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1 Introduction

The superconformal multiplet calculus is a crucial tool for the construction and analysis

of general matter couplings to gauge theories, both in flat and curved space. Though

conformality implies the absence of a physical energy scale, necessary for both a classical

as well as quantum description, superconformal invariant couplings of supergravity can

be gauge fixed to obtain the physical Poincaré theory. This procedure requires compen-

sator multiplets, short matter multiplets which are used to fix conformal symmetries. The

knowledge of general irreducible representations of the superconformal algebra is hence of

utmost importance to the construction of invariant couplings in supergravity, especially

higher derivative ones, see e.g. [2–8], which are relevant to our discussion here.

Off-shell superconformal multiplets with 8 supercharges exist for 3 ≤ d ≤ 6. This

includes the Weyl multiplet of conformal supergravity itself, which will be our chief concern

in this paper. These Weyl multiplets in differing spacetime dimensions are deeply connected

and, in fact, the various cases can be connected via dimensional reduction [9–11]. This

entails that certain field representations and structures in d dimensions must correspond

to those in d − 1 dimensions. One important example of such correspondence, central to

this paper, is the existence of a variant version of the Weyl multiplet, with the same number

of off-shell degrees of freedom, known as the dilaton Weyl multiplet.

The dilaton Weyl multiplet was discovered first in six dimensions in [12], and later

on in five dimensions [13]. As the name suggests, these variant Weyl multiplets contain a

scalar field of non-vanishing Weyl weight. Because the off-shell degrees of freedom match

the corresponding standard Weyl multiplet, a bosonic degree of freedom from the standard

Weyl multiplet must be removed in exchange for the dilaton. This field is an auxiliary

scalar of Weyl weight two, typically denoted D. This is not the only exchange which

occurs. Supersymmetry implies a dilatino partner to the dilaton, and this is exchanged
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with a fermionic auxiliary χi. Finally, an auxiliary tensor field is exchanged for a set of

p-forms. In six dimensions, an anti-self-dual tensor T−abc is traded for a dynamical gauge

two-form Bµν , while in five dimensions, an antisymmetric tensor Tab is traded for a gauge

two-form Bµν as well as a gauge one-form Aµ.

This exchange is helpful for a few reasons. First, in two-derivative actions, the auxiliary

D plays the role of a Lagrange multiplier and so there must be another scalar degree of

freedom for it to remove to construct a physical action (and similarly with χi). This is

the reason that theories with eight supercharges require two compensators: one scalar

degree of freedom becomes a Weyl compensator whose kinetic term yields the Einstein

action, while another must be paired with D. In the dilaton Weyl multiplet, only one

compensating multiplet is needed to provide the Einstein action. Another advantage of

the 5d and 6d dilaton Weyl multiplets is that they both come with an off-shell two-form

built in. In the standard Weyl multiplets, any two-form must come from a superconformal

matter multiplet, but in both d = 5 and d = 6, the short matter multiplets involving

two-forms are on-shell.1 This suggests that constructing general higher derivative actions,

such as those descending from string theory, would be difficult. The dilaton Weyl multiplet

naturally provides a means to introduce a single two-form into the gravity multiplet (with

the dilaton and dilatino as an added bonus) while remaining off-shell.

It has long been suspected that a d = 4 dilaton Weyl multiplet should be possible, but,

to the best of our knowledge, it has not been explicitly constructed. It was first noticed

by Siegel [17] that a variant Weyl multiplet in d = 4 was possible via a string-inspired

argument. By formally tensoring together two copies of (super) Yang-Mills from the left

and right-moving modes of a string compactified to four dimensions, Siegel derived the field

content of the standard Weyl multiplet and the dilaton Weyl multiplet from, respectively,

an N = (1, 1) worldsheet and an N = (2, 0) worldsheet (with the left-moving sector of

type II). The d = 4 dilaton Weyl multiplet differs from its higher dimensional analogues

with the auxiliary anti-self-dual tensor T−ab replaced by a gauge two-form and two gauge

one-forms. As with d = 5, this set of p-forms is precisely what one would expect from

dimensionally reducing the d = 6 two-form. In fact, this d = 4 dilaton Weyl multiplet

was almost constructed already in superspace even earlier by Müller [1]. He considered a

larger 32 + 32 Poincaré supergravity multiplet, which he called the new minimal N = 2

supergravity multiplet, which it turns out can be interpreted as the dilaton Weyl multiplet

coupled to a linear multiplet compensator.

In this paper, we present a modern analysis, inspired by the five dimensional case [13].

There the dilaton Weyl multiplet was found in two different, yet equivalent ways: via the

construction of the current multiplet for a non-conformal vector multiplet and by coupling

the standard Weyl multiplet to an on-shell vector multiplet. The two methods are in fact

not equivalent in four dimensions. Coupling to an on-shell vector multiplet leads to the

actual dilaton Weyl multiplet, while the current analysis leads instead to a large irreducible

24+24 component matter multiplet. Here we focus on the dilaton Weyl multiplet, leaving

1Actually, in five dimensions, the off-shell two-form multiplet can be defined in the presence of a central

charge [14] (see [15, 16] for its superspace form), consistent with its reduction from six dimensions.
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the latter discussion to another work [18]. In section 2, we review the standard Weyl

multiplet, with some minor modifications to its conventional constraints to separate out

the auxiliary fields D, χi, and T−ab. In section 3, we analyze the on-shell vector multiplet

and solve its multiplet of field equations. The dilaton Weyl multiplet is summarized in

section 4. In section 5, we show how to modify Müller’s construction [1] to remove the

linear multiplet compensator, giving a superspace description of the dilaton Weyl multiplet.

2 The standard Weyl multiplet and its (un)conventional constraints

The structure of the N = 2 standard Weyl multiplet was worked out in [19] several decades

ago. It is an irreducible field representation of the superconformal algebra SU(2, 2|2) con-

sisting of the following field content. There is a vierbein eµ
a, a gravitino ψµ

i, connections

Vµ
i
j and Aµ gauging the R-symmetry group SU(2)R ×U(1)R, and a dilatation connection

bµ. The remaining gauge fields are the Lorentz spin connection ωµ
ab, the S-supersymmetry

connection φµ
i, and the special conformal (or K-boost) connection fµ

a. These latter three

connections turn out to be composite and determined in terms of the so-called conven-

tional constraints

R(P )µν
a = 0 , γµR(Q)µν

i +
3

2
γν χ

i = 0 ,

eµbR(M)µνa
b + i R̃(A)µa +

1

8
Tabij Tµ

bij − 3

2
Deµa = 0 . (2.1)

Here R(P ), R(M), R(A) and R(Q) are the supercovariant curvatures associated with local

translations, local Lorentz transformations, chiral U(1)R transformations, and the ordinary

supersymmetry (also referred to as Q-supersymmetry). The covariant fields Tab
ij , D and

χi appearing both explicitly in these constraints and implicitly in the definitions of the

curvatures themselves are necessary for completing the field representation. In all two-

derivative actions, these covariant fields appear without kinetic terms and are generally

called the auxiliary fields of the Weyl multiplet for this reason. These auxiliary fields

ensure that the off-shell bosonic and fermionic degrees of freedom match, providing 7 + 8

degrees of freedom to yield the total 24 + 24 off-shell degrees of freedom of the standard

Weyl multiplet. The field content of the standard Weyl multiplet is tabulated in table 1

along with the chiral weights and Weyl weights of the fields, as well as their symmetry

properties. The tensor T∓ab appearing in the table indicate the (anti)self-dual components

of Tab. Complex conjugation raises/lowers SU(2) indices, reverses the chiral weight and

chirality (for fermions), and switches the duality property of a tensor.

In five and six dimensions, the standard Weyl multiplet with eight supercharges shares

a very similar structure, including a similar auxiliary field content. There it is possible

to introduce an alternative Weyl multiplet, known as the dilaton Weyl multiplet, where

these auxiliary fields are removed. In their place, one introduces a dynamical scalar field

(the dilaton), a dynamical fermion (the dilatino), and a set of p-form gauge fields that

lead to a new multiplet of 24 + 24 off-shell degrees of freedom. In both cases, the dilaton

Weyl multiplet can be viewed as the standard Weyl multiplet coupled to a certain on-

shell multiplet (a vector multiplet for d = 5 and a tensor multiplet for d = 6). The field
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Field
SU(2)

Irreps

Weyl

weight (w)

Chiral

weight (c)

Chirality

for fermions

eµ
a 1 −1 0 —

Vµ
i
j ,

(Vµ
i
j)
∗ = −Vµji

3 0 0 —

Aµ 1 0 0 —

bµ 1 0 0 —

Tab
ij ,

Tab
ij = 1

2ε
ijT−ab

1 1 −1 —

D 1 2 0 —

ψµ
i 2 −1/2 −1/2 +1

χi 2 3/2 −1/2 +1

Table 1. Weights and chiralities of standard Weyl multiplet fields.

equations for the on-shell multiplet are linear in the Weyl multiplet auxiliaries and can

be reinterpreted as constraint equations for the auxiliaries themselves. This exchanges the

Weyl multiplet auxiliaries for these other physical fields, while keeping the total number of

off-shell degrees of freedom unchanged.

To construct the 4d dilaton Weyl multiplet, we will follow the same procedure used in

five dimensions [13]: we couple an N = 2 vector multiplet to the standard Weyl multiplet

and use the equations of motion to eliminate the auxiliary fields. To do this efficiently, it

is helpful to extract from the composite gauge fields φµi and fµ
a any dependence on the

auxiliary fields Tab
ij , χi, and D. That is, one wishes to shift the auxiliary fields as

φ
(new)
µi = φ

(old)
µi − 1

2
γµχi ,

f (new)
µa = f (old)µa +

1

4
Deµa −

1

16
Tµb

ijTa
b
ij . (2.2)

These redefinitions actually correspond to making a different choice of conventional con-

straints

R(P )aµν = 0 , γµR(Q)µνi = 0 , eb
νR(M)µνa

b − iR̃(A)µa = 0 . (2.3)

Comparing with (2), these (un)conventional constraints correspond to curvature shifts

R(Q)
(new)
µνi = R(Q)

(old)
µνi +

1

2
γµνχi ,

R(M)(new)
µν

ab = R(M)(old)µν
ab −De[µaeν]b +

1

4
T[µ|c

ijT [a|c
ije|ν]

|b] . (2.4)

The transformations under Q- and S-supersymmetry will also change accordingly,

δeµ
a = ε̄iγaψµi + h.c.

δψµ
i = 2Dµεi −

1

8
γ · T ijγµεj − γµηi
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δbµ =
1

2
ε̄iφµi −

1

2
ε̄iγµχi −

1

2
η̄iψµi + h.c. + ΛaKeµa

δAµ =
i

2
ε̄iφµi + iε̄iγµχi +

i

2
η̄iψµi + h.c.

δVµ
i
j = 2 ε̄jφ

i
µ − 2 ε̄jγµχ

i + 2 η̄jψ
i
µ − (h.c.; traceless)

δTab
ij = 8 ε̄[iR(Q)ab

j] − 4ε̄[iγabχ
j]

δχi = − 1

12
γab 6DT abijεj +

1

6
γ ·R(V )ijε

j − i

3
γ ·R(A)εi +Dεi +

1

12
γ · T ijηj

δωµ
ab = −1

2
ε̄iγabφµi −

1

4
ε̄i[γab, γµ]χi −

1

2
ε̄iT abijψ

j
µ + ε̄iγµR(Q)abi

− 1

2
η̄iγabψµi + h.c. + 2Λ

[a
Keµ

b]

δcovφµ
i = −1

8

[
6Dγ · T ijγµ −

1

3
γµγ· 6DT ij

]
εj +

1

4

[
γ ·R(V )ijγµ −

1

3
γµγ ·R(V )ij

]
εj

+
i

2

[
γ ·R(A)γµ +

1

3
γµγ ·R(A)

]
εi − 1

8
Tµb

kjT abkjγaε
i − 1

24
γµγ · T ijηj . (2.5)

Here we have refrained from giving the transformation rule for fµ
a and the non-covariant

pieces in the transformation law of φiµ. They can be easily worked out, but are not relevant

for our computation. It is a simple exercise to verify that all the fields appearing above

obey the new constraints.

In the presence of the modified constraints (2.3), the supersymmetry algebra is al-

tered. One finds that, as with the conventional constraints, the superconformal algebra

of SU(2, 2|2) must be modified, introducing new field-dependent structure constants (or

structure functions). The supersymmetry algebra becomes

[δQ(ε1), δQ(ε2)] = δ(cov)(ξ) + δM (ε) + δK(ΛK) + δS(η) , (2.6)

where ξµ = 2ε̄i2γ
µε1i + h.c. while ε, η, and ΛK depend on the auxiliary fields as

εab = εij ε̄1iε2jT
−
ab + h.c. ,

ΛaK = εi1ε
j
2DbT

ba
ij − ε̄i2γaε1iD − 2ε̄i2γ

bε1iTbc
jkT acjk + h.c. ,

ηi = 6ε̄i[1ε
j
2]χj − ε̄

j
[2γ

aε1]jγaχ
i . (2.7)

The shifts in the connections (2.2) have induced shifts in ΛK and ηi relative to the stan-

dard constraints. This is simply because when one shifts connections within the covariant

diffeomorphism δ(cov)(ξ), without redefining δQ itself, the shifts must appear as explicit

new terms in the above commutator. We emphasize that because neither δQ nor δS have

been redefined, their commutator remains unchanged,

[δS(η), δQ(ε)] = δM (η̄iγ
abεi + h.c.) + δD(η̄iεi + h.c.)

+ δA(iη̄iε
i + h.c.) + δV (−2η̄iεj − (h.c. ; traceless)) . (2.8)
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3 The vector multiplet and the multiplet of its equations of motion

Now let us introduce an abelian vector multiplet. This is an off-shell representation of the

superconformal algebra, transforming under Q and S-supersymmetries and K-boosts as

δX = ε̄iΩi

δΩi = 2 6DXεi +
1

2
εijγ · F̂εj + Yijε

j + 2Xηi

δWµ = εij ε̄iγµΩj + 2εijX̄ε̄
iψjµ + h.c.

δYij = 2ε̄(iΓj) + 2εikεjlε̄
(kΓl) (3.1)

with

Γj = 6DΩj − 2Xχj , F̂µν = Fµν −
1

4
εijX̄Tµν

ij − 1

4
εijXTµνij . (3.2)

We have written these transformation rules already using the new composite connections

associated with the unconventional constraints (2.3).

In the above equation, Fµν is the superconformally covariant field strength associated

with the gauge field Wµ and is given as

Fµν = 2∂[µWν] − εijψ̄[µ
i
(
γν]Ω

j + ψν]
jX̄

)
− εijψ̄[µi

(
γν]Ωj + ψν]jX

)
.

The supercovariant field strength satisfies the following Bianchi identity

Db
(
F+
ab −F

−
ab

)
= 0 (3.3)

or in terms of F̂ ,

Db

[
F̂+
ab − F̂

−
ab +

1

4
εijXTabij −

1

4
εijX̄Tab

ij

]
= 0 .

This multiplet contains 8+8 degrees of freedom off-shell, and 4+4 on-shell (for the bosons,

two from the complex scalar plus two from the on-shell gauge field).

We add here that because the vector multiplet contains a gauge field Wµ, the algebra

of supersymmetry transformations (2.6) will in general contain also a local gauge transfor-

mation δgauge(λ) with field-dependent parameter λ. Computing [δQ, δQ] on Wµ, one finds

λ = 4εij ε̄2iε1jX + h.c. (3.4)

At this point we want to obtain the constraints which will allow us to trade the auxiliary

fields of the standard Weyl multiplet for the fields of the vector multiplet. As was explained

in [13] there are two ways of achieving this: one is to use the superconformally invariant

action of the vector multiplet coupled to the standard Weyl multiplet and eliminate the

auxiliary fields via the equations of motion. The second procedure, as outlined in [13], is

more suitable for getting the equations of motion directly without referring to the action.

In this procedure, we obtain the multiplet of equations of motion by starting from the

– 6 –
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equation of motion with the lowest Weyl weight, which is also S-invariant. The other

components of the equation of motion multiplet are obtained by successive application of

Q-supersymmetry.

In our case, the starting point of the analysis is the algebraic equation of motion of

Yij which has the lowest Weyl weight w = 2. The only covariant combination of fields of

Weyl weight 2 that we can write down, which is also S-invariant, is Yij = 0. Successive

applications of Q-supersymmetry give

δYij = 2ε̄(iΓj) + 2εikεjlε̄
(kΓl) (3.5)

δΓj = 2

[
χ̄kΩk +D2X −XD +

1

8
F̂ · T−

]
εj + 2εjkDa

[
F̂−ab − 1

4
XT+ab

]
γbε

k+ 6DYjkεk .

The multiplet of equations of motion is then {Yij ,Γi, C,J a}, with the final constraints

reading:

Yij = 0

Γi = 6DΩi − 2Xχi = 0

C = χ̄iΩi +D2X −XD +
1

8
F̂ · T− = 0

J a = −Db

(
F̂−ab − 1

4
XT+ab

)
= 0 . (3.6)

Here we have defined

T+
ab = εijTabij , T−ab = εijTab

ij . (3.7)

The equation J b = 0 is a complex equation. Its imaginary part is automatically satisfied

by the Bianchi identity (3.3), but its real part gives a non-trivial equation,

J b + J̄ b = Da

[
Fab − 1

2
XT+ab − 1

2
X̄T−ab

]
= 0 . (3.8)

This can be interpreted as the Bianchi identity of a different vector gauge field W̃µ. In

particular, we can write the equation (3.8) as the Bianchi identity

D[aGbc] = 0 (3.9)

with Gµν given by

i

2
εabcdGcd = Fab −

1

2
XT+ab − 1

2
X̄T−ab , (3.10)

or equivalently

i
(
G+ab − G−ab

)
= Fab −

1

2
XT+ab − 1

2
X̄T−ab . (3.11)
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Here, Gµν should be interpreted as the supercovariant field strength of a new vector gauge

field W̃µ. Using the above equation one can solve for T±ab in terms of the field strength of

Wµ and W̃µ as follows

T+ab = 2X−1
(
F+ab − iG+ab

)
, T−ab = 2 X̄−1

(
F−ab + iG−ab

)
. (3.12)

The supersymmetry transformation of Gab can be obtained from the definition (3.10) using

the transformations of T±ab and Fab. Then one can work out the transformation of W̃µ from

the knowledge of the supersymmetry transformation of Gµν , the Bianchi identity (3.9) and

supersymmetry algebra (2.6). The result is

δW̃µ = iεij ε̄iγµΩj − 2iεijX̄ε̄
iψjµ + h.c. (3.13)

From the above transformation law, one can work out the form of the superconformally

invariant field strength Gµν ,

Gµν = 2∂[µW̃ν] + iεijψ̄[µ
i
(
γν]Ω

j + ψν]
jX̄

)
− iεijψ̄[µi

(
γν]Ωj + ψν]jX

)
(3.14)

The [δQ, δQ] commutator picks up a field dependent gauge transformation δgauge(λ̃) when

it acts on W̃µ, with

λ̃ = −4i εij ε̄2iε1jX + h.c. (3.15)

Next, we use the equation Γj = 0, to eliminate χj as

χj =
1

2
X−1 6DΩj (3.16)

Finally, using the real and imaginary parts of the C = 0 equation of motion, we can

eliminate D and find a constraint on the complex scalar X,

D =
1

2
|X|−2

(
XD2X̄ +

1

2
Ω̄k 6DΩk +

1

4
F · F+ +

1

4
G · G+ + h.c.

)
, (3.17)

XD2X̄ +
1

2
Ω̄k 6DΩk +

1

4
F · F+ +

1

4
G · G+ − h.c. = 0 . (3.18)

In the next subsection we will analyze this last constraint in detail, and show that it

can be used to trade the U(1)R connection for a two form gauge field.

3.1 Analysis of the constraint on the scalar fields

The constraint (3.18) can be easily re-written in the form

Da

(
−XX̄ Da log

X

X̄
+

1

2
Ω̄kγaΩk

)
= −1

8
F · F̃ − 1

8
G · G̃ (3.19)

Let us denote the term in the parentheses as

XX̄ Da log
X

X̄
− 1

2
Ω̄kγaΩk =

1

3!
εabcdHbcd . (3.20)

– 8 –



J
H
E
P
0
3
(
2
0
1
8
)
1
5
4

With the above definition, the constraint (3.18) becomes a Bianchi identity for the three-

form field strength H as shown below.

D[aHbcd] =
3

8
F[abFcd] +

3

8
G[abGcd] . (3.21)

Now expanding out the covariant derivative in (3.20) gives

2iXX̄ Aa +XX̄ ∂a log
X

X̄
− 1

2
X̄ ψ̄iaΩi +

1

2
X ψ̄aiΩ

i − 1

2
Ω̄kγaΩk =

1

3!
εabcdHbcd . (3.22)

We can then interpret (3.22) as a constraint that determines the U(1)R symmetry gauge

field in terms of the other fields. Because Aµ is a gauge field, this is only possible because

it combines with the phase of the complex scalar X; the “Higgsed” U(1)R gauge field is

what is determined by the above combination.

We can further use (3.20) to obtain the U(1)R symmetry field strength in terms of the

three-form field strength and other covariant objects as

R(A)ab =
i

4
|X|−2εabfcDdHfcd −

i

4X
R̄(Q)iabΩi +

i

4X̄
R̄(Q)abiΩ

i − 2i|X|−2D[aXDb]X̄

− i

2
|X|−2D[a

(
Ωkγb]Ωk

)
. (3.23)

The dual of this appears in the R(M) constraint in (2.3).

Now we must solve the Bianchi identity (3.21) for a two-form field Bµν just as we

solved (3.9) for W̃µ. For the non-supersymmetric case, the solution to the Bianchi identity

would be

Hµνρ := 3∂[µBνρ] +
3

4
W[µFνρ] +

3

4
W̃[µGνρ] , (3.24)

where Fµν = 2∂[µWν] and Gµν = 2∂[µW̃ν] are the standard field strengths of the gauge

fields Wµ and W̃µ respectively. We expect H to differ from H by supercovariantizations

involving the gravitino which we find below.

The two-form Bµν should transform as the exterior derivative of a one-form as well

as under the zero-form gauge transformations corresponding to Wµ and W̃µ. In addition,

it should transform under supersymmetry. From (3.20), one can find that the three form

field strength Habc transforms under supersymmetry as

δQ

(
1

6
εabcdHbcd

)
= −ε̄iγabDb(ΩiX̄) +

1

16
εij ε̄

iγaγ · (F+ − iG+)Ωj

+
1

8
εij ε̄

iγ · (F− − iG−)γaΩ
j − h.c.

δS

(
1

6
εabcdHbcd

)
= −3

2
X̄η̄iγaΩi − h.c. (3.25)

Of course, H is inert under the one-form transformation of Bµν as well as the zero-form

transformations of Wµ and W̃µ. To obtain δBµν we require

1. the Bianchi identity of the three form field strength as given in (3.21),

– 9 –
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2. the supersymmetry transformation of the three form field strength as given in (3.25),

3. the closure of the supersymmetry algebra, both [δQ, δQ] as well as [δS , δQ].

After incorporating the above operations, we obtain

δBµν =
1

2
W[µδQWν] +

1

2
W̃[µδQW̃ν] + X̄ε̄iγµνΩi +Xε̄iγµνΩi + 2XX̄ε̄iγ[µψν] i

+ 2XX̄ε̄iγ[µψ
i
ν] + 2∂[µΛν] −

λ

4
Fµν −

λ̃

4
Gµν . (3.26)

The parameters λ and λ̃ are the gauge transformation parameters associated with the gauge

fields Wµ and W̃µ. The above analysis also shows that Bµν is S-invariant. From (3.20), it

also follows that Bµν has zero Weyl and chiral weights. From the above transformation of

Bµν , one can obtain the explicit form of the fully supercovariant three form field strength

Hµνρ as

Hµνρ := Hµνρ −
3

2
X̄ψ̄i[µγνρ]Ωi −

3

2
Xψ̄[µ iγνρ]Ω

i − 3XX̄ψ̄i[µγνψρ]i , (3.27)

with Hµνρ given by (3.24). The commutator [δQ, δQ] picks up a field dependent vector

gauge transformation δV (Λµ) when it acts on Bµν , with

Λµ = εij ε̄
i
1ε
j
2X̄Wµ − iεij ε̄i1ε

j
2X̄W̃µ + 2XX̄ε̄i2γµε1i + h.c. (3.28)

4 The N = 2 dilaton Weyl multiplet in components

Let us summarize our result for the N = 2 dilaton Weyl multiplet now. It possesses 24+24

degrees of freedom. The independent bosonic fields are as follows: the vierbein eµ
a, the

dilatation gauge field bµ, the SU(2)-gauge field Vµij , a complex scalar X, two abelian gauge

fields Wµ and W̃µ, and a two-form tensor gauge field Bµν . The fermionic field content is

as follows: the gravitino, whose left and right chiral components are denoted by the SU(2)

doublets ψµi and ψµ
i and another SU(2) doublet of spinors whose left and right chiral

components are denoted by Ωi and Ωi.

Apart from the generators of the SU(2, 2|2) superconformal algebra, this multiplet

also has one vector gauge symmetry corresponding to transformation of Bµν and two U(1)

gauge symmetries corresponding to the gauge fields Wµ and W̃µ. The latter two will be

denoted U(1)W and U(1)W̃ respectively.

In what follows, we give how the independent fields transform under all the superconfor-

mal transformations and the other gauge transformations present in the dilaton Weyl mul-

tiplet: Q-susy, S-susy, K-boosts, local Lorentz transformation, SU(2) × U(1) R-symmetry,

dilatation, U(1)W , U(1)W̃ and vector-gauge transformation parameterized by εi, ηi, ΛaK ,

ΛabM , (Λij ,ΛA), ΛD, λ, λ̃ and Λµ respectively:

δeµ
a = ε̄iγaψµi + h.c.− ΛDeµ

a + ΛabMeµb

δψµ
i = 2Dµεi −

1

16
εijX̄−1γ ·

(
F− + iG−

)
γµεj − γµηi −

1

2
ΛDψµ

i

− i

2
ΛAψµ

i + Λijψµ
j +

1

4
ΛabMγabψµ

i
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δbµ =
1

2
ε̄iφµi −

1

4
X−1ε̄iγµ 6DΩi −

1

2
η̄iψµi + h.c. + ΛaKeµa + ∂µΛD

δVµij = 2ε̄jφ
i
µ − X̄−1ε̄jγµ 6DΩi + 2η̄jψ

i
µ − (h.c.; traceless)

− 2∂µΛij + ΛikVµkj − ΛkjVµik

δX = ε̄iΩi + (ΛD − iΛA)X

δΩi = 2 6DXεi +
1

4
εijγ · Fεj −

i

4
εijγ · G−εj + 2Xηi +

(
3

2
ΛD −

i

2
ΛA

)
Ωi − Λj iΩj

+
1

4
ΛabMγabΩi

δWµ = εij ε̄iγµΩj + 2εijX̄ε̄
iψjµ + h.c. + ∂µλ

δW̃µ = iεij ε̄iγµΩj − 2iεijX̄ε̄
iψjµ + h.c. + ∂µλ̃

δBµν =
1

2
W[µδQWν] +

1

2
W̃[µδQW̃ν] + X̄ε̄iγµνΩi +Xε̄iγµνΩi

+ 2XX̄ε̄iγ[µψν] i + 2XX̄ε̄iγ[µψ
i
ν] + 2∂[µΛν] −

λ

4
Fµν −

λ̃

4
Gµν (4.1)

where

Dµεi = ∂µε
i − 1

4
ωµ

abγabε
i +

1

2
(bµ + iAµ) εi +

1

2
Vµijεj . (4.2)

The gauge fields ωµ
ab, faµ , φiµ and Aµ corresponding to local Lorentz transformation, K-

boosts, S-supersymmetry and U(1)R symmetry are composite gauge fields which are de-

termined from the constraints (2.3) and (3.22). The U(1)R field strength that appears in

the constraint (2.3) is given in terms of the three-form field strength and other covariant

objects as shown in (3.23). The [δQ, δQ] commutator acts on this multiplet as

[δQ(ε1), δQ(ε2)] = δ(cov)(ξ) + δM (ε) + δK(ΛK) + δS(η) + δW (λ) + δW̃ (λ̃) + δV (Λµ) (4.3)

where the parameters ε, ΛK , and η are as given in (2.7), λ is as given in (3.4), λ̃ is as given

in (3.15) and Λµ is as given in (3.28). Here δW , δW̃ and δV corresponds to transformation

under U(1)W , U(1)W̃ and vector-gauge transformation respectively.

A few comments about this multiplet are in order. As with the dilaton Weyl multi-

plet in five dimensions, it possesses a scalar field that can be used to gauge-fix the Weyl

symmetry. However, here that field appears in a complex scalar X together with a phase

that can be used to gauge-fix the U(1)R symmetry. The Weyl fermions Ωi can similarly

be used to gauge-fix S-supersymmetry. As with the standard Weyl multiplet, bµ may be

eliminated by a choice of K-gauge.

5 The N = 2 dilaton Weyl multiplet in superspace

The 4d N = 2 dilaton Weyl multiplet was already constructed in superspace by Müller

in [1], but with the addition of a compensating tensor multiplet that accomplishes the
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breaking of SU(2)R to SO(2)R. The result is a minimal 32 + 32 supergravity multiplet.

The further breakdown of the R-symmetry group, along with the additional component

fields, seems to have prevented its appreciation. Here we give a modified version of his

superspace construction, with the additional tensor multiplet removed, that leads to the

dilaton Weyl multiplet. Aside from notational changes, we also employ N = 2 conformal

superspace [20] (we follow the conventions in [4]), whose component formulation can be

exactly identified with N = 2 conformal supergravity. Note that the 5d dilaton Weyl

multiplet has also been constructed in superspace, see [21] and [8].

Recall in superspace that a vector multiplet is described by a closed two-form F = dW
whose tangent space components are given by

Fαi βj = −4εαβεijX̄ , F α̇i β̇j = −4εα̇β̇εijX ,

Fαi b = (γb)αα̇εij∇̄α̇jX̄ , F α̇ib = (γb)
α̇αεij∇αjX ,

Fab = −1

8
(γab)

αβ∇αβX −
1

8
(γab)α̇β̇∇̄

α̇β̇X̄ +W+
abX +W−abX̄ . (5.1)

The superspace Bianchi identity dF = 0 imposes that the superfield X should be a reduced

chiral, meaning that it obeys the two constraints

∇̄α̇iX = 0 , ∇ijX = εikεjl∇̄klX̄ . (5.2)

If the superfield obeys in addition the on-shell constraint ∇ijX = 0, one can introduce a

second closed two-form G with X replaced by iX ,

Gαi βj = 4iεαβεijX̄ , Gα̇i β̇j = −4iεα̇β̇εijX ,

Gαi b = −i(γb)αα̇εij∇̄α̇jX̄ , Gα̇ib = i(γb)
α̇αεij∇αjX ,

Gab = − i
8

(γab)
αβ∇αβX +

i

8
(γab)α̇β̇∇̄

α̇β̇X̄ + iW+
abX − iW

−
abX̄ . (5.3)

The closure of G implies that (at least locally) G = dW̃ for a new one-form W̃.

Following [1], F and G can now be combined into a complex super two-form F + iG,

(F + iG)αi βj = −8εαβεijX̄ , (F + iG)α̇i β̇j = 0 ,

(F + iG)αi b = 2(γb)αα̇∇̄α̇X̄ , (F + iG)α̇ib = 0 ,

(F + iG)ab = −1

4
(γab)α̇β̇∇̄

α̇β̇X + 2X̄W−ab . (5.4)

Encoded in the anti-self-dual part of the last equation is a constraint on the super-Weyl

tensor W−ab,

F−ab + iG−ab = 2X̄W−ab . (5.5)

This is the superspace version of the component equation (3.12), with T−ab = 4W−ab|θ=0.

The component constraints on χi and D follow by applying superspace spinor derivatives.

– 12 –
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At the component level, the Higgsed U(1)R connection has been exchanged for a two-

form. This two-form can be identified directly in superspace by constructing its three-form

field strength,2

H = dB +
1

4
W ∧F +

1

4
W̃ ∧ G , dH =

1

4
F ∧ F +

1

4
G ∧ G . (5.6)

H is gauge invariant which implies that B transforms as

δB = dΛ− 1

4
λF − 1

4
λ̃G , (5.7)

where Λ is the one-form gauge transformation parameter and λ and λ̃ are the zero-form

gauge transformation parameters of W and W̃. (By redefining the Λ transformation, one

could write the λ gauge transformation as dλ∧W and similarly for λ̃.) The dimension-3/2

and dimension-2 tangent space components of H are given by

Hγβα = 0 , Hγk βj,a = Hγ̇k β̇ja = 0 , Hγkβ̇ja = −2 δjk(γa)γ
β̇XX̄ . (5.8a)

The remaining pieces are given by

Habαi = (γab)α
β∇βi(XX̄ ) , Habα̇i = (γab)

α̇
β̇∇̄

β̇i(XX̄ ) , (5.8b)

Habc = εabcd

(
(X∇dX̄ − X̄∇dX )− 1

2
(γd)αα̇∇αkX∇̄α̇kX̄

)
. (5.8c)

The connection between superspace and component results is straightforward. The

component three-form Hµνρ is identified by projecting the super-three-form H to θ =

dθ = 0, i.e. Hµνρ = Hµνρ|θ=0, so that (5.6) reduces to (3.24). The supercovariant field

strength Habc (3.27) corresponds to the θ = 0 projection of (5.8c). The Q-supersymmetry

transformation of B descends from a covariant Lie derivative of B in superspace, that

is, the usual Lie derivative with parameter ξA = (0, εαi, εα̇i) accompanied by the gauge

transformations

λ = −ıξW , λ̃ = −ıξW̃ , Λ = −ıξB . (5.9)

This leads to

δcovξ B = dıξB + ıξdB + dΛ− 1

4
λ ∧ F − 1

4
λ̃ ∧ G

= ıξH−
1

4
W ∧ ıξF −

1

4
W̃ ∧ ıξG . (5.10)

This can be rewritten using δcovξ W = ıξF and δcovξ W̃ = ıξG as

δcovξ B = −1

4
W ∧ δcovξ W −

1

4
W̃ ∧ δcovξ W̃ + ıξH . (5.11)

Projecting to θ = dθ = 0 exactly reproduces (3.26).

2In this section, we employ superspace conventions for differential forms, see e.g. [22].
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6 Conclusion and future directions

In this paper, we constructed the dilaton Weyl multiplet in four dimensions. This differs

from the standard Weyl multiplet in its auxiliary field content. It contains two additional

U(1) symmetries and one vector-gauge transformation which are absent in the standard

Weyl multiplet. The existence of two different versions of the Weyl multiplet was already

known in five and six dimensions [9, 12, 13]. In this paper we have filled the gap by

explicitly constructing the dilaton Weyl multiplet in four dimensions. We have also shown

its equivalence to the multiplets constructed in [1, 17] using superspace.

In principle, we can also obtain this multiplet from the five dimensional dilaton Weyl

multiplet [9, 13] by dimensionally reducing it on a circle using the procedure outlined

in [10]. This is currently a work in progress.

Using the standard Weyl multiplet in four dimensions, a higher derivative invariant

based on the logarithm of a conformal primary chiral superfield was constructed in [4].

A particular linear combination of this with the well-known Weyl squared invariant [2]

gives the supersymmetrization of the Gauss-Bonnet term. A separate supersymmetric R2

invariant was constructed in [5]. This gives all three possible curvature squared invariants

in 4d N = 2 supergravity using the standard Weyl multiplet. It would be interesting to

show, in complete analogy to the five dimensional case [6–8], that all curvature squared

invariants can also be obtained in the 4d N = 2 dilaton Weyl formulation. These higher

derivative invariants could in principle be obtained either by dimensional reduction from

the 5d dilaton Weyl invariants [7] or directly in the four dimensional context. The former

procedure would have the important advantage of establishing useful explicit relations

between the curvature squared invariants in five and four dimensions, similar to what was

shown in [10, 23]. Furthermore, it would be interesting to see the relevance of the dilaton

Weyl multiplet and the new invariants in the context of black hole entropy, including for

non-BPS and small black holes, and possibly use it to understand the puzzles involving the

entropy of five dimensional black holes given in [24]. We leave this for future work.
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