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1 Introduction and summary of results

In the past decade, the duality between color and kinematics and the related double-copy

construction [1, 2] have produced a breath-taking increase in our ability to conduct multi-

loop calculations in gravity and supergravity theories. The double-copy method expresses

loop-level gravity integrands in terms of gauge-theory building blocks, which are typically

far easier to obtain. Taking advantage of this construction, calculations have been per-

formed up to five loops in maximal supergravity [3–5] and up to four loops in half-maximal

supergravity [6–8]. The studies of ultraviolet (UV) behaviors which have been made pos-

sible by these calculations have uncovered a set of so-called enhanced cancellations [9, 10]

and revealed a connection between UV-divergences and U(1) quantum anomalies [11, 12].

Going beyond very special theories with extended supersymmetry, it has become clear

that there exists a large web of double-copy-constructible theories, which includes pure

ungauged supergravities [13, 14], ungauged supergravities with various matter contents [15–

20], Yang-Mills-Einstein theories [21, 22], spontaneously-broken supergravities [23], gauged

supergravities [24] and conformal supergravities [25, 26]. Conversely, color/kinematics

duality has been established for large classes of gauge theories, including for example

QCD [27, 28]. Various non-gravitational theories, most prominently the Dirac-Born-Infeld

theory and the non-linear sigma model, can also be understood in terms of the double copy

and can provide examples in which the duality between color and kinematics is particularly
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well-understood [29–33]. In addition, the double copy has been instrumental in explaining

amplitude relations between Einstein-Yang-Mills and Yang-Mills (YM) theories [34] that

were first observed in ref. [35] (see also refs. [36–42]).

In the case of gravitational theories that can be directly obtained from string the-

ory, insight about color/kinematics duality can be obtained from string monodromy rela-

tions [43–48]. Duality-satisfying structures can be obtained from the low-energy limit of

string-theory amplitudes [49–52]. New sets of double-copy relations that combine string

and field-theory building blocks have also become a powerful tool for understanding the

structure of various string-theory amplitudes [53–56]. In addition, the double copy is

an intrinsic feature of other modern approaches to scattering amplitudes, including the

Cachazo-He-Yuan formalism [48, 57–62] and ambitwistor strings [63, 64].

Given the considerable progress in establishing double-copy structures for wider and

wider classes of theories, it is natural to seek additional examples in which the double copy

can be employed for shedding some light on the loop-level properties of supergravities with

matter. A related issue is that the double-copy is by nature a construction at the integrand

level, a fact that makes it more difficult to establish a direct relation between the physical

properties of a gravity theory and the ones of the gauge theories entering the construction,

which become manifest after integration.

In this paper we focus on the double-copy construction for Maxwell-Einstein super-

gravities with N = 2 supersymmetry in four and five dimensions and homogeneous target

spaces, which was first presented in ref. [17]. These theories have been explicitly classi-

fied in the supergravity literature [65] and provide a natural testing ground for amplitude

methods. Their double-copy construction involves a N = 2 super-Yang-Mills (sYM) theory

with one half-hypermultiplet in a pseudo-real representation as one gauge-theory factor,

and a non-supersymmetric YM theory with adjoint scalars and matter fermions in the same

representation as the other gauge-theory factor.

Loop amplitudes with four external hypermultiplets that obey the duality between

color and kinematics were first obtained in ref. [66]. These amplitudes have the striking

property that the loop momentum does not appear in the kinematical numerators. Fo-

cusing on supergravity amplitudes between four vector multiplets in which the vectors are

constructed as the product of two spin-1/2 asymptotic states, the above property allows

us to find an explicit relation between supergravity amplitudes and gauge-theory physical

quantities which holds at the integrated level.

Our main result is that the one-loop divergence for the (super)amplitudes we are

inspecting admits a very compact expression,

M1-loop
∣∣∣
div

=
2isδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
1+

nF
4
−nS

2

)
+sAtree

s,A

(
11

6
+
nF
6
−nS

12

)}
cΓ

ε
+Perms,

(1.1)

where nF and nS are the numbers of four-dimensional fermions and scalars in the non-

supersymmetric gauge theory entering the double-copy construction, and cΓ = i/(4π)2.

The presence of the Grassmann delta function in (1.1) makes N = 2 supersymmetry

manifest. In turn, the expression (1.1) can be directly related to a linear combination of
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various parts of the one-loop beta function of the non-supersymmetric gauge theory,

M1-loop
∣∣∣
div

= − sδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
βφ
∣∣
T (G)
−
βφ
2

∣∣∣∣
T (R)

)
+sAtree

s,A

(
βA
∣∣
T (G)
− βA

2

∣∣∣∣
T (R)

)}
cΓ

ε

+Perms,

(1.2)

where βφ, βA are the beta functions for the gauge and Yukawa couplings and β
∣∣
T (G),T (R)

are

the parts of the relevant beta function which are proportional to the index of the adjoint and

matter representations. Atree
s,A and Atree

s,φ are the contributions to the non-supersymmetric

gauge theory’s tree-level s-channel from gluon and scalar exchange, respectively.

This paper is structured as follows. In section 2, we review the construction for ho-

mogeneous supergravities and introduce the gauge-theory Lagrangians employed in the

calculation. In section 3, we consider one-loop gauge-theory amplitudes with external hy-

permultiplets and extend the results of ref. [66] to the pseudo-real case by restoring the

permutation symmetry at the superamplitude’s level. In section 4, we compute one-loop

amplitudes for the non-supersymmetric gauge theory and use the double-copy method for

obtaining gravity amplitudes. We then conduct multiple checks and comparisons with

previous results in the literature and end with a discussion of future directions.

2 Double-copy construction for homogeneous supergravities

The double-copy construction relies on organizing gauge theory amplitudes at L loops and

n points as sums over a set of cubic graphs,

A(L)
n = iL−1gn−2+2L

∑
i∈cubic

∫
dLD`

(2π)LD
1

Si

Cini
Di

, (2.1)

where Di are products of inverse scalar propagators and Si are symmetry factors. Each

cubic graph is associated to a color factor Ci, which is constructed out of gauge-group

invariant tensors (i.e., structure constants, representation matrices and Clebsch-Gordan

coefficients with three matter-representation indices). Since the relevant group-theoretical

objects obey algebraic relations (e.g. commutation relations and Jacobi identities), there

exist triplets of graphs {i, j, k} such that Ci + Cj + Ck = 0. Graphs in the above ampli-

tude presentation are further associated to numerator factors, which contain theory-specific

kinematical information and involve external and loop momenta, as well as Grassmann vari-

ables in case of superamplitudes. A theory obeys color/kinematics duality if the amplitude

numerators possess the same algebraic properties as the corresponding color factors,

ni − nj = nk ⇔ Ci − Cj = Ck . (2.2)

The double-copy construction utilizes duality-satisfying numerators to write (su-

per)gravity amplitudes by replacing the color factors with a second set of numerators,

M(L)
n = iL−1

(κ
2

)n−2+2L ∑
i∈cubic

∫
dLD`

(2π)LD
1

Si

niñi
Di

, (2.3)
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where κ is the gravity coupling. The numerators ni, ñi may come from different gauge

theories which share the same set of color factors. The formula requires that at least one

of the two sets of numerators satisfies manifestly color/kinematics duality [1, 2]. If this

requirement is satisfied, it is possible to show that the double-copy amplitudes obey the

Ward identities corresponding to linearized diffeomorphisms and hence have the interpreta-

tion of amplitudes from some gravitational theory [34]. In general, identifying the gravity

theory produced by a given double-copy construction (i.e. reconstructing the corresponding

Lagrangian) is a highly-nontrivial problem. However, symmetry considerations, combined

with minimal information on the supergravity interactions, have been instrumental in ap-

plying the double-copy method to very large classes of theories.

Among the double copies formulated to date, the construction for N = 2 homogeneous

Maxwell-Einstein supergravities plays a key role. Supergravities in this family have been

explicitly classified by the supergravity literature [65] and hence give a natural testing

ground for the double-copy method. Their double-copy construction has the following

schematic form [17]:(
N = 2 hom. sugras

)
=

(
N = 2 sYM +

1

2
hyper

)
⊗ (YMD + P fermions) . (2.4)

The right gauge theory entering the construction is a YM theory in D spacetime dimensions

with P additional fermions which transform in a pseudo-real gauge group representation.

The corresponding Lagrangian is

LR = −1

4
F âµνF

âµν +
i

2
λ̄ΓµDµλ , (2.5)

where field strengths and covariant derivatives are defined as

F âµν = ∂µA
â
ν − ∂νAâµ + gf âb̂ĉAb̂µA

ĉ
ν , (2.6)

Dµλ = ∂µλ− igT âRAâµλ . (2.7)

Here µ, ν = 0, . . . , D − 1 are spacetime indices and we use a mostly-minus metric. The

D-dimensional gamma matrices obey the Clifford algebra relation

{Γµ,Γν} = 2ηµν , (2.8)

where all gamma matrices except Γ0 are taken to be antihermitian (our conventions are

summarized in appendix A). â, b̂, ĉ are adjoint indices of the gauge group.1 The fermions’

indices are not displayed explicitly. Four-dimensional fermions carry three different in-

dices: spacetime spinor indices, gauge-group representation indices and global/flavor in-

dices. Fermions obey reality conditions of the form

λ̄ = λtCV , (2.9)

where C is a matrix acting on spinor and flavor indices and V is a matrix acting on the

gauge-group representation indices which is taken to be unitary and antisymmetric. The

representation matrices for the fermions obey

V T âRV
† = −(T âR)∗ , (2.10)

1For notational clarity, we will hat all gauge-group indices throughout the paper.
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D nF (D,P, Ṗ ) conditions flavor group

5 P R SO(P )

6 P + Ṗ RW SO(P )× SO(Ṗ )

7 2P R SO(P )

8 4P R/W U(P )

9 8P PR USp(2P )

10 8P + 8Ṗ PRW USp(2P )×USp(2Ṗ )

11 16P PR USp(2P )

12 16P R/W U(P )

k + 8 16nF (k, P, Ṗ ) as for k as for k

Table 1. Parameters in the construction of N = 2 homogeneous Maxwell-Einstein supergravities

as double copies. The second column gives the number nF of irreducible spinors once the non-

supersymmetric gauge-theory factor is reduced to 4D. Reality (R), pseudo-reality (PR) or Weyl

(W) conditions are used to obtain irreducible spinors in D dimensions.

i.e. the representation R is pseudo-real. The spinor λ includes P flavors of irreducible

SO(D − 1, 1) spinors, which obey reality (R) or pseudo-reality (PR) conditions, according

to the choice of C in equation (2.9). Specifically, we have

R : C = CD , PR : C = CDΩ , (2.11)

where CD is the SO(D − 1, 1) charge-conjugation matrix and Ω is an antisymmetric real

matrix acting on the flavor indices. The dimensions in which R and PR conditions are

appropriate are listed in table 1 together with the corresponding flavor symmetry. For

D = 6, 10 (mod 8), Weyl conditions are compatible with R and PR conditions. Since

representations with opposite chiralities are inequivalent, we need to introduce two dis-

tinct integers P and Ṗ giving the number of irreducible D-dimensional spinors for each

chirality. Results of this paper are more naturally expressed in terms of the number of

four-dimensional fermions nF , which is also listed in table 1.

The left gauge theory entering the double-copy construction is a N = 2 sYM theory

with a single half-hypermultiplet transforming in the same pseudo-real representation R

which appears in the other gauge theory. This choice is motivated by the fact that a pseudo-

real half-hypermultiplet is CPT self-conjugate and hence does not need to be augmented to

a full hypermultiplet to have a sensible theory. It is convenient to consider a sYM theory

in D = 6 spacetime dimensions with Lagrangian

LL = −1

4
F âµνF

âµν+iψ̄ΓµDµψ+Dµϕ̄D
µϕ+

i

2
χ̄ΓµDµχ+

√
2ψ̄âϕ̄T âRχ+

√
2χ̄T âRϕψ

â , (2.12)

where the covariant derivatives are

(Dµψ)â = ∂µψ
â + gf âb̂ĉAb̂µψ

ĉ , (2.13)

Dµχ = ∂µχ− igT âRAâµχ , (2.14)

Dµϕ = ∂µϕ− igT âRAâµϕ . (2.15)
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The spin-1/2 field ψâ transforms in the adjoint representation and is the supersymmetric

partner of the gluon. It obeys a chirality condition of the form

Γ7ψ = ψ , Γ7 = Γ0 · · ·Γ5 . (2.16)

The complex scalar ϕ and the spinor χ are the components of the half-hypermultiplet.

They obey the conditions,

χ̄ = χtCV , Γ7χ = χ . (2.17)

Amplitudes in this theory can be conveniently organized into superamplitudes with mani-

fest N = 2 supersymmetry. While the Lagrangian in this section can be used for Feynman-

rule computations, the quickest way to obtain amplitudes for the left theory is to start from

N = 4 amplitudes and use an orbifold procedure, as explained in the next section.

Generic homogeneous supergravities are characterized by the property that their scalar

manifolds admit a transitive group of isometries. In four-dimensions they have a U-duality

algebra which can be decomposed into grade 0, 1, 2 generators, with the grade-zero part

G0 = so(1, 1)⊕ so(D − 4, 2)⊕ S(P, Ṗ ) , (2.18)

where S(P, Ṗ ) is the flavor algebra listed in table 1. A so(D − 4)⊕ S(P, Ṗ ) subalgebra is

already manifest at the level of the gauge theories entering the construction.

In particular cases, however, symmetry enhancement takes place so that the scalar

manifold becomes a symmetric space. This results in the appearance of additional grade −1

and −2 generators in the U-duality algebra. There exists one infinite family of theories with

symmetric scalar manifolds both in five and four dimensions, the so-called Generic Jordan

family [67, 68]. It has two distinct double-copy realizations, one with P = 0 and arbitrary

D and the other with D = 6 and arbitrary P . There also exist four exceptional cases of

theories with symmetric scalar manifolds, the so-called Magical Supergravities [67, 69], that

correspond to D = 7, 8, 10, 14 and P = 1. We will discuss more in detail the UV properties

of these theories in the following sections.2

3 One-loop gauge amplitudes with hypermultiplets

Field-theory orbifolds [70] are constructed from a parent theory, which in this case is N = 4

sYM, by projecting out states that are not invariant under the transformation

Φ→ RigiΦg
†
i , (Ri, gi) ∈ Γ , (3.1)

where Φ is a generic field of the theory, gi is an element of the gauge group G and Ri is a

matrix acting on the R-symmetry indices of the theory. Γ is taken to be a discrete abelian

2The literature has long discussed the relation between supergravities with symmetric scalar manifolds

in five dimensions and Jordan algebras of degree three, as well as the connection between the Magical

Supergravities and the four division algebras. However, discussing these connections lies outside the scope

of the present paper.
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subgroup of G×SU(4). Orbifold amplitudes can be conveniently obtained by inserting the

projectors

PΓΦ =
1

|Γ|
∑

(Ri,gi)∈Γ

RigiΦg
†
i , (3.2)

in the propagators of the parent theory, where |Γ| is the order of the orbifold group. As a

consequence of the invariance of the Feynman-rule vertices under gauge and R-symmetry,

projectors can be moved around the diagram past individual vertices. For tree-level am-

plitudes, this observation implies that orbifold amplitudes are identical to the ones of the

parent theory, provided that the external states are chosen to be invariant under the orb-

ifold group. One-loop amplitudes that preserve color/kinematics duality for general abelian

orbifolds of N = 4 sYM theory were obtained in ref. [66]. They are generally organized

in a presentation based on cubic graphs in which the internal line labeled by the loop mo-

mentum is dressed with an extra phase factor, which is in turn expressed in terms of the

entries of a diagonal matrix encoding the action of the R-symmetry part of the orbifold

generators on fundamental SU(4) indices.

Without repeating the derivation in ref. [66] and referring to appendix C for details,

we focus on amplitudes with four external hypermultiplets. Hypermultiplet asymptotic

states can be conveniently organized in an on-shell superfield Q,

Q = χ+ + ηrϕr + η1η2χ̃− , r = 1, 2 , (3.3)

together with the CPT-conjugate superfield Q. When the representation is pseudo-real,

we can identify Q = Q and χ± = χ̃±. The superamplitude between four hypermultiplets

is then written as

F1-loop
4

(
1Q, 2Q, 3Q, 4Q

)
= −g4

∑
G3

1

Si

niCi
Di

. (3.4)

Color and numerator factors are listed in table 2. While we have obtained these amplitudes

with a particular choice of gauge group and representation matrices, amplitudes with any

other choice of gauge group and complex representation have the same formal expression.

In later sections, we will simply use the numerators without any explicit reference to the

orbifold procedure we have employed in their derivation.

It is interesting to look at the color and numerator relations obeyed by the above am-

plitude. Some color relations stem from the representation-matrices commutation relations

[T̃ â, T̃ b̂] = f̃ âb̂ĉT̃ ĉ:3

C1 − C2b = C5b = C7b ,

C3 − C2a = C8b = −C9b ,

C11a = 2C8b = −2C9b ,

C12a = 2C5b = 2C7b . (3.5)

The reader can verify that these relations are obeyed by the corresponding numerator

factors.

3Throughout the paper we have f̃ âb̂ĉ = i
√

2f âb̂ĉ and T̃ â =
√

2T â.
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i G Ci, ni

1

R

R

C1 = (T̃ âT̃ b̂) δ̂
α̂ (T̃ âT̃ b̂) γ̂

β̂

n1 =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.6)

2a

C2a = (T̃ âT̃ b̂) γ̂
α̂ (T̃ b̂T̃ â) δ̂

β̂

n2a = − st

〈12〉〈34〉
δ4
(
Q
)

(3.7)

2b

C2b = (T̃ âT̃ b̂) δ̂
α̂ (T̃ b̂T̃ â) γ̂

β̂

n2b = − su

〈12〉〈34〉
δ4
(
Q
)

(3.8)

3

C3 = (T̃ âT̃ b̂) γ̂
α̂ (T̃ âT̃ b̂) δ̂

β̂

n3 =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.9)

5a

k4

k1
k2

k3

R

C5a = −T̃ â γ̂
β̂

(T̃ b̂T̃ âT̃ b̂) δ̂
α̂ =

(
T (G)− 2C(R)

)
T̃ â δ̂α̂ T̃ â γ̂

β̂

n5a =
st

〈12〉〈34〉
δ4
(
Q
)

(3.10)

5b

k4

k1
k2

k3

R

C5b = T̃ â γ̂
β̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ) δ̂

α̂ = −T (G)T̃ â δ̂α̂ T̃ â γ̂
β̂

n5b = − st

〈12〉〈34〉
δ4
(
Q
)

(3.11)
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7a

k2

k3
k4

k1 C7a = −T̃ â δ̂α̂ (T̃ b̂T̃ âT̃ b̂) γ̂

β̂
=
(
T (G)− 2C(R)

)
T̃ â δ̂α̂ T̃ â γ̂

β̂

n7a =
st

〈12〉〈34〉
δ4
(
Q
)

(3.12)

7b

k2

k3
k4

k1 C7b = T̃ â δ̂α̂ f̃ âb̂ĉ(T̃ b̂T̃ ĉ) γ̂

β̂
= −T (G)T̃ â δ̂α̂ T̃ â γ̂

β̂

n7b = − st

〈12〉〈34〉
δ4
(
Q
)

(3.13)

8a

k4

k2
k1

k3

R

C8a = −T̃ â γ̂α̂ (T̃ b̂T̃ âT̃ b̂) δ̂
β̂

=
(
T (G)− 2C(R)

)
T̃ â γ̂α̂ T̃ â δ̂

β̂

n8a =
su

〈12〉〈34〉
δ4
(
Q
)

(3.14)

8b

k4

k2
k1

k3

R

C8b = T̃ â γ̂α̂ f̃ âb̂ĉ(T̃ b̂T̃ ĉ) δ̂
β̂

= −T (G)T̃ â γ̂α̂ T̃ â δ̂
β̂

n8b = − su

〈12〉〈34〉
δ4
(
Q
)

(3.15)

9a

k1

k3
k2

k4 C9a = T̃ â δ̂
β̂

(T̃ b̂T̃ âT̃ b̂) γ̂
α̂ = −

(
T (G)− 2C(R)

)
T̃ â γ̂α̂ T̃ â δ̂

β̂

n9a = − su

〈12〉〈34〉
δ4
(
Q
)

(3.16)

9b

k1

k3
k2

k4 C9b = −T̃ â δ̂
β̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ) γ̂

α̂ = T (G)T̃ â γ̂α̂ T̃ â δ̂
β̂

n9b =
su

〈12〉〈34〉
δ4
(
Q
)

(3.17)
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11a

k1

R

C11a = T̃ â γ̂α̂ f̃ âb̂ĉf̃ b̂ĉd̂T̃ â δ̂
β̂

= −2T (G)T̃ â γ̂α̂ T̃ â δ̂
β̂

n11a = −2
su

〈12〉〈34〉
δ4
(
Q
)

(3.18)

11b

k1

R

C11b = −T̃ â γ̂α̂ Tr(T̃ âT̃ b̂)T̃ â δ̂
β̂

= −2T (R)T̃ â γ̂α̂ T̃ â δ̂
β̂

n11b =
su

〈12〉〈34〉
δ4
(
Q
)

(3.19)

12a

k1

R

C12a = T̃ â δ̂α̂ f̃ âb̂ĉf̃ b̂ĉd̂T̃ â γ̂
β̂

= −2T (G)T̃ â δ̂α̂ T̃ â γ̂
β̂

n12a = −2
st

〈12〉〈34〉
δ4
(
Q
)

(3.20)

12b

k1

R

C12b = −T̃ â δ̂α̂ Tr(T̃ âT̃ b̂)T̃ â γ̂
β̂

= −2T (R)T̃ â δ̂α̂ T̃ â γ̂
β̂

n12b =
st

〈12〉〈34〉
δ4
(
Q
)

(3.21)

Table 2. Color and numerator factors for the 1-loop superamplitude with four external hyper-

multiplets in case of a complex representation. Curly lines denote adjoint fields, while solid lines

denote hypermultiplet matter fields. Arrows are assigned according to the representation and we

use the short-hand notation δ4
(
Q
)

= δ4
(∑

i η
r
i |i〉
)
. The numbering of the graphs follows the one

in ref. [66]. Gauge-group representation indices α̂, β̂ are written explicitly.

Other relations stem from the two-term identity T â γ̂α̂ T â δ̂
β̂

= T â δ̂α̂ T â γ̂
β̂

:

C1 = C3 ,

C2b = −C8a = C9a ,

C2a = −C5a = −C7a ,

C11b = C8a = −C9a ,

C12b = C7a = C5a . (3.22)

These relations are also obeyed by the corresponding numerator factors. If we chose a

different complex representation with respect to the one from orbifolding, the color relations
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would no longer hold, but numerator relations would be unaltered. For later convenience,

color factors in table 2 are rewritten in terms of the representation’s index T (R) and

quadratic Casimir C(R),

Tr
(
T̃ âRT̃

b̂
R

)
= 2T (R)δâb̂ , T̃ âRT̃

â
R = 2C(R) 1R . (3.23)

While the numerators obtained so far are appropriate for complex representations, the

construction outlined in the previous section notably uses pseudo-real representations as

a key ingredient. It is quite instructive to see how the construction is modified in this

case. On general grounds, using a reality condition allows us to relate fermions with their

Dirac conjugates. For four-fermion amplitudes, this implies that a (fermionic) permuta-

tion symmetry needs to be introduced on all external legs. This symmetry extends to

superamplitudes with four-external half-hypermultiplets, taking into account that hyper-

multiplet on-shell superfields anticommute with each other (since their lowest component

is Grassmann-odd). In short, duality-satisfying numerators can be written down for the

pseudo-real case as the unique set of numerators with the following two properties:

1. Numerators are invariant under the permutation of all external legs up to a sign

which is assigned according to the signature of the permutation.

2. Numerators corresponding to color factors which are non-zero in the case of a complex

representation reproduce the ones listed in the table 2.

The complete list of numerators is given in table 3.

Numerators with different assignments of external legs are related by permutation

symmetry, as it can be verified using the identities

s

〈12〉〈34〉
= − u

〈13〉〈24〉
=

t

〈14〉〈23〉
. (3.24)

The identity

(T̃ âT̃ b̂)t = −T̃ b̂T̃ â , (3.25)

which relies on the antisymmetry of V , is also useful. An important difference between

amplitudes in the complex and pseudo-real cases is that the symmetry factor for the bubble

integrals with internal half-hypermultiplets needs to be changed to take into account that

the corresponding graphs no longer carry arrows.

The additional nonzero color and numerator factors obey identities of the form

C1b − C3b = −C6b = −C4b ,

C4b + C6b = C10a , (3.26)

which stem from the gauge-group generators commutation relations. However, the extra

identities in which gauge-group generators are contracted by an adjoint index require a

more detailed discussion. In contrast to the complex case, color factors will no longer

obey identities of the form T â γ̂α̂ T â δ̂
β̂

= T â δ̂α̂ T â γ̂
β̂

. While it would be natural to impose

additional three-term identities for both color and numerator factors in the pseudo-real
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i G Ci, ni

1a

R

R

R

R

k1

k2 k3

k4

l

C1a = (T̃ âT̃ b̂)α̂δ̂(T̃
âT̃ b̂)β̂γ̂

n1a =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.27)

1b

R

R

R

R
k1

k2 k3

k4

l

C1b = (T̃ âT̃ b̂)α̂β̂(T̃ b̂T̃ â)γ̂δ̂

n1b = − st

〈12〉〈34〉
δ4
(
Q
)

(3.28)

2a

R

R

R

R

k1

k4 k2

k3

l

C2a = (T̃ âT̃ b̂)α̂γ̂(T̃ b̂T̃ â)β̂δ̂

n2a = − st

〈12〉〈34〉
δ4
(
Q
)

(3.29)

2b

R

R

R

R
k1

k4 k2

k3

l

C2b = (T̃ âT̃ b̂)α̂δ̂(T̃
b̂T̃ â)β̂γ̂

n2b = − su

〈12〉〈34〉
δ4
(
Q
)

(3.30)

3a

R

R

R

R
k1

k3 k4

k2

l

C3a = (T̃ âT̃ b̂)α̂γ̂(T̃ âT̃ b̂)β̂δ̂

n3a =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.31)
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3b

R

R

R

R

k1

k3 k4

k2

l

C3b = (T̃ âT̃ b̂)α̂β̂(T̃ âT̃ b̂)γ̂δ̂

n3b =
su

〈12〉〈34〉
δ4
(
Q
)

(3.32)

4a

k3

k4
k1

k2

R

R

R

R
l

C4a = −T̃ â
α̂β̂

(T̃ b̂T̃ âT̃ b̂)γ̂δ̂ =
(
T (G)− 2C(R)

)
T̃ â
α̂β̂
T̃ â
γ̂δ̂

n4a =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.33)

4b

k3

k4
k1

k2

R

R

R

R
l

C4b = T̃ â
α̂β̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ)γ̂δ̂ = −T (G)T̃ â

α̂β̂
T̃ â
γ̂δ̂

n4b = − s2

〈12〉〈34〉
δ4
(
Q
)

(3.34)

5a

k4

k1
k2

k3

R

R

R

R
l

C5a = −T̃ â
β̂γ̂

(T̃ b̂T̃ âT̃ b̂)α̂δ̂ =
(
T (G)− 2C(R)

)
T̃ â
β̂γ̂
T̃ âα̂δ

n5a =
st

〈12〉〈34〉
δ4
(
Q
)

(3.35)

5b

k4

k1
k2

k3

R

R

R

R
l

C5b = T̃ â
β̂γ̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ)α̂δ̂ = −T (G)T̃ â

β̂γ̂
T̃ â
α̂δ̂

n5b = − st

〈12〉〈34〉
δ4
(
Q
)

(3.36)
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6a

k1

k2
k3

k4

R

R

R

R
l

C6a = −T̃ â
γ̂δ̂

(T̃ b̂T̃ âT̃ b̂)α̂β̂ =
(
T (G)− 2C(R)

)
T̃ â
α̂β̂
T̃ â
γ̂δ̂

n6a =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.37)

6b

k1

k2
k3

k4

R

R

R

R
l

C6b = T̃ â
γ̂δ̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ)α̂β̂ = −T (G)T̃ â

α̂β̂
T̃ â
γ̂δ̂

n6b = − s2

〈12〉〈34〉
δ4
(
Q
)

(3.38)

7a

k2

k3
k4

k1

R

R

R

R
l

C7a = −T̃ â
α̂δ̂

(T̃ b̂T̃ âT̃ b̂)β̂γ̂ =
(
T (G)− 2C(R)

)
T̃ â
β̂γ̂
T̃ â
α̂δ̂

n7a =
st

〈12〉〈34〉
δ4
(
Q
)

(3.39)

7b

k2

k3
k4

k1

R

R

R

R
l

C7b = T̃ â
α̂δ̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ)β̂γ̂ = −T (G)T̃ â

β̂γ̂
T̃ â
α̂δ̂

n7b = − st

〈12〉〈34〉
δ4
(
Q
)

(3.40)

8a

k4

k2
k1

k3

R

R

R

R
l

C8a = −T̃ âα̂γ̂(T̃ b̂T̃ âT̃ b̂)β̂δ̂ =
(
T (G)− 2C(R)

)
T̃ âα̂γ̂ T̃

â
β̂δ̂

n8a =
su

〈12〉〈34〉
δ4
(
Q
)

(3.41)
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8b

k4

k2
k1

k3

R

R

R

R
l

C8b = T̃ âα̂γ̂ f̃
âb̂ĉ(T̃ b̂T̃ ĉ)β̂δ̂ = −T (G)T̃ âα̂γ̂ T̃

â
β̂δ̂

n8b = − su

〈12〉〈34〉
δ4
(
Q
)

(3.42)

9a

k1

k3
k2

k4

R

R

R

R
l

C9a = T̃ â
β̂δ̂

(T̃ b̂T̃ âT̃ b̂)α̂γ̂ = −
(
T (G)− 2C(R)

)
T̃ âα̂γ̂ T̃

â
β̂δ̂

n9a = − su

〈12〉〈34〉
δ4
(
Q
)

(3.43)

9b

k1

k3
k2

k4

R

R

R

R
l

C9b = −T̃ â
β̂δ̂
f̃ âb̂ĉ(T̃ b̂T̃ ĉ)α̂γ̂ = T (G)T̃ âα̂γ̂ T̃

â
β̂δ̂

n9b =
su

〈12〉〈34〉
δ4
(
Q
)

(3.44)

10a
k1

R

R

k2 l k3

R

R

k4

C10a = T̃ â
α̂β̂
f̃ âb̂ĉf̃ b̂ĉd̂T̃ d

γ̂δ̂
= −2T (G)T̃ â

α̂β̂
T̃ â
γ̂δ̂

n10a = −2
s2

〈12〉〈34〉
δ4
(
Q
)

(3.45)

10b
k1

R

R

k2 l k3

R

R

k4

C10b = −T̃ â
α̂β̂

Tr(T̃ âT̃ b̂)T̃ b̂
γ̂δ̂

= −2T (R)T̃ â
α̂β̂
T̃ â
γ̂δ̂

n10b =
s2

〈12〉〈34〉
δ4
(
Q
)

(3.46)

11a
k1

R

R

k3 l k2

R

R

k4

C11a = T̃ âα̂γ̂ f̃
âb̂ĉf̃ b̂ĉd̂T̃ d

β̂δ̂
= −2T (G)T̃ âα̂γ̂ T̃

â
β̂δ̂

n11a = −2
su

〈12〉〈34〉
δ4
(
Q
)

(3.47)

– 15 –



J
H
E
P
0
3
(
2
0
1
9
)
1
5
3

11b
k1

R

R

k3 l k2

R

R

k4

C11b = −T̃ âα̂γ̂Tr(T̃ âT̃ b̂)T̃ b̂
β̂δ̂

= −2T (R)T̃ âα̂γ̂ T̃
â
β̂δ̂

n11b =
su

〈12〉〈34〉
δ4
(
Q
)

(3.48)

12a
k1

R

R

k4 l k2

R

R

k3

C12a = T̃ â
α̂δ̂
f̃ âb̂ĉf̃ b̂ĉd̂T̃ d

β̂γ̂
= −2T (G)T̃ â

α̂δ̂
T̃ â
β̂γ̂

n12a = −2
st

〈12〉〈34〉
δ4
(
Q
)

(3.49)

12b
k1

R

R

k4 l k2

R

R

k3

C12b = −T̃ â
α̂δ̂

Tr(T̃ âT̃ b̂)T̃ b̂
β̂γ̂

= −2T (R)T̃ â
α̂δ̂
T̃ â
β̂γ̂

n12b =
st

〈12〉〈34〉
δ4
(
Q
)

(3.50)

Table 3. Color and numerator factors for the 1-loop superamplitude with four external half-

hypermultiplets in case of a pseudo-real representation. Note that all bubbles have symmetry

factor Si = 2. Representation matrices with two low indices are defined as T â
α̂β̂

= (T âV −1)α̂β̂ ,

where V is the antisymmetric matrix entering the pseudo-reality condition.

case, the numerators listed in table 3 still obey the same set of two-term identities as

in the complex case. It should be noted that these identities are not necessary for the

consistency of the theory from the double-copy, i.e. the numerator identities stemming

from the gauge-group generator commutation relations are sufficient for ensuring that the

double-copy amplitudes obey the relevant Ward identities. However, it might be possible

to find different amplitude presentations which apply specifically to hypermultiplets in

pseudo-real representations and obey additional three-term identities in place of the two-

term identities. As a consequence of the numerator relations and permutation symmetry,

all numerators can be obtained in terms of a single master box numerator.

Finally, we note that the amplitude presentation in table 3 can be extended to the

case of an arbitrary number nH of half-hypermultiplets by dressing the numerator factors

with Kronecker deltas with indices running over the number of half-hypermultiplets. For

example, the first numerator is modified as

n1a =
s2δIJδKL

〈12〉〈34〉
δ4
(
Q
)
. (3.51)
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Additionally, bubble numerators with a matter loop acquire an extra factor of nH. This

procedure leaves the numerator relations corresponding to (3.5) unaltered, but the extra

two-term relations are lost in the generic case.4

4 One-loop supergravity amplitudes from the double copy

We now focus on four-dimensional supergravity superamplitudes with four vector multi-

plets5

M1-loop
4

(
1Va, 2Vb, 3Vc, 4Vd

)
, (4.1)

where a, b, c, d are global indices running over the number of supergravity vectors that are

realized as the product of two spin-1/2 asymptotic states. Note that these vectors transform

as SO(D−d) spinors under the global symmetry. These amplitudes can be obtained taking

the double-copy of the amplitudes from the previous section with a four-fermion amplitude

in the non-supersymmetric theory discussed in section 2,

A1-loop
4

(
1λa, 2λb, 3λc, 4λd

)
. (4.2)

The choice of chiralities for the external fermions determines whether a given external leg

in (4.1) is associated to a N = 2 vector on-shell superfield or its conjugate. We now focus

on divergent contributions to the amplitude (4.2). Since the non-supersymmetric theory is

renormalizable, there is no UV-divergent box integral, and all the amplitude’s divergences

are linked to the divergences of three- and two-point Green functions. In particular, we

write the one-loop corrections to vertices and inverse propagators as

i(Π1-loop
φ )µν,âb̂(k2) = −ig2δâb̂(ηµν − ηµνd )k2Π̃1-loop

φ (k2) ,

i(Π1-loop
A )µν,âb̂(k2) = −ig2δâb̂(k2ηµνd − k

µkν)Π̃1-loop
A (k2) ,

iV1-loop

Aλλ
(k1, k2, k3) = g2Vtree

Aλλ
(k1, k2, k3)Ṽ1-loop

Aλλ
(k1, k2, k3) ,

iV1-loop

φλλ
(k1, k2, k3) = g2Vtree

φλλ
(k1, k2, k3)Ṽ1-loop

φλλ
(k1, k2, k3) . (4.3)

Here we have split the D-dimensional gluons into d-dimensional gluons and d-dimensional

scalars according to the values of the spacetime indices µ, ν. This is done by introducing

the d-dimensional metric ηd defined as

ηd = diag
(

1,−1, . . . ,−1︸ ︷︷ ︸
d

, 0, . . . , 0︸ ︷︷ ︸
D−d

)
. (4.4)

ηd is generated by the integral reduction identities collected in appendix D, since the loop

momentum is taken to be in d = 4− 2ε dimensions.

4Double-copying the numerators for amplitudes with nH external half-hypermultiplets with the ones

in table 3, one can reproduce the (1 + nV /2) dependence of the divergence of the amplitudes of N = 4

supergravity with nV vector multiplets [15]. This is an easy check of the consistency of our construction (the

number of supergravity vector multiplets is related to the number of half-hypermultiplets as nV = nH + 2).
5By abuse of notation, we will use M to denote both superamplitudes and component amplitudes.
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We further split the tree-level, four-point amplitude in contributions corresponding to

the three channels,

Atree
4 = Atree

s,A +Atree
s,φ +Atree

t,A +Atree
t,φ +Atree

u,A +Atree
u,φ , (4.5)

where the vector and scalar channels have been written separately. Taking into account

the color factors in table 3, the integrated numerator factors of the non-supersymmetric

theory are related to the part of the one-loop corrections to vertices and propagators which

is proportional to the indices of the adjoint and matter representations:∫
ñ4a − ñ4b

D4
= Atree

s,φ Ṽ
1-loop

φλλ̄
(−k1 − k2, k1, k2)

∣∣∣
T (G)

+ Atree
s,A Ṽ

1-loop

Aλλ̄
(−k1 − k2, k1, k2)

∣∣∣
T (G)

,

1

S10

∫
ñ10a

D10
=

1

2
Atree
s,A Π̃1-loop

A (s)

∣∣∣∣
T (G)

+
1

2
Atree
s,φ Π̃1-loop

φ (s)

∣∣∣∣
T (G)

,

1

S10

∫
ñ10b

D10
=

1

2
Atree
s,A Π̃1-loop

A (s)

∣∣∣∣
T (R)

+
1

2
Atree
s,φ Π̃1-loop

φ (s)

∣∣∣∣
T (R)

,

where analogous relations for the other diagrams can be obtained by permutation. Using

the numerators in table 3, we have the following expression for the UV-divergent part of

the supergravity amplitude,

M1-loop
∣∣∣
div

= − 2sδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
Ṽ1-loop

φλλ̄

∣∣∣
T (G),div

− 1

2
Π̃1-loop
φ

∣∣∣∣
T (G),div

+
1

4
Π̃1-loop
φ

∣∣∣∣
T (R),div

)

+sAtree
s,A

(
Ṽ1-loop

Aλλ̄

∣∣∣
T (G),div

− 1

2
Π̃1-loop
A

∣∣∣∣
T (G),div

+
1

4
Π̃1-loop
A

∣∣∣∣
T (R),div

)}
+Perms.

(4.6)

We recognize that the combination of one-loop vertex and propagator corrections

in (4.6) corresponds to a piece of the beta function of the non-supersymmetric theory.

The beta function β(T (R), T (G), C(R)) will formally depend on the index and quadratic

Casimir of the representation, which are independent as long as no particular assumption

is made on R. We can then rewrite the result above as

M1-loop
∣∣∣
div

= − sδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
βφ
∣∣
T (G)
−
βφ
2

∣∣∣∣
T (R)

)
+sAtree

s,A

(
βA
∣∣
T (G)
− βA

2

∣∣∣∣
T (R)

)}
cΓ

ε

+Perms,

(4.7)

where βφ
∣∣
T (G)

denotes the part of the beta function for the Yukawa couplings which is pro-

portional to T (G). Contributions from the wave-function renormalization of the external

fermions are proportional to C(R) and hence do not appear in the above expression. The

factor of −1/2 in front of the second piece of the beta function in equation (4.7) is to be

expected on physical grounds. We know that N = 4 sYM amplitudes need to be recovered

from our numerators as a particular case in which the theory has a single hypermultiplet
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a, µ
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Figure 1. Triangle Feynman diagrams used in the computation for the non-supersymmetric gauge-

theory factor.

in the adjoint representation. It is well known that amplitudes in N = 4 sYM only have

contributions from box diagrams. Hence, the numerators corresponding to diagrams 10a

and 10b need to come with opposite sign. Furthermore, the factor of 1/2 arises because the

amplitudes we are considering only involve one half-hypermultiplet circulating in the loop.

At one loop, the corrections to the vertices for the right-hand YM theory are obtained

from the Feynman diagrams in figure 1 (see appendix B for the Feynman rules employed

in the calculation),

iV1-loop = g3(V T bT aT b)
ū2Γν(/l+ /p1)Γµ(/l− /p2)Γνu1

l2(l+p1)2(l−p2)2
−

ig3fabc(V T bT c)
(
ū2Γν/lΓρu1

)(l+2p1+p2)ρηµν+(l−p1−2p2)νηµρ+(p2−2l−p1)µηρν

l2(l+p1)2(l−p2)2
.

(4.8)

This expression can be further simplified by employing the integral reduction identities

collected in appendix D. We obtain:

Ṽ1-loop

Aλλ
(p1, p2) = − i

2
C(R)

{
4I2(p1) + 4I2(p2) + (D − 10)I2(p1 + p2)

}
− iT (G)I2(p1 + p2),

Ṽ1-loop

φλλ
(p1, p2) = −iC(R)

{
2I2(p1) + 2I2(p2) + (D − 6)I2(p1 + p2)

}
+

i

2
T (G)(D − 4)I2(p1 + p2) , (4.9)

where we have omitted a finite part proportional to the triangle integral I3(p1, p2). I2(k)

denote bubble integrals. Bubble-on-external-leg integrals I2(p1) and I2(p2) have dropped

out of the part of the vertex corrections which is proportional to T (G). This implies that

the 1/ε divergence of the vertex corrections that we will use in (4.6) is interpreted as a

genuine UV divergence without any infrared contamination.

The calculation for the propagator corrections is performed along similar lines (see

figure 2 for relevant diagrams). The final result is:

Π̃1-loop
φ (k2) = i

(
2T (G)− nFT (R)

)
I2(k) ,

Π̃1-loop
A (k2) = − i

6

{
(D − 14)T (G) + 4nFT (R)

}
I2(k) , (4.10)
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k

a, µ b, ν

k

a, µ b, ν

k

a, µ b, ν

Figure 2. Bubble Feynman diagrams used in the computation for the non-supersymmetric gauge-

theory factor.

where nF is the number of four-dimensional fermions. Equation (4.6) then becomes

M1-loop
∣∣∣
div

=
2isδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
3−D

2
+
nF
4

)
+sAtree

s,A

(
13

6
−D

12
+
nF
6

)}
cΓ

ε
+Perms,

(4.11)

where cΓ = i/(4π)2. By setting D = 4 + nS , where nS is the number of four-dimensional

scalars, we obtain our master formula which expresses the value of the superamplitude’s

one-loop divergence in terms of the parameters of the construction for homogeneous super-

gravities:

M1-loop |div =
2isδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
1+

nF
4
−nS

2

)
+sAtree

s,A

(
11

6
+
nF
6
−nS

12

)}
cΓ

ε
+Perms.

(4.12)

4.1 Examples

To simplify the expression (4.12) further we specialize on amplitudes between four super-

gravity vectors,

M1-loop(1Aa−, 2Ab−, 3A
c
+, 4A

d
+) = A1-loop

N=2 (1χ−, 2χ−, 3χ+, 4χ+)⊗A1-loop
N=0 (1λa−, 2λb−, 3λ

c
+, 4λ

d
+),

(4.13)

where the global indices of the last two vectors are raised with the inverse charge-conjuga-

tion matrix. With this assignment of external polarizations and after using spinor-helicity

identities which are collected in appendix A, we get the following expressions for tree

amplitudes in the three channels,

sAtree
s,φ =

i

2
〈12〉[34](C̃Γ̃I)ab(Γ̃IC̃

−1)cd , (4.14)

tAtree
t,A = i〈12〉[34]δ̃daδ

c
b , (4.15)

uAtree
u,A = i〈12〉[34]δ̃caδ

d
b , (4.16)

where we have written the higher-dimensional Dirac and charge-conjugation matrices as

ΓI = γ5 ⊗ Γ̃I and C = C4 ⊗ C̃. In this case, the expression (4.12) can be simplified as

M1-loop
∣∣∣
div

(1Aa−, 2A−b, 3A
c
+, 4A

d
+) = 2〈12〉2[34]2

(κ
2

)4

{
1

2

(
1 +

nF
4
− nS

2

)
(C̃Γ̃I)ab(Γ̃IC̃

−1)cd +

(
11

6
+
nF
6
− nS

12

)
(δdaδ

c
b + δcaδ

d
b )

}
cΓ

ε
.

(4.17)
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We now consider some interesting particular cases. nS = 0 (D = 4) corresponds to

the so-called CP(n) or Luciani model [71]. Supergravities in this family do not uplift to

dimension higher than four and have symmetric scalar manifold

M4D =
U(1, n)

U(1)×U(n)
, (4.18)

where n is the number of vector multiplets. The corresponding matter amplitudes between

four vectors have one-loop divergence

M1-loop
∣∣∣
div

(1Aa−, 2A−b, 3A
c
+, 4A

d
+) = 2〈12〉2[34]2

(κ
2

)4
{(

5

3
+
n

6

)
(δdaδ

c
b + δcaδ

d
b )

}
cΓ

ε
.

(4.19)

Another important example is the Generic Jordan Family [67, 68], which can be obtained

by setting D = 6 and keeping the number of 4D fermions arbitrary (with the relation

n = nF + 3).6 This theory has symmetric target space

M4D =
SO(2, n− 1)

SO(n− 1)× SO(2)
× SU(1, 1)

U(1)
. (4.20)

Focusing on amplitudes between two identical vectors and their CPT-conjugate states, we

get the expression

M1-loop
∣∣∣
div

= 2〈12〉2[34]2
(κ

2

)4
{(

7

3
+
n

3

)}
cΓ

ε
, (4.21)

which reproduces the earlier result in ref. [15].

By inspecting the two terms contributing to (4.12), we see that the contribution corre-

sponding to the vector exchange never vanishes.7 However, the contribution linked to the

scalar exchange vanishes for

D = 7, P = 1 (nS = 3, nF = 2) ,

D = 8, P = 1 (nS = 4, nF = 4) ,

D = 10, P = 1 (nS = 6, nF = 8) ,

D = 14, P = 1 (nS= 10, nF = 16) . (4.22)

These are precisely the four Magical supergravities [67, 69]. Additionally, the contribution

from the remaining channel matches the earlier computation in ref. [17].

5 Discussion

In this paper, we have calculated the one-loop divergence for selected amplitudes between

four vector multiplets in N = 2 homogeneous Maxwell-Einstein supergravities with the

6As previously discussed, the Generic Jordan Family has two distinct double-copy realizations. The

other realization involves a non-supersymmetric gauge theory with no matter fermions and an arbitrary

number of scalars.
7One can also verify that the two terms cannot combine to give a vanishing divergence by contract-

ing (4.19) with δadδ
b
c . The resulting expression never vanishes for the values of the parameters given in

table 1.
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double-copy construction, focusing on amplitudes between vector constructed as the dou-

ble copy of two spin-1/2 fields. Supergravity amplitudes are constructed using as building

blocks gauge-theory amplitudes between four hypermultiplets in a presentation that obeys

color/kinematics duality. Such amplitudes were first obtained in ref. [66] in terms of kine-

matical numerators which do not possess any explicit dependence on the loop momentum.

Because of this property, the supergravity divergence is directly linked to the beta function

of the non-supersymmetric gauge theory. In a sense, our calculation presents analogies

with the one in ref. [7], where the absence of some one- and two-loops divergences in

half-maximal supergravity was linked to the renormalizability of the non-supersymmetric

gauge theory entering the construction thanks to the absence of loop-momenta dependence

in N = 4 sYM numerators at one and two loops.

Our calculation employs an “asymmetric” version of the double-copy construction,

taking advantage of the fact that only one of the two sets of numerators needs to manifestly

obey color/kinematics duality. This allowed us to obtain the second set of numerators from

a Feynman rule calculation, avoiding the cumbersome task of finding duality-satisfying

numerators, much along the lines of the computation for N = 4 and N = 5 supergravity at

three and four loops [6–9]. Choosing a double copy in which all the N = 2 supersymmetry

is realized by one of the two gauge-theory factors further enabled us to establish a direct link

between the physical properties of the supergravity and the ones of the non-supersymmetric

gauge theory. Ultimately, our calculation would have been more opaque had we chosen to

focus on a (N = 1)× (N = 1) realization of the same supergravity theories.

Among the homogeneous supergravities, we do not find any matter amplitude which

remains finite at one loop. An open question is how robust is this finding with respect to

modifications of the construction. For example, we can generalize the construction by in-

cluding nφ complex matter scalars in the non-supersymmetric gauge theory. If the scalars

are in the same pseudo-real representation as the half-hypermultiplets, the resulting super-

gravity theory will contain hypermultiplets in addition to the vector multiplets which are

already present in the basic construction. The contribution to the supergravity divergence

is modified by hypermultiplet loops and eq. (4.12) becomes

M|div =
2isδ4(Q)

〈12〉〈34〉

(κ
2

)4
{
sAtree

s,φ

(
1+

nF
4
−nS

2

)
+sAtree

s,A

(
11

6
+
nF
6
−nS

12
+
nφ
12

)}
cΓ

ε
+Perms.

(5.1)

Hence, the additional contribution increases the divergence with respect to the Maxwell-

Einstein case. Another possible modification is to add adjoint fermions. Since adjoint

and matter representation contributions to (4.6) come with opposite sign, adjoint fermions

alleviate the UV divergence. However, they can be introduced in a way that is consistent

with color/kinematics duality only if the gauge theory becomes supersymmetric [66].

Our results can be understood in terms of counterterm analysis [72–84], which relies on

the fact that the appearance of a divergence in gravity can be directly related to the exis-

tence of a local operator of the appropriate mass dimension that satisfies all non-anomalous

symmetries of the theory. Hence, the challenging task of understanding loop-level diver-

gences can be simplified by a combination of computing tree-level amplitudes and symmetry
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consideration. A delicate part of the process is to analyze the constraint imposed by non-

linearly-realized symmetries on candidate counterterms. This can be done by a careful

inspection of single- and double-soft scalar limits [72, 75, 76], by studying solutions of

Laplace equation on the relevant scalar manifolds [73, 74], or by employing a superspace

formulation in which U-duality is manifest [77, 79]. Such considerations have allowed, for

example, to rule out all candidate counterterms for N = 8 supergravity up to and including

six loops [75]. In contrast, counterterms in theories with matter and reduced supersymme-

try are much less understood. In this respect, it is interesting to look at the counterterms

corresponding to the divergences observed in our calculation. Counterterms probed by a

four-vector amplitude will involve four powers of the field strength. Specializing to four

dimensions, it is advantageous to write separately self-dual and anti-self-dual components

of the vector field strengths by using the two-component spinor notation Fαβ = 1
2Fµνσ

µν
αβ ,

Fα̇β̇ = 1
2Fµν σ̄

µν

α̇β̇
. Hence, we need to consider counterterms of the form:

M
(1)
ab,cd(F

a
αβF

bαβ)(F c
α̇β̇
F dα̇β̇), (5.2)

M
(2)
ab,cd(F

a
αβF

bαβ)(F cγδF
dγδ) , (5.3)

M
(3)
abcd(F

a
αβF

bβγF cγδF
dδα) , (5.4)

where a, b, c, d are spinor indices of SO(D − 4) and M
(1)
ab,cd,M

(2)
ab,cd,M

(3)
abcd are arbitrary ma-

trices to be constrained by the symmetries of the theory. These candidate counterterms

need to be considered together with their conjugates and in combination with their super-

symmetric completions. Given the choice of polarization in our calculation, we are able to

probe only counterterms of the kind (5.2). The matrix M
(1)
ab,cd needs to obey manifestly the

linearly realized SO(D − 4) symmetry which is present in our amplitudes. Additionally, it

needs to be symmetric under the exchange of the indices a, b and under exchange of the

indices c, d. It is convenient to find an expression in terms of Clifford algebra elements.

Putting this all together, the observed divergences correspond to the appearance of the

linearized counterterms

O1 = C̃acC̃bd(F
a
αβF

bαβ)(F c
α̇β̇
F dα̇β̇) , O2 =

(
(C̃Γ̃I)abF

a
αβF

bαβ
)(

(C̃Γ̃I)cdF
c
α̇β̇
F dα̇β̇

)
,

(5.5)

together with their supersymmetric completions. The second counterterm does not appear

in the case of the Magical supergravities, which signals symmetry enhancement correspond-

ing to the enlarged U-duality groups of these theories. Note that, for D sufficiently large,

additional SO(D−4)-invariant candidate counterterms built out of higher-rank elements of

the Clifford algebra become possible which are associated to zero divergence from our cal-

culations. A systematic study of the effect of non-linearly realized symmetries on candidate

counterterms for the theories we are considering is left to future work.

Finally, it would be interesting to see if the relation between supergravity divergences

and physical quantities of the non-supersymmetric theory entering the construction (i.e.

beta functions) can carry over to other matter amplitudes or higher loops. When super-

gravity vectors constructed as vector times scalar are taken into account, the numerators

for the supersymmetric gauge theory contain explicit dependence on the loop momentum,
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which makes it difficult to observe a relation between integrated quantities. As for extend-

ing the computation to higher loops, amplitudes which manifestly satisfy color/kinematics

duality at two loops have recently become available [85] and are likely to trigger further

progress.
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A Conventions

In this appendix we collect the conventions employed throughout this paper. Our notation

can be obtained from the one of Elvang and Huang [86] by replacing ηµν → −ηµν . Our

metric has mostly-minus signature and the Clifford algebra relation is

{Γµ,Γν} = 2ηµν . (A.1)

Γ0 is hermitian while the other gamma matrices are antihermitian. The four-dimensional

gamma matrices γµ are

γ0 = σ1 ⊗ 1 ,

γ1 = iσ2 ⊗ σ1 ,

γ2 = iσ2 ⊗ σ2 ,

γ3 = iσ2 ⊗ σ3 ,

γ5 = σ3 ⊗ 1 . (A.2)

Four-dimensional charge-conjugation and B matrix are taken to be

C4 =

(
εαβ 0

0 t1εα̇β̇

)
, B =

(
0 t1εα̇β̇
εαβ 0

)
, (A.3)

with ε12 = −ε12 = +1. t1 is a sign to be assigned according to the value of the parameter

D in the construction. The charge conjugation matrix obeys the conditions Ct4 = −C4 and

(γµ)t = −t1C−1
4 γµC4.

Higher dimensional gamma matrices are written as

Γµ = γµ ⊗ 1 , µ < 4 ,

Γµ = γ5 ⊗ Γ̃µ , µ ≥ 4 . (A.4)
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We introduce indices I, J running over the internal dimensions. C̃ and Γ̃I denote the

components of the charge-conjugation matrix acting on the spinor indices corresponding

to the internal (D − d) dimensions. The sign t1 is fixed by the requirement that C̃Γ̃I is

always symmetric or, alternatively, that CΓµ is always antisymmetric.

Introducing the spinor-helicity variables as

λ(p) =

(
|p]α
|p〉α̇

)
, (A.5)

the Majorana condition is rewritten as

λ∗ = Bλ →

{(
|p]α

)∗
= εα̇β̇ |p〉

β̇ = |p〉α̇(
|p〉α̇

)∗
= εαβ |p]β = |p]α

. (A.6)

With this condition we have

([pq])∗ = 〈qp〉 (A.7)

for real momenta. We can expand null momenta using spinor-helicity variables as

/p = −|p〉[p| − |p]〈p| . (A.8)

We also have the identities

〈pq〉[qp] = 2p · q , (A.9)

〈p|γµ|q]〈r|γµ|s] = 2〈pr〉[sq] . (A.10)

B Feynman rules

In this appendix, we collect the Feynman rules for the non-supersymmetric gauge theory

entering the double-copy construction, which are obtained from the Lagrangian (2.5). All

momenta are taken as in-going.

Fermion propagator: p =
ipµΓµ

p2
C−1V −1 . (B.1)

Gluon propagator:
p

=
−iηµν
p2

. (B.2)

Ghost propagator: ba

p
=
−iδab

p2
. (B.3)

Fermion vertex:

a, µ

= igV taCΓµ . (B.4)
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Gluon vertex:

a, µ

k

p

q

b, νc, ρ

= gfabc
(
ηµν(k−p)ρ+ηνρ(p−q)µ+ηρµ(q−k)ν

)
.

(B.5)

Ghost vertex:

b, µ

p

ca

= gfabcpµ . (B.6)

C Details on the orbifold numerators

To obtain an explicit presentation of the one-loop (super)amplitude with four external

hypermultiplets in a complex representation, it is convenient to start from the amplitude

specified in eq. (5.46) of ref. [66] and perform the summation over the orbifold group

elements. We consider a Z3 orbifold taking SU(3N) as the gauge group for the parent

theory. The orbifold action is given by

rn =


1 0 0 0

0 1 0 0

0 0 einθ 0

0 0 0 e−inθ

 , gn =

 IN 0 0

0 einθIN 0

0 0 e2inθIN

 , θ =
2π

3
. (C.1)

This choice breaks the gauge group as SU(3N)→ SU(N)3 ×U(1)2. We then split accord-

ingly the SU(3N) adjoint indices as Â = (â, α̂, ˆ̄α), where the indices run over the following

representations of the (product) gauge group,

â : (N2 − 1, 1, 1)⊕ (1,N2 − 1, 1)⊕ (1, 1,N2 − 1)⊕ 2(1, 1, 1) ,

ᾱ : (N, N̄, 1)⊕ (1,N, N̄)⊕ (N̄, 1,N) ,

ˆ̄α : (N̄,N, 1)⊕ (1, N̄,N)⊕ (N, 1, N̄) . (C.2)

Projectors into the three sets of representations are written as

(PGΦ)Â =
∑

Γ

gÂB̂ΦB̂ =
(
Φâ, 0, 0

)
,

(PRΦ)Â =
∑

Γ

r3
3g
ÂB̂ΦB̂ =

(
0,Φα̂, 0

)
,

(PRΦ)Â =
∑

Γ

r4
4g
ÂB̂ΦB̂ =

(
0, 0,Φα̂

)
, (C.3)

where Φ is a generic field of the parent theory. Representation matrices of the R represen-

tation are then given by

T̃ â β̂α̂ = −(PR) Â
α̂ (PR)β̂B̂(PG)âĈ f̃ ÂB̂Ĉ . (C.4)
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p1

p2

l

l

p

Figure 3. Orientation for external and loop momenta used in the integral reduction identities.

At four points, supersymmetry implies that amplitudes with four external hypermulti-

plet fields can be organized in superamplitudes which can be directly obtained from the

amplitudes between two identical scalars and their conjugates given in ref. [66],

F1-loop
4

(
1Q, 2Q, 3Q, 4Q

)
=
δ4
(∑

i η
α
i |i〉

)
〈12〉〈34〉

A1-loop
4

(
1ϕ, 2ϕ, 3ϕ̄, 4ϕ̄

)
. (C.5)

Component amplitudes can be easily extracted by acting with derivatives with respect to

the Grassmann variables η.

It should be noted that the amplitudes in [66] were obtained with a procedure that

is not sensitive to bubble-on-external-leg graphs. In principle, it is possible to add back

these graphs in a way that preserves color/kinematics duality by adding to all numerators

terms proportional to the squares of the external momenta p2
i . When the external momenta

are put on-shell, i.e. the limit p2
i → 0 is taken, the additional contributions drop out of

the final expression in all graphs except the ones with bubbles on one external leg, which

have a 1/p2
i factor in the propagators. However, these graphs can be safely ignored in the

present context as they do not contribute to the gravity amplitudes because each of the two

numerators entering the double-copy formula is proportional to p2
i . At the level of gauge-

theory amplitudes, bubbles-on-external-legs integrals vanish in dimensional regularization.

However, they can lead to non-vanishing contributions if particular kinematical limits (UV

or infrared) are inspected.

D Integral reduction

Orientation of loop and external momenta are taken as shown in figure 3. The integral-

reduction identities for bubble diagrams are:

I2(lµ; p) = −1

2
I2(p)pµ , (D.1)

I2(lµlν ; p) =
d

4d− 4
I2(p)pµpν − p2

4d− 4
I2(p)ηµνd . (D.2)

For triangle diagrams, integral reduction identities are as follows:

I3(lµ; p1, p2) =
pµ1 (I2(p1 + p2)− I2(p1))

2p1 · p2
+
pµ2 (I2(1, p2)− I2(p1 + p2))

2p1 · p2
, (D.3)
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I3(lµlν ; p1, p2) =
ηµνd I2(p1 + p2)

2(d− 2)
+ pµ1p

ν
1

I2(p1)− I2(p1 + p2)

4p1 · p2
+

pµ2p
ν
2

I2(p2)− I2(p1 + p2)

4p1 · p2
+

p
(µ
1 p

ν)
2

(d− 4)I2(p1 + p2)

4(d− 2)p1 · p2
(D.4)

Note that the above identities depend on the d-dimensional metric ηµνd .

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] Z. Bern, J.J.M. Carrasco and H. Johansson, New Relations for Gauge-Theory Amplitudes,

Phys. Rev. D 78 (2008) 085011 [arXiv:0805.3993] [INSPIRE].

[2] Z. Bern, J.J.M. Carrasco and H. Johansson, Perturbative Quantum Gravity as a Double

Copy of Gauge Theory, Phys. Rev. Lett. 105 (2010) 061602 [arXiv:1004.0476] [INSPIRE].

[3] Z. Bern, J.J. Carrasco, W.-M. Chen, H. Johansson and R. Roiban, Gravity Amplitudes as

Generalized Double Copies of Gauge-Theory Amplitudes, Phys. Rev. Lett. 118 (2017) 181602

[arXiv:1701.02519] [INSPIRE].

[4] Z. Bern, J.J.M. Carrasco, W.-M. Chen, H. Johansson, R. Roiban and M. Zeng, Five-loop

four-point integrand of N = 8 supergravity as a generalized double copy, Phys. Rev. D 96

(2017) 126012 [arXiv:1708.06807] [INSPIRE].

[5] Z. Bern et al., Ultraviolet Properties of N = 8 Supergravity at Five Loops, Phys. Rev. D 98

(2018) 086021 [arXiv:1804.09311] [INSPIRE].

[6] Z. Bern, S. Davies, T. Dennen and Y.-t. Huang, Absence of Three-Loop Four-Point

Divergences in N = 4 Supergravity, Phys. Rev. Lett. 108 (2012) 201301 [arXiv:1202.3423]

[INSPIRE].

[7] Z. Bern, S. Davies, T. Dennen and Y.-t. Huang, Ultraviolet Cancellations in Half-Maximal

Supergravity as a Consequence of the Double-Copy Structure, Phys. Rev. D 86 (2012) 105014

[arXiv:1209.2472] [INSPIRE].

[8] Z. Bern, S. Davies, T. Dennen, A.V. Smirnov and V.A. Smirnov, Ultraviolet Properties of

N = 4 Supergravity at Four Loops, Phys. Rev. Lett. 111 (2013) 231302 [arXiv:1309.2498]

[INSPIRE].

[9] Z. Bern, S. Davies and T. Dennen, Enhanced ultraviolet cancellations in N = 5 supergravity

at four loops, Phys. Rev. D 90 (2014) 105011 [arXiv:1409.3089] [INSPIRE].

[10] Z. Bern, M. Enciso, J. Parra-Martinez and M. Zeng, Manifesting enhanced cancellations in

supergravity: integrands versus integrals, JHEP 05 (2017) 137 [arXiv:1703.08927]

[INSPIRE].

[11] J.J.M. Carrasco, R. Kallosh, R. Roiban and A.A. Tseytlin, On the U(1) duality anomaly and

the S-matrix of N = 4 supergravity, JHEP 07 (2013) 029 [arXiv:1303.6219] [INSPIRE].

– 28 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevD.78.085011
https://arxiv.org/abs/0805.3993
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.3993
https://doi.org/10.1103/PhysRevLett.105.061602
https://arxiv.org/abs/1004.0476
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0476
https://doi.org/10.1103/PhysRevLett.118.181602
https://arxiv.org/abs/1701.02519
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.02519
https://doi.org/10.1103/PhysRevD.96.126012
https://doi.org/10.1103/PhysRevD.96.126012
https://arxiv.org/abs/1708.06807
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.06807
https://doi.org/10.1103/PhysRevD.98.086021
https://doi.org/10.1103/PhysRevD.98.086021
https://arxiv.org/abs/1804.09311
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.09311
https://doi.org/10.1103/PhysRevLett.108.201301
https://arxiv.org/abs/1202.3423
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3423
https://doi.org/10.1103/PhysRevD.86.105014
https://arxiv.org/abs/1209.2472
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.2472
https://doi.org/10.1103/PhysRevLett.111.231302
https://arxiv.org/abs/1309.2498
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2498
https://doi.org/10.1103/PhysRevD.90.105011
https://arxiv.org/abs/1409.3089
https://inspirehep.net/search?p=find+EPRINT+arXiv:1409.3089
https://doi.org/10.1007/JHEP05(2017)137
https://arxiv.org/abs/1703.08927
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.08927
https://doi.org/10.1007/JHEP07(2013)029
https://arxiv.org/abs/1303.6219
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.6219


J
H
E
P
0
3
(
2
0
1
9
)
1
5
3

[12] Z. Bern, J. Parra-Martinez and R. Roiban, Canceling the U(1) Anomaly in the S Matrix of

N = 4 Supergravity, Phys. Rev. Lett. 121 (2018) 101604 [arXiv:1712.03928] [INSPIRE].

[13] Z. Bern, C. Boucher-Veronneau and H. Johansson, N ≥ 4 Supergravity Amplitudes from

Gauge Theory at One Loop, Phys. Rev. D 84 (2011) 105035 [arXiv:1107.1935] [INSPIRE].

[14] H. Johansson and A. Ochirov, Pure Gravities via Color-Kinematics Duality for Fundamental

Matter, JHEP 11 (2015) 046 [arXiv:1407.4772] [INSPIRE].

[15] J.J.M. Carrasco, M. Chiodaroli, M. Günaydin and R. Roiban, One-loop four-point

amplitudes in pure and matter-coupled N ≤ 4 supergravity, JHEP 03 (2013) 056

[arXiv:1212.1146] [INSPIRE].

[16] Z. Bern, S. Davies, T. Dennen, Y.-t. Huang and J. Nohle, Color-Kinematics Duality for Pure

Yang-Mills and Gravity at One and Two Loops, Phys. Rev. D 92 (2015) 045041

[arXiv:1303.6605] [INSPIRE].

[17] M. Chiodaroli, M. Günaydin, H. Johansson and R. Roiban, Complete construction of

magical, symmetric and homogeneous N = 2 supergravities as double copies of gauge

theories, Phys. Rev. Lett. 117 (2016) 011603 [arXiv:1512.09130] [INSPIRE].

[18] A. Anastasiou et al., Twin supergravities from Yang-Mills theory squared, Phys. Rev. D 96

(2017) 026013 [arXiv:1610.07192] [INSPIRE].

[19] A. Anastasiou, L. Borsten, M.J. Duff, A. Marrani, S. Nagy and M. Zoccali, Are all

supergravity theories Yang-Mills squared?, Nucl. Phys. B 934 (2018) 606

[arXiv:1707.03234] [INSPIRE].
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