of monomials of the schematic form Q‘V, i.e. a product of £ supercharges
acting on some particular state in the so(d) x 2R multiplet (og the SCP V. This pre-

sentation makes the action of the Q)-supercharges on the Caz completely explicit.

3.) If M is a long multiplet, the Cc(f) constitute the desired decomposition into conformal
primaries, but if M is short, we must remove those C((f) that comprise the null states
of M. These are simply given by the @J-descendants of the primary null representa-
tion N € {C,SZ) } (i-e. the null representation with the smallest value of ), which can
be found by repeatedly acting on the states in N with the Q-supersymmetries. As
explained in 2.) above, the action of the @Q-supersymmetries on states is explicitly

known.

This algorithm is simple and correct, but computationally very expensive to a degree that
makes it impractical in many cases of interest. This has lead several authors to explore
alternative procedures for generating superconformal multiplets that leverage the group-
theoretic nature of the problem, see for instance [6, 13, 14, 21-25] and references therein.



Motivated by these results, we propose a precise and general, yet reasonably efficient,
algorithm that takes a superconformal multiplet M (characterized by the quantum numbers
of its SCP V) and outputs its operator content by enumerating the quantum numbers of all
CPs C((f) that appear in the decomposition (1.14). A detailed description of the algorithm
and its relation to previous work appears in section 3. Here we briefly sketch some of its
features.

Our approach is strongly motivated by [13], where the Racah-Speiser (RS) algorithm
for decomposing tensor product representations of Lie algebras was applied to supercon-
formal multiplets. The RS algorithm is briefly summarized in appendix A.3, and further
discussed in section 3. To get some intuition for how it works, consider the decomposition
of a tensor product of two su(2) representations,

N®je=J1+72® i1 — Jo|- (1.16)

The RS algorithm reproduces this result by starting with a set of trial weights WWgrg obtained
by adding all weights of the jo representation to the highest weight of the j; representation:

Wrs = {j1 +j2; -, 1 — ja} - (1.17)

If j1 > jo, all weights in Wgg are positive and the RS algorithm implies that these weights
are in one-to-one correspondence with the highest weights of su(2) representations appear-
ing in (1.16). If j; < j2, some trial weights (1.17) are negative and the RS algorithm pre-
scribes that all negative trial weights should either cancel against positive ones, or simply
be removed from Wgs, according to precise group-theoretic rules. After these cancellations,
the remaining weights in WWgrg again coincide with the highest weights that appear on the
right-hand side of the decomposition (1.16). The main virtue of the RS algorithm is that
it replaces the many complicated states appearing in the Clebsch-Gordon decomposition
by a smaller, simple set of representative trial weights Wgg. Conversely, the RS algorithm
does not give an explicit description of the states represented by the weights in Wgs.

It is straightforward to construct long multiplets using the RS algorithm: since there
are no null states, the operator content at level ¢ is generated by acting with ¢ fully
antisymmetrized Q-supercharges on the SCP V. This leads to the reducible representation

NReeV=c, (1.18)

where R is the representation carried by the supercharges. Using the RS procedure this
tensor product can be decomposed into irreducible Lorentz and R-symmetry representa-

tions yielding the operator content C((f) appearing above.

By contrast, it is not a priori clear how to construct short multiplets using the RS
algorithm, because its use of trial weights Wgg rather than explicit states obscures the ac-
tion of the @)-supercharges. This complicates the identification and removal of null states.
Following [13], short multiplets X,—1, X € {A, B,C, D} whose primary null representa-
tion N occurs at level £ = 1 can be constructed by simply omitting certain (-supercharges
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from the construction of the multiplet (more precisely, the RS trial weights Wgg). The
construction of multiplets Xy>o with higher-level null states is more delicate, and various
approaches have been proposed in the literature.

In section 3 we synthesize and extend these proposals to formulate a streamlined, uni-
form algorithm that can be used to generate all unitary superconformal multiplets in d > 3
dimensions. As is the case for most existing prescriptions, our proposal is conjectural, and
we currently do not know of a general proof that establishes its correctness. However,
we have subjected it to numerous detailed consistency checks, including an independent
verification of all recombination rules (1.13), and a comparison with many known results.
It is important to emphasize that while our algorithm is simple to state and apply for
any d and N, the resulting multiplets display a cornucopia of sporadic phenomena. This
is well exemplified by multiplets that contain conserved currents, which are discussed in
section 5, and multiplets that contain supersymmetric deformations, which were system-
atically analyzed in [11]. We view the ability of our prescription to capture this diversity
while appearing to avoid any inconsistencies as strong evidence for its correctness.

1.4 Applications

Here we give a brief overview of several diverse applications of our machinery:

o Construction of Superconformal Multiplets: using our algorithm, we can tabulate
the operator content of any superconformal multiplet. In section 4 we explicitly
present such tables for all generic long and short multiplets in theories with Ng < 8
supercharges. A Mathematica package implementing the algorithm will be made
available in [1]; it can be used to construct any other superconformal multiplet.
Knowing the operator content of a superconformal multiplet can be used to evaluate
superconformal characters and indices [6, 14], or to construct superconformal blocks.

o Deformations of Superconformal Field Theories: the structure of superconformal
multiplets can be used to analyze possible deformations of SCFTs that preserve some
supersymmetry. In [11], we have used the results of the present paper to classify such
deformations. This has also lead to a streamlined understanding of the constraints
of supersymmetry on moduli-space effective actions [11, 26, 27].

e (Conserved Currents in Superconformal Field Theories: in section 5, we classify all
superconformal multiplets that contain short representations of the conformal alge-
bra, i.e. conserved currents or free fields. Given d and N, it may not be possible to
embed certain currents into a superconformal multiplet, and hence they are absent
in SCFTs. For instance, we show that theories with Ng > 8 in d > 4 do not admit
conventional (non-R) flavor currents.

o Constraints on Maximal Supersymmetry: when d = 3,4,6 the superconformal al-
gebras in (1.4) exist for arbitrary N. Standard arguments involving massless one-
particle representations show that weakly-coupled theories with Ng > 16 in d = 4,6
do not admit a stress tensor, but can be well behaved in d = 3. In section 5.1.4,
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we extend these results to arbitrary SCFTs: we show that theories with Ng > 16
in d = 4,6 do not exist, because they do not admit a suitable stress tensor multiplet.
By contrast, such theories do exist in d = 3, but they are necessarily free.

e Recombination Rules and Constraints on Conformal Manifolds: in section 2, we
present all possible recombination rules (which take the schematic form (1.13)) in
theories with Ng < 16 supercharges. These formulas furnish an important consis-
tency check on our general algorithm (see section 3). They are also a possible starting
point for constructing superconformal indices [6, 14]. In every case, we enumerate all
absolutely protected multiplets, which do not participate in any recombination rule.
The spectrum of such multiplets does not depend on exactly marginal couplings,
i.e. it is constant on the conformal manifold. (Recall that conformal manifolds can
only exist when d = 3, N = 1,2 or when d =4, N =1,2,4, see [11].) For instance:

* In d = 4, multiplets containing free fields are absolutely protected, i.e. it is not
possible to generate or destroy gauge-invariant free-field operators by varying
exactly marginal couplings. (This statement does not apply to matter fields in
a gauge theory at vanishing gauge coupling, because these are not gauge invari-
ant.) Note that there are many examples of supersymmetric renormalization
group (RG) flows, along which conformal symmetry is broken, that lead to new
gauge-invariant free-field operators in the infrared.

* In d = 4, all multiplets containing relevant, Lorentz-scalar deformations that
preserve supersymmetry are absolutely protected. The number p of such op-
erators, and its monotonicity properties under RG flows, was recently studied
in [28, 29]. Here we see that u is constant on conformal manifolds in d = 4.

* The same statements hold in d = 3, N' = 2 theories, with one exception: flavor
current multiplets, which contain relevant real mass deformations (see e.g. sec-
tion 4.1 of [11]), can recombine with a marginal chiral deformation and give rise
to an irrelevant deformation residing in a long multiplet [30].

Note. During the completion of this paper we received [31], which has some overlap with
certain subsections below.

2 Unitary superconformal multiplets

In this section we review the unitary multiplets of superconformal algebras in 3 < d < 6
dimensions. We focus on values of N corresponding to Ng < 16 Poincaré supercharges. As
was reviewed around (1.4), the d # 5 superconformal algebras exist for any value of N'. (In
appendix B we briefly outline the representation theory of these algebras for generic N.)
Most of these algebras have Ng > 16. The (non-) existence of SCFTs with such large
amounts of supersymmetry is discussed in section 5.1.4.

The subsections below describing different values of d and N are largely self-contained
and can be read independently. In each case we briefly summarize our conventions and
review the Lorentz and R-symmetry quantum numbers of the supercharges. We always use
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I We enumerate the

integer-valued Dynkin labels to denote Lie-algebra representations.
possible unitarity superconformal multiplets, relying on the results of [4, 13-17]. Through-
out, we follow the uniform labeling scheme for superconformal representations that was
introduced around (1.10), (1.11), and (1.12): multiplets are labeled by capital letters L
(long) or A, B,C, D (short). For short multiplets, we use a subscript ¢ to indicate the level
of the primary null state, e.g. Ay denotes an A-type short multiplet whose primary null state
resides at level £. We also discuss the modifications that are needed when the supercharge
representation R is reducible and splits into left and right supercharges () and Q. (This
happens for d = 3, N =2 and in d = 4.) In these theories, we denote multiplets by a pair

of capital letters (one unbarred and one barred) to indicate the @Q,Q null states, e.g. LAs.

For every value of d and NV, we list the superconformal shortening conditions allowed by
unitarity, the possible Lorentz and R-symmetry quantum numbers of the superconformal
primary, the restrictions on its scaling dimension imposed by unitarity, and the quantum
numbers of the primary null state. In theories with @ and @ supercharges, we first list the
corresponding shortening conditions independently, before combining them into consistent
two-sided superconformal multiplets.

We also spell out all possible recombination rules (or fragmentation rules) that dictate
which short multiplets can combine to form long ones, and we enumerate all absolutely
protected short multiplets, which do not participate in any recombination rule. When
an SCFT possesses a conformal manifold of exactly marginal couplings, recombinations
can in principle happen as we vary these couplings, while absolutely protected multiplets
persist over the entire conformal manifold. In the absence of exactly marginal couplings,
the physical meaning of the recombination rules is less clear. Nevertheless, they constitute
a nontrivial and useful statement about the structure of superconformal multiplets.

2.1 Three dimensions

In this section we list all unitary representations of three-dimensional SCFTs with 1 <
N < 6 and N = 8 supersymmetry (see [4, 14] for additional details). As discussed in
section 5.1.4, unitarity SCFTs with N' > 9 exist, but are necessarily free. Similarly,
genuine N/ = 7 SCFTs do not exist, see section 5.4.7 and [32].

Throughout, representations of the s0(3) = su(2) Lorentz algebra are denoted by
bl,  J€Zso. (2.1)

Here j is an integer-valued su(2) Dynkin label, so that the [j]-representation is (j + 1)-
dimensional. (The conventional half-integral su(2) spin is 3j.) We write [j]a whenever we
wish to indicate the scaling dimension A.

Some authors (e.g. [4, 14]) use orthogonal weights h; to label representations of s0(n). The conversion
between orthogonal weights and Dynkin labels is discussed around (A.11) in appendix A.
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Name Primary Unitarity Bound | Null State
L |[la, j21|A>5j+1 -
L [0]a A>1 -
Ay la, j=1|A=3j+1 [J = at1/2
Ay | [0]a A=3 [0]a+1
By [O]A A=0 [1]A+1/2

Table 1. Shortening conditions in three-dimensional N'=1 SCFTs.

211 d=3, N =1
The N = 1 superconformal algebra is osp(1|4), which does not contain an R-symmetry.
The Q-supersymmetries transform as

Qelll., Ng=2. (2.2)

3
The superconformal unitarity bounds and shortening conditions are summarized in table 1.
Here the notation L’ and A} for multiplets with j = 0 emphasizes the fact that their
unitarity bounds do not follow from those of the L or Ay multiplets by setting j = 0.
In order to state the recombination rules, we define

1 1
As=—-7+1 Ay =—. 2.3
a=5i+1 =g (2.3)

As A — Aj, AX, we then find

Lij > 2]a = Ailjlay © Lj = a4t
Lij=1a — Ai[l]la, © L/[O]AAJF% g 24

L'j = 0]a = A5[0]a,, & L'[0]a 41

These recombination rules are somewhat unusual, because the right-hand side contains long
multiplets. At first sight, they even appear to be inconsistent: by examining the tables
of d = 3, N = 1 multiplets in section 4.1, the right-hand side of (2.4) naively contains more
operators that the left-hand side.

Let us examine the generic case j > 2 in more detail: the long multiplet L[j]a con-
tains 2(j+1)+2(j+1) bosonic and fermionic operators, while A;[j]a , is a 2+2 multiplet of
conserved currents (see the discussion around (5.41)). Here we have subtracted the number
of conservation laws from the operator count. Finally, the null state multiplet L[j — 1] A+l
contains 2j 4+ 2j operators: some of them correspond to the conservation laws for the two
current operators in A;[j]a ,, while the others supply the remainder of the L[j]a multiplet.
This shows that one must correctly account for all conservations laws (or free-field equa-
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Name Primary Unitarity Bound | @ Null State
L 510 A>Lj—r+41 -
A |G, gz a=ti-re1 |G-,
A | O A=1-r Lo
B | oY A=—r 1%, 1),

Table 2. @ shortening conditions in three-dimensional N' = 2 SCFTs.

Name Primary Unitarity Bound | Q Null State

I | Y A>Lj+r+1 —
A | pW, gz a=ti+r+r | G-l
4| oY A=1+7 Uy
B | [ A=r ies?

Table 3. Q shortening conditions in three-dimensional N'= 2 SCFTs.

tions of motion) when checking recombinations rules. This is particularly dramatic for the
last recombination rule in (2.4): both the left-hand side and the right-hand side contain
an L'[0] multiplet (with 24-2 bosonic and fermionic operators), while A5[0]a ,, is a multiplet
of free fields, which does not contribute any net degrees of freedom (see also (5.40)).

Note that all multiplets in table 1 (other than the B;[0]p unit operator) appear in the
recombination rules (2.4), and hence none of them are absolutely protected.

Generic d = 3, N = 1 multiplets are tabulated in section 4.1; conserved current multi-
plets are studied in section 5.4.1.

2.1.2 d=3, N =2

The N = 2 superconformal algebra is 0sp(2|4), hence the R-symmetry is s0(2)r ~ u(1)g.
Operators of R-charge r € R are denoted by (r). There are independent @ and Q super-
symmetries, which transform as

—~
[

Qe™, Qen¥, Nyg=4. (2.5)

NI
=Y

Superconformal multiplets obey unitarity bounds and shortening conditions with respect
to both @ and @Q, which are summarized in tables 2 and 3, respectively.

Full N = 2 multiplets are two-sided: they are obtained by imposing both left @
and right Q unitarity bounds and shortening conditions. This can lead to restrictions on
some quantum numbers, and not all left and right choices are mutually compatible. The
consistent two-sided multiplets are summarized in table 4.

~15 —



L Ay Az By
A(r . r>0 r>0 (r>l)
. % =18 G=08"" | =05
A>gj+lr[+1 | A=gj+r+1 | A=l+r A=r
Lz 5> 8™
1 _ _
A=Lj—r+1 A=3j+1
AL G=0g | =0T
, _
A=1-r A= A:%
r _1 . 1“:—l . r=
B =0~ G=0a 2| =08
) _
A=—r A=y A=0

Table 4. Consistent two-sided multiplets in three-dimensional N' = 2 theories. A dash (—) indicates
that the corresponding multiplet does not exist.

In order to present the recombination rules, we define

1. 1.
Ay = §j-—T-+1, ‘AZ:: 5]'+T'+1~ (26)

As A — AT, the left-handed @ shortening conditions in table 2 give rise to the following
partial, left recombination rules:

Llj > 2% — A% @ Ay - 1Y

AA+%7
Li=11% =+ A, @ Aoy, =0

L[j = 0% — 4500 @ Bio]% 2.

An analogous set of partial, right recombination rules follows from the @ shortening con-
ditions in table 3.

The qualitative structure of the recombination rules for complete, two-sided multiplets
is controlled by sign of the R-charge r, which determines the relative magnitude of A4
and A. This in turn determines which unitarity bound is reached first as the dimension A
of a long multiplet is lowered: if 7 < 0 then Ay > A4 and the left () unitarity bound is
reached first, while if 7 > 0 the right Q unitarity bound is reached first, because A > Ay
Finally, if » = 0 and A4 = A, then both unitarity bounds are reached simultaneously.
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Explicitly:

LL[j > 20" » ALY, @ AL -1y

LZ[j =180 » ALY, @ Agf[O](AT;lr)% :

LI[j = X" - ALY, @ BIOR,2,.

LI > 207 = LAY o LA -1

Atz
LIl =18 - LAy e LZQ[O]X;?% : (2.8)

LL[ = 07" — LAY & LBi0]3)

LL[j > 257" - A4 G0 o AL -1, e LA -1Y

A Aty Aats
LI =10 5 44,10 @ ALY & LA[0Y
A Aa Aat+s Aa+s’
LI =000 5 44090 o BINS, @ B2,

Note that the recombinations rules for » < 0 simply follow from the left ) recombination
rules in 2.7 by tensoring with an L multiplet on the right (the case r > 0 works similarly).
By contrast, the recombination rules for r = 0 cannot be obtained by naively tensoring left
and right recombination rules, because this would result in four multiplets on the right-hand
side, rather than the three multiplets that actually occur in the last three lines of (2.8).
(This was also observed in [33].) In fact, examining the tables of d = 3, N' = 2 multiplets in
section 4.2, we might naively conclude that there are more operators on the right-hand side
than on the left. As in the discussion after (2.4) above, this apparent paradox is resolved by
noting that all AyA,-multiplets contain conserved currents (see section 5.4.2), whose con-
servation laws must be correctly subtracted when verifying the recombination rules in (2.8).

(r=3)

By examining the right-hand side of (2.8) we conclude that free chiral A;B1[0]; /9

multiplets, as well as chiral operators of the form LB [0]57) with 1 < r < 2 (along with

their complex conjugate anti-chiral multiplets) are absolutely protected. Note that the
latter multiplets give rise to some of the possible relevant supersymmetric deformations
of d =3, N =2 SCFTs (see section 3.1.2 of [11]).

Generic d = 3, N' = 2 multiplets are tabulated in section 4.2; conserved current multi-
plets are studied in section 5.4.2.

2.1.3 d=3,N=3

The N = 3 superconformal algebra is 0sp(3|4), so that there is a s0(3) g ~ su(2) g symmetry.
The R-charges are denoted by (R), where R € Z>¢ is an su(2)r Dynkin label. The Q-
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Name Primary Unitarity Bound | Null State
L | W A>Lj+iR+1 -
A |, gzl a=Li+ir+1 | -
Ay | 0% A=1R+1 0] Y
B | 0f" = 4R Rl

Table 5. Shortening conditions in three-dimensional ' = 3 SCFTs.

supersymmetries transform in the vector representation 3 of s0(3)g,
Qe?,  Ng=6. (2.9)
2

The superconformal unitarity bounds and shortening conditions are summarized in table 5.

In order to write out the recombination rules, we define

1. 1
As A — Az, we find that
Llj > 2% — A% @ A]j - 1]21%;2)% :
L =1% - and o Az[O]fjf)%, (211)

i = 0% - 4,008 @ Bi[o) Y.

It follows that B [O]gj)?

the free hypermultiplet in (5.46), while R = 2 corresponds to the flavor current multiplet
in (5.47).

Generic d = 3, N = 3 multiplets are tabulated in section 4.3; conserved current multi-

multiplets with R < 3 are absolutely protected; the case R =1 is

plets are studied in section 5.4.3.

214 d=3, N =4

The N = 4 superconformal algebra is 0sp(4|4), hence the R-symmetry is s0(4)g ~ su(2)g ¥
su(2)’,. Its representations are denoted by (R; R'), where R, R’ € Z>( are Dynkin labels
for su(2)r and su(2)’,, respectively. For example, (1;0) and (0;1) are the left- and right-
handed spinors 2 and 2’ of so(4)g, while (1;1) is its vector representation 4. Note that
the su(2)r and su(2), factors of the R-symmetry algebra are inert under complex conju-
gation. However, they are exchanged by the action of mirror symmetry M, which is an
outer automorphism of the N' = 4 superconformal algebra. (It need not be a symmetry of

~ 18 —



Name Primary Unitarity Bound Null State
L (5] A>Lit L(R+R)+1 -
A |G Gz A=Giv i@ R) 1| [
Ay | [0) D A=L(R+R)+1 0] 2 A+2)
B | 035 =} (R+R) s

Table 6. Shortening conditions in three-dimensional A" = 4 SCFTs.

the field theory, although it can be.) The Q-supersymmetries transform as

Qe ,  Ny=8. (2.12)

m\»—‘

The superconformal unitarity bounds and shortening conditions are summarized in table 6.
If we define

1
Ay =5i+3 (R+R’) (2.13)

we find the following recombination rules as A — AT,

A Ap+1/2 )
L[] — 1]??3’) N Al[ ](RR) ® A [O]X?::,_lil/%;+1)’ (214)
Lj = 03" = A0 @ Bifol 5.

We conclude that the multiplets By [O]g% /2 +)R' /2 with R < 1 or R’ < 1 are absolutely

protected. This includes the free hypermultiplets in (5.50) and (5.51), the flavor current

multiplets in (5.52) and (5.53), as well as the extra SUSY-current multiplet in (5.54).
Generic d = 3, N = 4 multiplets are tabulated in section 4.4; conserved current multi-

plets are studied in section 5.4.4.

2.1.5 d=3,N=5

The N = 5 superconformal algebra is 0sp(5|4) and therefore the R-symmetry is s0(5)g. Its
representations are denoted by (R1, R2), where Ry, Ry € Z>( are s0(5) g Dynkin labels. For
example, (1,0) is the vector representation 5, while (0, 1) is the spinor representation 4.'2
The @Q-supersymmetries transform as

Qe”, Ny=10. (2.15)

m\»—t"\

The superconformal unitarity bounds and shortening conditions are summarized in table 7

2Note that the corresponding sp(4) ~ s0(5) Dynkin labels are reversed, e.g. (1,0) is the 4 of sp(4), see
also appendix A.
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Name Primary Unitarity Bound Null State
L 15 A>Lj+ R +1IR+1 _
Ay W) > | A= L+ R+ iRy 41 | [ - HXE/IQ’RQ)
Ay | 0§ A =R+ iRy +1 [0] (1 2 F2)
B | (05" A=Ri+ 4Ry )R LR

Table 7. Shortening conditions in three-dimensional ' =5 SCFTs.

If we define

1 1
Ay=gj+Ri+ Ra+1, (2.16)

we find the following recombination rules as A — Aj",

. R1,R .1(R1,R . Ri1+1,R

L > 2" = A e Al - 00

L= 13" = A @ A0 (2.17)
) Ri,R R1,R Ri+2,R

L= 08" o 0 @ B

We conclude that the multiplets B [O]gﬁ:gz)ﬂ with By = 0,1 are absolutely protected.

This includes the free hypermultiplet in (5.57), the extra SUSY-current multiplet in (5.58),
and the stress tensor multiplet in (5.59).
Conserved current multiplets in d = 3, A/ = 5 theories are studied in section 5.4.5.

216 d=3, N =6

The N = 6 superconformal algebra is 0sp(6[4) and thus the R-symmetry is s0(6)z. The R-
symmetry representations are denoted by (R1, Re, R3), where Ry, Ry, R3 € Z>( are s0(6)r
Dynkin labels. Therefore (1,0,0) is the vector representation 6, while (0, 1,0) and (0,0, 1)
are the two chiral spinor representations 4 and 4, which are related by complex conjuga-
tion.!3 The Q-supersymmetries transform as

Qe Ny =12. (2.18)
2
The superconformal unitarity bounds and shortening conditions are summarized in table 8.

Defining

1 1
AA=§j+R1+§(R2+R3)+1, (2.19)

13Note that the Dynkin labels of the isomorphic s0(6) and su(4) algebras are related by a permutation.
For instance, the (0,1,0) and (0,0, 1) chiral spinor representations of s0(6) correspond to the fundamen-
tal (1,0,0) and anti-fundamental (0,0, 1) of su(4), while the vector (1,0,0) of s0(6) is the (0,1,0) of su(4).
See also appendix A.
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Name Primary Unitarity Bound Null State

I [j]g%l,RmRa) A>%j+R1+%(R2+R3)+1 B

Ar | GINR>  A=L i R (R By +1 | [ 105

As [0](AR1,R2,R3) A=R;+ % (R2 +R3) +1 [O]SAPITZRQ,R;;)
B | [og A=R;+} (R +Rs) 1) L Re )

Table 8. Shortening conditions in three-dimensional ' = 6 SCFTs.

we find the following recombination rules as A — AT,

Llj > 25 o ) @ Al -

- AA AA+% 9
Lfj = g™ o AR @ Ao (2:20)

Lfj = 0 = a0l e B0l

It follows that multiplets of the form B [()]ggf;iﬁi& o With Ry = 0,1 are absolutely
protected. This includes the free hypermultiplets in (5.62) and (5.63), the extra SUSY-
current multiplets in (5.64) and (5.65), the stress tensor multiplet in (5.66), and the higher-
spin current multiplet in (5.67).

Conserved current multiplets in d = 3, N' = 6 theories are studied in section 5.4.6.

2.1.7 d=3, N =8

The N' = 8 superconformal algebra is osp(8|4) and thus the R-symmetry is so(8)g.
The R-symmetry representations are denoted by (R, Re, R3, R4), where Ry, Ry, R3, Ry €
Z>o are s0(8)r Dynkin labels. For instance, (1,0,0,0) is the vector representation 8y,
while (0,0,1,0) and (0,0,0,1) are the two chiral spinor representations 8 and 8.. All
three representations are real (i.e. the spinors 8, 8. are Majorana-Weyl), and they are
permuted by the S3 triality group, which is an outer automorphism of s0(8). We choose a
triality frame in which the @)-supersymmetries transform in the vector representation 8,

Qo € [0 Ny =16. (2.21)
2

This choice preserves a Zo C Ss triality subgroup 7" that exchanges 8; <+ 8. and is similar to
the mirror automorphism M of three-dimensional A = 4 theories discussed in section 2.1.4.
The superconformal unitarity bounds and shortening conditions are summarized in table 9.

In order to state the recombination rules, we define

1 1
AA=§j+R1+R2+§(R3+R4>+1. (2.22)

— 21 —



Name Primary Unitarity Bound Null State

Lo | [ fet A>1j4 R +Ry+L(Rs+Ry)+1 -

Ay | IR o1 A= L4 R+ Ry+ ) (R + Ra)+1 | [ 1] e
Ay | [0SR Feo i) A=Ry+Ry+1(Ry+Ry)+1 (0] (P2 e o)

By | [o]{t R B ) A=Ri+Ro+3 (Rs+Ry) (1) e R Fa)

Table 9. Shortening conditions in three-dimensional AN/ = 8 SCFTs.

As A — Az we then find that

(R17R27R37R4) (R17R27R37R4) (R1+17R2’R37R4)

L[]Z2]A _>A1[j]AA ®A1[j_1]AA+% )

. R1,R2,R3,R. R1,R2,R3,R R ,Ro,R3,R.
Lfj = g o 40 I @ o (2:23)
L[] _ 0}?1732,5’(3,34) _> AQ[O](AR:’RZ’RB’RZI) @ BI[O](AJEI%RmR&Rz;).

. . . R 7R 7R ’R
This implies that By [0]%11R2+;3/§)_FR4/2

This includes the free hypermultiplets in (5.71) and (5.72), the stress tensor multiplets
in (5.73) and (5.74), and the higher-spin current multiplets in (5.75), (5.76), and (5.77).
Conserved current multiplets in d = 3, A/ = 8 theories are studied in section 5.4.8.

multiplets with Ry = 0, 1 are absolutely protected.

2.2 Four dimensions

In this section we list all unitary multiplets of four-dimensional SCFTs with 1 < N < 4
supersymmetry (see [4, 13, 15] and references therein). As discussed in section 5.1.4, unitary
SCFTs with A/ > 5 do not exist.

Representations of the s0(4) = su(2) x su(2) Lorentz algebra will be denoted by

Usgl, 4. €Z0. (2.24)

Here j,j are integer-valued su(2) Dynkin labels, so that the representation in (2.24) has
dimension (j + 1)(j + 1). We use [j;j]a to indicate the Lorentz quantum numbers of an
operator with scaling dimension A.

221 d=4,N =1

The N = 1 superconformal algebra is su(2,2|1), so that there is a u(1) symmetry. Oper-
ators of R-charge r € R are denoted by (r). The @-supersymmetries transform as

1)

e, Qepoyl, Ng=4. (2.25)

[N
=T

Superconformal multiplets obey unitarity bounds and shortening conditions with respect
to both @ and @, which are summarized in tables 10 and 11, respectively. Consequently,
they are labeled by a pair of capital letters.
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Name Primary Unitarity Bound | @ Null State
L i % A>24j—3r -
A 0 1| A=2+5-3 — 170
1 sl G2 +j =57 = 15 as170
—(r —(r—2
Az [0; ](A) A=2- %7" [053](A+1)
—(7r —(r—1
B | [0;5% A=—3r 571801

Table 10. Q shortening conditions in four-dimensional N' =1 SCFTs.

Name Primary Unitarity Bound | Q Null State
L | 5e A>2+j+gr -
A 0 G>1 | A=24+7438 5 — 10t
1 sl 72 +j+ 57 57 = Uast17e
A | o A=2+3r ;05
- . r . r—+1
B: | ;0% A=3gr 1%,

Table 11. Q shortening conditions in four-dimensional N' = 1 SCFTs.

L Ay A, B;
.= (r .= r>1(j—3 r>1 .= r>1 (42
L ;71 IFES) SR G =0a" | =07
A>2+max{j—%r,3+%r} AZQ—F}—F%’/‘ A:Q—i—%’r A:%r
. —(r<i(i—7 . = r=30G—7 . —= r==1j . = r=1(j+2
| RIS Gz T =0T 21700
1 _
A=2+4j—3r A=2+43(j+7]) A=2+41j A=1+3j
—(r<—1F = (r=—1F om (= o= (=2
| GE0RT =0Tzl =g =08 | =0 =0l
2 —
A=2-3r A=2+17 A=2 A=1
. —(r<—1G+2 . - r=—L1G+2 . - r=—2 . - r=
B =078 ) =07 >0 E ) [j=0i=00" T | [j=0:7=0X7"
1 —
A=-3r A=1+1j A=1 A=0

Table 12. Consistent two-sided multiplets in four-dimensional A' = 1 theories.

Full N' = 1 multiplets are two-sided: they are obtained by imposing both left @ and
right Q unitarity bounds and shortening conditions. This can lead to restrictions on some
quantum numbers. The consistent two-sided multiplets are summarized in table 12.

In order to state the recombination rules, we define

AA:2+j—;r, AZ:2+3+37‘. (2.26)
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As A — Aj, we find the following partial, left recombination rules,

L[j > 2% — 4% @ A - 1)
A

Ap+1/20
; T T r—1
Ll =10 = 4L, o A0 Y, (227)

(r=2)

L =0 — 40X @ Bio)¢ ),

and similarly for the partial, right recombination rules. As in the discussion around (2.7),
the recombination rules for complete, two-sided multiplets are controlled by the R-charge r,
which determines the unitarity bound that is saturated first:

o If r < (j —j), then Ay > Ay and the left @ unitarity bound is reached first, so

that
LL[j >2; j]( 3=7) — Alf[j;j]( Dog AiL[j - 1; j](AT i)l )
—_ —- (7 Li—5 - —-(r T —(r—
LL[j = 1;j](A<3(J N, AlL[l;j](A?4 ® AgL[O;j](AAi)% , (2.28)
LT} = 0:755397 5 L0510 @ BI04 2,

o Ifr > %(j — ), then A4 > A, and the right Q unitarity bound is saturated first,

- r>5(—j T o e r
LT3 2287 o LAY e LA T -t

; Agts’
T N r $(G—J A 1 r < r.- r
1z =187 o AR e Lo Y, (2.29)
A ats
. r>+(G—7 —_ . r r
TG =0)a 30 o LA 0% o LB (505

e When r = %( j — 7), the left and right unitarity bounds are reached simultaneously,
because Ay = A. This gives rise to the following recombination rules:

— — r:l i—j < 1. (r r— T
LZj>27 228397 5 AA 0 @ AL - 170 e LAGT U,
= = r=1(j—j — I r r— T
LI 225 =13 » AAGL, @ AL - UL e LG0T,

= r=21(j—j — 1. r r— r
LI 2 25 =0 = ALG0L), @ ALl - 10}, @ LBGEL

1= 1722597 5 aamngQ) e ALY, e rani- gty

Aa+i’
- - r=1(j—j — —(r r — r
LI =05 2207 — A0l @ BL0GSY o LA -1t
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Name Primary Unitarity Bound @ Null State
L | s A>2+j+R—jr -
A | AN, 1| A=24 i+ R4 | [j- 10 Y
Ay | (035" A=2+R-jr | (0385
B | 0% A=R—}r LAl

Table 13. Q shortening conditions in four-dimensional N' = 2 SCFTs.

- r=%(j—j T T
LI =i =% "7 5 AA L @ 40! fl @ LA[1; 0]2*1,

- r=1(j—j - r - r— r
LIl =17 =00 2V 5 A% @ AT O]ZA-?% © LB (10317
(2.30)
N _
LTl =07 =18 5 Am 0 o BiZ0:LY © L0
2

LI = 0,7 = 05397 & 400,00 @ BT0;0/{2, & LBi0;0]{72),.
As for d = 3,N' = 2 (see the discussion around (2.8)), the right-hand side of these re-
combination rules consists of three, rather than four terms and cannot be obtained by
naively tensoring left and right recombination rules. As was the case there, the peculiari-
ties of (2.30) can be traced back to the fact that all AyAz-multiplets contain currents (see
section 5.5.1), whose conservation laws must be taken into account.

By examining the right-hand sides of (2.28), (2.29), and (2.30), we conclude that the
chiral free field multiplets AgBl[j, ]( 30+2) i

form LB[j; O}(A):T with g] + 3 <r< §] + 2 (together with their complex conjugate anti-
chiral multiplets) are absolutely protected. Note that the latter multiplets give rise to

n (5.88), as well as chiral operators of the

all possible relevant supersymmetric deformations of d = 4,N' = 1 SCFTs (see [30] and
section 3.2.1 of [11]).

Generic d = 4, N' = 1 multiplets are tabulated in section 4.5; conserved current multi-
plets are studied in section 5.5.1.

222 d=4,N =2

The N = 2 superconformal algebra is su(2,2|2), so that there is a su(2) g X u(1) g symmetry.
The R-charges of an operator are denoted by (R;7), where R € Z>¢ is an su(2)r Dynkin
label, while » € R is the u(1)g charge. The Q-supersymmetries transform as

=

—~

Qe V., Qe;uY, Ny=8. (2.31)

1
2

N

Superconformal multiplets obey unitarity bounds and shortening conditions with respect
to both Q and @, which are summarized in tables 13 and 14, respectively. Therefore, they
are labeled by a pair of capital letters.
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Name Primary Unitarity Bound | @ Null State
L | ™ A>247+R+}r -

A | EASY, Ge1 A=+ R+ | GT- U
B | GOs ARt} s U8

Table 14. @ shortening conditions in four-dimensional N' = 2 SCFTs.

Full /' = 2 multiplets are two-sided: they are obtained by imposing both left @ and
right @ unitarity bounds and shortening conditions. This can lead to restrictions on some
quantum numbers. The consistent two-sided multiplets are summarized in table 15.
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“S9LI0BY) g = \ [RUOISUSIIP-INO] UI s19[dI)[NUI PIPIS-0M] JUSISISU0)) "G d[qe],

qy=v Y+1=v [S+y+1=v - =V
om0 = £0=1 o 0= L0= 1] fgpy—a)[E S L0 =1] (@£ 0 =1] '
qy+1=v y+e=v [s+y+e=v “$-yte=v
0 =L0=10] | (o Fo=Lo=10| gyt Lfio=1] (sulfi0=1] v
[(E+y+1=v (f+uy+e=v | (+0i+y+te=v W —l+y+e=v
im0 =FT2 0 | (0= FT2 0 | (T < LT o T2 1] Iy
Wty =v Wty te=v | S+ ltyte=v | {4fHLut - Oxemty +r<y
ﬁiA&MS =] @A&MS =[] @JF&M: < L] EMNMR&_ 1
ﬁm. Nd\ ﬁd\ M
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The relation between our labeling scheme for multiplets and the notation of [13] is as

follows: AR = LL[j;] (B is a long multiplet, and the short multiplets are given by
Rr(33) — A
Crotig) = ALl 70, Brr(0g) = BiL[0;7 707,
€0 = BIL[0;77), Crijs) = AcAgj; 7RI |
Dr(og) = Bi1Ag[0; 77772, Br = By B1[0; 0] 0| (2.32)

where ¢,/ = 1,2 as dictated by the quantum numbers. Analogous relations for the multi-
plets éR,r(jJ)v ER,T(J‘,O)’ gr(j,())a and 53070) can be obtained by complex conjugation.
In order to state the recombination rules, we define

1 - 1

As A — A, we find the following partial, left (or chiral) recombination rules
(R ) (R T) (R+1;r71)

L[j = 1](R7“) — Ayl ]( i) ® As[0 }(AIZ-I—_:;%T—I)’ (2.34)

L= 05" = A0y @ Biolg[H
and similarly for partial, right (or antichiral) recombination rules. As in N' = 1 theories
(see the discussion around (2.27)), the structure of the full, two-sided recombination rules

is controlled by the u(1)r charge r:

e When r < j — j, then Ay > Ay and the chiral unitarity bound is saturated first,

LLL] > 2 j}(RT<] 7 N A1L[j ]](A T) o AlL[j —1; ]X%-:lr l),
LZj = 170 & A Z5)00 @ AZo; J]ijf . (2.35)
LZU — }(RT<] 7) - A L[O .]](AR T) ® BlL[O ](R-‘rflr 2)

e When r > j —j, then A5 > Ay and the antichiral unitarity bound is saturated first,

LL[j:G > 287 = LA @ LajT - 03,

LL[;7 =187 » LA @ LAl 01, (2.36)

A 2

LL[])] O](RT>] 7 — LA [] O](Rr) @ LB [] 0](R+2T+2)‘

o If r = j—j, then Ay = Ay; chiral and antichiral unitarity bounds are both saturated:
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2J) ALY WV 2% G & Al - L35
® A1Aj; ] ](ARA++1:+1) ® AtAi[j — 155 — 1](5/4—?{) )
IR o A sy & A4 - 1Y
& A0 e Al - Lo,

0](37"—] 7) _ A1A2[] 0](37”)

® AiAolj — 1;0) Y

Aat+d
o AB; 0T e AR -1 O]ff’ a

](RT J— J) — AlAl[l J](RT)

@ AT U 6 A0 - 11?123) ,

2] =) Ay 05 ) & BiA [0 7187 (2.37)
@ AyA1[0;5 — 1]&11;;“) ® B1A1]0;7 — ]f:f; 1)7

](Rr i3 A AL 1](37’) ® Ay Aq[0; 1](A}Z+j’£ b

D AQZQ [0; 0](R+2;T) ,

Ay +2 Ap+1
08T o A1, 0]<R " & Az Aa050)0 Y
o ABLOVE™ @ 4B 00,

2

](RT j—3) N A2A1[0 1](R7“)

2

& B4, [0; 1]8?*31’" ?

2

O](Rr i=3) Ay A5[0; 0](}“) @ By Az[0; O]ffir ?

(&) A2§1 [0, O](R+2;T+2) & BlBl[O 0](R+4 i) .

Aa+1

Note that unlike the d = 4, = 1 recombination rules in (2.30), which contain three
multiplets on the right-hand side, those in (2.37) contain four.

It follows from (2.35), (2.36), and (2.37) that the following multiplets (as well as their
complex conjugates) are absolutely protected:

LB [5; 0] (R<1), ABi[;01%" (R<1), BB[0;0)%) (R<3). (2.38)

This includes the flavor current multiplet in (5.91).

Generic d = 4, N' = 2 multiplets are tabulated in section 4.6; conserved current multi-
plets are studied in section 5.5.2.
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Name Primary Unitarity Bound Q Null State
L ;g1 A>2+4j+2 (2R +Ro)—br _
Ar | AR o1 | A=24 4 2 (2R Re) — | [ LW Y
Ay | [0;7)(FR2n) A=2+2(2R+Ry)—Lr 0,7 F2 =2
B | [0 A=2(2R1+Ry)—§r L]0y

Table 16. Q shortening conditions in four-dimensional N' = 3 SCFTs.

Name Primary Unitarity Bound Q@ Null State
L | [l A>24 5+ 2 (R +2Ry) + kr _
A iAW o1 | A=2474+ 2 (Ri+2Re) + Ar [j;j—1](AR+1§;+1;T+1>
A | g™ A=2+2(Ri+2Ro)+4r | [j0] 822
B | [0y A=2(Ri+2Ry)+{r Uil

Table 17. @Q shortening conditions in four-dimensional A" = 3 SCFTs.

223 d=4,N =3

The N = 3 superconformal algebra is su(2,2|3), with R-symmetry su(3)g X u(1)g. The R-
charges of an operator are denoted by (Ri, Ra;r). Here Ry, Ry € Z>¢ are su(3)r Dynkin
labels, e.g. (1,0) denotes the fundamental 3 and (0, 1) the anti-fundamental 3. The u(1)g
charge is given by r € R. The Q-supersymmetries transform as

—

Qemo™ ™, QelyPtY,  Ng=12. (2.39)
2

N

Superconformal multiplets obey unitarity bounds and shortening conditions with respect
to both @ and @, summarized in tables 16 and 17.

Full N' = 3 multiplets are two-sided: they are obtained by imposing both left @ and
right Q unitarity bounds and shortening conditions. This can lead to restrictions on some
quantum numbers. The consistent two-sided multiplets are summarized in table 18.
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In order to write down the recombination rules, we define

1 1
Apg=24+j4+= (2R1+R2) 6 A =247+ (R1+2R2) 67‘. (2.40)

As A — Aj, we find the following partial chiral recombination rules,

L[] > 2](R17R27 ) — A [ ](RLRQ i) o Al[ ]Xﬁi—l JRar— 1)7
Lfj = " o 4 ¢ Az[O]f/jE Azr=1) (2.41)
L[] :O](ARLR2§7’) N A2[O]X%j,R2;r) o BI[O](AR:_—LQ,RQ;r—m’

and similarly for the antichiral sector. The structure of the full, two-sided recombination
rules is controlled by the critical u(1), charge

7+(j, 7, R1, R2) = 3(j — j) + 2(R1 — Ry). (2.42)

The sign of » — r, determines whether the chiral or the antichiral unitarity bound is satu-
rated first as the scaling dimension A of a long multiplet is lowered:

o If r <r,, then Ay > A4 and the chiral unitarity bounds are saturated first:

Lf[j > 2;3]21%1,]%2;7‘<7“*) N Alf[jQ,ﬂgARhRQ;T) o Alf[,] _ 1;3](R1+17R2?7'_1) ,

Mg+l
LT = 1780 o AT @ Ao (e 243)
LZ[] :O’]]X%l,Rg,r<r*) R AQL[O ]](R1,R2, r) @ BlL[O ]X?;——:_-f ,Ro;r— 2)‘

o If r > 7, then A7 > A4 and the antichiral unitarity bounds are saturated first:

LL[j;; > Q]Xfl,Rg;r>r*) N Lzl [j;j]g*;,Rz;r) ® LZ1[]’;3* 1](R1,R2+1;r+1)7

= AZ+l
LZU;EZ 1]?1,R2;r>7’*) _ LZI[.;l]X{ZbRQ;r) o LZQ[j; ]g%1+Rf+1 r+1) (2'44)

LL[j;j _ O]X%LRQ;T‘>T*) N LZQ [j, O]SARZLRQ;T‘) o LEl []’ O]X;lﬁerQ;rJrZ) .

e When r = r,, then Ay = AZ and the chiral and antichiral unitarity bounds are
saturated simultaneously:
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LL[]>2 >2](R1,R2,T Tx) —>A1A1[j j](R1,R2,m) @ AlAl[] 1’]](R1+1 JRa;r—1)

© AiAyjij— 1R @ 40 - 17

Ap+i Ag+l ’
LI[i>27=1 ](Rl,Rg,r M)y AL 1](31,32,“) & Alzl[j_l;l]giéﬂzr*fl)
& ALY e Ayl - Lo,
LL[j>2;j=0]\" =) o A Ay ;0 {2 e A1Z2[j—1;0](£:¥£2”*_1)
& ABOlN Y e B - no) 0T,
Lf[jzl;jzz](ARl,Rz;T:r*) N Alﬂl[l;ﬂ(ARl,Rz;r*) ® AQAl[O ]](R1+1 JRa;re—1)
& A1 6 A4 3-1]?1111»32“"“*%
LZ[]-:O;322](AR1,R2;T:’I‘*) R Azzl[o;ﬂfjﬂg;r*) ® 3121[ 7J]flif JR2iry—2)
® Ang[O;j—l](AR;f;H”*H) @ Blzlmﬂ_ﬂfiigﬂzﬂmfl)7
Lf[jzl;jzl](ARl,Rg;r:r*) N A1A1[1 1](R1,R2,r*) @ Azﬁl[Osl]fjiéRw*_l)
o A1A2[1 O]SARl;RZQ-Fl irat1) ® AQZﬂO;O]X%:Ll,RQH;m)’
LL[j=1:7=0)3"1=") o A Ay[150/0 ) ® A Aa[0;0] 1 1Y
& ABI[L; O](Rl,R2+2 2 g AZEI[O;O](A}TE,Rﬁz;r*H)?
LI[j=07=15""5"7) = A Ao 1)) & B 01
@ Az As[0; O]flfjﬂ e BA; O]fli e,
LI[j=0;7=0) =) 5 4y4,]0;0] () ® B A 0,00 Y

@® AyB10; O](R17R2+2 2 g BB, [Oso]fjii Rot2ir.)

(2.45)
By examining (2.43), (2.44), and (2.45), we conclude that the following multiplets (as well
as their complex conjugates) are absolutely protected:

LBy [j; 0] 1r=m42) (Ry < 1) A¢Ba[j; 0] 272 (Ry < 1),
BB [0;0](FvR2m) (Ry <1 or Ry <1). (2.46)

These include the extra SUSY-current (5.97) and the stress tensor multiplet (5.98).
Conserved current multiplets in d = 4, N/ = 3 theories are studied in section 5.5.3.

224 d=4,N =4

The N = 4 superconformal algebra is psu(2,2[4), with R-symmetry su(4)r ~ s0(6)g.
The R-charges are denoted by su(4)r Dynkin labels (R;, Ra, R3) with Ri, Re, R3 € Z>¢ .
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Name Primary Unitarity Bound @ Null State
L | g™ A>2+j+3(3R1+2Ry+ Ry) -
Ay | AN o1 | A=24 4L (BRI+2Ra+Ry) | [j—1:5) 0 L)
Az [OJ]SARLRQ’RS A=2+73(3R1+2Ry+Ry) [O;j]fifZ’RQ’R"*)
By | [o57) R A=1(3R,+2Ry+Rs) L7 )

Table 19. Q shortening conditions in four-dimensional N' = 4 SCFTs.

Name Primary Unitarity Bound Q@ Null State
L | [ Fefs) A>247+L(Ry+2R,+3Rs) _
A | AN 21 | A=24j+ 5 (Ri+2Ra+3Ry) | [ -5
Ay ;0] ) A=2+1(R1+2Ry+3R3) [j;0] {0 o t2)
By | [0 A=1(Ri+2Ry+3R3) R

Table 20. @ shortening conditions in four-dimensional N' = 4 SCFTs.

For instance, (1,0,0) and (0,0,1) are the fundamental 4 and the anti-fundamental 4
of su(4)g, while (0,1,0) is the fundamental vector representation 6 of s0(6)r. The Q-
supercharges are

Qe10M, Qe Ng=16. (2.47)
2 2

Superconformal multiplets obey unitarity bounds and shortening conditions with respect
to both @ and @, summarized in tables 19 and 20, and are labeled by a pair of capital
letters.

Full N' = 4 multiplets are two-sided: they are obtained by imposing both left @) and
right @ unitarity bounds and shortening conditions. This can lead to restrictions on some
quantum numbers. The consistent two-sided multiplets are summarized in table 21.
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In order to summarize the recombination rules, we define
Ap=24+j+= (3R1+2R2+R3) AZ_2+]+ (R1+2R2+3R3). (2.48)
As A — Aj, we find the following chiral recombination rules

L[j > 2](AR17R2,R3) — Ay[j ](R17R27R3) @ Ailj— 1](R1+1,R2,R3)

Aa+i ’
Lfj = 1" o AR @ Agfo N (2.49)
L[j _ O](AR1,R2,R3) Ay [ ](R1,R2,R3) ® B [0](ARA1_—:12,R2,R3)’

and similarly in the antichiral sector. For N # 4, the structure of fully two-sided recombi-
nation rules is determined by the u(1)g charge; when A = 4 it is instead controlled by

X=j—Jj+R —Rs. (2.50)

The sign of x determines whether the chiral or antichiral unitarity bounds are saturated
first as the dimension A of a long multiplet is lowered:

e If x > 0, then A4 > A and the chiral unitarity bounds are saturated first:

LL[] > 2 J](R1,R2,R3) - AlL[j ]](R1,R2 R3) @ AlL[ ]](R1+1,R2,R3)

Aa+i ’
LLfj = 17" AT 6 ATl ), (2551)
LI[j = 0; 7)) — a,L[0; )0 @ B Ljo; 5) PR

e When x <0, then A4 > A4 and the antichiral unitarity bounds are saturated first:

LIL[j;7 > 2](AR1,R2,R3) _ LAl[j ]](Rl,R%RS) @ LZl[j;jf 1](317327R3+1)

= Axt+i ’
LT[ j = a1 = LA 030 ™) @ L[ 0" (2.52)
Lf[j;;: 0](AR17R27R3) N LAQ[],O](RI’R2’R3) ® LEl[j;O]th}Q’RSH)

e If x =0, then Ay = A and the chiral and antichiral unitarity bounds are saturated
simultaneously:
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LL[j >2;j > 200 o A, [j; )RR Fe) & A -7 0T

® AAy ;- 1) (R R g g A 1,5 - 1)l R Rt

Aatl Aatl ;
LL[j > 27 =1 {00 o a4 1] e @Aﬂau—hufiQMRQ

@ AL e Al oY,
LL[j > 2,7 =0]\ ") 5 4, A, [j;0/ () B A1Z2[j—1;0]f:¥’R2’R3)

© Ai1B [j;o](ARlﬂ%RSH) @ A1Bi[j—- LO]ZEIE’R%RSH) ’
LI[j=1;j> 200 5 A A, [1; 70 R F) & A Ai[0:7)30 T

® MG -1 0 A0 ]
LL[j=0;j> 20 5 Ay 4, [0, 7] { 2 F) © By A, [0; ]\ R Re)

® Azﬂl[o;j—l]flffﬁ?’“) & B4, [0;3—1]2}21%’&33“),
DT =1 =1 o A g Ay

& AL e a0
LI} =17 =08 ™) = Aol e Apdafo:0) T

© AL, 0](R1,R2,R3+2) & A2§1[0;O](AR;I§,R2,R3+2)7
LL[j=0;j= 1]2R1’RQ’R3) — Azﬂl[O;l]fl’R"”R3) ® Bi14; [0;1]21%11%’&’1%3)

o AL 5 B,
LL[j=0;5 =05 ™) — 4, 4,(0,05 ™ & B Ap[0;0)4 7"

D A2B1[0 0](R17R27R3+2) ey BlBl[O 0](R1+2 R27R3-|-2)

(2.53)
It follows from the recombination rules (2.51), (2.52), and (2.53) that the following multi-
plets are absolutely protected:

B B1[0; 0]Fvf2Rs) (R — Ry =0,1). (2.54)

Multiplets with Ry = R3 = 0 are %—BPS; an example is the stress tensor multiplet in (5.104).

Conserved current multiplets in d = 4, N' = 4 theories are studied in section 5.5.4.

2.3 Five dimensions

Here we list all unitary multiplets of five-dimensional SCFTs. The unique superconfor-
mal algebra in d = 5 is the exceptional superalgebra f(4), which corresponds to N’ = 1
supersymmetry (see [4, 14] and references therein for additional details).
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Name Primary Unitarity Bound Null State
L 1, 72]8” A>ji+j+3R+4 _
A | G 21| A=ji4je+iR+4 | [i- 18
Az 0,28,  jo>1 | A=jo+3R+4 [0, j2 — 1]21%:12)
A | 0.0 A=3R+4 0,055
B | 0ply” 21| A=p+iR+3 1,52 = 1%,
B | 00 A=§R+3 0,087
¢ | 100" A=}R 1,0/,

Table 22. Shortening conditions in five-dimensional N’ =1 SCFTs.

The Lorentz algebra is so(5) = sp(4) and the R-symmetry is su(2)r. Lorentz repre-
sentations are denoted by sp(4) Dynkin labels ji,jo2 € Z>p, e.g. [1,0] and [0,1] are the
spinor 4 and the vector 5 representations of s0(5). The R-charges are denoted by (R),
where R € Z>( is an su(2)r Dynkin label. The quantum numbers of an operator with
scaling dimension A are indicated as follows,

[jlaj?]g)a j17j2aREZZO' (255)

The Q-supersymmetries transform as

—_

Qe [1,0"

1
2

. Ng=8. (2.56)

The superconformal unitarity bounds and shortening conditions are summarized in ta-
ble 22.

In order to state the recombination rules, we define
. .3
AA=j1+j2+§R+4. (2.57)

As A — Az, we find that

Llji > 2,587 — Auljr, )1 ©A1[1 — 1,j2](ARA++1)% ,
Lij =152 2 157 — A1, 2l A0 2l
Liji = 1,2 = 070 — Ay[1,0]%" S A0, 0771 (2.58)
L{j1 = 0,42 > 2K — 42(0, 5] X" ©B1[0, 42 — 187,
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Liji = 0,52 = 1187 — A2[0,1]%" ©Bs[0, 01312
Lj1 = 0,2 = 0% — A4]0,0/{) eC1[0,0/8) .

This implies the following list of absolutely protected multiplets:
Bi[0,72]" (R<1),  C1[0,0]® (R<3), (2.59)

where £ = 11if jo > 1and £ =2 if jo = 0. All d = 5, N = 1 current multiplets, which are
analyzed in section 5.6, are examples of such absolutely protected multiplets.

Generic d = 5, N' = 1 multiplets are tabulated in section 4.7.

2.4 Six dimensions

In this section we enumerate all unitary multiplets of six-dimensional (A,0) SCFTs
with V' = 1,2 (see [4, 14, 16, 17] and references therein for additional details). As discussed
in section 5.1.4, unitarity (N,0) SCFTs with A/ > 3 do not exist.

Throughout, representations of the so(6) = su(4) Lorentz algebra are denoted us-

ing su(4) Dynkin labels,
[j17j27j3} ’ j17j27j3 € ZZO . (260)
For instance, [1,0,0] and [0,0,1] are the left- and right-handed chiral spinor representa-

tions 4,4’ of s0(6),'* while [0, 1,0] is the vector representation 6 of so(6). Operators of
scaling dimension A are denoted by [j1, jo, j3]A-

2.4.1 d=6,N =(1,0)

The N = (1,0) superconformal algebra is 0sp(8|2), with R-symmetry sp(2)r ~ su(2)g. Its
representations are denoted by (R), where R € Z>¢ is an su(2)g Dynkin label. The Q-
supersymmetries transform as

—~

V. Np=8. (2.61)

1
2

Q € [1,0,0]

The superconformal unitarity bounds and shortening conditions are summarized in ta-
ble 23.

If we define

1
Aa =5 (i +2j2+3j3) + 2R +6, (2.62)

14 As representations of su(4), the 4’ is typically denoted by 4, which is related to the 4 by complex
conjugation. However, in six-dimensional Minkowski space, chiral spinors are not related by complex
conjugation.
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Name Primary Unitarity Bound Null State
L (1, j2, 3] & A> L (j1+22+33) +2R+6 -
Ar | el Js>1 | A=1(ji+22+358) +2R+6 | (125 - 15,
Ay | i 0P, =1 | A=1(1+2j2)+2R+6 1,52 — 1,0/ 812
As | [.0,08Y,  ji>1| A=Lji+2R+6 1 —1,0,087),
Ay | [0,0,0/ A=2R+6 [0,0,0] 540
B | [0, ja>1 | A=L(ji+2js)+2R+4 g2~ LIS,
By | [j1,0,0%Y, =1 | A=lji+2R+4 [j1—1,0,1) 82
Bs | [0,0,0/% A=2R+4 0,0,11%°7,
Ci | 0080, =1 | A=Lji+2R+2 - 1.1,0 87,
Cy | [0,0,0/% A=2R+2 [0,1,0/%
Dy | [0,0,0/4" A=2R [1,0,01%°"2,

Table 23. Shortening conditions in six-dimensional N' = (1,0) theories.

then the following recombination rules apply as A — AZ:

Lij1, j2, J3 > 2]

Liji,j2 > 1,53 = 1](A) — Ai[j1,j2, 1A,

Llj1 > 1,jo = 0,53 = 1]
L[j1 = 0,j2 = 0,j3 = 1]

L[j1,j2 > 2,43 = 0]
Llj1 > 1,jo = 1,73 = 0]
Llj1 =0,j2 =1,j3 =0
L[j1 > 2,j2 = 0,73 = 0]
L{j1 =1,j2 = 0,43 = 0]
L[j1 =0,j2 =0, j3 = 0]

(R)
A

—

R)

>

)

)

)

)

)

Ps

)

)

)

s

)

)

(R)
A

. . . R
— Al[]la]2a]3](AZ

(R)

— Al[jl, 0, 1](AR/3

— 4,00,0,1)¢"

— AZ[jlanvo](ARj

— As[j1,1,0/%"

— A[0,1,0]

— A3[51,0,0%”

— AS[]-’ O> O](Af?

— A4[0,0,0]
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Name Primary Unitarity Bound Null State
L U1,j2,J3](AR1’R2) A > 1 (j1+2j2+343) +2(R1 + Ro) 46 -
A (1,2, 3380 3> 1| A= 1 (j1+242+343) +2(Ry + Ry) +6 [j1»J2aj3_1]fi1+/léR2)
Ay |[,52, 087 )  ja> 1| A= (ji+2j2) +2(Ri + Ro) +6 1,52 = 1,087
Az | [1,0,008) g > 1| A=1j+2(Ry+Ry) +6 [ —1,0,0) 1)
Ay [[0,0,0)8 ") A=2(Ry+ Ry)+6 [0,0,0] {14 72)
By |[1,d2, 008, jo> 1| A=1(j1+2j2) +2(Ry+ Ra) +4 gz = 1,150
By | [j1,0,0087) g > 1| A=1j42(R, +Ry) +4 [j1 —1,0,1] {2 R2)
Bs |[0,0,0]{ ) A=2(Ry+Ry)+4 [0,0,1]57 751
S | [1,0,00878) > 1| A=1j +2(Ry + Ro)+2 [ —1,1,05 5
Cy  |[0,0,0) 52 A=2(Ry+Ro)+2 [0,1,0] %2 2)
Dy |[0,0,0]{ %) A=2(R;+Ry) [1,0,008% 57

Table 24. Shortening conditions in six-dimensional A = (2, 0) theories.

This leads to the following list of absolutely protected multiplets:
Belj,j2, 0] (R<1),  Ciljr, 0,0 (R<2),  D1[0,0,0]" (R<3). (264)

Here the value of ¢ depends on j1, j2 (see table 23). Alld = 6, N = (1,0) current multiplets,
which are discussed in section 5.7.1, are examples of such absolutely protected multiplets.

Generic d = 6, N' = (1,0) multiplets are tabulated in section 4.8.

24.2 d=6,N = (2,0)

The N = (2,0) superconformal algebra is 0sp(8|4), so that the R-symmetry is sp(4)g. Its
representations are denoted by (Ri, R2), where Ri, Ry € Z>( are sp(4)r Dynkin labels,
e.g. (1,0) and (0, 1) denote the 4 and 5, respectively. The @-supersymmetries transform as

[

70)

Qe[1,0,0"” | Ng=16. (2.65)

=T

The superconformal unitarity bounds and shortening conditions are summarized in
table 24.

In order to state the recombination rules, we define

1
Ay = 3 (j1 + 272 + 3j3) + 2(R1 + Ro) + 6. (2.66)
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As A — Aj, we find that

Lij1, jo. js = 200 — A1[31’J2,J3]( V) e A, o ds — 1](;:1;]%2),
Lj1,j2 > 1,j3 = 1](R1 ) Ayl o, 1](R1’R2) ® A2[j1,j2,0](f;¥ﬁ2),
Llji > 1,j2 = 0,43 = U8 — 44[j1,0, 18 o A3[j1,0,0]f1jré’R2),
Ll = 0,42 = 0.5 = 13" — 40,0, 1™ @ Aif0,0,0/ 1™,
L{ji,j2 > 2,53 = O](RI’RQ) — A2[J1732,0](R1’R2) ® Bilj1,j2 — 1 Q]X?;L?:Rz)’
Llji > 1,j2 = 1,5 = 0]8™) — 4501, 1,008 @ Bylj1,0,0/% %)

L[ji = 0,55 = 1,53 = 0)5™™) — 4,00,1,015™ @ By[0,0,0)8 177,

Lj1 > 2,j2=0,j3 = 0](R17R2) — As[1,0, 0](R1 R2) g Ci[j1 — 1,0 0}2‘3113 Rz)’
2

L[]l =1 J2 = 0 ,73 — 0](R17R2) — A3[17070](AR;7R2) @ 02[07070]2211371%2) 5
2

Llji = 0,42 = 0,53 = 0]8™ — 4400,0,0/) & Dyfo, 0,0/ 15"

(2.67)
This leads to the following list of absolutely protected multiplets:

Bylj1, j2, 0 FvR2) (Ry < 1), Cylj1,0,0]F082) (R < 2), Dy[0,0,0](F0R2) (Ry < 3).
(2.68)
Here the value of £ depends on j1, jo (see table 24). Alld = 6, N = (2,0) current multiplets,
which are analyzed in section 5.7.2, are examples of such absolutely protected multiplets.

3 Algorithms for constructing superconformal multiplets

In this section we motivate, and precisely formulate, the algorithm that we will use to gen-
erate all unitary superconformal multiplets in d > 3 dimensions. As we will explain, the al-
gorithm is conjectural but passes a variety of non-trivial consistency checks. Along the way,
we compare and contrast our proposal with several existing approaches in the literature.

3.1 Input and output

The algorithm takes the following data as input:

1.) A superconformal algebra &(d, N') chosen from the list in (1.4). Its bosonic subalge-
bra consists of the conformal algebra so(d, 2), which itself contains the so(d) Lorentz
algebra, and the compact R-symmetry algebra Pi. We denote the Lorentz and R-
symmetry representation of the @-supercharges by Rg. Ind =3, N =2andind =4
this representation is reducible and splits into a direct sum Rg @ R@ corresponding
to left Q-supercharges and right (Q-supercharges.
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2.) A unitary superconformal multiplet M of the algebra &(d,N'). As reviewed in sec-
tions 1.2 and 2, the structure of M is completely determined by the Lorentz and R-
symmetry representations Ly and Ry, as well as the scaling dimension Ay, of its
SCP V,

V= [Ly] . (3.1)

The restrictions of unitarity on V were summarized in section 2. We continue to use
a labeling scheme for M that conveys some information about its null states, e.g. L
denotes a long multiplet without null states, while A, is an A-type short multiplet

whose primary null state resides at level £. We therefore write
M=XJ\', X e{L.AB.CD}, (3.2)

where ¢ denotes the level of the primary null representation N within M. As
discussed around (1.11) and (1.12), as well as in section 2, the allowed values of ¢
and X depend on the spacetime dimension d and the amount of supersymmetry N.

In cases with left Q- and right Q-supercharges, i.e. d = 3, N' = 2 or d = 4, multiplets
can shorten both from the left and from the right, so that so that (3.2) is modified to

M =X XA, Xe{L,AB}, Xel{LAB}. (3.3)

Note that only A- and B-type short multiplets (and their barred counterparts) can
arise in the two-sided case, see sections 2.1.2 and 2.2 for a detailed discussion. Now /¢
and ¢ denote the levels of the left and right primary null representations N and N
within M.

The output of the algorithm consists of the operator content of the superconformal
multiplet M. As explained in section 1.3, it suffices to enumerate the Lorentz and R-
symmetry representations Ly, R, and scaling dimensions A, of the CPs C((f) that appear in
the decomposition of M into a finite number of so(d, 2) x R multiplets. (Here ¢ denotes the

level of the CP within M.) This decomposition takes the form (1.14), which we repeat here

M=@c? (finitesum), 9 =[LJ3, A=Ay + g . (3.4)

By focusing on the CPs, we effectively set all spacetime derivatives to zero, so that
the @)-supercharges anticommute as in (1.15),

{Qi,Q,} =0, i,j=1,...,Ng =dimRg. (3.5)

More generally, there can be Ng = dim R left supercharges @); and NQ = dim RQ right
supercharges ();. In that case we can distinguish left and right levels ¢, ¢ as well as the
total level fo; = £+ (. Fermi statistics imply that CPs can only occur at levels 0 < £ < Ng
and 0 < 7 < N§~ In what follows, we will always first discuss situations with a single
irreducible Rg before pointing out the necessary modifications in the two-sided cases.

15Tong multiplets do not possess null states and we will omit the subscript £ when X = L.

43 —



3.2 Long multiplets: Clebsch-Gordon and Racah-Speiser algorithms

Long multiplets do not possess null states, and hence the action of the Q-supercharges on
the superconformal primary V is only restricted by Fermi statistics (3.5). Products of ¢
supercharges transform in the totally antisymmetric wedge power /\ERQ, with 1 </ < Ng.
When acting on V, they produce the following, generally reducible, representation,
NRoaV. (3.6)
At every level ¢, the components C((f) appearing in (3.4) can therefore be obtained by
decomposing (3.6) into irreducible Lorentz and R-symmetry representations.

This is a well-posed group theory problem. As explained in section 1.3, it can in
principle be solved by applying the Clebsch-Gordon algorithm to decompose the space of
CPs at a given level £ into irreducible representations of the Lorentz and R-symmetry.
This space is spanned by all independent monomials of the schematic form Q%V, i.e. a
product of ¢ distinct Q-supercharges acting on some state in the SCP representation.'®
The Clebsch-Gordon states are explicit, typically complicated, linear combinations of such
monomials. The need to identify and keep track of them makes the Clebsch-Gordan ap-
proach computationally costly.

A much more efficient method for decomposing the states /\ZRQ ® V at level ¢ into
irreducible representations of the Lorentz and R-symmetry utilizes the Racah-Speiser (RS)
algorithm for decomposing tensor product representations of simple Lie algebras. This al-
gorithm can be derived from the Weyl character formula; see [34] for a textbook discussion,
and [6, 13, 14] for previous applications to superconformal multiplets. A short review can
be found in appendix A.3. Here we will explain the essential ingredients in the context of
long multiplets (the adaptation to short multiplets will be discussed in section 3.3 below).
As was already briefly explained around (1.16), the RS algorithm offers two significant
simplifications over the Clebsch-Gordon algorithm:

e It only utilizes the highest-weight state W, . = [LV] (A}?)V) € V of the superconformal
primary representation V, rather than all states in V.

e It suffices to consider simple, monomial states of the form Q;, Q;, - - - Qi, Vh.w., rather
than the more complicated Clebsch-Gordon states.

In general, the state Q;, Qs, - - - Qi,Vh.w. is not a highest-weight state of any Lorentz or R-
symmetry representation. Nevertheless, the weights of this state (obtained by adding
the weights of );, through @;, to those of Vi, ) can generically be interpreted as high-
est weights of irreducible Lorentz and R-symmetry representations. We will refer to the
weights ngf% generated by acting with all sequences of ¢ supercharges, distinct up to re-
arrangements using the anticommutators in (3.5), as the RS trial weights at level ¢. The
RS algorithm guarantees that the trial weights WI({ES) coincide with the highest weights of
the irreducible representations occurring in (3.6), as long as the highest weights V}, . of

More precisely, the CPs take this form up to some CDs, i.e. derivatives, of lower-level CPs, but as
explained around (3.5) we are not keeping track of such terms.
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the superconformal primary (more precisely, all of its Dynkin labels) are sufficiently large.
Roughly, this is because the RS trial state Q;, Qi, - - Qi,Vh.w. i — to a certain, limited
extent — a proxy for the true highest-weight state with the same quantum numbers as
long as the representation V is sufficiently large.

The RS algorithm also applies when the representation V is small, or non-generic,
even though the RS trial states Q;, @i, - - Qi,Vh.w. are no longer good proxies for true
highest-weight states. As we will see below, this is the regime in which some of the most
interesting, sporadic aspects of superconformal representation theory arise. When the
representation V is too small, it may happen that a trial weight w € Wl()fs) can no longer be
interpreted as a highest weight, because some of its Dynkin labels are negative. In this case
the RS algorithm specifies that w should be removed from Wl()fs), perhaps to be replaced
by a different weight w with non-negative Dynkin labels. The precise group-theoretic rules
that determine the map w — w are reviewed in appendix A.3; some examples appear
below. The map w — w also determines an overall sign factor o = +1,0. If o0 = +1,
then w is simply added to WP(Q, while ¢ = —1 indicates that w cancels against another
weight in Wl()fs); with coefficient +1 and the same Dynkin labels. Finally, if ¢ = 0 then the
original trial weight w should be removed from Wgs) without adding w. The RS algorithm
guarantees that, once all cancellations have been carried out, the remaining trial weights
in Wg% have positive multiplicity and correctly capture the decomposition of (3.6) into

irreducible Lorentz and R-symmetry representations.

We will now illustrate this procedure by constructing the first few levels of a long mul-
tiplet in three-dimensional N' = 3 theories. As discussed in section 2.1.3, the R-symmetry
is B = su(2) and the Lorentz algebra is su(2). The supercharges Q&m (with a,i,j = +)
transform as a Lorentz doublet and an R-symmetry triplet, so that Rg = [1](2) We will

1/2°
write the quantum numbers of the SCP as V = [j]f), with j, R € Z>o. The scaling dimen-

sion A must satisfy the unitarity bound A > % J+ %R + 1 for a long multiplet. Then, the
multiplet we construct is denoted by

M=L[){". (3.7)
The weights of the Ng = dim R¢g = 6 individual supercharges in R are
QI ==1®, Qi =12, Qi =[=+1?. (3.8)

The RS trial states and their weights at levels £ = 0, 1,2 are given by

£=0: Vhiw. WI{{OS) = {[]]SAR)} ,
t=1: Qi+vh-w- ) QI_Vh.w. ) Q:T:_Vh.w. ) Wl%ls) - {[] + 1](AR—|12/)2€B(R)EB(R_2)} )

(=2:  QITQI Viw, QITQI Vhw., QT Q7 Vuw., QFFQF V4,
QT Vv, QT QT Vhw . QT Q5 V., QT QT

2 . R+2 R)®(R-2 A (RE4)D2(RE2)D3(R
Wi = {[Ji2](A++1 JRUBR=2) |y (D @ATEE )}. (3.9)
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As long as the Dynkin labels j, R of the SCP are sufficiently large (more precisely, if j > 2
and R > 4), all trial weights in ngfsz 0.12) have non-negative Dynkin labels and correctly
specify the decomposition of levels £ = 0,1, 2 of the multiplet M into conformal primaries.
We now examine what happens as we lower the values of j and R. For instance,
if 7 = 1 but R > 4 then the trial weights at levels ¢ = 0,1 are not modified but WSS)
now contains [—1]?_ﬁ2)@(R). Since the Lorentz weight w = [—1] is negative, it must be
mapped to a non-negative weight w according to the rules of the RS algorithm. For su(2)
representations the map is particularly simple (see appendix A.3),
w=—[j—-2] (c=-1) if jeZsy

N - (3.10)
w removed (o=0) if j=1

= I

Therefore the correct RS trial weights at level £ = 2, for j = 1 but generic R, are given by

2 R+2)®(R)®(R-2 R+4)®2(RE£2)D3(R
WR = {BPewen g nerem (3.11)

If we lower j further and consider j = 0, the weights [—1](FF2)8(F) at Jevel £ = 1 must also
be dropped and there are genuine cancellations at level £ = 2,

(1) _ (RE£2)®(R)
Wig = {LSE

2 RE2)B(R R+4)P2(RE2)D3(R RE2)®B(R RE2)®(R
RE2)B(R RE4)®(RE2)B2(R

Finally, we can take both j and R to be small, e.g. j = R = 0. Now we must apply (3.10)
to both negative Lorentz and negative R-symmetry weights, multiplying the resulting o-
factors. Performing the ensuing cancellations leads to

1 2 2 2 4)®(0
WI(%S? = {[1]211/2} ’ Wl(%s) = {[2](A)+17 [0](Azr1( ))} g (3.13)
which correctly captures the operator content of the L[j = O](ARZO) multiplet at levels £ =

1,2.

It is straightforward to generate long multiplets for any d and A using the RS algo-
rithm. The appropriate generalization of (3.10) to other Lorentz and R-symmetry algebras
is spelled out in appendix A.3.

3.3 Aspects of short multiplets

As was already emphasized in the previous subsection, a key advantage of the RS algorithm
is that it only uses simple trial states of the form @, - -+ Qi Vh.w.. If we denote all states
in the SCP representation by V = {VA}C:ZV with Vi = V.. the highest-weight state,
then only V) appears in the RS algorithm. By contrast, the Clebsch-Gordon procedure
involves all states in V. The drawback of working with RS trial states is that we lose some

information: even though they can be thought of as proxies for true highest-weight states
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for some purposes, they do not capture all properties of the latter. Crucially, the RS trial
states may fail to correctly indicate the action of the ()-supersymmetries.

As a simple example, consider the L[j]f) multiplets for d = A = 3 discussed in the
previous subsection. Here we focus on the case 7 = 1 with generic R. We will need the
following two states from the representation of the SCP V),

Vi =Vaw =[], Wy =[-1)) (3.14)
The RS trial state corresponding to the representation [0](F+2) at level £ = 1 in (3.12) is

[O](R+2) ‘RS trial QJ—F+V1 ’ (315)

while the true highest-weight state of that representation is actually

R =@ty — QU Py, (3.16)

4
true

Note that the behavior of the two states in (3.15) and (3.16) under the action of the Q-
supercharges is different, e.g. QT annihilates the trial state @QT1V; in (3.15), but it does
not annihilate the true highest-weight state in (3.16).

The fact that the trial states of the RS algorithm obscure the action of the Q-
supercharges complicates the construction of short superconformal multiplets M.'” Such
multiplets possess null states, which can be identified and removed by finding all Q-
descendants of the primary null representation N C M. This is straightforward in the
Clebsch-Gordan approach, where the action of the @Q-supercharges is manifest. By con-
trast, it is not a priori clear how to correctly implement the removal of null states in an
approach based on the RS algorithm. A variety of proposals for dealing with this problem
has appeared in the literature. Our discussion is most directly inspired by [13], as well as
closely related discussions in [21-25].

In the remainder of this subsection, we comment on various issues that arise when one
tries to apply or adapt the existing proposals to construct different short multiplets of in-
creasing complexity. A synthesis appears in section 3.4 below, where we spell out a uniform
algorithm for constructing all unitary superconformal multiplets in d > 3 dimensions.

3.3.1 Generic multiplets with one primary null representation at level one

Consider a short multiplet M = X,1V (with X € {4, B,C,D}) whose primary null
representation IV resides at level £ = 1. It can be checked that there is always a single Q-
supercharge @, such that Q.V . has the same Lorentz and R-symmetry weights as the
highest-weight state of N. In this case it is natural to use the RS trial state Q. V,.w. as a
proxy for the true highest-weight state of N. This leads to the prescription found in [13]: to
remove the null states from M, discard all RS trial states of the form Q.Q"Vh.w. (n € Z>).
Here the RS trial states Q.Q"Vh.w. with n > 1 serve as proxies for the true descendants

of N. The remaining RS trial states are used to determine the RS trial weights Wl(;fg, which

17 As discussed in [11], it also presents a challenge to the identification of supersymmetric deformations,
i.e. CPs annihilated by all Q-supercharges, up to total derivatives.
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are manipulated as in section 3.2. As long as all trial weights with negative coefficients
cancel (unlike for long multiplets, this is no longer guaranteed; see section 3.3.4 below), we
obtain a list of highest weights that describe the decomposition of M into CPs C,ge) .

As an example, we will construct the first few levels of a generic A;-type short multi-
plet M when d = N = 3. Recalling the unitarity conditions from table 5, we have

1.1
M= A A=gi+gR+1, (3.17)

with j and R sufficiently large. Its primary null multiplet is given by (see table 5)

N =[ - 13 (3.18)

The weights of the supercharges, and the RS trial states and weights for a long multiplet
in d = N = 3 theories can be found in (3.7) and (3.9). We see that the only trial state
at level £ = 1 in (3.9) whose quantum numbers match those of N in (3.18) is QT TV} .,
so that Q. = Q. Omitting all RS trial states in (3.9) that involve this supercharge, we
obtain

0 =0- Viw. Wl({OS)Z{U]X%)} )

{=1: Qi—’_vh.w. ’ Qi_vh.w. ) Q;_Vh.w. )

1 . R+2)&(R)®(R-2) . R)®(R—2
Wl(%s) = {[J + 1](A+1/)2 et )7 - 1](A4)—1/(2 )} g

(=2: QIMQI Viw, QITQ7 Vw.» Q1 Q1 Viw., Q7 Q- Vaw.»

QTFQT V., QITQT Vv, Q1 QZ Vhw., QT QT Vi,
W(Q) {[j+2](R+2)€B(R)@(R—2)

RS — A+1 ’
1(R+2)®2(R)®2(R—2)B(R—4 ) R—2
[J](A—i-l) (R)®2(R—2)&( )’ []_2](A+1)}' (3.19)
For generic j and R, the weights in ngfsz 0.1,2) correctly capture the operator content of the

short multiplet M in (3.17) at levels £ =0, 1, 2.

The prescription summarized above can be used to generate all short multiplets M
whose primary null representation N resides at level £ = 1, as long as the quantum numbers
of the SCP V are suitably generic (i.e. its Dynkin labels must be sufficiently large). However,
as was already discussed in the context of long multiplets, using RS trial states as proxies
for true highest-weight states can lead to wrong results, especially if the quantum numbers
of V are sufficiently small. Indeed, the prescription above can fail in such cases and must
therefore be modified. This is explained in section 3.3.3 below.

3.3.2 Generic multiplets with two primary null representation at level one

For d =3, N =2 and d = 4 there are Q- and Q-supercharges, which can lead to distinct
left and right shortening conditions (see sections 2.1.2 and 2.2). The procedure described
in section 3.3.1 above then applies to multiplets that are either short on the left and long
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on the right, i.e. multiplets of the form X;L with X € {A, B}, or multiplets that are long
on the left and short on the right, i.e. multiplets of the form LX; with X € {A, B}.

It is straightforward to adapt the procedure to multiplets of the form M = X;X;
that are short on both the left and the right, with the corresponding primary null rep-
resentations N and N at levels £ = 1, £ = 0 and £ = 0, ¢ = 1, respectively. In this
case one can always find unique left and right supercharges Q. and @5, such that the trial
states Q«Vhw. and Q; V. have the same quantum numbers as N and N. We then drop
all independent trial states of the form Q.Q™Q" V.. or @;Qm@'”vh,w. with m,n € Z>g.
As before, the remaining RS trial states are used to determine the set of trial weights W}(fs)7
which are subjected to the RS cancellation procedure described in sections 3.2 and 3.3.1.
This procedure for generating short multiplets with two primary null representations at
level fot = 1 was thoroughly explored for d = 4 and N' = 2,4 in [13].

Here we consider an example in d = 3, with A/ = 2. Asreviewed in section 2.1.2, there is
au(1), symmetry and the Lorentz algebra is su(2). There are left supercharges Qo (o = %)
transforming as a Lorentz doublet of R-charge —1, i.e. Rg = [1]5721), and right super-

(1)

1/2° The multiplet we consider is (see

charges Q, (o = %) transforming as R@ = [1]

table 4)
1

M=AA =10, A=Zj+1, (3.20)
This multiplet has a left primary null representation N at £ = 1 with respect to @), and a
right null representation N at £ = 1 with respect to @, (see tables 2 and 3),

N=[-180, N=[-1%, (3.21)

The list of all possible RS trial states at levels io;, = 0, 1,2 and their weights are given by

biot, =0, [J]

lor. =1, Qi Vi, = Lyil}glﬂ/g, QuVhw =l =150,

bot. =2, Q4Q-Vhw. = [N Q.0 Viw. = 11D,
QiQVhw. = 1 £27),, QiQ:Vhw. =2l . (3.22)

The only trial states at level . = 1 with the quantum numbers of N and N in (3.21)
are Q_Vhw. and Q_Vyw.. We thus drop all trial states involving Q_ or Q_, leaving only

lrot. =0, Vo, = 11,
Etot. =1, Q.t,_Vh.w = [] + ](ALI/Q s @Jth.w_ = [j + 1]in/2 )
lror, = 2, Q4+Q Vv = [ +20, . (3.23)

Note that in this example there can be no additional trial states at levels it > 3, because
any such state must contain either Q_ or Q_. Therefore (3.23) represents the full operator
content of the multiplet M in (3.20). Every CP in M is a conserved current; this multiplet
of currents is also discussed in section 5.
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3.3.3 Non-generic multiplets with primary null representations at level one

The prescription explained in sections 3.3.1 and 3.3.2 above is appropriate for short mul-
tipelts M whose SCP V is suitably generic, i.e. all of its Dynkin labels are sufficiently
large. Roughly speaking, this is because the prescription used RS trial states as proxies
for true highest-weight states. As we already explained in the context of long multiplets,
around (3.15) and (3.16), this can be misleading, especially if some of the Dynkin labels
of V are sufficiently small. In such cases, the algorithm described above may fail, even
if the primary null representations reside at level one; simple examples arise for Bi-type
multiplets when d = 3, N = 6 or for By B-type multiplets when d =4, N = 4.

In order to address this problem, the authors of [13] proposed to remove additional
supercharges from the construction of RS trial states, beyond the supercharge Q. (as well
as Qs, in two-sided cases) connecting the SCP V and the primary null representation N
(as well as N, in two-sided cases). The precise rule is as follows: if there is a Lorentz
or R-symmetry lowering generator F_,, with a a simple root, that annihilates the highest
weight state of the SCP, E_ WV, w. = 0, then we should also omit the supercharge F_,Q,
from the construction of RS trial states. Intuitively, this prescription reflects the fact
that Q. Vh.w. is the RS trial state representing the primary null representation. Setting this
trial state to zero and acting with E_, then leads to

QVhw. =0 and E_Vhw =0 - (E_QQ*) Vhw. =0. (3.24)

More generally, if the SCP is annihilated by several Lorentz or R-symmetry lowering
generators, we should omit all ()-supercharges that can be obtained from @), by acting with
any combination of these lowering generators. This leads to a finite list Qs , Qus, - .. , @k
(with & < Ng), of supercharges that should not be used in the construction of RS trial
states.

Note that there is a simple criterion for when a highest weight like V, . is annihilated
by a lowering generator E_,,, for some simple root c;. As reviewed in appendix A, there is
a one-to-one correspondence between the simple roots «; and the Dynkin labels \; € Z>q
of Vi w.. Then E_,, V. = 0 if and only if A\; = 0.

The fact that the procedure for constructing short multiplets must be modified when
the quantum numbers of the SCP V are sufficiently small shows that it is in general not
possible to construct such non-generic short multiplets by starting with more generic ones,
substituting the small quantum numbers, and applying the RS algorithm to cancel any
trial weights with negative Dynkin labels. This can be illustrated using B; B1[0; 0](R1’R2’R1)
short multiplets for d = 4, V' = 4: specializing from generic Ry, Ry to R; = 0 and applying
the RS algorithm does not correctly reproduce a B;B1[0;0](%52:0) short multiplet. As
explained above, the correct procedure for constructing the latter involves removing extra
supercharges (in addition to Q. and Q5), because the R; Dynkin label vanishes.

Some authors have augmented the prescription described above by effectively removing
even more RS trial states, which do not involve any of the supercharges Qu, Qux, - .. , Q.
identified above. An example appears in appendix C of [25], where the construction of

the short multiplet M = D1[0,0,0/5"5%) | for d = 6, N = (2,0) (see table 24) is dis-
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cussed. The primary null representation at level £ = 1 is given by N = [1,0, O]f;f/lém) , SO

that Q. = [1,0, 0]51/’20). Aslong as Ry, R > 1, the highest-weight state V}, . = [O,O,O]X%l’RQ)

is annihilated by all Lorentz lowering operators, but none corresponding to the R-symmetry.
The prescription described around (3.24) then instructs us to omit the entire Lorentz-
multiplet of @, from the construction of RS trial states. Explicitly,

1,0 1,0 1,0 1,0
Qs = [17070]5/2) ; Qe = [_L 170]5/2) ; Qus = [07 -1, 1]5/2) ; Qua = [0701 _1]5/2) : (325)
In our language, the prescription of [25] also involves dropping certain RS trial states that
are not constructed using any of the supercharges in (3.25). For instance, when R; = 3,
the proposal of [25] also involves omitting the following RS trial state,

-1, -1, -1, -1, R1=1,R
Q4-Vh_w_:[1,0,o]§/,j 1)[—1,1,0]5/21 1)[0,—1,1]5/21 1)[0,0,—1]§/21 Y 10,0,0/ =)
=1[0,0,0]%5" (3.26)

However, this trial state is automatically set to zero by the RS algorithm (see appendix A.3),
since the first R-symmetry Dynkin label is —1. Although we have not checked every exam-
ple, we expect that all additional RS trial states removed in [25], which do not involve any
of the supercharges Qi , Qux , - .. , Q.&, can similarly be accounted for by the RS algorithm.

3.3.4 Leftover trial weights with negative coefficients

At intermediate stages, the RS algorithm can lead to trial weights with negative coeffi-
cients. When applied to long multiplets (see section 3.2), it is guaranteed that all negative
coefficients cancel in the end. This is no longer the case when we apply the algorithm to
short multiplets, because we remove various RS trial weights along the way to account for
null states. This phenomenon was noted in [13], in the context of 4d N' = 2 and N = 4,
and for the various cases explored there the leftover negative-coefficient weights could be
interpreted as null states associated with short representations of the conformal group,
i.e. conserved currents or free fields.!® However, there are examples where this interpreta-
tion does not hold. For instance, a D1[0,0, 0](61’2) multiplet for d =6, N = (2,0) does not
contain any conserved currents or free fields. Nevertheless, the RS procedure used to con-
struct this multiplet results in many trial states with negative coefficients that do not cancel.
Rather than attempting to interpret these leftover negative-coefficient weights, we simply
propose to eliminate them at the end of the procedure. A detailed discussion of multiplets
that contain conserved currents or free fields and their null states appears in section 5.

3.3.5 Multiplets with higher-level primary null representations

So far we have only discussed short multiplets of Xy—i-type whose primary null representa-
tions reside at level one. Here we will discuss how to treat multiplets of the form M = X0,
whose primary null representation N resides at level two or higher. In many cases, there
is a unique monomial Q% = Q, - - - Q,¢ in the supercharges such that Q% . has the same

8For instance, the conservation law 9*j, = 0 for a dimension A = d — 1 vector current was interpreted
as a Lorentz-singlet CP of dimension Ap; = d with coefficient —1.
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quantum numbers as N. In this case it is natural to generalize the procedure discussed
above by simply omitting all RS trial states that involve the monomial Q%. A simple
example of this sort arises for d = 6, N = (1,0) (see section 2.4.1): consider a short
multiplet M = As[j1, 2 > 1,005 with A = 1(ji + 2ja) + 2R + 6 (see table 23), whose
primary null representation N = [j1,j2 — 1, 1]2}?12) resides at level £ = 2. It can be checked

that there are only two supercharges,
1 1
Q=[0,-11%,  Qu=1[0,0,1{)), (3.27)

such that Q.Q.+«Vh.w. has the same quantum numbers as N. In the construction of this
multiplet, we therefore discard all RS trial states of the form Q.Q.«+Q™Vh.w., where Q" is
any product of n € Z>( other supercharges.

However, for some short multiplets M = X/~ there are several distinct products
of ¢ supercharges whose quantum numbers make up the difference between V. and V.

Consider, for instance, the multiplet M = Bs[0, O]X?‘) with A = %R +3in d = 5, whose

primary null representation has quantum numbers N = [0, O](AR:IQ) and resides at level £ = 2
(see table 22). The weights of the supercharges are
+1 +1 +1 +1
Qi‘: = [1?0](1/2)’ Qg: = [_17 1](1/2)7 Qét = [17—1]5/2)7 Qflt = [_170]5/2)' (3'28)
Hence there are two distinct monomials in the )’s that can be applied to the SCP V. to
produce a state with the quantum numbers of NV,

QI Q ~ QFQf ~ 10,01 (3.29)

It is therefore not clear which linear combination of these monomials to omit from the
construction of RS trial states, and for some choices the resulting multiplet is incorrect.

We propose to resolve this ambiguity by examining the true highest-weight state
of N. For the Bs[0,0]() example, if we denote the full SCP representation by V(1 ir)
where i1,...,ig = *+ are su(2)p doublet indices, then the full primary null representa-
tion N(1r+2) ig given by

Ning) QQBQS1Q%2Vi3"'iR+2) ) (3.30)

Here Q is a 4 x 4 symplectic matrix used to raise and lower fundamental sp(4) indices
(i.e. spinor indices of the so(5) Lorentz group). Setting i1 = --- = igt2 = +, we obtain the
highest-weight state

Nipw. = (QT Q7 —Q3Q3) V. (3.31)

Therefore Ny . selects a particular linear combination of the monomials in (3.29), and we

propose to omit this particular linear combination from the construction of RS trial states.

As before, the prescription above applies to a generic Bs[0, O]XDL) multiplet. When R =

0, we follow the logic of section 3.3.3 and omit additional combination of supercharges
that can be reached from Q7 Qf — Q5 Q7 in (3.31) using the R-symmetry lowering gen-
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erators. Here, this leads to an entire Lorentz and R-symmetry multiplet of supercharge
combinations that should be removed from the construction of RS trial states:

QiQT —Q3Q7, QiQ;+Q7Qf —QiQ; —Q;Q7 . (3.32)

3.4 Proposal for a uniform algorithm

We will now synthesize the discussion in sections 3.3.1 through 3.3.5 into a precise algorithm
for generating all unitary superconformal multiplets in dimensions d > 3 and for all allowed
values of N. As is the case for most existing prescriptions in the literature, we do not know
of a general proof that establishes the a priori correctness of our algorithm. However, it
passes a large variety of detailed consistency checks, which are summarized below.

The input and output of the algorithm are spelled out in section 3.1. The precise rules

for constructing a short multiplet M are as follows:'?

1.) Identify the SCP V and the primary null representations: if the supercharge repre-
sentation R is irreducible, there is a single primary null representation N at level ;
if there are left and right supercharges @ and @Q (which occurs when d = 3, N' =2 or
when d = 4 for all NV), then M may have a primary null representation N at level ¢
on the left, or a primary null representation N at level £ on the right, or both.

2.) Let Q; (i =1,...,Ng) be the (left) supercharges; in the two-sided cases there are also
right supercharges Q; (i = 1,... ,NQ). Denote all states in the SCP representation
by V = {Va}4mV with Vi = V. being the highest-weight state. In the one-sided
case, the true highest-weight state of the primary null representation IV takes the form

dim V
Nyw. = Z PY@Qi)Va. (3.33)
A=1

Here the PEP(QZ-) are degree-f polynomials in the @-supercharges. In the two-
sided case there may also be a primary null representation N on the right,

whose highest-weight state can be written using degree-¢ polynomials F%)(Qf) in

)

the Q-supercharges,

dim V _
Niw. = > PY@)Va. (3.34)
A=1

We now project (3.33) and (3.34) onto the highest-weight state V; = V},.. to obtain
constraints that should be imposed on RS trial states (see point 4.) below):

¢ =@ A
PQ)Vaw =0, PV (@) Vhw =0. (3.35)
Here it is understood that the second constraint is absent in the one-sided case.

3.) If the quantum numbers of V are not suitably generic, additional constraints need to
be imposed to supplement those in (3.35). They are determined by acting on (3.35)
with all Lorentz or R-symmetry lowering operators E_, (here « is a simple root)

19The construction of long multiplets was already discussed in section 3.2.
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that annihilate the highest-weight state M, . of the SCP representation. This leads
to a set of constraints of the form

P (Qi)Viw. =0, ﬁg) (Q:)Vhw. =0. (3.36)

Here p,(f)(Qi) and ﬁg ) (Q;) are degree ¢ and ¢ polynomials in the left and right super-

charges. The labels k and k index the different left and right constraints, with k& = Eiz

1 corresponding to the original constraints in (3.35), i.e. pg@ = Pl(e) and Ty@ = ﬁgg).

_ I
As before, it is understood that the ﬁg )_constraints are absent in the one-sided case.

4.) Construct all RS trial states Q"V.. with n € Zso in the one-sided case,
or Q"Q " Vhw. with n,7 € Z>o in the two-sided case. Then impose all constraints
in (3.36). The remaining trial states are used to determine the set of RS trial weights.

5.) If all RS trial weights constructed in point 4.) above are valid highest weights, i.e. if
all of their Dynkin labels are nonnegative, the algorithm terminates. Otherwise,
apply the RS algorithm (see section 3.2 and appendix A.3) to the set of RS trial
weights. The result is a list of valid highest weights, some of which may have
negative coefficients.? Finally, drop all negative-coefficient weights.

The set of valid highest weights with positive multiplicities that remains after the algorithm
terminates describes the quantum numbers of the CPs C((f) in the decomposition (3.4),
which (together with their CDs) constitute the operator content of the short multiplet M.

It is an important feature of our algorithm that the constraints on short multiplets
due to null states are determined once and for all by examining the primary null repre-
sentations N and (possibly) N (see points 2.) and 3.) above). These constraints are then
applied at all levels to eliminate RS trial states. It is not necessary to further manipu-
late the trial states, e.g. by eliminating additional states according to some level-by-level
prescription, before applying the RS algorithm at the end.

As was already emphasized above, our proposed algorithm is conjectural, but satisfies
a large number of consistency checks that support its correctness:

(i) It produces multiplets that agree with many examples that have already been con-
structed in the literature, see for instance [13, 22, 23, 25, 33] and references therein.

(ii) It produces multiplets that contain the same number of bosonic and fermionic oper-
ators.?! For multiplets containing conserved currents, this is only true if we correctly
account for conservation laws (see also (iv) below). For instance, a conserved cur-
rent j, in d dimensions has d — 1 bosonic degrees of freedom, because 0*j, = 0.

(iii) The short multiplets constructed using our algorithm satisfy all recombination rules.
As explained around (1.13) and in section 2, these rules constitute an infinite number
of nontrivial a priori consistency conditions on short multiplets. As in (ii) above,

20Weights that are assigned vanishing coefficients by the RS algorithm are simply eliminated.
2'More generally, every operator representation of the Poincaré supersymmetry algebra must also satisfy
this sum rule, see for instance [35].
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the recombination rules involving multiplets containing conserved currents are only
satisfied if we properly account for conservation laws (see also (iv) below).

(iv) Despite its uniformity and simplicity, our algorithm correctly describes the rich va-
riety of sporadic short multiplets that exist for different values of d and A. This
is well illustrated by multiplets containing conserved currents, which are discussed
in section 5. As was already emphasized above, the consistency conditions in (ii)
and (iii) are only satisfied if we properly account for the conservation laws of any
conserved currents, as well as other null states of the conformal group, such as free-
field equations of motion. Since we did not explicitly remove these extra null states
by hand, we view the fact that they are correctly captured by our algorithm as further
evidence for its correctness.

4 Tables of select superconformal multiplets

In this section we tabulate the full operator content of all generic superconformal multiplets
in 3 < d < 6 dimensions with Ng < 8 supercharges. (Typical multiplets in theories
with Ng > 8 are increasingly difficult to display explicitly, since the number of operators
they contain grows exponentially with Ng.) We call a multiplet generic if all nonzero
Dynkin labels of its SCP are sufficiently large. Additional cancellations occur when some
of the Dynkin labels take small values. Copious examples of such non-generic multiplets
are furnished by the superconformal current multiplets discussed in section 5.

Throughout, we will not explicitly indicate the scaling dimension of every operator
in a given multiplet, since this is easily inferred from the level of the operator within the
multiplet and the dimension A of the SCP. In situations with left and right supercharges
(i,e. d = 3,N =2 and d = 4), complex conjugation relates multiplets of the schematic
form XY and YX (where X,Y € {L, A, B}). Whenever possible, we will use this fact to
reduce the number of multiplets that need to be tabulated.

41 d=3, N =1

The unitary superconformal multiplets are summarized in table 1. We present them for
generic values of the su(2) Lorentz Dynkin label j, whenever it is non-vanishing:

L] |G, A>3+ 1 25 1)
| {oa as S WSS o

Al Ul A=ti+1 A+

ay | Jola, a=% 50

By [0]o
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42 d=3, N =2

The unitary superconformal multiplets are summarized in table 4. We present their op-
erator content for generic values of the su(2) Lorentz Dynkin label j, whenever it is non-

vanishing (see also [33]).

LT G0, A Ljypr+1
/° N
[j =10 [j £ 1)+
Q Q Q Q
10 [ +2]0) & )20 )+
@\ /Q @\ /Q
FES FES IR
Q Q
NS
1)
LA, G, A=Li+r4+1, r>0
/° N
[j +£1]=Y [j +1)0+Y
/Q Q /Q
]2 i +2/" e [j]")
Q Q
NS
[+ 100
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LA,

0}

0%,

A=r+1,

r>0

Q

L

1=

Q

N~

Q

N

1)+

20 & 0]
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A2 A, [0](Ao) ,A=1

A,B (2 A=
2B1 [0]5°, A=

B1B; 0"

43 d=3, N =3

The unitary superconformal multiplets are summarized in table 5. We present their op-
erator content for generic values of the su(2) Lorentz and su(2)r Dynkin labels j and R,

whenever they are non-vanishing (see also [33]). We used a condensed notation in which

R£2)

any =+ offsets for the two su(2)’s are independent, e.g. [j + 1] denotes four operators.

L||p®, aslj+ir+1

Q2 [jiz}(Rim@(R) [j](Ri4)®2(Ri2)€B3(R)

)

Q% |[j£3]|B) | [j £ 1)(FEHS2ARE)SI(R)

QY |[j 4 2BEEIOER) | [;)(REOARL)I(R)

Q%+ L™
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A | IR0, a=1j+iR+1

Q: |[j+ 1EDS@®) [ _ 1(R-2S(R)

Q. [j_{_Q}(RiQ)GB(R), [.](R+2)€BZ(R)@2(R—2)@(R_4)’ lj

J ] — 2](R_2)

Q: |[[+3]B), [j + 1) F+DOARSAR-2)S(R-A) 5 _ 1[(RS(R-2)S(R-1)

Q. |[j +2®eE-2) | [j(Re(R-2)e(R-1)

Q°: |[j+1"?

Az | | 0%Y, A=LR+1

Q: [pEE2em

Q2. [2](1%12)@(12)7 [O](R+2)@2(R)@(R_2)@(R_4)

Q3 [3](R)7 m(R+2)@2(R)@2(372)@(R,4)

Q*: [2](17;5)69(1*3—2)7 [0](R)€B(R—2)€B(R—4)

Q°: [1](R_2)

B | |0)y", A=}R

Q . [1] (R)EB(R*Q)

Q%: 2B, [o)PeE-DS(E-4)

Q3 . [1] (R—2)®(R—4)

Q*: [O](R_4)

44 d=3, N =4

The unitary superconformal multiplets are summarized in table 6. We present their opera-
tor content for generic values of the su(2) Lorentz Dynkin label j and the su(2)p @ su(2)’
Dynkin labels (R; R'), whenever these are non-vanishing. We used a condensed notation

R+1;R/£1)

in which any + offsets for the three su(2)’s are independent, e.g. [j = 1]( denotes
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eight operators. Moreover, we define a transpose operation 7' on numerical R-symmetry
offsets x, v,
T{(R+x;R +y)}=(R+y; R + 1), (4.1)

and use it to introduce the following shorthand: whenever we write {---} & T{---}, we
mean the sum of all representations in {---} and their T-transposes. For instance,

{(R+2;R}eT{  }=(R+2;R)® (R;R +£2). (4.2)

With these conventions, the generic d = 3, N' = 4 multiplets take the following form:

L| [ Asljt JR+R)+1

Q . [] + 1](R:|:1;R':|:1)

QQ . [] :I:2]{(Ri2;R’)}€BT{---}@2(R;R/) [j](Ri2;R’i2)@4(R;R’)@{2(Ri2;R’)}@T{---}

Q3 . [J + 3](R:|:1;R/:|:1) [J + 1]{(R:|:3,RE‘:1)}@T{ Y®4(REL;R'£1)

[j £ 4|BR) | [j 4+ o] BEBRE)SARR)S{AREBR)}ST{}

Q'

[j]{(Ri4;R’)®4(Ri2;R’)}@T{--- }P2(RE2; R/ +2)B8(R;R')

Q. |l ig](Rj:l;R’:l:l)’ [+ 1]{(R:|:3;R’:i:1)}eaT{~--}@4(Rj:1;R’:I:1)

oS - [j:I:2]{(Ri2;R’)}®T{---}@2(R;R’) [j](Ri2;R’i2)@4(R;R’)®{2(Ri2;R’)}@T{---}

Q? : [] :l: 1](R:|:1;R/:|:1)

Q*: [

A; [ﬂfﬂ), A=L1j+i(R+R)+1

Q: |[j+ EERED | {BELRD}eT (- Je(R-1R 1)

- 4 ol{(REZRN}OT{ }@2(R;R) 1 _ o{(R—2R)}ST{- }&(R;R')
' [j]{(R+2;R'*2)692(R72;R’)@(R+2;R’)}@T{---}@3(R;R’)@(R72;R’72)
’ {(R+3;R' —1)®(R—3;R' +1)@3(R+1;R' —1)}
Q3 7+ 3](Ri15R £1) , 7+ 1] 12;7?{-1?}egze(BRiu;i1)29?&}31113571)1

{(R—3;R'+1)®2(R+1;R —1)}®T{--- }
[] _ 1] @(R+1;R/+1)®3(R—1;R'—1) , [] _ 3](R—1%R'—1)
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. .y . {2(R;R' —2)O(R+2:R" ) ®(R+2; R ~2)
[+ 4]BR) | [j42] er{-Iesrr)e(rR-2R~2) !

Q*:
(R-t:R)@ (R R/ R 23R R — o ,

e e s [ o] (st

[j + 3[{(B+ LR —D}ST{ }o(R-LR'~1)
Q5 . [] + 1]{(Ri1;R’73)®2(R+1;R’,1)}®T{,,_ }&(R+1;R'+1)@3(R—1;R'—1)

[j — 1]{(R+1;R’—1)@(R—1;R’—3)}@T{... Y&2(R—15R'—1)
Qb |[j 4 2] (BR-2)8T{-Yo(RR) [j{(BR-2}eT( }(RR)(R-%R~2)
QT: |+ 1](R—1;R/—1)

R;R’
Az [O}XR),Azé(RJrR’)Jrl
Q: |[1)BELRED

Q% | [)UEEREOIST{-Je2(/R) ] {(R*Sﬁﬁki?/%?ﬁf;’?;}_%?{'"}
Qb |gereran |y SRS
ot [4](R;R/) : [2]{2(R?R’—2)@(R+2;R/)GB(R+2;R'_2)}@T{.,, TS RS2 —2)

[0 {(R—4R)S(R+2R)S(R+2LR ~2)02R R ~2)}0T (- YOI (R;R)S(R-2R ~2)
@ |ErrsrDleretrotr ) |y CERRE R
Q. |[{BR-2}eT{-YeRR) (g {(RR-2}OT{ }(RR)S(R-2R'-2)
Q7 |[ELR-D

R;R’
By | | [0/, a=L(R+R)
Q: |[1]{(B+LR-DIOT{- }@(R-1;R'-1)

Q: | [{UEF-DIOTLORR) | [[{(Rr 2R -2S(R -2}OT (- Jo (L R)S(R-21-2)
Q3 [3](R*1?R/*1) 7 [1]{(RfB;R’i1)®(R+1;R’—l)}@T{...}@Z(Rfl;RLl)
Q- [2]{(R;R/_2)®T{...}EB(R—Q;R’_Q) ’ [0}{(R?R'—‘l)@(R;R/—2)}®T{---}@(R;R’)@(R_Q;R/_g)
Q% : |[IE-LR=)IOT{ Jo(R-LR-1)
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QG . [0](R—2;R’—2)

4.5 d=4, N =1

The unitary superconformal multiplets are summarized in table 12. We present their
operator content for generic values of their non-vanishing su(2) @ su(2) Lorentz Dynkin
labels. We condense the notation by declaring any =+ offsets for the two su(2)’s to be

independent, e.g. [j & 1;j + 1] denotes four operators.

LL [ﬁﬂg), A>max{2—|—j—%r, 2-1—3-1—%7“}
Q Q
yd N
[j £ 1; 5] i 7+ 1]+
Q Q Q Q
/ N/ N
[j; 4] 2 [j+£1;7 1)) [; 7))

Q Q Q Q
N /S N/
[j; 7 £1]—D [j£1;70+

Q Q

N/
;71"

L4 G, A=247 43, r> 1 (-7

Q Q

Z N

FESI N ;7 + 1)+

Q Q Q

e N/
[j; )02 [+1:5+ 10
Q Q
N/

57 +1)07Y
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In the preceding table £ =1if j > 1 and { =2 if j = 0.

LB, G010, A=3r, r>1(j+2)
/Q
[j +1;0)0—D
/Q
[j;0]=2)
ApAy A, A=LG+n+2, r=1(G-7)
Q Q
/ o
[ + 1;7]D [j; 7+ 1]+D
Q Q
N/
[+ 155 + 1))

In the preceding table £ = 1if 5 > 1 and ¢ = 2 if j = 0, and similarly for £ and j.

AB; G010, A=3r, r=1(+2)

Q

Z

[j+ 1007

In the preceding table £ =1if j > 1 and £ =2 if j = 0.

BB [0; 0}

46 d=4, N =2

The unitary superconformal multiplets are summarized in table 15. We present their
operator content for generic values of their non-vanishing su(2) @ su(2) Lorentz and su(2)g
Dynkin labels (see [13]; our conventions are related via (2.32)). We condense the notation
by declaring any =+ offsets for the three different su(2)’s to be independent, e.g. [j +1;j +

1]F%2) denotes eight operators. We also do not indicate the u(1)z charges of the operators,
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since these are easily determined by the left and right levels ¢, ¢ and the u(1)g charge of
the SCP.

LL [j;j](AR;r), A>2+R+max{jf%r7j+%r}
Q a
Q o -
’[j;j](RiQ)GB?(R)Q{'iQ;j](R) ‘ ’ [jil;j\il](Riﬂ@Q(R) ‘ ’[j;jﬂ](m@[j;ﬂ(Rﬂ)@Q(R) ‘
Q Q Q Q Q o

o oi(REl [j£2;j+1](BED [j£1;j+2](BED
RSl [j;7£1] (REDS3(RED) [j£1;7)(RE3)@3(RE1) [j;j 1] (RED

Q Q Q Q Q [} Q Q
\ / [jiz;jig]h?) \ /
(1702 || Tjaagle(gae} DO || e (02 |

[j;ﬂ(Rj:4)€B4(Rj:2 ®6(R)
Q Q Q Q o} /Q Q Q
[j£1;5£2](BED [£2;5£1](BED L oI(RED)
[t 1) (FE3) @3(RED) 57+ 1)(FoE3) @3(RED) [7£155]
6\ /Q N S ° ¢
(5T P el "9 | |17 R0 | [j)(RE9AR g i) (R |

Q Q Q Q

[f5j 1] (BED [j£1;5](BED

]
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LA, A A=24 R+G+ 1, r>j—7

[j£1;7](F+D) ’ 77— 0E D[y +1) D ‘

Q Q q Q
 (RE2)02) (s to () [j£1;5—1]BSE-2) — =
[7:4] ©[j£23] ‘ [j£1;5+1](RE2)@2(R) ’ ;7 +2) B g[j;5) (RS (E-2)
] _ 7
Q @ Q ? @
— ~ 7
= 21D, [j£2741] D | P
[jg—l](R+1)EBQ(R[71)GB(R*]3) [7:£1;5+2) 1)
[j;3+1](3i3)®3(Ri1) [jj:l;]‘](R+1)®2(R—1)@(R—3)
Q Q Q Q Q Q @
— Y Z
g || el Vs
s (RE2)@2(R J;3£2] AL 1O
[i£1;5+1] (RS2 [:7](R+2)®3(R)®3(R-2)@(R—4) Eahal

Q Q Q\ /Q Q /Q
Y P [jj:l;;—t—?](Ril) i+2:5+1 (R—1)
’[m 1] ®j;5+1] A= ‘ [j£1;7] BFDO2AR-D@(R-3) B;EWL{](RLU@Q(R*1>@<R*3)
[+ ®alz et ] [y£17+@eE-—2)
Q Q
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[5;0 ()

Ql

G0 W) A=24 R+ 1r, 1>

Q

[j£1;0](B£D)

Q

Q

Q

Q Q

N

[:0] RED®2(R) gy[j+-2,0] () ‘ [j+1;1](RE2)@2(R) ’ ;2] B @ ;0] @ (E-2)

Q Q Q

Q Q o

j j+2;1)(RED
[j£1;0](F£D) B-;l](R];ES)@S(R:H)

[j£1;2)(B£D)
[j=£1;0](B+D®2(R-1)@(R-3)

Q|

Q Q

< a Q

[Jil;l](Riz)eBz(R) [j;z](RiZ)ﬂ)Q(R)

[ji2;2](R)\EB[jiZ;o]TR)e(R—z)

[j;0] () ©2(R=2)@(R—4)

11 (R&(R-2)

Q
N

Q Q

AN

z [j41;0](B+D&2(R-1)&(R-3)

[+2;1)(R-D
[j;1] (B DS2(R-D&(R=-3)

Q|

Q Q

Q

2P alj0)®eE-2 | 1] P62

Q|
Q

[j;l](R—l)
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[j§O]A

(R;r)

JA=R+ir, r>j+2

-

[] +1; O](Ril)

7—T

Q

[j £2;0)®
[f: 0}(1&2)@2(3)

Q Q

Q Q

N

[j; 1)F

@\ /Q

[j +1; 1](R)EB(R—2)

/

S 9. 11(R=1)
[j £ 1;0](RED [j +2;1]

a NS

[j; 0]

[j; 1}(R+1)®2(R71)€B(R73)

Q

N

[j; 0](F=2)

o

N~/

Q Q

[] +1; O}(Rfl)GB(RfS)

o] Q

[j +1; 1](R)69(R72)

[j +2; 02

lj; O](R)GBZ(R—Q)EB(R—4)

Q

./ S

[j; 1] [j = 1; 0] (- DE09)

5\ /Q

[j; 0](#=2)

— 67 —



AeAg il A=24 R+ (j+7)  r=G—]

Q @\
[i+1;7](F£D [sd+1)(R=D
[i—1;3)=D [isd—1) =D
Q Q Q Q
~ 7 \
oo 417 1](RE2)@2(R) -
[i+2:7) it - = A (Re(R-2) [7:7+2)(R)
(M S(R—1) {+1g-1eli-15+11} (B (R—2)
[7:4] [j—l;;fl](R”) [7:4]
Q N Q Q @ 3
X X
[+2;5+1)(FED [+1;5+2)(FED
[j+2;7—1]FE-D [j+1;7](BFD®2(R-1)B(R-3)
[j;7+1](FHDO2AR-DO(E=3) l—1j+2)80
[ -1 F-DBE=3) [i—1;j] - DBE=3)
Q

Ql

¢ . - ~

By
[i+2;7+2) ()
[+ 15+ eE=2) [i+27] O FE=2) [j+157+1] ROE=2)
[+15-1]E=2) [j;j+2)(Be(R-2) [—1;74+1])F=2)
[:7](@2R-2&(R-1)
Q — Q
9 Q Q
[i+1;5+2)F~ 1 [i+27+1] Y
[i41;7](R-D&(R-3) [+ 1] (R-D&(R-3)

Q|
Q

U+15+1) -2

In the preceding table £ = £ = 1if j,7 > 1, while / = 2if j =0 and ¢ = 2 if j = 0. In
the latter two cases, we must delete all operators of the form [j — 1;...] and [...;j — 1],

respectively.
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AeB 00, A=R+Lr, r=j+2
¢ a
[j + 1;0]F%)
[j —1;0]7Y
Q o) Q o
7 +2; O](Rj j+ 1‘; 1](R)€B(’R72) \ (R—2)
[j; 0] RI&(F=2) [ — 1:1)B-2) ;0]
Q Q Q o) Q
; < [ +2; 1] [j + 1; 0] B-DS(E=3)
[j + 1; 0B
- [j; 1) (F-1OE=3) j — 1;0) B3
Q\ Q Q . ) Q
; (R/—2) [j +2;0] A2
[7+1;1] lj; 0}(}%—2)@(3_4)
Q
Q
N/
[j +1;0/(F9)

In the preceding table ¢ = 1if j > 1. If j = 0, then ¢ = 2 and we drop all operators [j —

;-]
B1B: 0:08", A=R
o —
yd Q\
[17 0](R*1) [0’ 1](R71)
£ N\ yd \
0; 02 [1;1)¢2) 10; 0](A-2
v N/
0; 1)(=9) [1;0) (=3
Q Q
AN yd
[0. 0](R74)
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47 d=5,N=1

The unitary superconformal multiplets are summarized in table 22. We present their
operator content for generic values of their non-vanishing sp(4) Lorentz Dynkin labels j1, jo
and su(2)r Dynkin label R. We condense the notation by declaring that + offsets for the
Lorentz and the R-symmetry are independent. However, the offsets for the two Lorentz

](Ril)

Dynkin labels j1, jo are correlated. This means that [j; +1, jo denotes four operators,

while [j1 £ 1, j2 F 1] only denotes two operators, [j1 + 1, jo — 1] and [j1 — 1, jo + 1].

L ||n5%, A>ji+i+3R+4

Q: |l £1,72) FEY | [j1 £ 1,50 F 1]EED

o U £2,5) 5 [ £ 2,0 7 1)FEIED () 9, o))
Q- 1, jo & 1] FE2S2AR) [ 12(RE2)SA(R)
g, |rEBRT D i £3, 50 F AU [ £ 1, £ 1Y
[ = 1, jo] FEDSAEED [y 1,y p 1) FEISAFED [y 4 1,y o 2] (D

ln £ 4, o 7 2] | [jy £ 2, o] BEDOAR) [ 4o i o 2(RE@AR)
Q: |1 2,52 F 2] TRy gy £ 2B [y, jp £ 1PEEDENR)

[jl’jz](Ri4)@4(Ri2)@8(R)
o5 £ 3,2 F YUY [y 3,50 F 2D [ £ 1, jp 1] Y

[ = 1, o) FEIPAIEN [y 1, gy 1) ISR [y 41, g o 9) (D
0f £ 2,32] ) 1 2,50 F YR (5 12, 5 2]

(1, o £ 1 FE2IE2D [,y RIS

Q" |l £ 1,52 FEY | [y £ 1,50 F 1)BEY

Q%: |1, g2 P

Ay [J'hjﬂ(AR), A=ji+j+3R+4

Q: |1+ 1,5 FEY | [ 4+ 1,50 — YEED | [ — 1, 5o] BD | [y — 1, g 4 1](BED

U+ 2,52) 5 [j1 + 2, 2 — 1](BEDS2AB) 115 49 4, — 9)(R)

Q2 . [j17j2 + 1](Ri2)@2(R) 7 [jlij](R+2)€B3(R)®2(R72) (R)®(R-2)

) Ul)jQ - 1]

1 — 2,2 + 2B, [ — 2, jo + 1]OHE=2)
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J1+3,752 — ](Rﬂ) , [ +3, 42— 2](Rﬂ) , i+ 1,52+ 1](Ri1)

[j
(R+
&, 1 + 1, jo] REISSRADSAR) [ 4 jy _ 2REDSB(R-)S(R-3)
R— . .
[]1 +1 ]2 B 2]( 1) 7 []1 o 1,]2 + 2](R:|:1) 7 []1 N 1,j2 + 1]2(R+1)@3(R71)G§(R73)
B (R+1 - -
[j1 — 1,7 ] +1)@P2(R-1)@(R 3)’ [j1 — 3, 2 +2](R—1)
[]1 +4 ]2 N 2]( ) ’ []1 + 2’j2](R12)®2(R) 7 []1 + 2,j2 o 1](R+2)@3(R)EB2(R72)
R)®(R— .
0" 1 + 2, g2 — 2] FEE2) Gy gy 2] [y, g 4 1) FHRIOMSAR=2)
(R+2)®4(R)®3(R—2)®(R— .
1, Jel (RSB | (1, ja — 1JFEC=2) [ — 2, jp 4 2] FISR=2)
i1 — 2,72 + 1]OE2)
5 1 + 3,52 — EED | [y 43,50 — 2] BD | [y + 1,5 + 1)(FED
Q|+ 1, o PUFDESENEMS) Ty 4oy — 1)(FFDEAEDEME)
1 (R—-1) [, . _
1 — 1,72+ 2] , [t — 1, g+ BADPAR-DOER=S) [ 15 g, (R-1)
6 .
: W(R) [ . _
Q 1+ 2, 52) B, [ + 2, 4o — 1)BSE=2) 15 gy 4 1]BISER=D) 15, G, [(RIS(R=2)
Q" |1 +1,79) B Y
A2 [Ova]X%)v A:]2+%R+4
Q : [17j2](Ri1) 3 [17j2 - 1](Ri1)
0?2 . (2, 5o] ), (2,2 — 1)FERIS2E) 2y — 9)(F)
[0, jo + 1] FEEDSER) [, | (REDSAR) g 5y — 1)(RIO(R=2)
Q3 : [35j2 - 1](Ri1) ) [35j2 - 2}(Ri1) ) [1)j2 + 1](Ri1)
1 i, (RE3)®3(RED) . -
[ 532] ) [17]2 - 1]2(R+1)®3(R D@(E-3) ) [17j2 - 2](R_1)
Q4 . [4aj2 - 2](R) ) [27j2](Ri2)®2(R) ) [27j2 - 1](R+2)@3(R)®2(R_2) ) [27j2 - 2](R)®(R_2)
. (R) . .
[O;]Z +2] , [0’]2+ 1}(1{:‘:2)@2(1{) , [07‘72](R‘FQ)@?)(R)@Q(R*Q)@(R*‘D , [O,jQ _ 1](3)@(1%72)
o [3, 2 — 1JFED (3, 5y — 2]F7D (1, iy 4 1] (=D
[1, jo2RFDESR-DS(R=3) 1 4, _ 1](RHDSAR-D&(R-3)
6. (R -
Q% [12,52) ", (2,50 — FEE2) 0, jp 4 1) FISE=2) g ] (HISEH2)
Q" |[1, 5] Y

71—




A
4
[0,0]%
(R
A
Q: —
[170](R:|:1) 4
Q*:
2,0]%) |
Q3 . , : 1](Ri
: | |
[1,1)(R=D -
Q4 i ’ [1 | ’0](Ri
: L0 2)
[2, 0](F% — )
’ 2)®(R) =
|1, )Y -
Q° ;1 —
: . | |
[2,0](R) }(Ril)@(R—g) = :
7 ’ 0 ) b)
Q' [al](R)@(R* O](R+2)®2(
B 1, 0]#-D 2. [0 B
0, 5o & |
, A=
Q: [[1,] —
, jo] (FED -
| , (1,7
Q : [27j2](R [ — 1](R71)
[07 ‘ ) 27.] -
0% [3,J :
. ’ | 0 .
— 1](R_ [ 7]2](R)®
= : : (R—2) [
_1(R= o =
Q4 - s 4 1](R=D) ja — 1]#=2)
: [0’32]<R>@<R—2> -
: & (R—1)@®
Q% || 1](R>@(R—2),J2 o :
L
o+ 1 , [0, 7o) F o
QG: [0 ](R—l), [1 9] )69(1‘%—2)@(3%Jr 2](R)
o + 1] (B | jo] DO 4)
B, 2) _3)
0,0/
- , A=3R+
[1, )= |
Q*:
[2,0](%) |
Q3 . [0 1](r:|:
N | 2
[1,1)(R£D =
. ’ ,O(R)
[ ’O}(R+1)€B2(R ] =
-1
)B(R—-3)

79 -




[2,0]B®E=2) " 1p, 2](F)

4.
Q" : 0, 1](R)®(R72) . [0, 0](R)®(Rf2)@(Rf4)

Q¢ |[LyHY, 1,0 DeES

Q% |[0,1] 2

Ci| 0,08, a=3r

Q: |[1,0/FD

Q*: [0, [0,0/"""

Q*: |[1,0F?

Q*: |[0,0]F

4.8 d=6,N =(1,0)

The unitary superconformal multiplets are summarized in table 23. We present their oper-
ator content for generic values of their non-vanishing su(4) Lorentz Dynkin labels j1, j2, js
and su(2)r Dynkin label R. We condense the notation by declaring that + offsets for the
Lorentz and the R-symmetry are independent. However, the offsets for the Lorentz Dynkin
labels ji, j2, j3 are correlated. Therefore [ji, jo £ 1,j3](Ri2)

[71£1,j2F 1, js£1] only denotes two operators, [j1+1, jo—1, js+1] and [j1—1, jo+1, js—1].

denotes four operators, while
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5 Conserved currents in superconformal field theories

In this section we present a complete classification of all unitary superconformal multi-
plets J whose decomposition into CPs includes short representations of the conformal
algebra so(d, 2), i.e. conserved currents or free fields. We will refer to J as a superconfor-
mal current multiplet. We also explore some physical implications of this classification. In
particular, we rule out SCF'Ts with Ng > 16 supercharges in d > 4. By contrast, we show
that such theories exist when d = 3, but are necessarily free.

5.1 Examples and applications of superconformal current multiplets

In this subsection we will explore some prototypical examples of superconformal current
multiplets — those containing flavor currents j, and their superpartners, as well as those
containing the stress tensor 7}, and its superpartners — and some of their consequences
for SCFTs. As we will see below, j, and T}, are annihilated by all Q-supercharges, up to
certain total-derivative terms (i.e. CDs). In the terminology of [11], this makes them top
components of their respective superconformal multiplets. Recall also that some multiplets
admit several distinct top components, which may reside at different levels.
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Identifying top components played a crucial role in [11], because they give rise to
supersymmetric deformations of SCFTs. As was explained there (see especially section 2.2
of [11]), one can distinguish between two kinds of top components:

1.) Manifest top components are forced to map into CDs by the @Q-supercharges, because
of selection rules on their quantum numbers.

2.) Accidental top components are mapped into CDs by the @-supercharges, even though
selection rules do not prohibit them from mapping into CPs.

The main result of [11] was a classification of all manifest Lorentz-scalar top components.
We do not know examples of accidental Lorentz-scalar top components.

However, there are accidental top components that are not Lorentz scalars. An example
that we will encounter below is the flavor current [2] go,o,o) that resides at level two of the

d = 3, N = 6 stress tensor multiplet tabulated in (5.66). Even though this operator is not
(17070)

prohibited from mapping to the supersymmetry current [3]3 at level three by quantum

numbers, it in fact does not, i.e. it only maps to CDs. Wflile accidental top components
appear to be rare, highly sporadic phenomena, the fact that they occur complicates some
of our arguments. We do not know of examples in d > 4, but we have not systematically
ruled them out either.

5.1.1 Flavor current multiplets

We will call a continuous global symmetry a flavor symmetry if its generator F commutes
with all superconformal generators. The flavor charge F' is then a Lorentz scalar of scaling
dimension Ar = 0, which commutes with all ()-supercharges and R-symmetries. Such
a charge should arise by integrating an R-neutral, conserved flavor current j, of dimen-
sion Aj, = d — 1 over a spatial slice

F = /dd_lm §°. (5.1)
The fact that [@Q, F] = 0 implies that
[Q, j.) = (total derivatives) , (5.2)

where the total derivative terms should be consistent with current conservation and vanish
when integrated over a spatial slice. In particular, the right-hand side of (5.2) cannot
contain any CPs. As was reviewed at the beginning of section 5.1, this means that j,
is a top component of its superconformal multiplet. We will refer to any superconformal
multiplet J that contains j,, and satisfies (5.2) as a flavor current multiplet.

Importantly, not all conserved spin-1 currents are flavor currents, because the corre-
sponding global charges may not commute with all superconformal generators. For in-
stance, R-currents j,SR) are not flavor currents, since the Q)-supersymmetries transform in
a representation of the R-symmetry, i.e. [@Q, R] ~ Q. It follows that R-currents reside in

the same multiplet as the supersymmetry currents and the stress tensor (see section 5.1.2
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below). If a spin-1 current is neither a flavor current nor an R-current, then the commuta-
tor of () with the corresponding global charge gives rise to new fermionic generators that
extend the superconformal algebra. For instance, this can happen in free theories, where
the superconformal algebra is enhanced to a higher-spin superalgebra.

5.1.2 Stress tensor multiplets

In an SCFT, the superconformal generators should themselves arise from local currents,
whose quantum numbers are determined by those of the corresponding charges:

e The conformal generators P, D, K, are integrals of a conserved, traceless stress
tensor 7}, of dimension A, = d, which must be R-neutral.

e The Q- and S-supercharges are integrals of a conserved, traceless supersymmetry cur-
rent S, of dimension Ag,, =d— % It carries the same R-symmetry representation
as the @)-supercharges.

e Possible R-symmetry generators arise from a conserved R-current j,SR) of dimension

Aj( r) = d—1, which must transform in the adjoint representation of the R-symmetry.
i

All of these currents must, in fact, reside in the same superconformal multiplet:

e The Poincaré SUSY algebra {Q,Q} ~ P, implies that
{Q, Sua} ~ Ty + (total derivatives) . (5.3)

As in the discussion around (5.2), the total derivative terms on the right-hand side
should be consistent with current conservation and vanish when integrated over a
spatial slice. It follows from (5.3) that S, and 7}, must reside in the same multiplet.

e The fact that the @Q-supercharges carry R-charge means that [@Q, R] ~ @, so that
[Q:jﬁR)] ~ Sja + (total derivatives) . (5.4)

As in (5.3), the total derivative terms must not contaminate the integrated charge
algebra. We conclude that jfLR) and S, reside in the same multiplet.

e Since [Q, P,] = 0, it follows that
(@, T, = (total derivatives) , (5.5)

so that 7T}, is a top component of its superconformal multiplet (see the beginning of

section of section 5.1).
We will refer to any superconformal multiplet 7 that contains operators j,SR),SMa,TMV

satisfying the relations (5.3), (5.4), and (5.5) as a stress-tensor multiplet.??

22Note that jfLR) is absent when d = 3, A/ = 1, since these theories do not have a continuous R-symmetry.
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5.1.3 Multiplets containing extra supersymmetry currents

It is sometimes convenient to view a theory with N -supersymmetry as a special case of a
theory with less supersymmetry N' < N (see also section 6). In this case the Q-supercharges
of N-supersymmetry decompose as

Q - Qaq'. (5.6)

Here @ denotes the N -supercharges, while the @’ are additional supercharges that en-
hance N to N. Similarly, the R-symmetry algebra decomposes as

R — RS TS Roftding, - (5.7)

Here R is the ﬁ-subalgebra corresponding to N , while § is its commutant inside $R. The
remaining off-diagonal generators Rofdiag. of R are charged under both R and 5. The @—
supercharges in (5.6) are charged under D?i, but not under §. Hence § is a flavor symmetry
from the point of view of N -supersymmetry. The quantum numbers of the Q’-supercharges
under R and § depend on the spacetime dimension d and the precise values of N and N.

It is instructive to consider how a stress tensor multiplet 7 of the larger N-
supersymmetry decomposes under the N -subalgebra. Such a decomposition may include
a variety of multiplets, some of which need not contain any conserved currents. However,
it must certainly include the following current multiplets of N -supersymmetry:

e A single stress tensor multiplet 7 that contains 1), as well as the N -supersymmetry
currents gua and the R-currents jLR).

e The currents that give rise to the flavor generators § must reside in flavor current
multiplets of A/-supersymmetry.

e The supersymmetry currents S, that give rise to the additional @'-supercharges
must reside in a new type of superconformal current multiplet. It does not contain
a stress tensor, because T}, is already embed/c\led in 7. Therefore S;La is a top
component of its multiplet with respect to the Q)-supercharges,

{Q, ).} = (total derivatives) . (5.8)
Moreover, the off-diagonal R-currents j&og‘diag') must reside in the same multiplet,

since they give rise to the R-symmetry generators Rofdiag., Which mix @ and Q.
Explicitly,
[Qaj;(fﬁ_diag')] ~ 8}, + (total derivatives) . (5.9)

We will refer to any multiplet with these properties as an extra SUSY-current mul-
tiplet.

5.1.4 Constraints on maximal supersymmetry

It is standard lore that non-gravitational quantum field theories admit at most Ng = 16
@-supercharges. In d > 4 dimensions, this is typically argued to follow from the structure
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of massless one-particle representations of the Poincaré supersymmetry algebra (see for
instance [35, 36]). If Ng > 16, these necessarily include particles of helicity h > 1,%3 which
violate the bound h < 1 that follows from the existence of a well-defined stress tensor 7}, in
quantum field theory [37]. (Importantly, this argument breaks down in d = 3, because the
massless little group is discrete and there is no notion of helicity, see below.) Since these
arguments rely on the notion of one-particle states, they do not apply to strongly-coupled
SCFTs.2* We would therefore like to understand whether such theories can support Ng >
16 supercharges. Note that this question does not arise in d = 5, where there is a unique
superconformal algebra (corresponding to N' = 1, see (1.4)) with Ny = 8 supercharges.

We will show that the superconformal algebras that can arise in quantum field theory
are strongly constrained by the requirement that all generators arise from currents resid-
ing in a suitable stress tensor multiplet (see section 5.1.2).25 In particular, we show that
superconformal algebras with Ng > 16 in d = 4,6 do not admit a stress tensor multiplet,
confirming the standard lore. We start with d = 4, where the argument is simplest. As an
aside, we show that the central extension su(2,2[4) of the standard N' = 4 superconformal
algebra psu(2,2|4) by u(1) also does not admit a stress tensor multiplet, and hence cannot
be realized in SCFTs. In d = 6 the argument against Ng > 16 is complicated by the possi-
bility of accidental top components. In d = 3, the situation is richer: SCFTs with Ng > 16
exist, but they are necessarily free field theories.

d = 4: In order to rule out SCFTs with N' > 5, it suffices to show that N = 4 theories do
not admit an extra SUSY-current multiplet, since such a multiplet would necessarily
arise by decomposing the stress tensor multiplet of N-supersymmetry into N =14
submultiplets (see section 5.1.3). If we decompose the N -supercharges @ as in (5.6),
we obtain the N = 4 supercharges @ in the (1,0,0) representation of the su(4)g-
symmetry, and additional supercharges @' that are su(4)p singlets. Therefore, they
should arise from extra SUSY-currents S, with quantum numbers [2; 1](7(}’20 ’O), which
reside in an N = 4 multiplet. All N =4 multiplets that contain conserved currents
are explicitly tabulated in section 5.5.4 below. It is straightforward to check that
none of them contains an operator with the quantum numbers of S, .

As an aside, note that all known N/ = 4 SCFTs realize the algebra psu(2,2[4) in (1.4).
This algebra admits a central extension by u(l), with generator Z, to su(2,2|4).
Since Z commutes with all spacetime and R-symmetries, it is a u(1) flavor symme-
try, which should arise from a current j, with quantum numbers [1; 1]&0’0’0). The
fact that j, itself commutes with Z implies that it must reside in a flavor current
multiplet (see section 5.1.1) of the ordinary N = 4 algebra psu(2,2|4). However,
such a multiplet does not exist. To see this, note that the only candidate N =4

multiplets in section 5.5.4 that could contain j, are BB, [O;O]gl’o’l) in (5.105) and

2In d > 4, the massless little group is SO(d — 2). Hence there is more than one helicity label if d > 6.

24For example, it was recently argued that there are strongly-coupled N' = 3 SCFTs in d = 4 that do not
enhance to N' = 4 [38-40], even though this is the case for the corresponding one-particle representations.

25This is similar to [41], where general restrictions on extended Poincaré supersymmetry algebras were
derived from the structure of consistent stress tensor multiplets.
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the Konishi multiplet AQAQ [0;0]5 (0.00) 4

be an accidental top component of these multiplets. It can be checked explicitly that
27

in (5.106).%° However, this would require j, to

this is not the case.

The fact that &' = 4 SCFTs do not admit flavor current multiplets also provides an
alternative argument that SCFTs with A/ > 5 do not exist: the latter would have R-
symmetry su(N) @ u(1) and would therefore necessarily give rise to a rank-(N — 3)
flavor symmetry of the N=4 theory.

d = 6: In order to rule out (NV,0) SCFTs with ' > 3, it suffices to consider N' = 3. We will
present two arguments that such theories do not admit a stress tensor multiplet (see
section 5.1.2).

The first argument is based on decomposing with respect to an N =2 subalgebra.
Then the N' = 3 R-symmetry decomposes as

sp(6)r — sp(4) ©sp(2)F - (5.11)

Here sp(4)p is the R-symmetry of the N = 2 subalgebra, while sp(2)p is a flavor
symmetry that commutes with all N =2 supercharges Q However, there is no N=2
flavor current multiplet that could give rise to this flavor symmetry. To see this, note
that the only candidate N =2 multiplets that contain an operator with the quantum
numbers [0, 1, 0]&0’0) of a flavor current are Di[0,0, 0]512’0) in (5.134) and C}[1,0, 0]&1/’20)
in (5.136).2® Moreover, the candidate flavor current would have to be an accidental

top component of these multiplets, but it can be shown that this is not the case.?”

%6The SCP of the multiplet A3 A;[1; 1] in (5.106) also has the quantum numbers of j,, but it cannot
be a flavor current, because it is manifestly not a top component of its multiplet.

27 Alternatively, both candidate flavor current multiplets can be realized as bilinears of two free, abelian
vector multiplets (5.103), whose SCPs X*, Y (a = 1,...,6) have quantum numbers [0; 0] (10’1’0). Explicitly,

B1B1[0; 0% ~ xley® - A, A,[0; 010 ZX xe (5.10)

If these multiplets actually contained flavor currents, the abelian gauge fields F;Ef,(%F;E,}:) descended
from X*Y® would be charged under the corresponding flavor symmetries, in contradiction with [37].
2The SCP of B0, 1,0];0’0) in (5.138) also has the quantum numbers of a flavor current, but it is
manifestly not a top component of its multiplet.
2This can be argued by adapting the argument in footnote 27 to the present case. Both candidate
flavor current multiplets can be realized as bilinears of two free N = 2 tensor multiplets (5.130), whose
SCPs X*)Y* (a =1,...,5) have quantum numbers [0, 0, 0]&0’1). Explicitly,

D1[0,0,015% ~ xley® - &i1,0,018" NZX Vo)t G (5.12)
2

Here 5" = [1,0, O]<1 ) is the level-one descendant of X, and the (v ) . are 50(5) 5 gamma matrices. If the

5/2
multiplets in (5.12) actually contained flavor currents, the self-dual three-form field strengths H ,ng+, H ,9,,/;+

descended from X* Y* would be charged under the corresponding flavor symmetries. This is ruled out by
a straightforward extenswn of [37] to d = 6: a flavor current Ju can only give charge to massless particles
with SO(4) little-group helicities (h, k) (h, h € 1Z>0) if h+ h < 1. In this notation, a self-dual three-form
field strength creates a massless one-particle state with helicities (1,0), which violate the bound.
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The second argument against N = 3 SCFTs involves showing more directly that
the only candidate stress tensor multiplet does not in fact obey all the properties
stipulated in section 5.1.2. By applying the discussion around (5.118) and the results
in appendix B.3 to the case N' = 3, it can be shown that the only N' = 3 mu(lg—

plet 7 that contains operators with the quantum numbers of the R-currents j, ’,
supersymmetry currents S,q, and stress tensor 1), is given by

T = Dy[0,0,0/"*% . (5.13)

The SCP T is a Lorentz scalar in the (0, 2,0) representation of the sp(6) r-symmetry.

We claim that 7 is not a viable stress tensor multiplet, because the candidate stress
tensor 7),,,, which resides at level £ =4 (i.e. T}, ~ Q*T), is not a top component. To
see this, we decompose with respect to an A/ = 1 subalgebra, so that

sp(6)r — sp(2) O sp(4)r. (5.14)

Here 5p(2) g is the R—symmetry of the N’ = 1 subalgebra while sp(4) p is a flavor sym-
metry that commutes with all N=1 supercharges Q We write the correspondmg
decomposition of R-symmetry representations as (Ry, Ra, Ro) — (R, Fy, F,), where R
and [ 2 are 5p(2)z and sp(4) g Dynkin labels, respectively. For instance, the super-
charges decompose as follows,

Q=1[1,0,0"%  — Q=100 & @ =1,0,0/"10. (5.15)

Here the @ are the N = 1 supercharges, while the @’ make up the remainder of
the N = 3 supercharges.

The decomposition of the SCP T = Dy [0,0,0], (020) at level £ = 0 gives rise to the
following N =1 multiplets; all of them are Lorentz scalars, so we only indicate
their R-symmetry and flavor quantum numbers:

T_ Dgo,z,o) . ﬁgm,o) @651;1,1) @ 651;1’0) @ §§0;0,2) @géo;o,l) o ]§§0‘0’0). (5.16)

The full ' = 3 multiplet based on 7 includes additional N=1 multiplets, whose
SCPs are Q' descendants of these operators and hence reside at higher levels. The
multiplet §§0;0’0) that appears in (5.16) is the A’ = 1 stress tensor multiplet (5.128),
which contains the candidate stress tensor T}, at level £ =4

T, ~ QB0 (5.17)

Therefore T}, is an N=1 top component, i.e. @TW is a CD, in accord with (5.5).

We will now complete the argument by showing that the action of the additional @’
supercharges on T}, gives rise to new CPs, so that (5.5) is violated. Since

QT ~ Q' (B, (5.18)
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it suffices to consider the A" = 1 multiplet with SCP (see section 2.4.1)

—~

0;1,0)

QB0 = By1,0,0) : (5.19)

N|©

By examining the operator content of this multiplet,3’

we find that it has a non-
g?,j/léo) at level £ = 4, and hence the

right-hand side of (5.18) is not a total derivative. In other words, T}, is not a top

vanishing CP with quantum numbers [1,2, 0]

component with respect to the @' supercharges, and hence it is not a viable N’ = 3
stress tensor.

: Free, massless one-particle representations in d = 3 are not characterized by a helic-

ity quantum number; the little group is Zy and only distinguishes massless bosons
and fermions. Consequently, the standard free-particle argument against field theo-
ries with Ng > 16 supercharges reviewed at the beginning of section 5.1.4 does not
apply. In fact, it is straightforward to construct free SCFTs with any amount N of
supersymmetry: let ¢* and ¢¢, be a Lorentz scalar and a spin—% fermion, where 7 is a
spinor index of the s0(N')g-symmetry. Then the following supersymmetry transfor-
mations close on the free equations of motion ¢! = 98 w% =0,

Qi = () W, Qi = (v") ;0asd’ . (5.20)

Here a = 1,...,N is an so(N)g vector index and the (’y“)ij are s0(N)p gamma
matrices, while 0,3 = 'yg Ba“ is a standard spacetime derivative in bispinor notation

of the su(2) Lorentz algebra.

We will now show that all A/ > 9 SCFTs are necessarily free. It suffices to consider
the case N' = 9. By applying the general constraints around (5.39) and the results
in appendix B.1 to the case N' =9, it can be shown that the only candidate N' =9
stress tensor multiplet consistent with the requirements of section 5.1.2 is given by

0,0,0,2 Q (0,0,0,2)®(0,0,1,0) | @ 0,0,0,2 0,0,1,0)2(0,1,0,0
B, [0]{" 00 [1]; 0] @ 20+ O2OLO0

3
2

Q
0,1,0,0)8(1,0,0,0) | @ Q 0,0,0,0
[3](g )D( ) [4]§o,o,o,o)@(1,o,0,0) [5](% )
(5.21)
The operators [2]50’1’0’0), (3] él/,20,0,0)7 and [4] :())0’0’0’0) have the quantum numbers of the R-

currents leR) in the adjoint of s0(9)g, the supersymmetry currents S, in the vector

representation of so(9)g, and the R-symmetry neutral stress tensor 7),,. Moreover,

39This can be obtained by applying the full algorithm described in section 3.4. In this case, the result can
also be obtained more quickly by specializing the quantum numbers of the generic Bo-multiplet tabulated
in section 4.8 and applying the Racah-Speiser cancellation procedure described in section 3.4.

— 85 —



R-symmetry selection rules ensure that the action of the Q-supercharges on these
operators is consistent with (5.3), (5.4), and (5.5). This shows that (5.21) is in
fact a stress tensor multiplet. However, the multiplet also contains other operators
with the same Lorentz quantum numbers as j,SR), Sua, Ty, but different R-symmetry
representations. The action of the supercharges on these operators terminates on a

higher-spin current [5] (10,0,0,0)‘ According to the results of [42], the presence of such
2

a current requires that a quantum field theory be (locally) free. In terms of the free
field multiplet (5.20), the SCP [0] 50,0,0,2) of the stress tensor multiplet in (5.21) is a
suitable R-symmetry projection of the symmetric bilinear ¢(i¢?).

5.2 Short multiplets of the conformal algebra

The basic structure of short, unitary so(d, 2) multiplets was reviewed in section 1.1. We will
now discuss some of their properties in more detail (see also [2, 4] and references therein).
Consider a conformal multiplet with CP

C=[La. (5.22)

Unitarity requires the norms of all level-one CDs P,,C to be non-negative. We can decom-

pose these descendants into irreducible Lorentz representations L/,

Lye ® L=@DL'  (finite sum), (5.23)
L/

where Lyec. is the vector representation of so(d) carried by P,. Up to a positive factor
(indicated by ~ below), the norms of level-one CDs in the L’ representation are given by

1Bl P~ A+ %(CZ(L') —er(Luee) — (L) (5.24)

Here c2(L) is the quadratic Casimir invariant of L, normalized so that the d-dimensional
vector representation Lyec. has ca(Lyec,) = d — 1. Clearly the states with the smallest norm
have the smallest value of co(L’), and hence they lead to the strongest unitarity bound,

A > A* = % <CQ(L) +d—1-— H}/l/n CQ(LI)> . (525)
In this formula L’ is the unique Lorentz representation on the right-hand side of (5.23)
that minimizes c2(L’). When the bound (5.25) is saturated, we obtain a short conformal
multiplet of dimension A = A, , with a primary null representation [L'|a,+1 at level one.
Therefore, some contraction of a spacetime derivative with the CP C vanishes (see below
for examples).

As long as the Lorentz representation L is non-trivial, the condition in (5.25) is both
necessary and sufficient for unitarity, i.e. no independent unitarity bounds arise at higher
levels. The only exception occurs when C is a Lorentz scalar, in which case (5.25) reduces
to A > 0. This bound is saturated by the unit operator, which is annihilated by all P,.
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If A > 0, there is a second independent unitarity constraint,

d—2
>~

A= :
2

(5.26)

which arises by demanding that the level-two descendant [IC = 9#9,,C have positive norm.
Hence the bound in (5.26) is saturated if and only if C is a free scalar annihilated by OI.

We have encountered two kinds of short conformal multiplets C: those with non-
trivial L, which carry spin and vanish when contracted with a single spacetime derivative,
and free Lorentz scalars, which are annihilated by U = 9#0,,. For some short multiplets
with spin, the level-one primary null state also gives rise to a level-two descendant null state
of the form [JC = 0. Such multiplets describe conformal free fields with spin, e.g. free Dirac
fermions, which exist in any dimension d. In general, we will refer to any short conformal
multiplet (with or without spin) that is annihilated by O as a free field, because it creates
a normalizable single-particle state when acting on the standard Minkowski vacuum.?' All
other short so(d, 2) multiplets are annihilated by a first-order differential operator and will
be referred to as (generalized) conserved currents.

A simple class of conserved currents, which exists in every dimension d, is furnished
by symmetric traceless Lorentz tensors of rank s € Z>1,

Ty ope = 1{ traces) . (5.27)

Bips) T (

In this case the unitarity bound (5.25) takes the simple form
A>d+s—2. (5.28)

If this bound is saturated, the resulting level-one null state leads to the following conser-
vation equation,
M Ty s =0. (5.29)

The special cases s = 1 and s = 2 correspond to a conserved flavor current with A =d—1
and a conserved, symmetric, traceless stress tensor with A = d, respectively. In d > 3
dimensions, conserved higher-spin currents with s > 3 are only believed to exist in CFTs
that contain a locally free, decoupled subsector [42, 44].

In order to define a notion of spin for operators in more general Lorentz representations,
we employ an orthogonal basis where the half-integral so(d) weights h; (i = 1,...,r)
are eigenvalues under rotations in r mutually orthogonal planes, which define a Cartan
subalgebra (see appendix A for more detail). A highest weight always satisfies

hy > hy > o> [he| >0, (5.30)

so that h; is the largest eigevalue that can arise for any rotation. For instance, the symmet-
ric, traceless rank-s tensors described around (5.27) have highest weights hy = s, h;>2 = 0.

3L A detailed discussion of which short conformal multiplets are actually free fields annihilated by O can
be found in [43] and section 2.6 of [4].
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More generally, we will refer to the h; highest weight of any Lorentz representation as
its spin. In d > 4, there are increasingly complicated patterns of higher-spin conserved
currents with h; > 2, which are currently not well understood. By contrast, higher-spin
free fields with h; > 1 are ruled out by the existence of a well-defined stress tensor [37].

Another useful property of the A spin is that it simplifies the expression for the scaling
dimension A = A, of a short conformal multiplet that saturates the unitarity bound (5.25).
For a sufficiently generic Lorentz representation L,

Ay =hi(L)+d—-2 (L generic) . (5.31)

If L is not generic, then the offset on the right-hand side of (5.31) may be smaller than d—2.
However, the right-hand side of (5.31) always constitutes an upper bound,

Ay, <hi(L)+d—-2 (any L). (5.32)

This bound will play an important role below.

5.3 Identifying superconformal current multiplets

We will now describe how to identify unitary superconformal multiplets M that contain
short representations of the conformal algebra, i.e. conserved currents or free fields J. We
will loosely refer to such M as superconformal current multiplets. Since M necessarily
contains the so(d,2) null states associated with J, it must be a short superconformal
multiplet. Often, the SCP V of M is not a conserved current or free field, and J resides at
some positive level £ € Z inside M, so that J ~ QY. Therefore, their scaling dimensions

are related as follows,

¢
A=Ay 3. (5.33)

As explained in the previous subsection, the scaling dimension of J satisfies the

bound (5.32), so that

Ayghl(j)—l—d—Q—g. (5.34)

Since the multiplet M is labled by the quantum numbers of V), it is desirable to
turn (5.34) into a bound that only involves those quantum numbers. This can be done,
because the orthogonal highest weight h; is subadditive under tensor products (see ap-
pendix A): given two irreducible so(d) representations L, L and a third irreducible rep-
resentation L in their tensor product, L € L1 ® Lo, it follows that

hi(L) < hi(L1) + ha(L2) . (5.35)

Since the current J ~ Q%V resides at level /¢, its Lorentz representation must occur in
an f-fold tensor product of @-supercharges with the SCP V. Since the supercharges are

32Gee section 2 of [4] for a general discussion that applies in any spacetime dimension d. A detailed
summary of the cases 3 < d < 6 appears below.
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Primary | Unitarity Bound | Null State | Comments
Gla, i=2|A>3j+1 U —2]an -

1] A>1 [1]a+1 free field
[0]a A>1 [0]at2 free field
[0]a A=0 2]a+1 unit operator

Table 25. Unitary representations of the conformal algebra in d = 3.

fundamental spinors with hi(Q) = %, applying (5.35) leads to

hi(J) < hi(V) + é . (5.36)

Substituting into (5.34) then leads to the bound
Ay < (V) +d—2. (5.37)

Note that this bound only involves the quantum numbers of V; the level £ at which the
current resides has dropped out. These properties make (5.37) a very effective necessary
condition that can be used to identify a list of candidate superconformal current multi-
plets M that could conceivably contain a conserved current or free field.

The remainder of this section is ordered according to increasing spacetime dimension
d. For each value 3 < d < 6, we spell out the structure of short so(d,2) multiplets
that were summarized more generally in section 5.2. In particular, we explicitly translate
from so(d) orthogonal weights h; to Dynkin labels, which are used throughout the rest of the
paper. For each value of N with Ng < 16 (see section 5.1.4), we use the criterion (5.37) to
generate a list of candidate superconformal current multiplets. We then apply the algorithm
described in section 3.4 to deduce the operator content of these candidate multiplets and
determine whether a conserved current or free field is actually present.

5.4 Superconformal Current Multiplets: d = 3

In this section we tabulate superconformal current multiplets in three dimensions, which
contain short representations of the conformal algebra so(3,2). The unitary representations
of this algebra are summarized in table 25 (see also page 10 of [4]), where we specify the
Lorentz quantum number of the CP, unitarity bounds on its scaling dimension, and the
quantum numbers of the primary null state that results when these bounds are saturated
(see section 2.1 for a summary of our conventions in d = 3). We also indicate whether the
CP is a free field annihilated by .

In general, we count currents or free fields modulo conservation laws or field equa-
tions. Applying this prescription to the operators in table 25, and recalling that the
dimension of the su(2) Lorentz representation [j] is j + 1, we conclude that the currents
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[J = 2];/241 always contain (j + 1) — (j — 1) = 2 independent operators. By contrast, the
free fields [1]1,[0];/2 do not contain any operator degrees of freedom.

We now apply the method described in section 5.3 to identify all superconformal current
multiplets in d = 3, i.e. multiplets that contain short conformal multiplets. To this end,
we substitute by = 35 (see (A.11) in appendix A) and d = 3 into the general bound (5.37)
that must be satisfied by the SCP V of any superconformal current multiplet,

Ay < % +1. (5.38)
We can now combine this bound with the superconformal unitarity constraints on V sum-
marized in section 2.1 to identify and analyze all candidate superconformal current multi-
plets. Below, we will do this explicitly for 1 < N < 8; as discussed in section 5.1.4, quantum
field theories with N' > 9 are necessarily free, and we will not discuss them further here.
It is straightforward to enumerate the candidate current multiplets for all values of N' > 3
(the cases N/ = 1,2 require a separate discussion), using the form of the superconformal
unitarity bounds in appendix B, which applies uniformly for general values of N:

e Aj, Ay multiplets in trivial representations of the R-symmetry.
e B; multiplets whose so(N)g Dynkin labels R; satisfy

R1+R2+-~+R%72+%(R%ffl—i-R%) <1, N even

(5.39)
R1+R2+“'+RL%J—1+%RL%J§17 N odd.

541 d=3, N =1

By comparing the bound (5.38) with the superconformal unitarity restrictions summarized
in section 2.1.1, we find the following superconformal current multiplets:

e The B;[0]p multiplet consists of the unit operator.

e Al-multiplets contain a free scalar and a free spin—% fermion,

Ay[0]1 -2 ], (5.40)

NI

e Aj-multiplets have the following operator content:

Auli =154, QG+ (5.41)

N
njw

When j = 1, the bottom component is a spin—% fermion of dimension A = %, which
does not satisfy any differential equation, and the top component is a conserved spin-1
current. Therefore A1[1]3/5 is a flavor current multiplet (see section 5.1.1). Similarly,
when j = 2 we find spin-1 and spin—% currents in an A;[2]s extra SUSY-current
multiplet (see section 5.1.3), and when j = 3 we find spin—% and spin-2 currents in
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an Ai[3]5/o stress tensor multiplet (see section 5.1.2, as well as section 2 of [45]).
All Aj-multiplets with j > 4 contain higher-spin currents. After taking into account
conservation laws, we find that all A;-multiplets have 2 + 2 bosonic and fermionic
operators.

542 d=3, N =2

Here we must compare the bound (5.38) with the consistent N' = 2 multiplets summarized
in section 2.1.2. Some chiral LB, [()](AT):T multiplets (with 3 < r < 1) and some anti-
chiral Blf[O](Ar)zir multiplets (with —1 <r < —%) satisfy the bound, even though they do
not contain any conserved currents. (The operator content of these multiplets is tabulated
in section 4.2.) All other candidate multiplets that satisfy (5.38) contain currents or free
fields:

e The BB, [O]((]O) multiplet consists of the unit operator.

e Free chiral A2B4[0] 51/22) multiplets and their conjugate anti-chiral AsB; [O]XZI{?% mul-

tiplets contain a free scalar and a free spin—% fermion:

Q

—
D=
~—

AyB1[0] [1]§‘%) (5.42)

(NI

Q

AB[0) % e (5.43)

1
2

e The AyA5[0] go) multiplet is a 4 4+ 4 flavor current multiplet (see section 5.1.1):

Ay A,[0)”) (5.44)

Q Q
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o A1 A [j](lo) multiplets have the following operator content:

11
A4 > 1Y 5.45
141)) 2 1it1 ( . )
Q Q
yd N
. (~1) . (+1)
[J"‘l]%jJr% [J"‘l]%jJr%
Q Q
N Y/
; (0)
When j = 1, the bottom component is a spin—% fermion with A = %, which does
not satisfy any differential equation. The middle and top components are conserved

. .3 (0)
spin-1 and spin-5 3/2

section 5.1.3). If 7 = 1, the bottom component is a spin-1 u(1)g-current, the middle

currents, making A;A1[1];7, an extra SUSY-current multiplet (see

components are spin—% supersymmetry currents, and the top component is a spin-2

stress tensor, making A A; [2]((20)

section 2 of [45]). All A3 A;[j] 10;“
2

After taking into account conservation laws, all of these multiplets contain 4 4 4

a stress tensor multiplet (see section 5.1.2, as well as
multiplets with 5 > 3 contain higher-spin currents.

bosonic and fermionic operators.

543 d=3, N =3

Here we can use the results around (5.39) for /' = 3 (see section 2.1.3), to conclude that

currents can only reside in A; o-multiplets with R = 0 and Bj-multiplets with R = 0,1, 2.

We now examine these multiplets in turn:

e The B [0]60) representation consists of the unit operator.

e The B4[0] 51/)2 representation is a free hypermultiplet, consisting of a free Lorentz scalar
1

and a free spin-5

5 fermion, both of which are su(2)r doublets:

[

By [O] ) || @

=Y

(5.46)

e The B[0] 52) representation is an 8 + 8 flavor current multiplet (see section 5.1.1):

B1[0]

(2)
1

Q

1] (Me(2)

3
2

Q

~ 92—

2 & [0]

(2)
2

(5.47)



e The A5[0] go) multiplet is an 8 + 8 extra SUSY-current multiplet (see section 5.1.3):

Q 2) | Q Q 0
A0 [ W -2 P 00 2 B
o A [j](loj?+ , multiplets have the following operator content:
2

(5.48)

(5.49)

The case j = 1 is a stress tensor multiplet (see section 5.1.2, as well as section 2

of [45]), while all multiplets with j > 2 contain higher-spin currents. After subtracting

conservation laws, all of these multiplets contain 8+8 bosonic and fermionic operators.

544 d=3, N =4

If we apply the results around (5.39) for N' = 4 (see section 2.1.4), we find that currents
can only reside in A; o-multiplets with Ry = Ry = 0 and Bj-multiplets with Ry + Ry < 2.
We will now examine these possibilities in detail:

e The B 0]}

e The B;[0]!}

(0;0)

1/2

;0)

hypermultiplet and Bj[0]

(0;1)
1/2

multiplet consists of the unit operator.

twisted hypermultiplet, which are ex-

changed by the mirror automorphism M of the N' = 4 superconformal algebra (see

section 2.1.4), both contain free scalars and spin-% fermions,

e Both B0

2;0)

By [0 80 |- L] 00
2
By [0](%0;1) @ [1]9%0)

which are exchanged by the mirror automorphism M (see section 2.1.4):

. Q (1;1) Q . .

By [0 (1] 215 & 0152
Q (1;1) Q . .

By 0] (1] 210 & [0

o B [()](11;1) is a 16 + 16 extra SUSY-current multiplet (see section 5.1.3):

By [OH

1;1)

Q

3
2

1] (0;0)®(2;0)®(0;2)

Q

255 @ [0)$Y)

Q
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(5.50)

(5.51)

and B [O](IO;Q) are 8 + 8 flavor current multiplets (see section 5.1.1),

(5.52)

(5.53)

(5.54)



of [45])
. Q 1;1 . . . Q 1;1 Q .
400100 | WY S 2129 6 (2102 6 [0) %0 2 B 2 400
(5.55)
° Al[j]g(/]g)}rl multiplets have the following operator content:
; 00) || @ » (LD ] @ | s (2;,0)0(0:2)
Al > 100 [ [+ 10, L2 [+ 22 (5.56)
Q
: (1;1) Q . (0;0)

All of these multiplets contain higher-spin currents. Modulo conservation laws, they
contain 16 4 16 operators.

54.5 d=3,N =5

The criterion around (5.39), applied to N' = 5 (see section 2.1.5), states that currents must
reside in A; o-multiplets with Ry = Ry = 0 or Bi-multiplets with R; + %Rg < 1. Explicitly:

e The By [0](()0’0) multiplets consists of the identity operator.

e B41[0] (1(;’21) is a free hypermultiplet:
0,1 Q
By o] 1) (5.57)
e B [0]50’2) is a 32 + 32 extra SUSY-current multiplet (see section 5.1.3):

Bl[o]go,z) Q [1](072)@(170) Q [O]éO,Q)@[Z]gO,O)GB(LO) Q [3](%070) (5.58)

3
2

Note, however, that the R-singlet spin-1 current [2]%0’0) at level two is a top com-

51/’20) does not contain
an R-symmetry singlet. Therefore this operator is a genuine flavor current, and ac-

cording to the definition of section 5.1.1 we can also regard B [0]50’2) as a flavor

ponent, since its tensor product with the supercharge @ = [1]

current multiplet. Since this flavor current resides in the same multiplet as an extra
SUSY-current, it only exists when supersymmetry is enhanced beyond N = 5.
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e The B;[0] 51,0) representation is a 32 + 32 stress tensor multiplet (see section 5.1.2, as
well as section 2 of [45]):

Q 0,0)®(0,2 Q
Bi[o]{"” = 1507 2 (010 (2

(5.59)

e The A3[0] 50’0) multiplet (with 32 + 32 operators) contains higher-spin currents:

0 @ 22 (5.60)

Q 1,0 Q
Az[0]{0) [1](% )

o All Al[j]g.(}’zoil multiplets, which contain 32 4 32 bosonic and fermionic operators,

harbor higher-spin currents:

.1(0,0) Q . (1,0) Q . (0,2)
Q
. (0,2) Q . (1,0) Q . (0,0)
[J‘|‘3]%j+% [J‘|‘4];j+3 [J+5]%j+%

546 d=3,N =6

In addition to A; o-multiplets with Ry = Ry = R3 = 0, the criterion (5.39) applied to V' = 6
theories (see section 2.1.6) states that currents can reside in Bj-multiplets with R; +
2 (Ro + R3) < 1. We will now discuss these options in turn:

e The By [0](()0’0’0) multiplet consists of the unit operator.

e The multiplets B [O]g(;’zl 9 and B, [0]5(;’20 ) are free hypermultiplets, which are ex-

changed by complex conjugation:

B0 -2 [y 010 (5.63)

e Both B;[0] go,o,z) and B [0] §0’2’0) are 32 + 32 extra SUSY-current multiplets (see sec-
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tion 5.1.3), which are exchanged by complex conjugation:

B[] | WY R 0020 @ 00 A BEY | (5.64)
0,1,1 0,0,0
Bl[0]§0’2’0) Q@ [1](% ) | @ [0]20,0,2) o [2];1,0,0) Q@ [3](% ) (5.65)

e B4[0] 50’1’1) is a 64 + 64 stress tensor multiplet (see section 5.1.2 and section 2 of [45]):

Q 0,0,2)8(0,2,0)8(1,0,0
[1]( )B( )B( )

s (5.66)
/

B

0,1,1 0,0,0)®(0,1,1 Q (1,0,0) Q 0,0,0
05" @ 21700 EOY 315 415"
Note that the R-singlet spin-1 current [2] ;0’0’0) at level two is a top component, even

1,0,0
55/2 " at
level three by quantum numbers. It is therefore an accidental top component and

though it is not forbidden from mapping to the supersymmetry current [3]

hence a flavor current. One way to see this is to decompose the multiplet in (5.66)
under an N =5 subalgebra. The flavor current then resides in an extra SUSY-current
multiplet (5.58), where it is a manifest top component with respect to the N =5
supercharges. Together with the full s0(6)g-symmetry of the parent theory, this
allows us to conclude that it is in fact a full N/ = 6 top component. Therefore, the N' =
6 stress tensor multiplet always contains a flavor current, as was pointed out in [32].

e The 64 + 64 multiplet B;[0] gl,o,o) contains higher-spin currents:

Q 0,0,0)®(0,1,1 Q
B, [0]51,0,0) [1](% )@(0,1,1) [0]970,0) & [Q]éo,oz)@(oa,m (5.67)
Q
0,1,1 0,0,0
B e 00 sy 81
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e The 64 + 64 multiplet Az[0] 50’0’0) also contains higher-spin currents:

Q 1,0,0 Q
4,000 g 000 @ [ 01D (5.68)
/
0,0,2)®(0,2,0 1,0,0
[3](% )®(0,2,0) | @ [4]§0,1,1) Q [5](% ) Q [6]510’0’0)

o All Al[j]é(}’;)fl) multiplets contain higher-spin currents:

1+1 3J+35 3i+2
Q
(5.69)

After subtracting conservation laws, all of these multiplets contain 64 + 64 bosonic
and fermionic operators.

547 d=3, N =17

As in previous subsections, it is straightforward to enumerate all N’ = 7 current multi-
plets by exploiting the constraints around (5.39), which allows currents to reside in Aj o-
multiplets with Ry = Ry = R3 = 0 or Bi-multiplets with Ry + Ro + %Rg < 1. The
upshot of this analysis is that there is a unique stress-tensor multiplet (see section 5.1.2),
with 128 + 128 bosonic and fermionic operators (see also section 2 of [45]):

Q [1](0,0,2)69(0,1,0)

3 (5.70)
/

Q 0,0,0)#(1,0,0 Q
(0.02) 4 [2]§0,1,0)@(1,0,0) [3]( )®(1,0,0) [4]§0,0,0)

B0y

[0]5 s
In addition to the N/ = 7 supersymmetry currents [S]él/;) " at level three, there is on
additional spin—% current [3]@3’20 0) at this level. Since it is an R-symmetry singlet, it cannot
(1,0,0)

map into the stress tensor under the action of the supercharges @ = [1] , and hence it

1/2
is a manifest top component. We conclude that this operator is an extra SUSY current, and
that the stress tensor multiplet is simultaneously also an extra SUSY-current multiplet (see
section 5.1.3). Since the stress tensor multiplet must be present in any N' =7 SCFT, the

same is true for the extra SUSY current, and hence supersymmetry is necessarily enhanced
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beyond N' = 7. In other words, there are no genuine N' = 7 SCFTs. It can be checked
that (5.70) is nothing but the s0(8) — s0(7) R-symmetry decomposition of the ' = 8 stress
tensor multiplets (5.73) and (5.74) discussed below. Similar observations were previously
made in [32].

548 d=3, N =8

According to the discussion around (5.39), conserved currents in N/ = 8 theories (see
section 2.1.7) can reside in Ay o-multiplets with R; = Ry = R3 = R4 = 0 or Bj-multiplets
with Ry + R + % (Rs + R4) < 1. We will new discuss these candidate multiplets in detail:

(070’070)

e The B1[0]; multiplet consists of the unit operator.

e Both BI[OH%O,LO) and B1[0]§%)’0’1)

the Zo triality subgroup T described in section 2.1.7, which fixes the QQ-supercharges

are free hypermultiplets. They are exchanged by

in the vector representation (1,0,0,0) of s0(8)g, and exchanges the two spinor rep-
resentations (0,0, 1,0) and (0,0,0,1):

0,0,1,0) || @
Bl[O}(% ) [1]g070,071) (571)
0,0,0,1) || @
Bl[O}(% ) [1){0-0-10) (5.72)
e Both B; [0]&0’0’2’0) and By [0]&0’0’0’2) are 128 + 128 stress tensor multiplets (see sec-

tion 5.1.2, as well as section 2 of [45]); they are exchanged by the same Z, trial-
ity subgroup T (see section 2.1.7) that exchanges the two hypermultiplets in (5.71)

and (5.72):
Q 0011 | Q Q 1,000) | @
Bl[o]go,o,z,o) [1](% ) [0}50,0,0,2) @ [2]50,1,0,0) [3}(% ) | Q] [4]:())0,0,0,0)
(5.73)
Q 0011 | Q Q 1,000) | @
B, [O]go,o,m) [1](% ) [0}50,0,2,0) S [2]50,1,0,0) [3}(% ) [4]:())0,0,0,0)
(5.74)

An irreducible quantum field theory (i.e. a theory without locally decoupled subsec-
tors) is expected to have a unique stress-tensor (see for instance [42]). If this is the
case, specifying the stress tensor multiplet also fixes a triality frame.
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e The B1[0]®%1D1 multiplet contains higher-spin currents:

Q (0,0,0,2)(0,0,2,0)®(0,1,0,0) Q
Bl[o]go,O,l,l) N [1]% [O]gO,O,l,l) ® [2]50,071,1)@(1,0,0,0)

Q

3] (50,0,0,0)@(0,1,0,0) Q [4]907070) Q [5](0,0,0,0)
3

z
2

(5.75)
After taking into account conservation laws, it contains 256 + 256 bosonic and
fermionic operators.

e B1[0] (11’0’0’0) multiplets, with 256 4+ 256 operators, also harbor higher-spin currents:

Q 0,0,0,0)8(0,1,0,0) | @ Q 0,0,0,2)(0,0,2,0
1,0,0,0) [1]( )B( ) [O]g,o,o,o) @ [2}50,0,1,1) [3](5 )( )

By [0]5

MY

L5 |

0,0,1,1
4900

[5] (%0,1,070) Q [6]511’0’0’0) Q [7](0,07070)

5.76)

e The operator content of a B1[0] 50’1’0’0) multiplet is given by

Q 0,0,1,1)®(1,0,0,0 Q
[1]( )( )

3
2

B, [0] 50,1,0,0)

0,1,0,0 0,0,0,0)%(0,0,0,2)®(0,0,2,0
0100  [a)000R000NE0020)

Q
0,0,1,1 1,0,0,0
Bt L g 0100 ¢ 55000
2 2
Q

0,0,0,0

613
(5.77)
Modulo conservation laws, this multiplet contains 256 + 256 operators. Note that
the R-neutral spin-1 current [2] 50,0,0,0) at level two is a manifest top component, and
hence a flavor current. Therefore B;[0] 50,1,0,0) is also a flavor current multiplet (see

section 5.1.1), albeit one that contains higher-spin currents.
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e The 256 + 256 multiplet A3[0] 50’0’0’0) contains higher-spin currents:

A2{0]§o7o70,0) Q [1](%1,0,0,0) Q [0]&0’0’0’0)@[2]&0’1’0’0) Q [3](2070,1,1)
Q
[4]:(30,0,0,2)@(0,0,2,0) Q [5](%070,171) Q [6]510’1’0’0) Q [7](21,0,0,0)
Q
[S]éo,o,o,O)
(5.78)

y (0707070)

e The operator content of Al[j]j Jot1 multiplets, which always include higher-spin

currents, is given by

y (0707070) Q (1»070’0) Q > (0717070)
Al = 190 U+ b +200 (5.79)
Q
Y (070’171) Q ; (070)072)@(0701270) Q y (07071’1)
[]“‘3]%]-_% [J+4]%j+3 [J+5]%j+%
Q
S (0717070) Q > (1707070) Q y (070’070)

After subtracting conservation laws, these multiplets contain 256 + 256 bosonic and
fermionic operators.

5.5 Superconformal current multiplets: d = 4

Here we tabulate superconformal current multiplets in four dimensions, which contain
short representations of the conformal algebra so(4,2). The unitary representations of
this algebra are summarized in table 26 (see also page 10 of [4]), which indicates the
Lorentz quantum numbers of the CP, unitarity bounds on its scaling dimension, and the
quantum numbers of the primary null state that results when these bounds are saturated
(see section 2.2 for a summary of our conventions in d = 4). We also indicate whether the
CP is a free field annihilated by .

- 100 —



Primary Unitarity Bound Null State Comments
Gidla, 4,021 A>5(G+7)+2 |[—1LJj—1an -
[:0la, j>1 |A>1Li+1 =11 a4 free field
0;7]a, =1 |A>35+1 1,7 —1]an free field
[0;0]a A>1 [0; 0] A2 free field
[0;0]a A=0 [1;1]at1 unit operator

Table 26. Unitary representations of the conformal algebra in d = 4.

In general, we count currents or free fields modulo conservation laws or field equations.
Applying this to the operators in table 26, and recalling that the dimension of the Lorentz
representation [4;7j] is (4 + 1)(j + 1), we conclude that conserved currents [7; j] i/247/242
(with j,7 > 1) always contain (j + 1)(j +1) — jj = j + j + 1 independent operators. By
contrast, the free fields [j;0];/2,1 (and similarly [0; 7] /24+1) do not contain any independent
operators. To see this, note that the null state [j — 1, 1] j/2+2 s itself a conserved current,
with j + 1 degrees of freedom.

As before, we follow the method described in section 5.3 to identify all superconformal
current multiplets in d = 4. We must therefore substitute by = 1(j + j) (see (A.11) in
appendix A) and d = 4 into the general bound (5.37) that must be satisfied by the SCP V
of any such superconformal multiplet,

1 -
Av <5 (F+7)+2. (5.80)

Together with the superconformal unitarity constraints on ¥ summarized in section 2.2, we
will use this bound to identify and analyze all candidate superconformal current multiplets.
Below, we will do this explicitly for 1 < N < 4; as discussed in section 5.1.4, there are
no quantum field theories with AV > 5. It is straightforward to enumerate the candidate
current multiplets for all values of N using the form of the superconformal unitarity bounds
in appendix B:

o AjA;multiplets (with ¢,/ = 1,2) whose SCP is neutral under su(N)z and
whose u(1)g charge r is given by

(4;\/\[> r=j—7j. (5.81)

When A = 4, there is no u(1)g-symmetry, so that » = 0 and hence j = j.

e Ay,Bj-multiplets (with ¢ = 1,2) whose primary has vanishing su(N)g quantum num-
bers and u(1)g charge r given by

() ive 5
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There are also conjugate By A; multiplets, which are su(N') g-neutral and have u(1) g
charge r given by

<4Z\[N> (-r)=7+2. (5.83)

When N = 4 we must set r = 0, so that (5.82) and (5.83) become inconsistent. Hence
these multiplets do not exist when N = 4.

o AyBji-multiplets (with ¢ = 1,2) whose su(N)g Dynkin labels R; (i = 1,...,N — 1)
vanish for all values of i, except for a single i = i for which R; = 1. (This corresponds
to a fundamental weight of su(N)g.) The u(1)g charge of such multiplets is given by

(le_\[j\[)r:j+4<j\/’]\;g> : (5.84)

The conjugate Blzg multiplets instead satisfy

()i (i)

Note that these multiplets do not exist for N' = 1, because the R-symmetry is abelian,

or for N' = 4, because there is no u(1) symmetry and we must set » = 0.

e By Bi-multiplets whose su(N) g Dynkin labels R; satisfy the bound
N-1
> R <2, (5.86)
i=1

and whose u(1)g charge r is given by

N-1
<4—NN> e % S W - 2) Ry (5.87)

i=1

Note that for N/ = 1 the right-hand side vanishes, because the R-symmetry is abelian,
while for A = 4 the left-hand side vanishes, because the u(1)g symmetry is absent.

As was the case for d = 3, N/ = 2 theories (see the beginning of section 5.4.2), some multi-
plets of the form A; oL or BiL (as well as their conjugates) may satisfy the bound (5.80)
for certain values of the u(1)g charge, but it can be checked that these multiplets do not
contain conserved currents or free fields.

55.1 d=4,N =1

If we apply the constraints above to N/ = 1 (see section 2.2.1), we find the following
conserved current multiplets:

e The By B;|0; O}(()O) multiplet consists of the unit operator.
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_ Les
e The multiplets AgBl[j;O]g.?;ff)) (with £=1if j > 1 and ¢ = 2 if j = 0) are chiral

free fields of spin-. The case j = 0 is a standard Lorentz-scalar chiral free field
of R-charge r = %, while j = 1 describes a free vector multiplet of R-charge r = 1.

The cases j > 2 describe higher-spin free fields:

B | Q | (3G-D)
300155 7+ 10115 (5.88)

— . =(—3(G+2)

The complex conjugate anti-chiral free fields are B A;[0; ]]3 Jop 3 we do not tab-

ulate them explicitly.

(3G=9)
o j/2+7/2+2
if j =0, and likewise for /, ) is given by

e The operator content of Agﬂz[j;ﬂ multiplets (with £ = 1if j > 1, £ = 2

5.7 =30-7)
AcAqlji jlp_t Giee (5.89)

/ ““
(

. —(r—1 .=
[J+1;J]g+%) g+ o

Q Q
N/
G+ 17+1%,

Accounting for conservation laws, there are 2(j + j) + 4 bosonic (and equally many
fermionic) operators. The AsAs-multiplet with j = j = 0 is a flavor current mul-
tiplet (see section 5.1.1), while the A;As-multiplet with j = 1,7 = 0 (and its con-
jugate Ay Aj-multiplet with j = 0,7 = 1) are extra SUSY-current multiplets (see
section 5.1.3). The A;A;-multiplet with j = j = 1 is a stress tensor multiplet (see
section 5.1.2). All other AgZZ current multiplets contain higher spin currents.

5.5.2 d=4,N =2

The constraints summarized at the beginning of section 5.5 lead to the following conserved
current multiplets in N' = 2 theories (see section 2.2.2); these multiplets have also been
analyzed in [13]:

e By Bi-multiplets with R < 2 and r = 0:

x The By B;[0; O](()O;O) multiplet consists of the unit operator.
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*x B1B1]0;0] 51;0)

is a free hypermultiplet:

By B1[0; 05

Q|

* B1B1]0; 0]52;0) is an 8 + 8 flavor current multiplet:

By B1[0; 015"
ad “\
L0057 0 1)
2 2
% o, 0 Q.
0:015 15115 0; 0152

(5.90)

(5.91)

o A,B1[5;0)% " multiplets (with £ = 1if j > 1 and ¢ = 2 if j = 0) and their complex

j/2+1

conjugate Blzz[(); 3]22_431_2)

multiplets (which we do not tabulate) contain free fields:

A¢By[j; 0]

A=1j+1

lj 4+ 1;0]

(1;r—1)
A+3

7 +2;0]

(0;7—2)
A+1

(5.92)

The case j = 0 describes a free vector multiplet, while multiplets with 7 > 1 contain

higher-spin free fields.
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o AyB[0; O]gl;z) is a 16 4 16 extra-SUSY current multiplet (see section 5.1.3):

AyB1[0; 0552 (5.93)
Q Q
pd N
1500 051§
2 2
Q —
Q Q
[0 ](1§0) \ /
) o [1 1}§1;2)
(2;0]3"
P °\ /
L5015 215
2 2
e The A1 B1[j; ]E;i- —;2) multiplets contain higher-spin currents:
2
MBI = 10y (5.94)
Q —
Q
i~ 1.0 (05r—1) AN
[] ]A+1 [ 1}(0”"'5‘1)
[ 41 0]( : D@(2r-1) ? AJr%
Q = Q
+ Q
[ .0](1;7’—2) N /
A G+ L%
1ir—2 )
[j +2; 0](A+1 :
— Q
P "/
(037 —3) (0;r—1)
J+1 0]A+g [j +2; 1]A+g

After taking into account conservation laws, this multiplet contains 84 + 16 bosonic,
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and equally many fermionic, operators.

e The operator content of Agﬂz[j;ﬂ;(;g_:g/)2+2 multiplets (with £ = 1if j > 1, £ = 2

if 5 = 0, and similarly for 7, j) is given by

S
AeAgls; J](A:%{j L (5.95)

Q Q

pd N
. - (L;r—1 .= Lir41
[]+1;J](A+% ) [J;J+1](A+§)

Q Q Q Q
pd N/ N
G+ 2718 [+ 17+ 108 57 + 21877
Q Q Q Q
N/ N/

- (1;r—1) . = (1;741)
+2;5+1 +1;5+2
427+ 4157+ 2]\

Q Q
N/
. - O;r
[+ 257 + 2%

The case j = j = 0 (with £ = ¢ = 2) is a stress tensor multiplets (see section 5.1.2),
while all other cases describe multiplets containing higher-spin currents. After sub-
tracting conservation laws, these multiplets contain 8(j + j) + 24 bosonic (and the

same number of fermionic) operators.

553 d=4,N =3

If we apply the constraints spelled out at the beginning of section 5.5 to NV = 3 (see
section 2.2.3), we find the following conserved current multiplets:

e B Bi-multiplets with Ry + Ry <2 and r = 2(R; — Ry):

x The By B1[0; 0}(()0’0;0) multiplet consists of the unit operator.

(0,1;-2)

LO2) and its complex conjugate BjB1[0;0]; ,

« The multiplet B;B1[0;0]}
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which we do not explicitly tabulate, describe a free N' = 3 vector multiplet:

x The multiplet B;B1[0;0]

—~
(NI o

B1B10;0] 51’0;2)
/Q Q\
" 0:1]

and its complex conjugate BiB1[0;0]

(5.96)

(0.2:-4)

)

which we do not tabulate, are 32 4+ 32 extra SUSY-current multiplets (see sec-

tion 5.1.3):

L

13

(0,1;4)

(0,0;0)
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*x B1B1|0; 0]21’1;0) is a 64 + 64 stress tensor multiplet:

B By[0; 0] 1Y

2
Q@ Q
p N
[1; 0] (0,2;—1)(1,0;—1) [0; 1}(0,1;1)@(2,0;1)
9 g 9 %
Q 9] Q
P Q Q .
13 1; 1](0,0;0)@(1,1,0) V3
[2; 0]§0,1;—2) 1413 0; 2]:(31,0 2)
ol Q@ Q _
/Q Q\ / \ %Q Q\
[1’0](10,0,73) [2; 1](11,0,71) [1’2](10,1,1) 0; 1](1070,3)
2 2 2 2
Q Q
N/

0,0;0
12;2) 000

(5.98)

o AB11j; 0955 multiplets (with ¢ = 1if j > 1 and ¢ = 2 if j = 0) and their

complex conjugate By A;0; 3];(;’20:13;_6) multiplets (which we do not tabulate) contain
higher-spin free fields:

AgB[5: 00y (5.99)

%Q
[+ 100
%Q
b+ 2:00 5
%Q
+3; O](%oﬁ?%jﬁ)
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The multiplets A,B; [j;O}g.}fngrg) and Ag?l[j;O]g.%lng) (with £ = 11if j > 1
—(0,1;—35—8)

and ¢ = 2 if j = 0), as well as their complex conjugates B1Z2[0;3]3/2+2

and Blzz[();j]%iéwf@ (which we do not tabulate), contain higher-spin currents.
After taking into account conservation laws, Ag?l[';O]El/’QofgjLs) multiplets har-

bor 32464 bosonic (and equally many fermionic) operators, while A,B1[j; O]g%lf?] +4)

multiplets harbor 325 + 96.

(1 07‘ 3j+8)
A¢Bilj; 0] Liso
(017‘ 1) . (0, 1;r—1)B(2,0;7—1) . 1(0,0574+1)
=100} []+1,0]A+% [],1]A+%
: N/
li— 20]( ,057—2) , [0 ](O()r 2)®(1,1;7—2) o
+2:0) 00 DB %
Q ) Q
a, Or 3) (1 Or 3) \ /
[i=150]' v +3 0] oD
li+1; 0](O I b2l s
7
/Q @\ /Q
GOl oy Y 38
Q

(5.100)
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A=1j42
/Q G\
o (0,057=1) . 00,057 —1) (1,157 —1) . 11(1,05741)
1;0 s 1;0 ; 7
¥ ]A+% [5+ }A+% [J’I]A+%
/Q Q Q Q
N \< / -
; + . 11(0,1;7)®(2,0;7) . ,0;
[j+2;0] D@0 =2) U+ 500 " AN
Q ol Q Q
Q @ @
[i+1:0] 01 ~ / AN /
a+3 [j+2;1](0,0;7»71)@(1,1”'71) 119 (1,0;7+1)
EEE LN A+ A,
2
/Q o) /Q Q /Q
[.+2.0](0,0;7'74) 1.1 (1,0;7—2) \ (0,1;7)
J 12U A0 [5+3; ]A+2 []+232]Alré
Q\ /Q
. .51(0,0;7—1)
[]+372]A+%
(5.101)
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o AgAqlj; ]

(0,0;3(3—3))
5/2+7/2+2

and 7) also contain higher-spin currents:

AA []’j](OOr 3(j—4))

2(3+7)+2

i

multiplets (with £ =1if j > 1, £ = 2 if j = 0, and similarly for ¢

pd ¢ @\
[j-i-l;;](Alf;*l) [j’]_H](::lTH)
Q Q\ Q Q\
Z /
27l 17410 0me L) G200
¢ 2

l+3:31 07
2

N

Q\ /Q

N

/Q

o= 1(0,2r— 1)@ (1,05 —1
[J+2;J+1]<A’+%T B0y

= 0,1;741)@ (2,057 41
[J+1§]+2](A+%T+ JBE0T

/Q

[i+3:7+1)0

0,1;7—2)

Q\ /Q

Q\ /Q

. — 0,0; N
[J +2;7 +2](A+2T>®(1

1ir)

[j+3;5+2

](1 ,0;r—1)
A+2

N

N

N

[7;

,J+3](o ,0; 'r+3)

/Q

[i+155+3]

(1,0;7+2)

A+2

/Q

[5+2;5+3]

(0,1;r+1)
A+3

Q\ /Q

. = 0,0;
[]+3§]+3](A+3T>

(5.102)

After taking into account conservation laws, these multiplets contain 32(j + j) + 128

bosonic, and as many fermionic, operators.

554 d=4,N =4

In order to apply the general constraints discussed at the beginning of section 5.5 to the

case N' = 4, we must set r = 0 in all formulas since the u(1) g symmetry is absent. It follows

that conserved currents can only reside in Ay A,-multiplets (with £ = 1,2) with Ry =

Ry =

R3; =0 and j = j, or in By Bi-multiplets with Ry + Ry + R3 < 2 and R; = R3. We will
now examine this possibilities in turn (see also [13] for a detailed discussion):

e The B;[0; 0]60’0’0) multiplet consists of the unit operator.
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e B1B1[0;0] 50’1’0) is a free vector multiplet:

By B1[0; 0]\ (5.103)

e By B1[0; 0]%0’2’0) is a 128 + 128 stress tensor multiplet (see section 5.1.2):

= 0,2,0
B1B4[0; 0]
Q Q
yd N\
;0800 [0;1](%1’1’0’
Q o) Q @\
[0;0]5” [0;0]5>
205" [0;215"

/Q @\ ¢ 7\ /Q @\
(1,00 2;1] %0 [1;2) 00 [0;1] %0
2 2 2 2
Q Q Q Q

[0;0]1(10,0,0) [2;2]4(10,0,0) [0;0]510’0‘0)

(5.104)
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e B1B;1[0; O]S’O’l) is a 384 4 384 multiplet that contains higher-spin currents:

%) 1,0,1
BlBl[O;O]g )
Q Q
L N
[1;0](;,1,1)69(1,0,0) [0;1](;,0‘1)@(1,1,@
2 2
< Q Q e
;0] 00010
Q ey Q Q o
¥ Q Q
[1.0](0,0,1) \ / \ / [0_1](1,0,0)
i [2;1](70,1,1)@(1,0,0) [1;2](70,0,1)@(1,1,0) 7
[3;0]?0)1) 2 2 [0;3](;1’0'0)
Q Q Q Q Q Q o
[0;2]20,04,0)
Q
Q Q
[3;3]2010,0)
(5.105)
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o AAj; 41159 multiplets (with ¢ = 1if j > 1 and ¢ = 2 if j = 0) also contain
higher-spin currents; the case £ = 2,j = 0 is the Konishi multiplet:3?

Al 71050

Jj+2
Q Q
yd N
[J+1,J](1 20 [JJJFU @0
/Q @\ /Q Q
’ [i+2:91%5” ‘ ’ [+ 1;5+1] 5 O e i +21%5 "
/Q @\ /Q Q\ /Q a\
(43,500 [.7+2,J+1](0 1,1)@(1,0,0) [J+17]+2](0 ,0,1)@(1,1,0) i 7J+3](1 ,0,0)
2
/Q Q Q Q Q Q
’ [J+4J]§?+?1 ,0) ’ [+3; j+1](0 ,0,2)®(0,1,0) ’ [j+2;j+2]§&2’0)®(0’2’0)®(]‘O 1) ’ []+1’j+5](0 1,0)8(2,0,0) [j;j+4]§&2’0)

@\ /Q @\ /Q @\ /Q @\ /Q

[J+4y]+1](0 ,0,1) []+3 +2](0 1,1)$(1,0,0) []+2 Jr3](0 ,0,1)@(1,1,0) []+17J+4](1 ,0,0)

Q Q

@\ /Q @\ /Q

’ [j+4;j+2]§(ié,0) ’ [j+37]+3](0 ,0,0)&(1,0,1) [j+2;j+4]§&é’0)
@\ /Q 6\ /Q
3l sy

Q Q
4, 41(0,0,0)
[J+47J+4]j+6

(5.106)
Taking into account conservation laws, this multiplet contains 2565 4+ 640 bosonic
(and as many fermionic) operators.

5.6 Superconformal current multiplets: d = 5

In this subsection we enumerate all superconformal current multiplets in five dimensions,
which contain short representations of the conformal algebra so(5,2). The unitary rep-
resentations of this algebra are summarized in table 27 (see also page 10 of [4]), which
indicates the Lorentz quantum numbers of the CP, unitarity bounds on its scaling dimen-

33In standard N/ = 4 gauge theories, the Konishi multiplet K is a long multiplet K = LZ[O;O](AO’O’O),

whose anomalous dimension A depends on the gauge coupling g. When g — 0 the theory becomes free
and A — 2, where K breaks apart into several short multiplets according to the last equation in (2.53). In

the free theory, the primary of K resides in an A2 A>[0; 0]<2°’°’°> short multiplet, which is tabulated in (5.106).
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Primary Unitarity Bound Null State Comments

idola, jo =1 | A> 1 (1 +2j2) +3 | [j1,52 — Las -

1,008, 1>2 | A>1j+2 i1 — 2,1 a4 -
[1,0]a A>2 [1,0]a+1 free field
0,0]a A>3 [0,0] A2 free field
[0,0]a A=0 [0, 1]A+1 unit operator

Table 27. Unitary representations of the conformal algebra in d = 5.

sion, and the quantum numbers of the primary null state that results when these bounds
are saturated (see section 2.3 for a summary of our conventions in d = 5). We also indicate
whether the CP is a free field annihilated by [.

In general, we count currents or free fields modulo conservation laws or field equations.
Here we need the fact that the dimension of a general sp(4) Lorentz representation [j1, jo] is

diml[j1, jo| = g (Gi+1D)Ge+1) (1 +j2+2) (1 +2j2+3) . (5.107)

Explicitly, we find the following operator counts for the currents and free fields in table 27:
e Conserved currents [j1, j2 > 1]}, /24,43 contain dim[j1, jo] — dim[j1, j2 — 1] operators.

e Currents of the form [j; > 2,0];, /o412 contain dim[jy, 0] —dim[j; —2, 1]+dim[j; —2,0] =
2(j1+1) operators, because the null state [j; —2,1];, /243 is itself a conserved current.

e The free fields [1,0]2, [0, 0]3/2 contain no operator degrees of freedom.

We can now follow the method of section 5.3 and substitute hy = % (j1+272) (see (A.11)
in appendix A) and d = 5 into the general bound (5.37) that must be satisfied by the SCP V
of any superconformal current multiplet,

1 :
Ay < 5 (J1 +2j2) +3. (5.108)

Together with the superconformal unitarity constraints on V summarized in section 2.3, we
can use this bound to enumerate all superconformal current multiplets in d = 5, together
with their operator content. We also count the number of bosonic and fermionic CPs,
modulo conservation laws.

One upshot of this analysis is that there are several short conformal multiplets that
never arise in SCFTs, because they are not embedded in any superconformal current mul-
tiplet. This is the case for currents of the form [j1 > 2,0];, /249 and [j1 > 3, ja]}, /24,43 In
table 27.

We now examine the superconformal current multiplets in detail:

o The C’{O, 0}80) multiplet consists of the unit operator.
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40, O]:())l/)2 is a free hypermultiplet:

—~

1) || @

[0,0] 1,0 (5.109)

Njw

410, 0]%2) is an 8 4 8 flavor-current multiplet (see section 5.1.1):

—

| Qe

0,012 -2+ [1,0]

0,08 & [0, 1]} (5.110)

NI~

Bs|0, 0]&0) is a stress tensor multiplet (see section 5.1.2), with 32 + 32 operators:

[ ]
Q 1 Q Q 1 Q
0,00 1, 0](% : 0,1 & 2,0/ 1, 1](% ) [0,2))
(5.111)
e All B[O, jQ]ggl_S multiplets contain higher-spin currents:
) Q - 1(1) Q . ‘
B10, 72 2 1]§'g)+3 [1’~72]j2+% [0, 72+ 1]§‘§)+4 D [27‘72]5'214 (5.112)
Q
: 1) Q . 0
L2+ 105,40 [0, 42 + 2]\, 5

After taking into account conservation laws, this multiplet contains 8( jo +2)? bosonic
and the same number of fermionic operators.

5.7 Superconformal current multiplets: d = 6

Here we tabulate all superconformal current multiplets in six dimensions, which contain
short representations of the conformal algebra so0(6,2). The unitary representations of
this algebra are summarized in table 28 (see also page 10 of [4]), which indicates the
Lorentz quantum numbers of the CP, unitarity bounds on its scaling dimension, and the
quantum numbers of the primary null state that results when these bounds are saturated
(see section 2.4 for a summary of our conventions in d = 6). We also indicate whether the
CP is a free field annihilated by .

In general, we count currents or free fields modulo conservation laws or field equations.
Here we need the fact that the dimension of a general su(4) Lorentz representation [j1, jo, j3]
is

dim[j1, g2, j3] = = (j1 + 1) (2 + 1) (3 + 1) (J1 +J2 + 2) (o + j3 +2) (j1 +j2 + 43 +3) .

12
(5.113)
This leads to the following operator counts for the currents and free fields in table 28:
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Primary Unitarity Bound Null State Comments
1,2, dslas 221 | A>3 (1 +2j2 +js) +4 | [j1,j2 — Ljslas -
(71,0, j3]a s gz = 1| A= 5 (ji+js) +3 i1 =1, 1L, js — Uat -
[71,0,0]a, j1>1 A> L4 +2 [j1 —1,0,1]a1 free field
[0,0,43]a, J3>1 A> %jg +2 [1,0,75 — 1]at+1 free field
[0,0,0]a A>2 [0,0,0] A2 free field
[0,0,0]a A=0 [0,1,0]a41 unit operator

Table 28. Unitary representations of the conformal algebra in d = 6.

e Conserved currents [ji,j2 > 1, ]3]}, j24js+4js/244 contain dim[j1, ja, j3] — dim[jy, jo —
1, j3] operators.

e Currents of the form [j1 > 1,0, j3 > 1];, /24,/24+3 contain
diml[jy, 0, j] — dim[j; — 1,1, 75 — 1] + dim[j1 — 1,0, j3 — 1] (5.114)

1, o o
= s +is+ D0 +5+2) 0+ +3)  (5.115)

operators, because the null state [j; — 1,1, 3 — 1]j1/2+j3/2+4 is itself a conserved
current.

e The free fields [j1,0, 0]}, 242 (and similarly [0, 0, j3];, 242) contain no operator degrees
of freedom, because their null state [j; — 1,0, 1] j1/2+3 1s itself a conserved current
containing §(j1 + 1)(j1 + 2)(j1 + 3) operators.

We follow section 5.3 and substitute hy = 3(j1 + 2j2 + j3) (see (A.11) in appendix A),
d = 6 into the general bound (5.37), which must be satisfied by the SCP V of any super-
conformal current multiplet,

Ay < S(j1+ 22 +j3) +4. (5.116)

N | —

Together with the superconformal unitarity constraints on  summarized in section 2.4, this
bound allows us to identify and analyze all candidate superconformal current multiplets.
Below, we will do this explicitly for 1 < N < 2, ie. for (1,0) and (2,0) theories; as
discussed in section 5.1.4, there are no (N,0) SCFTs with A/ > 3. We will also count the
number of bosonic and fermionic CPs in these multiplets, modulo conservation laws. It is
straightforward to enumerate the candidate current multiplets for all values of N using the
form of the superconformal unitarity bounds in appendix B:

e B s-multiplets that are neutral under the sp(2N) g symmetry, i.e. all R-symmetry
Dynkin labels vanish, R; =0 (i =1,...,N).
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e (1 2-multiplets with at most one non-vanishing R-symmetry Dynkin index, i.e.

N

> R <1 (5.117)

=1

e Di-multiplets whose R-symmetry Dynkin labels satisfy the bound

N
Y R <2. (5.118)
=1

One general conclusion of our analysis is that certain short representation of the s0(6,2)
conformal algebra do cannot occur in six-dimensional SCFTs, because they do not reside
in any unitary superconformal multiplet. This is the case for all currents of the form

[jl Z 1707j2 Z 1]A:%(j1+j3)+3 . (5119)
When j; = j3, this representation describes a conserved two-form current
Juw = Jj) s G =0, 4y, =4 (5.120)

Such a current naturally couples two a two-form gauge field B,,, via a marginal interaction,
AL =B"j,+--, (5.121)

where the ellipsis denotes possible higher-order seagull terms that may be needed to ensure
gauge invariance. The well-known analogue of this operation in d = 4 is the marginal
gauging of a flavor current j, by an ordinary vector gauge field A,, which plays a crucial
role in copious examples. By contrast, the fact that the two-form current j,, does not
exist in d = 6 SCFTs means that there is no straightforward notion of gauging a two-form
symmetry in these theories, despite the fact that the dynamics of these theories is believed
to involve two-form gauge fields in some way. The absence of two-form currents also has
implications for anomaly matching in six-dimensional SCFTs [46].

5.7.1 d=6,N = (1,0)

If we apply the general constraints around (5.118) to A/ = 1 (see section 2.4.1), we find the
following current multiplets:

e The multiplet D40, 0, O][()O) consists of the unit operator.

e D[0,0, O]gl) is a free hypermultiplet:

0
D[, 0,0)%" |-+ [1,0,01% (5.122)

[N}
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e D;]0,0, ()]53) is an 8 4 8 flavor current multiplet (see section 5.1.1):

[0,0,0]¢" ¢ [17070](%1) 9 0,1,0/%" (5.123)
e (5[0,0, O]go) is a free tensor multiplet:
Q 1 Q
[0,0,0]5” [1,0,0](3) 2,0,0] (5.124)

e (50,0, 0]511) is an extra SUSY-current multiplet (see section 5.1.3) with 32432 bosonic
and fermionic CPs:

Q 0)®(2 Q Q 0
[0,0,0]'" [1,0,0]%¢) 0,1,01{) & [2,0,0) 1,1,0]%
2 2
(5.125)
e The multiplet C[j1,0, 0}( )/2 Lo contains higher-spin free fields:
(0) Q : (1) Q - (0)
Cilj1 > 1,0, 0]%J o [71 + 1’0’O]§j1+§ [71 —|-2,O,O]%j1+3 (5.126)
e (1[41,0, 0]( )/2 .4 contains higher-spin currents:
(1) Q o (0) : (0)&(2)
il 2 1,0,018) ) U= LLOY) o [+ 1,0,000)55
=
; (1) (1) Q (0)
[j17170]%] +5° [1+200] j+5 [1+17170]%J 17

(5.127)
After accounting for conservation laws this multiplet contains %(jl +2)(j1+3)(71+4)
bosonic, and equally many fermionic, CPs.

e Bs3[0,0, 0]510) is a 40 + 40 stress tensor multiplet (see section 5.1.2):

Q n| @
Bs[0,0,0] [1,0, 0](2) 0,1,01¥) & [2,0,0)” (5.128)
Q
1,1,0% = [0,2,0])
2

e The Bg[jl,jg,()]( )

P multiplets, with £ = 1if jo > 1 and ¢ =2 if 53 > 1,70 =0,
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all contain higher spin currents:

.. 0
Bulj1, ja, 0](A):%j1+j2+4

. 1
= L2 + 1,0,
. . 1
L+ 1732,012)%

. . 0
1 — 2, j2 + 2, 0](Azr1

. Q
[J1, 2 + 1,0](&)23(2)

. . 0
1 + 2,72, 0],

. . (1)
[]1 - 17]2 + 2’0}A+7

. . (1)
[]1 + 17]2 + 170}A+%

N
O

Accounting for conservation laws,

[j17j2 + 270]

(0)

A+2

(5.129)

there are 3 (j1+1) (j2 +2) (j1 +j2 + 3)

(1 + 2j2 + 5) bosonic, and as many fermionic, operators. When j; = 0, the operators

[‘7'1—1,3'2+1,0](A”+l and [3'1—1,]'2+2,0](A1)+§ disappear, while [ji —2, jo +2, 0]
2 2
[71,72+1, 0]2011 cancel. When j; = 1, we only drop the operator [j1 —2, j2 + 2, 0]

5.7.2 d=6,N = (2,0)

(Aoll and

(0)
A+1°

The constraints around (5.118), applied to N/ = 2 (see section 2.4.2), state that currents
can only reside in Bj 2 3-multiplets with Ry = Ry = 0, C} 2-multiplets with Ry 4+ Ry < 1,
and Di-multiplets with Ry + Ry < 2. We will now consider these in more detail:

e The multiplet D;]0, 0, O]((]O’O) consists of the unit operator.

e D;[0,0, ()]go’l) is a free tensor multiplet:

o1 || @

D1[0,0,0]

[1,0,0]

90) Q

—~
N —

[2,0,0]

(0,0)
3

e D4]0,0, O]gl’o) consists of free fields, some of which carry higher spin:

Dl [07 07 0]2

5
2

(1,0 || @ [17070](0,0)69(0,1)

Q (1,0

(0,2)

2,0,0]5

)

(5.130)

Q

3,0, 0]

—~

N~

070)

e D;[0,0,0];"" is a 128 4 128 stress tensor multiplet (see section 5.1.2):

Q
D1[0,0,0)? [1,0,0]

(1,1) Q
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Q
Q 0,0
[0,2,0]"%

(5.131)
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e The multiplets Dl[0,0,0}S’l) (with 512 4 512 bosonic and fermionic operators) and

Dy[0,0, 0>

Dl [07 0) 0]1(11’1)

C ol 10,0087

9
2

02)8(2,0) | @

(with 640 + 640 operators) both contain higher-spin currents:

[0 0 (1,0)(1,1)

)

5
[2’ 0’ O]él,O)EB(l,l)

e The multiplet Cy[j1,0, 0]
higher-spin free fields:

(0,0)
J1/2+2

Q
(0,0)®(0,1)®(2,0) o
1.0k @ 2,00 Q 1,2,0/'%%
(0,1) (1,0) [ 5 4y ]E
[37070]%’ , 70]67 2
0,0)(0,1)a(0,2
D10, 0,02 1,0,g/10e D | @ | 0,105 00
11Y,Y,VUl4 bl [27070]?,1)@(2,0)
Q
[1,1,0] %11,0)@(1,1) o | 10.2.0 éZ,O) o o
3,0,0] ;% 1,0]0®0OD [1,2, 0]
2
Q
0,3, 014"

. (0,0 . (1,0) Q . (0,0)®(0,1)
03[317070]%j1+2 [jl+17070]%]1+% [‘71+2’0’0]%j1+3
/
. (1,0) Q . (0,0)
[‘71+3’0’0]%j1+% [‘71+4’0’0}%j1+4
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(with £ = 11if j3 > 1 and ¢ = 2 if j; = 0) contains
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1,0)

e The multiplet C[j1,0,0)'"7),, (with ¢ = 1 if j > 1 and £ = 2 if j; = 0) contains

1/2+4
higher-spin currents:
10 Q 1—1,1,0/ 020D o 122,087
A
Celj1,0,0] .~ y i1, 1,03 O
=3j1+4 [j14+1,0 0](0,0>@(0,1>ea(2,0) ”
J1+1,0, A+l [J1+200}2(1 ,0)®(1,1)
Q
[51— 330](0 0) ) 1,0
a+d [1-23,00%2) [1-1,30 002D
(o, 0)69(0 1)®(2,0) 2(1, 0)@(1 1) 2
[ —1,2,0] ¢ A+l Q [51,2,0]A 4 Q [j141,2,0] OO (2,0)
2(1 0)@(1 1) R NS
[j141,1,02(0.082(0,1)&(0.2)&(2,0) [1+2,1,01 20 . 0)2@(0 .
1,0 [71+3,1,0]°" '
1300000 pr+100)
2
Q
: (1,0)
3.0 ks 9 bi+1,3.007
1,0)
[14+2,2,00%%) 2
(5.136)
Taking into account conservation laws, this multiplet con-

tains % (j1 +2) (j1 +4) (j1 +6) bosonic, and the same number of fermionic,
(0,0)

operators. When j; = 2, we must drop [j1 — 3,3,O]A+3/2.

When j; = 1 we drop

1 —2,2,0]0") and [j; —2,3,0]%7), while [j1*3,3,0](£f;/2 and [j; —1,2 0](A+;/2 can-
cel. Finally, when j; = 0, we must omit [j; —1,1, 0](;326/92(0’1) nd [j1 —1,3, O](A+é/2(0 1)’
while [j; —2,2,0]V%) cancels [ji,1,0]%7), [j1 3,3, o]ffgm cancels [j1 +1, 1 0](“:)),/27

and [j1 — 2,3,0](&;?% cancels [j1, 2,0]2’2.
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o Cif51,0,0]'"),, (with £ = 1if j1 > 1 and £ = 2 if jy = 0) also contains higher-spin
currents:

(0.1) o |bn-1107) o [ -2,2,0/07)
C [.]17 0 O] +4 2 [jl7130](0’0)@(0’1)@(2’0)
201 [j1+1,0 O]u 0)®(1,1)
+3 [j1+2,0 0](0 ,0)®(0,1)B(0,2)®(2,0)
Q
[ -1,2,0]) 5 01(0:08(0,1)
o U2 0lass [1+1,2,0]0)
2(1 0>€B(1 ) Q 0,0)®(0,1)®(2,0 Q A+5
[ +1,1,01 [1+2,1,0 092D ot
j1+3,1,0
i (1,0)69(1,1) [41+4,0 0}(0 1) [.71 ]A+"
[]1+37070] 3 1 »HYIA+2
A+
Q
[11+2.2,0107)
(5.137)
After subtractin conservation laws this multiplet con-
g , p

tains & (j1 +3) (j1 +4) (j1 +5) bosonic, and the same number of fermionic,
operators. When j; = 1, we must drop [j; — 2 2,0](0’0). Similarly, when j; = 0,

A+1
we drop [j1 — 1,1 0](A+i/2 and [j1 — 1,2 O}(AJr;/z, while [j; — 2,2,0](Aofi cancels
. 0,0
[le 170](A+i'
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e All multiplets of the form By[j, jo, 0]'*%

J1/2+j2+4

(with £ = 1if jo > 1, £ =2 if jo = 0,

j1>1,and ¢ =3 if j; = jo = 0) contain higher-spin currents:

(0,0)

Bé[jlaj% O]A:%j1+j2+4

[1-3,j2+3,0]0*)

a+3 L

2 (0,0)&(0,1)
0 [~ 1.52+1,0 %) [1—2.5242,0] "1
" [j1,d2+1,0] 07} 0.009(0,1)5(2,0)
[j1+1,j2,0 %)
YA []14_273270](0 0)@(0 1)
Q
0,0)

[j1—4,2+4,0] V%)
(O O)@(O 1)@(2 0)

. . (1,0)
[J1+3,J2,0]A+%

[i1—1.j2+2, 012“ 0O (1,1) o [11—2,5243,0] ",
(141,241 0]2(1 3)@(1 1) (1.2 +2, 0}2(0 0)@2(0 D& (0,2)®(2,0)
e [j1+2,j2+1,0/ 0 QPO VS0

[j1+4,j2,0 0%

[j1—3,j2+4, o]“ 0)
?
]2(1 ,0)B(1,1)

[j1—1,52+3,0
Q@ +3

2(1 0)@(1 1)
+3

[71+3,72+1, 0](1 0)
2

[1+1,2+2,0]

[j1—2,52+4, 0](0 Qe

[317,72"'370](0 ,0)8(0,1)8(2,0)

[71+2,5242, 0](0 o0

. . (1,0)
-1 4
Q []1 J2+ ’O]A+%

Q 0,0)

. . (1,0)
[‘]1+1"72+3’0]A+%

Accounting for

conservation laws, there are

1,42 +4,0] 00

(5.138)

8 (j1 +1) (j2 + 3) (1 + J2 + 4)

(j1 + 2j2 + 7) bosonic (and equally many fermionic) operators. For small values of jj,

we must remove certain operators:

* When j; = 3,
* When j; = 2,

cancel [j; — 4,

we drop [j1 — 4,72 + 4,0](A0f%'
we drop [j1 — 3, j2 + 3, O]Xf:)),/z

. 0,0
J2 + 4a O](A—l—%

(0,0)®(0, 1)

and [j1 — 3, j2 +4,0]

(1,0)
Alrs )2 We also

(0,0)

against [j1 — 2,j2 + 3,0]x 5

* When ji = 1, we drop [j1 — 2, j2 +2,0],",] —2,jo + 3,0]<A0f%ea(o Do(20)
and [j; — 2,72 + 4 O](Aofg@(o’l). We also cancel [71 — 3,72 + 3’0](;2)/2 against
1 — 1,52 + 2, 0]24;/2, 1 — 4, o + 4,00%7) against [ji, jo + 2,01%7), and [j; —
3,2 + 4,0]gf;/2 against [j1 — 1, j2 + 3, O]Sfé/g-

* When j; = 0, we drop all operators of the form [j; — 1,---].
[]1 - 27]2 + 270]A+1
. . . (1,0) . . (0,0
against [.71 +1,72+1, 0]A+3/27 [.]1 — 4,72 +4, 0]A+2
[J1 = 2,J2 + 3,0] 515
1,0 . . 1,0
470](A+%/2 agalnSt [.]1 + 17]2 + 270](A+%/27

(0,0)8(0,1)(2,0)

[j1, 52 + 3,000 2D
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against [j1,J2 + 1, 0](A0fiee(o,1)

against [j1,j2 + 2,0/
and [j1 — 2,72 +4,0]5} 5

We also cancel
1= 3.2+ 3, 0](A+;/2
against [j1 + 2, j2 + 1, 0](22,
OOSODO20 15 3 i 4

0.08(0,1) against



6 Decompositions of superconformal multiplets under subalgebras

It is occasionally useful to view SCFTs with A/-extended supersymmetry as special exam-
ples of theories with N' < N supersymmetry. As was already discussed in section 5.1.3,
the Q-supercharges of N-supersymmetry then decompose as in (5.6),

Q - Qaq, (6.1)

where @ are the A/ -supercharges, while the remaining @’ supercharges enhance N to N.
Similarly, the R-symmetry algebra decomposes as in (5.7),

R — f/)‘\i @ § ® Roft-diag. - (6.2)

Here R is the }A%—subalgebra corresponding to N , while § is its commutant inside R. The @—
supercharges in (5.6) are charged under i?%, but not under §, so that § is a flavor symmetry
from the point of view of N -supersymmetry.

Irreducible multiplets of N-superconformal symmetry decompose into finitely many
irreducible A -multiplets, each of which may carry a representation of the flavor symme-
try §. Such decompositions can be useful for a variety of purposes, see e.g. sections 5.1.3
and 5.1.4 for some applications. They also provide an effective way to organize and present
the operator content of multiplets in theories with Ng > 8. These were not tabulated in
section 4 because they contain too many operators.

It is straightforward to decompose a long A-multiplet: its SCP V decomposes into a
finite sum of N-SCPs ]7, according to the decomposition of its R-symmetry representation
into R @ § representations,

Y= @17 (finite sum) . (6.3)
v

Each V is the SCP of a long N -multiplet. Acting on them with the additional Q" super-
charges generates new N-SCPs at higher levels, which also give rise to long N -multiplets.

The decomposition of short multiplets is more intricate, e.g. some Q’'-descendants
may vanish, or they may be related to @—deseendants, because of N-null states that
cannot be understood as null states of the A'-subalgebra. Even the decomposition (6.3)
of the N-SCP V into N-SCPs V often gives rise to a rich variety of N -multiplets, some of
which can be less short, or even long. This can be seen from the superconformal unitarity
bounds in (1.8),

Ay > f(Ly)+g(Ry) +da=Aa or Ay = f(Ly)+g(Ry)+0Bcop =Ascp. (6.4)

The function f(Ly) of the Lorentz symmetry Dynkin labels, the available shortening
types (L, A, B, etc.), and the shifts 4 > dp > dc > dp are the same for the N and N
superconformal algebras. The functions g(Ry) and ’g\(]/%\f)) are cgﬂ?erent, but they are
related in a simple way: ¢ is the pullback of g via the embedding R C fR. It follows that

any V in (6.3) will satisfy the bound ’g\(ﬁm) < g(Ry). If this bound is saturated, then %
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obeys the same type of shortening condition as V; if the bound is strict, then % gives rise
to a longer (or even a long) A-multiplet.
We will now illustrate some of these features in simple examples.

6.1 d=6,N = (2,00 — N =(1,0)

Our conventions for superconformal multiplets in six dimensions are summarized in sec-
tion 2.4. We now decompose N’ = (2,0) (see section 2.4.2) under N = (1,0) (see sec-
tion 2.4.1). Following (6. 2) the (2,0) R-symmetry R = sp(4)r decomposes into a flavor
symmetry § and the (1,0) R-symmetry R,

T =s5u(2), R =su(2)p. (6.5)

We will write su(2);, @ su(2)r weights as (nz;ng), where np g € Z>o are su(2) Dynkin
indices. The supercharge decomposition (6.1) then takes the following form:

Qe[Lo0 — 0emoa® @ @ el1,00%. (6.6)

m\»—"\
m\»—t"‘
m\»—l’ N

An irreducible sp(4) g representation (Rp, R2) decomposes into (R + 1)(Rg + 1) irre-
ducible representations of su(2)y @ su(2)g,

R1  Rso
5]3(4)R — 5u(2)L (o) 5u(2)R : Rl, R2 @ @ Ri—ni+no;ng + ng) (6.7)

n1=0n2=0

Note that the right-hand side is symmetric under the exchange su(2)y <> su(2)g, because
this exchange can be brought about by an sp(4)g transformation. The decomposition (6.7)
is particularly simple when R; = 0, corresponding to symmetric, traceless s0(5)r ~ sp(4)r
tensors,

(0,R) = P(n;n). (6.8)

We would like to decompose an N = (2, 0) multiplet X [j1, j2, j3] 1%2) into N = (1,0)
multiplets of the form ?[jl,jg,jg](”L?"R). Here X, Y e {L, A, B,C, D} refer to the possible
shortening types in six dimensions. In the notation of (6.4), the (2,0) unitarity bounds in
table 24 and the (1,0) unitarity bounds in table 23 can be expressed as follows:

L 1 . ) )
f(j1,J2. j3) = 5(31 + 2j2 + 3J3),
g(R1, R) = 2(R1 + Ra), g(ngr) =2ng,
SA=6, Op=4. Se=2, 6p=0. (6.9)

It follows from (6.7) that decomposing the SCP V of the X-multiplet as in (6.3) always
leads to a SCP V with ng = R1 + Re and n;, = Ry. Comparing with (6.9), we see
that g(Rl, Ry) = g(ng). Therefore Vis the SCP of a N = (1,0) multiplet whose shortening
type Y is the same as that of the X- multiplet, i.e. Y = X. All other (1,0) SCPs that appear
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in the decomposition of V have ng < R; + Ra, and hence g(R;, R2) differs from g(ng) by a
strictly positive, even integer. It follows that these SCPs give rise to N= (1,0) multiplets
with a larger d-offset, whose shortening type Y is strictly longer than that of X, i.e. Y > X.
Schematically, we can therefore write the decomposition of the X-multiplet as follows:

X[j1,j27j3]gR1’R2) — )?[]1’]2’]3](32 i1 tRa) {175:0 >X}a{l>0}. (6.10)

Here {ffg:g > X } denotes (1,0) multiplets whose SCPs arise from decomposing the SCP V
of the X-multiplet (at level ¢ = 0), but whose shortening type Y is longer that of X. The
term {¢ > 0} indicates additional (1,0) multiplets whose SCPs reside at higher level. Such
multiplets can arise by acting with the additional @’ supercharges on V.

In general, determining the independent Q' descendants is essentially as difficult as con-
structing the full (2,0) multiplet directly, because null states involving the @Q-supercharges
relate @ and @' descendants. A class of (2,0) multiplets whose (1,0) decomposition is
particularly simple consists of %—BPS Di-multiplets with Ry = 0 and arbitrary Ry = R.
Their (1,0)-decomposition takes the following form:

D100,0,015%® = D1[0,0,01%™ @ 0,0,0)$5 ) @ By[o, 0, 0]5% )

@A4[000(R3R3@LOOOR”R ", (6.11)

If R < 3, we must omit all multiplets on the right-hand side whose flavor or R-symmetry
Dynkin indices are negative. By comparing with (6.8), we see that all of these terms
arise from decomposing the (2,0) SCP under su(2);, & su(2)g. In the notation of (6.10),
X = Dy, while all other multiplets that appear on the right-hand side of (6.11) belong
to {}//\'gzo > X }. The terms {¢ > 0} in (6.10) are absent.>* This amounts to the statement
that all Q’-descendants are related to @—descendants by the D; shortening condition.

If we set R = 2, the decomposition (6.11) reduces to
D1[0,0,01%? = D4]0,0,01%? & Ca[0,0,01("Y & Bs0,0,0)" . (6.12)

Each multiplet in this equation has a simple interpretation: the left-hand side is the (2,0)
stress tensor multiplet in (5.132), while the right-hand side consists of the following (1,0)
multiplets:

e A Bj 0,0, 0]510;0) stress tensor multiplet (tabulated in (5.128)), which is neutral under
the su(2)y, flavor symmetry.

o A (5[0,0, 0]511;1) extra SUSY-current multiplet (tabulated in (5.125)); it gives rise to
the @’ supercharges, which are su(2); doublets (see (6.6)).

34This can be verified by counting the total number of operators that appear on the two sides of (6.11),
e.g. using the Mathematica package in [1]. There are &' R(R — 1)(2R — 1) bosonic operators, and equally
many fermionic ones, on both sides.
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o A 51[0,0,0]512;2) flavor current multiplet (tabulated in (5.123)) that contains
the su(2), currents.

The simplest example of a decomposition rule that goes beyond (6.11) involves a (2, 0)
D4]0,0, 0]((31’2) multiplet, which was discussed in section 3.3.4. Its decomposition into (1,0)
multiplets takes the following form:

D1[0,0,015"? - [Dl[O 0,01 & C5[0,0,015* @ C1[0,0,0]"% & B[0,0,0]*"

—~

® B3[0,0,0)V & A4]0,0,0]4" )]é 5 2
/=1

[01[1 0, 0]( D& By[1,0,014" @ 45[1,0,0) %0
Here the SCPs of the (1,0) multiplets inside [- - - |;—¢ arise by decomposing the (2,0) SCP V
under su(2)r, @ su(2) g, while the (1,0) multiplets inside [---]s=1 are non-trivial Q" descen-
dants of V at level £ = 1. The latter were schematically denoted by {¢ > 1} in (6.10).

62 d=4, N=3 3N =2

Our conventions for superconformal multiplets in four dimensions are summarized in sec-
tion 2.2. We now decompose N = 3 (see section 2.2.3) under N = 2 (see section 2.2.2).
Following (6.2), the N' = 3 R-symmetry R = su(3)r @ u(1), decomposes into a flavor
symmetry § and the N =2 R-symmetry S)A‘i,

~

3:u(1)f, %zsu(2)§@u(1)?. (6.13)

~

We will label R @ § representations by (R;7; f). The generators of u(1),, u(1)z, and u(1)s
are related as follows:
r=7+2f. (6.14)

The combination f — 7 is a generator of su(3)g; it is quantized in integral units. The chi-
ral N' = 3 supercharges decompose as follows (the antichiral supercharges can be obtained
by complex conjugation):

LD Qe e @ e (6.15)

1
2

Q € [1;0]

N

More generally, a representation (Rp, Ro;7) of the N' = 3 R-symmetry decomposes
into the following sum of (R;7; f) representations:

Ri+R2 1 1
(Ry, Ro;) = @ ! ) R;g(r—2R1+2R2); 3(T+R1—R2)) (6.16)
R=|Ri—-R

D D’

n=0 R—|Ry—n|
Ro—1 R1+n/ R 1 1
b P Ri2n— 2Ry +4Ry = 71); (r+ Ry +2Ry) —n ) -

n=0 R=|R;—n|

R1—1 Ro+n
< (r+4R; +2R3) — 2n; n—(2R1+R2—r)>
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Here 69,172 indicates a sum over R in steps of 2, and the second or third line must be omitted
if R =0 or Ry = 0, respectively.

The chiral A" = 3, A = 2 unitarity bounds in tables 16, 13 are of the form (6.4), with

2 1 PN ~
g(Ry, Ra,7) = §(2R1 + Rg) — =1, g(R,7) =R —

: 7. (6.17)

N |

The terms with B = R; +n (0 < n < Ry) in the decomposition (6.16) satisfy g = . If
these terms arise from decomposing an N = 3 SCP of chiral shortening type X, then they
obey the same shortening type as N = 2 SCPs. The other terms in (6.16) lead to less
short (or long) N =2 multiplets. Similarly, the antichiral N = 3, N=2 unitarity bounds
in tables 17, 14 are of the form (6.4), with

2 1 ~ ~ A
g(Rl,RQ;T) = g(Rl + 2R2) + 6’/‘, ?(R, T‘) =R+ -T. (618)

N | —

Therefore g > g, with equality for the terms with R = Ry +n (0 <n < Ry) in (6.16).

If R =0 or Ry =0, then all terms in (6.16) satisfy either g = § or g = g. In this case
there is a simple decomposition rule for the corresponding short multiplets. For instance,
a B1X|[0;7]F2") multiplet, with X € {L, A, B} and Ry > 1, decomposes as follows:

o)

2 A~ ~ ~ o~
B1Y[0; j](O,Rg;r) N /BSl?[O; 3](R;QR+%T—%R2 ; %T+§R2—R) . (6.19)
0

=)
Il

Here the antichiral N = 2 shortening type Y on the right-hand side can vary over the
sum; it is determined by matching the quantum numbers of the operators to the last row
of table 15. Every A’ = 2 multiplet in (6.19) arises by decomposing the SCP of the N' =3
multiplet according to (6.16). Hence, there are no independent @' or @/ descendants at
higher levels.

~

Another example where the decomposition of the N' = 3 SCP yields all the N' = 2
SCPs is the N' = 3 stress tensor multiplet in (5.98). It decomposes according to the
following rule:

BiB[0; 00 = BiBu[0; 0/ @ B, 4,(0; 0052
@ AyB1[0; 08757 @ Ay A45[0; 0] . (6.20)
5 5 . 01(2:00) . . B T . n(L=21)
Here By B1[0; 0] is the u(1) s flavor current multiplet (see (5.91)); By A2[0;0]; and

its complex conjugate Ay B [0; 0]51;2;_1) are extra SUSY-current multiplets (see (5.93)); and
Ay As[0; 0]&0;0;0) is the A/ = 2 stress tensor multiplet (see (5.95)).

In general, decomposing the N/ = 3 SCP does not yield the full decomposition rule:
there can be non-trivial Q" or @/ descendants that give rise to new A/ = 2 SCPs.
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A Lie algebras and representations

In this appendix we review some aspects of Lie algebra representation theory that are
needed throughout the paper. The material is standard, see for instance [34, 47, 48]. For
computations, we used the LieART Mathematica package [49)].

A.1 Weights

Let g, be a complex simple Lie algebra of rank r € Z>;. All states in a representation of
the algebra g, possess a weight A € A,,, where A,, € R" is the weight lattice of g,.. There
are several convenient bases for the r-dimensional vector space spanned by A,,. We will
mostly use a basis of fundamental weights w;, in which the expansion coefficients \; are
integers known as Dynkin labels,

A=) Nwi,  NEZ. (A1)
=1
Weights are labeled by r-tuples of Dynkin lables; throughout this paper we write ei-

ther [A1,..., )] for Lorentz weights or (A1,...,\,;) for R-symmetry weights.3?

Another basis for the weight space is furnished by the simple roots «; of the algebra,
T
i=1

In order to change between the a-basis and the w-basis, we use the integer-valued Cartan
matrix A;; that characterizes the algebra g,

oy = Z Aijwj . (Ag)
J=1

The i*" row of the Cartan matrix thus specifies the Dynkin labels of the simple root a;. (The
simple roots are themselves weights in the adjoint representation of g,.) Comparing (A.2)

35This differs from some conventions in the literature, which use [---], (---), etc. to distinguish different
bases for the weight space of a given Lie algebra. Unless we explicitly say otherwise, we use Dynkin labels.
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and (A.3), we see that the expansion coefficients in the two bases are related by
7
€Ty = Z )‘j (A_l)jz’ . (A4)
j=1

Note that the x; are not in general integers. Below, we will introduce yet a third basis for
the weight space of the special orthogonal algebras b, and ;..

Every finite-dimensional, irreducible representation of g, contains a unique state whose
weight A is such that every other weight p in the representation can be expressed as

nw=A—- Z n;oy , n; € ZZO . (A5)
=1

We call A the highest weight of the representation. Two finite-dimensional irreducible
representations are equivalent if and only if their highest weights coincide. We can therefore
label such representations by their highest weights. We can rephrase (A.5) by saying that
every weight p is obtained by lowering the highest weight A a finite number of times using
the simple roots «a;. In this context, it is standard to introduce a lowering operator E_,,
for every simple root, which acts as F_,,A = A — o;. It is a useful fact (which entered the
discussion following (3.24)) that E_,, annihilates a highest weight A if and only if the 5!
Dynkin label vanishes, A; = 0. This can, for instance, be shown by introducing a positive-
definite inner product (y, 1) (and hence a norm) on weights, such that (w;, a;j) ~ d;;. Then
the norm of E_,, \ satisfies }E_aikf ~ (A, ;) ~ A;. (In the preceding formulas ~ indicates
that we have omitted various positive factors.) Therefore E_,, A = 0 if and only if \; = 0.

The expression (A.5) implies several useful facts about the a-basis (A.2). If we express
A= jxoy and = Y iy, then y; < x;. Therefore, given two irreducible rep-
resentations with highest weights A1) = S, wz(-l)a,- and \® =S xgz)ai, the highest
weights A = 7, z;a; of the irreducible representation that appear in the tensor product
decomposition AV @ A2 = @\ must satisfy

x; < xl(l) + xl@) . (A.6)

This follows from the fact that every A can be obtained by lowering A + A\@) using
the F_,,.
A.2 The classical Lie algebras

In this paper we only encounter the classical Lie algebras a, = su(r + 1), b, = so(2r + 1),
¢, = sp(2r), and 9, = s0(2r). Note the following exceptional isomorphisms at low rank,

su(2) =s0(3) = sp(2), (A.7a)
s0(4) = su(2) @ su(2), (A.7b)
s50(5) =sp(4), (A.7c)
50(6) = su(4) (A.7d)
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A.2.1 Unitarity algebras

The unitary algebras are a, = su(r+1). We denote their weights [A1, ..., A,| using Dynkin
labels \; € Z>o. A representation with highest weight [A,..., A,] corresponds to a Young
tableaux with A; columns of height ¢; the total number of boxes is ., iA;. The highest
weight of the complex conjugate representation is obtained by exchaning A\; — Ap41—;.

A.2.2 Orthogonal algebras

The orthogonal algebras are b, = s0(2r + 1) (r > 1) and 0, = s0(2r) (r > 2). We will
denote their weights [A1, ..., A;] using Dynkin labels \; € Z>o. Note that the Dynkin labels
of the isomorphic algebras s0(6) and su(4) are related as follows:

A SO (A8

It is sometimes convenient to switch to an orthogonal basis of weights [h1,...,h].
The h; are eigenvalues under rotations in » mutually orthogonal two-planes, and hence h; €
%Z. They always satisfy

Since the \; are non-negative integers, it follows that hy > hy > --- > h,., and that the h;
are either all integral (corresponding to tensor weights) or all half-integral (corresponding
to spinor weights).

The precise relation between the orthogonal weights h; and the Dynkin labels A; is
different for the odd and even orthogonal algebras:

e In the odd case b, = s0(2r + 1), we have

A A
hi:Ai+Ai+1+---+>\r_1+?”" 1<i<r—1), h,T:?T. (A.10)
Therefore all h; > 0. The (2r 4+ 1)-dimensional vector representation of so(2r + 1)
corresponds to hy = Ay = 1, with all other h; = A; = 0. A 2"-dimensional Dirac
spinor has A, = 1, with all other A\; = 0, and hence all orthogonal weights take the

value h; = %

e In the even case 0, = s0(2r), we have

hi = Xi+ i1 oo+ Ara + T (1<i<r-—2), (A.11a)
By = W’ h, = y (A.11b)

Therefore hy > hg > -+ > hy_1 > |hy| > 0, but h, can be negative. A 2r-dimensional
vector of s0(2r) always has h; = 0, with all other h; = 0. Generically, this corresponds
to A1 = 0, with all other A; = 0. The case r = 2 is exceptional, because s0(4) =

su(2) @ su(2) is not simple. The s0(4) Dynkin labels A; = j and Ay = j correspond to
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the Dynkin labels of the two su(2)’s, so that a four-dimensional vector of so(4) has

highest weight [A1 = j, A2 = j] = [1, 1].

The orthogonal weights of a 2"-dimensional, left-handed chiral spinor of so(2r)
are given by [hi,...,h,] = [%,...,%], corresponding to [A,...,A] =
[0,...,0,1,0]. Similarly, a 2"-dimensional, right-handed chiral spinor has orthogo-
nal weights [hy,...,h,;] = [%,...,—%], corresponding to [A1,...,A.] = [0,...,0,1].
In d = 2r = 4 dimensions, this is the familiar fact that left- and right-handed chiral

spinors transform as [1;0] and [0; 1] of su(2) & su(2).

Similarly, the orthogonal weights [hq,---,h,] = [1,...,1,£1], which correspond to
Dynkin labels [A1,..., ;] =[0,---,0,2,0] (for +) and [0,---,0,2] (for —), describe
self-dual and anti-self-dual r-forms in d = 2r dimensions.

For both the b, and 9, algebras, it follows from the above expressions, and (A.4) and
the expression for the inverse Cartan matrix (A~1);; that

hl =X = Z /\j(A_1>j1 . (A.12)
7j=1

Thus (A.6) implies that h; is subadditive under tensor products, every term in AD @A) =
P\ satisfies
hy < BV + B2 (A.13)

The hj+1 # x4 are not subadditive in tensor products, e.g. it follows from the explicit
expression for (A_l)ji that ho = h1 — Ay, while o = 221 — A1 = hy + ho.

A.2.3 Symplectic algebras

The symplectic algebras are ¢, = sp(2r). As before, we denote their weights [A1,...\]
by Dynkin labels A\; € Z>¢. The n-dimensional fundamental representation is [1,0, ..., 0],
while [0,1,0,...,0] is a two-index, symplectic-traceless antisymmetric tensor. Note that
the Dynkin labels of the isomorphic algebras sp(4) and so(5) are related by

AT =) (A.14)
A.3 The Racah-Speiser algorithm

Here we briefly review the Racah-Speiser (RS) algorithm, which allows for the efficient
decomposition of tensor product representations. See [6, 13, 34] for additional details.
Given two irreducible representations of a Lie algebra g,, with highest weights A1)
and A2, the RS algorithm produces the highest weights A of the irreducible representations
that appear in the decomposition of the tensor product A1) @ A2 = @ \. It does so by
adding to the highest weight A(!) the entire weight system {u,(f)} (a=1,...,dim\?) of
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2 _

the A(®)-representation (note that p A2, or vice versa:

a=1 —
(1) 2 — o (1) (2) — ) (1) (2)
AT @A @ (A T >‘RS GB (,ua A )‘RS' (A.15)
a=1 a=1

The two direct sums in this equation are the same, since the tensor product is symmetric
under the exchange A < A2 although this is not manifest from either expression.
In what follows we will focus on the first sum, which runs over the weights of the A(2)-
representation.

The symbol |RS in (A.15) indicates a crucial aspect of the RS algorithm:

o If the weight A(1) + u((f) is dominant (i.e. all of its Dynkin labels are non-negative),
and hence a valid highest weight, then (/\(1) + ,u((f)) |RS is simply the representation
with that highest weight.

o If A\ 4 uﬁf) is not a valid highest weight, because some of its Dynkin labels are

negative, then (A(l) + MELQ))‘RS is obtained by subjecting A1) + Mﬁf) to a sequence
of (shifted) Weyl reflections o; that map it to the fundamental Weyl chamber. This
leads to a valid highest weight X, which contributes to the direct sum in (A.15) with

a sign factor x that is determined by the o; (see below). Explicitly,

D 4 1) g = x (A(l) + uﬁf)) X, x=+1,0. (A.16)
This leads to three possibilities:

* If x = 1, we add a representation with highest weight X to the tensor product
decomposition in (A.15).

* If x = —1, we remove a representation with highest weight X from the decom-
position. Whenever this case arises, such a representation is guaranteed to be
supplied by a different term in the direct sum.

(2)

* If x =0, we simply drop the term ()\(1) + lg in (A.15).

ks

Given any weight A, the sign factor x(A) that appears in (A.16) receives a contribution
of —1 for every Weyl reflection:

P‘l?"'a)\?“]gi :_[)\17"'7)\7“] ) (A17)

where

[)\1,...,)\7»]% :ai([Al,...,Ar]+p)—p. (A18)

Here p = [1,...,1] is the Weyl vector, while the o; (i = 1,...,r) are a basis of Weyl
reflections:

a; ([)\1, ey )\7»]) = [)\1 - )\iAilu e ,)\j - )\’iAij7 ceey >\r - )\ZAW} . (Alg)
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In this formula A;; is the Cartan matrix of the Lie algebra, and the repeated ¢ index is not
summed.

In general (A.17) implies that x(\) = (—1)", where n is the number of reflections (A.18)
that are needed to map A to the fundamental Weyl chamber. (This number is well defined
mod 2.) For some weights A this is impossible, because they satisfy A% = A. For such
weights, consistency with (A.17) requires us to assign y(A) = 0.

As a simple illustration of the RS algorithm, consider the case g, = su(2). The tensor
product of two su(2) representations with Dynkin labels nj 2 € Z> decomposes as follows:

[n1] ® [n2] = [n1 — no RS@[TL1—7L2+2] RS@---@[m—&—m] RS

:[|n1—n2|]EBHn1—n2|—|—2]@---69[n1+n2}. (AQO)

Note that the true tensor product decomposition has min(n; + 1,n2 + 1) terms, while the
RS algorithm involves a sum over ns+1 terms. If ny > nq, the extra terms cancel. This can
be checked by applying (A.17) and (A. 18) to conclude that [n] = —[n — 2]. For instance,
[—1] = —[—1], so that x ([-1]) =0 and | }RS

For convenience, we collect the followmg RS reflection and sign rules:

does not contribute.

su(2) [—M] = —[A — 2],

su(3) : My Ao) = —[-M =20+ +1] =M +A+2+1,-X —2],

sp(4) : AL, Ao) = —[- A1 —2, A1+ Ao+ 1] = —[A1 +2XA+24+2,— X2 — 2],

su(4) A1, A2, A3] = —[- A1 =2, A1 + Ao+ 1, A3] = —[A1, Ao + A3 + 1, —\3 — 2]
—AMHFAFT+2,-X =2, A3+ A2+ 1]. (A.21)

B Unitary superconformal multiplets for general N

In section 2 we discussed the complete classification of unitary superconformal multiplets
for each value of ' with Ng < 16. It is sometimes useful that the representation theory
for different values of AV is quite uniform. In this appendix we present the unitarity bounds
in d = 3,4, 6 accordingly.

B.1 d=3

The superconformal algebra is osp(N|4). The R-symmetry is so(N); its representations
are denoted by Dynkin labels R;. The supercharges carry the following quantum numbers,
in the vector representation of so(N):

Qa transforms as [j](ARi) = [1]?/20 0 (B.1)

For all N > 3, unitary representations are classified by table 29 where h; is given in terms
of the R;, as in (1A.10) or (A11), by hy =Ry +--- +R%(/\/—1)—1 + %R%(N_l) for odd NV, or
hy :R1+~-'+§(R%N_1+R%N) for even N.
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Name Primary Unitarity Bound | Null State
L 515 A>Lithi+1 _
A | GIE0, Gz | A=Lieml | [yl )
Ay | [0 A=h+1 [O]X%i;FQ’RQ”" Biny2))
B | [0%Y A=h [1]&1;12’32“” Rin/2)

Table 29. Unitary representations of the 3d, N' > 3 superconformal algebra.

Name Primary Unitarity Bound | Null State
L[58 A>j+S+2 -
A GIR. Gz | A=jrst2 |- LY
Ay | [0, 75 A=S+2 0,713 >
B | (0,7 A=S$ (1 )y vy

Table 30. The chiral half of unitary representations of the 4d superconformal algebras. (In the
special case N/ = 4, the charge r is absent.)

B2 d=14

Operators are labelled by [J, 3](AR1""’RN_1;T) where [, j] are the integer su(2) ®su(2) Lorentz

Dynkin indices, (R, ... Rx—1) are the su(A) Dynkin labels, and the u(1)g charge is r (it
is not present for A/ = 4). The unitarity bounds and relations involve the quantities

s=2 (T w-on) - (L) -

(=1

-3 N1
-(3)r, N =2 (B.2)
%(3R1+2R2+R3), N =4

=y

and

3
g N Y (2)7"’1 N
S=% ORe )+ (7 ) r=18+E) 7 N
=1 J(Ri+2Ry +3Rs), N

1
2 (B.3)
4

The representations are classified by tables 30 and 31

B3 d=6

The superconformal algebra in six dimensions is a real form of 0sp(8|2N\); the R-symmetry
is sp(2N). Operators are labelled by the quantum numbers [jl,jg,jg](ARl""’RN) where
71, J2, j3] are Lorentz su(4) = su(6) Dynkin labels, and (R1,..., Ry) are sp(2N') Dynkin

labels. The supercharges are @ € [1,0,0] §1/20 0 The unitarity relations depend on the R;
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Name Primary Unitarity Bound | Null State
I | A% A>j+5+2 -
A [J,ﬂﬂi“’" (G>1) | A=j+5+2 (5,7 — Uy vty
Ay | [, 08 A=5+2 [j, 0] Wi, e Ao k2 42)
B | [j, 00" A=F P
Table 31. The antichiral half of unitary representations of the 4d superconformal algebras. (In
the special case N' = 4, the charge r is absent.)
Name Primary Unitarity Bound Null State
L | [2.55)8" A>L(ji +2j2+3j3) + 2R +6 -
A | dedal 8, G >1) | A=5(1+250+34s) +2R46 | [j1,ga.gs — 150y
Ay | [, 087, (2>1) | A=1(j1+2j2) +2R+6 1,2 = 1L OJR e i)
A | 0,08, (i=1) | A=3j1+2R+6 [j1—1,0 O]ZR;;?;R% )
Ay | (0,0, o]f‘” A=2R+6 [0,0, 0]211;4 Bz, B
By | [1,2, 008, (j2>1) | A=1(ji+2j2)+2R+4 1,2 —1,1) 8 e )
By | [j,0,0%,  (hi=21) | A=1ji+2R+4 [j1—1,0 1](AR$1+2 iz i)
By | [0,0,01%" A=2R+4 [0,0,1)0% 55 T2
Gy | 0,087, (h>1) | A=Li+2R+2 [ —1,1,0)7 5 i)
Cy, | [0,0,0/§% A=2R+2 [0,1,0] {72 Har )
Dy | [0,0,08% A=2R [1,0,005% 52
Table 32. Unitary representations of the 6d superconformal algebras.
only via
R=Ry+Ry+---+ Ry. (B.4)

The list of unitary irreducible representations is given in table 32.
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