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ABSTRACT: In the framework of chiral kinetic theory (CKT), we consider a system of right-
and left-handed Weyl fermions out of thermal equilibrium in a homogeneous weak magnetic
field. We show that the Lorentz invariance implies a modification in the definition of the
momentum current in the phase space, compared to the case in which the system is in global
equilibrium. Using this modified momentum current, we derive the linearized conservation
equations from the kinetic equation up to second order in the derivative expansion. It
turns out that the eigenmodes of these equations, namely the hydrodynamic modes, differ
from those obtained from the hydrodynamic in the Landau-Lifshitz (LL) frame at the same
order. We show that the modes of the former case may be transformed to the corresponding
modes in the latter case by a global boost. The velocity of the boost is proportional to
the magnetic field as well as the difference between the right- and left-handed charges
susceptibility. We then compute the chiral transport coefficients in a system of non-Abelian
chiral fermions in the no-drag frame and by making the above boost, obtain the well-known
transport coeffiecients of the system in the LL frame. Finally by using the idea of boost,
we reproduce the AdS/CFT result for the chiral drag force exerted on a quark at rest in
the rest frame of the fluid, without performing any holographic computations.
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1 Introduction

The parity-odd transport in chiral systems has attracted much interest recently. The gener-
ation of non-dissipative currents in the direction of external magnetic field (chiral magnetic
effect (CME)) can be related to presence of microscopic anomaly in such systems [1, 2].
When this effect is accompanied with the chiral separation effect, would lead to propaga-
tion of a gap-less excitation in the system, the so-called chiral magnetic wave (CMW) [3].
In heavy ion collisions, CMW induces the electric quadrupole moment of the quark-gluon
plasma [4-6]. In condensed matter the CME may explain the negative magneto-resistance
in Weyl semimetals [7, 8] and the same in Dirac semimetals [9]. On the other hand, the
anomalous current may be induced in the direction of rotation as well. The well-known
chiral vortical effect (CVE) was first discussed in the context of astrophysics [10].

The chiral transport has been studied in various theoretical frameworks. In lattice
field theory, CMW has been numerically shown to exist in gauge theory [11]. In AdS/CFT,
CVE has been found in the long wavelength limit of boundary gauge theory, i.e. in the
hydrodynamics regime [12, 13]. The latter, specifically, motivated to construct the chi-
ral hydrodynamics [14-16]. Recently, the presence of mixed gauge-gravitational anomaly
predicted by chiral hydrodynamics, has been confirmed in Weyl semimetals [17].

Kinetic theory is another theoretical framework by which one can study the non-
equilibrium dynamics in classical systems with rare collisions. Interestingly, it can be used
to study the chiral transport in a system of Weyl fermions in presence of electromagnetic
fields. If the flux of Berry curvature through a given Fermi surface is non-vanishing, the
particle number associated with the Fermi surface has a triangle anomaly [18]. So one
can enter the effect of anomalous particle number non-conservation in kinetic equation by
putting a Berry monopole at the origin of the momentum space. The resultant kinetic
description is called the chiral kinetic theory [19]. Using chiral kinetic theory, one can
find the non-equilibrium expressions for the CME as well as the CVE in a system of Weyl
fermions [19].!

Collective excitations are basically the macroscopic observables reflecting the micro-
scopic dynamics in the system, specifically the effect of anomalies, at low energy. To get
more insight about the chiral transport from chiral kinetic theory, it is natural to study
its collective excitations, specially in the long wavelength limit, corresponding to the hy-
drodynamics. Such study for a system of right- and left-handed fermions, coupled to an
external homogeneous magnetic field, was first done in [20]. In the mentioned paper, the
collective modes either in long wave-length regime and also beyond the hydro regime were
found. However, their study was under this approximation that the energy and momentum
perturbations are decoupled from the chiral charge perturbations. Considering only the
perturbations of two opposite chirality charge densities, they derived the expression of chi-
ral magnetic wave from the chiral kinetic theory. As the first part in this paper we want to
extend the computations of [20] to the case in which all the hydrodynamical perturbations
are taken into account. While at first look it seems straightforward, we will show that such
extension requires a new modification in the structure of kinetic theory.

!See arXiv:1712.01289 for a recent progress in Weyl semimetals.
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Let us recall that the classical action of the massless Dirac particles is not manifestly
Lorentz invariant [21]. It has been shown that Lorentz invariance dictates a modification
in the energy dispersion of massless particles in magnetic field [22]. It is exactly this modi-
fication which ensures the angular momentum conservation in the collisions and also leads
to non-locality in the collision integral due to the side jump [23].2 The above-mentioned
shift in the dispersion of energy is specific to global equilibrium in which the system can
either couple to an external constant magnetic field or uniformly rotate around an axis.

When considering the system out of equilibrium, however, local vorticity induced by
the momentum perturbations may play a non-trivial role in the system. We will extend the
computations given in [22] to the latter case and show that the Lorentz invariance obliges to
modify the momentum current of the massless particles, out of equilibrium. While the shift
in the energy dispersion of the particles found in [22] is due to a spin-magnetic coupling,
in our case, the shift in momentum current turns out to be due to spin-vorticity coupling.
Using this modified momentum current, we then find the set of conservation equations
from the kinetic equation, in the long wave length regime and in a weak magnetic field.
In this setup, one naturally expects to observe the mixing between different perturbations.
We show that CMWs will mix with the perturbations of temperatue and make the chiral
magnetic heat waves. The sound wave will mix with perturbations of charge densities as
well. Moreover, the magnetic field may couple with the local perturbations of vorticity in
the system and give chiral Alfvén waves, (see [24-26] for first observations of chiral Alfvén
waves in the hydrodynamics).

Independently and in the context of chiral hydrodynamics, a similar study in a chiral
system had been done before. In [26], hydrodynamic excitations in a rotating chiral fluid
coupled to a magnetic field was computed. While all the computations in [26] are done for a
general conformal fluid, the final results are reported for a system of weakly coupled chiral
fermions. Such system is exactly the one under our study in the present paper. So we would
consider the case without global vorticity in [26] and compare their results with what we
obtain from chiral kinetic theory. It is seen that the expressions of six hydrodynamic modes
in the above two cases are not exactly the same. Each of the dispersion relations obtained
in [26] differs from its counterpart in chiral kinetic theory, by a contribution proportional
to the magnetic field.

In the second part of the paper we will focus on realizing the reason for the above dif-
ference. Since in both cases mentioned above the magnetic field is taken so weak as a one
derivative object, one notices that the difference between two sets of results is just due to
the derivative corrections. It is basically reminiscent of the difference between the different
fluid frames in hydrodynamics. As it is well-known, out of local equilibrium, namely beyond
the zero order in hydrodynamic expansion, the hydrodynamic fields are not well-defined.
One can redefine velocity, temperature, etc., by freely adding any symmetry-allowed com-
bination of derivative terms. By making each redefinition, however, the physical objects
like energy density and charge density remain invariant. Each choice of defining the hydro
fields is also referred to as a frame in hydrodynamics.

2See also arXiv:1612.04630.
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Our main idea to explain the discrepancy between the two sets of results is that their
associated computations are being done in two different hydrodynamic frames. The frame
used in [26] is the Landau-Lifshitz (LL) frame. By definition, it is the hydrodynamical
frame in which no energy flows in the rest frame of the fluid, namely u* = (1,0) means no
energy current. In any another frame, the energy flow in the rest frame of the fluid may
then be only proportional to the magnetic field (or global vorticity), when neglecting the
dissipation. By explicit calculations in kinetic theory side we show that the latter is the
case for our system of chiral fermions;®> when u* = (1,0), an energy flow proportional to
the magnetic field exists in the system. This confirms that the two sets of computations
explained in previous paragraph correspond to two differnt hydrodynamic frames.

Interestingly, since the magnetic field is a vector itself, we expect by changing the
frame from the LL to the chiral kinetic theory only the velocity vector to be corrected. On
the other hand, the magnetic field is non-vanishing in the equilibrium in both frames. So
we conclude that in the equilibrium state, the rest frame of the fluid in the LL frame may
be transformed to that in our system by a boost proportional to the magnetic field. We
compute the velocity of the associated boost for a system which is coupled to a magnetic
field and is unifromly rotating around an axis.

The idea of boost in equilibrium state is in fact limited to cases that at least one non-
vanishing one derivative object, like magnetic field, exists in equilibrium. In the absence
of such objects one can still redefine the hydro fields by one derivative dissipative data,
however, the different frames would not be distinguished from each other in equilibrium.
This is exactly the case in deriving the Eckart frame from the LL frame [27]. Since the
energy flow vanishes in the rest frame of fluid in both Eckart and LL frames, these two
frame are not distinguishable in the equilibrium.

Let us recall that the collective excitations propagate on top of the equilibrium state
in the rest frame of the fluid. Knowing this and based on the above arguments, one can
understand how the hydrodynamic modes obtained in this paper would be related to the
modes in the LL frame. We show that the velocity of each modes in former frame is
transformed to velocity of its counterpart in latter frame by exactly the above-mentioned
boost between the rest frames in equilibrium.

On the other hand, the hydrodynamic regime of chiral kinetic theory corresponds to
the hydrodynamic in the Laboratory (Lab) frame [28] (sometimes it is also called the
thermodynamic frame [15]). This fluid frame is the one in which the rest frame of the
fluid in equilibrium coincides with the laboratory Lorentz frame to all orders in derivative
expansion. In a chiral system with only axial current, the Lab frame has been shown to
have this interesting property that a heavy impurity at rest in the rest frame of the fluid
is not dragged by the chiral fluid [29]. For this reason, the Lab frame is called a no-drag
frame as well.

Using the idea of boost, one can find the components of the energy-momentum tensor
and charge currents in the rest frame of the Lab frame from those of the LL frame and

3Since we are working in the non-dissipative regime, no other one derivative data, like expansion, could
contribute to the energy flow in rest frame.



vice versa. On the other hand, using the second law of thermodynamics, the constitutive
relations for a system of non-Abelian chiral fermions have been computed in the LL frame
in [30]. So as the second check of the idea of boost, we first compute the anomalous
transport coefficients in the no-drag frame for a system of non-Abelian chiral fermions.
Then by applying the boost, we reproduce the results of [30]. Let us denote that one can
reduce the non-Abelian group to U(1)y x U(1)4. The latter may correspond to a system
of right- and left-handed chiral fermions, the one we discussed earlier in kinetic theory. We
show that the transport coefficients of the latter system [28, 31, 36], are a special subclass
of the no-drag frame results. This could be regarded as the simple generalization of the [29]
to a chiral system with two types of chirality. As expected, the hydrodynamic limit of chiral
kinetic theory corresponds to a no-drag frame.

At the last part of the paper we give another evidence in favor of the boost idea. As
it is well-known, the drag force exerted on a heavy quark in a fluid can be computed in
the context of AdS/CFT. Based on the seminal computations of [32, 33] and by the use of
Fluid/Gravity duality [34], the authors of [35] computed the drag force exerted on a moving
quark in a chiral fluid in presence of a constant magnetic field in the LL frame. We will
show that a part of the computations of [35] associated with the chiral drag force affected
on a quark at rest in the rest frame of the fluid can be independently found just by the
above-mentioned boost together with some previously-reported results of Fluid/Gravity
duality. To show that, we first find the most general form of the chiral drag force in a
fluid up to first order in derivative expansion. We rewrite this general expression for a
moving quark in the rest frame of the fluid in LL frame and then make a boost to go to
the rest frame of the fluid in the no-drag frame. Requiring the resultant drag force to
vanish for a quark at rest in the new frame, we find two constraints on the coefficients of
general drag force mentioned above. We show that these two constrains together with the
coefficient of drag force at zero order [32, 33] and also with the expressions of two chiral
energy transport coefficients [36] are sufficient to determine the chiral drag force computed
in [35] for a quark at rest in the rest frame of the fluid in LL frame. Let us emphasize that
we reproduce this result without performing any AdS/CFT computations.

The paper is organized as it follows; in section 2, after a brief review of chiral kinetic
theory we show how the Lorentz invariance implies a modification in the definition of the
momentum current. In section 3 we compute the spectrum of hydrodynamic modes from
chiral kinetic theory. In section 4 we review the hydrodynamic of chiral systems and review
some of the results of [26]. In section 5, we motivate the idea of boost and make relation
between the results of section 3 with those reviewed in section 4. In section 6 we will show
that the hydrodynamic frame corresponding to the chiral kinetic theory is a no-drag frame.
In section 7, we utilize the idea of boost from section 5 and reproduce the chiral drag force
computed via AdS/CFT for a quark at rest in the rest frame of the fluid in the LL frame.
We end in section with reviewing the novel results and pointing some future directions.

2 Chiral kinetic theory and its new modification

In a system of weakly interacting quasi-particles with rare collisions, the out of equilibrium
dynamics can be described by the evolution of the distribution function of quasi-particles,



np, in (x,p) space. The dynamics of distribution function is governed by the Boltzmann
transport equation

onp . Onp . Onp
ot +X- Ix +p- ap = coll{np}v (21)

where I.on{np} is the collision integral. In order to find np from the kinetic equation, we

have to add the equations of motion for x and p to the above equation. In presence of a
homogeneous electromagnetic field, we may write the equations for the Weyl fermions as

. Oe :
x:a—;’—i—pxﬂp, (2.2)
p = eE +ex x B. (2.3)

Here Qp is the Berry flux which is the flux corresponding to the Berry monopole located
at the center of momentum space and is given by

Qp =V, x Ap = )\sign(e)%, Ay = i{up| Vpup). (2.4)

In the above expression, A = +1/2 is the helicity (or equivalently the chiralitry) of right-
and left-handed Weyl fermions. Right particles with A = 1/2 are sometimes referred to as
X = R and left particles A = —1/2 as x = L in this paper. The presence of ¢ = +1 in
the expression of (2.4) shows that the Berry curvature for particles and anti particles have
opposite signs. Combining the equations (2.2) and (2.3), we may write

. Oe Oe
\/ax—ali’—l—eEXQp—i—eB(C{)rl))-Qp),

\/ap—eE+e%i§’><B+eQQp(E-B), (2.5)

where G = (1 + eB - Qp,)? is the phase space invariant. While for a massless right-handed
Weyl particle we simply expect the energy disperses as e(p) = p, the presence of an external
magnetic field changes this picture. It has been shown that if the Weyl particles couple to
magnetic field, Lorentz invariance requires a shift of energy in the dispersion relation equal
to the spin magnetic moment coupling [22]. It can be simply computed as the following.
First we define energy density as
®p
00 —

TO = ¢ = / W@E(p)np. (2.6)
Then we multiply equation (2.1) by v/Ge(p) and then integrate over p to write it as
9, TH0 = E'j" with

Ti0 _ _/d?’P
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Lorentz invariance obliges that 7% has to be equal to the momentum density defined as
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Here p as the modified momentum in phase space. In a homogeneous system, ag—; = 0,

Lorentz invariance up to first order in weak magnetic field gives [22]

. B- .
e(p) = p — Asign(e) p;’, p=p. (2.9)

In the following we will see that as far as we study the Weyl systems in global equilibrium
these modifications are sufficient. However, when the system is deviated from its global
equilibrium, the momentum will be shifted as well.

2.1 Global equilibrium state

Since the theory of Weyl fermions is invariant under CPT, the antiparticles participate
in collisions as well and consequently, we must take them into account. We can do it by
considering the particle charge e = +1 as an additional discrete index of the distribution
function. According the above considerations, the equilibrium distribution function of
fermions is given by:

2 () 1

P T B(e(p)—enx) +1° (2.10)

Since the energy dispersion of the particles given by (2.9) depends on helicity, we consider
A as another index of the distribution function. In the above relation, x = R, L refers to
the right- and left-handed particles (and anti-particles) respectively.

In this work our system will be always subject to an external weak magnetic field. The
strength of the magnetic field is of the order of derivatives of quantities, near equilibrium.
Therefore one can expand the above distribution function in a derivative expansion as the

following
0o _ e [0ty B-p
iy =gy — ( 86(11))) > </\ sign(e) e > €f + O(e?«), (2.11)
eq.
1 ~(Ne) -1 oGy : .
with ng™ = (eﬂ(p_e“x) + 1) . Please note that W'I’)) is taken with respect to the
eq.

e(p) = p. Here ¢ is a parameter which counts the number of derivatives and we set it to
unity at the end of the computations. It is clear that the equation (2.11) gives us the most
general thermodynamic distribution function of a system of single right- and left-handed
fermions in presence of long wavelength background fields, perturbatively, up to first order
in derivative expansion.

Using the above distribution function, one may compute the following thermodynamic

quantities:
4 4 _(\e) _a (HRtHL | MR HL | THC
= — = — ’ g T
gl Ty 2; Z /p (i 6m2Th T 32 45 )
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= — = 2.12
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where we have used the notation fp = f (3371))3\/5 Please note that while x denotes the

chirality in this paper, X, refers to the thermodynamic susceptibility associated with the
charge n,.

2.2 Local equilibrium state

Out of global equilibrium, the thermodynamic variables like 3, pu and u (the velocity of
the system which vanished in equilibrium in Lab frame) will no longer be constant in the
whole of the system and they are not even meaningful quantities. In the long wavelength
limit however, in the absence of dissipative processes, one would be able to promote them
to be local functions of space and time and write the distribution function in the local
co-moving frame as

1

B D) ale ) Aepw e ;1 (2.13)

ng (x,1) =

If the length scale of variations in the system is much larger than the microscopic length
scale in the system, B(x,t)7!, u(x,t), w(x,t) = $V x u(x,t) and p,(x,t) identify with
the temperature, velocity, vorticity and chemical potential, all as the local functions of
space and time, respectively. These functions are called the hydrodynamic fields in local
equilibrium state.

One may have noticed that (2.13) solves the kinetic equation at zero order in derivative
expansion. Thanks to derivative expansion in long wavelength limit, we can also find the
solution at first order by expanding the hydrodynamic fields around their thermodynamic

values. To proceed, we may write

(x,t)

B(x,1) = B+ erdB(x,1), :uX(X7 t) = Pox + 6F5:“X(X7 t), u(x,t) = ep (2.14)

with ep denoting another perturbative parameter which counts the order of fluctuations
around equilibrium and will be set to unity at the end of computations. Due to later
requirements we have defined the fluid velocity fluctuations in terms of momentum fluctu-
ations 7 and the enthalpy density w. From now on we drop the arguments of the fluctuation
fields and work with 63, w and du, for simplicity.

In order to specify the solution of the kinetic equation at first order, we now use (2.14)
and expand (2.13) around the equilibrium solution (2.10). To first order in fluctuations,
we obtain:

(Ne) _(\e) Gﬁg\’e) e(p)—efiy Asign(e) . T 5
np(x,t) =ng "+ ( 08— <p+ 5 pr) .E—e&u){) er+0(eg)
eq

J¢(p) 8
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e op . p , €(p)—epy sign(e) . o\ 7 2 o

S _< Oe(p) (_ sign(e)A p? - B o8- (p+ 2 P -w—ed,ux +O(e7 ),
eq.

(2.15)



where in writing the second line we have used (2.11). Let us note that among the corrections
in the above expression, the first term in parentheses is just a derivative term of order
O(eped). While the second and fourth terms are of order O(e?ep), the third term is a
combination of two terms itself; it is clear that one part of this term is of order O(e(}eF)
and the other part is of order O(eyer).

In fact, (2.15) can solve the kinetic equation up to first order in derivatives and in
the small amplitude regime. We will show that by inserting it in the kinetic equation, six
equations can be found for exactly the six fields £, ugr, pr and u, corresponding to six
conservation laws in physical space.

2.3 Modifying the momentum current

As we advertised earlier, out of global equilibrium, the presence of magnetic field can modify
the definition of the momentum current. Let us now see how it happens. Lorentz invariance
basically implies that (2.7) has to be equivalent with (2.8). We saw that this requirement
leads to a modification in the of the energy dispersion in the equilibrium state (2.10)
(see equation (2.9)). We may reconsider the above Lorentz invariance condition when the
system is out of global equilibrium. In this case, the second term in (2.7) will no longer
vanish. So it is reasonable to demand that (2.8) gets a correction as the following:

T0i _ / ﬁ\@ <pA + fA(p)) n (2.16)

(2m)3 ! ! P '

where f;(p) is a one derivative vector operator. Using dispersion of energy in (2.9), the
condition 7% = T simplifies to the following equation, to first order in derivatives,

&p . p? p’ On d*p
— Wk Z_\si =P : . 2.1
/ (271')36 2 Slgn(e) p3 axk / (271')3 fl(p)np ( 7)
This equation shows that the momentum density (2.16) is given by

= / (;if))gx/é <p = As’ig;(e)p X v) np. (2.18)

Clearly, the second contribution in the integrand does not survive in the equilibrium. To
our knowledge, this new contribution in the definition of momentum density in presence of
magnetic field, was not well-known in the literature before. This modification compared
to well known structure of momentum current, which is one of our results in this paper,
suggests that in order to derive the equation of momentum conservation from the kinetic
equation, the object which has to be multiplied with the kinetic equation is the following
modified momentum operator

- Asign(e) .
b g()p

p= ; X V. (2.19)

We will show that this is the right momentum which gives the hydrodynamic modes in the
long wave-length limit of the chiral kinetic theory.



3 Perturbative solution for the kinetic equation

In the ansatz solution given by (2.15), there are six unknown hydro fields: 65, 7 and dpup, 1.
At first sight it may seem that we want to find six unknown hydrodynamic fields from only
one equation (2.1). The presence of conservation laws in collisions however, allows us to
derive exactly six equations for these six unknown fields. It will be the main content of the
following subsection.

3.1 Conservation equations

In order to derive the conservation equations from kinetic theory, it is standard to multiply
the kinetic equation (2.1) by the collision invariant objects and then performing the integral
over the momentum p. There are basically six conserved objects in the collisions in our
system; the axial and vector charges, three components of momentum and the energy. For
each of these objects one may derive a macroscopic conservation equation from the kinetic
equation.

The two equations associated with the axial and vector charge conservation in collisions
may be alternatively given formally as

s (x,t) . amSxt) . omE(x,0)) o) o
2@:/])6( at +x- 8X _|_p ap —Z/pe_[cou{np (x,t)}—O, X—R7L

(&

(3.1)
where we have used the notation fp = (g%’gxﬁG. Note that for each chirality we have to
sum over the both particle (e = 1) and anti-particle (e = —1) contributions. In order to find

the energy and momentum conservation equations, one multiples the kinetic equation (2.1)
by €(p) and p and integrate over p and then sum over e and \:

o (x,t) . mSMxt) . oS (x, ¢t
Z/E(W( & at(x ) 5. 9m8 ax(x L 6p(x ) - Z/e(p)lcou{ng’e)(m)} =0,
e\ 7P

e 7P
(3.2)
> O 0c,t) O 06 t) o Iy 6 t)) [ Pl {60} =0
67)\ pp at ax p 6p - e,)\ pp coll P 9 - Y-
(3.3)

These equations become exactly the hydrodynamic equations when considering in the long
wave-length limit. To obtain the hydrodynamics at first order, we have to substitute (2.15)
in the above equations and keep terms up to second order in derivatives. Let us recall that
we would like to work in the regime in which the constitutive relations of hydrodynamics
are up to first order in gradients and consequently, the equations of motion have to be
taken to second order in gradients.

Let us take the hydro fields as ¢, = {0y, 8,7}, a = 1,---,6. In the following we
work with the Fourier transformed of hydro fields, which is defined as

ba(x,t) = / 3 kdwe TR Xg (W, k). (3.4)

,10,



In this paper we always study the propagation in the direction of the magnetic field B || k
and so each SO(3) vector like v would be given as

™= (ri,my ) (3-5)

where 7l is the component of 7 parallel to the wave vector and 7i- and 73 are the traverse
components of 7. So the hydro fields may be simply given by

S = (5MR7L,5T,7T1L7T2L,7T”), a=1,---6. (3.6)
In the low amplitude regime, the six linearized conservation equations may then written as
Map(w, k)ogy =0, a=1,---6. (3.7)

Our next task is to specify the elements of the matrix My,(w, k). Let us denote that
equations a = 1,2 are the linearized form of the (3.1), the equations a = 3 will be obtained
by linearizing (3.2) and a = 4, 5,6 denote the equations (3.3) when linearized.

To be more clear, we give in the following not only the fully momentum integrated
form of each equation, but as a priority, we also give each equation before integrating. In
other words by considering

/p(...):/(gj:)’:)’\/@(...):/m@(...):/% <p2\@(...)) . (3.8)
expanded integrand

in the following subsection, we give the expanded integrands corresponding to hydro lin-
earized equations together with the macroscopic hydro equation (see also appendix A.1).

3.1.1 Charge conservation

In order to find the hydrodynamic equations corresponding to the charge conservation in
collisions, let us consider equations (3.1). Using (2.15), we then can expand these equations
to first order in hydro fields ¢, and formally write

3 / A 6, =0,  x=RL (3.9)

e p

where Agga denotes the coefficient of d¢, field in the equation of charge conservation
(C) corresponding to the particles with y chirality, before performing the integral over the
momentum space p. There are twelve of these coefficients for different valuesofa =1,--- ,6
and y = R, L. These are given by

ieB(p-k—pw)e? P=erx)

= S ABp | PRTPY g (B ' (R L
Asiys b2 (PPt 1) {p+ p{p_kfpw +tpftanh ( S(p—epx) || 0y xox ={R,L}

i(p-k—pw) (p—epiy e’ P [ 4 pk ep B
Ay = _Up X +AB: — x4 pBtanh ( £ (p—e ,
55 p? (ef om0 +1)? p L P A—— ps 5 (P—ehx)
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o B(e(pxB)f+ipi (p-k—wp)) e’ P

ASY =
i p2w (ef (- wx>+1)2
. i P p2 1
5 8 ipp; (B-pw—5B-k)—e%-(pxk); (p-k—pw)
X |Bp (2+pBtanh ( 2 (p—
X{p o [Bo (2ptann (o-emo) )+ (o BYL+iDE (pF—pw) ’
i=1,2
i Bpll B(p—epy)
oy _ iBp" (p-k—pw)e [ g o [2pk—pw B,
A p2w (efP—ema) 1) PABD | e TPt (e )| g (3.10)

Let us mention that the last expression includes four of the twelve coefficients itself; Ac‘f,
1

.Aclf‘, ACHL and .ACHL. It should be also noted that the magnetic field B and wave vector k
7T2 s T,

1 2
are assumed to be parallel in this paper. Now by performing the integral over p, namely
over p, # and ¢ in spherical coordinates, and doing sum over e = +1 in (3.9), and also by
the use of equations (2.12), we obtain the following two equations:

- B _ op B nR

B
B _ o8 pr (B nr,
<XLW T 2k> opr + (pLXp —3np) w— — — (WW L

w
4m? KR

>w—0,(&n)

=0, (.
— k) 0. (3.12)

These two equations are nothing but the equations of conservation for the right- and left-
handed charge densities in the low energy to first order derivative regime. In the language
of hydrodynamics, they are in correspondence with the linearized form of the following two
hydrodynamic equations of the vector and axial currents

o, Ji =0,

9,J!f = CE - B, (3.13)
where vector and axial currents are related to right- and left-handed charge currents
through J{} = J}‘% + J and JY = J]’% — Jr.

3.1.2 Enmergy conservation

In order to find the hydrodynamic equations corresponding to the energy conservation in
collisions, let us consider equations (3.2). Using (2.15), we then can expand these equations
to first order in hydro fields ¢, and formally write

}:}:/}@%Mmzo, (3.14)
A e VP

where A(;E% denotes the coefficient of d¢, field in the equation of energy conservation (E).
The six .Ag]% coefficients with ¢ = 1,--- ,6 are given by
Z)\GBB . p(p . k; _ pw)eﬁ(p_eﬂx)
p(eﬁ(p_eﬂx) + 1)2 ’
iAB - p(p — ey ) (p - k — pw)el P
p(eﬂ(p_eﬂx) —+ 1)2 ’

Aaﬂx .A X = R,L

C
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c, ABB-pefP=emd (e(p x B) +ipi(p-k — pw))

E — X _ ) —
Aﬂ_# - pAﬂ_ZL pw(eﬂ(P_e#x) + 1)2 9 7 17 2
AZ=p 7l pw(eBio—en) 1 1)2 (3.15)

Now one can perform the integral over p and evaluate sum over e = £1 and A = +1/2
in (3.14). Then by use of (2.12), we obtain the following equation:

urB pLB op Xr — XL I _
<3an o) > opR + <3an + o) k:> g, vaﬂQ + 5w Bw -k |)xl =0.
(3.16)

This equation is the energy conservation equation in a system of right- and left-handed
fermions in the long wavelength limit. This equation is the linearized form of the following
hydrodynamic equation:

9,T" = F™"J,. (3.17)

Before leaving this subsection, let us give a comment concerning three equation (3.11),
(3.12) and (3.16). If one forces the momentum perturbations to be turned off, namely
7l = 0, these equations make a complete set of equations for the linear perturbations of
temperature together with the right- and left-handed charge density perturbations. Such
situation has been considered in [37] (see also [38]). In low density high temperature or
inversely in low temperature high density limit, the temperature perturbations decouple as
well. The latter case has been studied in [20]. In general, the cases studied in [20, 37] are
both related to forced fluids. In this paper however we let all six types of perturbations
hydrodynamically propagate in the system. So to close the equations, we need to derive
the three other equations associated with the momentum conservation in the system. Such
computation would be the subject of next subsection.

3.1.3 Momentum conservation

Let us now consider equation (3.3). Using (2.19) and also (2.15), we expand this equation
and keep linear terms in fluctuations. To second order in derivative expansion we find

> / A5p,00a =0, (3.18)
A e 7P

where Ag’% denotes the coefficient of ¢, field in the equation of momentum conservation
(P). There are two different group of these coefficients in (3.18). Six of them are related to
momentum conservation in the direction of wave vector. We show them by .A(;P(;Lla. The other
group contains eighteen coefficients of momentum conservation in directions perpendicular
to the wave propagation. We demonstrate them by .AE(; . Let us first give the coefficients
of first group. It turns out that

AP = pllASx. (3.19)
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Now by performing the integral over p and doing sum over e = +1 and A = £1/2 in (3.9),
and also by use of (2.12), we obtain the following equation:

MR Hr Cy 5ﬁ XR — XL
(3.20)
1
The twelve A(SP(;G coefficients with a = 1,--- ,6 and j = 1,2 are given by
piL C A3(p X k)= (p - k — pw)elP—etx)
Asp, = ijAé/fX + ’ x=R,L

Q(eﬁ(p—euc) +1)2 )
Ae(p X k:)j‘(p — epiy)(p - k — pw)ePP—er)
2(eBlp—enc) 4 1)2 )
pl ixeB(p x k:)]L (e(p x B); + ipi(p - k — wp)) eBP—erx)

i L ACx T
Aﬂ—z‘L - pj szl Qw(eﬂ(P*eNX) + 1)2 ’ ! 17 27

p+ C
Ass = p; Asg —

Aefpll(p x k)F(p - k — pw)elP=emd)
Qw(eﬁ(P—eﬂ‘x) + 1)2

As in the parallel case, by performing the integral over p and doing sum over e = +1 and

A ==+1/2in (3.18), and also by use of (2.12), we obtain the following two equations:

L
P;

wll

C
—pr A (321)

' 1
Wi — i ((nR +nr)B+ Skw(ng — nL)) Ty =0, (3.22)
/ 1
i <(nR+nL)B+2kw(nR—nL)> ﬂ'f'—}—(,c)ﬂ'%' = 0. (323)

The set of three equations (3.20), (3.22) and (3.23) are the linearized equations of conser-
vation of momentum in a system of right- and left-handed fermions, in the long wavelength
limit. These equations are in fact the linearized form of the following hydrodynamic equa-
tions:

O, TH = F'™J,. (3.24)
Having specified the linearized equations perturbations in the long wavelength limit, our
next task is to find the set of eigen modes of these equations.

3.2 Hydro modes

To find the hydrodynamic modes in our system, we now collect the linearized equations
found in previous subsection together. Recalling the consised notation (3.7), all the in-
formation of the equations (3.11), (3.12), (3.16), (3.20), (3.22) and (3.23) may be simply
given by the matrix M,,. We may write

XRW — %k 0 T(urXRr — 3nRr)w 0 0 bl (%w - Z—ik) |
0 Xpw + %k T(urxy, — 3np)w 0 0 —&L (%w + %k)
My, = 3npw — “lffk 3npw+ %k —wC,T? 0 0 Ww —k
0 0 0 w —L ((nr+nL)B+ Lkw(ng —nr)) 0
0 0 0 L ((ng +nL)B+ $kw(ng —nr)) w 0
‘i’;?wfngk 7%w7nLk —# 0 0 Wiwk
(3.25)

— 14 —



The six linear coupled algebraic equations have been replaced with the above matrix. In

order to have non-trivial solution for the system of equations we require to have
det(M) = 0. (3.26)

When solving this equation in a power series in k, the corresponding roots, namely w(k)’s,
specify the dispersion of hydrodynamic modes in the system. Since the linearized equations
have been found to second order in derivatives in this paper, we are able to find the
hydrodynamic modes to order efc as well. To this end we set:

w— e;w® + efcw(l), B — ¢B, k — esk, (3.27)

where w(©® and w™) correspond to dispersion at zero and first order hydrodynamics, re-
spectively. Using (3.27), it turns out that the equation (3.26) contains terms which are at
least of sixth order in gradients, i.e. O(e?):

det(M) = 566? + 576; + O(e?) = 0. (3.28)

The leading order in the expression of hydro modes can be simply computed by solving
Es = 0. One obtains:

Wi (k) =0, (3.29)
W) (k) = i\}gk, (3.30)
W (k) = 1%3 (3.31)

Substituting (3.29) in (3.28) we obtain

2 B2
det(M) = {(wgg) + “24;13 Ckwi') 4+ (A2 — A3+ 4,435)452#] +0() =0.  (3.32)

The coefficients have been defined in the following. This gives

w3 (k) = - <A1 + \/«W) %Bk. (3.33)

Let us compute the correction to the sound waves. Equation (3.28) for both modes in (3.30)
simplifies to

det(M) = [(XR —x.)B -k 6ww§jﬂ +0(}) =0 (3.34)
and so we have

XRr — X
Wi (k) = LB (3.35)

Finally for both of modes given in (3.31) we find from (3.28)

det(M) = [(ni2 —n3)B-k— 20| + O(ch) = 0 (3.36)
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which leads to

(1) — (2r+11)(nR —n1)
wy (k) = 902 Bk. (3.37)
Collecting the zero order together with the first order parts of the modes, we may write

the set of hydrodynamic modes up to first order on derivative expansion as it follows:

wra(k) = — (Al + /A2 - 4,435) %Bk,

1 XRr— XL
=+ 1 5]
W374(k) \/§k i 6w k:’

nr+ng, ng+nr)(nr —nr
W5,6(k) =+ w B+ ( 2152 )

Bk, (3.38)

where by use of the thermodynamic relations (2.12) with the susceptibility coefficients (see
appendix A) we may write

£ = z]k ZB] k7 (6123 _ 1)’

2 22 2 2 2
— — -+
Ao = ap <(nR+nL) (uR+uL)+(uR 1i) )—ams] ((nR+nL) (MR—ML)-F(MR () (pr+pr) )

2 82 2472

2 2)\2 ) B )
e <(anL)2(MRNL)+(ﬂR8nZL) )a“&] (mR”L)(uRﬂLLH(MR uL2)4Er/;R = )

T (pr—n1) (apvs) (Rrtpe)+asBy (Lr—pL))
12 :

+

1 Ao
A = o) {01[3/81]"‘04[271]4-?} )

47 2w

1 240+ (ph—p1) €
A= L {a[351]+a[m+(RL> ’

c?T

As = 1274w

(3.39)

Note that we used the convention A[iBﬂ = A;Bj — A;B;.

In order to show that each of the hydrodynamic modes (3.38) carry which set of
perturbations, we now compute the eigenvectors corresponding to these modes. To proceed
we reconsider equations (3.6) and (3.7). The eigenvector corresponding to the i*" mode is
a vector in the six dimensional space of perturbations and we call it §¢°. It has to obey
the following equation

Moy (w;, k)odh = 0, a=1,---6. (3.40)

For the first two modes in (3.38) we obtain

L2 = ( s, ra——i—s 10,0 0) (3.41)

aq

with arbitrary parameters r and s (see [26] for more details). As it is seen, these modes carry
the perturbations of right- and left-handed charge densities together with the temperature
perturbation. So these are actually the chiral magnetic heat waves. These modes might be
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referred to as the scalar waves [24, 26]. Forcing the momentum perturbations to be turned
off, the temperature perturbation decouples and we obtain the famous CMW [3, 29]. Let
us consider the next two modes in (3.38). It turns out that

C, C wE
3,4 1 C3 2
A_ (2L 234 == 42
6t = (G aL00 ) (3.42)
with
C1 = napys) — nsap By — whpys) (3.43)
Co = nagzyg — nsap by — whzyg (3.44)
Cs = napy — nsapf — whpy- (3.45)

These modes carry the longitudinal momentum perturbation; so they are the sound modes.
However, since they carry the perturbations of right- and left-handed charge densities as
well, they are in fact the modified sound modes. In the zero density limit where n = ns = 0,
both C7 and (3 vanish and these modes become the ordinary sound waves.

The last two modes in (3.38) correspond to the following eigenvectors:

5¢&6:(OJLOJﬂiLO>. (3.46)

These waves carry pure vector perturbations and we refer to them as the vector waves.
These wave are the analogue of the chiral Alfvén waves found in [24-26].

It is worth mentioning that the hydrodynamic modes in a chiral fluid with right and left
chiralities has been studied before in [26], in the context of hydrodynamics. It is interesting
to compare the results obtained here from the chiral kinetic theory with those in [26]. The
latter comparison would be the subject of next the sections in the current paper.

4 Review of hydro modes from hydrodynamics in Landau-Lifshitz frame

In the previous section, we computed the hydro modes in a chiral system of both right-
and left-handed chiral fermions in presence of a homogeneous magnetic field. It is also
possible to compute the hydro modes of such system directly from the hydrodynamics.
Such computations have been done in [25] for the case of fluid with single-chirality and
also in [26] for the same case that we are microscopically studying in the current paper.
In the following and for our later requirements, we briefly review the structure of chiral
hydrodynamic equations and give the results obtained in [26].

The hydrodynamic equations are simply the conservation equations. Getting J"j and
J'} as the vector and axial currents, the hydro equations in presence of background magnetic

field are

0T = F*Jy,
0, =0, (4.1)
0uJ% = CE, B,
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where we have defined the electric and magnetic field in the rest frame of this fluid as
Bt = %G’W O‘BuyFag and E* = FHu,, respectively. The constitutive relations of energy-
momentum and charge in a general hydrodynamic frame are

T = (e + p)utu” + pn** + 7+, Lo
JﬁA:nvau“+u“2A. (42)
Here, 7" and v*¥ are the derivative corrections. Ignoring these corrections, (4.2) are show-
ing the constitutive relations of an ideal fluid in terms of six thermodynamical fields u*(z),
T(z), py(x) and pa(x). The system in this case is called to be in local equilibrium state.
Out of local equilibrium, these thermodynamic fields will no longer be well-defined. At
every order in derivative expansion, to these terms, one may add the derivative corrections
of the higher order and redefine them without changing the dynamics at the that order.
This six-degree ambiguity reflects itself in the structure of constitutive relations. So it
can be fixed by demanding the derivative corrections in (4.2) obey exactly six constraints.
These constraints are referred to as the choice of frame in hydrodynamics.
In the well-known Landau-Lifshitz frame one demands:

u, ™ =0, (4.3)
u“V&A = 0.

Up to first order in derivative expansion, in the absence of dissipation and in presence of
background weak vorticity and magnetic fields, the constitutive relations are then fixed as
the following in the Landau-Lifshitz frame:

™ = wutu” + pgh”, (4.5)
Ji = nyut + Eyw! + &y B,
Jh = naut + a0t + E4pBY, (4.7)

with four unknown transport coefficients &’s in the axial and vector currents. In these
expressions wh = %e‘“’ O‘ﬁuyﬁaug is the local vorticity of fluid. These coefficients, which sit
in front of parity odd terms, have been shown to be related to non-dissipative processes
in chiral fluid [39]. Using this fact and demanding the second law of thermodynamics, one
can specify the structure of these coefficients in terms of thermodynamic variables together
with the underlying anomaly coefficients [14, 30, 40] (see also [26])

v =2C (NVNA = ng;:A (3ui + %24)) —op™VPAT?
§vp =Cla ( nvuv)
§ap =Cuy ( nAMA)
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where C and D are the coefficients of chiral anomaly and gravitational anomaly respec-

tively, as
1 1
= D=, 4.9
52" G (4.9)
n [26], the long wave-length excitations of the above-mentioned chiral fluid have been
computed in three different cases. From those, we are interested just in the case that the
chiral fluid is coupled to an external constant magnetic field, in this paper. The equilibrium

in the system is given by
ut = (1, 0) , T = Const., uy = Const., s = Const. (4.10)
The hydro modes in the system are the long wave-length solutions of the equations (4.1),

when linearized around the above equilibrium state. To linearize the equations, we consider

the following perturbations

bo + 0a = (uv +0pv, pa + 0pa, T+ 0T, 0+l 0+ 7, 0+ wi) : (4.11)
The six coupled linear equations then may be formally written as
ME (k,w)dpay(k,w) =0, (4.12)
with
[ iB + (%52 ) 1Bk —ipaw + (%52) iBE —ifgw + (%22 ) iBk 2ik - 2B 0 0
—imw + < fAB) iBk —ivyow + (65*‘5) iBk —ivysw + (aEAB> iBk SAik — gATBin 0 0
—ilow —law —iaw ik 0 0
iav2k iagv?k iazvk —iw 0 0
0 0 0 0 —iw—§“iBk  —"B
0 0 0 0 B —iw — —7Bk

By the same procedure used below (3.26), one can find the hydrodynamic modes of the
equations (4.12). It turns out that

/ 1
wl,g(k‘) - — (Al + AQ 4A35> 28 ]{}

1

(.U3,4(k‘) = i%k, (413)
&V
U.)576(k‘) = :|: w B— %
with
dan 0vp 0éaB 3995 0éaB 0évp
Ay = Ay =ap, By—— Dpia R, Dpin —ap, By — Dy +a [3771]8M7V+04[37/82]87T—@[3772]87,
(4.14)
A, = Bve (| Hap Oap ) Kve o s o Oap)  Kvp o dan afAB
57 Dua Youy 2 oT opy dia oT oT v 2 Oua
(4.15)
E =~k B (' =1). (4.16)
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As discussed in detail in [26], the first two modes, namely wy 2, are the scalar waves by the
mean that they carry the perturbations of vector and axial chemical potential together with
the temperature perturbation. They are called Chiral-Magnetic-heat Waves (CMHW). The
next four modes in general, when considering the propagation in an arbitrary direction with
respect to the external magnetic field, are mixed scalar-vector waves and may carry the
perturbations of all six hydro fields. However when B || k, which is assumed in this
note, the scalar-vector modes are distinguished from each other. They become two sound
modes w3 4 together with two chiral modes ws ¢ and propagate independently. The last two
modes, namely ws g, which are excited due to coupling between vorticity and the magnetic
field [26], are referred to as the Chiral-Alfvén waves (CAW) [24].

In order to compare (3.38) with (4.13), we use (4.8) to rewrite the modes (4.13) as it

follows
1
CMHW wip(k) = — <A1 + \/Az 4A35) 58 BE,

1
Sound Waves w3 a(k) = £—=k, (4.17)

V3

CAWs  wyg(k) = /B gy (nr —nr)(nr+nL)  Xr—XL BE,
7 w 2w? 4w

A=Ay =Ay,  Ag=As (4.18)

with Ay and Az defined in (3.39).

In next section, we will explain how the hydrodynamic modes computed in the frame-
work of chiral kinetic theory can be related to those found from the hydrodynamic in the
Landau-Lifshitz frame.

5 Modes in Lab frame from those in Lanadau-Lifshitz frame

Firstly let us recall that in the Landau-Lifshitz frame (LL) no energy flow would exist in
the local rest frame of the fluid. This can be simply seen in (4.5) when u# = (1,0,0,0):

iy, = 0. (5.1)

Now, we compute the same quantity in the long wave-length regime of CKT. Since
the theory of Weyl fermions is Lorentz invariant, namely 7% = T we can alternatively
compute the momentum density 7% as the energy flow in the local rest frame of the fluid.
Using equilibrium distribution function (2.11), the equilibrium momentum density (2.8)
reads, up to first order in derivative expansion

d p S22 Vap | ag Oigs B-p
Tkt = TCkr = TekT = Z Z np’ — 9e(p) eA ) €f
eq.
d*p o) [=(ne)\2 p'p’
_ ZZ / eA( ~ (38" g3, -
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Type of mode Chiral Kinetic Theory Landau-Lifshitz

CMHW | oCKT(k) = — (A1 + A 4A35) LB | olL(k) = - (Al +,/AZ - 4A35) LB

CKT _ 1 XR—XL LL 1
Sound V34 = :l:\/g + 6w B Uzq = :E\/g

CKT _ (ngp+np)(nr—np) LL _ ((np—np)(nr+nr)  Xp—Xr
CAW vsg T = T B vig = T — S B

Table 1. A; = A, + XRg_XLE, Ay = Ay and Az = As.

d _(he _we\2) 1
:;;/2:20\ <n1(o/\’ ) - (ng\’ )) >35Bi

2 9 -~
N <uR8w2ML> B, — A 4 LD, (5:2)

where from the second line to third one, we have exploited the isotropy of thermal state
to replace p'p/ with %pzéij in the integrand. We have also used the definition of the xp 1,
from (2.12), in the last line. This results had been found in the framework of quantum
kinetic theory before [31].

Let us remember our convention about the momentum density, i.e. m; = v;w. Now,
considering (5.1) and (5.2), we conclude that 779 is computed in a Lorentz frame which
is boosted with respect to the frame in which Té%{T is computed. Let us emphasize that
both (5.1) and (5.2) are computed in the rest frame of the fluid in equilibrium. Conse-
quently, in the equilibrium, the rest frames of the fluid in the two above frames are related
to each other by the following boost

XR — XL

B = TB. (5.3)
This idea, namely connecting the rest frames of the fluid in two different frames, has an
important outcome. Since the hydrodynamic modes propagate in the rest frame on top of
the equilibrium state in fluid, we must be able to rederive the velocity of hydrodynamic

modes in LL by applying the above Lorentz boost to those obtained from CKT.
To see more clearly the difference between the two sets of results, in table 1, we have
shown the velocity of all six hydrodynamic modes in both cases. Obviously, the velocity of

hydro modes computed in LL frame differ from those obtained from the hydro regime of
CKT

i

CKT. To check the idea of boost, introduced above, let us compute the velocity of v
modes after making the boost (5.3):

JCKT _, v -
2 1— ’UCKTB :

7

(5.4)

In the following we perform (5.4) for each of v&¥T’s, up to first order in derivative expansion.
To keep track of derivative corrections, we write each one derivative term with a e factor
and after expanding to first order in €y, we set it to unity. In such counting, the velocity

of boost given by (5.3) is of order €; itself.
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e Chiral Magnetic Heat Waves:

Let us start with transforming the CMHWs.

appear from the first order in derivative

— (A= VB 1AE

CKT

As mentioned earlier, these modes
expansion. So we may write:

1

seBer — XR4;XL Bey

1)12 —

8w

— O(ef)?

B <(A1+XR_XL5'B

> + /A2 — 4A35> 25Bef + O(ef)

= — <A1 + \/A% - 4A36) %BEJC

LL
= V12-

(5.5)

From the second line to third line we have used the relation previously mentioned in
the caption of table 1. As the first check of our idea, we derived the CMHWs in LL
frame by boosting the velocity of CMHWSs obtained from CKT.

e Sound Waves:

Since the sound velocity does exist in zeroth order, we should perform the computa-

tions more carefully:

XR XL

+-1 s+

CKT —

Bey —

5(

XL Bey

U3 .4
1-—

f

(05

!
g™ S\

Sl 8-
w OO

LL
U34-

+ XR XLB6

XL

Bey

)é4)

XR XL AR ALp

L (5.6)

This computation confirms that the velocity of sound waves in LL frame gets no

correction from the magnetic field.

e Chiral Alfvén Waves:

Analogous to CMHWs, CAWSs appear from the first order in derivative expansion.

So we may write

CKT 2w?

4>

(npt+np)(nr— nL)BE

Xp-XLBe,

Us.6

1= 0(ep)?

nr — nL)(nR + nL)

(5.7)

(5

_ ,,LL
— 05,6 .

2w

What we have shown above may be reviewed as it follows.

_ XR— XL
4w

)BEf

In the long wave-length

regime of the CKT, energy flows in the rest frame of the system like (5.2). On the other
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hand, relativistic hydrodynamic in the LL frame demands no energy flow exists in the rest
frame of the fluid. This difference between energy flows in equilibrium is the key point
which motivates to relate two sets of results given in table 1 by Lorentz transformations
to each other. As explicitly shown in (5.5), (5.6) and (5.7), the relation is nothing but
a Lorentz boost with the velocity (5.3). Interestingly, (5.5) is related to the shift in the
frequency of sound due to Doppler effect.

Precisely speaking, the presence of such relation between the modes of two frames is
the consequence of the fact that in equilibrium, one can make the boost (5.3) to transform
the rest frame of the fluid in LL frame to the rest frame of the chiral system in the kinetic
theory side.

Before ending this section let us mention that in a more general case we could consider
the system not only being coupled to the magnetic field B, but also rotating around a
fixed axis with frequency €2. As it was shown in [10] for the CKT with B = 0 and € # 0,
the energy flow in the rest frame of the fluid might be non-zero due to global rotation in
this case. It has been shown that in the same situation, for the fluid with both right- and
left-handed chiralities [23]

Tékr = Tkt = Tkt = (nr — nL) . (5.8)

This motivates to generalize the idea of boost (5.3) to the case in which a non-zero vorticity
is present as well. So one expects the following boost to perform the desired Lorentz
transformations in this case:

4w w

6 Lab frame is a no-drag frame

The hydrodynamic frame corresponding to the long wave-length limit of the kinetic theory
is the Laboratory (Lab) frame. In the Lab frame the velocity of fluid in equilibrium
coincides with the four velocity of laboratory, to all orders in derivative expansion [15]. Our
result in previous section so means that in the absence of dissipation one can transform the
rest frame of the fluid in Landau-Lifshitz frame to that in Lab farme, by the boost (5.9).

There are two important points about the hydrodynamics in the Lab frame. First,
the transport coefficients in this frame have been computed in different frameworks; from
quantum kinetic theory [31], microscopic thermal field theory [36] and also from the lowest
Landau level currents [28]. The second point is that the Lab frame is in fact a no-drag
frame. In [29], it has been shown that in an anomalous fluid, there is a frame in which
a stationary obstacle experiences no drag. One can say that an impurity started to move
under the influence of the drag force, will be finally carried by the flow and it defines the
“no-drag frame”. It can be shown that the constitutive relations in the no-drag frame is a
general case of the constitutive relations in the Lab frame [28]. The computations of [29]
are limited to the simple case of an anomalous fluid with only one flavor.

We generalize the computations of [29] to a system of non-Abelian chiral fermions
and compute the transport coefficients in the no-drag frame for such system. Then we
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show that our results in a special case reduce to the constitutive relations for a system
of right- and left-handed fermions in the Lab frame. This simply says that the hydro
limit of kinetic theory corresponds to a no-drag frame. To reconfirm the idea of boost,

mentioned in previous section, we compute the velocity of boost, i.e. T /w, and boost

no-drag
our result to the LL frame. It turns out that the transport coefficients obtained from this
transformations are exactly those obtained from hydrodynamics in a system with non-

Abelian currents in LL frame [30].

6.1 No-drag frame for a system of non-abelian fermions

Explicitly speaking, we will find the structure of the constitutive relations such that the
drag force exerted on a quark in the fluid gets correction neither from the magnetic field
nor from vorticity. Since it turns out that this drag force would no longer act on a rest
quark in the rest frame of the fluid, the corresponding fluid frame would be a no-drag
frame.

Let us consider a point-like heavy quark in the fluid. Due to interaction with the fluid,
quark perturbs its surrounding medium and fluid exerts a friction-like force on the quark,
the so-called drag force [42]. The drag force is minus the rate at which the quark deposits
its momentum into the fluid. In the absence of any external source, the quark gradually
loses its energy and momentum and slows down. By applying an external force density
FH, e.g. an electric force, we may supply the energy and momentum which quark needs to
move uniformly in the fluid. The conservation equations in this case may be written as

9, TH = FJ¢ + F", (6.1)
0, J" = CE". B°, (6.2)

where F" is the local 4-momentum transfer from the quark to the fluid, i.e., the minus
of drag force, per unit volume. In the above expressions, C%° refers to the anomaly
coefficients and is totally symmetric under permutation of indices. We have also defined
the field strength as

FY = B — B + Pu, B (6.3)

By the use of the second law of thermodynamics we find a frame in which the quark is not
exerted by the drag force. We will see that this frame is exactly the Lab frame that we
found by boosting the LL frame.

Let us first consider the constitutive relations. Up to first order in derivatives and in
a general hydrodynamic frame, which we call it X, we may write

T = wulu” + pn*” + £F g (B u” + B ut) + Eqy, (WHu” + wPul) (6.4)
J = nut + €5p B + Gl
St = su + £ B + s

We have assumed that no dissipative effect is present in the fluid except for the drag force
on the quark. In order to apply the second law of thermodynamics, we have to compute
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the divergence of the entropy current. To this end we first use the ideal fluid (zeroth order)
equations of motion and obtain

ap

B
OBl = —2w- E, + (nCEfL — Oup+(°B;, + mwu> ,

Bt = 2 (e ES — dup+ (OB 6.7
W —7<n W= Oup+ ¢ M—l—nw#), (6.7)
with

(¢ =DETp + 205, k = D&y, + 2067, . (6.8)

Then by performing some lengthy computations we reach
9,.SH = u-F 8 1 b Bbu l cb _Cabcia Bbch
WSH = F+ ufsB‘*‘ 55— T 0uérp + TfJB T M
<§SB+ 55— TfTB) (”CBbuE;CL_BbM8MP+BbMBZCC+BbMWu’€>
+wt (0 i) 1 i b
w uﬁsw—F €~ ufTw wa—2 e+ §JB TfTB whE),

1
E <€sw+ é-Jw *5 UJ> (ncw“Eﬁ—wy‘aup_’_w/—LBCCC w/”‘wu )
(6.9)

where we used the following definitions:
D=u"0,, 6=0,u" (6.10)

In the absence of u - F term, there are nine independent structures in (6.9) which may
have either positive or negative sign. So in order to the divergence of entropy current
be non-negative, one demands that these nine contributions have to vanish identically.
However, these nine equations are not fully independent. It turns out that three of them
are combinations of the other six. So one finds six independent constraints as the following

al})g —cobeye — ( )
Ty + n'esy — 26 = 0, (6.12)
2ATE + n'sSs — &rp) = € (6.13)
9T ¢ + 2u°€5,, — &7, = 0, (6.14)
TDEp + p*DESy — D = 0, (6.15)
TDq, + p*DEY,, — Déry = 0. (6.16)

Among these, the first four equations are algebraic while the last two ones are differential
equations. From equations (6.11) and (6.12) we have
Cabc'ua#c be

§p =0, Gp= 5 T QSB- (6.17)
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Now we insert these expressions into the differential equation (6.15). Recalling that the
coefficients C'%¢ are totally symmetric under permutation of indices, we find

TDE s + n*DESy — Dy = TDE g — E05DT = 0. (6.18)

This equation can be solved exactly for {I;B

b
TDE s — &3DT = T°D (i?) =0 &p =BT, (6.19)

with 5% is a constant coefficient. Then by substituting equations (6.17) and (6.19) in (6.13)
we obtain

& = BT + Cpulp. (6.20)
This together with (6.14) leads to

2T su

2 2
§ro = FOU U + ST + = (6.21)

By substituting expressions (6.20) and (6.21) into the differential equation (6.16) we reach

TDgsw - 2§stT + QBCL:U’GTDT - 25GT29H(1 = 07 (622)
which gives
2 ana
T3D <§i‘; - “TB > =0 — & = 7T + 28°u°T, (6.23)

with + a constant coefficient. In what follows we write the final form of these chiral
transport coefficients in X frame

a 1 a2 abc, b, c 2cabc a, b, c a, a2 2’7 3

Ghp =5 (BT + O™ ult) o= o—ptulut 42800+ T, (6:24)
f]LbB _ Cabc c, gf}w — /BaTQ + Cabc'ubluc’ (625)
gB = /BaTa Esw = QBa,UJaT + 'YTQ- (626)

where as mentioned above, 5% and « are constant. Substituting these solutions into (6.9),
we are left with
St =u-F. (6.27)

The general structure of F# for a quark moving in a neutral fluid has been found
in [43, 44], up to first order in derivative expansion. It turns out that in the absence
of dissipation and in a non-chiral fluid, a quark with four velocity u* is dragged by the
fluid with

Fli = ((u L@)at + u”) , (6.28)

where a7 is a non-negative coefficient function including the information about the inter-
action between quark and the fluid as well as the thermodynamics of the fluid; so it may
depend on S = u-u, T and etc. In a charged fluid, however, the coefficient function might
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depend on the chemical pu® potential as well. In a slowly rotating chiral fluid coupled to a

homogeneous weak magnetic field, the above drag force gets correction from both magnetic

field and vosticity. Considering the set of all zero and first order derivative independent

data given in table 2, we may formally write the most general form of the covariant chiral
drag force up to first order in derivative expansion in the X frame as

FH = }“(%) + ef}"(”l) 6.29)

= (1 + e (hSS + a535’3)> Floy ter (agz\/;“ - 041,31/3“) : .

Here ]-"(‘6) is nothing but the drag force in the ideal fluid, i.e. (6.28), which may be also

written as

f’”

oy = V. (6.30)

It is clear that once the five drag coefficient functions, namely «, afy, a3, aly and 3,
are determined, the drag force would be fully specified. What may constrain the structure
of these coefficient functions is the second law of thermodynamics which states that the

divergence of entropy current associated with any physical hydrodynamical flow must be
non-negative. Let us so simplify (6.27) by use of (6.29). It turns out that

8u5'u =u-F = (1 + OAZQSS -+ Ck5353)(5% — 1)0[1 + 04325155 + ;351 53. (6.31)

We already know that the second law constrains the coefficient of drag in the ideal fluid
as a1 > 0. However, it would not be possible to constrain the other four coefficients
by the second law. This is due to this fact that the S§ and S3 may have either sign,
depending on the profile of magnetic field and vorticity. So we conclude that in order to
hold solutions (6.24), (6.25), (6.26) and simultaneously satisfy 0,5* > 0, the four unknown
coefficients of the chiral drag force must vanish in the X frame:

aldy = a3 = Ay = a3 = 0. (6.32)
The chiral drag force then turns out to take the following form in the X frame:
Fl=ay ((u Ca)a + u“) . >0 (6.33)

Now let us investigate how a quark at rest, u* = (1,0), in the rest frame of the fluid,
u* = (1,0), in X frame, is dragged. It is simple to see that in this case (6.33) simplifies to

Fl =0, (6.34)

which means that X frame is nothing but the no-drag frame.
When the fluid is constituted of two U(1) flavors, i.e. one axial A together with one
vector V, then a,b,c € {A,V} and we will have

CVVV — cAAY _ CAAA _ oVVA _ ¢ (6.35)
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SO(3) zero order first order

classification | independent data | independent data

a_— . B
Scalar Si=u-u 53 u~
S3=1u-w
ap __ Bar a
Vector VI =uh + Siat V2 + S

‘/3# =wh + Sgﬂ“

Table 2. One derivative data contributing to chiral drag force.

and also 84 = 0 and Y = D. The structure of constitutive relations in this case may be
written as

T = wulu” + pg"” + og(u”BY + u” B*) + of,(uvf'w” + u’wh), (6.36)
Ji; = nyut + oypB! + oywh, (6.37)
Jl = naut + oaB" + 0 p,wt. (6.38)

The corresponding transport coefficients are given by [28, 31, 36]

¢ XR_XL:,U«%%_,U'%

o = X2 AL (6.39)
o, =nr—nr, (6.40)
— (EVB oy R4:UXL> _ NR4;2ML7 (6.41)
ng—np\ _ puh—pi
ovw = (&ve +nv =2 (6.42)
Xr — XL PR+ AL
TAB <§AB R S > FPCR (6.43)
ng—n T2 2+ u?
0w = <£AB + TLARwL) == +HL (6.44)

In the following we show that these set of chiral transport coefficients of the Lab frame,
are a special case of coefficients (6.24), (6.25) and (6.26) of the no-drag frame. First by the
use of (6.35), we rewrite the mentioned transport coefficients as the following

1 2C 2
f¥B =3 (5VT2 + CHVMA) ) §rw = 3 (M%/ + 3,u?4) +2 (BV,LLV + BA,LLA) T2 + %T?),
(6.45)
75 = Cuy, VB =Cpa, (6.46)
gj?w = BATQ +C (M,%l + :U’%/) ) f}l/w = /8VT2 +C (:U’%/ + 3:“’?4) ) (647)
&5 =8"T, Eow = 2 (8 v + Bpa) T + 4T (6.48)
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Equating each of the above expressions with its counterpart among equations (6.39)
to (6.43), we obtain

1 1
- =
6’ 272

That we could find a set of constant coefficients (6.49) which equates the transport coeffi-

(6.49)

cients in the Lab frame with those in no-drag frame shows that the Lab frame is basically
a no-drag frame.

Let us review what we found in this subsection. The novel result was finding the
anomalous transport coefficients in the no-drag frame for a system of non-Abelian fermions.
As it was expected, we also showed that the system under our study in the first part of the
paper, namely the system of right- and left-handed fermions, in the hydro limit is identified

in a no-drag frame.

6.2 Reproducing the results of Neiman-Oz by boost

As the first check for the idea of boost, in section 5, we showed that how the velocity of
hydro modes in LL frame may be found from those in the Lab frame. In this subsection
we check the idea of boost in another way. We focus on the system of non-Abelian chiral
fermions. The structure of the hydro constitutive relations for this system was completely
specified in no-drag frame in previous subsection. After finding the boost velocity, we make
a boost from the rest frame of the fluid in no-drag frame to the rest frame of the fluid in
LL frame. We then find the constitutive relations in the latter frame and compare them
with the results of [30].

Motivated by observation of the difference between (5.2) and (5.1), we first compute
the energy flow in the rest frame of the fluid in no-drag frame. Let us take u* = (1,0)
n (6.4). We obtain

T =¢, TY=¢4pBY + 0,90, TY = ps¥ (6.50)
JO=n, J¥=¢%BY" 48 Q. (6.51)

According to the discussion of section 5, the velocity of the boost between no-drag frame
and LL frame will then be

1
Bi = —
w

Now by applying the above boost to (6.50) and (6.51), we obtain (see A.3 for details)

a
70 — S78 gai | ST i (6.52)
w w

T — ¢, T% =0, T4 = ps¥ (6.53)
JO=n, J¥= ( w® — $run > B + (5% - fren ) . (6.54)
w w
So in a general Lorentz frame we can write
Ty = (e + pyutu” + pn” (6.55)
b a a
T = ntut + <£35’9 - —gTi" ) B+ <§‘}w - gTZ}” ) wh. (6.56)
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By using (6.24), (6.25) and (6.26) we find the coefficients of CME and CVE in the LL
frame as the following

ab ab gl%Bna _ Cabcﬂc B &a (5bT2 + Cde:uC:U’d) :
w

BLL — SJB —

w 2 2
ne e abc
S = €5 — T g2 g oty 2 (3‘”“ch AT ng> - (657)

These expressions are exactly the constitutive relations in LL frame found in [30] for a
system of non-Abelian fermions.

7 The general form of chiral drag force in the Landau-Lifshitz frame:
comparison with the holography result

In section 5, we obtained the first evidence for testing this idea that the hydrodynamic
frames may be transformed to each other by boost transformations. We used these trans-
formations to derive the hydrodynamic constitutive relations in the hydro limit of chiral
kinetic theory from those of LL frame. Then in section 6, we showed that the fluid frame
associated with the hydro limit of chiral kinetic theory, namely the Lab frame, is actually
a no-drag frame. This observation motivates to examine the idea of boost by computing
the chiral drag force in the LL frame and compare it with the well-known result obtained
from the Fluid/Gravity duality in the same frame.

7.1 Chiral drag force in the Landau-Lifshitz frame

Our strategy to find the chiral drag force in the LL frame is as the following. We first
evaluate the general drag force (6.29) in the rest frame of the fluid, v* = (1,0), for a
quark moving with four velocity ay; = 7'(1,7},v,,7,). We call this force as J:II{F,LL'ZI
Considering (5.9), we then make a —3 boost to go from the LL frame to the no-drag
frame. Doing so, the four velocity of the quark is transformed to @' drag = (1, Vg, Uy, Vz).

The resultant drag force would be .7-"1’{ and when evaluating for a quark at rest in

F no-dra;
this frame, has to vanish. This requirement gigves the complete form of the chiral drag force
in the rest frame of the fluid in the LL frame, consistent with the result of Fluid/Gravity
duality.

For the sake of simplicity we first focus on the non-rotating case and just couple
the fluid to a magnetic field. The generalization to the case of rotating fluid would be
straightforward. We get the magnetic field in the z-direction and so B* = (0,0, 0, B%).
By exploiting the rotational symmetry we can get the velocity of the quark as af; =

¥'(1,9,0,9.). The chiral drag force F{y 11 then turns out to be

Y rx
ar(=7) (1 =47+ af(=7) (1 = 370, B?) + afy(—7)70, B*
(=) (720 = aty(—7)F5%0L BY) + aly(—7)720L0. B
0
a1 (=7") (=770 — a%(=7)7°02 BY) + oy (=7) (1 + 72072) B

]:fl{F,LL = +0(B?).

(7.1)

4Note that indeed, this is the minus of the drag force.
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In this expression we have explicitly shown the dependence of a1, o, and al, on the
S1 = u-u = —4. Note that, however, it is just for our later requirements and does not
mean that these coefficient functions are functions of only S;. As mentioned earlier; in
general, they might depend on thermodynamic quantities like 7" as well.

Now, making a boost 5* = (1,0,0,—3) we find the drag force in the no-drag frame.
From (5.9) we know that 5 ~ O(9) and so the boost velocity is normalized to —1, up to
first order in derivatives, i.e. B#3, = —1+ O(0?). Then for this special choice of rotational
frame (7.1) reads

a1 (=) (1 =42+ af(=7) (1 = )70, BY) + afy(—7)7%0, B* — aa (=7)720.8

a N3350 5 RA 2 / ~/ Be
32(_’7 )'Y VU B ) + av2( ) 2
]:l;F,no-drag = + O(B ) .

ar (=) (=770 — ah(=7)7%02 BY) + afy(=7) (1 +5202) B* + ar (=7)(1 - 57)
(7.2)
In order to write the above force in terms of the quark velocity in the no-drag frame, we
boost the quark velocity itself as the following:

T, = Ty + 50,8 + O(6%), 3)
¥ = 0 — (1= 98+ 0(8%), (7.5)
¥ =3(1—5.8) + 0(8?). (7.6)

So (7.2) may be rewritten as it follows:

‘FgF,no—drag

a1(=7) + (1 = 72) (a1 (~F)aly(~7) (1 = 32)7 + a%(—7)3%) 5 B* — (2a1(—7)7 + eh (—7)(1 — 3%)) 708
- ~01(=9)70 + (~on (A% (AT + afp(-)F?) BB + (aa(—7) — 04 (=9)7) VUt B
0
“on(A)PE + (0ta(—) + (0l ()7 — (T (~3)57) 52) B+ ((en(-5) — 04 (-9)7) 78 ~ en(-7)7?) B
(7.7)
where

o (~7) = (gg) o (75)

For a quark at rest in the rest frame of the fluid, (7.7) takes a simpler form which we call it

f}%}ges(t)_—?:lrag in the following. Let us take 0, = v, = 0 and consequently ¥ = 1. We then find

0
0

,rest-
‘FF/{F no- ((lirag 0 . (79)

o (=1)B* — a1 (-1)8

Since by definition, ff’{geig ?hag has to vanish, we obtain the following constraint on the

coefficient functions of drag force:

aly(~1)B® = Bay(~1). (7.10)
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Let us now focus on the special case which the system contains the charges of the symmetry
group U(1)4 x U(1)y. We get naturally B4 = 0 and BV = B. We also drop the superscript
of aly and af,. If we added a global rotation we would also find a similar constraint on
ap3(—1). On the other hand by use of (5.9), (6.39) and (6.40), 3 is given by

o3 og,
= -2B+ -%Q. 7.11
B 4w + w ( )
So one concludes that
o
aye(—1) = 4—a1(—1), (7.12)
o5

Up to know and in general, what all we have found about the chiral drag force in the
LL frame is the general form of the drag force (6.29) together with two constraints (7.12)
and (7.13). In the next subsection we show that these are sufficient to reproduce the
AdS/CFT result on drag force exerted on a quark at rest in the rest frame of the fluid in
LL frame.

7.2 Comparison with the AdS/CFT result

Computing drag force exerted on a moving quark in a dynamical flow is the subject of
series of papers [43, 44, 47]. Using Fluid/Gravity duality, the effect of fluid gradients on
the drag force was computed in these papers. It has been shown that when the fluid is
neutral, the effect arises in terms of d,u* and 9,T. For a charged fluid, however, terms
with gradients of chemical potentials, like OH%, appear as well. All these corrections are
dissipative corrections at first order in derivatives.

Such computations has been extended to the case of a chiral fluid. In [35] by considering
a globally rotating fluid in presence of a magnetic field, the chiral drag force is computed to
first order in derivative expansion. The latter means that the magnetic field and vorticity
of the fluid have been assumed such weak that one can regard them as one derivative
objects in derivative expansion. In the following, we will demonstrate that by use of the
well-known results of AdS/CFT duality (and Fluid/Gravity duality) on oy, o and of,, one
can successfully reproduce the chiral drag force exerted on a quark at rest in the rest frame
of the fluid in the LL frame, computed in [35], with no use of the holographic computations
done at that paper.

Let us compute the chiral drag force exerted on the quark in the rest frame of the LL
frame. Considering (7.1), with 0, = 0, = 0 and also by adding a global vorticity w, one
finds:

0
0

FhriL = 0 +0(B%, 7). (7.14)

aa(—1) B+ ap3(—1) Q
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Now by using (7.12) and (7.13), we may write the chiral drag 3-force covariantly as

F=ai(—1) (ZﬁB " ZJQ) . (7.15)

As mentioned below (6.28), the a; coefficient in general is a function of Sy as well
as thermodynamic quantities like 7" and p. For quark moving in a hot plasma like quark
gluon plasma, due to strong coupling, perturbative computations fail. Alternatively, by
using the AdS/CFT and holographic pictures, some analytical results have been found
about the drag force. In [32, 33] the drag force affected on a moving quark in a neutral
static plasma has been computed via attaching the quark to the end point of a string
trailing in the AdS bulk and studying the dynamics on the world-sheet. By making a
boost and go to a general Lorentz frame, one may generally find the drag force exerted on
a quark with velocity 4* in a fluid with velocity u*, namely the force given by (6.28). It
turns out that

VA o
]-"(‘6) = %W2T2 ((u -a)ut + u“) (7.16)

where A is the t” Hooft coupling. The author of [45] generalized such computations to the
case in which a U(1) global charge is in the system as well, with its corresponding chemical
potential y. It was shown that in this case and to order p?/T?:

VA 1438 p?
FHro— 272 S aM I
0= 5" T <1 + 65, (7rT)2> ((u )t + u ) (7.17)

It is natural to more generalize this formula for a plasma with a number of U(1) global

currents. When considering right and left handed charges, one may replace p? with ,u% — ,u,%
or in the basis of vector and axial currents with 4uapy. So, what AdS/CFT gives as oy

for our purposes in this paper, up to order u?/T?, is as the following:
1 4
0y = szTQ 1 + 351 4papy ‘
27 657 (nT)?
On the other hand, o and of, have been found in the AdS/CFT as well. Adding the
Chern-Simons coupling terms for both F? and R? terms in the AdS bulk, the authors

of [36] have found these coefficients in a fluid with a single anomalous current as

(7.18)

2

_ T H 2
3

_ T H 2

where x and kg = k/24 are proportional to the coefficients of axial anomaly and gravita-
tional anomaly on the boundary field theory, respectively. In the expressions above, G5 is
the Newton constant in 5-dimension and can be written in terms of the boundary theory
thermodynamics [46]. Doing so in a system of both vector and axial currents, we obtain

€ w K 4:“&4/“/
= — 8 7.21
78 = (aT)2 (27r2 ™ Rg) (7:21)
. w 2K 6,u%/ + 2,u?4
of, = T <37r2 72 + 16Kg ) pa. (7.22)
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Substituting (7.18), (7.21) and (7.22) into (7.15) and keeping terms up to second order on
w/T, we obtain:

F VA (Apapy
o3 T2

2 22
+167r2’ig>B—i—mr)\ <6“V+ Ha
K

2l 7.23
3.3 T2 pa + 24w . ,uA> Q. ( )

This is our last result in this paper. There are two points however which has to be noted.
First, when k4, = 0, this formula is exactly coincides with the formula (5.1) derived in [35].
The apparent difference in the multiplicative factor in second term is due to this fact that
the definition of vorticity in [35] is as w* = e*“Pu,dyug which is twice of our vorticity
defined below (4.7). Second, we have not only reproduced the result of [35], but also
we have found the gravitational anomaly contribution to the chiral drag force which was
neglected in computing (7.23) in [35].

8 Summary, conclusion and outlook

In this paper we have studied a system of right- and left-handed Weyl fermions in presence
of a constant magnetic field, in the framework of chiral kinetic theory. Specifically we have
computed the hydrodynamic excitations in this system. Not only the density of right- and
left-handed charges may propagate, but also the energy and momentum perturbations are
allowed to couple them and propagate in our system. To our knowledge, non of previous
studies in the literature has taken the effect of momentum perturbations into account.

As our first result we have shown that the true computations in chiral kinetic theory in
such system requires a modification in the definition of the momentum current (2.18). The
latter is dictated by the Lorentz invariance. We have used this modified current to compute
the linearized equations of momentum conservation in the hydro regime. Together with
the linearized form of the energy and charge conservation equations, the latter make a set
of six coupled equations (3.7), (3.25). From these equations we have computed the set of
hydro modes in the system (3.38). We have seen that these modes are not the same as
those computed directly from the hydrodynamic in the LL frame, before. This observation
was our main motivation for the second part of the paper.

By comparing the energy flow in the rest frame of our system with that in the rest
frame of the fluid in the LL frame, we showed that there is a boost linking between the
rest frame of the fluid in the above two cases in equilibrium (5.9). Let us mention that
while somewhere in the literature the change of the frame is referred to as the “shift in the
velocity of the fluid” [28], to our knowledge, nowhere it was related to a boost between the
rest frames of the fluid in two frames, specifically in equilibrium, before.

To confirm the idea of boost, we applied it to the set of dispersion relations ob-
tained from chiral kinetic theory and found the results of hydrodynamics in the LL
frame (5.5), (5.6), (5.7). We then tested the idea in another direction. Inspired by the
fact that the hydrodynamic frame in a system of single chirality Weyl fermions is a no-
drag frame, we found the structure of the hydro constitutive relations in a no-drag frame
for a system of non-Abelian fermions (see (6.24), (6.25) and (6.26)). The reason for choos-
ing such system is two-fold. First, in a special case this system may reduce to the system
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of right- and left-handed fermions discussed in the first part of the paper. Second, the
constitutive relations for such system in the LL frame were computed before [30]. Focusing
on the results of the no-drag frame, we then found the velocity of boost which transforms
the rest frame of the fluid in no-drag frame to that in LL frame (6.52). Using this we could
reproduce the results previously found in the LL frame (6.57).

Our last result was to reproduce one of the well-known results of AdS/CFT, however,
without performing any holographic computations. In [35], the chiral drag force exerted on
a quark moving in a chiral fluid was computed. We first determined the most general form
of the chiral transport in a chiral fluid in presence of constant magnetic field and vorticity
up to first order in derivative expansion (6.29). Then we evaluated it for a quark in the
rest frame of the fluid in LL frame. By boosting the force from LL to no-drag frame and
demanding the resultant force to vanish in the rest frame of the fluid for a quark at rest,
we found two constraints on the coefficients of general drag force (7.12), (7.13). Using this
we could reproduce the chiral drag force exerted on a quark at rest in the rest frame of the
fluid in LL frame (7.23).

Let us now discuss on the physical implications of the results. Concerning the first
part of the paper, and specifically the modification of the momentum current, we think
that it might be an important step towards understanding the collisions in chiral kinetic
theory in presence of magnetic field. The lack of such framework was pointed out in [23]. It
can be also important when considering the chiral kinetic theory beyond the hydrodynamic
limit. The latter means that such modification is crucial to find the precise spectrum of
the non-hydrodynamic modes in the system.

The second part of the paper is mostly involved with the notion of frame in hydrody-
namics. What we have shown in this paper may have some important consequences. First
let us recall that the chiral Alfvén wave was found firstly as a new gapless excitation in a
fluid with one single chirality, in the LL frame [24, 25, 48]. Interestingly if we repeat the
computations in the Lab frame we will see that at zero density limit, the chiral Alfvén wave
basically does not exist in this frame. The reason is that the velocity of boost between two
frames is exactly the velocity of this wave in LL frame (see appendix A.4). This means
that the appearance of chiral Alfvén wave in the system of single chirality fermions, in LL
frame, is a frame-dragging effect. However, it is worth-mentioning that such wave would
propagate in the Lab frame if we had two species of fermions with different densities [26].
The latter may physically be related to the QCD fluid in heavy ion collision experiments.

Second, our results show that in general, the hydrodynamic modes are not frame
invariant, while they seem physically to be so. They are in fact frame invariant as long as
no non-vanishing one derivative vector exists in equilibrium. It is exactly for this reason
that in a non-chiral fluid, the set of hydrodynamic modes in LL frames are the same as
those in Eckart frame. It has to be noted the latter would no longer be true in a strong
magnetic field; since in this case the magnetic field can turn on the off-diagonal components
of the energy momentum tensor and contribute to the boost velocity, even in a non-chiral
matter [49, 50]. In summary what precisely determines whether the hydro modes are frame
dependent or not is the presence or non-presence of a non-vanishing vector in equilibrium
in the system.
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A Supplementary material

A.1 Conservation equations integrated over unit sphere

In the relations (3.10), (3.15), (3.19) and (3.21) we gave the set of expressions contributing
to the integrands in the condservation equations. In order to derive the corresponding hydro
equations (3.11) and (3.12), (3.16), (3.20), (3.22) and (3.23), we have to perform momentum
integrals and then sum over particle and anti-particle contributions. The computations are
cumbersome, however, in this appendix we give the expressions after peforming the integral
over the unit sphere in momentum space. In all expressions we use

B -p=Bpcosh, p -k =pkcosb, B -k = Bk. (A1)
Let us start by performing the integral in the expressions of (3.10). One obtains

Qv o _ iBeP e , 5
/(27_‘_)36“46#)(, - _67T2(6ﬁ(p76/‘><)-|—1)2 3p UJ—)\B/{? 2+p5tanh §(p_elux) ,

io(1— B(p—epy) _
/dQ&A(;CﬂX _ ie(p eﬂx)e X {szw_)\Bk<p2€'uX+pﬁtanh<§(p—e,ux)>>},

(271')3 6W2(@5(P—€Mx)+1)2 P—efly
dS)
[ et =
s T

ds2 Cy Zﬂepeﬁ(p_eux) 5 B
/ 2l = (e | P ABw | Ipdtanh{ e ) ) g (A-2)

For the expressions in (3.15) we reach

dQ g ifepelPmemd) ) 8
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dQ . ip(p—epy )PP [ ity 5
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Analogous computation for (3.19) gives
AR e iBepe ) fy s b (1pf tanh B (o—eny)
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(A.4)

For the momentum conservation equation (3.21), we may write the expressions corre-
sponded to two transverse directions separately. For Pf we obtain

dQ PL dQ PJ‘ dQ PL
/(gﬂ):z/l(sﬁx =0, /87T3A55 =0, /8773“45;| =0,
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and for P%‘
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(A.6)

A.2 Thermodynamic relations

To compare obtained modes from (3.38) with those of hydrodynamics approach, it is useful
to introduce some thermodynamic quantities. In the case of double- current fluid, for small
deviations from equilibrium state, one can write the changes of macroscopic quantities in
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terms of the fluctuations of some independent variables

oe = <§;> 0T + <686> R + <886> our,
HRPL KR/ Tpy KL/ up,T
Snp = (%”R> 5T + (g”R> Spin + (g”R) S,
T HRSHL KR/ Ty KL/ ygT

Snp, = (%25) 5T + (gm> Sup + (gnL> SpL. (A7)
HRHL PR/ T KL/ pug,T

By using the given expressions in equation (2.12), one could calculate the above coefficients.
However, we define these coefficients (susceptibility matrix elements) in the basis of vector-
axial as follow

Oe Oe Oe

a1 Q2 O3 ar opy  Opa

— _ 871\/ 871\/ anv
€= /Bl /62 /63 = oT  Ouy  Opa . (AS)

Y1 72 3 ona Onyg  Ona

oT  Opyv  Opa

A.3 Boost transformation from no-drag frame to LL frame

For the sake of simplicity we get the boost in the third direction only. The energy momen-
tum components are transformed as the following

[T = [Agl*o [T [Agl],”
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—yBey 00 v wPer 00 p —7551” 00
e000
0p0O ol Ag
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000p

Here w is enthalpy w = e+ p and [ is the velocity of boost 3 = gTB + ET“Q As expected
we find no energy flows in the rest frame of the LL frame

TO —¢, T%=0, TU=psi. (A.10)
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In what follows, we do this transformation for currents

[T = (Mgl o[

a
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same calculation for entropy current

We do the

[S1* = [Ag]"alS]"
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By these components one could write the general form of entropy current in LL frame as

SgT“’) Wi (A.13)

SﬁL = sut + <f?B - S§$B> B + <§sw -

In LL frame the entropy current has the following form [14, 30]

a ~ ~
Sty = sut — L+ 8B (A14)

Equating relations (A.13) and (A.14) and by using relations (6.24), (6.25), (6.26) and (6.57)

we obtain the transport coefficients g% and éw as
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which are exactly those obtained in [30].
JO = J% 4+ BJ%; + O(e?)
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= (nu® 4+ £pB%€y) + nXRT;XLBme + O(efc)

=nu® + <£B + nXR4_wXL> BYey + O(e%) .

Let us review the above points. We showed that in a weak magnetic field B and in the
absence of dissipation, the LL frame is a Lorentz frame which is moving with velocity (5.3)
with respect to the Laboratory frame.

A.4 Comparison between hydro modes in LL and Lab frame for a fluid with
a single chirality
For a conformal fluid in the laboratory frame:
T = wuru’ + pg"’ + oB (! BY + u’ B*) 4 o¥ (ufw” + u’wh), (A.18)
G* = nut 4+ oVwh 4+ B BH, (A.19)

the non-dissipative transport coefficients are then given as the following [36]

2 2
B_ M v_p T A
_ -7 4 2
TS 7 T (A.20)
1 p o ur?
In the LL frame we have
Ty = (e +p)utu” +pnt” (A.22)
_ B n B % noy
JI':LL = nu“ =+ <O' — HUG > BM —+ (O' — HO—E > Wu . (A23)
éB ?

It is not hard to see that the set of hydro modes in the above two frames may be given
as in the table 3. One can see that the above two sets of hydro modes are related to each
other with the following boost velocity

Bl = —l(afB" + oV (A.24)
w
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Type of mode Lab frame Landau-lifshitz frame

Py} BUB Py} Ao
9 : ol :
—o1 (%7 -2 %2 )+aa( Sr-2 %+ ) I
CMHW v = Blv=|—%——F——|B

azfB1—a1 P2 azff1—a1 P2

2

-1
Sound Va3 = ey — = —0BB V2,3 = Ecg
CAW V15 = 3220V B V15 =~ B

Table 3. Hydro modes in Lab frame versus those in LL frame.

Interestingly, when p = 0, we obtain

vy =0, vz =p6. (A.25)
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