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ABSTRACT: We investigate the holographic dual of a probe scalar in an asymptotically
Anti-de-Sitter (AdS) disordered background which is an exact solution of Einstein’s equa-
tions in three bulk dimensions. Unlike other approaches to model disorder in holography,
we are able to explore quantum wave-like interference effects between an oscillating or
random source and the geometry. In the weak-disorder limit, we compute analytically
and numerically the one-point correlation function of the dual field theory for different
choices of sources and backgrounds. The most interesting feature is the suppression of the
one-point function in the presence of an oscillating source and weak random background.
We have also computed analytically and numerically the two-point function in the weak
disorder limit. We have found that, in general, the perturbative contribution induces an
additional power-law decay whose exponent depends on the distribution of disorder. For
certain choices of the gravity background, this contribution becomes dominant for large
separations which indicates breaking of perturbation theory and the possible existence of
a phase transition induced by disorder.
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1 Introduction

Holographic dualities, that relate classical theories of gravity to strongly-coupled quantum
field theories, are now a forefront research area not only in high energy physics but also
in quantum information and condensed matter physics. In the latter, it is emerging as a
powerful tool to describe universal properties of strongly-correlated quantum systems. One
of the main challenges for the application of holographic techniques in this context is the



description of disorder, which is ubiquitous in realistic systems and directly responsible for
a broad variety of phenomena ranging from momentum relaxation to quantum interference
leading to different forms of localization [1-5]. The introduction of disorder in gravity
backgrounds with a negative cosmological constant relevant for holography requires the
solution of spatially inhomogeneous Einstein’s equations, in general a difficult task.

Different approximation schemes have been proposed to make the problem technically
tractable while keeping some of the expected phenomenology related to the introduction
of disorder. For instance, momentum relaxation, a rather general consequence of any form
of disorder, can be achieved by adding a massless scalar [6-9] that depends linearly on the
boundary coordinates. Since the scalar field only couples to gravity through its derivatives,
translation invariance is broken by the background but the equations of motion are still
independent of the spatial coordinates which facilitates substantially the calculation, in
many cases analytical, of transport properties.

As was expected, the electrical conductivity is always finite and depends directly on
the strength of the translational symmetry breaking characterized by the slope, with re-
spect to the spatial coordinates, of the scalar field in the boundary. For weak momentum
relaxation, the electrical conductivity reproduces the expected phenomenology of Drude’s
model, which includes a peak at low frequencies, remnant of the broken translational sym-
metry, followed by a decay for higher frequencies. For stronger relaxation the Drude peak
is suppressed, leading to an incoherent ’bad-metal’ behaviour [10-13]. However even in
the limit of infinite relaxation no insulating behaviour is observed. Recently, models that
consider the coupling of the scalar field to the gravity and the Maxwell term managed
to reproduce a vanishing conductivity in the limit of infinite relaxation [14-16]. Yet, in
this limit the effective charge in these models vanish, so strictly speaking they cannot be
considered insulators. Other effective models of momentum relaxation in holography in-
clude the memory matrix formalism [17-20], helical and Q-lattices [21-23] and massive
gravity [24-27]. Similar results [28-34] have been obtained even for Maxwell fields with
a spatially oscillating chemical potentials in the boundary leading to inhomogeneous Ein-
stein’s equations. We note that effects such as localization are precluded by design since
a random but homogeneously distributed, and therefore delocalized, chemical potential is
an input in this approach.

Disorder has also been introduced at the level of the action by a random source coupled
to the dual conformal field theory operator [35, 36]. By using the replica trick, it is
possible to integrate out the random coupling resulting in a double trace deformation of
the non-disordered theory. For marginal perturbations, renormalization group techniques
suggest the existence of logarithmic corrections in the two-point correlation function that
spoils conformal symmetry. Interestingly, this is in agreement with the expected behavior
of certain two dimensional conformal field theories perturbed by disorder (see [37] and
references therein).

Another popular approach is to consider a random field in the boundary, in most cases a
random chemical potential (source) for gauge (scalar) fields, but neglecting the backreaction
in the gravity background (probe limit) [38—46]. Analytical attempts to go beyond this
probe limit have found logarithmic infra-red (IR) divergences in the gravity background,



signaling the breakdown of perturbation theory [47, 48]. A resummation scheme for the
divergent expansion was proposed in [49-52] resulting in an averaged gravity background
with an emerging Lifshitz scaling symmetry, which was shown to be a generic feature
of marginal disordered deformations [53, 54]. For geometries with a horizon, the most
general result in this context is that of Gauntlett, Donos and collaborators [29, 55-59] who
found closed expressions for the dc conductivity and other averaged transport coefficients
in generic inhomogeneous backgrounds. As a direct consequence, bounds on the electric
and thermal conductivity were proposed [60-63].

The conclusion of this more direct approach is similar to the one from the phenomeno-
logical models of momentum relaxation discussed previously, namely, it is not possible to
reach an insulating state which is believed to be a distinctive feature of strong disorder in
condensed matter systems. Even simpler coherence effects such as weak-localization [64],
which are precursors of a metal-insulator transition, have not yet been clearly identified.

In this manuscript we propose a new approach to model disorder in holography which
has the potential to reproduce some of these coherent effects. We switch perspectives
and consider the effect of a disordered geometry with no horizon on a probe scalar field.
This is accomplished by considering a family of three dimensional random geometries that
solve Einstein’s equations exactly! and neglecting the backreaction of the scalar in the
geometry. This family is indexed by a parameter which we take to be a random function of
the boundary coordinates. The scalar field feels the geometry as an effective inhomogeneous
coefficient in the equations of motion. This is reminiscent, though we cannot establish a
precise mapping, of a one-dimensional wave equation with a random refractive index [4, 5]
plus additional terms that control the evolution in the radial direction which are related
to interactions in the boundary.

According to the holographic dictionary, the geometry is dual to a strongly-coupled
disordered plasma living at the boundary, and the scalar field sources a boundary dual
operator. We investigate numerically and analytically the properties of this disordered
plasma by looking at one and two-point functions of this scalar operator. For the one-
point function our main result is the observation of coherence effects, due to interference
between an oscillating source and the random geometry, that, in some cases, leads to the
strong suppression of oscillations even for weak disorder. The contribution to the two-point
function for a weak random Gaussian geometry is still a power-law decay for large distances
with an exponent that depends on both the scalar mass and disorder correlations modeled
by a non-trivial power spectrum. In some cases, this correction becomes dominant for large
distances which suggests the breaking of perturbation theory and the possible transit of
the system to a new disorder-driven fixed point.

The manuscript is organized as follows. In the next section we introduce the geometry
we will be studying and discuss the equation of motion for the probe scalar. In section 3
we solve these equations analytically in the limit of a weak-disordered background. The
one and two-point functions of the dual operator are computed for different choices of

!The fact that we can find an exact solution of Einstein’s equations involving a free function is due to
the fact that all vacuum solutions are pure diffeomorphisms in three dimensions. The generalization to
higher dimensions would involve solving the equations numerically.



both sources and inhomogeneous geometries. In section 4, we solve the equation of motion
by numerical techniques and compute in certain cases the one and two-point correlation
function of dual scalar. Section 5 is devoted to a comparison of our results with previous
approaches to disorder in holography. We conclude in section 6 with a summary of results
and ideas for future work. The appendices offer a wider discussion of technical points which
are used throughout the main body of the paper.

2 Setup

In this section we introduce our objects of study. First, we introduce a family of geometries
in d + 1 = 3 spacetime dimensions. This family is characterised by an arbitrary function
which we can take to be random. We next introduce a minimally coupled scalar field and
discuss its equation of motion and associated boundary conditions. The aim is to use this
field to probe the properties of the inhomogeneous geometry, which holographically can be
interpreted as a strongly-coupled disordered field theory.

2.1 Geometry

Solutions of the vacuum d+1-dimensional Einstein’s Equations with a negative cosmological
constant have been classified in the pioneering work of Fefferham and Graham [65, 66].
For d > 2, we can integrate Einstein’s Equations in a neighborhood of the boundary by
requiring that the Weyl tensor vanish. This condition constrains the boundary metric to be
conformally flat. However, in d = 2 the Weyl tensor vanishes exactly, leaving the conformal
class of the boundary metric arbitrary [67].

In this manuscript we will be mainly interested in the following family of metrics
defined by a global coordinate patch z% = (p,t,x) as

ds? = d7,02 + ! (fdt2 + da? + 2g; (z)dtdz) (2.1)
4p? " p ’ ’ '

where gy, () is an arbitrary function of the boundary coordinate x. In line with our
discussion above, it is easy to check that this family satisfies Einstein’s Equations in d = 2
dimension with a negative cosmological constant for any g,. In these coordinates, the
conformal boundary is located at p = 0 and the induced conformal metric ¢(¥) is given by
pds?| =g = —dt* + dz? + 2g1,(z)dtdz. The Poincare horizon is parametrized by p = .

From a holographic perspective, this space-time encodes the degrees of freedom of a
strongly-coupled field theory living on the boundary metric described above. However,
the dual stress tensor vanishes since this change in the boundary metric does not induce
sub-leading terms in the bulk metric. This resembles the situation we encounter in the
axion model of [7], where the marginal, spatially dependent, scalar sources do not excite
a vev. In the next sections we will be interested in studying the family of geometries
in eq. (2.1) for different choices of g;;. In particular, we will be interested in the case
where g;;(x) is a random Gaussian process, as introduced in appendix A. We will study
the dynamics of a minimally coupled scalar field as a way of probing the effects of the
disordered geometry. The aim is to get an insight into the nature of the strongly-coupled
disordered dual field theory.



2.2 Scalar field and equations of motion

We consider a probe scalar field ¢ of mass m minimally coupled to the geometry in eq. (2.1).
The equation of motion is given by (A, — m?)1) = 0, where the curved Laplacian can be
written in a chart % as Ay = \/%78“ (\/—79 g“bﬁb). Since 0, is a killing vector for eq. (2.1),
we can restrict our attention to static configurations ¢ = ¥ (p, x). The equation of motion
thus reads

Gtz O0xGta 1

u+y%y@w+p———5%w—nfw:0. (2.2)

202
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We are interested in solutions satisfying the following boundary conditions,

lim (p, z) < oo, (2.3)
h%f%wmﬂzﬂﬂv (2.4)
p—

where we have defined v = /1 + m2. The first boundary condition assures regularity of the
solution at the Poincaré horizon p = co. As discussed in appendix B, the second boundary
condition defines a field s(x) living in the boundary p = 0 with conformal dimension
A_ = 1—v. This field sources a dual boundary operator O(z) ~ p_%w of conformal
dimension A} =1+ v.

Even for simple choices of g4, eq. (2.2) remains largely intractable analytically. How-
ever when g, is small we can compute perturbative corrections to the plain AdSs result
analytically, helping us to build an intuition of the effects of the weakly disordered ge-
ometry. We will recur to numerical methods to test the analytical prediction and also to
explore the region of stronger disorder not accessible to an analytical treatment.

3 Perturbative analytical calculation of one-point and two-point scalar
correlation functions

In this section we study eq. (2.2) perturbatively for different choices of g;,. For convenience,
we will set m? = —% throughout this section, which is equivalent to choosing v = % Note
this choice respects the Breitenlohner-Freedman bound, m? > —1 in d = 2, [68, 69]. We
will divide our discussion by order in perturbation theory, and focus in two observables: the
expectation value of the dual boundary operator (one-point function) and the two-point
function. We can obtain both these quantities by solving the perturbative equations with
the appropriate boundary conditions.

3.1 Zeroth order

To set up the perturbative analysis, let g.(z) = € g(x) for a parameter ¢ < 1 measuring
the amplitude of g, fluctuations. For € = 0, eq. (2.2) reduces to the equation of a massive
scalar field in AdS3 given by

3
4p* 0oy + pdatb(o) + Yo =0 (3.1)



Letting ¥0)(p, 7) = [ % e f1.(p), the equation above reduces to

3
ap*fi — (pk2 - 4) fr =0, (3.2)
which has general solution
Frlp ) = app' e VP 4 bypl /AP, (3.3)

Regularity at the Poincaré horizon eq. (2.3) requires that ax = 0 for £ < 0 and by = 0 for

1/4

k > 0, which can be Written compactly as fi,(p) = app'/*e~*V? for a different constant a.

Now letting s(z fR e*%s;. boundary condition eq. (2.4) can be imposed coefficient
wise to yield ap = sg. The full solution therefore reads
dk
o) (ps ) =p1/4/ ekreIFVP gy, (3.4)
R 27T

Note that this depends directly on the Fourier components of the source. We are interested
in a few particular cases that we outline below.

Constant source If s(z) = s = [, %eik2975(k)s is constant, we have Yoy(p,x) =
p'/*s. This sources a dual boundary operator with expectation value (O(z)) =

. _ v+l
2V/1)1_I}(1)P 2 o) =

Oscillating source If s(z) = scosqr = s [ etk [§(k — q) + 6(k + q)] for ¢ € R, we

have vq)(p,x) = sp!/4
expectation value given by (O(z)) = —s|q| cos qx.

e~ 19vP cos gzz. This sources a dual boundary operator with

Superposition of oscillations Consider now a source given by a superposition of N
oscillating modes s(z) = Z Sp co8(qnT + Yn), where s,, g, and 7, can be freely
chosen. Noting that the ﬁmte sum can be exchanged with the mtegral and following

the same steps as above mode-wise we find v g)(p, z) = pl/4 Z spe | IVP cos(gnx +

n=1

N
7n). The one-point function thus reads (O(z)) = — > sn|qn| cos(gnx + Vn)-
n=1

Delta source and two-point function As discussed in appendix C, the boundary-to-
bulk propagator is given by solving the equations of motion with a delta source,
s(x) =6(z) = g 27r ¢ We thus have,

3/4

dk o 1
Ky (p,x—y) —p1/4/ k) lklve — P (3.5)

pe Tyt
which follows the shape of a Lorentzian (or Cauchy) distribution. Following the
discussion in appendix B, the boundary two-point function can be obtained by

14v 1 1
(©O@)OW) = 2w lim =5 Ko 1) = - (3.6)



Note this is not the expected result for an operator of conformal dimension 2A, =
3 but rather for an operator of conformal dimension 2A, = 2. This is because,
by considering a static field, we effectively reduce the conformal dimension of the
problem. Since we will be interested in static inhomogeneous configurations in what
follows, this is the object we will be computing corrections for.

3.2 Second order

Note that since gy, appears only quadratically in eq. (2.2), there are no non-trivial order
one corrections to (o). It is thus sufficient to consider 1 = 9(g) + 62111(2) +O(e*). Inserting
into eq. (2.2) and expanding up to second order leads to

3
4p 02y + p Ob(a) + Y= 9(x)202(0) + p 9(2)02g(2)0at o) (3.7)

Note that the zeroth order solution act as a source for the perturbative correction. Since
the full solution has to satisfy the boundary conditions, we have to apply them order by
order. For instance every term in the e-expansion has to be regular at the Poincaré horizon.
However since we have enforced boundary condition eq. (2.4) at zeroth order, we have to
set %ig% pVT_llj)(Q) = 0 for the inhomogeneous geometry not to correct the fixed boundary

source s(z). Summarizing, we have to solve eq. (3.7) subjected to

Jim 4ha) (p,z) < o0, (3.8)
v—1
lim p 2 19y (p,z) = 0. (3.9)
p—0

If g4, is of Schwarz class, we can attempt to solve eq. (3.7) in Fourier space as we did for

the zeroth-order result. Letting 1(9)(p, ) = [ %eikxfk(p) and g(z) = Jp %eikmgk, we can

rewrite eq. (3.7) in Fourier space as

3 5/4 e
4p* fy — <pk2 - 4) fe = —F'Z/Rdl/qu (k—1) 2k — e "VPg_ ggsk—1  (3.10)

where the right-hand side has been evaluated applying the convolution theorem with the
zeroth order solution eq. (3.4).2 This integral-differential equation cannot be solved in a
closed form. In the following subsections we discuss solutions for specific inhomogeneous
configurations. For each choice of g, we can consider different choices of source and study
the interplay between the source, the geometry and the resulting expectation value and
two-point function of the dual boundary operator.

3.2.1 Constant geometry

The simplest example is given by taking g(z) = 27 g to be a constant. In this case
gr = gd(k) and for generic source

3 .
ap* fil — (ﬂk2 - 4> fo = —p"HKPe MVPs, g%, (3.11)

2Note that the convolution representation is not unique, but all representations are equivalent up to a
translation in the momentum integration.



Note that the linear differential operator on the left-hand side is exactly the same as for
the zeroth-order equation. This is generic and hold at all orders in perturbation theory.
The only difference is the source term on the right-hand side. By linearity, the general
solution will be a linear combination of the solution for the homogeneous equation plus a
particular solution. As before, the homogeneous solution has one exponentially diverging
piece which should be set to zero by regularity at the Poincaré horizon. This leads to

2
Felp) = agp'/*e VP 4 %p”“e“’“‘ﬁ (1+ 2/k|\/7) sk, (3.12)

where ay, is an integration constant. Close to the boundary p = 0, the solution behaves as

2
fr(p) Pt (ak + g4$k) P/t 40 (p3/4) , (3.13)
and therefore boundary condition eq. (3.9) imposes ay = —%sk. Finally, we can write
1 dk pwi s —
Y2y (p, ) = 5/)3/492 /R 9¢ ke ke FVPg),. (3.14)

As in the zeroth-order solution, we discuss below a few cases of interest.

Constant source Let s(x) = s be a constant. Inserting in the above leads trivially to
Y(2)(p, r) = 0. Therefore the off-diagonal constant metric does not affect the zeroth
order boundary one-point function.

Oscillating source Let s(z) = scosgx. Inserting in the above leads to

3/4 2
prg -
Yoy () = - fgle VP cos g
At the boundary p = 0 this induces a correction to the zeroth-order one-point function
which is proportional to g,

2

(O(x)) = —|q| <1 - %92 + 0(64)> 5 COs qz. (3.15)
N

Superposition of oscillations Let s(z) = > sicos (¢ + v,). This case is similar to
n=1

the above, since we can integrate term by term in the sum to give,

9 N
by (p2) = 615 Y laale™ V75, cos(gu + 7).

n=1

The correction to the boundary one-point reads

N 62
(@) == lanl (1= 5o+ 06 ) speos(ipa +0). (310

n=1

Again, it represents just a renormalization of the amplitude of the zeroth one-point
function.



Delta source and two-point function Recall that, as discussed in the previous sec-
tion and in the appendix C that the boundary-to-bulk propagator K(p;z,y) can
be computed by solving the equations of motion with s(x) = d(z). We thus have

Koy(p;z) = %p:)’/ 4 (;j 5 Evaluating at the boundary leads to a correction to the

first zeroth-order two-point function,

62
@Oow) = (1- G+ o) 2ty .17

Note that for all the cases above the constant off-diagonal metric element perturba-
tively decreases the amplitude of the boundary one-point function and two-point function.
Since in perturbation theory the equations are linear this case can be interpreted as the
mean result for a inhomogeneous geometry. The amplitude damping raises the question on
whether in a non-perturbative setup the geometry can effectively suppress the boundary
correlation functions.

3.2.2 Oscillating geometries

We now consider a generic superposition of N oscillating modes, g(z) = > A,e™* for
n=1

wn € R. For example, an interesting particular case is w1 = —wy = w, A1 = Ay = £ and
Ay, = 0 for n > 2 which correspond to g(x) = gcoswz. The Fourier modes are glven by
a Dirac comb g = > A,d(k — wy) and for a generic source the equations of motion in

n=1
Fourier space read,

N N
3
4p2fllc/ - (pkz - 4> fk = - 05/4 Z Z AnAm(k — Wn — wm)(2k — Wn — wm)x

n=1m=1

x e Ihwn—wmlVog, (3.18)

By linearity, we can solve the equation above term by term. The regular solution at the
Poincaré horizon is given by the homogeneous solution eq. (3.3) plus the sum of each
individual particular solution

PNy —lk—wn—wmlyB _ o—lkly/p
fulp) = =522 > Andn oo [ nmwnlVP }sk,wn,wm. (3.19)

n=1m=1

Taking the Fourier transform, we arrive at an implicit solution for the generic source

1/4
W 7/ Z Z Am %ez‘kz(k — e — W ) [e—|k—wn—wm\\/ﬁ _ e—lkh/ﬁ} «
(2) (p, on + wm Jo 27 n m
X Sk—wpn—wm - (320)

As before, we now analyse some interesting particular cases where the above integral can
be done explicitly.



w 2w

Figure 1. Sign of the relative correction A(x) for different ¢ > 0 and fixed w.

Constant source Let s(x) = s be a constant, i.e. s = J(k). As before, the above integral
trivially gives 1)(9) = 0. There are no corrections to the boundary dual operator.

Plane wave source Let s(z) = se'% ie. s, = s6(k — q). The Fourier transform is
given by

v (p o) = p st Z Z o+ tom elfentin)s [e_mw - e"“n+wm+q|x/ﬁ} .

n=1m=1
(3.21)
Close to the boundary, this gives a correction to the dual one-point function
q
5(O(x)) = se'e® X eilwntwm)z ( —ql). 3.22
(O(x)) = se Zzwn—i-wm (lwn + wm + gl — [q]) (3.22)
There are a couple of particular cases of special interest,
e g(x) = ge ™ (A} = g, w; = —w, all other zero):
62 2 _—2iwz QT
(O@@)) = —q (1~ ~(lg—2w[-ldl) g7 se'd?,
— (1= 5 o= 2 - la) o)) (o) (3.23)

Consider ¢,w > 0 and define the relative correction A(z) = %, where (O) )
is the zeroth order one-point result. We can identify three distinct regimes.
For ¢ > 2w, the relative correction to the one-point function is positive and
simply proportional to the geometry A(z)g>20 = —%g(:c)g = —%gm(:p)Q, while
for ¢ < 2w the result depends explicitly on the relative strength of the modes,
A(2)gerw = —% (£ -1) g(x)> = —=1(2—1)g},. For ¢ < w the relative correction
will be positive, while in the window w < ¢ < 2w it becomes negative. Therefore
the inhomogeneous geometry can either suppress (¢ > w) or enhance (¢ < w)
the expectation value of the dual operator, depending on the coherence between

the modes. The discussion is summarized in figure 1.
e g(x) = gcoswx (A = Ay = %g, w1 = —wy = w, all other zero):
By linearity, this case can be obtained by summing the above with the reversed

q — —q. The relative correction A(z) = {g%) is given by

2
A + 20| — {4l giwe 10— 20— lq| o
- _ 29 ‘q 2iwx 2iwr 21 . 24
(@) °8 2w ¢ 2w ¢ + (3:24)

~10 -



Note that, different from the above in general it is not possible to rewrite the
relative correction as an explicit function of the geometry. First, lets consider
the case g,w > 0. Then g + 2w > 0 and we have two subcases: ¢ > 2w and
q < 2w. These are given by

2 2
1
A(x)g>20 = —%92 (cos2wz + 1) = —%g2 cos? wr = _59152;1: (3.25)
€ 5 ai q 2i
Alw)gers = — g9 [e we g (— - 1) e~2iwr 4 2} (3.26)
w
The two modes € and e™2™ can interfere constructively or destructively de-

pending on the relative sign of ¢ and w. Note that the correction is symmetric
under w — —w as expected. The ¢,w < 0 case is similar up to a change of sign.

Oscillating source We now build on the previous results to analyze more intricate cases.
Let s(x) = scosqz. Linearity of eq. (3.20) together with the example above can be
used to get the following correction,

q
5 _ 2 [z(wn—&-wm-i-q W + +
(O()) = s n} ljm§ :lwwwm (lwn -+ + gl = la)
_ eHwntwm—q)z (|wn+wm_q| ‘QD] (3‘27)

Consider the particular subcases:

e g(x) =gcoswz (A = Ay = %g, w1 = —wy = w, all other zero). The correction
can be conveniently rearranged to give
2
9%s g+ 2w| —|q|
5(O =g 2| = 1
(O() = 227 |12

g —2w| 14
2w

cos ((2w + q)x)

cos ((q — 2w)z) + cos qm] , (3.28)

which is, as expected, a real result. However note that the source modes are
now coupled with the geometry. We can still write the relative correction A(x)
by dividing by the source, and being careful to take into account that when the
source vanishes the result is zero and not divergent.

Adz) = _ezgj lg+2w| — [g] cos ((2w+q)z)  [¢—2w|—]g] cos ((¢—2w)z) 41l
4 2w cOos qx 2w cos qx
(3.29)
This can be analyzed as before, giving
2 5 ((2 -9
R L
4 cos qx cos qx
9 1
= €QZ [cos 2wz + 1] = igfx, (3.30)
2 2 2w —
A)yen, =~ [ 20D (04 ) n(Bo 200 4y ()
4 cos qx w cos qx

11 -



Interestingly, as with all the examples we considered above, the relative cor-
rection for the case ¢ > 2w factors into a contribution that only depends on
the underlying geometry. This can be interpreted intuitively as follows. If the
wavelength of the source (oc ¢7!) is much smaller than the wavelength of the
geometry, the dual operator will not ’feel’ the inhomogeneity, leading to a cou-
pling similar to the constant geometry case discussed in section 3.2.1. In figure 2
we plot the correction for different configurations of (w,q) and inhomogeneity
strength e.

N
g(x) = > Apcoswypx. This polychromatic case is a direct extension of the
n=1

above. It can be obtained by taking N — 2N and taking A, — %An for
n=1....2N, w, =& w, for n = 1,..., N and finally w, — —w, for n =
N +1,...,2N. By carefully splitting the sum and rearranging the terms, we
get A(z) = As(z) + Ac(x) with

2 N N
€ |wn + wm +q| — |g| cos ((wn + wm + q)x)
As(z)=—— A A
>(7) 8;7;::1 " m[ Wy + wm cos qx
_wn +wm —q| = g| cos ((wn + wm — q)z)
W, + Wi cOS qx ’
A (x):—EQZN:ZN:AA [|wn—wm+q|—|q|cos((wn—wm+q):c)
< 8 == nemm Wn, — Wi coSs qT
Wy, — Wi COS qx ’ ’

Note that since both terms are symmetric under the exchange n < m,

we can split the sum into a diagonal and an upper diagonal part, > =
n,m
> 42 > . The expressions can suggest that the diagonal part in A~
1<n<N  1<m<n<N
diverges. However this is not the case, since the denominators also vanish, and

we have to take the limit carefully.

This polychromatic case is of particular interest since it can be used to simulate
a discrete representation of disorder, as discussed in appendix A. Defining Aw =
g for some constant lattice spacing a > 0 and letting A, = VAW, wy, = nAw
for n = 1,..., N and adding random phases i.i.d. uniformly v € [0,27) in the
cosine arguments, g(x) become a discrete representation of the Gaussian random
process for large N > 1. As we will discuss in the next section, continuous
disorder is more subtle, and we have to take the average at an early stage to
make progress. Moreover, it is harder to implement it numerically since it can
usually have discontinuous derivatives. For these reasons, this implementation
is a useful representation and is specially suited for holography calculations,
having been used in many previous works in the literature [42, 49, 54]. In this
case all modes w,, are positive, and we can assume without loss of generality
that ¢ > 0. For convenience, we separate the sum in the correction in a diagonal
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g=w=1 (g < 2w), g=5=1 g=2, w=1 (g = 2w), g=5=1

<0fx)

— e=0
e=0.5

q=v2, w=1(q > 2w), g=s=1
<0fx}=

15F

— =0
e=0.5

Figure 2. Expectation value of the boundary operator O eq. (3.30) for source s(x) = cos gz and
inhomogeneous geometry g(x) = coswz with different configurations of (¢q,w).

and a non-diagonal part, A = Agq + Anq with

9 N
¢ [2wn — q| = lg] cos ((2wn — @) + 27n)
A =——) A2
a@) 4 ; ”[ 2wy, oS qx *

4 oo ((2wn + @)z + 2’>’n)] (3.33)
COS qT
€2 A A _
Apg=— — Z C;q?; [cos (Wpm + Q)T+ Y —¥m) +
1<m<n<N
+ cos (Wi, + @) + Yo + Ym) +
w+ _ _
_ |nm—+q|M cos ((w:{m —qQ)x+ Y+ ’Ym) +
Wnm
W — — _
_ |71m—_q|m| cos ((Wrm — )T + Y — Ym) |- (3.34)
Wnm

where for convenience we abbreviated wl = w, + w,. Note that only the
constant term in the diagonal part survives averaging over the i.i.d. phases -y,
as discussed following eq. (A.5) in appendix A. As expected, we reproduce the
results for the constant geometry in section 3.2.1 on average. In figure 3 we plot
the expectation value of the dual operator for N = 10 modes and fixed source
q = /2 for a fixed realization of phases.

Delta source and two-point function We now consider the case s = 1 that leads to
the corrections to the boundary-to-bulk propagator K. The integral eq. (3.20) can
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9=+/2,a=0.1,N=10, s=1 g=v2,a=0.1,N=10, s=1
<O <Ol
151

N I
10f
VY /\ /™ Wl
[ \ st f — €=0 I \ | — €=0

11| A Y PR e=0.2
TN \

Sk I
Figure 3. Expectation value of the boundary operator O eq. (3 33) for source s(z) = cos 2z
and discrete implementation of a disordered geometry g(x) = Z A, cos (wpx + 7y,,) for different

n=1

amplitudes of disorder.

be done explicitly,
K . _ p1/4 al AnAm dk k— —|k—wn—wm|\/p —|kl\/p\ ik
(2) (p;x) = 5 ngl 7{071 o 27T( W, — W) (e —e ) e

(wntwm)z |
61% <in (wn-i—me)ac z

(3.35)

A, A .
27r902—i-pnZ Wn, + W, z2+p

Recall that the two-point function of the dual boundary operator is obtained by
evaluating the boundary-to- bulk propagator at the boundary. Recalling that the
zeroth order result is given by —-, this yields to a relative correction to two-point
function given by

2
(W + wm )z

(3.36)

(O@)00) _ &
(O(2)0(0))0) an

(wntwm)r |
46z 2 sin (@ntwm)z ]

Note that both terms are symmetric over n <> m. Thus we can split the sum into a
diagonal term and a term where n < m,

5{O(x)O(0)) _é al 2 (4 2en® sin w,,x
(0(2)0(0)0) 2 A (1 WnT >+

n=1

46"M sin Wntwm)z
+eé ) AA, (1 2 ) (3.37)

1<n<m<N (wn + wm)z
Consider the following interesting examples,
e g(x) = gcoswez.
In this case we simply have

5O(x)0(0)) g% sin 2wz
(O()0(0)) o) = o (3.38)
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w=1,g=s=1 g=s=1,€=0.5

0.2 \
0150 — e=0 040 = — &0
=02 \._\ w=2
oaof \ 0.05 =
- \ e=0.5 ‘\“\ w=5
AN 5
oo \ \\\\_
N 0.01
1 - — . - %
2 4 [ [ ) 3 4

Figure 4. Two-point function (O(z)O(0)) = (O(z)O(0)) () + €26(O(z)O(0)) for the oscillating
geometry gi, = ecoswz, from eq. (3.38). On the left, we fix the frequency and plot different
amplitudes of €, on the right we fix € and plot different frequencies, in a log-log scale.

which is proportional to a sinc function. Recall that we are looking at cor-
relations of the point z with the origin. Thus the correction induced by the
oscillating geometry suppress correlations of points closer to the origin. Note
that for w > 1, the peak is sharper, while for w < 1 it is broader. Thus the
bigger the wavelength of the inhomogeneous geometry, the less is the correction
localized at x = 0, see figure 4. We can check that the limit w — 0 reduces to
the constant case discussed in section 3.2.1.

N
o g(x) = > Ay cos(wpx + V).

n=1
The result above can be easily generalized for many modes. Following the dis-
cussion in for the single cosine source, we have:

N N : o
5<O(‘T)O(O)> — i Z ZA A 1— S111 (wr—l_m:l: + In — ’Ym) o Sin (wnmx + Tn — r)/m)
(0(2)000))0) 4= Wim® Whm ’
9 N .
€ o [, sin(wpz +27,)
= ;An [1 o (3.39)
€ sin (w;h 2+ Y —Ym)  sin (W, T+ —Ym)
< Ap A, | 1— nm _ T = m) |
+ 2 Z [ Wi WnmT ]

1<m<n<N

Interestingly this discrete random process has mean zero.

3.2.3 Disordered geometries

We now study the case where g(x) is a centered random Gaussian field. As discussed in
appendix A, we can decompose g in its spectral modes g(x) = fR % gre’®™  with gy, also given
by a centered Gaussian process with E[gx] = 0 and E[grg;] = g?6(k — 1). Equation (3.10)
becomes a stochastic integro-differential equation, and is still intractable. However since
it depends on the square of the geometry we can consider its non-trivial average. Defining
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fr = E[f)] and averaging over g yield

_ 3 _ b
P fil — (ﬂk2 —~ 4> fr = —p5/492/ dg (k — 29)(k — q)e *=2VPg

5/442
= p4 /dl Ik + 1)e™ Vg, (3.40)
R

As before, the constant source case give a trivial result. We now analyze non-trivial settings.

Plane wave source Let s(r) = se™® with ¢ > 0. Integrating eq. (3.40) gives

- 1
4p° fil - ( K — > fi = =" P sa(k + q)e”1IVP. (3.41)
The solution satisfying boundary conditions eq. (3.8) and (3.9) is given by

fr(p) = ipl/A‘gQSkq_q [e_mﬁ — e lfVEL (3.42)

Note that the case k = ¢ can be treated by taking the limit of the above. Fourier
transforming back,

Doy (pr) = /R dE ke g ()

1
4p1/4ggsequ [ “lVPE, (igx — qy/p) — € VPE (iqz + q\/ﬁ)] - (3.43)

The correction to the one-point function is given by

x —M:§2 e ™ 1qx
AW =2 = 59 [ = +E1<q>] (3.44)

Oscillating source Let s(x) = scosqz. As before, by linearity of eq. (3.40), we can build

the oscillating case by summing two plane waves. Using that Eq(z) = E;1(Z) we can
simplify Eq(igz) + E1(—igr) = 2Re [E1(igz)] = —2Ci(igx), where Ci(z) is the cosine
exponential function.® This leads to

Az) = —2¢? [sm = Cl(qm)} . (3.45)
qx
Delta source and two-point function Consider s; = 1. Integrating the right-hand
side of eq. (3.40),
4p° fi — pk?* i + fk p g (3.46)

The regular solution at p = oo for the above is given by

2
fulp) = axp! /1T — S 1/4+— PN ke HVPE(ky/p) — 1/4kekf Ei(—ky/p),
(3.47)

3Note that here the bars refer to the complex conjugate, and not to the average.
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where Ei(x) = ff; t~1le~!dt is the exponential integral functions. Close to the bound-
ary p = 0 we have

2

2
fe ~ +aWU4+%% —1—loghkyp)p*/4 +... . (3.48)

g
p=0 2p1/4

Therefore in order to preserve the zeroth order boundary condition we need to set
ar, = 0. Note the appearance of two divergences: one proportional to p_l/ 4 and the
other proportional to logk,/p. As we will see next, they recombine when taking the
Fourier transform and lead to a finite result.

Using the following Fourier transform that can be calculated from the definition
of Ei(x),

> dk —ak; ikx 1 ‘$| —ia Sgn(l‘)
/oo ge El(ak)e = _§x2——f-a27 a>0 (349)
we can deduce that
> dk —akp; akn; ikx 1 sgn(:ﬂ)
/Oo % [6 El(ak) — € El(—ak):| € = m (350)

Now using that Flikfx] = 0. f(z),

dkk [ _opee. e " 1 a?x] 1
akp — e Ei(— R UL IS . 51
/ o1 [ i(ak) — e Ei( ak:)} e 2 (a2 5 222 + 25(x) (3.51)

Letting a = /p > 0 and taking into account the constant term leads to

g2 Pl

AETIE (3.52)

K@M@—/ o fu(p)e™® =
Note that the first term in eq. (3.47) leads to a delta function with opposite sign that
exactly cancels the one coming from the derivative of the sign function. As discussed
in appendix C, this result is finite close to the boundary

K2)(p; ) ~ o TE T (3.53)

Therefore the correction to the two-point function can be written as

er\11
(O(2)0(0)) = <1 — 2‘$|> g (3.54)
The effect of disorder is similar to the inhomogeneous case discussed in section 3.2.2.
For points which are close together (z = 0) we have |O($(7| > 1 which indicates
the breaking of the perturbative analysis. The minus sign of the correction indicates a
suppression of the zeroth order result, see figure 5. We shall see that the exponent for
which the correction blows up as x — 0 depends on both the mass of the scalar field
(here fixed to m? = —3/4) and on the type of disorder. In the following subsection,
we will relax these conditions and explore the dependence of our results on these

parameters.
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Averaged Gaussian Disorder, g=s=1 om0 Averaged Gaussian Disorder, g=s=1
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— e=0 — €=0
0.10 €=0.2 f e=0.2
0.05 e=0.4 e=0.4
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Figure 5. Averaged two-point function eq. (3.54) for oscillating geometry disordered Gaussian
geometry for different disorder strength e. The plot on the right is the same as the one in the left,
but in log-log scale.

3.2.4 Comments on other masses and correlated disorder

In this subsection we discuss how the results for the averaged two-point function generalize
to different masses and correlated disorder.

We start by considering different masses. It is easy to check that for a generic mass
parametrized by v? = m? + 1 the zeroth order solution of eq. (3.2) that satisfies the
boundary conditions eqgs.(2.3), (2.4) is given by,

) = gty K (RIVE) s (359)

The boundary-to-bulk propagator is, as before, obtained by setting s = 1 and computing
the Fourier transform, giving

1/2 dk T'(v+1) =R
p kx| 1.V 2 P
Kop.) = 5517 [ e Ky (K1 V7) = o (356)
© =10 (v) Jg 2w VP Vrl(v) (22 + p)u+%
Taking the near boundary limit, we obtain the expected dual two-point function,
1w rv+3) 1 Frv+1) 1
<O($)O(O)>(0) = [l)li%p 2 K(O)(pvm) - ﬁF(V) |$|2y+1 - ﬁr(y> |.2’,"2A+71’ (3.57)

which the the expected result for the two-point function of a conformal operator with mass
dimension A, . The minus one factor is, as before, due to the time dimensional reduction.
The calculation of corrections induced by the disordered geometry are exactly as before,
with the only difference that we use the general solution above as a source in eq. (3.7).
Averaging the right-hand side, we get the general equation

\/’TTI‘ (V + %) —v/2

Ap* i = (k> + 0% = 1) fro = — OB

(3.58)

which reduces to eq. (3.46) for v = 1/2. The general solution for the above is a combination
of hypergeometric functions. So next we consider other values of v for which the calculations
are less cumbersome. Take for instance v = 3/2. In this case the solution satisfying the
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boundary conditions is given by

o) = 575+ o [P (L k) B (k) — P (1= kR B (k)] (359)

The Fourier transform of the above can be computed exactly in the same way as in sec-
tion 3.2.3 and is given by

2|x|
Koy = — 5/4 = 3/2. .
(2) P (,0 + 172)3 ) v 3/ (3 60)
Noting that for v= 3/2 we have AL =1+ v=5/2, the dual two-point function is given by
2 e 1
Ox)00)=—(1———) — = 3/2. 3.61
owom) =2 (1-5 1) v=3/ (3.61)

This result follow exactly the one for v = 1/2, with the only difference that now the zeroth
order result has a different mass dimension. It is not hard to check that the same is true
for v = 5/2, where the averaged two-point function is given by

62 T
(O@@)0(0)) = (1 5 >;|6 V=52, (3.62)

T3\ 22
and now 2A; — 1 = 6. Although we have not manage to prove the general result, it seems
that white noise always induce the same relative corrections in the two-point function. As
we will discuss next, this is not completely surprising. For higher masses the dual operator
is a more relevant deformation, but we are not changing the mass dimension of disorder.
To see this explicitly, note that the metric element g, should be dimensionless. Since

we are imposing gi; = € [ 9% fi we must have [¢] = —1 — [f]. On the other hand, for
Gaussian white noise E[fy fj] = 6(k—1) and thus 2[f;] = —1. Therefore in this case we must
have [¢] = —14+1/2 = —1/2, i.e. Gaussian white noise is irrelevant. To change the effective

mass dimension of disorder, we can consider correlated disorder E[fy f;] = 026(k —[) with
ol = |k|*, « € R. Note that since o7 is a variance, it needs to be a positive definite

function. Generalising the previous discussion, this gives

[ = = ;r L (3.63)

This is precisely what we found in the previous section: corrections to the two-point func-

tion decay faster in the IR limit |x| — oo than the leading order result. Choosing a > 0 will
only make disorder more irrelevant. It is easy to check that for a > 0, we get subleading
powers of p which do not contribute to the two-point function.

We now explore the case @« = —2, when disorder becomes relevant. For simplicity, lets
consider again v = 1/2. In this case, the integral in the right-hand side of eq. (3.40) can
be written as

k—2q)(k —
/dq we—lk—%l\/ﬁ = (2ky/p + 1)eFVPEy(kp) — (2k+/p — 1)e"VP Ey(kp) — 4,
q
= 2p7 Y2 4 k| (2ky/p + 3)eFVPEI(—ky/p)+

+ (2k/p — 3)e—kﬁEi(—kﬁ)} , (3.64)
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where E,(z) = 227! fzoo dt t=%e~t is the generalised exponential integral function, which in
the last line we related to the exponential integral through the following recursive relation

p Epr1(2)+ 2 Ep(z) =€~ (3.65)

together with Fy(z) = —Ei(—z). The regular solution at the Poincaré horizon which does
not modify the source will be given by

(o) = o = 7 (/B + 2)HVPRI(—h/p) — (k5 — 2)e HVPEi(kyD)|

2 p5/4k‘
= P4 — BPIAF L (kp) + 5 F_(k/p), (3.66)
— [1 () — %F,(w) , (3.67)

where in the last equality we defined w = k,/p. We can compute the Fourier transform
of the above in following the same recipes as discussed above. The boundary-to-bulk
propagator is given by

3/4 a?|x|
K(Q)(P7x):—P m7 (3.68)

and the correction to the boundary two-point function thus given by

11 & 1 1

O@)0(0)) = = —5 — — = — (1 — é*7|z]) —5. 3.69
O@OO) = i~ 7 = 7 (L= emlel) g (3.69)
Note that different from the results in the previous section, the correction induced by the
correlated Gaussian disorder dominates the decay of the propagator at the IR, |z| — oc.
For any fixed amplitude ¢ > 0 and for |z| > ﬁ the correction becomes more important

than the zero order result, which signals a breakdown of perturbation theory.

4 Numerical analysis

We have also performed a numerical analysis which allows us to confirm and extend our
previous results beyond perturbation theory. Our first step is to compactify the interval of
the radial coordinate. Following [49], we define y via
po Y
(1—-y)?

In this new coordinate, the boundary is located at y = 0 and the Poincaré horizon at y = 1.

(4.1)

We redefine the scalar as

yl/2
=7 4.2
We can check that the near boundary behavior can be expressed in terms of y as
x ~xO +y(0) +... (4.3)
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Here X(O) and (O) correspond to the source and vev of the dual operator. Comparing with
the pure AdS solution given in (3.3), we see that, at least for g;, = 0 modes with non-zero
momentum decay or grow exponentially at the horizon. After turning on g, the near
horizon asymptotics become harder to analyze, but by continuity with the pure AdS case
we demand that the field vanishes there.

We solve the equation of motion by discretizing it on a homogeneous grid along both
the radial coordinate y and the boundary coordinate x, and solving the resulting matrix
equation in Mathematica. Since most of the variability occurs along x, we use N, = 450
grid points along this direction, and N, = 50 for the radial direction. After solving the wave
equation, we extract the vev by taking a radial derivative of the solution at the boundary,
as seen in (4.3).

We compute approximations to the one and two-point functions, concentrating on
the case of disordered geometries. We do so by employing the spectral representation of
disorder discussed in appendix A.3. More specifically, we take g;,, to be given Gaussian by
using (A.4) with o(k,) = 1 with suitable modifications described in more detail below.

4.1 One-point correlation function

We consider one-point function of the scalar in the presence of the source
) = cos(kox). (4.4)

As explained above, the vev corresponds to the derivative of the field at the boundary,
as given by (4.3). Since the periodicities of the source and geometry need to fit in the
same computational domain, the expansion of the disordered geometry will contain terms
cos(2nkox + v) with integer n, see eq. (A.4). As seen in section 3.2.2, these are potentially
problematic since the commensurability of the source with the geometry induces extra near
horizon divergences. To avoid this undesirable behaviour, we only consider cosines of odd
momentum in the sum eq. (A.4). We shall see that with this modification we can still
obtain some generic features of disorder which match well with the perturbation theory
results for small disorder amplitude, and extend them to higher values.

We extract the one-point function for kg = 5, and N = 20 for varying values of the
disorder amplitude V as defined in appendix A.3. For every V, we generate a random
geometry by providing random phases in eq. (A.4). Once we have obtained a large number
of them, we take the arithmetic average at each point x. We write the average vev as
a suppression factor n(V,z) times the translational invariant result, given by (O)q :=
(O)|y7—¢ = —ko cos(koz). Hence, we define n by

(0)(x) = —n(V, x)ko cos (ko) (4.5)

For small disorder amplitudes the z-dependence of n(V, z) is very mild. However, at larger
amplitudes the x-dependence of 1 becomes important. We show this in figure 6 where we
plot the average of §(0) := (O)p — (O), normalized by (O)y, as a function of x.

In order to estimate the overall suppression, we track the value at the peak n(V,z = 0).
We show our results in figure 7. For small V, we observe that the averaged one-point
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Figure 6. Change of the one-point function due to the presence of disorder as a function of = for
different disorder amplitudes. We plot 6(0)/(O)o = 1 — 5, where 7 is defined in (4.5).

n(x=0)
0.35

Figure 7. Dependence of the suppression of the peak of the vev, n, defined in (4.5), as a function
of disorder. The solid red line is a fit we do for small V', obtaining n(z = 0) ~ aV? with a = 2.05,
v = 1.94. At higher V the exponent of the power law decreases.
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Figure 8. Distribution of the value of the vev at the peak, (O)(z = 0) , for V = 0.3 for 150 runs.

We fit this to a Gaussian, f(z) = Aexp (—(z — p)?/(20?)), with parameters A = 53.3, p = —0.21,
o=8x10"3.

function displays the quadratic behavior obtained in perturbation theory, although with
different proportionality constant. At larger amplitudes, the power-law behavior becomes
milder. Moreover, we are able to fit the distribution of values of the vev at the peak with
a Gaussian centred at the average value, see figure 8.
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4.2 Two-point correlation function

We now obtain an approximation to the two-point function in the presence of a disordered
geometry. In principle, this entails a highly expensive calculation which requires inserting
arbitrary sources at different points and taking the variation of the action with respect to
them in the presence of a spatially dependent geometry. In order to gain some insight on
the behavior, we consider the more tractable calculation corresponding to the two-point
function G(z,0), which as explained above can be obtained by inserting a delta function
source at y = 0. In order to regularize the delta function, we follow the strategy of [70], i.e.
we take as a source the boundary-to-bulk propagator evaluated at a small cutoff. We stress
that we need to take into account the fact that in our numerics the x coordinate is periodic,
which changes the form of the boundary-to-bulk propagator even in the absence of disorder

V = 0. In fact, it is easy to show that for a box of length 27/ky the boundary-to-bulk
propagator is given by

sinh (_%)
K(x,0;y) = Y

cos(kox) — cosh (_1%,> (4.6)

Note that here y refers to the radial variable introduced in eq. (4.1).
Therefore, we approximate the two-point function G(x,0) by the one-point function
obtained in the presence of the source

X (@) = K (x,0:5) (4.7)

at small 4. To test our approximation scheme, we first derive the results for pure AdSs,
V = 0. As expected, this approximation fails for = ~ 0. In particular, the so-obtained vevs
become very large and negative for small enough x. However, the results near the edge
of the computational domain z = 7w are well-behaved, and match well with the analytic
result, see figure 9. Therefore, we will be able to extract meaningful results away from the
cores in this region.*

The quantity of interest will be the ensemble average value of the one-point function

in the presence of the source eq. (4.7), (O)(z)|;;. Normalizing this by the corresponding
one-point function at V = 0, we define

_ {O) () |y
o(V,z) = ©O) @)y (4.8)
(O)lv=o
In order to capture the behavior away from the core, we take the spatial average in
the interval (27/3,7), which we denote by

5(V —§ i T o T
a(V)= 77/27r/3d (V,x) (4.9)

This gives an estimate of the suppression of the two-point function in the presence of
disorder.

4Note that since we are using periodic boundary conditions, we cannot go infinitely far away from the
cores of the delta functions.
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Figure 9. We show our numerical result for the inverse of the two-point function G(z,0) evaluated
as the one-point function in the presence of the source eq. (4.7) for § = 0.01 and V = 0. The blue
dots represent the numerical data. The behavior away from the core deviates only by a multiplicative
factor ~ 1.09 from the analytic result obtained without cutoff (O(x))~! = ko(1—cos x). To illustrate
this, we plot with the black dashed line the function 1.09kq(1 — cos ) showing good agreement with
the numerics. The inset shows the behaviour near x = 0. Here, the solid line shows interpolation
of the numerical data, which indicates that two-point function acquires large, negative values near
the core. The red dot marks the point where the numerics diverge.

0.05 0.10 0.5 020 025 030 035

Figure 10. Behavior of & defined in eq. (4.9) as a function of V. The solid line corresponds to a
fit with a model of the form a + bV"” with a = 0.99, b = 1.98, v = 1.98.

We plot our results for this quantity with ky = 5, N = 20, 6 = 0.01 and varying V
in figure 10. Once again, we obtain a quadratic dependence of the suppression with the

disorder amplitude.

5 Comparison with previous results in the literature

In the introduction, we reviewed different approaches to introduce disorder or spatial in-
homogeneities in the holography literature. Now we discuss similarities and differences
with the one introduced in this paper. A direct comparison is in general not possible in
most cases. For instance the prediction for transport coefficients of [29, 55-59] requires the
existence of a horizon and therefore are not applicable to our case. Even with no horizon, a
comparison could be problematic because the assumption of a random chemical potential
prevents, at least for a non-random background, any coherence effect. The addition of a
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random source, investigated in [35, 36], is, to the best of our knowledge, not clearly con-
nected to our approach. Instead of turning a source for the charge density, in our model
we introduce a source for the stress energy tensor. From the gravitational perspective, we
expect this to have a more significant effect because all fields couple to gravity. The equiva-
lent field theory statement is that all operators propagate on the fixed boundary geometry.
Moreover the geometry in this approach is not random, so no coherence effects are expected
to be observed. It is an open question whether the observation of non-perturbative log-
arithmic corrections for marginal disorder in the two-point function, reported in [35, 36],
could occur in our setting. In order clarify these issues it would be necessary to carry out a
full renormalization group analysis, beyond the scope of the paper, for the parameters for
which the perturbative contribution from the disordered background becomes marginal.
The result of such calculation would not only shed light on the existence of logarithmic
corrections but also on the possible existence of a metal-insulator transition.

The approach closer to the one studied in the paper is maybe that of [47, 49, 53, 54]
where a spatially random chemical potential, or scalar, in the boundary, backreacts in the
gravity background that becomes inhomogeneous as well. However there are still important
differences. At least perturbatively, interesting coherence effects are strongly suppressed,
even if no horizon is present, because the only independent source of randomness comes
from the scalar or chemical potential whose profile in the boundary is fixed by boundary
conditions.

6 Conclusions and outlook

In this manuscript we have proposed a new approach to study disordered holographic field
theories. We have computed numerically and analytically corrections due to a weakly dis-
ordered gravity background in the one and two-point function of the scalar dual boundary
operator for different choices of source and random component of the geometry g, (con-
stant, a superposition of plane waves and finally a Gaussian random function). The main
results can be summarized as follows:

e A constant geometry induces a negative constant correction that decreases the overall
amplitude of the scalar one and two-point functions.

e The corrections induced by an oscillating geometry have a richer behaviour, and
depend on the interaction with the source. In the simple case where the source is
also an oscillating function, the perturbative correction to the one-point function can
be positive or negative, depending on the relative sign of the geometry and source
frequencies. For instance, if the source frequency is much bigger than the geometry’s,
the correction is similar in form to the constant case outlined above. However if the
source frequency is smaller than the geometry’s, the correction flips sign, adding
constructively to the zeroth order one-point function.
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e An oscillating sinusoidal geometry induces an oscillating but decaying correction to
the two-point function, with an envelope ~ |z|~% that depends on the scalar mass.

e The case in which the geometry is a superposition of oscillating modes is given, by
linearity, by the sum of the single frequency results mentioned above.

e We have identified coherence effects between a sinusoidal source and the weakly ran-
dom geometry introduced by a spectral decomposition. In certain region of parame-
ters, the one-point function, which is sinusoidal, in the absence of disorder, becomes
completely random even in the limit in which perturbation theory applies.

e The averaged corrections to the two-point function in the presence of a delta source
and a weakly random, Gaussian distributed, gravity background, is negative and, for
large distances, decays as a power-law with an exponent that depends on the type
of disorder and the scalar mass. We have identified a range or parameters for which
perturbation theory breaks down, as the power-law decay is slower than in the non-
random case. This suggest an instability to a novel disorder driven fixed point which
could eventually lead to a metal-insulator transition in the system.

Finally we mention some ideas for future research. First, we have only studied one
instance of random geometry. Asymptotic AdS3 solutions of Einstein’s Equations have
been classified in [67], and there are other families in which disorder could be introduced in
a similar fashion. It would be interesting investigate whether introducing disorder in other
metric components would lead to a similar universal behavior, and if not so, to identify the
physics behind these differences. Second, since temperature tends to suppress coherence
effects in disordered systems, in this work we have only studied holographic field theories
at strictly zero temperature. But finite temperature solutions in three dimensions have
also been classified [71], and therefore our work could be also generalized in this direction.
In particular, it would be interesting to study the low temperature regime and compare it
with our results. Third, we have only considered Gaussian distributed disorder with delta-
like correlations. However our formalism is easily generalizable to more general forms of
disorder where correlations between points becomes important. Fourth, a renormalization
group treatment, feasible for marginal random perturbations, would shed light on the
existence, or not, of a novel non-trivial disordered driven fixed point which signals an
instability toward a metal-insulator transition in the system.
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A Notes on random fields

A.1 Implementation

Consider a random function f : R* — R. A useful trick to parametrise the randomness in
f is to work in the spectral representation (a.k.a. Fourier space)

r@ = [ G s (A1)

where f (E) are random Fourier coefficients. In other words: we exchanged randomness in
real space for randomness in Fourier space. Without loss of generality we can parametrise
_g=agand b_jp = —by for reality of f(Z).
We say f is a Gaussian random field when the Fourier coefﬁmen‘cs (az,b

the Fourier coefficients f(k) = aj + iby where a

i» bg) are drawn from

a Gaussian distribution

a%+b% N2
~ 1 -k 1 - Lf (kQ)\
P[f(k)] = Plaz, bz] = Fo= ’k A2
FOR) = Plag.bg) = - e (A2)
where o is the standard deviation, and for Simplicity we centred the distribution at zero.

In other words, we have E[f (k)] = 0 and E[f(k)f(7)] = 025(/<: + ¢). It is important for the
distribution to be normalised:

Q/Df /‘(M /‘(M Plaz,b] = 1, Vk. (A.3)

Moments of any functional Q[f (E)] of the random field can be easily computed using the
characterisation above:

2 2
4404
F %

BIQU = [ DI P QUEI = [ dag [ ang QP
—00 —00 P

This can then be Fourier transformed to real space. As a simple example, lets compute a
two-point function of the random field,

B = [ s [ Gy e T8 (01 (@)

(27)

didk [ dldlg s om 2e
- / (2[7r])d / <2[7r]>36“°'“”6”'yff%5<k+®
_ / dldk if. @7 o

(2m) (2m)”

where (27)~¢ k is commonly known as the power spectrum of the random field. For the
simple case where the power spectrum is a constant JE = (2m)?V2, we have E[f(Z)f(7)] =
V26(z —y) which means the distribution of f(&) in real space is also Gaussian. Conversely,
considering a non-trivial power spectrum lead to non-trivial correlations for the random
field. Therefore the spectral representation of a random field is a convenient way of gener-
ating non-gaussian distributions while still working with Gaussian objects in Fourier space.
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A.2 Cutoffs

However this construction is not very useful for actual applications. For instance, note
that as & approaches i we get an ultra-violet divergence. This for instance can be very
inconvenient in the case we are treating, since in our equations we have a lot of terms that
go as ’disorder squared’ at the same point. To remediate this problem, we will resolve this
long wavelength divergence by introducing an ultra-violet (UV) cutoff A and integrate only
over modes |IZ| < A. A pictorial way to interpret this cutoff is to say that A introduce a
length scale a = 7/\ that corresponds to an underlying lattice. Modes with frequencies
below this scale are then ignored. This would imply for instance that E[f(%)?] = V?/a. As
we take the lattice spacing a — 0 we recover the expected UV divergence.

While UV divergences are a consequence of the way we introduce disorder, there can be
IR divergences that are emergent in the problem, and indicate a change of behaviour in the
system. Or in terms of the renormalisation group: the system flows towards a disordered
fixed point. To resolve these divergences one usually introduce a box of size L, and in
the end of calculation one aims to study how the system behaves as L is increased. IR
singularities in the thermodynamic limit I, — oo indicate a flow towards a new phase.

A.3 Discrete

Although the continuum implementation simplifies analytical calculations, numerically one
needs a discretisation that takes into account the aforementioned observations. From now
on we restrict ourselves to the case of interest, namely d = 1. Note that according to
eq. (A.2) the norm of |f(k)| is drawn from a Gaussian distribution, while the phase is
drawn from the uniform distribution on [0,27]. This remark leads to a useful discrete
representation of the continuous spectral decomposition. We start by discretising uniformly
our box of size L in N intervals of size a, i.e. L = Na. This implies the quantisation of the
T

modes k, = nAk with Ak = 5~ = % The thermodynamic limit then becomes N — oc.

The spectral decomposition eq. (A.1) becomes,

N N
f(z) = Z fretn® = Z Ay, cos(knz + vn), (A.4)
n=—N n=1
where A,, € R-( corresponds to the amplitude of the Fourier modes and ~, € [0,2n]
the phase. As we remarked above, in this representation each A, is a random variable
taking values in a Gaussian distribution, while each ~, is a random variable taking values
uniformly in [0, 27). However a useful simplification is to make A,, deterministic and only
keep the phases random. One can then check that taking A, = V /o (k,)Ak and averaging
uniformly in [0, 27),
or N

E[---] = lim 11 d%(.--), (A.5)

imply that for o(k,) = 1 in the thermodynamic limit E[f(x)f(y)] = V?§(z — y). In
other words, we reproduce the Gaussian behaviour with a simpler setup in which only
the phases fluctuate. Similarly, we can obtain non-Gaussianity by choosing a non-trivial
function o (k).

~ 98 —



B Holographic renormalisation

In this appendix we discuss the details of holographic renormalisation in our inhomogeneous
geometry. Let M be the underlying manifold defined by the geometry in eq. (2.1). The
action for the probe scalar is given by

ST] = % / d[3)z (dep Axdp + m??)
M
1 1
:_2/;q$x¢@Hd¢—nﬁ@+1L4Mdmx¢*dw (B.1)
Thus on-shell we have
Sovanlt] = 5 [ d2le V=5 v, (B2

where n is the normal unit vector pointing outwards of the boundary OM and -~ is the
respective induced metric. Note that strictly at the conformal boundary p = 0 eq. (B.2) is
divergent. To regularise this divergence, we evaluate the on-shell action at aslice p = A < 1
which we later take to zero. The normal unit vector pointing outward the fixed p = A

surface is then given by n = —2p 9,|,—\, while the induced metric is

ds? = )\_19(0) (z)dztdz” = A7t (fdt2 + dz? + 29tz (x)dtdx) (B.3)

and thus /=y = \7!, /—9(0) with \/—g(o) = \/1 + g2, Note that g9 is interpreted
holographically as the metric where the dual boundary field theory lives. Inserting in the
on-shell action,

Son-shen[¢] = — / dtdz \/—g(0) YOl p=n- (B.4)

As with the pure AdS case, the above on-shell action needs to be renormalised. Solutions
to eq. (2.2) satisfy the following near-boundary expansion

1+v

b(p,x)=p 2 s(x)+p 2 Alx)+ ..., (B.5)

where all higher order terms have positive exponents. Thus we have

Sonshell[¥Y] = — /dtdx N ()\I_Tus(a:) + )\HTVA(ZU) + ... ) X

1-— v 1 v
><< YA () + — 2 21A(:c)+...>,

- /dtdx —90) (1 ; A s(2)? + s(z)A(z) + . ) : (B.6)

Note that the highest diverging is in the term o s2. To remediate this particular divergence,
we add the following boundary counter-term to the action

/ [2]zy/=7 2| pn = 1_2V/dtdx\/7(0) (A 7s(z)* + 2s(z)A(z) +...).

1_
A
M
(B.7)

2

0
5&)
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In most of the manuscript we work with v = 1/2, for which other divergences are not
present, and therefore the only counter term required is the above. However, for larger
values of v there is a finite tower of higher divergences between the leading term o | s(x)?
and the term o [ s(z)A(z) which we have omitted in the ellipsis, and which should also
be taken into account in order to obtain a finite one-point function. For instance, the
next order divergence would be of order O ()\_(”_1)), which can be remediated by adding a

derivative term Sgtl) = ﬁ IBM d?\ /¢ A, p|,=x. Higher order terms can be treated in

the same way, adding higher derivative terms .S (f )

ot accordingly (for a complete discussion,

see [72]). However note these derivative terms do not contribute to the coefficient of the
one-point function o [ s(z)A(z). Accounting for all the divergences, the renormalised
action reads

. 1
Sren = )l\lg% (Son—shell + Sct) = _5 /dtdl‘ \/T(O) 2v S(l’)A(ZE) (B8)

The expression above makes clear that the leading coefficient s(x) in the expansion of 1
acts as a source for a dual operator (O(z)) = 2v A(z). The expectation value of the dual
is then simply given by

(O(z)) = =2 A(z) (B.9)

C Boundary-to-bulk propagator and boundary two-point function

Consider a probe scalar field v living in an asymptotically AdS;z,1 geometry with met-
ric tensor g. As previously discussed, the equation of motion for the scalar is given by
(Ag — m2) 1 = 0. We define the bulk-to-bulk propagator G(z,y) as the Green’s function
for this equation. In other words, it is the solution of
i
(&g —m*)G(z,y) = —=6""(z — ). (C.1)
! NaT

Note that if we couple the scalar field with a source by adding a term (A, — m?)y = J,
then knowing bulk-to-bulk propagator we can build a solution

vla) = [ dld+ U= Gla.0) o). (C2)

In a neighbourhood of the boundary, by the Fefferman-Graham theorem we can write the
asymptotically AdS metric in a coordinate chart z% = (p, z*) as

dp? 1

2 v

ds® = 17 + ;g,w(p, zH)datda”,

g(p: ")~ 90 (") + pgay (") + O(p?), (C.3)
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where g o) (z#) defines the metric at the conformal boundary located at p = 0. At a slice
close to the boundary p = A < 1, we have

V=g = Y0 (C.4)

9= gxrvr

And therefore evaluating eq. (C.1) at p = 0 for one of the arguments make the right-hand
side zero. This defines the so called Boundary-to-bulk propagator

(Ag —m*) K (p;a#,y*) = 0 (C.5)

which depends only on one radial variable. As we will see next, it propagates solutions from
the boundary to the bulk. Recall that according to the holographic dictionary solutions of
the bulk equations of motion define a dual source at the boundary according to

lim p=2-/%)(p, a#) = s(a), (C.6)
p—

where A4 = % + v with v = \/% + m?2. Thus by imposing boundary conditions

lim p~ 22K (p;a#, y) = 6% (" — y#), (C.7)
p—0

we find that the K satisfies
blp,at) = / dldly K (p; 2", y™)s(y"). (C8)

This justifies the terminology boundary-to-bulk propagator, since it propagates the source
s(z#) living in the boundary into a scalar field satisfying the Bulk equations of motion.

From this relation it is also possible to see that the bulk-to-bulk and boundary-to-bulk
propagators are related to the boundary tree-level boundary two-point function. Since
we have

(O@")) = (2v) lim P2 (p, at) (C.9)

we see that if we define the boundary tree-level two-point function
Gy (2", y") = (O@")O(y")) = (2v) lim p= 2+ 2K (pr 2, y) (C.10)
p—
it satisfies the usual linear-response relation

() = [ dldy Gt y)s(s) (1)
between the source and the expected value.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

~ 31—


https://creativecommons.org/licenses/by/4.0/

References

[1] P.W. Anderson, Absence of Diffusion in Certain Random Lattices, Phys. Rev. 109 (1958)
1492 [INSPIRE].

[2] R. Abou-Chacra, D.J. Thouless and P.W. Anderson, A selfconsistent theory of localization,
J. Phys. C 6 (1973) 1734.

[3] D. Basko, I. Aleiner and B. Altshuler, Metal-insulator transition in a weakly interacting
many-electron system with localized single-particle states, Annals Phys. 321 (2006) 1126.

[4] S. John, Electromagnetic absorption in a disordered medium near a photon mobility edge,
Phys. Rev. Lett. 53 (1984) 2169.

[5] P.W. Anderson, The question of classical localization a theory of white paint?, Phil. Mag. B
52 (1985) 505.

[6] Y. Bardoux, M.M. Caldarelli and C. Charmousis, Shaping black holes with free fields, JHEP
05 (2012) 054 [arXiv:1202.4458] [INSPIRE].

[7] T. Andrade and B. Withers, A simple holographic model of momentum relazation, JHEP 05
(2014) 101 [arXiv:1311.5157] [INSPIRE].

[8] T. Andrade, S.A. Gentle and B. Withers, Drude in D major, JHEP 06 (2016) 134
[arXiv:1512.06263] [INSPIRE].

[9] T. Andrade, A simple model of momentum relazation in Lifshitz holography,
arXiv:1602.00556 [INSPIRE].

[10] K.-Y. Kim, K.K. Kim, Y. Seo and S.-J. Sin, Coherent/incoherent metal transition in a
holographic model, JHEP 12 (2014) 170 [arXiv:1409.8346] [INSPIRE].

[11] R.A. Davison and B. Goutéraux, Momentum dissipation and effective theories of coherent
and incoherent transport, JHEP 01 (2015) 039 [arXiv:1411.1062] InSPIRE].

. Amoretti, A. Braggio, N. Maggiore, N. Magnoli an . Musso, ermo-electric transport
12] AL A i, A. B io, N. Maggi N. M li and D. M Th l )
in gauge/gravity models with momentum dissipation, JHEP 09 (2014) 160
[arXiv:1406.4134] [INSPIRE].

[13] R.A. Davison and B. Goutéraux, Dissecting holographic conductivities, JHEP 09 (2015) 090
[arXiv:1505.05092] [INSPIRE].

[14] M. Baggioli and O. Pujolas, On holographic disorder-driven metal-insulator transitions,
JHEP 01 (2017) 040 [arXiv:1601.07897] [NSPIRE].

[15] B. Goutéraux, E. Kiritsis and W.-J. Li, Effective holographic theories of momentum
relazation and violation of conductivity bound, JHEP 04 (2016) 122 [arXiv:1602.01067]
[INSPIRE].

[16] A.M. Garcia-Garcia, B. Loureiro and A. Romero-Bermudez, Transport in a gravity dual with
a varying gravitational coupling constant, Phys. Rev. D 94 (2016) 086007
[arXiv:1606.01142] [INSPIRE].

[17] S.A. Hartnoll and C.P. Herzog, Impure AdS/CFT correspondence, Phys. Rev. D 77 (2008)
106009 [arXiv:0801.1693] [INSPIRE].

[18] R.A. Davison, K. Schalm and J. Zaanen, Holographic duality and the resistivity of strange
metals, Phys. Rev. B 89 (2014) 245116 [arXiv:1311.2451] [INSPIRE].

~32 -


https://doi.org/10.1103/PhysRev.109.1492
https://doi.org/10.1103/PhysRev.109.1492
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,109,1492%22
https://doi.org/10.1088/0022-3719/6/10/009
https://doi.org/10.1016/j.aop.2005.11.014
https://doi.org/10.1103/PhysRevLett.53.2169
https://doi.org/10.1080/13642818508240619
https://doi.org/10.1080/13642818508240619
https://doi.org/10.1007/JHEP05(2012)054
https://doi.org/10.1007/JHEP05(2012)054
https://arxiv.org/abs/1202.4458
https://inspirehep.net/search?p=find+J+%22JHEP,1205,054%22
https://doi.org/10.1007/JHEP05(2014)101
https://doi.org/10.1007/JHEP05(2014)101
https://arxiv.org/abs/1311.5157
https://inspirehep.net/search?p=find+J+%22JHEP,1405,101%22
https://doi.org/10.1007/JHEP06(2016)134
https://arxiv.org/abs/1512.06263
https://inspirehep.net/search?p=find+J+%22JHEP,1606,134%22
https://arxiv.org/abs/1602.00556
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.00556
https://doi.org/10.1007/JHEP12(2014)170
https://arxiv.org/abs/1409.8346
https://inspirehep.net/search?p=find+J+%22JHEP,1412,170%22
https://doi.org/10.1007/JHEP01(2015)039
https://arxiv.org/abs/1411.1062
https://inspirehep.net/search?p=find+J+%22JHEP,1501,039%22
https://doi.org/10.1007/JHEP09(2014)160
https://arxiv.org/abs/1406.4134
https://inspirehep.net/search?p=find+J+%22JHEP,1409,160%22
https://doi.org/10.1007/JHEP09(2015)090
https://arxiv.org/abs/1505.05092
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.05092
https://doi.org/10.1007/JHEP01(2017)040
https://arxiv.org/abs/1601.07897
https://inspirehep.net/search?p=find+J+%22JHEP,1701,040%22
https://doi.org/10.1007/JHEP04(2016)122
https://arxiv.org/abs/1602.01067
https://inspirehep.net/search?p=find+J+%22JHEP,1604,122%22
https://doi.org/10.1103/PhysRevD.94.086007
https://arxiv.org/abs/1606.01142
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D94,086007%22
https://doi.org/10.1103/PhysRevD.77.106009
https://doi.org/10.1103/PhysRevD.77.106009
https://arxiv.org/abs/0801.1693
https://inspirehep.net/search?p=find+EPRINT+arXiv:0801.1693
https://doi.org/10.1103/PhysRevB.89.245116
https://arxiv.org/abs/1311.2451
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,B89,245116%22

[19] A. Lucas and S. Sachdev, Memory matriz theory of magnetotransport in strange metals,
Phys. Rev. B 91 (2015) 195122 [arXiv: 1502.04704] INSPIRE].

[20] A. Lucas, Conductivity of a strange metal: from holography to memory functions, JHEP 03
(2015) 071 [arXiv:1501.05656] [INSPIRE].

[21] A. Donos and S.A. Hartnoll, Interaction-driven localization in holography, Nature Phys. 9
(2013) 649 [arXiv:1212.2998] [INSPIRE].

[22] A. Donos and J.P. Gauntlett, Holographic Q-lattices, JHEP 04 (2014) 040
[arXiv:1311.3292] [NSPIRE].

[23] A. Donos, B. Goutéraux and E. Kiritsis, Holographic Metals and Insulators with Helical
Symmetry, JHEP 09 (2014) 038 [arXiv:1406.6351] INSPIRE].

[24] D. Vegh, Holography without translational symmetry, arXiv:1301.0537 [INSPIRE].

[25] M. Blake and D. Tong, Universal Resistivity from Holographic Massive Gravity, Phys. Rev.
D 88 (2013) 106004 [arXiv:1308.4970] [INSPIRE].

[26] R.A. Davison, Momentum relazation in holographic massive gravity, Phys. Rev. D 88 (2013)
086003 [arXiv:1306.5792] INSPIRE].

[27] M. Baggioli and O. Pujolas, Electron-Phonon Interactions, Metal-Insulator Transitions and
Holographic Massive Gravity, Phys. Rev. Lett. 114 (2015) 251602 [arXiv:1411.1003]
[INSPIRE].

[28] F. Aprile and T. Ishii, A Simple Holographic Model of a Charged Lattice, JHEP 10 (2014)
151 [arXiv:1406.7193] [INSPIRE].

[29] A. Donos and J.P. Gauntlett, The thermoelectric properties of inhomogeneous holographic
lattices, JHEP 01 (2015) 035 [arXiv:1409.6875] INSPIRE].

[30] S. Kachru, A. Karch and S. Yaida, Holographic Lattices, Dimers and Glasses, Phys. Rev. D
81 (2010) 026007 [arXiv:0909.2639] [INSPIRE].

[31] G.T. Horowitz, J.E. Santos and D. Tong, Optical Conductivity with Holographic Lattices,
JHEP 07 (2012) 168 [arXiv:1204.0519] [INSPIRE].

[32] G.T. Horowitz, J.E. Santos and D. Tong, Further Evidence for Lattice-Induced Scaling,
JHEP 11 (2012) 102 [arXiv:1209.1098] [INSPIRE].

[33] Y. Ling, C. Niu, J.-P. Wu and Z.-Y. Xian, Holographic Lattice in Einstein-Mazwell-Dilaton
Gravity, JHEP 11 (2013) 006 [arXiv:1309.4580] [INSPIRE].

[34] P. Chesler, A. Lucas and S. Sachdev, Conformal field theories in a periodic potential: results
from holography and field theory, Phys. Rev. D 89 (2014) 026005 [arXiv:1308.0329]
[INSPIRE].

[35] M. Fujita, Y. Hikida, S. Ryu and T. Takayanagi, Disordered Systems and the Replica Method
in AdS/CFT, JHEP 12 (2008) 065 [arXiv:0810.5394] [nSPIRE].

[36] O. Aharony, Z. Komargodski and S. Yankielowicz, Disorder in Large-N Theories, JHEP 04
(2016) 013 [arXiv:1509.02547] [NSPIRE].

[37] J. Cardy, Logarithmic conformal field theories as limits of ordinary CFTs and some physical
applications, J. Phys. A 46 (2013) 494001 [arXiv:1302.4279] InSPIRE].

[38] S. Ryu, T. Takayanagi and T. Ugajin, Holographic Conductivity in Disordered Systems,
JHEP 04 (2011) 115 [arXiv:1103.6068] [INSPIRE].

— 33 —


https://doi.org/10.1103/PhysRevB.91.195122
https://arxiv.org/abs/1502.04704
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,B91,195122%22
https://doi.org/10.1007/JHEP03(2015)071
https://doi.org/10.1007/JHEP03(2015)071
https://arxiv.org/abs/1501.05656
https://inspirehep.net/search?p=find+J+%22JHEP,1503,071%22
https://doi.org/10.1038/nphys2701
https://doi.org/10.1038/nphys2701
https://arxiv.org/abs/1212.2998
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.2998
https://doi.org/10.1007/JHEP04(2014)040
https://arxiv.org/abs/1311.3292
https://inspirehep.net/search?p=find+J+%22JHEP,1404,040%22
https://doi.org/10.1007/JHEP09(2014)038
https://arxiv.org/abs/1406.6351
https://inspirehep.net/search?p=find+J+%22JHEP,1409,038%22
https://arxiv.org/abs/1301.0537
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.0537
https://doi.org/10.1103/PhysRevD.88.106004
https://doi.org/10.1103/PhysRevD.88.106004
https://arxiv.org/abs/1308.4970
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D88,106004%22
https://doi.org/10.1103/PhysRevD.88.086003
https://doi.org/10.1103/PhysRevD.88.086003
https://arxiv.org/abs/1306.5792
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D88,086003%22
https://doi.org/10.1103/PhysRevLett.114.251602
https://arxiv.org/abs/1411.1003
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,114,251602%22
https://doi.org/10.1007/JHEP10(2014)151
https://doi.org/10.1007/JHEP10(2014)151
https://arxiv.org/abs/1406.7193
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.7193
https://doi.org/10.1007/JHEP01(2015)035
https://arxiv.org/abs/1409.6875
https://inspirehep.net/search?p=find+J+%22JHEP,1501,035%22
https://doi.org/10.1103/PhysRevD.81.026007
https://doi.org/10.1103/PhysRevD.81.026007
https://arxiv.org/abs/0909.2639
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.2639
https://doi.org/10.1007/JHEP07(2012)168
https://arxiv.org/abs/1204.0519
https://inspirehep.net/search?p=find+J+%22JHEP,1207,168%22
https://doi.org/10.1007/JHEP11(2012)102
https://arxiv.org/abs/1209.1098
https://inspirehep.net/search?p=find+J+%22JHEP,1211,102%22
https://doi.org/10.1007/JHEP11(2013)006
https://arxiv.org/abs/1309.4580
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.4580
https://doi.org/10.1103/PhysRevD.89.026005
https://arxiv.org/abs/1308.0329
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D89,026005%22
https://doi.org/10.1088/1126-6708/2008/12/065
https://arxiv.org/abs/0810.5394
https://inspirehep.net/search?p=find+EPRINT+arXiv:0810.5394
https://doi.org/10.1007/JHEP04(2016)013
https://doi.org/10.1007/JHEP04(2016)013
https://arxiv.org/abs/1509.02547
https://inspirehep.net/search?p=find+J+%22JHEP,1604,013%22
https://doi.org/10.1088/1751-8113/46/49/494001
https://arxiv.org/abs/1302.4279
https://inspirehep.net/search?p=find+J+%22J.Phys.,A46,494001%22
https://doi.org/10.1007/JHEP04(2011)115
https://arxiv.org/abs/1103.6068
https://inspirehep.net/search?p=find+EPRINT+arXiv:1103.6068

[39]

[40]

[41]

[42]

[43]

[44]

[45]

O. Saremi, Disorder in Gauge/Gravity Duality, Pole Spectrum Statistics and Random Matrix
Theory, Class. Quant. Grav. 31 (2014) 095014 [arXiv:1206.1856] INSPIRE].

H.B. Zeng, Possible Anderson localization in a holographic superconductor, Phys. Rev. D 88
(2013) 126004 [arXiv:1310.5753] [INSPIRE].

M. Taylor and W. Woodhead, Inhomogeneity simplified, Eur. Phys. J. C 74 (2014) 3176
[arXiv:1406.4870] [INSPIRE].

D. Arean, A. Farahi, L.A. Pando Zayas, 1.S. Landea and A. Scardicchio, Holographic
superconductor with disorder, Phys. Rev. D 89 (2014) 106003 [arXiv:1308.1920] [INSPIRE].

D. Aredn, A. Farahi, L.A. Pando Zayas, I. Salazar Landea and A. Scardicchio, Holographic
p-wave Superconductor with Disorder, JHEP 07 (2015) 046 [arXiv:1407.7526] InSPIRE].

D. Arean, L.A. Pando Zayas, 1.S. Landea and A. Scardicchio, Holographic disorder driven
superconductor-metal transition, Phys. Rev. D 94 (2016) 106003 [arXiv:1507.02280]
[INSPIRE].

A. Lucas and S. Sachdev, Conductivity of weakly disordered strange metals: from conformal
to hyperscaling-violating regimes, Nucl. Phys. B 892 (2015) 239 [arXiv:1411.3331]
[INSPIRE].

M. Araujo, D. Arean and J.M. Lizana, Noisy branes, JHEP 07 (2016) 091
[arXiv:1603.09625] [INSPIRE].

A. Adams and S. Yaida, Disordered holographic systems: Functional renormalization, Phys.
Rev. D 92 (2015) 126008 [arXiv:1102.2892] [INSPIRE].

A. Adams and S. Yaida, Disordered holographic systems: Marginal relevance of imperfection,
Phys. Rev. D 90 (2014) 046007 [arXiv:1201.6366] [INSPIRE].

S.A. Hartnoll and J.E. Santos, Disordered horizons: Holography of randomly disordered fixed
points, Phys. Rev. Lett. 112 (2014) 231601 [arXiv:1402.0872] [INSPIRE].

S.A. Hartnoll, D.M. Ramirez and J.E. Santos, Emergent scale invariance of disordered
horizons, JHEP 09 (2015) 160 [arXiv:1504.03324] [INSPIRE].

S.A. Hartnoll, D.M. Ramirez and J.E. Santos, Thermal conductivity at a disordered quantum
critical point, JHEP 04 (2016) 022 [arXiv:1508.04435] [INSPIRE].

S.A. Hartnoll, D.M. Ramirez and J.E. Santos, Entropy production, viscosity bounds and
bumpy black holes, JHEP 03 (2016) 170 [arXiv:1601.02757] [INSPIRE].

D.K. O’Keeffe and A.W. Peet, Perturbatively charged holographic disorder, Phys. Rev. D 92
(2015) 046004 [arXiv:1504.03288] [INSPIRE].

A .M. Garcia-Garcia and B. Loureiro, Marginal and Irrelevant Disorder in Finstein-Mazwell
backgrounds, Phys. Rev. D 93 (2016) 065025 [arXiv:1512.00194] [INSPIRE].

A. Donos and J.P. Gauntlett, On the thermodynamics of periodic AdS black branes, JHEP
10 (2013) 038 [arXiv:1306.4937] [INSPIRE].

A. Donos and J.P. Gauntlett, Thermoelectric DC conductivities from black hole horizons,
JHEP 11 (2014) 081 [arXiv:1406.4742] [INSPIRE).

A. Donos and J.P. Gauntlett, Navier-Stokes Equations on Black Hole Horizons and DC
Thermoelectric Conductivity, Phys. Rev. D 92 (2015) 121901 [arXiv:1506.01360] [INSPIRE].

— 34 —


https://doi.org/10.1088/0264-9381/31/9/095014
https://arxiv.org/abs/1206.1856
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.1856
https://doi.org/10.1103/PhysRevD.88.126004
https://doi.org/10.1103/PhysRevD.88.126004
https://arxiv.org/abs/1310.5753
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.5753
https://doi.org/10.1140/epjc/s10052-014-3176-9
https://arxiv.org/abs/1406.4870
https://inspirehep.net/search?p=find+J+%22Eur.Phys.J.,C74,3176%22
https://doi.org/10.1103/PhysRevD.89.106003
https://arxiv.org/abs/1308.1920
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1920
https://doi.org/10.1007/JHEP07(2015)046
https://arxiv.org/abs/1407.7526
https://inspirehep.net/search?p=find+J+%22JHEP,1507,046%22
https://doi.org/10.1103/PhysRevD.94.106003
https://arxiv.org/abs/1507.02280
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D94,106003%22
https://doi.org/10.1016/j.nuclphysb.2015.01.017
https://arxiv.org/abs/1411.3331
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.3331
https://doi.org/10.1007/JHEP07(2016)091
https://arxiv.org/abs/1603.09625
https://inspirehep.net/search?p=find+J+%22JHEP,1607,091%22
https://doi.org/10.1103/PhysRevD.92.126008
https://doi.org/10.1103/PhysRevD.92.126008
https://arxiv.org/abs/1102.2892
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D92,126008%22
https://doi.org/10.1103/PhysRevD.90.046007
https://arxiv.org/abs/1201.6366
https://inspirehep.net/search?p=find+EPRINT+arXiv:1201.6366
https://doi.org/10.1103/PhysRevLett.112.231601
https://arxiv.org/abs/1402.0872
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.0872
https://doi.org/10.1007/JHEP09(2015)160
https://arxiv.org/abs/1504.03324
https://inspirehep.net/search?p=find+J+%22JHEP,1509,160%22
https://doi.org/10.1007/JHEP04(2016)022
https://arxiv.org/abs/1508.04435
https://inspirehep.net/search?p=find+J+%22JHEP,1604,022%22
https://doi.org/10.1007/JHEP03(2016)170
https://arxiv.org/abs/1601.02757
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.02757
https://doi.org/10.1103/PhysRevD.92.046004
https://doi.org/10.1103/PhysRevD.92.046004
https://arxiv.org/abs/1504.03288
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D92,046004%22
https://doi.org/10.1103/PhysRevD.93.065025
https://arxiv.org/abs/1512.00194
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.00194
https://doi.org/10.1007/JHEP10(2013)038
https://doi.org/10.1007/JHEP10(2013)038
https://arxiv.org/abs/1306.4937
https://inspirehep.net/search?p=find+J+%22JHEP,1310,038%22
https://doi.org/10.1007/JHEP11(2014)081
https://arxiv.org/abs/1406.4742
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.4742
https://doi.org/10.1103/PhysRevD.92.121901
https://arxiv.org/abs/1506.01360
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D92,121901%22

[58]

[59]

[60]

[61]

[62]

[67]

[68]

[69]

[70]

[71]

[72]

A. Donos, J.P. Gauntlett, T. Griffin and L. Melgar, DC Conductivity of Magnetised
Holographic Matter, JHEP 01 (2016) 113 [arXiv:1511.00713] [InSPIRE].

A. Donos, J.P. Gauntlett and V. Ziogas, Diffusion in inhomogeneous media, Phys. Rev. D 96
(2017) 125003 [arXiv:1708.05412] [INSPIRE].

S. Grozdanov, A. Lucas, S. Sachdev and K. Schalm, Absence of disorder-driven
metal-insulator transitions in simple holographic models, Phys. Rev. Lett. 115 (2015) 221601
[arXiv:1507.00003] [iNSPIRE].

S. Grozdanov, A. Lucas and K. Schalm, Incoherent thermal transport from dirty black holes,
Phys. Rev. D 93 (2016) 061901 [arXiv:1511.05970] InSPIRE].

T.N. Ikeda, A. Lucas and Y. Nakai, Conductivity bounds in probe brane models, JHEP 04
(2016) 007 [arXiv:1601.07882] INSPIRE].

A. Lucas, Hydrodynamic transport in strongly coupled disordered quantum field theories, New
J. Phys. 17 (2015) 113007 [arXiv:1506.02662] [INSPIRE].

B.L. Altshuler, D. Khmel’nitzkii, A.I. Larkin and P.A. Lee, Magnetoresistance and hall effect
in a disordered two-dimensional electron gas, Phys. Rev. B B 22 (1980) 5142.

C. Fefferman and C. R. Graham, The ambient metric, arXiv:0710.0919.

C. Fefferman and C.R. Graham, Conformal Invariants, in Elie Cartan et les Mathématiques
d’aujourd’hui, Société mathématique de France, Paris France (1985), pg. 95.

K. Skenderis and S.N. Solodukhin, Quantum effective action from the AdS/CFT
correspondence, Phys. Lett. B 472 (2000) 316 [hep-th/9910023].

P. Breitenlohner and D.Z. Freedman, Positive Energy in anti-de Sitter Backgrounds and
Gauged Extended Supergravity, Phys. Lett. 115B (1982) 197 [INSPIRE].

P. Breitenlohner and D.Z. Freedman, Stability in Gauged Ezxtended Supergravity, Annals
Phys. 144 (1982) 249 [INSPIRE].

R.A. Janik, J. Jankowski and P. Witkowski, Conformal defects in supergravity-backreacted
Dirac delta sources, JHEP 07 (2015) 050 [arXiv:1503.08459] INSPIRE].

C. Li and J. Lucietti, Three-dimensional black holes and descendants, Phys. Lett. B 738
(2014) 48 [arXiv:1312.2626] [INSPIRE].

K. Skenderis, Lecture notes on holographic renormalization, Class. Quant. Grav. 19 (2002)
5849 [hep-th/0209067| [INSPIRE].

— 35 —


https://doi.org/10.1007/JHEP01(2016)113
https://arxiv.org/abs/1511.00713
https://inspirehep.net/search?p=find+J+%22JHEP,1601,113%22
https://doi.org/10.1103/PhysRevD.96.125003
https://doi.org/10.1103/PhysRevD.96.125003
https://arxiv.org/abs/1708.05412
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.05412
https://doi.org/10.1103/PhysRevLett.115.221601
https://arxiv.org/abs/1507.00003
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,115,221601%22
https://doi.org/10.1103/PhysRevD.93.061901
https://arxiv.org/abs/1511.05970
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D93,061901%22
https://doi.org/10.1007/JHEP04(2016)007
https://doi.org/10.1007/JHEP04(2016)007
https://arxiv.org/abs/1601.07882
https://inspirehep.net/search?p=find+J+%22JHEP,1604,007%22
https://doi.org/10.1088/1367-2630/17/11/113007
https://doi.org/10.1088/1367-2630/17/11/113007
https://arxiv.org/abs/1506.02662
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.02662
https://doi.org/10.1103/PhysRevB.22.5142
https://arxiv.org/abs/0710.0919
https://doi.org/10.1016/S0370-2693(99)01467-7
https://arxiv.org/abs/hep-th/9910023
https://doi.org/10.1016/0370-2693(82)90643-8
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B115,197%22
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1016/0003-4916(82)90116-6
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,144,249%22
https://doi.org/10.1007/JHEP07(2015)050
https://arxiv.org/abs/1503.08459
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.08459
https://doi.org/10.1016/j.physletb.2014.09.012
https://doi.org/10.1016/j.physletb.2014.09.012
https://arxiv.org/abs/1312.2626
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B738,48%22
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/0264-9381/19/22/306
https://arxiv.org/abs/hep-th/0209067
https://inspirehep.net/search?p=find+J+%22Class.Quant.Grav.,19,5849%22

	Introduction
	Setup
	Geometry
	Scalar field and equations of motion

	Perturbative analytical calculation of one-point and two-point scalar correlation functions
	Zeroth order
	Second order
	Constant geometry
	Oscillating geometries
	Disordered geometries
	Comments on other masses and correlated disorder


	Numerical analysis
	One-point correlation function
	Two-point correlation function

	Comparison with previous results in the literature
	Conclusions and outlook
	Notes on random fields
	Implementation
	Cutoffs
	Discrete

	Holographic renormalisation
	Boundary-to-bulk propagator and boundary two-point function

