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(p, q)-branes in type IIB string theory. S-duality exchanges NS5 and D5 branes, mapping
(p, q)-branes to branes of charge (—¢, p), and, in this way, induces several dualities between
5D gauge theories. On the other hand, these theories can also be obtained from the com-
pactification of topological strings on a Calabi-Yau manifold, for which the S-duality is real-
ized as a fiber-base duality. Recently, a third point of view has emerged in which 5D gauge
theories are engineered using algebraic objects from the Ding-Iohara-Miki (DIM) algebra.
Specifically, the instanton partition function is obtained as the vacuum expectation value of
an operator 7T constructed by gluing the algebra’s intertwiners (the equivalent of topological
vertices) following the rules of the toric diagram/brane web. Intertwiners and 7 -operators
are deeply connected to the co-algebraic structure of the DIM algebra. We show here that
S-duality can be realized as the twist of this structure by Miki’s automorphism.
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1 Introduction

The most remarkable achievement of string theory is arguably the derivation of non-
perturbative dualities between quantum field theories. The network of dualities obtained
in this way is particularly rich among four dimensional (class S) N = 2 super Yang-Mills
(SYM) theories, and their five dimensional N' = 1 uplifts. Indeed, these theories sus-
tain correspondences with both classical and quantum integrable systems [1-3], but also
with 2D Liouville/Toda conformal field theories (or g-deformed conformal blocks in the
5D scenario) through the celebrated AGT conjecture [4-6]. Furthermore, these supersym-
metric gauge theories can be realized as the low-energy limit of brane dynamics, and the
application of (type IIB strings theory) S-duality on this construction generates dualities
among them [7-9]. From the 5D gauge theory perspective, S-duality implies an enhance-
ment of global symmetries at the UV fixed points [10], a fact that was first predicted by
Seiberg in [11] (and generalized further in [12, 13]). This enhancement has been explicitly
observed by computation of BPS quantities (conformal index in [14], Nekrasov partition
functions in [10]).

This paper explores the realization of S-duality, also called fiber-base duality (see be-
low), among 5D N = 1 quiver gauge theories using an algebraic formalism developed
recently in the series of papers [15-21], and based on the Ding-Tohara-Miki (DIM) alge-
bra [22, 23|. This formalism, referred here as algebraic engineering, highlights the integrable
properties of the gauge theories’ BPS sector, and, at the same time, expresses in a very
elegant manner the covariance properties under the (q-deformed) W-algebra at the root
of AGT correspondence. In fact, we have two main motivations for our study. The first
one is the perspective to export the S-duality tool to integrable systems and 2D conformal
field theories (CFTs). In this way, a systematic derivation of spectral dualities between
integrable systems (such as the one observed in [24-27]), as well as non-trivial relations
between 2D conformal blocks [10, 28], could be obtained. Our second motivation is the
possibility to exploit the algebraic formalism to write the proofs of the non-trivial (and
non-perturbative) relations that S-duality implies among gauge theories quantities (par-
tition functions, BPS Wilson loops, ...). Here, we propose to address these two issues



using an automorphism of the DIM algebra, namely Miki’s automorphism [23], to twist
the coalgebraic structure responsible for integrability.’

In order to understand better the role of Miki’s automorphism, it is necessary to
review first the (p, q)-brane construction of these gauge theories [8, 30]. In type IIB string
theory, a (p,q)-brane is a bound state of p D5 and ¢ NS5-branes. It is a 5-brane that
fills the dimensions 0-4 (where the gauge theory background lies) and forms a segment
in the 56-plane oriented along the direction of angle 056 ~ arctan(p/q). Hence, with
this convention, pure NS5-branes are drawn horizontally (in the ‘5’ direction) and pure
D5-branes vertically. The brane-web represents the configuration of (p,g)-branes in the
56-plane, and characterizes the underlying N’ = 1 theory. To be specific, we consider here
5D N = 1 theories on the Omega-deformed background Rgl X REQ X S}g. The corresponding
partition functions are one-loop exact, but contain a tower of non-perturbative (instanton)
corrections that have been computed by localization in [31]. Alternatively, the partition
function can also be derived as a topological string amplitude [32]. Away from the self-
dual case €1 + €2 = 0, it is necessary to employ the refined version of the topological vertex
introduced in [33-35]. The topological string is compactified on a certain Calabi-Yau
threefold for which the toric skeleton (or, simply, toric diagram) coincides with the (p, q)-
brane web [36]. As a result, the brane-web provides the gluing rules for the topological
vertices associated to each (p, g)-brane junction.

In the (p,q)-brane web construction, the action of S-duality exchanges D5 and NS5-
branes, and more generally acts on the branes’ charges by sending (p, ¢q) to (¢, —p). This
operation effectively rotates the (p,q)-branes web by 90°, and thereby induces a duality
between the gauge theories associated to the two brane webs, the original and the rotated
ones. In the topological strings setup, the rotation of the toric diagram exchanges fiber
and base for the Calabi-Yau, which coined the term fiber-base duality [37].

The algebraic engineering of the gauge theory is based on a realization by Awata,
Feigin and Shiraishi [38] of the (refined) topological vertex as an intertwiner of the DIM
algebra.? This algebra depends on two parameters ¢; and go that encode the dependence
on the background parameters: q; = ef*! and ¢o = e, The algebraic engineering is, in
fact, a reformulation of the (p, g)-brane construction in algebraic terms: to each brane of
charge (p,q) corresponds a representation characterized by the two levels (¢,¢) = (q,p),
and to each (trivalent) brane junction, or topological vertex, is associated an operator
intertwining between three representations. The gluing rules of intertwiners also follow
the brane-web picture, the gluing being simply realized as a product of operators in the
shared representation. In this way, it is possible to associate to each brane-web an operator
T acting on a tensor product of representations. This operator is the essential object of
the construction. Its vacuum expectation value (v.e.v.) reproduces the instanton partition
function of the gauge theory [20, 21]. Besides, it can further be used to compute other
BPS quantities (like the qq-characters [20]).

'As this paper was almost completed, we received the preprint [29] in which a similar program is
proposed.

2The use of such intertwiners has been popularized by the Japanese school of Integrability, see for
instance the book of Jimbo and Miwa [39].



In [23], Miki describes an automorphism of the DIM algebra that acts on the two
central charges (¢, ¢) by sending them to (—¢,c). As a result, a representation p with lev-
els (p(c), p(¢)) = (¢,f) composed with this automorphism becomes a representation p’ of
different levels (p'(c), p'(¢)) = (—£,£). Since the two levels encode the branes charges, the
composition by Miki’s automorphism renders the S-duality transformation in the algebraic
formalism [17].> Building on this fact, we investigate here the transformation of intertwin-
ers, and their composite objects (7-operators, Lax matrices).* In this process, a twist of
the coproduct by Miki’s automorphism appears naturally, an the S-duality is reformulated
as an equivalence between quantities derived from the two different coalgebraic structures.
Note that this approach is essentially different from the one employed by Awata and Kanno
in [40], and in which S-duality relations follow from a change of the preferred direction for
the topological vertex. In our case, the preferred direction is fixed, it corresponds to the
vertical representation and it is associated to D5-branes once and for all. In practice, the
main difference is that, in addition to changing the way topological vertices are coupled,
we also need to implement the rotation of the vertices, and thus introduce new types of
intertwiners associated to the rotated representations.

This paper is organized as follows. In the section two, we introduce the DIM algebra,
describe the vertical (D5) and horizontal (NS5, NS54+D5) representations, and discuss the
action of Miki’s automorphism. The notion of intertwiner is reviewed in the third section,
their transformation properties are investigated at a general level, and many new types of
intertwiners are constructed. These results are used in the section four and five to analyze
the S-transformation of Lax matrices and T-operators (respectively). Three important
examples will be provided: the (resolved) conifold, and the pure U(1) and U(2) gauge
theories. In each example, the S-duality relation appearing in gauge theory follows from
the equality between the v.e.v. of algebraic quantities derived from the two coalgebraic
structures. The transformation of the vacuum state is a key point in this derivation, and
must be studied case by case. The technical parts of the discussions have been gathered in
the appendices. The appendix A presents advanced properties of Miki’s automorphism, it
includes expressions for the S-dual generators, discusses their action in the vertical module,
and investigate the possibility to refine the definition of Miki’s automorphism using grading
operators. The second appendix is a simple reminder on the building blocks entering in
the construction of Nekrasov partition functions. Appendix C shows the construction of
a new type of intertwiners, but also introduces new operators in the Cartan sector, and
defines a set of coherent state for the Fock modules of horizontal representations. Finally,
the appendix D contains the calculations relevant to the S-transformation of vacua.

3In fact, the whole SL(2,Z) invariance of type IIB string theory can be realized in this way, but we will
restrict ourselves to the element S.

4We call Laz matriz the evaluation of the universal R-matrix in two specified representations. The R-
matrix is the central object of quantum integrability, it is defined as an intertwiner between the coproduct
and its permutation A’ i.e. RA = A’R. On the other hand, (Baxter’s) T-operators commute with the
action of the algebra. These objects can be constructed using trivalent intertwiners, they will be defined
more rigorously in the main body of the paper.



2 Algebra, representations and automorphisms

2.1 Presentation of the Ding-Iohara-Miki algebra

The DIM algebra Apmy is, in fact, the quantum toroidal algebra of gl;. It can be formulated
in terms of four currents

Zz af, YE(z) = szkaik, (2.1)

keZ k>0

together with a central element %, that satisfy

*(2), 0% (w (2 _w_g(fyz/w) “(w)yT (2
[ (2), v (w)] =0, V()= EH S @) ()

YF () (w) = g7 Pz fw)H et (w)gt (2), @7 (et (w) = g(3T 22wy aF (w)y (=),
¥ (2)2™ (w) = g(z/w) 2™ (w)a™ (),

2 () 0™ (w)] = & (87 /w0t (41 2w) =6 (52 fw)y™ (5~ 2w)) (2:2)

In this formulation, k is a C-number and ¢(z) a function that can be expressed in terms of
the three complex parameters q1, g2, g3 constraint under the relation ¢1q2q3 = 1,

_ (1 =g)(1 - g) o(z) = H 1 — qaz ‘ (2.3)

— ; =)
(1—q192) aiinsl = a2

The function g(z) obeys the ‘unitarity’ property g(z)g(1/z) = 1 necessary to the consistency
of the relations (2.2). The form of this algebra directly follows from the gauge theory
background RQ X RQ X S}Y, and the parameters are identified as (q1,q2) = (ef¥1, eft2).
Deformations of this algebra have been introduced to treat different backgrounds: an
elliptic deformation for 6D gauge theories [41], a higher rank version (quantum toroidal

[,,) for the 5D background with orbifold [42], and a degenerate version for 4D N = 2
gauge theories [43].

The DIM algebra possesses two central charges denoted ¢ and ¢. The first one cor-
responds to the central element 4 that can be written 4 = ° with the shortcut notation
v = q3/ The second one is associated to the zero modes @/}éﬁ of the currents 1) (z): these
two modes are also central, and can be written szE = ~T€5 Hence, representations are

labeled by two (integer) levels (¢,¢) corresponding to the value of the central elements

POy =2, o) = 1. (2.4)

Vector spaces equipped with a representation pq(,u) of levels (¢, ) and weight v will be de-
noted (¢, ¢),. Weights will later be associated to the (exponentiated) positions of the branes.

The subalgebra generated by the elements dJIk and the central element 4 can be
seen as the analogue of the Cartan subalgebra of standard Lie algebras. It is sometimes

®The requirement 7 = (105 )" fixes partially the invariance of the algebra under a rescaling of the

generators. The remaining invariance mi( ) — wlzg® (#) is associated to an automorphism generated by a

grading element, it will be discussed below.



<

X X X X X X X
X X X X X X X

X X X X X X X
X X X X X X X

Figure 1. DIM generators represented according to their degree (x,y) = (d, —d) € Z ® Z.

useful to express the Cartan generators wik in terms of the modes a; of an Heisenberg
subalgebra [23],

¥ (2) = g exp (izzwaik) : (2.5)

k>0
Then, the relations 11, ¥z, and [z, z] given in (2.2) take a simpler form:

[, @) = (3" = 4 F)ewdprr,  [ag, 2] = iﬁﬂkv%k””lﬁk’
AR k+1>0
ot @) = § FACTRUE w020, k=0
—eA D2y k<0,

(2.6)

On the other hand, the q-commutation relations z*z* remain fairly complicated. The

coefficients ¢; in the r.h.s. of the commutators arise from the expansion of the function
g(z) in (2.2):

[9(2)]+ = exp (i Z ﬁkcik) y Ck = —% (1—qb). (2.7)

k>0 a=1,2,3

Here [g(2)]+ refers to the expansion of the function g(z) at infinity, while [g(z)]— denotes
its expansion in a neighborhood of zero. It follows from the unitarity property of g(z) that
the coefficients ¢ obey ¢ = c_g.

In addition, it is possible to associate two different degrees to the generators of the
DIM algebra using the grading operators d and d obeying the commutation relations

[d,xp] = —kay,  [di] = Fhody, [doag] =4z, [dyg]=0  (28)

These relations assign the degrees (d, —d) ~ (&1,k) and (d,—d) ~ (0, £k) respectively to
the modes acf and wik, while central elements are of degrees (0,0). Operators of higher
degree under d are obtained from the commutation of the modes x,f Thus, DIM operators
can be classified according to their degrees (d, —d) € Z x Z, and the generators have been
represented in figure 1. Furthermore, the grading operators can be used to define two
different automorphisms,

To(e) = wlew™@,  7yle) = len ™, (2.9)



for any element e of the DIM algebra Apmn:. These automorphisms act on the modes of
the Drinfeld currents as follows:

@t (@) = ot wz), ) = vHwa),
and 7 (e*(2) = 0Flat(2), 7(0E(z) = oH ().

In effect, 7, describes the freedom of rescaling the variable z of the currents, while 75

(2.10)

generates a rescaling of the currents ¥ (z). These two automorphisms are discussed in
greater details in the appendix (section A.3). In string theory, automorphisms of the DIM
algebra correspond to geometric transformations of the (56)-plane (see for instance [20],
section 2.6). It is shown in appendix that the action of 7, corresponds to an overall
translation along the NS5-direction, while the action of 75 encodes the translation along
the perpendicular direction (D5-branes).

2.2 Miki’s automorphism

The automorphism S discovered by Miki in [23] is fully determined by its action on the
central charges (c,¢) — (—¢,c) and on the four generators

ap — (v — 'y*l)xa' — —a_; = —(vy— 'y*l)xa — aj. (2.11)
It is readily seen that this automorphism is of degree four (i.e. S* = 1). Formulas for the
transformation of the generators xf, wik are provided in appendix A. However, since they
involve repeated commutations, they quickly become cumbersome to use. Apart from the
modes ay; and ;E(T appearing in (2.11), the four modes Jrli and mj_tl are the only ones that
are mapped to modes of the Drinfeld currents (2.1):

—(c+2)/2,+ (c+2)/2

ol = 1= T = =y v — ). (2.12)

Miki’s automorphism also acts on the grading operators, sending (d, d) to (—d, d). This
transformation follows from the requirement of keeping the commutation relations (2.8)
invariant. As a consequence, an element e € Appy of degrees (d., Je) is mapped to another
element with degrees (d, —d.). It results that the automorphism S acts as a clockwise
rotation of angle 90° on the representation of the generators (cf. figure 1).

As we mentioned in the introduction, it is possible to define a new representation by

5,“) o S. For short, we will call it the S-dual representation. Due to the

the composition p
transformation property of central charges, this representation has levels (—¢,¢). In string
theory, the (p, ¢)-branes are uniquely characterized by their charges (and position), and so
we expect that the representations associated to them will also be fully characterized by

their levels (and weight). Thus, from the physics perspective, we expect that the S-dual

representation pq(,u) oS identifies with a given representation pq(j_M) , up to a possible change
of basis:
ED(S - e) = MEDT T MED  with MED (0,0, = (05 (2.13)

In this relation, the image of the element e € Apny under the automorphism S has been

denoted S - e, and Mg’e) is an infinite (yet graded) matrix. Note also that while trans-

formation of levels is known, on the contrary the transformation of the weights, formally



denoted here © = S - v, depends on the explicit form of the representation and has to be
resolved case by case. Mathematically, the assumption (2.13) is rather challenging, and

(.0)

needs to be properly established. We will see below that the matrices Mg can be con-

structed explicitly for the representations relevant to our construction. Furthermore, these

)

matrices can be used to define the transformation matrices Mg,;e of arbitrary powers S*

of Miki’s automorphism using relations of the form

MED = MGEOMED MG = MmMEDT and ME) = MEOTL (219

2.3 Twisted coproducts

2.3.1 Twist by an automorphism

The DIM algebra has the structure of a Hopf algebra with the Drinfeld coproduct defined as

A(at(2)) =2 (2) @1+~ (3], )@ ()2),
Al (2) =2~ (G 2) 0¥ (g 2) +1027 (2), o1
AW*(2)) =™ (3 ﬂ/z ey (1%),  Alar) = k@i 215 2gq,,

AF) =425, Alc)=c®l+1l®e, A(C)=cxl+1®c

We denoted here ;) = ® 1 and 99y = 1 ® 4. The coalgebraic structure also contains an
antipode and a co-unit but since we do not need them in this paper, we will not give their
expression. This Hopf algebra is quasi-triangular, which implies the existence of a universal
R-matrix R that intertwines A with the opposite coproduct A’ obtained by permutation
(A" = PAP with P(a®b) = (b® a)P, P? =1):

RA = AIR, (A X 1)R = R13Ro3, (1 & A)R = R13R12. (2.16)

Unfortunately, no explicit expression of the universal R-matrix is known (for generic ¢ and
¢), but partial/implicit expressions are discussed in [17, 19, 44-46].

Miki’s automorphism preserves both the linear and multiplicative structure of the
algebra, therefore it can be used to twist the co-algebraic structure [47]. The twisted
coproduct®

As(e) = (STT@S™HA(S-¢), Vee Apm, (2.18)

defines a new quasi-triangular Hopf algebra with the universal R-matrix Rs = (S7' ®
S™1)R and a twisted antipode. The coproduct Ag appears naturally in the transformation
of trivalent intertwiners (a.k.a. topological vertices). Indeed, the intertwining property
involves a representation p obtained from two other representations p; and p2 by coproduct,
that is p = (p1 ® p2)A. Then, the S-dual representation p’ = po S can be written in terms
of pl = pioS (i =1,2) using the twisted coproduct p’ = (p] ® p))As.

5This coproduct As differs from A as it is possible to compute, for instance,

Azd) = z§ ®1+Z’fk N2y @xp and As(zd) =zd @7 P+ @] (2.17)
E>0



We can define in a similar way a twisted coproduct Agr for any power S¥ of Miki’s
automorphism. The action of S? on the Drinfeld currents (2.1) takes a simple form:

S? ot (z) = 2T (27, ST-yt(2)=¢T(zY), §%-(¢,6) =(—c¢,—¢), S* ar=—a_y.

(2.19)
As a result, it is possible to write down explicitly the action of the twisted coproduct
Ag2 on these generators. Remarkably, this twisted coproduct coincides with the opposite
coproduct A’ involved in the definition of the universal R-matrix. This leads to interpret
the automorphism S as a sort of square root of the R-matrix. This result should have
tremendous consequences for integrable systems built upon DIM algebra [48-50]. We hope
to come back to this important issue in a future publication.

2.3.2 Twist by a two-tensor

The so-called Drinfeld twist provides another way to deform a coalgebraic structure [47, 51].
In this case, the coproduct is twisted by an invertible two-tensor F that should satisfy the
following properties:

Fio(A@1)F=Fu(leA)F, (®1)F=(1®e)F =1. (2.20)

Here we used the standard notation F;; for the action of F in ith and jth tensor space
and e denotes the co-unit. The twisted coproduct FAF~! defines a new quasi-triangular
Hopf algebra with universal R-matrix F*RF !, F* = Fy; denoting the permutation of the
two-tensor, i.e. PFP. Although a general statement does not seem to exist, it has been
observed in some cases that the twisting by an automorphism can also be realized as a
two-tensor twist. For instance, this is the case for Lusztig’s automorphism of U,(g) where
g is a simple, finite-dimensional, Lie algebra [47]. This is also the case for the twist by the
automorphism S?, since A g2 identifies with the opposite coproduct, and the corresponding
two-tensor Fg2 is simply the universal R-matrix R. In fact, the existence of the two tensor
Fs has been prooved in [49] (lemma A.5) in the restricted case ¢ = 0.

In this paper, it will be convenient, although not essential, to assume that the
S-twisted coproduct Ags defined in (2.18) can also be obtained by a Drinfeld twist with the
two-tensor Fg:

As = FsAF5', Rs=FiRF5", (2.21)

where F% = Fso1 is the permutation of Fs. This assumption will provide us a general
intuition on the transformation of algebraic objects. However, strictly speaking, we do not
need the existence of the universal object Fg, but only its realization in specific represen-
tations. The latter will be constructed explicitly below, up to a normalization factor, using
a product of intertwiners.

Several interesting properties follow from our assumption (2.21). First, the opposite
coproduct A’ can be twisted in the same manner,

As(e) = (STP@STHA(S -e) = FiA (e)Fi . (2.22)

Moreover, since S* = 1, we notice that A%s = Ags = Ag-1, which implies the existence of
the two tensor Fg-1 = FGR associated with the twist by the automorphism S71, and the



corresponding twisted R-matrix is Rg-1 = Rgl. Similarly, the identification Ay, = As
provides the permuted relation Fg , = FsR~L. Finally, inverting these relations, it is
possible to express the universal R-matrices solely in terms of Fs and Fs-1 (and their
permutation), and re-interpret them as factors in a certain decomposition,

R=Fi\Fs=F ' Fs1, Rs=TFsFsi=TFs1F5" (2.23)

2.4 Representations

In the algebraic engineering, vertical representations are associated to (multiple) D5-branes,
and horizontal representations to NS5-branes (possibly dressed by extra D5-branes). These
representations have already been presented in several papers, we reproduce them here for
consistency and follow the conventions employed in [21]. Then, we investigate the S-dual

. . . . [
representations and derive the expression of several matrices ./\/l‘(s ),

2.4.1 Vertical representations

The modules of vertical representations, denoted here (0,m)z were introduced in [52].
They are infinite dimensional vector spaces with a basis of states |, X)} parameterized by
an m-tuple Young diagram X = (AM ... X)) and on which the Drinfeld currents act
as follows:

Om) 2+ (1)) |5, 3)) 5(/xs) Res —— |5, X
101) (.T ( |’U, Z Z/XIB P ?(Sz Z )\(z)|v7 +.’L’>>,
zEA(X)

py @ (2)[5.X) =7 3 6(z/xe) Res 2 V(g ") 0. X~ ), (224)
zeR(X)

-

P (0 (2)) 5, X)) = [W(2)] 15, X)).

These representations have levels (£,£) = (0,m), they are lowest weight representations,
with the vacuum |7, 0)) corresponding to empty Young diagrams, and the lowest weights
given by the vector ¥ = (vy,--- ,v;,). They are associated to m parallel D5-branes, with
(exponentiated) positions vy, - - , vy, along the axis ‘5’ of the 56-plane. In the gauge the-
ory, the level m coincides with the rank of the gauge group U(m), and the weight with the
exponentiated Coulomb branch v.e.v..

The modes of the currents % (z) behave as instantons creation/annihilation operators,
and their action involves a summation over the sets of boxes A(X) (resp. R(X)) that can
be added to X (or removed from X). To each box & = (1,4, ) in X with coordlnates (z Jj) in
the {th Young diagram, has been associated the complex parameter x, = v q2 lec.
The vertical action (2.24) has been written using the functions

Mocagyl = xa/2
erR( ) 1- z/(CIBZ)

(aTLs

Vi(2) =

(2.25)



These two functions possess an alternative expression as a product over the box content of
each Young diagram:

Uy (z) = H 11 _qiv}éz [Toz/xa). Ys(2)=]] (1 - *) 1 50/2),
=1 Vo oex =1 rex (2.26)
_ (0 =qz)(1 — @2)
(1-2)1—qiqe2)

The function S(z) is related to the function g(z) defined in (2.3), and involved in the
definition of the algebra, through the relation g(z) = S(z)/S(z~!). It obeys the functional
identity S(g3z) = S(z71).

By expanding the functions ¥(z) both around z = oo and z = 0, it is possible to

X
deduce the representation of the modes aj describing the Cartan sector:

m N 1 L2
P ()7, X)) = e | X - i . va 7.%), kez\{0}. (227)
X —(h)( —QQ) =1

This expression involves the coefficients ¢, defined in (2.7) from the two expansions of the
function g(z).

It is also necessary to introduce a dual basis ((7, X| for the vertical modules, which is
orthogonal (but not orthonormal) to the basis of states |7, X)):

(@ NTN) =655 a5y ag = Zveer (5, 0) [ [ (o) M T (2.28)
=1 TEX

The scalar product involves the quantity Zyect. (¥, X) that coincides with the vector multiplet
contribution to the Nekrasov instanton partition function. A brief reminder on the various
building blocks for these partition functions can be found in appendix B. Note that in
the case of m = 1, the (inverse) norms a) are in fact independent of the weight v of the
representation. The non-trivial norm is introduced here in order to simplify the expression
of the contragredient representation p that acts on the dual basis in such a way that

(X0 ()} [5.X) = (@, X] (pO ()5, X)) ), Ve € Apn. (2:29)

With our choice of normalization, the action of p reads just like (2.24), but with 2% (2)
replaced by —zF(z).

Vertical representations of levels (£,£) = (0,—m) can be defined using the automor-
phism S2. The corresponding modules are isomorphic to (0,m)z, and the action of the
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Drinfeld currents on the basis takes the form

o @) EX) = 3D S(exa) Res 2 Vilag e ) 5. X— x),
2€R(X) X

) veA(R) ) (2.30)
PG T W) 17, 8) = [Ba] L 19.2)),

(0’_m) -
Pz (ak‘) ‘ - (1 — 1 _ q_k ZU U >‘

<
>l
~
S~
I

|
)
o
>
8 |
E

Since by definition pg)’_m)(e) = pz(TO’m) (S2-e), the transformation matrix M( "™ is actually

trivial here, and (p, ¢)-branes of charges (0,m) and (0, —m) can be formally identified.

2.4.2 Horizontal representations

Representations with level ¢ € Z \ {0} are called horizontal representations, they are ob-
tained as a tensor product of |¢| g-bosonic Fock modules. In this paper, we restrict ourselves
to the case of a single g-boson, i.e. [¢/| = 1. Then, all the modules (£+1,n), with n € Z are
isomorphic to the Fock space defined over the g-bosonic modes «y, with the commutation
relations

[ak, Oél] = 00y, Wwith of = k"}/k(l — q’f)(l — q§) (2.31)
Positive modes annihilate the Fock vacuum |@)), while negative modes create excitations.
We further introduce the dual state ((}|, annihilated by negative modes, and the normal

ordering : --- : is defined by moving the positive modes to the right. The horizontal
representation will be defined using the vertex operators
+ zF Tk /2 + AR
(@) =texp | F Y T Par | 5 T =exp (£ 50— o |
k0 k>0
(2.32)

In representation of levels (+1,n) and weight u, the DIM algebra acts on the Fock

modules as follows [53]:7

E_ ~—k E_ ~—k
pgl,n)(ak) _ 7 k’)’ g, pq(fl’n)(ak) — _%a_k’ pi(ﬁ:tl n)( ) = 7i1’
P () = ), A (E(R) = TR (),
P (@t (2) = T T (Y, a0 (2) =TT (). (2.33)

As the levels indicate, these representations are associated to a bound state of a single
NS5-brane and |n| D5-branes. The weight u encodes the position of the (p, ¢)-brane along
the axis ‘6’ of the 56-plane. Due to the property p&l’n) (S?-¢) = pgfl’fn)(e) (Ve € Apmv),

(£Ln)

the transformation matrices M g, are trivial, and the weight v remains invariant under

S2. As a result, (p, ¢)-branes of charges (1,n) and (—1, —n) can also be identified.

"In contrast with the convention used in [20], here we have rescaled the weights of representations (£1,7)
by sending u — FuyT".

- 11 -



2.4.3 Action of Miki’s automorphism on the representations

In this paper, we restrict ourselves to representations with levels ¢, ¢ € {=1,0,1} that
define a closed subset under the action of Miki’s automorphism. To study this action,
we need to introduce a new basis in the horizontal Fock space, in addition to the usual
PBW basis. This is achieved using an isomorphism sending horizontal representations
into representations acting on Macdonald symmetric polynomials Py with the parameters
q¢ = ¢ and t = ¢;' [53]. Under this isomorphism, the vacuum state |()) coincides with
the constant 1, and the oscillator modes are written in terms of the power sum symmetric
polynomials py:

0
ar=(1—q)7*" pr, ar=k(1- QQ“)V’“/Q@T%, (k > 0). (2.34)

Under this identification, the zero mode of the vertex operator n*(z) reproduces the Mac-
donald operator. The latter is diagonalized by the Macdonald polynomials Py. It leads
us to introduce the corresponding states |Py) in the Fock modules as an eigenbasis of the
operator 770+ with the non-degenerate eigenvalues E):

g |1P) =Ex|P), with Ex= Y ¢ '¢d'- > dd (2.36)
(4,5)€A(N) (4,5)ER(A)
However, this eigenvalue equation does not fix the normalization of the states. Instead of
taking the standard norm of Macdonald polynomials, here we adjust it in such a way that
the Pieiri rule with the elementary symmetric polynomial e; = p; coincides precisely with
the vertical action of xar 9

a_1|P\)=— )  Res | Prta) - (2.39)
veA() < Zy ()

In the same spirit, we also modified the norm of dual Macdonald polynomial @y, and
introduced the dual basis (Py| such that (Py| P,) = a) '8y, with the coefficients a) given

8The two possible expressions for the function Vx(2) (given (2.25) and (2.26)) induce at the asymptotics

z — oo the relation
Z Xz — Z g3 Xz*zvl*UfY sz, (2.35)

z€A(X) zER(X) zeX
which provides an alternative expression for E).
9The original Pieiri rule for e; with the standard norm of Macdonald polynomials [64] can be written as
[Toeron (1= a5 xy/xa) [Tueacy (1 = @3xy/Xa)
e1P\ = Z L L Pyie,
[Tveroy (1= xy/Xa) [Tueacy (1 = Xy /Xx)
y<z y<z

(2.37)
zEA(N)

where the ordering on the boxes x = (i,5) € A is defined such that z < 2’ iff i <4’ or i =4’ and j < j'.

However, here instead of the normalization Py = mx + --- (with my the monomial symmetric function),
we use P\ = nymy + --- with
_ IA| 1—4
1—q! il qg?
m= () I st T a-ata) TRES ey
4 @, yEX (4,5)EA 1—q;
y<z

We would have chosen the standard norm instead, the coefficients nx would have appeared as the values of
the matrices Mg) on the diagonal.
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n (2.28). This choice of normalization for the vertical and horizontal basis corresponds to
a choice of framing factors for the topological vertex [35].

In order to compare with vertical representations, we also need the action of 7, on the
Macdonald states |Py). It can be obtained using the isomorphism oy that sends the DIM
algebra with parameters g1, g2, g3 to the DIM algebra with inverse parameters ¢, L qy L q5 L
This isomorphism encodes the vertical reflection in the 56 plane [21]. It sends the mode
xar to x, and as a consequence,

m |P) =B P, with Bj= > ¢ Vg0 N grig?. (2.40)
(4,5)EA(N) (4,9)ER(N)

Finally, the action of o follows from the Pieiri rules applied to the dual Macdonald poly-
nomial with our specific choice of normalization it gives

ar|Py) =y > Res 27 "Valgz'2) [Paoa) - (2.41)
ver(N)

We now compare horizontal and vertical modules. It is Seen in appendix A that the
DIM algebra is in fact generated by only four modes: a+; and 3:0 Hence, it is sufficient to
examine the action of these four modes in order to show the isomorphism (2.13) between

vertical and horizontal modules. Comparing p(o jEl)(8 -e) and pqgﬂ’o)(e) for e € {as1, 23},

(0,41)

we deduce the existence of the isomorphisms Mg and Mgil’o) mapping vertical states

|v, )\>) to the Macdonald states |Py), and vice-versa:

M M(O_l) Za/\ |Py) ((v, ], Mfsl’O)_ (10) Za,\ [0, AD) (Pl (242)

Under this transformation, the vertical weights v are mapped to horizontal weights u=—~v,
(0,1)y = (=1,0)—yy = (0, =1)y = (1,0)—y, — (0,1),. (2.43)

The presence of this extra factor is a matter of conventions, it is related to the fact that
the weights of the vertical representation are usually defined as (minus) the roots of the
Drinfeld polynomial that really correspond to —yv; (¢ =1, ,m).

Finally, we would like to consider the S-transformation of horizontal representations
(1,£1) and (—1,=£1). Using the properties

o () = ung, and pM (@) = —un (2:44)

(£1,1)

it is easy to show that, the modules beeing isomorphic, if the matrices Mg and

Mg’il) exist, they must be diagonal in the basis |Py). Moreover, the identities MSQ’I) =
Mg b 1)./\/1(1 1) (and similarly for the four other matrices) impose some relations among
the eigenvalues of the different matrices Ms. At this stage, we can write down following

the Ansatz:
MG =M = > axdy |Py) (PA, Mg = Mg = Za’\d [P3) (BAl

A
(2.45)
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with d) unknown coefficients. The horizontal weights are, once again, observed to be
invariant under S-transformation.

The proof of the existence of the matrices Mg between the representations (£1, 1) and
(£1,—1) is a little more involved. We consider only Mg’l), since the other matrices can
be treated in the same way. The DIM algebra is generated by only four modes that we
can choose to be a4 and xil. The previous arguments can be applied to both xil using
the isomorphism oy,. Thus, it only remains to treat the case of a+; < S - xa_r , for which we
need to show that
p(S xF) = Mg’l)_lpg_l’l)(x(jf)/\/lg’l) & Mg’l)_lnilMg’l) =0T las. (2.46)

u u

For this purpose, we consider the commutator nil = :l:’yﬂ/ 201_ ! (s, n(jf] in the Macdonald
basis |Py). We will focus here on 1], the treatment of ~; being similar. Comparing

dy
A—x

MYV MGV P = 2ot ST (Bx — Ex-) Res = Vy(g5'2) [Paca)
zER(N) ‘

(2.47)
with the action (2.41) of a1, we deduce that the constraint (2.46) on 1 is satisfied provided

that the diagonal elements of the matrix Mg’l) equal

-1

dy=dg(—"Pa NI d7'd | (2.48)
(4,5)EN

The analysis of the constraint coming from 7~; in (2.46) gives the same value for dy. The

choice of dj is let free, we set dy = 1 so that Mg’l) maps the vacuum state |0)) to itself.

3 S-transformation of intertwiners

3.1 A general approach to S-dual intertwiners
3.1.1 Definition of intertwiners and twisting

Trivalent intertwiners are the building blocks of the algebraic engineering of 5D N = 1
gauge theories for which they play the role of the refined topological vertex. However,
in contrast with topological strings, there exists several types of intertwiners in the DIM
algebra, each parameterized by the level of the representations involved. In this way, it
is possible to associate certain ‘higher rank’ intertwiners to brane-webs involving more
than one topological vertex (see [20]), leading to a more efficient method to compute
topological strings amplitudes. In addition, it is also necessary to distinguish between the
intertwiner ®, and the dual one ®*. Indeed, the web of intertwiners should be oriented,
the orientation corresponding to the mapping from one module to another. Intertwiners ®
and ®* correspond respectively to vertices with one and two outgoing arrows (see figure 2).
Notice that ®* can be obtained from ® by a reflection along the diagonal x5 + z¢ = 0 in
the 56 plane (flipping also the arrows).
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Figure 2. Representation of the intertwiners ® and ®* as generalized topological vertices.

Algebraically, intertwiners are defined as the solution to the following equations:

Afee[n ] =o[a k] (A ens® aw).

A NO) L B P A O] o

These equations do not determine the intertwiners uniquely, as it is still possible multiply
them by a factor depending on the levels and weights (for instance). Whenever it is
possible, this ambiguous factor will be set to one. Once this ambiguity is fixed, we expect
that intertwiners involved in the correspondence with topological strings become unique.
The relations (3.1) applied to the central charges ¢ and ¢ imply the conservation of the
levels £ = ¢y + £ and £ = £ + {5, corresponding to the charge conservation of the branes.
Thus, intertwiners can be labeled by only two sets of levels (£1,f;) and (¢, /3). Obviously,
intertwiners also depend on the weights of the representations, however we will not indicate
them in order to lighten the notation. A constraint on these weights is also observed, it takes
the form w®0 (v) = w4 (v1)w2:2) (vy) with the representation-dependent functions of
the weights w0 (v). Explicit calculations give the values w*1™ (u) = u for horizontal
representations, and w(®*™) (7)) =[]/, (—vyv;) for vertical representations.

There are two (somewhat equivalent) ways of defining the action of S-duality on inter-
twiners: either replacing the representations by the S-dual ones, or replacing the coproduct
by its twisted version. The first point of view is relevant to string theory, since S-duality

implies the rotation of (p,q)-branes that effectively replace representations by the dual
—0 b
—0la £o
vertex after rotation of the brane web. On the other hand, the replacement of the coprod-

ones. We will call rotated intertwiner the intertwiner ® } describing the topological

uct by its twisted version is more interesting from the integrability perspective. We will
call S-dual intertwiner the corresponding intertwiner, and denote it ®s. This object is
defined as the solution of the equations (3.1) with A replaced by Ag:

AOEes[ | =as[f 0] (AP @™ Ase),

0,0 ls,F. 0z 00 (F (3.2)
(P07 @ o) Aste)) @52 0 | = @5 125 |0 o)

The relation between rotated and S-dual intertwiners involves the matrices Mg, it will be
given below.
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3.1.2 Action of 82 and inversion of intertwiners

Before looking at the action of S, it is instructive to consider first S?. There are two
different ways to solve the equations (3.1) for g2 and ®%, (i.e. with A and A’ exchanged
since Agz = A’ and §* = 1). The first possibility is to use the intertwining property of the
universal R-matrix and replace A’ with RAR™!. As a result, we find the solutions

_ _ ——1 _ R _
(I)SQ[@ 4_2} _(I)[fz 22}73[52 572} ’ 52[52 572} _R[fz 572} (I) [42 572}’ (3.3)
where we have introduced the Lax matrix

R[Z 2} = (ﬂi’f’zl) ® pq(ff’z"’)) R. (3.4)

A second solution can be found by introducing the matrices Mgz using the prop-
erty (2.13). A simple calculation gives

P g2 [Zl t@} — Mgzyf)*lq){%l *5:1} (Mééljl) ®Mg22,l72)) 7

lo £o —ly —Vlo (3 5)
* 01 0 o (¢ ,Z )—1 (¢ 717 )—1 % | —0; —F (Z,Z) :
slaf] = (MEVTeMED ) e [0 B Mm@,

This solution relates the two definitions of S2-dual intertwiners. However, the main subtlety
here is that this second solution may not coincide with the previous one, although we expect
that they differ only by a normalization factor. In the following, as a point of reference for
normalization factors, we consider (3.5) as the genuine solution.

Then, it is important to observe the following fact. Considering the two following
products of intertwiners (taken in both intermediate modules (1, /1),, and ({2,03),,) as

endomorphisms of (¢, ¢),,

o) -slsilslat) wlat]-welieliel oo

02 ZQ Lo C2 L2 22 0o Lo L2 ZQ Lo 0o

it is possible to show using the properties (3.1) that they commute with the action of the
DIM algebra in the representation (¢, £),. In the case of interest, namely vertical (0,+m)
and horizontal (+1,n) representations, this property implies that A" and N* are constants
(of course, depending on levels and weights). When these constants are finite, the dual
intertwiner @, provides the right inverse of ®, and similarly ® s gives the left inverse of
®*. We would like to emphasize that these considerations, although very general, can also
be used in practice to write down the inverse of an intertwiner using the solution (3.5)
found previously. We will give below an explicit verification of the two identities (3.6) in
certain representations.

We would like to conclude this paragraph on the action of S? with a side remark. In
fact, there is a third way to find a solution for ®g2 and ®%,, in which we introduce the

permutation operator P(a ® b) = (b ® a)P. In this way, we find:

oefpp]=e[pklP[nn] ex[ii]=rlek]e[z2]. 6D
with i
Plab] (i)t~ (b6 @ (1) (33)
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3.1.3 S-transformation of intertwiners

Just like in the case of ®g2, there exists several ways of solving the twisted intertwining
relations (3.2). The simplest way, assuming the existence of the two-tensor Fg, is to replace
As with FsAFg" (and Al with FEA'F5Y). In this case, we find

_ _ R _ _ _
an] _ ale 07 N R I R A B A
as[00] = 0]ms[00] 7 a[0f]=mlan]e[0l] @9
with
fs[ﬁi 2} = Pq(f;l’él) ®P§€2’Z2) Fs, fE[Z ﬁ%} = Pl(ﬁl’gl) ®p“2’£2) Fs. (3.10)

This solution is not very useful since no expression is known for Fs in general. Yet, it
could be employed in a reverse way to find an expression for the specialization Fg [2 gﬂ

from the knowledge of ®s and ®.
The second method employs the property (2.13), it provides a relation between the

S-dual intertwiner ®s and the rotated one,

CI)S[ZI tfl} :Mg e)(b[el —zl} (M“l’ 0)— 1®M(22,_g2)_1)’

q)fs[z Ei (M(fl, fl)@M“?» eg)) ‘D*[ﬁl :g;]M(g ~0-1 (3.11)

Note however that in this formula, the rotation of intertwiners ® and ®* is performed in
the opposite direction, so that it corresponds the action of S~' on the representations.

Using the formula for the inversion of intertwiners (3.6), combined with the solu-
tion (3.5) for ®g2, the rotated intertwiner QD[ 2 2
original one,

R I () N R P R ) w0 0] =[e 0
o[ hh)=mPOe[b ][0 b], e [hn]=F[0h]

with

} can be expressed in terms of the

—1 _ -
w012 (£,0)-1
® [e; Z;}MS 3 ’12)

Fs[np]=nlan]” (Méfsf” @ M) o[ T MG R .
el I:N[:Z :ﬁ%] o[ MG e[ 2l h ] (MG @ M)
(3.13)

In contrast with the transformation two-tensors Fgs [Zl 2} with which they are affiliated,

the expression for the two-tensors Fs [2 2} can be written down explicitly, and we will
provide several examples later on. Assuming that the solutions ®s obtained with the
different methods are proportional, the two-tensors can be related as follows:

Fs ] o (M e M) £ T |

]:-g[z; ZI} (M(£1,€1) Mgg,zg)_1> }‘g[*l@ @1} (3.14)

—l Lo
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In fact, even though it can be made explicit, the exact expression for the two-tensors
Fs will remain rather complicated. On the other hand, they satisfy simple covariance
properties under the action of DIM algebra that can (and will) be exploited:

Foli ] (o @ oM 80) = (o0 002 A5 -0) A1 2],

0.t —02,0 — 1l =, 7 71—1 ~ _
(e ) FE[p ] = A h] (AP eple® s 0).
(3.15)

These relations have been established by a direct calculation.

3.2 Example of intertwiners

In this subsection, we provide the explicit expression for several types of intertwiners. These
expressions will be used to check some of the identities obtained previously using Miki’s
automorphism. Moreover, they will also be employed in the next sections to investigate
the action of S-duality on particular brane webs.

3.2.1 Generalized AFS intertwiners

The first intertwiners for the DIM algebra were introduced by Awata, Feigin and Shiraishi
in [38], they correspond in our notation to ®[?9 1] and ®*[9 1]. They are associated to the
genuine refined topological vertex [33, 34] and describe the junction of a D5-brane and a
NS5-brane, dressed by n-D5 brane, forming a bound state of one NS5-brane and n+ 1 D5-
branes. These intertwiners were later generalized in [20] to vertical representations of higher
level m > 0 using a fusion technique. The new intertwiners involve the representations
(I, m+m)y, (0,m)z and (1,n),, and describe m topological vertices with parallel preferred
direction, and successively glued along a non-preferred direction. In this way, they represent
a NS5-brane, dressed by n D5-brane, meeting a stack of m D5-brane (not necessarily
overlayed), to form a bound state of one NS5-brane dressed by n 4+ m D5-branes.

The generalized AFS intertwiners are conveniently presented as vectors of the vertical

modules, with coefficients being vertex operators mapping the Fock spaces of the horizontal

modules:
®m] = ax®s[ mI((T, X, 9] = ag®%[9 ] |7, X)),
X X
m m
o:[9m =519 [ ®oCw) [0t ) 1 @59 =309 m] - ] @5(o0) [[ 7 (xa) 5
=1 zEX =1 zEX
(3.16)
where ts and t’i denote the normalization coefficients
tz0m =@M T 39 m] = u Py X (3.17)

QSEX :EEX

The vertical components associated to the vacuum involve the operators ®y(v) and ®;(v)
that defines a sort of Fermi sea. They can be built using a product over the boxes of an
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infinite, fully filled, Young diagram A\, = {(i,j) € Z>° x Z>°},

_. e (V) k2
Oy(v) = [[ 7" 0) " i=rexp [ Y v M gy,

> Ok
reh k0
& (3.18)
. —i y-1 (o) ™% ke
Qp(v) =: H N (xz)  =:exp —Z 7 a

with the coefficients o given in (2.31).

3.2.2 New intertwiners V X H <+ H

In fact, the generalized AFS intertwiner ® presented above belong to a set of eight intertwin-
ers obtained either by flipping the signs of the levels (1,n) — (—1,n), or (0,m) — (0, —m),
or exchanging the representations (0, £m) <+ (£1,n). By convention, we denote the weight
of representations (+1,n) as u, (0,4+m) as ¢, and (£1,n + m) as «’. These intertwiners
can also be decomposed over their vertical components, as in (3.16), and the corresponding
coefficients read

T - —
SUENIETIR AR | CHUi) | Ut i tx[ ] =u Py T
=1 zeX zEX
m
S B FR Y || K 10t il [ [ANC RN PRl By | P
=1 zEX zEX
T — —
ex[ % =t [ ] [T es 0 [T )t ts[ O ] = @)y T
=1 zeEX zeX
(3.19)
and
mn - —
exnl=tslbnl: T2 [ ()" t5lb n]= ()= T,
=1 zeX zeX
m —
S R I Y [ £ TCastas I [ [ANCs RN I Bl || PYa
=1 zeX zeX
T - —
SIEAENE RN | L) | e tz[8 2] =u My e
I=1 zEX zEX
m
5[0 ) =505 Sl [T ®ee) [0 (o), ts[ o ] =@M Tt
I=1 zEX zEX
(3.20)

Note that the vertical coefficients of the intertwiner with opposite levels (¢,¢) — (—¢, —{)
can be obtained from the original ones by sending n*(z) — 1T (2)7!, and u — uy*™. In
fact, this property follows from the action (2.19) of the automorphism S2.
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In the same way, it is possible to define eight dual intertwiners, including the one given
n (3.18),

@}[PI%]:%[&%]:H@@ a3 Ul HU Xz ') t;[ lA'Han ™,
=1 TEX zEX
m
ox[0 ] =2 [0 ] T ®ilas o D [T et g[S ] = )My A T e
=1 TEX TEX
m
I E e B [ CXICH I O IRl || P
=1 zEX zEN
(3.21)
and
m
oxfn] =t n] [ @ol) " [0t )" e[ ] —U_WHX’
=1 zEX zEX
m
oo ml=t0 n ) e o ) [Inm 0ah ™ 19 nl= @)y g e,
=1 zEX zEX
m
oxfb ml=tb ] [ ®elas oy H o 0a s (4 ] = @),
=1 zEX ZEX
m
o5 (9 )=t ] T @) TTn () A R Tl | PYe
=1 zEX zEX
(3.22)

Action of 82. These exact expressions give us the opportunity to verify some of the
relations obtained using the action of S2. For instance, combining the expressions of
®g2 given either in terms of the permutation operator (3.7), or in terms of the matrices
Mgz (3.5), we deduce the relations

ofpp] =M ] (M e M) Pl R,

(I)*[zzg 42} :P[el @} (Mff;’gl) ®M(zg,e2) ) q)[ _ 41}/\4(”) (3.23)

4y 51 52 52 52 _ S2

where P is the permutation operator in the appropriate representations, for instance
Plem]= Z%au (1P @15.5)) (@ X @ (Bul) + (0.m)s @ (1,n)u = (1,0)u @ (0,m)z.

(3.24)
Projecting the relations (3.23) on the vertical components, and taking into account that
the matrices M g2 are trivial with our definition of horizontal and vertical representations,
these relations indeed reduce to the following equalities between intertwiners’ components,
which can also be observed directly (similar equalities can be written for ®*):

oslinl =20 onl e[ An] =250 nl. (3.25)
exlyorl =l ] el b=l
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This action of S? on the intertwiners corresponds to a flip of the levels signs (or branes
charges), together with an exchange of the vertical and horizontal representations (i.e. the
two incoming branes in figure 2). Thus, it realizes the 180° rotation of the brane web.

Inversion of intertwiners. It is also possible to check the inversion formula (3.6) for
intertwiners, using again the expression (3.5) of ®g2 involving the matrices Mg2. For
instance, we find for N:

Nab] = e[ b ] (M@ e mEP ) et [ BME. (320

In the present case, the matrices M g2 are trivial, and

N =2 ax@s [ 5o [ S T0], M =D as@es[ S Sr]er [T T
X X

(3.27)
Since the product of intertwiners is done in both vertical and horizontal channels, the
weights u, v/ and ¥ must be the same for ® and ®* in these formulas. However, due to
the infinite dimensional nature of representations, it is necessary to introduce a regulator
p such that v = pu* where u is the weight of representations (+1,n) coupled to ¢ and u*
the weight of representations (£1,—n) coupled to ®*. Once normal-ordered, the product
of vertical components, which is a priori a vertex operator, reduces to a simple constant.
Observing further cancellations between this constant and the expression of the inverse

norms ay, we end up with

A?

N[9Em) = o)™ T G(u/(gsvr)) ™", N[ 45 = o(u™)™™ [ Gu/or)™

LI=1 LI=1

where ¢(z) is the Euler function, ¢(z)™! =37, 2.

Conjugation. We would like to conclude the analysis of this set of intertwiners with a
short remark. It is possible to relate further the vertical components of intertwiners using
the conjugation operation  defined on Fock space operators by (czk)T = Q_pg,

) =) ) =) 529)
By(v)l = B(gz o) @(0)! = @ (g5 ) '
which implies, for instance,
_ 1 _
oxitnl' =oxltm ) ex[ o) =ex[h ). (3.30)
In the first identity, we have assumed that the weights transforms as (u/)f = w™!, and

u’ = (u/)~! in the second one. This operation of conjugation exchanges the two horizontal
spaces (£1,n), < (£1,n+ m),s, while also flipping the sign of the vertical level (0,m) —
(0, —m). It can be seen as flipping the horizontal (and oblique) arrows associated to the
(D5-dressed) NSb5-branes in the representation of figure 2, at the cost of replacing the
vertical representation by its S2-dual.
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3.2.3 New intertwiners H x H <V

Until now, we have only discussed a certain type of intertwiners that couples a horizontal
representation to the tensor product of a horizontal and a vertical representation. However,
another type of intertwiners appears in the study of Lax matrices presented in the next
section. These intertwiners couple a vertical representation to a tensor product of two
horizontal representations. They can be constructed following two different methods. In
appendix C, they have been obtained by solving directly the intertwining relations (3.1).
Since this method is rather technical, we present here another derivation based on the
reflector state (and its dual) belonging to the tensor product of two Fock modules,

9 = exp (Z; = ®ak> (9@ 10), o€ = (0] @) exp (Zj a m) .

k>0 k>0
(3.31)

Such states were introduced in [21] under the name horizontal reflection states, their es-

sential property is the ‘reflection’ of the action of g-oscillator modes:
(ar®1)[Q)g = (1@ () 1V, (0 (0 ®1) = o2l (1 (@)'),  (332)

where (az)" = a_p.

The construction of the dual intertwiner is slightly easier. For definiteness, the first
horizontal representation will carry the levels (—1,n) and weight u, while the second hor-
izontal representation will bear the levels (1,m) and weight u'. They form a vertical
representation of levels (0, m + n) (with m +n > 0 for simplicity) and weight ¥ such that
w = Hl(_’ﬂ]l)’

*[1r]:(0,n+m)g— (=1,n)y ® (1,m),y. (3.33)

This intertwiner can be obtained as the reflection of a generalized AFS intertwiner acting
in the first and third tensor space,

o[t rl=0[) ] (18[Q)g), with @)™ (0,n4m)s@(1,—n),—1 — (1,m)y.

(3.34)
Note that the weight in the left horizontal space for the auxiliary intertwiner has been
inverted, in agreement with the weights conservation relation. Decomposing on the vertical
components, we find

O [ n] = "ag(@) |5, X, (7, X, with [5,X)y = (1@ 5[0 ")) [Q),.  (3.35)
X

This expression indeed coincides with the one obtained in appendix C, the coefficient

A n
effectively reverse the arrow on the leg corresponding to the representation (1,—n), and

ts [ 1 mf”] reproducing the norm n*X of the states |7, X)®. Geometrically, the reflector [Q)

flip the sign of the levels to produce the representation (—1,n),.
The same construction holds for the intertwiner

O[] (=1,n)y® (1,m)y — (0,n+m)gz, (3.36)

1 m
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using the dual reflector and an auxiliary intertwiner ®*,

e[ ] =0@e(@) [T ], @ (I ] (Lm)w = (0,n+m)s @ (1, —n) .
(3.37)
The vertical decomposition reads
B[] =3 agt, Ne(@ A, with (@ X = o(Q] (1 © @3[9 "12"]) L (3.39)
X

it reproduces the expression found in appendix C with t}[?m_tln] identified with the

norm ’I’LX

4 S-transformation of Lax matrices

4.1 Lax matrices

Coupling intertwiners is simply realized by taking a product, either a product of operators
for horizontal representations, or a scalar product for vertical representations. In effect,
intertwiners ® and ®* can be coupled in three different ways, depending on the choice of
the common leg/representation, which leads to different algebraic objects. In this section,

we discuss only the case of a coupling along the common representation (¢, ¢),
| 43 r 2 0 0 *  pk * ok
o [ |00 ] (0o © (ol = (6,6)u; © (63.53)us. (4.1)

Couplings along the other two legs is the subject of the next section. Moreover, for sim-
plicity, we restrict ourselves to the case (¢;,4;) = (¢7,£5) (i = 1,2), and denote

177
00| oax| 22
clob]=e[ab]e[nn] (4.2)

Due to the intertwining properties (3.1) of ® and ®*, the operator £ intertwines between
the coproduct A and its opposite A’,

01,0 £a,0: 0l 124 01,0 02,0
<p5q1 1) ®,01(); 2) A/(€)> ﬁ[z; Zﬂ — E[Z; zﬂ <p1()117 1) ®p1()22 2) A(e)) . (4.3)
The rotation property of intertwiners (3.12) implies a similar property for L:

_ I _ _

—l b | x| 44 01 0| T 01 01
ﬁ[—& 42] _fs[fz 22:| £|:€2 172]]:5[42 @2}' (4'4)
The property (4.3) is also satisfied by the Lax matrix R [2 ;%} which is, by definition,
the evaluation of the universal R-matrix in the representations ({1, f1),, ® (f2,2)y,. How-
ever, this intertwining property alone does not fully determine the Lax matrix, since the
universal R-matrix is further constraint to obey two extra relations in (2.16). In fact, the
solution of the universal equation A’ = RAR ™! is unique, up to a factor A belonging to

the centralizer of A(Apnv) in Apmva ® Apmv [55]. In practice, it has been observed that £
is indeed proportional to R, with a factor depending on levels and weights:

clan]=alinn] (D et R). (4.5)
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(0,1)y, (0,1),

Figure 3. Representation of the Lax matrix £!) and £,

This factor is responsible for the anomaly term observed in [19] for the Yang-Baxter equa-
tion. Its expressions is known in a number of cases, for instance A[{ ] = 21 100p(7)
within our conventions [56]. With a slight abuse of terminology, we will also refer to £ as
an (ill-normalized) Lax matrix.

The same formulas can be written for the S-twisted coproduct, thus defining the
quantities Ls and Ags. Using the formula (3.11) to express the S-dual intertwiners in
terms of rotated intertwiners, we find the relation

£5[B0] = (MEW) & M@ @) £[48] (@D 5 MEBT) . (ag)

Assuming a proper mapping of the vacuum states, this relation, together with the rotation
property (4.4), implies the equality between the vacuum expectation values of the Lax

(es[Bu])=(c[aiy=(e[Ln]): (47)

This is the equality that we will check on the two examples below. We shall see that they

matrices:

reproduce the S-duality relations observed among the instanton partition functions. The
key to show this equality is the study of the vacuum transformation. Unfortunately, this
task turned out too difficult for the transformations Fs and F% in (4.4), and we will have
to rely on some indirect arguments.

4.2 Example I: resolved conifold

Our first example is the toric diagram corresponding to the resolved conifold, it is repre-
sented on figure 3. The diagram on the left defines the Lax matrix

£ = L1981+ (0, 1)uy X (1,0)uy = (0,1)uy % (1,0, (48)

which involves the horizontal representation (1,1),s in the intermediate channel. We have
introduced here, and in figure 3, a shortcut notation for the Lax matrix and its intertwiners
o) = 3[91] and ®U*) = ®*[9}]. This Lax matrix is related to an S-dual Lax matrix
through the formula (4.6). Since the matrices Mg involved map the vertical vacuum to
the horizontal one, and vice-versa, their vacuum expectation values are the same:

(£®) = (o1, 0@ O LD (fe2,0)) @ [0))

(4.9)
(0] @ ((01,00) Ls[ 9] (10) @ [82,0))) = (Ls[ 5" T])-
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In addition, we would like to undo the rotation, using (4.4) and show that <£(I )> is equal
to the v.e.v. of the rotated Lax matrix £ = L] '9] represented on figure 3 (right).
This Lax matrix involves the rotated intertwiners &0 = & [ _01 (1)] and &%) = §* [ _01 (1)]

We will denote the weights of the original Lax matrix LD as u;, v; and u; = —yu;v;
with ¢ = 1,2, and the weights of the rotated matrix £ with a tilde: @;, ¥; and
@, = —vU;0;. Using the known expressions for intertwiners, both Lax matrices can be

decomposed over their vertical components,

=3 anan ) o A (e el L8 = 37 anan £80 11, M) (52, el
)\1,)\2 )\1;)\2

(4.10)
which are, in turn, expressed as vertex operators in the Fock space:

KE\?,AQ :(yul)I/\l(_'yugvz)lAzlN(g)\a;\/l(l;y;z)/)m) T " o @p(es) TT ) T 70

TEA2 TEA TEA2
o g | V(A A2|y D1 /D2) _ N ~ _
£, = (=i dy) M (@g) Pl =222 Xat (o) eg(@)t [T v )t [T v ()
Ardz ( g(vl/('yv?)) xgl 0( ‘ ) x1€_£ x1€_£

(4.11)

The expression for the Nekrasov factors N (A1, A2|r) and the function G(z) can be found in
appendix B. Projecting on the vacuum states, we deduce the respective v.e.v.

(£D) = Gaf (o)™, (D) =G0/ ()" (1.12)

The two v.e.v. are equal, provided that the ratios ve/v; and v1/02 coincide. We will see
below that this is indeed the case. Note that the anomaly factor is irrelevant here since
A[98] = G(g3 ")~ is a weight-independent constant.

SI)

Transformation of the vacuum. The Lax matrices £0) and £57) are related through

the formula (4.4), explicitly

LS = O eMFD - with 7Y = Fs[93), FYY = Fi

o

i1. (4.13)

-1

Thus, the equality of the v.e.v. would follow if .7-" D and ﬁg*) map the product of

vacuum states in the representations I to the equivalent product of vacuum states for the
)

representations SI. Since the treatment of F, él*) is identical, we will focus here only on F ‘(9
The general expression for the two tensors F is given in (3.13), it reduces in our case to

bt N anan®, [ 4 G IMS R0 [ 0] fon A (B2 Al . (4.14)
A1,A2

The factor N9 }] appearing in this formula is independent of the weights and can be ne-
glected. In general, such factors depend only on half of the weights (say ug,vs, ... but not
u1,v1,...), and cannot generate a non-trivial dependence in the gauge theory parameters
that would correspond to ratios of opposite weights (e.g. uj/ug, or v1/vy). Thus, the two
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tensor ]:"g) maps the product of vacuum states in representations (—1,0)z, ® (0,1)s, to

the state

S10) = FS (10) @ 152, 0)) = 3 an oo, ) @ D32 G ME V0[5 0] 10) . (4.15)
A

We would like to identify this state with |vg,()) ® |@) in the module (0,1),, @ (1,0)y,.
Unfortunately, this expression seems too complicated for a direct approach, and we will
rely on an indirect argument.

Our argument follows from the comparison of the states’ transformation properties
under the action of the DIM algebra. To lighten the notations, the index 2 for the weights
will be dropped in this calculation. Taking the coproduct (2.15) of Drinfeld currents in the

proper representations, it is possible to show that!'®

(D @ o9 Alwsg)) (10,0 @ 1)) = 610w (fo, 0)) @ [0))

(ﬂ%‘)’” ® p{H0) A(ak>0)) (Jo,0)) @ |0)) = _%(’Yk =7 )2k (o, 1)) @ |0)) -

(4.16)

We recognize here the transformation properties of the coherent state |v, (), constructed
in the Fock module in appendix C. In fact, these properties characterize the state uniquely,
up to an overall normalization factor. Indeed, the action of ag~g corresponds in the module
(1, l)ux1 to the action of the positive modes ay. This permits to identify states up to a pos-
sible shift of the vacuum state |() (i.e. the unique state annihilated by all the modes ag~g).
This degree of freedom is further fixed by the action of x;, leaving only the possibility
of a different norm. Note that this identification also determines the relation between the
weights, since

1,1), — YU
P @), 04 = =70, 0) (417)
which implies v/ = —yuwv as required by the weights conservation relation.!!

On the other hand, the characterization of the state |SI() follows indirectly from the
covariance property (3.15) of F, g). This property implies that, for any element e € Apmny,

(P @ 10 A(S - €)) IST0) = FE (70 @ o0 Afe)) (10) @ [5,0))). (4.18)

As a result, if the state |0) ® |9,0)) in the module (—1,0)z x (0,1)5 is annihilated by A(e)
for some operator e, the state |SI()) will be annihilated by A(S-e). Similarly, if |0) ® |7, 0))
is an eigenstate of A(e), so is the state |SI0) for A(S-e), with the same eigenvalue. Using
the characterization of the state |0) ® |0,0)) obtained in appendix D.1, it is possible to

0These relations should be read as follows. In the first line, we examine only the action of positive
modes, they all vanish except for the mode k = 0 that is diagonal with eigenvalue u~'. Similarly, in the
second equation, we examine only the modes strictly positive, they are all diagonal.

" Naively, we could expect that the tensor product of modules (0,1),®(1,0),, is isomorphic to the module
(1,1),/. However, the intertwiner &) has only a left inverse and nothing guarantees, a priori, the existence
of this isomorphism.
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show that!?
(P9 61 A(ai) 1ST0) = Go (—1720) 510},

1
(PD @ 1 Alars0)) 1S10) = =2 (75 =7 7*) (=ay ™) [S10).

Comparing this result with the characterization (4.16) of |v,?)) ® |0), we deduce that the
two states coincide, up to their norm. Unfortunately, the determination of the relative

(4.20)

norm remains difficult, since the projection
(v, 0] @ (0]) |ST0) = (0] D5[ O o MG Daog[ 9] 10) (4.21)

is hard to evaluate. Yet, just like the coefficients N, this normalization coefficient can only
depend on the weights u;, v1 and @, ¥1, and do not produce any dependence on the gauge
theory parameters that correspond to uj/ug and vy /vs.

Weights. The comparison between actions of DIM algebra on the two states provides

3/2 —3/2y,;. Surprising, it

also the relationship between the weights @; = —v*/“v; and v; = —v
does not coincide with the transformation of the weights for vertical (0,1) and horizontal
(1,0) representations taken separately, in which case we would have @; = —vyv; and ¥; =
—~ ;. It is thus essential to consider the S-transformation of the whole tensor product
(0,1) ® (1,0) to find the proper weight mapping.!® Note that in both cases, the weights
of the representation in the intermediate channel v’ = —~yu;v; becomes @' = —vv;4;, in
agreement with the S-transformation of module (1,1),,. Physically speaking, it seems
that the presence of the extra branes requires to adjust the position of the branes after
rotation with an extra shift of +(e; + €2)/4 in order to observe the invariance of the
amplitude. It would be interesting to investigate this phenomenon with more care, for
instance by studying the effect of the branes on the graviphoton field responsible for the
Omega-background.

Eventually, the exact exponent of the factor v in the weights transformation is not rel-
evant for the gauge theory quantity that depends only on the ratio ve/v;. Since, according
to this transformation, vy/vy = Ug/%; = 01/0e, the v.e.v. of the Lax matrices <£(1)> and

<£(SI ) > do coincide.

4.3 Example II: pure U(1) gauge theory

We would like to repeat the previous analysis in the case of the brane-web describing the
pure U(1) gauge theory (see figure 4). In fact, this diagram has already been considered
from the algebraic point of view by Awata and Kanno in [40]. In their paper, they in-
vestigated the invariance of the partition function under the choice of preferred direction.

12The action of as follows from the re-expansion of the current 47 (z), for which the modes act as

(p @ p AW ) IS10) = (100 — (v =) =3y )" 1S10) (4.19)

13In fact, Miki’s automorphism is not quite unique (see appendix A), and in this particular case it is
possible to redefine it such that the two weights transformation coincide. However, this will no longer be the
case for the two other examples we will treat, so that we decided to keep the simpler definition (2.11) for S.
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(0, 1), ’ (1,1)g

Figure 4. Representation of the S-dual Lax matrices obtained as ®(/*)®U1) and $(SII*) . HSI),

Changing the preferred direction effectively rotates the brane-web, although there is an
important difference between their computation and ours: in our case, topological vertices
are also rotated, which requires the use of a different intertwiner.

We introduce again a shortcut notation for the Lax matrices £U1) = E[(l) _11],
LS = E[_ll (1)] and their associated intertwiners ®(1) = <I>[(1) _11], pUl%) — @*[[1) _11]
and ®S1) = @ [ _11 [1)], P(SI*) — p* [ _11 (1)] The convention for the labeling of weights can
be seen on figure 4. Since the matrices Mg are diagonal, the equality between the v.e.v.
of the Lax matrix £U0 and the S-dual one boils down to an equality between

(£0D) = (o1, 012 (0 £[§ 4] vz, 0) ©10))

I8 (4.22)
and <£(3”)>:(<@|®<®D [5197(10) @ [0)) .

Once again, the Lax matrix L£UD can be decomposed over its vertical components,

LU0 =57 a5 a3, £87, o1, 200 (w2, A] £ (0, 1)y @(1,~ 1)y = (0, 1), & (1, 1)y,

A1,A2
_1 N(Ag, Ai]|yve /v N _
with Eg\[[;2 (yuy) \Al\ \)\2\ H 1 21} /1(|'Y 2/v1) (I)g)(’Ul)(I)Q)('UZ) H 0 (Xe) H 77+(X:£):a
TEN] 2 7U1)) TEN] TEN
(4.23)
and the weights obey the conservation relations u;, = —yu;v; (i = 1,2) and v} = u). The
v.e.v. is easily computed from this expression,
(£00Y) = (0] €2 10) = Gloa/ () N

On the other hand, the Lax matrix £70) is purely horizontal:

£SID) _ Za/\ 10,0 (0, Al (=1,0)a, X (1,1)g, — (=1,0)a, x (1,1)a,
)

=> aa(y Maji) M ]! <1® @y(@) [T (xa) ) 12) (€ <1® o50) [[n (xa) >
A

TEA TEA TEA
(4.25)
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-1

with the weights satisfying the relations 0; = —y~'@;@; and 9; = U = 0. The computation

of the v.e.v. follows from the normal-ordering of operators,

B
(In\ _ il LN, .
(cun) ;( ) Zueer () (4.26)

’yu2

We will show below that the weights transformation implies that q = @) /(yu5) = va/(yv1).
Thus, the equality between the v.e.v. of the Lax matrices becomes

=) g 2 (), (4.27)
A

which is indeed the identity arising from the application of S-duality to the U(1) gauge
theory. It is derived in [40] using a change of preferred direction, and a proof can be found
in [54, 57] (see also [58]).

Transformation of the vacuum. We have seen previously that, since LS — F éll*)_l
£IDF g”, the equality between v.e.v. of Lax matrices would follow from the transforma-

tion of the vacua under the two-tensors F, éII) = Fs[9 1] and Fg qr) = F:[9 1] The

(1)

treatment of .7-" and F gl*) is similar, and we will discuss only the first one. The expres-

sion of this two-tensor follows from (3.13):14

_ Al
O =N AT e,
A

H (vu (Z)(U)IHW+(X96)15|P)\>> (0 <1® o5(0) [ [ (xa) )

TEW TEA
(4.28)

Unfortunately, its action on the vacuum state remains fairly complicated,

S110) = 740 (10) @ |0))

|/\|
—1 .
_1 ZQAGM W HXm <‘v ,u ® (I)@ Hn Xx -|PA>>7

TEW

(4.29)

and we need to employ again an indirect method. Note however that, this time, the
coefficient A/ can be fixed by computing the overlap

43/2,)—k

(<<07®\®<@!)!3U@>ZN[?L]*IZM(V”@)W(‘2)\672’”0( e TPy, (4.30)
A

14n this expression, the productb over x = (i,7) € X involve the variables x, = 9¢:~'¢}~" while the
products over = € p involve x, = vg]” qj ~1. Note also that we have dropped the index ‘2’ for the weights
to lighten the notations.
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Hence, we need to compare the action of the DIM algebra on the states |v,0)) ® |0)
and |SII0). The characterization of the first one is easily deduced using the coproduct
taken in the appropriate representations:

(P00 @ 17D Alaag) ) 10, 0)) @ 10) = Sa w™ [0, 0)) @ [0).

1
(P&O’” ® pitY A(ak>o)> [0.0) ®10) = =2 (4" =7 ) 20)* Jo,0)) @ |0) -

These transformation properties coincide with those of the coherent state |v,?) , (defined

(4.31)

in appendix C) belonging to the Fock module (1,0)_y,. The action of DIM on the state

SII0) follows again from the property (3.15) obeyed by F UD that implies
S

(P00 @ oD A(S -€)) 110) = F§D (o1 @ o5 Ae)) (0 @10) . (4.32)

u u

The results obtained for the state |)) ® |() in the appendix D.2 imply
(P00 @ 170 Alweg) ) ISTIO) = 81 (71/23)7" |STI0),

(4.33)
(P00 @ () Alakso) ) ISTI0) = (1= g3)(~ay )" |SII0).

It is readily observed that the states are characterized by the same action for the elements
z,, and aj (with k > 0) of the DIM algebra. The intertwiner is again invertible and defines
an isomorphism between the tensor module (0,1), ® (1,—1), and the module (1,0), in
the intermediate channel. In this module, states are uniquely characterized by the action
of ay and ;. for k > 0, up to a possible normalization factor. Thus, the vacuum state is

indeed mapped to the vacuum state under F. éH). The same is true for F éll)*. Moreover,
comparing the action of DIM, we also deduce the weights transformation #; = —v3/%v;
and u, = 12y, (for ¢ = 1,2). This transformation still differs by factors ~E/2 from

the weight transformation of the modules considered individually. However, these factors
disappear in the ratio vy/v; = @) /u} entering in (4.27).

5 T-operators and the U(2) self-dual diagram

5.1 7T -operators

In this section, we discuss yet another type of algebraic object, obtained by coupling the
intertwiner ® [2 %} to the dual one ®* [2 ﬁg] through the legs bearing the representation
(i, 0;) = (€5,07) with either i = 1 or i = 2. We call this type of objects T -operators in
reference to those constructed from linear quiver gauge theories and identified with the
Baxter T-operator of an underlying integrable system [17, 20].1> These operators will be
denoted 7 = & -; ®* where the index ¢ in the product -; refers to the coupling channel.
Since the two representations (f1,¢1) and (fa,f2) now play a different role, the co-

variance property under the action of the DIM algebra might seem to be lost. Yet, the

15 Actually, this term is slightly abused here, since the underlying integrable system is a chain of length
two, with boundary operators applied on each site. Yet, it makes perfect sense for linear quivers of higher
rank [20].
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co-associativity of the coproduct, namely the property (A ® 1)A = (1 ® A)A, ensures that
the operators 7 obey the following properties:

<p<m @ pl5:5) A/(e)> 71 — 7O (p<z2,zz> ® p& ) A/(e)> 7

¢ * pF /. P (51)
<pw> ® plit) A(e)> 7@ — 72 ( plf) g o8 A(e)) '

In contrast with the covariance property (4.3) of Lax matrices, here the left and right
hand sides involve the same coproduct (either A or A’). For simplicity, we will again
restrict ourselves to the case where levels on both sides coincide, i.e. (£,£) = (£*,£*) and
(i, 0;) = (£5,€7), and denote the corresponding operators 7@ [2 ﬁ—; .

The same kind of operators can be constructed using the S-dual intertwiners associated
to the twisted coproduct. They obey the covariance properties (5.1) with A, A’ replaced
by As, Ak, and will be denoted 7:9(i). The relation (3.11) between S-dual and rotated

intertwiners extends to 7T-operators in the form

7:9(1) {h 5:1} — ( gﬁ@) ®Mg27*52)> 7 [@ —61} (Mgm*fz)*lMgﬁﬁ)*l) :

b2 £ by —tl
TO[0 0] = (MED & ) 7[5 0 | (m--ipggoor) O
2 €2 2 —t2

The main difficulty, working with 7 -operators instead of Lax matrices, is the lack of a
rotation formula like (4.4) relating the rotated T -operators to the original ones by a two-
tensor transformation. Yet, we would like to give here an argument to justify the existence
of such tensors. In the next subsection, we will provide a concrete example for which the
vacuum properties support our proposal. This argument is based on the fact that after,
multiplication by a permutation, the T-operators satisfy the covariance property (4.3) of
a Lax matrix. As a result, we expect that these permuted objects coincide with a Lax
matrix up to a normalization (or anomaly) factor, i.e.

i |6 a3 0L (2)| 61 &
£[€2€2]0<T [MJP[MchP{;HT [MJ. (5.3)
This motivates the introduction of the two-tensors F() and F®* presumably differing
from F and F* only by a permutation and a normalization, and such that
_ . — _ . _
@ -] _ g2 OISR =OIR2N:
b B b I P PR (5.4
We will not use any explicit formula for these tensors, but only their covariance property
that should follow from the ones obeyed by F and F* in (3.15). For instance, in the case
of T, we expect that'®

PO 8] (052 0pl 0 Ale)) = (P opD (s-0) 7S [ 1],

i - 5.6)
wy Ay, —Wx[e, 5,17 =) le 7,172 7 7. (
(om0 M) F[GR] =R [G5] (p0edi® s9).
16We have used the Ansatz

e R P A P A L e A P A I P A (55)
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Figure 5. Representation of the two dual U(2) brane-webs.

These covariance properties are in agreement with the characterization (5.1) of the T-
operator 7). They imply certain relations between the vacuum and its rotation that will
be checked below by direct computation on a specific example.

5.2 Example: pure U(2) gauge theory

We would like to treat the 7T -operator associated to the pure U(2) gauge theory as an
example. Including the anomaly factors, this operator is given by

T=A@TY[ 2] (1, =Dy x (1,1)y, = (1, 1)y x (1,=1)u, (5.7)

where intertwiners are internally coupled through the vertical representation (0,2)7 (see
figure 6 left). Since we restricted ourselves to levels +1 in this paper, we need to decompose
the T-operator in terms of four intertwiners instead of two, exploiting in reverse the fusion
method developed in [20]. As a result, the operator T is written in terms of four generalized
AFS intertwiners following the gluing rules of the brane-web for pure U(2) N =1 SYM,
T=3 ayar oo" @ o™l (5.8)
A1,A2
It turns out that these intertwiners coincide with those employed in the two previous
examples, and that we denoted with the shortcut notations @), ®UD . The weights
associated to each representation are indicated on the figure 5: each intertwiner ®; depends
on the weights u;, v; and u) constraint by the conservation relation u; = —yu;v; (for
i = 1---4). In addition, the two vertical couplings impose the relations v; = v4 and
vg = vz, and the two horizontal couplings the relations u; = u}, and usz = u/j. Introducing
the expressions of intertwiners found previously, and normal-ordering the vertex operators

in the two horizontal channels, the T-operator takes the explicit form!”

u! Xl .
T =602/ (@n)0(ea/o) T () 2ot @)+ Do)

/
v (5.10)
x [Tn" () s @ @5 (o) @G (v2) [T 77 (k) 3
TEA TEA
1"We have also used the property
ag  _ (—yv1) 72 (=qw2) "M 5 xe (5.9)

aAx,a)y N()\l,)\2|U1/U2)N()\2,)\1|’U2/’U1) ’
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with ¥ = (v, v2) and X = (A1, A2). As already mentionned, the v.e.v. of this operator repro-
duces the instanton partition function of the gauge theory. The latter depends on the gauge
coupling q = u) /uf and the ratio v = vy /v; of (exponentiated) Coulomb branch v.e.v.,

(T) = (0@ O) T (0) ©10) = GG (a5 ') > (a/45)Y Zueer. (7. X). (5.11)

A

The formula (5.2) relates the S-dual 7-operators (associated to the S-twisted coprod-
uct) with the rotated ones. Since the matrices Mg’ﬂ) involved in this formula map the
vacuum state to itself in the Fock modules, the v.e.v. of the two T -operators should coin-
cide. The rotated brane-web diagram is represented on figure 5 (right), it involves the dual
intertwiners ®(S1), &SI studied in the previous examples. The weights labeling has
also been represented on this figure: the intertwiner ®; now depends on the weights @;, @}
and v; obeying the conservation relation:

~/ ~ ~ —1~ ~1 ~/ ~ ~ —1~ =1
ul — —’yul’Ul’ Vg = —")/ U/QUQ, U3 - _'.}/UB’U?,, V4 = _'.Y U4U4. (512)

In addition, horizontal and vertical couplings impose 4, = 4, Ue = U3, U1 = U9 and
U5 = 4. These coupled intertwiners produce the operator!'®

=) ana, (‘P(S '@ 1) |04, A2) g 2(2, A ( (614 @ 1) P[4 1. (5.14)
A1 A2

By definition, 7 o 7 [72%], up to a normalization factor. Using the expression of the
intertwiners obtained previously, and exploiting the reflection property of the state [Q2),
this operator writes

X
Tszgwl/(qs«vs))gwl/awz( ) Zvee (5.3 [ 1602 29(0)@0(55) T 1 (1) | 190,
X

zEX

o [ 12500 P5(2) [[ 1 (xa) @1 |,
zeX
(5.15)

with ¢ = (#1,73) (the weight #3 being associated to the second Young diagram Xy). Once
again, the v.e.v. reproduces the instanton partition function of the gauge theory,’

(TS) = (01 O) TS (10) @10) = G©G(a5'D) > (0/a3)N Zvecr. (7, X)- (5.16)

-

A
Here we have introduced the permutation
P[] =D arau (IP) ®|P) (Pul @ (A, (5.13)
A
in order to produce an operator 75 : (1, Day x (-1, 1)@/3 — (=1, 1)a x (1,1)z, in agreement with the

brane-web diagram and the covariance property of T-operators.
Y Note that Zect.(V1,v2), (A1, A2)) = Zvect. ((v2,v1), (A2, A1)), and the instanton part is invariant under
the replacement ¥ — 77!
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Figure 6. Folded version of the two dual U(2) diagrams.

However, the gauge coupling now corresponds to q = @4/a} and the ratio of Coulomb
branch v.e.v. is given by t = 01/03. We will see in the next paragraph that the trans-

~1 and (presumably) t = qt. The invariance of the U(2)

formation of weights gives q = q
partition function under this replacement of the parameters (q,t) — (q~1, qt) is called slic-
ing invariance, it is a consequence of the fiber-base duality for the toric diagram [10, 59].
From the gauge theory point of view, this invariance follows from the Weyl reflection of
the enhanced global F; symmetry at the UV fixed point. As we have seen here, it arises
in our formalism as the equality between the v.e.v. of T-operators associated to the two

coalgebraic structures.

S-transformation of the vacuum. In the previous subsection, we have assumed that
the rotated T-operator 7 can be obtained from 7 using the two-tensors

TS = (R TR 2 (517

If so, the equality between the v.e.v. of T-operators can be seen as a consequence of the
mapping by ﬁél) of the vacuum state [0) = |}) ® |@) for TS to the vacuum state for 7
which turns out to be also |0), and a similar mapping for the dual vacuum (0| = (0] @ (0]
under F él)*. In order to test this hypothesis, we will compare the action of several DIM
algebra elements on the vacuum states and on the transformed states

S0y = F[9 27100, (S0l = 0| F*[9 217 (5.18)

belonging to the modules (1,—1)y, ® (1,1),, and (1,1),; ® (1, —1)y, respectively. The
action on the vacuum can be obtained by a direct calculation, it reads

(plhDeply ! Allateg)) 0 =dk1us10),  (plh D @ply) Allaig)) 10) = k105" 10),

(01 (o5 2plh™) Aafg) ) =k 1ua 01, (0] (P @plh™ Al(aiy) ) =0k -1(uh) 0],

(psg—”@pizl) A (2))) 10)=10), (ol (ol ”@p“ A (2))) = (0,
(5.19)
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On the other hand, the action of these elements on the states (5.18) follows once again
from the covariance property of the two-tensors,

(P eply) A'(s-0)) IS0) = FE (9 2] (ol @pl, MY A'(e)) (10)210)),
(80| (o @l A(S-e)) = (@l (0]) (p P eply Ae)) FETE 2]

for e € Apm. Using the results obtained in appendix D.3, we find the same action on
the states |S0) and (S| for the modes 5’“f>0 and ;" (resp. :c,io and ¥~ ) as in (5.19),
provided that we identify the weights as follows:

(5.20)

~/ / ~/ -1 ~/ / ~/ -1
Uy =yuy, Uy=7 Uz, Us="U3, Uy="7 Ud. (5.21)

This remarkable agreement between the action of DIM on the different states support the
rotation formula for the T-operators. Moreover, the weights identification implies § = q~ 1,
which is indeed required for the slicing invariance. Unfortunately this identification is not
sufficient to deduce the relation between the two other gauge parameters t and t. However,
we expect that the transformation of the module (0, 2)z in the intermediate channel relates
the vertical and horizontal weights as %1 = v*v; and 4o = vy for some power o depending
on the surrounding branes configuration. This unknown factor would cancel in the ratio

t = vy /vy = Gg/U1, hence reproducing the relation t = qr.

Gaiotto states. We would like to conclude this study of the U(2) gauge theory with a
short remark on Gaitto states. These states were originally defined as Whittaker states for
the Virasoro algebra [60-63], but this definition can be extended to g-Virasoro and q-W,,
algebras [6, 64-67]. In fact, they can also be defined in the vertical modules (0,m) of the
DIM algebra, seen as a product of g-W,,, with a gq-Heisenberg algebra. Defined in this way,
these states coincide with the horizontal v.e.v. of generalized AFS intertwiners [20]. In the
case m = 2 relevant to U(2) gauge theories and g-Virasoro algebra, they read

Z Ax1 Q) (Z)\ (I>(]I* CI)(I* ’®> "U4>)‘1>> ® |v3, A2)),
A1,A2

=" anan, 01220 10) (o1, A ® ({02, Ao .

A1,A2

(5.22)

As can be seen by comparing with expression (5.8) of the T-operator, the scalar product
of two Gaiotto states reproduces the instanton partition function of the underlying gauge
theory, i.e. (T) = ((G| G)). In terms of brane-web diagram, these states can be represented
as a cutting of the U(2) diagram in half along a horizontal line, and vacuum states inserted
at the endpoint (see figure 7 left). It was shown in [68] that the g-Virasoro Whittaker
condition follows from the intertwiners covariance properties under the action of the DIM
algebra, that imposes

(P00 2 90V A()) 1G)) = 0 , (5.23)
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and a similar relation for w;: and ((G|. Incidentally, this condition also implies the following
relations for the S-dual modes y,f =S xf and by, = S - ap:

(P20 © o0V Awi0)) IG)) = —d1 1 (75) 7 GY),
(P11 @ P2 Alyrg) ) 1G)) = —6k,_1<w4>—1 G)), (5.24)
(5D @ 0D Albrco) ) 1))

The 90° rotation of the brane-web diagrams associated to Gaiotto states are repre-
sented on figure 7 (right). In the algebraic language, they define the states |G'S), and
(GS| belonging to the tensor product of two Fock modules (—1,0),

GS)e =P[10] (12 (o @) {1 )) 0§ 10),

o(GS| = (0] o\ (1 ® (Cbgsn) 1® \@))) . (5.25)

Using the known expression for these intertwiners, and the reflection property of the state
©2), we can write these states as

2\

650 =3 (12 ) Zu 0 [0 021100 € (~1.0)a, @ (1.0,
N\ zEA

c (5.26)

2\
o681 = % (22) Zu W T 01ONE)' € (1,005, @ (1.0,

A TEA

where OI\ is the conjugation of the following operator acting on the tensor product of two
Fock spaces:
Ox(v) = Dy(v) [[ 1 () s @ @) [ [ () - (5.27)
TEA TEA
The scalar product of these states reproduces the v.e.v. of the rotated Lax matrix, namely
(T) = (GS|GS) 5.2
We would like to compare our rotated Gaiotto states with the states introduced by
Kimura and Pestun in their formalism of quiver W-algebra [69, 70]. In fact, our problem
contains two different q-Ws algebra. The first one comes from the vertical module (0, 2),
it is associated to the two Db5-branes in the intermediate channel, and is involved in the
q-AGT correspondence [4, 6, 64]. This is the q-W> algebra acting on the genuine Gaiotto
states |G)) and ((G|. The second q-W5 algebra comes from the horizontal modules (—1,1)®
(1,1) or (—1,0) ® (—1,0), it is associated to the two NS5-branes, and acts on the rotated
states |GS)g and g(GS|. This is the algebra corresponding to Kimura&Pestun’s quiver

20To show this fact, we can use the normal-ordering property for operators Oi:
Ox, (v1)1Ox, (v2)" = (—gav1) ™12 (—vg) M1

v1/v2)Y(v1/(q302 5.28
ngl Xac zle_! Xz )\17)\2‘1{1/3)2)( (/A(Qq,)\1|)’32/1)1) ZO)\1 (UI)TO/\Q (’UQ)T M ( )
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Figure 7. Representation of the Gaiotto states |G, 7)), ((G,v| and the S-dual states (the black
squares represent projections on the vacuum state).

W-algebra. Indeed, following [15, 20], we can rewrite the operators acting on the product
of two Fock spaces in terms of the modes
—|kl/2 ~1kI2

ak®1
—q;" 1—gy*

1®O¢k

(5.29)
The modes [ = p(u410) ® pgl’o) A(a_g) describe the Cartan sector of the horizontal

kB =—(y" =77 (’Y'kwak ®1+7 "1 ak) ks = 17

representation (—2,0). By definition, they form a g-Heisenberg subalgebra. On the other
hand, the modes sj define the g-Virasoro stress energy tensor in [71] (with ¢ = ¢2 and
t=gq; ! here), they obey the commutation relations

11—gF

Sk, Sl = —— L (14 ¢5)ops. 5.30
5k, 51] kl—qgk( q3)0k+1 (5.30)

Since the modes S and s commute, Heisenberg and ¢-Virasoro components can be decou-
pled. The operators Oy can be written in terms of the vertex operator &(z) (introduced
in [69]) by exploiting the property

nt(2) @0 (2) = 6(2) '6(qe2) 1, S(2)=exp | Y Fs ], (5.31)
k#0

where the normal ordering of the modes oy naturally extends to sp. We have

0)\(11) —. H 6(Q2Xx) H

II@Svﬁ Loy s (5.32)
TEN S(Xa) €A oo

GQﬂ

The Kimura-Pestun construction of the partition function proceeds from another decom-
position, namely Z = (0|2) with

12) =G(®)G(Fg5") D Az )N Zyeer (5, X) 1 O, (51)On, (B5) < [0)
)\1)\2

Iy H &g g )10).

- —1
A Ag 1= 1
i=1.-

(5.33)
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In the second line, the ordered product produces the extra factors of G and Ze. of
the first line upon normal ordering, provided we introduce also the proper zero modes in
&(z) [69]. Finally, note that since the rotated state |G'S), is constructed upon the modes
Sk, it is annihilated by the positive modes fBi~q, i.e. by the action of the Cartan modes
a_ =81 b_j, which can be seen as part of a S-dual Whittaker condition (5.24).

6 Perspectives

As we have seen in the three examples treated in this paper, the S-duality relations be-
tween N' = 1 gauge theories can be understood at the algebraic level in terms of twisted
co-algebraic structure. The key ingredient is the equivalence (2.13) between the action of
Miki’s automorphism, and the replacement of representations (¢,¢) — (—£, £) that renders
the rotation of branes. Despite the lack of a general statement, we were able to show this
relation in the cases we needed to treat our three examples. A second important ingredient
was the existence of two-tensors that translates the rotation of topological vertices in the
language of intertwiners. This rotation map by two-tensors was then naturally extended
to Lax matrices, and used to show the equality between their v.e.v. by studying the vac-
uum transformation. Unfortunately, a similar transformation for T-matrices could only be
conjectured, but it was seen to provide the correct vacuum transformation property in the
example of pure U(2) gauge theory. In all these examples, the equality between the v.e.v.
of operators associated to the two coproducts A and Ag reproduced the known S-duality
relation for the underlying gauge theory. This is a strong indication that the formalism
we introduced here is correct, even though several mathematical development would be
required to make it fully rigorous. Eventually, it seems that a general proof of S-duality
relations could be achieved by this method.

One of the strength of the algebraic engineering of 5D A = 1 gauge theories is the
possibility to extend the results to higher rank gauge groups, and higher rank (linear)
quivers, without much effort. This kind of generalization seems also feasible here, but it
would require a deeper study of horizontal representations (m,0) with higher level |m| > 1,
supposedly S-dual to vertical representations (0,m). The construction of new intertwiners
coupled to these higher representations would also be needed. This is certainly the next
natural step for this study. Another important, yet relatively easy, application for our
formalism is the treatment of gauge theories with fundamental flavors. In fact, the simplest
examples of U(2) gauge theories with such matter fields can already be treated using the
intertwiners constructed in this paper.

The application of this method to D-type quivers is a more challenging problem. The
algebraic engineering of these gauge theories has been presented in [21], it involves the
introduction of reflection states in vertical modules. By the studying the action of Miki’s
automorphism on these states, one should be able to obtain the algebraic realization of
the S-dual theory, a gauge theory with gauge group of type SO. Very interestingly, this
approach could solve the longstanding problem of finding a expansion formula for the
instanton partition function of these gauge theories with Young diagrams replaced by a
more general combinatorial structure [72-74].
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The S-duality transformation of qq-characters is another interesting open problem.
These objects are generating functions of Wilson loops [75], they encode a set of constraints
on the partition function called non-perturbative Schwinger-Dyson equations [76-80]. These
constraints can be understood in terms of the action of DIM algebra [68, 81], and the
qq-character obtained by insertion of an algebra element in the v.e.v. of T -operators,
i.e. formally x(2) ~ ((p® p A(z(2)))T). It seems natural to expect that this object is
transformed into {(p ® p As(z"(2)))Ts) under the action of Miki’s automorphism. Yet,
the proper transformation still remains to be worked out in details. Besides, the S-
transformation of Wilson loops obtained in [82] should also be reproduced. We hope to
address this issue in the near future.

Very recently, the algebraic engineering has been extended to 4D N = 2 quiver gauge
theories in [43]. At first sight, the automorphism S seems to be lost in the degenerate
version of DIM algebra used in the 4D case. However, a more involved realization of S-
duality might still be found. This is actually suggested by the correspondence observed
in [28] between the conformal blocks of the ordinary Virasoro algebra and the d-Virasoro
algebra (a.k.a. a degenerate limit of q-Virasoro). Indeed, the former appears in the vertical
representation of the degenerate DIM algebra (in the case of U(2) gauge groups), while the
former has been identified with the degenerate version of Kimura-Pestun’s quiver W-algebra
(in the A; case) obtained from the horizontal representation. Thus, a relation seems to
exist between vertical and horizontal representations of the degenerate DIM algebra, but
this problem certainly deserves a deeper study.

Finally, integrable aspects have not been discussed in this paper. Quantum integrable
systems are usually built upon a quantum group symmetry algebra, but this construction
also applies to quantum toroidal algebra (that are affine quantum groups) [48-50]. In
this way, it is possible to build a quantum integrable system using one of the universal
R-matrices, either R or Rg, of the DIM algebra. The presence of Miki’s automorphism
is a new feature of these integrable models, it should generate some important dualities
among such systems. Moreover, the R-matrix is interpreted as a scattering factor in 2D
integrable quantum field theories [83], and it would be interesting to develop a similar
interpretation for the two-tensor Fs associated to Miki’s automorphism twist. At a general
level, combining S-duality and integrability is an enthralling perspective, and we hope to
be able to push forward this discussion in a near future.
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A More on Miki’s automorphism

This appendix presents a detailed discussion of Miki’s automorphism. Specifically, we first
derive the transformation of the Drinfeld currents’ modes following [23]. Then, we examine
the action of these modes in the vertical representation (0, 1), and observe that their action
defines a horizontal representation, leading to an equivalence between the two. Finally, we
study the action of grading elements, and how they interplay with Miki’s automorphism.
The first step is to introduce some notation. We denote by y*(2) = S - 2% (z) and
£¥(2) = S (2) the image of the Drinfeld currents under Miki’s automorphism. Just like
the original currents in (2.6), the S-dual currents can be decomposed in terms of modes

y() =D My, ) =) TR = e (iZZ:Fkbik> . (A
keZ k>0 k>0

with yki =S xf, b, = S-ay and @itk =S ¢ik Note also that, due to the property (2.19),

the action of Miki’s automorphism on these modes reads S - y,f =27, S by =—a_y

and S - fik = ﬂ’ik' Finally, since S is an automorphism, these new modes satisfy the

g-commutation relations of the DIM algebra, and in particular the relations (2.6) that

reads here
b 0] = — (Y — vV erdppr,  [br,yit] = i’}’i‘k‘mckyik,
iyl = wy DRl — (B0 k1 =0

—/ﬁ;'y(k_l)a/2§,;+l, k+1<0.
A.1 Derivation of Miki’s transformation

The expression for the S-dual modes y,f, fik in terms of the original ones can be obtained
from the transformation (2.11) of the four modes a1, a:(:)t (and the two central charges ¢ and
¢) using the algebraic relations (2.6). This construction is based on the observation that
the second commutation relation in (2.6) allows us to reconstruct recursively the modes

+ +.
T from a:

c - c — k
af = (F ke (ady, ) aE, 2t = (22 (ad, ) aE, (K> 0),  (A3)

where adxY = [X, Y] denotes the adjoint action, and ¢;, o1 are the specialization of the
coefficients cy, oy defined in (2.7) and (2.33) at k = 1. Note that cx /oy, = (7% — v %) /k?
and kK = 0%/01. Once the modes ac,f are known, it is possible to find the modes wik using

the third relation in (2.6),

We will start by deriving the expression of the modes y,:f Applying Miki’s automor-
phism to the relations (A.3), we find:

_ k
yi = — () TR (y — TR (adxg) az1,

+ k. Fhe/2 k-1 —k k (4.5)
v = — ()T (y =y ey (adxg) a1
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The modes ay; can be eliminated using the commutation relation (2.6) once again, and
we end up with

G = ()2 (a0, )
b1 (A.6)
vE = — ()5 T2 0 (ad, ),
This is indeed the expression given by Miki in [23]. It is readily observed that the generators
y,f have degrees (d, —d) = (k,F1) (for k € Z).
The modes §ik can be obtained by applying Miki’s automorphism to the relation (A.4),
using the expressions of the modes y;t obtained previously (here k > 1),

_ —(k— c k—2
€, =~ Do oad,s (ad,e)

&5 = (v -y haE, &=+

(A7)

which coincide again with Miki’s expressions [23]. The modes §ik have degrees
(d,—d) = (£k,0).

Remark. An alternative expression for the modes y,:f and fik can be obtained from the
Baker-Campbell-Hausdorff formula,

k
Ay = eXye X = (adx)'Y =) (—1) (?) Xy xt, (A.8)
1=0

Dictionary with Miki’s notations. In order to compare with the results of Miki [23],

it is necessary to translate the notations as follows (from ‘Miki’—’Ours’):

Yoa, (@72 Coe g2y C=A=7 Codf =175 (A9)
(¢=a 0" =y Mar =k, (v =7 HOTVEXE = ka3, - U
A.2 Choice of preferred direction

We consider here a vertical representation of levels (0, 1) and examine the action of the dual
modes by, y,;t and flf. First, we observe that the modes by form an Heisenberg sub-algebra,

[P0 b, D )] = =0 =7 FJerdiar (A10)

In fact, the commutation relations between the modes y,f and by reproduce those of the
modes fnf and aj in a horizontal representation (—1,0). As a consequence, it is possible
to express them in terms of the g-oscillator modes «y, satisfying (2.33),

k
z
k#0 (A.11)

Py k
PPV (E5(2)) = exp <3F > 2(7’“ - vk)axk) :

k>0
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Thus, we have found a hidden horizontal representation inside the vertical one, but it
remains to identify the ‘horizontal states’ in the vertical module. Let’s start with the Fock
vacuum |}, by definition it is annihilated by the positive modes ay~g, or, equivalently,
by the modes pgo’l)(gjk <0)- In Miki’s relations (A.7), these modes are expressed in terms
of x; , and therefore they annihilate the vertical vacuum |v,()). The same argument
shows that pgo’l)(yj_:k <o) also annihilates the state |v,()), which is consistent with the Fock

representation of the currents y*(2):

P00 () 10) =~ exp (¥ 2 zkk”i'kwa‘k) " o

k>0

Indeed, the r.h.s. contains only negative powers of z, which implies that the action of
negative modes does vanish. Thus, we can identify the Fock vacuum with the vertical
vacuum, up to a normalization factor that will be fixed later.

In order to identify the other states in the Fock space, we consider the S-duality
relations (2.11), and more precisely a; = —(y —y 1)yy and by = (y —y1)z§. Comparing
the vertical action of these modes, with the action of oscillators in the Macdonald basis,

_ 1
PP (ar) [, N)) = —(y=y ") wEx v, A), V() v, A)) = > Res [v, \+)),
zeA(A)Z X 2V(2)

P (g ) | Pa) = —uBx| Pa), P (by) |Py) = ) > Res
ateA()\

X z:)J)\ | /\+r>7

(A.13)

we observe that states can be simply identified as |v, A)) ~ |P)) (since |Py) is defined as
the non-degenerate eigenbasis of 776F ), and that the horizontal weight is given by u = —~yv.
The comparison of the actions of b7 and xg further fixes the normalization factor to one.
Generalizing our argument, we establish that the representations (0,£1) and (¥F1,0) are
in fact equivalent, up to a rotation of the generators sending z*(z), ¥ (2) to y*(z), £+ (2).
Somehow, this choice of the Drinfeld currents can also be seen as a choice of preferred
direction for the topological vertex.

In addition, Fock modules also contain a set of coherent states |, i) 4, |, i) 5 that
will be constructed in appendix C (note that we have labeled these states with the m-tuple
Young diagrams fi and the weight vector w here to avoid confusions). For instance, the
states |W, [i) 5 are characterized by the relation

P& (P 10, ) g = 2" [Ua(2)] 10, ) (A-14)

In particular, since {Z; o x,, they are eigenstates of z, in the vertical representation,

(0’1)($5) W, i) p = v 2oy ZXZI —3/2 Zwl W, [i) 5 (A.15)

TEf

p

They can be seen as a sort of Gaiotto states for a vertical module of lower level [68].
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A.3 Gradings and uniqueness of Miki’s automorphism

It turns out that Miki’s automorphism is not unique due to the presence of two other auto-
morphisms. These automorphisms, denoted 7, and 7, have been defined in (2.9) using the
grading operators d and d. Their string theory realization can be understood by examina-
tion of their composition with representations. Indeed, comparing (2.10) with the explicit

form of vertical/horizontal representations, we realize that the composed representations
(0,£m) (0,£m)

can be obtained alternatively from a simple shift of the weights: p; O Ty = P15
and pgﬂ’") 0Ty pgﬁlnz) (up to a rescaling of the g-bosonic modes «y,). Since the weights

encode the position of the branes, we deduce that the action of 7, corresponds to an overall
translation along the NS5-direction (thus shifting the D5-positions corresponding to ver-
tical weights). Similarly, the composition with 75 leaves vertical representations invariant
(0,£m) _ (0,£m) .

oTH = p but shifts the

(up to a rescaling of the states, i.e. a change of basis) p; 7

horizontal weights p&il’n) °0Tp = pfﬁ%g )

. We deduce that this automorphism encodes the
translation along the D5-direction, shifting NS5-branes positions. Note also that the two
automorphisms 7, and 75 commute, as translations should do.

In this subsection, we investigate the interplay between these translations and the
rotations of the brane-web realized by Miki’s automorphism §. The S-transformation of
the gradings follows from the invariance requirement of the commutation relations (2.8)
defining their action on Drinfeld currents: (d,d) — (—d,d). As a result, if an element e
has gradings (d.,d.) under (d,d), then the rotated element has the gradings (d., —d.). In
fact, we have already observed this behavior for the modes xf, w,f and yf, ff: above. We

also deduce the following properties:
SoTy =Tsw)10S, SoTz=7s550S, w,weCled. (A.16)

We recover here the fact that the translation axis is rotated by S, so that the translation
T, along the NS5-direction becomes a translation along (minus) the D5-direction 7(g.,,)-1,
and the translation along the D5-direction becomes a translation along the NS5-direction.
Note that here we consider a case slightly more general, allowing the shift parameters w
and @ to be functions of the central charges (c, ¢), so that the translation may now depend
on the branes charges. This extra freedom is important in order to explore the possibility
to twist Miki’s automorphism.

We define the twisted Miki’s automorphism by composition with the grading automor-
phisms, S5 = S o7, 0 7. The requirement that S,z is of order four imposes a restriction
on the parameters w and w:

w(S% W)yt =(S*w)(S- o) (A.17)

In order to maintain the property Ag: = A’, we may further want to require that S2_ = S2,
in which case we also have w = §%-@ = (S-@)~!. Taking the general Ansatz w = wy"“Tve,
@ = woyHet?e with wo, p, v, @o, i, 7 € C, the condition S2_ =1 implies ji = v and 7 = —p.
The extra condition on 82, further requires wp = @p = 41. Thus, it is possible to choose
another definition for Miki’s automorphism in this paper, taking for instance S, with
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w = YTV and @ = Y 7HC so that
Sww a1 = £(y =7 )T = —a — F(y— TN Ty s ar. (AB)

The main interest for deforming the definition of Miki’s automorphism lies the possi-
bility to define a different coproduct twist. Indeed, due to the presence of the two terms
c®d and d ® ¢ in coproducts of the form

Alcd) =cd@1+1Q@cd+c®d+d®c, (A.19)
the twisting of A by S and S, are different (here we have chosen the sign wy = +1 for
simplicity):

As,., = (Ts-w(2>f(5w<2>)—1 ® Ts.@(l)f($w<1>)_1) Ags, (A.20)
S OREL

where w(;) =y 9, cqy=c®1and cp) = 1® c (and the same for ¢;), @), -- ).

B Building blocks of instanton partition functions

We present in this section a short reminder on the various building blocks used to construct
instanton partition functions of 5D A/ = 1 gauge theories. These building blocks are associ-
ated to the field content of the theory, with contributions coming from (anti)-fundamental
matter fields, Chern-Simons terms, vector gauge multiplets and bifundamental fields:

Zpuna. (T, X|7it) = HH —Xa/(q3my)) Zot (T, A|h) = HH (1=ms/xz),  Zos(@XNr) =[] ()"

F=lgeX f= 116/\ zEX

(@ X, 7N 1)
(Ul /\(l) Ul/ )\(l')) bed U )\ )\ H H N Ul? )\( )7HaUl/ )\( )
b=t ' I=10=

(B.1)
The last two building blocks are themselves written using the Nekrasov factor

N(w AW, N) = [ S (X”C) <] (1 _ e ) I1 (1 - U) , (B.2)

TEN TEN zEN Xl‘
yeN

with the function S(z) defined in (2.26). In addition, perturbative (one-loop) contributions
involve the function G(z) defined for |g1], |g2] < 1 as

G(z) = exp ( Z P 0= D q,5>> =11 (1 - Z(Ji_lqg_l> : (B.3)

ij=1

For instance, the one-loop vector contribution writes

m

Zl—loop(U) = H g(”l/(‘]?)”l’))' (B'4)

LU=1

Note that the Nekrasov factor is invariant under the rescaling of the weights, and we
can alternatively denote N(\, N|v/v') = N(v,A|v/,\). Consequently, the rank m = 1
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vector contribution does not depend on the weight, and we will simply denote it Zyect. (A).
Alternatively, it is also possible to write down

Zoeet.(A) = H (1 _ qll(a:)Jrlq;a(x))*l (1 _ q;l(x)qg(m)+1>*1 B.5)
TEA

where a(z) = \;—j and I(z) = \;—i denote the arm and leg length (respectively) associated
to the box = = (4,7) € A.

C Construction of the intertwiners V <+ H x H

In this appendix, we construct the intertwiners ® = @[_11 171”’ and ®* = o* [_11 ;l@] By
convention the horizontal representations (—1,n) (resp. (1,m)) have weight u (resp. u’),
and the vertical representations (0,7 + m) have the usual vector of weights ¢. These

intertwiners are defined by the equations (3.1) that, in the present case, take the form

0 )@ = @ (o1 @ U™ Ale)), (T @™ Ae)) @7 = @l ).
(C.1)

We restrict ourselves to the case n +m > 0.

C.1 New operators in the Cartan

For this construction, it is useful to introduce new operators in the Cartan sector, defined
in terms of the modes a; as follows:

TE(2) = (v2)T* 0.\ — ot Loy yrEl )L
z) = exp Z N atp = Y (2) =Yy T (g5 2)T (=) . (C.2)
k>0

The vertical and horizontal representations of these operators follows from those of the
modes ay, namely

P (T ())[5,X) = [V3(2)] 17X, o ()15,X) = [[(—2/w) [V5(2)] _[5.5)),
=1
pIM (TE(2)) = vE(2), P (YE(2) =vF (g5 e 7
k
vE(2) =exp (Z (vzk?:F aik) . (C.3)
k>0

The new vertex operators v (z) acting in the horizontal Fock modules satisfy the normal-
ordering property
v (2)v (w) = S(yw/z) s vt (2)v (w) : . (C4)

Note also that they can be used to decompose the vertex operators 7% (z) and ¢*(z):

SOT(Z) vE(g5 )0 (2) Y nt() = v (et (v %) T (C.5)
1

(2) = v~ (y7V22) ot (7).
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C.2 Coherent states in the Fock modules

The main ingredient in the construction of our intertwiners is a set of coherent states
belonging to the Fock modules. These states are parameterized by a vector of weights v,

and an m-tuple Young diagram, they are defined as follows:?!
- KL 1/2,\k
B30 =TTv 2 [Lep @)l vy (o) =exp (— > %)ak> ,
e =1 k>0 OF o
Sy 3o 1T _ (v%/2v)F D
7.0 = [[v G722 Lo )10), o5 () =exp | Y ———ay].
e =1 k>0 k
In fact, these states can also be defined using the generalized AFS intertwiners,
7,54 = [ 7] (15.5) 10)) = @5[9 7] 10), os)

where, in order to fix the norms such that to |7, X) , = |0) +--- (and |7, X) 5 = |0) +---),
the weight u' (resp. u) have been set to one.
Due to the intertwining property (3.1), DIM’s horizontal action on such states can

be written

1,0
250 ()l

P ()7,

<L

Ka=o[9m] (607 @ el Ae)) (15.3) @ 10))

Jp =[] (0 @) Ae) (12,5 @ 10)). o

>l

Since the action of DIM’s algebra on the r.h.s. is already known, these identities can be
used to characterize the algebraic properties of the coherent states. In particular, if the
r.h.s. is annihilated by the action of an element of DIM algebra, so is the r.h.s.. Similarly,
if the r.h.s. is an eigenstate, then it is also the case of the coherent state. As a result, we
deduce the following properties:

N — g = N
a0 [0.X) 4 =72 | 55D Ok = D ()| 15 X) 4,
zeX I=1
(C.10)
— 3 — O-k? —_ = —_— — 3
k0 [T, A) p = =772 |22 D 0 =Y (o) TF| 15 ) .
xex =1

Thus, these coherent states are eigenstates of the positive modes ay, these relations char-
acterize them uniquely, up to their norm, and a possible linear shift by the vacuum state.

21Note that

vt (2)vy (v) = [l—v/(’yl/zz)] . T (2)vg (v) U+(271)’L~}®7 (v)= [(1—2/(75/2'0))71} - :UJ’(z*l){)@* (v):.
(C.6)
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These relations also imply:

etV [0, X) 4 = [Wx(2)], 15,04, @t (TP X) g =7 [U5(2)] 15 N) s,
(C.11)
and further
n(2) 5,04 = [Y5(2) L vT (7 2) 8,8 4,
(2 [0, 0) 4 = [Vi(as'2)], v ()T B, X) 4,
n+m
CERICRV R || <q> Vilas'2)]_ o= (v 5,0 (C.12)

Note that the action of algebra elements on the states |, X) 4 involves operators expanded

as series in 2! (in agreement with the radial ordering that assumes |z| > |xz|), so that

the function in the r.h.s. must also be expanded in inverse powers of z, which justifies the

notation [---], employed. Similarly, the action on the states |7, X) 4 involves operators

expanded as series in z, and the r.h.s. involves [---]_ (in agreement with |z71| > |x;!]).
Dual states can also be introduced,

. n+m . ) N (71/21))_k
AGA =0 TT vy ) [Tt (% xa), v (W) =exp | =Y ——ay |,
=1 X o0 Ok
i - (C.13)
@ X =0 T] o () [Jot ()7 o (v) =exp (Z ™) akz) ;
they obey the relations®?
AB X~ (y722) = 4720 [Ws(2)] a(@, 4],
n+m
A5 70 = TT (=20 ) Datas ) o (792,
=1
. n+m —y; .
AU A7 (2) = H <Z> [yx(z)_l]_A<177)\\U+(7_3/22) (C.15)
=1
B0, X o~ (77227 = [Us(2)], B(F, |
S5 A () = (), (@ Mot (2 ),
| [
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Note also the remarkable inner product:

.o R Ziia (T2, N, T1, M|yt
A(T1, A1| U2, A2) 4 = B(T2, A2| U1, M) = bid. (92, A2, B4, daly )- (C.16)

Lo ey 607 o)

C.3 Construction of ®*

The construction of ®* turns out to be a little easier than ®. Explicitly, the equation (C.1)
for each generating current of the DIM algebra read:

O*p T (1t (2)) = [U’z‘m 10T (2)—u "y T (v e (7Y 22)} P,
@l (a7 () = [(“/)_17_"_’”27” o~ (Y2 hen (v ) —uz " 77*(2_1)@1} o7,
& plOmH™ () = AF (O M) [SOHF(,Yﬂmel)®¢i(7$1/22)} " (C.17)

In order to solve these equations, we need to define the reflection operators acting on the
tensor product of Fock modules:

Us(z) = exp (Z le Qi @ aﬁ:kz) : (C.18)

k>0

Here, we will employ U_, while U will be used in the next subsection in the construction
of ®s. This reflection operator satisfies the important properties

(vt )U-=U_ (v (g3 'z )evT(2)) = (1eet()U-=U_(p (z7H) 'oeT(2)),
(vt (z)@1)U-=U_ (v"'(z)@v_(qglz_l)) = (¢t (z)@1)U_=U- (<,0+(z)®go_(z_1)_1) .
(C.19)

Applied to the vacuum |0) ® |0), it produces the reflector state defined in (3.31).
The intertwiner ®* is defined as the action of /_ on the tensor product of the two
coherent states constructed previously,

17, X = 1% U- (w, N g ® |7, X>A) . (C.20)

We have introduced here the normalization factor n} = (0] @ (0))|7, X>® that will be
determined later. We observe the property

RO (T (12270 @ oF (122 ) [, R)g = v~ [03(2)], 18, ), (C21)

obtained as follows. In the + case, the reflection property (C.19) applied to ¢t (y~1/22)
eliminates o~ (7~ /2271) in the first space. This operator ¢t (y~1/22) acting on |7, X)A
further produces the function W5 (z) as a result of the property (C.11). This function has to
be expanded in inverse powers of z, i.e. it corresponds to [\II X(Z)] I Similarly, in the — case,

1/2

one considers ¢+ (y~1/2z71), and its action on |7, ) p broduces the function ¥(z) expanded

in powers of z. This shows the intertwining property for the Cartan currents 1% (z).
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Let us now turn to the action of p(o*”””) (z*(2)), and, employing a similar technique,
compute

(107 () 8.0, = V527 ngh (v- (72 L ov (v72)) (18,.5) 5

(e (42 5.0

2

s

>
Nl

z

[T,(—w)

®

Taking the difference, and using that

D57 = DT = > d(z/xe) Res 2T 0s() 7 (C.23)
zEA(N)
we find N
N A S — . 1/2 N
(1000 ~ gy 0= e e () ) 199,
nt (C.24)
= 3 6o/ Res 205000 ),
zEA(X) P
Finally, from
(¢~ (2 @n(712) 15, D
= V35" U (v (2 @0 (7)) (18, X) 5 @ 17, X) 4)
. C.25
e [a) (Y 1) 16,0 (6:25)
l
= V35" _nU (v (72 @ om (7)) (18, X) 5 @15, X))
we get
(so‘(vmz‘l) on (v '2) = [ [(—aunt T @ 1) |5, X
. (C.26)
= > 3(e/xe) Res 27" x(a5'e) AN a).
zeR(X) A—zx

The three properties (C.21), (C.24) and (C.26) imply that |7, X>® transforms as the
states |0, A)) in the vertical representation. More precisely, the quantity

= ag|i N (B.A] = 0% =0 |5, X)) = |7, X),, (C.27)
X

satisfies the equations (C.17), provided that we set

n+m

uu’ = H (—yw), nj= (u’)m H Xz (C.28)

I=1 zEX

This condition upon the weights is in agreement with the weights conservation relation.
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C.4 Construction of ®

In this case, the constraints (C.1) for ® take the explicit form

PO (@ (2)® = @ [—U_IZ” 17 (2T @ L+ uy"meT ot (Y2 @t ('7‘12)] :
PP @ ()@ = @ [—ur T T (T T @ et (012 + ()T 1 e (2)]
PO (W (2) @ = AT [T (T2 @ H (1 2) (C.29)

The intertwiner is obtained from the dual states (7, X| defined as the action of 2, on the
tensor product of dual coherent states,

(T, N = (Bw, X ® al@, X|) Uy ng. (C.30)
Using the properties of the reflection operator U, introduced in (C.18),

Uy (1ov™(2)) = (v (g5 'z oo () Uy = U (1097 (2) = (T (=) T 0p™ (2)) Uy,
Up (v (2)@1) = (v ()ovT (g5 2 )Ur = Us (07 (2)®1) = (¢~ ()@ (z71) ) U,

(C.31)
and following the same steps as before, it is possible to show that the intertwiner
by

obeys the relations (C.29) provided that the weights observe the conservation rela-
tion (C.28), and that the normalization factor takes the form

ng = o(@ Al (1) @10)) = ully=(FmIR Ty (C.33)
TEN

D Vacuum S-transformation

In this appendix, we determine the action on the vacuum of some of the S-dual modes y,f,
gik using Miki’s relations (A.6) and (A.7).
D.1 Example I

First, we introduce a shortcut notation for the following states in the tensor product
(—1,0) ® (0,1):

0) = 10) @ 0,0)), 1) = a1]0) @ |v,0)). (D.1)
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Expanding the action of the coproduct of DIM generators, we obtain the following charac-

terizations:
— ite BRI PR
(P & 0 Ala-i) ) 10) = =—T—(*20) ™ 0), (k> 0),
( 0 (k <0)
—1
(—10) & 0D A=) 0} — —uy0) (k=0)
(pu ® py (z}, )) 0) —uy (1 = g3)u |0) — uy 2|1 (k= 1)
(k>1)
( 0 (k< -1)
=325, |0) (k=-1)
(—10) & )00 A=) 1) — uy~o1|
(p“ © Py () )> 1L uy o1 (1 = g3)v[0) —uy ' (1 — o1y ) [1) (k=0)
(k>0)
(D.2)

These properties leads to identify the state |0) with the state |v,0) 5 in the Fock module
with representation (—1,1)y/—_~yu, (up to a norm).

In order to obtain the action of the S-dual modes, we use Miki’s relations (A.6)
and (A.7) to show that:

(P79 @ pOV A@wH)) 10) = b0(r¥/20) [0}, (k> 0)

(P10 0 00 M) 100 = (110 = (0 =7 H=ur ™)) [0).

The derivation of the first identity is straightforward, but the second one requires some

(D.3)

extra explanation in the case of modes with index £ > 1. Starting from Miki’s formula (A.7)
and noticing that A(z_,) annihilates |0), we find

(P10 @ D A(E,)) 10)
=y = e 7Y <p£ W@ D A (((adw(:) $—1> T >> 0 (D4

— 2y — 7—1)0;(/%71) <p1(;1’0) ® p0Y A <<adzo>k_2 x1>> 1) .
Then, from (D.2), we get
(P10 @ o Ae=0) ) J0) = e
(P @ ol A0 ) [1) = 7121 = gg)o (e 0T ) o) (D)
P,
which gives, using the Baker-Campbell-Hausdorff formula (A.8),

= (A0 gD A e ) 1) = uy e o)

k

This shows (D.4), and thus the second identity in (D.3). Note that in the application to
the first example, v and v become 9 and 5.

1

“10),

—u~y— (1= -
+e Wy (1—0o1y

(D.6)
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D.2 Example II

We start again by introducing the shortcut notations:
0)=10)®[0), [1)=a1l®)®[0), [1)=]0)®a]0). (D.7)
From

(P00 A () 10) = ()T @20 (7 22) 7 ) —uy Tt 0T (r 52 B)ol),

(D.8)
we deduce by expansion that:
(k < =2)
—(W) 2L (k= -2)
~1
10) g D Ay oy = @70 =) o
(P @ ) Afa) ) [0) St (e—0) (D.9)
—uy ) (k=1)
\ (k>1)
Using the relation (A.6), it implies
(P70 @ 9l AT 4c0)) 100 = ~0ia ()22 0). (D.10)

The action of {7, is more complicated to evaluate. First, we need the action of z;
and x_; on the state |1) that can be obtained using a similar method as before:

(P10 @ oY Aag)) 1) = —ur ™M1 =57l 1),

(—1,0) (1,1) - n—1 ~1/2 (D.11)
(P10 @ " AwZ)) 1) = (@) 1) +uy 20y [0).

From these identities, we deduce successively

z ad

(P @ o Al 02T, ) 10) = (@) [0).

D)) 1) = (@) 1)y ore ), (D12)

z ad

(pg—1,0) ® ps,’l) Ale
(pi‘“” @ py!) Alad,- e " wiﬁ) 0) = u?ySre ™7 |0)
and finally, for k > 0,
(P @ plY AE)) 10) = (1= ga)(—ur ) [0). (D.13)

Note that the calculation for the mode k = 1 must be performed separately. In the
application to the transformation of the Lax matrix in the second example, v and v’

become g and .
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D.3 Case U(2)

Starting with the state [0) = |0) ® [0) € (1,1); x (—1,1),, we observe that

u

(k< -1)
w o) (k=-1)
(Pl @ ol AV (a) ) J0) = 0 (k=0 (D.14)
Y2l (0) (k=1)
(k>1)

Using Miki’s formulas (A.6) and (A.7), we deduce for k > 0:
(P10 @ o5 A ) 0) = =1y~ u"[0),
(o) @ ol A7) 10) = —d17 2 [0} (D15)

(Pl @ o A (e (2)) ) 10) = 10).

Here u corresponds to @ in the main text, and «’ to @4. Similarly, we observe for the dual
state (0] = (0] ® (0,

: (k< —1)
Pu (0] (k= -1)

(ol (o7 @ Y Aaf)) = 0 (k=0) (D.16)
J (0 (k=1)

and deduce from the same formulas (A.6) and (A.7) that for k£ > 0:

01 (50 @ oY Aw)) = ~bkaru (01,
01 (A7 @ Y Alyr)) = =dkar (01, (D.17)
(O (710 @ " A () = (0l

This time v and u' denote @} and @) respectively in the application to the U(2) theory.
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