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1 Introduction

Higher-order gravities play an important role in AdS/CFT [1-3]. Perturbative corrections
to the large-N and strong-coupling limits of holographic CFTs are encoded, from the
bulk perspective, in higher-curvature interactions which modify the semiclassical FEinstein
(super)gravity action — see e.g., [4-7]. The introduction of such terms, which is in principle
fully controlled by String Theory, gives rise to holographic theories belonging to universality
classes different from the one defined by Einstein gravity [8-10] — e.g., one can construct
CFTs with a # ¢ in d = 4 [11, 12]. Some care must be taken, however. As shown in [13],
higher-curvature terms making finite contributions to physical quantities in the dual CFT
can become acausal unless new higher-spin (J > 2) modes appear at the scale controlling
the couplings of such terms.

In spite of this, a great deal of non-trivial information can be still obtained by consider-
ing particular higher-curvature interactions at finite coupling — i.e., beyond a perturbative
approach. The idea is to select theories whose special properties make them amenable to
calculations — something highly nontrivial in general. The approach turns out to be very
rewarding and, in some cases, it has led to the discovery of universal properties valid for
completely general CFTs [14-18]. In other cases, higher-order gravities have served as a
proof of concept, e.g., providing counterexamples [7, 19-23] to the Kovtun-Son-Starinets
bound for the shear viscosity over entropy density ratio [24] — see discussion below. Just
like free-field theories, these holographic higher-order gravities should be regarded as toy
models for which many calculations can be explicitly performed, hence providing impor-
tant insights on physical quantities otherwise practically inaccesible for most CFTs — see
e.g., [25-28] for additional examples.

A key property one usually demands from a putative holographic model of this kind is
that it admits explicit AdS black-hole solutions. In d > 4, this canonically selects Gauss-
Bonnet or, more generally, Lovelock gravities [29, 30|, for which numerous holographic
studies have been performed in different contexts — see e.g., [31-39] and references therein.
The next-to-simplest example in d = 4 is Quasi-topological gravity (QTG) [40, 41], a the-
ory which includes, in addition to the Einstein gravity and Gauss-Bonnet terms, an extra
density, cubic in the Riemann tensor. Besides admitting simple generalizations of the Ein-
stein gravity AdS black holes, and having second-order linearized equations of motion on
maximally symmetric backgrounds, this theory contains three dimensionless parameters:
the ratio of the cosmological constant scale over the Newton constant, L?/G, and the new
gravitational couplings, A and u. These can be translated into the three parameters char-
acterizing the three-point function of the boundary stress tensor. As opposed to Lovelock
theories, for which one of such parameters, customarily denoted t4 [9], is always zero [33—
35, 42], the new QTG coupling gives rise to a nonvanishing t4 [43]. For supersymmetric
theories one also has t4 = 0 [9, 44], so QTG provides a toy model of a non-supersymmetric
CFT in four dimensions.

All studies performed so far involving finite higher-curvature couplings have been re-
stricted to d > 4 — observe that all theories mentioned in the previous paragraph reduce to
Einstein gravity for d = 3. Obviously, from the CFT side, there is no fundamental reason



to exclude holographic three-dimensional theories. In fact, there exist many interesting
CFTs in d = 3 with known holographic duals, e.g., [1, 45-49]. The actual reason for the
absence of holographic studies involving higher-curvature terms in d = 3 has been the lack
of examples admitting generalizations of Einstein gravity black holes in four bulk dimen-
sions. The situation has recently changed thanks to the discovery of Einsteinian cubic
gravity (ECG) [50], for which such generalizations are possible [51, 52] — see section 2 for
a detailed review. As we show here, ECG provides a holographic toy model of a nonsuper-
symmetric CFT in three dimensions, analogous to the one defined by QTG in four. The
main purpose of this paper is to study the behavior of several physical quantities in this
new model. Just like it occurs for Lovelock and QTG in d > 4, all results can be obtained
fully nonperturbatively in the new gravitational coupling, which provides a much better
handle on the corresponding quantities than any possible perturbative calculation.

On a more general front, we propose a new method for computing Euclidean on-shell
actions for asymptotically AdS 4y solutions of an important class of general higher-order
gravities — those for which the linearized equations become second-order on maximally
symmetric backgrounds. Our generalized action represents a drastic simplification with
respect to standard approaches, as it utilizes the same boundary term and counterterms
as for Einstein gravity, but weighted by a universal quantity related to the entanglement
entropy across a spherical region in the boundary theory.

A more precise summary of our findings can be found next.

1.1 Summary of results

The paper is somewhat divided into two main parts. In the first, which includes sections 2, 3
and 4, we develop some preliminary results and techniques which are necessary for the
holographic computations which we perform in sections 5 to 8.

e In section 2, we start with a review of ECG and recent developments. Then, we
characterize the AdS, vacua of the theory, and identify the range of (in principle)
allowed values of the new coupling and its relation to the existence of a critical limit
for which the effective Newton constant blows up.

e In section 3, we construct the AdSy black holes of ECG with general horizon topology.

e In section 4, we propose a new method for computing on-shell actions of
asymptotically-AdS solutions of general higher-order gravities whose linearized spec-
trum on AdS(4yq) matches that of Einstein gravity. We claim that the corresponding
boundary term and counterterms can be chosen to be proportional to the usual Ein-
stein gravity ones. Amusingly, we find that the proportionality factor is controlled by
the charge a* characterizing the entanglement entropy across a spherical region S%—2
in the dual CFT. As a first consistency check of our proposal, we use our generalized
action to prove the relation between a* and the on-shell gravitational Lagrangian
L]|ags for odd-dimensional holographic CFTs with higher-curvature duals.

e In section 5, we compute the charge Cr controlling the correlator of the bound-
ary stress-tensor from an explicit holographic computation and show that the result



agrees with the (not so) naive expectation obtained from the effective Newton con-
stant. We argue that the detailed cancellations between bulk and boundary contri-
butions giving rise to the correct answer constitute a strong check of the generalized
action proposed in the previous section.

In section 6, we start with another check of our generalized action, consisting in
an explicit calculation of the free energy of ECG AdS4 black holes, which we show
to agree with the one obtained using Wald’s entropy approach. Then we compute
the thermal entropy charge Cg, and we note that it presents notable differences
with respect to previous results for other higher-curvature holographic models in
d > 4. Then, we study the thermal phase space of holographic ECG with toroidal
and spherical boundaries, respectively. In the latter case, we find that the standard
Hawking-Page transition also occurs in ECG. However, the transition temperature
increases with the ECG coupling, and actually diverges in the critical limit (for which
thermal AdS always dominates). The phase diagram presents new phenomena, like
the presence of ‘intermediate-size’ black holes, a new phase of small and stable black
holes, as well as the existence of a new critical point.

In section 7, we compute the Renyi entropy of disk regions in holographic ECG.
In particular, we study the dependence of S;/S; on the CFT-charges ratio Cr/a*.
Although the functional dependence is very complicated, we observe that the behavior
is approximately linear for most values in the allowed range. We also obtain an exact
result for the scaling dimension of twist operators, from which we are able to extract
the value of the stress-tensor three-point function charge t4, which is non-vanishing
in general.

In section 8, we compute the shear viscosity to entropy density ratio in ECG. Unlike
all previous exact results (d > 4), the result turns out to be highly nonperturbative
in the ECG coupling, as it involves a non-analytic function. Several approximations
as well as a precise numerical evaluation are accesible. We find that violations of the
KSS bound are strictly forbidden in ECG by the requirement that black holes have
positive energy. On the other hand, we show that energy-flux bounds on t4 impose a
maximum value for the ratio, given by (1/5)|max. ~ 1.253/(47).

In section 9, we make a quick summary of the different universal charges computed
throughout the paper and how they compare with the analogous ones for QTG in
d = 4. Here, we also speculate on the possible implications of the generalized on-shell
action introduced in section 4 for holographic complexity.

In appendix A, we show that the scaling dimension of twist operators can be used to
obtain the exact results for the stress-tensor three-point function parameters to and
t4 for holographic theories in which explicit calculations of such quantities had been
performed before. Appendix B provides an additional check of our generalized action,
in this case for a theory for which the generalized version of the Gibbons-Hawking-
York term is explicitly known, namely, Gauss-Bonnet. We show that our method
gives rise to exactly the same divergent and finite terms as the standard prescription.
Appendix C contains some intermediate calculations omitted in section 5.
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Note on conventions. We set ¢ = i = 1 throughout the paper. D stands for the number
of spacetime dimensions of the bulk theory, and d = D — 1 for those of the boundary one.
We use signature (—,+,+,...), latin indices from the beginning of the alphabet for bulk
tensors, a,b,---=0,1,..., D, Greek indices for boundary tensors, p,v,---=0,1,...,d and
i,7,---=1,...,d for spatial indices on the boundary. Our conventions for Cr, t4, Cs and a*
are the same as in [14, 18, 33, 43]. Superscripts ‘E’ and ‘ECG’ mean that the corresponding
quantities are computed for Einstein and Einsteinian cubic gravities respectively, whereas
we use the subscript ‘E’ for Euclidean actions. L is the cosmological constant length-scale
(=2Ag = (D — 1)(D — 2)/L?) whereas L stands for the AdSp radius. We often use L
for intermediate calculations (including on-shell actions, etc.), but normally present final

results in terms of L. It is then important to keep in mind that, when expressing our
results in terms of the ECG coupling u, there is some additional dependence hidden in
L = L/\/foo, a8 foo is also a function of y — see figure 1 and (2.8).

2 Einsteinian cubic gravity

Let us start with a quick review of four-dimensional Einsteinian cubic gravity (ECG)
and its most relevant properties. The D-dimensional version of the theory was presented
in [50], where it was shown to be the most general diffeomorphism-invariant metric theory
of gravity which, up to cubic order in curvature, shares the linearized spectrum of Einstein
gravity on general maximally symmetric backgrounds in general dimensions.! This criterion
selects the Lovelock densities — cosmological constant, Einstein-Hilbert, Gauss-Bonnet and
cubic Lovelock densities — plus a new invariant, which reads

P =12RR RSP + RURY R — 12RopeqR*RY + S8R RERY . (2.1)

This invariant is neither trivial nor topological in D = 4, so the action of the theory
becomes .
1 6 wL

IECG:/d4 —+R—-"— 2.2

in such a number of dimensions.? Here, p is a dimensionless coupling. Note also that,
for later convenience, in (2.2) we have chosen the cosmological constant to be negative,
—2Ag = 6/L%, where L is a length scale which will coincide with the corresponding AdS,
radius for p = 0.

It was subsequently shown [51, 52] that (2.2) admits non-trivial generalizations of
Einstein gravity’s Schwarzschild black hole characterized by a single function f(r) — see
next section. It was also observed [53-56] that, in fact, ECG belongs to a broader class
of theories — coined Generalized Quasi-topological gravities in [53] — which also includes
Lovelock [29, 30] and Quasi-topological [40, 41, 43, 57-59] gravities as particular exam-
ples, and which are characterized by: having a well-defined Einstein gravity limit; sharing

'More concretely, the theory is selected by asking it to be the ‘same’ for arbitrary D, in the sense that
the coefficients relating the various cubic invariants entering its definition do not depend on D.

2From now on, we will always be referring to the four-dimensional version of the theory when referring
to ‘ECG’, unless otherwise stated.



the linearized spectrum of Einstein gravity on general maximally symmetric backgrounds;
admitting non-hairy single-function generalizations of Schwarzschild’s black hole. If the
action does not include derivatives of the Riemann tensor, the full non-linear equations
of a given theory belonging to this class reduce, on a general static and spherically sym-
metric ansatz, to a single (at most second-order) differential or algebraic — depending on
the case [52] — equation for f(r), which indeed can be seen to correspond to a unique
non-hairy black hole whose thermodynamic properties can be exactly obtained by solving
a system of algebraic equations without free parameters.

The thermodynamic properties of the asymptotically flat ECG black holes and its
higher-curvature generalizations are very different from their Einstein gravity counter-
parts, as they become stable below certain mass, which results in infinite evaporation
times [52, 56]. The asymptotically-AdS black brane solutions of ECG, and generalizations
above mentioned, have also been considered in [54-56] and, specially, in [60]. There, it
was shown that, as opposed to all previously considered higher-order gravities, the charged
black brane solutions of the Generalized QTG class in D > 4 generically present nontrivial
thermodynamic phase spaces, containing phase transitions and critical points.

Another relevant development entailed the identification of a critical limit of ECG (for
which the effective Newton constant diverges) [61], corresponding to p = 4/27. In that
particular case, the black holes — as well as other interesting solutions, such as bounce
universes — can be constructed analytically.

More recently, some of the possible observational implications of the theory were stud-
ied in [62]. There, an observational bound on the ECG coupling was found using Shapiro
time delay, and the effects of ECG on black-hole shadows were discussed, including possible
measurable differences with respect to Einstein gravity predictions. Comparisons between
general relativity and other theories of gravity regarding black-hole observables are highly
limited by the lack of explicit four-dimensional alternatives, which makes ECG particularly
appealing for this purpose.

Finally, from the holographic front, let us mention that a study of Rényi entropies for
spherical regions, similar to the one we perform in section 7, was carried out in [63] for
ECG in D = 5. However, it should be stressed that in dimensions greater than four, ECG
does not belong to the Generalized QTG class, in the sense that — even though it shares
the linearized spectrum of Einstein gravity — simple black hole solutions satisfying the
properties explained above do not exist for the theory and, as opposed to the D = 4 case,
one is restricted to perturbative calculations in the gravitational couplings, which makes

them less interesting.

2.1 AdS4 vacua and linearized spectrum

The AdS4 vacua of (2.2) have a curvature scale L related to the action length scale L
through

1 foo
== (2.3)

where fo is a solution to the algebraic equation
1= footuf% 0. (2.4)



For negative values of u, two of the roots are imaginary, and one is real and positive. For
0 < p < 4/27, the three roots are real, one of them being negative and the other two
positive. Finally, for p > 4/27, two of the roots are imaginary, and the remaining one is
negative. Hence, imposing foo > 0, constrains p as

4
p< g~ 0.148. (2.5)

For larger values of i, no positive roots exist, which means that no AdS4 vacuum exists in
that case.®> However, not all real roots of (2.4) satisfying (2.5) give rise to stable vacua.
In order to see this, we can consider the linearized equations of motion of (2.2) on a
general maximally symmetric background (in particular, one of these AdSy), in the presence
of minimally coupled fields. As already mentioned, these always reduce to the linearized
equations of Einstein gravity, up to a normalization of the Newton constant [50, 64], namely

GE, = 8nGESC T, (2.6)

where G, is the linearized Einstein tensor, Ty, is the stress tensor of the extra fields, and

GeEf_fCG is the effective Newton’s constant, which is given by

GECG — 1—5/”‘30 : (2.7)
The sign of Gog determines the sign of the graviton propagator. Whenever the denominator
in the right-hand side — which is nothing but (minus) the slope of (2.4) — is negative,
the graviton becomes a ghost, and the corresponding vacuum is unstable. This imposes
p<0or f2 < 1/(3u) for positive values of y. The condition kills one of the two positive
roots of (2.4) available for 0 < p < 4/27, which would then correspond to unstable vacua.
Hence, we conclude that, whenever (2.5) is satisfied, there exists a single stable vacuum.
No additional vacua exist for y < 0, whereas an additional unstable vacuum exists for
0 < p < 4/27. Special comment deserves the f2 = 1/(3u) case, corresponding to u = 4/27,
and for which Geg — +00. This ‘critical’ limit of the theory was identified in [61], and gives
rise to a considerable simplification of most calculations, as we further illustrate below.
We summarize these observations in figure 1, were we also include two additional con-
straints which we derive in sections 3 and 7.3, respectively. The first comes from imposing
the existence of black holes solutions, which restricts the allowed values to 0 < p < 4/27.
The second follows from the positivity of energy fluxes at null infinity which, as we can see
from the figure, produces the very stringent constraint, —0.00322 < p < 0.00312.
Throughout the paper, we will assume 4 to lie in the range 0 < p < 4/27. From the two
positive roots of (2.4) in that range, we will be implicitly choosing the one corresponding
to a stable vacuum, which is also the one connecting to the Einstein gravity one for yu — 0.
While the positive-energy condition further limits this range, we find it convenient to also
consider values close to u = 4/27, for which many exact results can be obtained. Let

3This analysis is analogous to the one corresponding to QTG in D > 5 [40, 43], with the difference that,
in that case, the Gauss-Bonnet term is present, and the identification of the allowed stable vacua becomes
more involved.
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Figure 1. Real roots of (2.4) for different values of p. The lower red dashed line corresponds
to feo < 0, whereas the upper one corresponds to unstable vacua; the blue dashed line (u < 0)
corresponds to stable vacua which do not allow for black hole solutions — see discussion under (3.8);
the purple dot corresponds to the critical case, p = 4/27; finally, the small green region corresponds
to the set of parameters allowed by the positive-energy constraint |t4] < 4 in (7.29).

us finally point out that the solution of (2.4) corresponding to the relevant root (blue in
figure 1) can be written explicitly as

2 1 . 27p
foo - \/737,114 Sin [3 arcsin (\/j)] . (28)

3 AdS, black holes
ECG admits static asymptotically AdS4 black holes of the form

L2d03, for k=+1,
dvi, where d¥} =< di2, for k=0, (3.1)
L2d=?,  for k=-1,

dr? +i
Vie(r) = L?

ds? = — N2V, (r)dt*+

corresponding to spherical, planar and hyperbolic horizons, respectively, and where Vi (r)
is determined from the second-order differential equation
L2(Vi—k) 3LSu [V kV?2 2Vi(Ve—k)V] ViV (rVi—2(Vk—k)) w3

1 — = — 3.2
r2 4r3 | 3 + r r2 r r3’ (3.2)

where w3

is an integration constant related to the ADM energy [65, 66] of the solution —
see (6.5). Also, N? is a constant that we fix in different ways depending on the horizon
geometry, e.g., [25, 40, 43]. In particular, we will choose N? = 1 for spherical horizons,
N? = 1/f. for planar horizons, which sets the speed of light in the dual theory to one,
and N? = L?/(f+R?) for hyperbolic horizons, so that the boundary metric is conformally

equivalent to that of R x H?, where R is the curvature scale of the hyperbolic slices.



The fact that ECG admits static solutions of the form (3.1), characterized by a single
function Vj(r), such that the full nonlinear equations® of the theory reduce to a single third-
order differential equation, which can in turn be integrated once to yield (3.2), is a highly
non-trivial property of ECG [51, 52]. Such property is shared by the higher-dimensional
Lovelock [67-71], QTG [40, 41, 57, 59] (for these, the equation for Vi (r) is algebraic in-
stead) and Generalized Quasi-topological [53] gravities, as well as by other higher-curvature
theories of the same class, recently discovered and characterized [55, 56]. As mentioned
before, this property is related to the absence of extra modes in the linearized spectrum
of the theory, and can be shown to lead to non-hairy black holes whose thermodynamic
properties can be computed analytically on general grounds [54].

In (3.1), it is customary to make the redefinition

7,2
Vi(r) =k + 25 f(), (33)

specially when dealing with the planar and hyperbolic cases. In terms of f(r), (3.2) reads

3 3

TPUR SR SRS 30 =5 (3)

3
1— 3 2.2 2
I

Observe that this reduces to (2.4) for constant f(r) and w® = 0. In particular, asymp-
totically, we require lim, o f(r) = foo, which then makes (3.1) become the metric of
pure AdS, with radius L given by (2.3), and a different boundary geometry for each value
of k [72].

3.1 Asymptotic expansion

For general values of p, finding analytic black hole solutions of (3.4) looks extremely chal-
lenging (if not impossible). Let us then start by exploring the asymptotic and near horizon
expansions, from which we can gain a lot of relevant information (and, in fact, argue that
non-hairy black hole solutions do really exist for general values of p).

The first terms in the asymptotic expansion of f(r) read

w3 _ 21 41 foow®
(1 =3pf)r? 201 =3ufZ)

Note that (3.4) is a second-order differential equation, which therefore possesses a two-

fl/r(r) = fOO - 3,6 + O(Tis) : (35)

parameter family of solutions. In order to capture the asymptotic behavior of the most
general one, we write f(r) = fi/,(r) + h(r) and then expand (3.4) linearly in h. Keeping
only leading terms in 1/r, we get the following equation for h:%

. 212
h”(?”) _ 4(19f035£§o)

Leaving aside the limiting cases, corresponding to ;= 0 and u = 4/27, we see that there

rh(r) =0. (3.6)

are two possibilities, depending on the sign of - w3. If - w3 > 0, (3.6) has the following

4These can be found explicitly e.g., in [51].
S5For instance, we assume that the term h’L?r~* is negligible compared to h”r~! when r — +o0.



approximate solutions as r — +00:%

h(r) ~ Aexp + Bexp

MTS/Q _WOT?’/?] ] (3.7)

9VfooM'W3 9\/foolu'w3

In order to obtain an asymptotically AdSy solution, we need to kill the growing mode, which

forces us to set A = 0. Therefore, this boundary condition fixes one of the integration con-
stants required by (3.4). Now, even though the remaining exponentially decaying term is ex-
tremely subleading, in general we will have B # 0. In fact, this constant ends up being fixed
by the horizon-regularity condition. In particular, this implies that the solutions show a
strongly nonperturbative character, as ~ e~ */v# terms generically appear. Indeed, it is pos-
sible to show that a series expansion of the full solution in powers of u is always divergent.

The second possibility corresponds to u-w? < 0. An approximate solution of (3.6) for
large r is then given by

41 = 3uf2)| 3/2

h(r) ~ — cos
r 9 ,foo|lt' QJ3|

_ 2
+ B sin Mri’)/? ) (3.8)
r 9 jEKJlL' 0J3|

This solution is sick. Although h(r) — 0 as r — 400, the derivatives of h diverge wildly in
this limit, which would force us to set A = B = 0 in order to get an asymptotically AdSy
solution. However, this leaves us with no additional free parameters, and regularity at the
(would-be) horizon cannot be imposed. Therefore, no regular black hole solution exists for
- w3 < 0: the solution is always sick, either at the horizon or at infinity.

As shown later in (6.5), w?® is proportional to the total energy E (or mass) of the black
hole, which leads us to impose p > 0. Hence, interestingly, the range of values of p which
allows for positive-energy solutions, forbids the negative-energy ones, which simply do not
exist for u > 0.

3.2 Near-horizon expansion

Let us now consider the near-horizon behavior. For that, we assume that there is a value
ry of the radial coordinate for which the function Vj vanishes and is analytic. Analyticity
ensures that the solution can be maximally extended beyond the horizon using Kruskal-
Szekeres-like coordinates.

The derivative of V; at the horizon is related to the temperature through:
V/(ru) = 47T /N so, in terms of f, the near-horizon expansion can be written as

_ 47T

T2 >
bt 5 f) == (r=rw)+ > an(r —r)", (3.9)

n=2

5The exact solution of (3.6) is given by the Airy functions,

1/3 1/3
(4(173uf§o)2> . +BAiryBi[<4(13”f§°)2) r],

h(r) = AAiryAi
(r) iryAi O i Y

but we only need the asymptotic behavior for the discussion.



where the relation between f’(r) and the temperature reads in turn
N [ry? , 2k
— | Bl 3.10
o | -2 (3.10)
Note also that f(ry) = —kL?/ry?. Now, if we plug (3.9) into (3.4) and we expand it in
powers of (r — ry), we are led to the equation
kL?  w® ALS7®T?u (3k 4nT
TS N2py3 ra N

2kL? +3w3 4L%7T  24L57°T?u [k N 2rT ( 140 (( 2. (3.12)
e —4— || (r—r r—r . .

ru?  re>  Nryg N2pry3 rg N " "

Since every coefficient must vanish independently, we get an infinite number of equations

T

(3.11)

relating the parameters in the near-horizon expansion (3.9). From the first two equations,

ECG

we can obtain TPCC and w as functions of ry, the result being (in order to minimize

the clutter, we often omit the ‘ECG’ superscripts throughout the text)

N 3ry? 3kLAp rg2

ECG _ H H
T = 2o <k+ L2> 1+\/1+ - <I<:+3L2> , (3.13)

2 ECG\ 3
BCG\3 4 12 5 pLS |3k (4xTHCC 4T
(W™™)" = kL*ryg +ru vl ool G + N . (3.14)
These reduce to the usual Einstein gravity results for p = 0, namely
N 3ry>

1= g (7)o AT = s (319

The rest of equations, which we do not show here, fix all coefficients a2 in terms of as.
Hence, for a fixed ry, the series (3.9) contains a single free parameter, which is nothing but
the value of f” at the horizon. This must be carefully chosen so that the solution has the
appropriate asymptotic behavior, i.e., so that A =0 in (3.7).

3.3 Full solutions

Equation (3.4) can be solved analytically in two cases, namely: for Einstein gravity, p = 0,
and in the critical limit, g = 4/27 [61]. For those, one finds”

f(?”):{1_THS+7«]€3L2TH it p=0,

3 SrulAkLE ip =427,

(3.18)

"A curious property of the critical-theory solutions is that they look identical to three-dimensional BTZ
black holes [73], with an additional ‘angular’ direction:

2 3(7‘2 — THQ) 2 2L2d7"2 7‘2 2
dSECG,crit = - 212 dt” — 3(7’2 — THQ) + ﬁdz(k) 5 (316)
2 2 L2dr2
dshpg = — =T g2 2de? . 1
SBTZ 72 2 — ) +r7d¢ (3.17)

We point out that an analogous behavior has been observed to occur for critical Gauss-Bonnet gravity
(Aae = 1/4), see e.g., [37] as well as for Einstein gravity coupled to an axionic field in a particular limit [74].
The connection of this phenomenon to other instaces of background-symemtry enhancement — e.g., [75]
— deserves further attention.
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Figure 2. Black hole solutions for several values of p (we take ry = 3L/2), including the Einstein
gravity (u = 0) and critical (u = 4/27) cases. From top to bottom k = 1,0,—1. For the sake
of clarity, we have made separate plots for the interior and exterior solutions. In the left column,
we plot Vi (r) = k + r2/L?f(r) for the black-hole interior range. In the right column we plot f(r)
instead for the exterior solutions.

For intermediate values of i, the solutions can be constructed numerically. In order to do
so, we solve (3.4) setting the initial condition at the horizon, and then applying the shooting
method to obtain the value of ay for which f(r) — fs. The differential equation (3.4) is
very stiff when r is large but, by choosing as accurately, it is always possible to extend the
numerical solution well into the region in which the asymptotic expression (3.5) applies.
In all cases, there is a unique value of ay for which this happens. Hence, for each value of
1 and each horizon geometry, there exists a unique regular black fully characterized by ry
(or, more physically, by wP¢%).

In figure 2 we show a couple of these numerical solutions for ry = 1.5L. As we can see,
the corresponding curves lie between the analytic limiting solutions in (3.18). Far from the
horizon, the functions f(r) tend to the constant values f., which, as explained above, are
different for each value of y — see figure 1. Besides the exterior solutions, we also show
plots of the black hole interior profiles,® which present the curious feature of having regular

8For the sake of visual clarity, we present the interior and exterior solutions in different figures, plotting
Vi (r) for the former, and f(r) for the latter.
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metrics at » = 0. However, as observed in [52] for the asymptotically flat case, curvature

invariants still diverge. For example, in the critical case, one finds

4K2LA 4 54r* — 6ry2r? + ryt — 4k L2(3r% — ry?)
LAr4

which is two powers of r softer than in the usual Schwarzschild case. Such behavior is

Rapea R = ~O(r Y, (3.19)

common to all solutions with p # 0. This singularity-softening phenomenon appears to be
generic for higher-curvature generalizations of Einstein gravity black holes. For example,
for the Gauss-Bonnet black hole [70], one finds [76] Rap.qR%®? ~ O(r—(P=1) which is
in turn (D — 1) powers of r softer than the Kretschmann invariant of the D-dimensional
Schwarzschild black hole.

4 Generalized action for higher-order gravities

When performing holographic calculations with higher-curvature bulk duals, one is faced
with the challenge of identifying appropriate boundary terms which render the action
differentiable, as well as counterterms which, along with those, give rise to finite and well-
defined on-shell actions, when evaluated on stationary points of the functional. In this
section, we propose a novel prescription for computing the on-shell action of arbitrary
asymptotically AdS solutions of any D-dimensional higher-order gravity whose linearized
spectrum on a maximally symmetric background matches that of Einstein gravity.? The
procedure represents an important simplification with respect to previous methods, as it
only makes use of the usual Gibbons-Hawking-York boundary term and the counterterms
of Einstein gravity. As we argue here — and illustrate throughout the rest of the paper
and in appendix B with various non-trivial checks of the proposal — such contributions
can be also used to produce the correct on-shell actions for this class of higher-order
theories. Interestingly, for those, the only modification with respect to the Einstein gravity
case is that such contributions appear weighted by the Lagrangian of the corresponding
theory evaluated on the AdS background, i.e., £|pqs. This quantity has been argued to be
proportional to the charge a* appearing in the universal contribution to the entanglement
entropy of the dual theory across a S~2, and our prescription can be used to actually prove
such a connection explicitly for this class of theories, as we show below.
Let us start considering a general higher-curvature theory of the form

1:/ AP a\/191L(5° , Ruped) (4.1)
M

where the Lagrangian density £(g%/, Rupeq) is assumed to be constructed from arbitrary
contractions of the Riemann and metric tensors. The variation of the action with respect
to the metric yields

5[—/ de\/|g|8ab5gab+e/ dP~ e /|h|ngdv® . (4.2)
M oM

9This property defines the ‘Einstein-like’ class in the classification of [64], and includes, in particular:
Lovelock, QT G, ECG in general D and, more generally, all theories of the Generalized QTG type. Additional
examples of theories of this type can be found e.g., in [77-80].
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In this expression we defined
1
gab = Pa Cde]:zbcale - igabﬁ - 2vcvdpacdb ) (43)

the equations of motion reading &, = 0, and

51)“:2gch8dabVe5gbc, where P“deE[ oL } . (4.4)
a]ﬂ?«abcd gef

In addition, n?

is the wunit normal to OM, normalized as n%n, =e¢=+1, and
hab = Gap — €ngnyp is the induced metric. In order to have a well-posed variational problem,
the action must be differentiable, in the sense that 61 o g%, so that § = 0 whenever
the field equations — and the boundary conditions — are satisfied. This is not the case
of (4.2), due to the presence of the boundary contribution. In the case of Einstein grav-
ity, L8 = [R+ (D — 1)(D — 2)/L?] /(167G), this problem is solved by the addition of the

Gibbons-Hawking-York term [81, 82,

€
GHY 871G Jor zy/|h| K, (4.5)

where K = Kg¢® is the trace of the second fundamental form of the boundary,
Koy = h, Venp. When this term is included, the variation of the action, when we keep
gap fixed at the boundary, reads

1 1
S(IP + 1. = d* Rap — = gapLrm | 692 4.6
(I* + Icny) I Toure /M /9| [ b~ 5 Yab EH] 9", (4.6)

and so the action is stationary whenever the metric satisfies Einstein’s field equations.

For higher-order gravities, the situation is much more involved in general. One of the
main issues arises from the fact that these theories generally posses fourth-order equa-
tions of motion. This implies that the boundary-value problem is not fully specified by
the induced metric on 0 M, and one needs to impose additional boundary conditions on
derivatives of the metric. Furthermore, even if we know which components of the metric
and its derivatives to fix, determining what boundary term needs to be added to yield a
differentiable action for such variations is a far from trivial task. Some notable examples for
which differentiable actions have been constructed are: quadratic gravities (perturbatively
in the couplings) [83], Lovelock gravities [84, 85], which are the most general theories with
second-order covariantly-conserved field equations [29, 30] (and for which one only needs
to fix gup at the boundary), f(R) [86-88] and, more generally, f(Lovelock) gravities [78].
In these cases, it is also necessary to fix the value of some of the densities on the boundary
—e.g., 5R|8M = 0 for f(R) — which is related to the fact that these theories propagate
additional scalar modes. With the goal of providing a canonical formulation for arbitrary
f(Riemann) gravities, an interesting proposal for constructing satisfactory boundary terms
for such general class of theories was presented in [89] — see also [90]. Unfortunately, the
procedure involves the introduction of auxiliary fields and it is quite implicit in general,
which seems to limit its practical applicability in the holographic framework.
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The problem can be simplified if we specify the boundary structure in advance, e.g.,
by restricting the analysis to spacetimes which are maximally symmetric asymptotically.
Let us, in particular, assume that the space is asymptotically AdSp, so that the Riemann
tensor behaves as Rypeq — —i_Q(gacgbd—gadgbc) asymptotically. Then, on general grounds,
the tensor Pcd“b appearing in the boundary term in (4.2) takes the simple form

P = C(f,Q)(S[cadd? + subleading , (4.7)

where C(L?) is a constant which depends on the background curvature, and is in general
given by!? [64]

O Lhas, (49)

2(D -1
where L|aqs is the Lagrangian of the corresponding theory evaluated on the AdSp back-
ground with curvature scale L.

For Einstein gravity, we simply have C*¥ = 1/(167G) and, in fact, there are no sub-
leading terms in (4.7) for any spacetime — simply because Pcd“b only involves products of
deltas in that case. Now, asymptotically AdSp solutions of higher-order gravities will in
general produce subleading contributions in (4.7) as we move away from the asymptotic
region. However, the leading term can still be canceled out by adding a generalized GHY
term of the form

Iocry = 20@2)6/ dP 1z \/|h|K . (4.10)
oM

The question is, of course, whether or not the subleading terms for a given theory will
give additional non-vanishing contributions asymptotically, forcing us to add extra terms.
We expect this to be the case in general. In addition, one generally needs to specify
extra boundary conditions, which is related to the metric propagating additional degrees
of freedom. However, as we have mentioned, some theories — see footnote 9 — do not
propagate additional modes on general maximally symmetric backgrounds. For those, the
asymptotic dynamics is the same as for Einstein gravity, so it is reasonable to expect the
only data that we need to fix on OM to be g4, and also that (4.10) will be enough to make
the action stationary for solutions of the field equations.

In order to obtain finite on-shell actions, one also needs to include counterterms, which
only depend on the boundary induced metric. For asymptotically AdSp spacetimes, there
is a generic way of finding them [72]. Let us focus on Euclidean signature. In that case,
we always have e = +1, and an additional global (—) with respect to Lorentzian signature
arises, e.g., [14], so we have

Ip = - / dPx/gL(g, Rapea) — 20(L?) / d?la/|hK + Ier, (4.11)
M oM
10 A5 shown in [64], this quantity can be equivalently written as
PN L*  dL|aas

the relation between both expressions being nothing but the embedding equation of AdSp in the corre-
sponding theory — e.g., (2.4) for ECG.
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where we seek to construct the generalized counterterms, Igcr. In order to identify all
possible divergences, one possibility consists in evaluating the action on pure AdSp spaces
with different boundary geometries [91]. Observe however that, whenever we evaluate the
bulk term on pure AdSp, this will produce an overall constant £|aqs, which is precisely
proportional to C'(L?). This already appears in front of the boundary term, and the result
is that the combination of the bulk and boundary contributions reduce to those of Einstein
gravity, up to a common overall C' (1~L2) Hence, the divergences are exactly the same as
for Einstein gravity, and we can use the same counterterms. For example, up to D =5 we
find [72, 91]

Icer = —2C(L7) /aM dD—lm\/E[ - Dg 2_ LQ(?Z[)D__B?]RJF ] (4.12)

where ©[z] = 1 if z > 0, and zero otherwise, and the dots refer to additional counterterms
arising for D > 6. Combining (4.12) with (4.11), we obtain the final form of the action.

Below, we show that (4.11) successfully yields the right answers for ECG in various
highly non-trivial situations in which the corresponding on-shell actions can be deduced
from alternative considerations — e.g., it correctly computes the free energy of black holes,
in agreement with the result obtained using Wald’s entropy, as well as the holographic
stress tensor two-point charge, Cr, which can be alternatively deduced from the effective
Newton constant. Besides, in appendix B we consider arbitrary radial perturbations of
AdSs in Gauss-Bonnet gravity, and show that (4.11) produces exactly the same finite and
divergent contributions as those obtained using the standard Gauss-Bonnet boundary term
and counterterms, e.g., [72, 84, 85, 92-95].

4.1 a* and generalized action

Let us momentarily switch to d = D — 1 notation. As we have seen, both the boundary
term and the counterterms appearing in (4.11) have the property of being identical to
those of Einstein gravity up to an overall constant C (1~L2) proportional to the Lagrangian
of the corresponding theory evaluated on the AdS background (4.9). Now, an interesting
quantity that one would like to compute holographically is the charge a* appearing in the
universal contribution to the entanglement entropy (EE) across a radius- R spherical region
S?=2 which, for a general CFTy, is given by [14, 15, 96]

d—2
—) 2 4a*log(R/0 for even d,
SEEunivA - {( )d_l g( / ) (413)

(—)2 2ma* for odd d.

a* coincides with the a-type trace-anomaly charge in even dimensional theories. In odd

dimensions, a* is proportional to the free energy, F' = —log Z, of the corresponding theory
evaluated on S? [96], namely
Fsa = (—)%QWG* , for odd d. (4.14)

For even-dimensional holographic theories dual to any higher-order gravity of the form (4.1)
in the bulk, a* is given by [97, 98]
ad/2 [ d+1

a* = _W£|Ads ; (4.15)
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i.e., it is precisely proportional to the charge C (EQ) defined in (4.9), namely

~ a*

2

C(L?) = Q(d_l)f)d_l , (4.16)
where Qy_1) = 2142 /T'(d/2) is the area of the unit sphere S*~'. For odd-dimensional
theories, it was argued in [14, 15] that (4.15) also yields the right a* for general cubic
theories. We can readily extend this result to all theories for which (4.11) and (4.12) hold.
From (4.14), it follows that (—)%271'0,* can be obtained from the on-shell action of pure
Euclidean AdS 441y with boundary geometry S?. Since C (I~L2) appears as an overall factor
in (4.11) when evaluated in pure AdS, it follows that Fgs matches the Einstein gravity
result up to an overall factor 167G - C(L?). Then, using the result for the free energy in
Einstein gravity,

di1 7.‘.d/Q id—l

E_ L
For =502 qrama

(4.17)
it follows immediately that for any theory of the form (4.1), for which our generalized
on-shell action can be used,

4oy 2pd/2HL fd+1

Fga = 167G - C(f;Q)FS% =(-)z WE\AC]S, (4.18)
which takes the expected general form (4.14), with a* precisely given by (4.15). Hence, we
have obtained the expected form of the charge a* from an explicit holographic calculation
of the free energy on S? using our generalized action. The consistency between (4.11)
and (4.15) provides support for both expressions.

Reversing the logic, we can rewrite our generalized action in terms of a*, which is way
more charismatic than C'(L?). The result reads

2a* d—1
Ip = —/ deﬁﬁ(gefaRabcd)_%/ d’~'z\/|h| [K— = "‘} ;o (419)
M Q(d_l)L 1 Jom L

where we have omitted most of the counterterms in (4.12). The explicit appearance of a* in
the boundary terms is rather suggestive, and somewhat striking. In section 9 we comment
on the possible implications of (4.19) for holographic complexity.

4.2 Generalized action for Quasi-topological gravity

The QTG density in five bulk dimensions is given by [40, 41]

1
Z3=RS5R SR+ %( — T2R g R, R% 4+ 21R ; sR™"’R + 120R ., R* R"

+ 144RV RER® — 132Ry, RV R + 15R3) . (4.20)

Just like ECG in D = 4, the linearized equations of this theory on constant-curvature
backgrounds are Einstein-like [40]. Hence, the method developed in the previous subsection
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should be valid for computing Euclidean on-shell actions of AdSs solutions of the theory.
In this case, the full generalized action (4.19) is given by

L2\ TuL?
J9TC = / =5 Z
E 167TG \/> + R + 4 + 5

1
(4.21)
1= 6M o + OS2 [, N
- 871G aMdm\/E[K_ L _4\/]§RI

where we also included the Gauss-Bonnet density Xy = R? — 4RabR“b + RabcdR”’de. In this
case, the charge a* reads [43]

rL?
a* G = (1 - 6\ foo + 9puf2) e (4.22)

while f is determined by the equation [40]
1= fao 4 ML+ pfl = 0. (4.23)

A generalized boundary term for QTG was proposed in [99]. It would be interesting
to check whether (4.21) provides the same results as those obtained using such term.
As we mentioned above, in appendix B we perform an explicit check of that kind for
Gauss-Bonnet gravity.

4.3 Generalized action for Einsteinian cubic gravity

Let us now return to ECG. In that case, the full generalized Euclidean action (4.19) becomes

ECG _
Ip ~Tom G/ avard [L2+R 77]
1+3/Lfoo 3 2Vfoo L
_ I K — —
87TG 8Md x\/ﬁ[ L 2\/fOOR

where recall that fo, can be obtained as a function of x from (2.4). Observe also that the

(4.24)

charge a* reads in this case
L2
4G~

We use (4.24) in several occasions in the remainder of the paper, finding exact agreement

a*BCC = (1 4+ 3uf2)— (4.25)

with the expected results in all cases for which alternative methods can be used.

5 Stress tensor two-point function charge C;

In order to characterize the holographic dual of ECG, we must translate the two available
dimensionless parameters in (2.2), namely: L?/G and pu, into universal defining quantities
of the boundary theory. Since we are only considering the gravitational sector of the bulk
theory, the most relevant ‘charges’ to be identified in the CFT are those characterizing
the boundary stress tensor. Conformal symmetry highly constrains the structure of stress-
tensor two- and three-point functions [100]. We will deal with the three-point function
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charges in section 7.3. Let us start here with the stress-tensor correlator which, for an
arbitrary CFTj3, is given by [100]

C
<TMV(x)TPU(I/)> = mzﬁw,po(x - x/) ) (5'1)
where
1 1 . Typly
Luvpo (2) = 5 (Tup(2) Lvo (2) + Tuo (2)10p(2)) = 1 0u0po,  and  Lu(2) = 6 — 2= 5=,

(5.2)
are fixed tensorial structures. This correlator is then fully characterized by a single theory-
dependent parameter, customarily denoted C;. This quantity, which in even dimensions is
proportional to the trace anomaly charge ¢, also plays a relevant role in three-dimensional
CFTs — see e.g., [101-103] for recent studies. As opposed to the d = 2 case [104], Cr
is not monotonous under general RG flows in three dimensional CFTs [105]. However, it
universally shows up in various contexts, including relevant quantities in entanglement and
Rényi entropies [16, 17, 25, 26, 106]; quantum critical transport — see e.g., [107, 108] and
references therein; or partition functions on deformed curved manifolds [109-111].

In AdS/CFT, the dual of T}, () is the normalizable mode of the metric [2, 3]. Hence,
evaluating (5.1) entails determining the two-point boundary correlator of gravitons in the
corresponding AdS vacuum. For Einstein gravity in d = 3, the result [33, 112] reads

3 L?

ck = S5a (5.3)
Naturally, the introduction of higher curvature terms in the bulk modifies this result,
e.g., [18, 33, 43]. In general, higher order gravities give rise to equations of motion involv-
ing more than two derivatives of the metric. In those cases, the metric generically contains
additional degrees of freedom besides the usual massless graviton. From the holographic
perspective, this means that the metric couples to additional operators which are typically
nonunitary.!! This is not always the case, however. In fact, there exist families of higher
order gravities whose linearized equations around maximally symmetric backgrounds are
identical to those of Einstein gravity, up to a normalization of the Newton constant — see
footnote 9 and e.g., [64] for details. For those, the only mode is the usual spin-2 graviton, the
metric only couples to the stress tensor, and C can be straightforwardly extracted from the
effective Newton constant. This generically reads Gog = G/, where « is a constant which
depends on the new couplings. The appearance of a can be alternatively understood as
changing the normalization of the graviton kinetic term which, holographically, gets trans-
lated into a modification of the stress-tensor correlator charge, which then becomes a - CE.

For ECG, using (2.7), we find then
3 L?
G
Observe that unitarity imposes Cr to be positive, which translates into 1 —3uf2 > 0. This

CECS = (1—3p2) (5.4)

is of course equivalent to asking the effective bulk gravitational constant to be positive. It
can be seen that this constraint is automatically satisfied whenever (2.5) holds.

HGee e.g., [14, 18] for more detailed discussions of this issue.
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While we have been able to compute C; for ECG using GEHCG, it is instructive to

obtain it from an explicit holographic calculation. This will also serve as a highly-nontrivial

consistency check for the new on-shell action method introduced in the previous section.
Let us then consider a metric perturbation: g¢up = Gap + hap, on the Euclidean AdSy

vacuum
2

r 2 2
= ﬁ ']“Qfoodr . (55)

Since all components of the two-point function will be determined by C, computing one

ds®

[dr? + da® + dy®] +

of them will be enough. It is then sufficient to consider a perturbation of the form
Py = %22(,25(7“,7'). Plugging this into the Euclidean version of (2.2) and expanding up to
quadratic order in ¢, we find

ECG _(1—3Mfgo)/ 3 1 2 I 2| 3
TECS, = o d°zdr \/fTo(aT(m +V foo i (0r9) Torc d’zT,

(5.6)
where I', is a boundary term which appears after integration by parts — see (C.2). Recall
also that, in this coordinates, the boundary corresponds to lim, . r = L2/§, where we
introduce the UV cutoff § < 1. The equation of motion for ¢ follows from (5.6), and reads

o (r*op\ 1 0%
(mm) S5 0. (5.7)

or

In order to solve it, we Fourier-transform the dependence on the coordinate 7,

1 .
o:7) = o [ dpon(p)er ). (53)
H,, satisfies the equation
d (r*dH, p?
cir(L‘lcir)_ﬁ)o »=0. (5:9)

whose general solution reads

_ L2 L2‘p| L2|p| L2|p’
Hy(r) = c1e Visr (1 + > + coeVFor <1 - ) . 5.10
P V foor foor ( )
In order to get a regular solution, we set co = 0, and we also fix ¢; = 1 so that

Hy(r — L?/§) = 1. With this solution, we evaluate the Lagrangian, which can be ex-
pressed as a total derivative. Further integrating over the r coordinate and substituting
the solution in Fourier space, we get

vV Vo 4 1
JECG :f"OR/dd ~ H.0,H — /d31“r
EBulk = G542 GECG pdqpo(p)do(q)d(p+q) 5 0 Pleei2)s” 167G S
(5.11)

where Vg2 = [ dady, and where we used [ dre'Pt7) = 276(p + q).
Let us now turn to the boundary contributions in the generalized action (4.24). As we

explain in appendix C, when these terms are added to (5.11), most divergences in I,

r=L2/§
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disappear, and we are left with the following result for the full action:

ECG _ 7ECG ECG
Iy EBuk T IEGGHY+GCT (5.12)

Vi L4 L?p?
_ Z_H,0.H -
6172GECG /T dpdqeo(p)do(q)d(p + q) [foo s HpO Hy| 5T o

Observe that, even though 1/GESY and a*F¢C have a different dependence on p — see (2.7)
and (4.25) respectively — and that it is *P¢S the one appearing as an overall constant in
the generalized GHY term and the counterterms (4.24), everything conspires to produce a
i

single finite contribution which is instead proportional to 1/ , as it must.

If we take the limit 6 — 0 explicitly in (5.12), we get the simple result

) =~ 2L [ dpdagto)on(a)itp + ool (5.13)

Using the holographic dictionary [3], we can compute one of the components of the bound-
ary stress tensor two-point function in momentum space as

52 IE%Cgo]  LVie
5¢o(—p)ddo(—q)  8Ges

(Tuy(0,0,p) Ty (0,0,9)) = —(27)° 5(p+q)lpl*. (5.14)

Now, from the CFT side, this is given by

(Ty(0,0,p)T%y(0,0,q)) = /dgx/d3x’e_ipTe_iqT,(Tmy(x)Txy(:r’», (5.15)
where
C (r=7)  (@—2)y—y)
T, Ty (') = — T 1142 .1
< y(x) y(:lj )> 2‘$—I‘/|6 |: + ’ZU—$/|2 +8 |£E—£E/|4 (5 6)

The integration in (5.15) can be performed without further complications and we obtain
the result
7T3CTV]R2

o @+ all (5.17)

<Ti€y(07 0, p)Tl’y(Oa 0, q)) =

Comparing this expression with (5.14), we obtain the result for C, which agrees with the
one in (5.4), as it should. The fact that our generalized action (4.24) succeeds in providing
the right answer for this quantity, including various non-trivial cancellations between Ig%(ilk
and Ig%%HY +act — see appendix C — provides strong evidence for the validity of the
method developed in section 4.

Note finally that, as explained at the beginning of this section, C'; provides information
about many different physical quantities appearing in numerous contexts. Hence, by the
same price we computed (5.4), we gain access to all such quantities for the CFT3 dual
to ECG.
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6 Thermodynamics

In this section we study the thermodynamic properties of the ECG black holes constructed
in section 3. First, we compute the Wald entropy, ADM energy and free energy of the
solutions, and compare the result with the one obtained from an explicit on-shell action
calculation, which serves as a further check of the method proposed in section 4. Then,
focusing on the flat boundary case, £k = 0, we identify the quantity Cs which relates the
thermal entropy density to the temperature, and show that, in contradistinction to Einstein
gravity, it defines an independent charge with respect to Cp. In subsections 6.3 and 6.4,
we study the phase space of holographic ECG on Sk x T? and Sé x S?, respectively. In
the first case, we show that the standard phase transition between the ECG AdS soliton
and black brane keeps occurring at the same temperature as for Einstein gravity. In the
second, we show that depending on the value of u, one, two or three black hole solutions
can coexist at the same temperature. The dominating phases are still thermal AdS at small
temperatures and large black holes at large temperatures, but the Hawking-Page-transition
temperature becomes arbitrarily large as we approach the critical limit p = 4/27. Besides,
small black holes become thermodynamically stable for p # 0, although their contribution
to the partition function is always subleading with respect to thermal AdS.

6.1 Entropy, energy and free energy

Let us start by computing the Wald entropy of the solutions which, for any covariant theory
of gravity is given by [113, 114]

S = 27T/ dd_l:L“ \/Eaglﬁbdsabgcd’ (61)
H C

where &4 is the binormal to the horizon. Now, for metrics of the form (3.1), the integration
can be performed straightforwardly, yielding
2mry?  OLECS

L2 Vs ORab cd e

S=-— : (6.2)

T=TH

where Vs, is the regularized volume of S?, R? or H? for k = 1,0, —1 respectively. Explicitly,
the final result for the ECG black holes reads

3Lt (k+25°) [(k+32%2>+2k [1+\/1+ sk (k+3g‘f)H

2
ECG _ Tm Vs

= 1— . (6.3
AGI? — 2 (6.3)
it [1+\/1+ i (k+3’“LHZ)}
TH
Again, this reduces to the Einstein gravity result

ra? Vs
gE — H > 6.4
1GL2 (6.4)

when we set 1 = 0. Once we have S(T') (defined implicitly), we can use the first law,
dE =T4dS, to find the energy. The result is

3
pECG _ (WH9) Ve N

STGLA (6.:5)
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As expected, this coincides with the result one would obtain for the generalized ADM
energy from the asymptotic expansion (3.5).

The entropy of the solutions can be alternatively computed from the free energy as
S = —0F/0T. Hence, we can perform an additional check of our generalized action (4.24),
which evaluated on the Euclidean version of the solutions — for which we identify tp ~
te+ B — should yield the free energy as FFCG = IECG/B. Plugging (3.1) in (4.24), we find
that the bulk term is a total derivative that can be integrated straightforwardly, namely

TESSh = (s [H ) — (/)] (6.6
where 3 p )
H(r) = = |2 —4f —rf) = 5 2f +7f)* (4f —rf)] - (6.7)

Using the asymptotic expansion (3.5), we get

2L! (WP9%)” (14 3uf2)
H(L?/6) = “ (1 = 2fno — 2uf3 L+ 0(6) . 6.8
We can also evaluate the boundary contributions in (4.24). For these, we use
/ I3 kL (WECG)3
dBzvVh = Ndt A dS Joo — 0(6),
Ve ke 2ko? '
K= 3V | +06Y, R="r.
L 213/ foo LA
Then, we find
3
ECG _ BNVe(1+3uf2) | L (WF9)
Iggany+aer = — ReCIA 5 21— 3uf2) +O(9). (6.10)
Now, if we add up both contributions we obtain the finite result
goc _ BNV

where we made use of the AdS; embedding equation (2.4). Hence, all boundary contribu-
tions cancel out and the on-shell action is reduced to the evaluation of the function H(r) at
the horizon. Using the near-horizon expansion (3.9), we can finally write the free energy as

NVs rgd 2w Try? 3k (2rT\?% [27T\?
FECG — R L4 _ _ -
sraLe |tz vy My ) Tl

(6.12)

Note that this can be also written fully in terms of 7y using (3.13). When p = 0, (6.12)
reduces to the Einstein gravity result

NVsry T2
FP— = H [ CH ) 1
167G L2 (k 12 ) (6.13)

Using (6.12) and the thermodynamic identity S = —0F/JT, we can recompute the entropy
of the solutions. The result precisely matches (6.3), computed using Wald’s formula, which
provides another check for our generalized action.
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6.2 Thermal entropy charge Cg

When the boundary geometry is flat, k = 0, it is convenient to set N? = 1/f, a choice
which fixes the speed of light to one in the dual CFT [33]. In that case, the thermodynamic
expressions simplify considerably. In particular, we find

3’r‘H 3 3 27
T—_ o _ 12t 6.14
AnL>V/foo ? TH( 4“’)’ (o1
2 3
Tn 27 Ty 27
’ T AGI? ( 4 “) YT AT ( 1 “) ) (6.15)

where we defined the entropy and energy densities s = S/Vg2, ¢ = E/V2. We can explicitly
write these quantities in terms of the temperature, the result being

A2 L2 2 27 \ o Sm2 L2 f2 27
=T Pl (12T == —Joo (12 )13 6.16
° 9G ( 1 “) ST TG ( 1 “) (6.16)

From (6.16), it immediately follows that ECG black branes satisfy

€= gT s, (6.17)
3
as expected for a thermal plasma in a general three-dimensional CFT.
The dependence on the temperature of the thermal entropy density is also fixed for
any CFT3 to take the form
s =CgT?, (6.18)

where Cy is a theory-dependent quantity. From, (6.16), it follows that

272
CECG — <1 - 247u> f2CY . where CF = %% (6.19)
is the Einstein gravity result — see e.g., [33]. As we can see, in the holographic model
defined by ECG, Cs is no longer proportional to Cr, and therefore defines an additional
well-defined independent ‘charge’ which characterizes the theory.'?> For growing values of
1, Cs monotonously decreases with respect to the Einstein gravity value and, funnily, it
vanishes for the critical case,' y = 4/27.

The fact that Cg vanishes for certain value of the gravitational coupling is quite un-
usual, and does not occur for QTG or Lovelock black holes (in the Einstein gravity branch)
in any number of dimensions — see e.g., [33, 40, 43, 71, 115]. In fact, in those cases, the
only modification in Cy with respect to Einstein gravity is an overall fééf‘l) factor, i.e.,
the result reads C;QTG/ Lovelock _ fég_l)Cg, where CF is the Einstein gravity result written
in terms of L. In fact, in view of the results for those theories, one would have naively

expected all ‘(1 — 27/4u)’ factors in (6.14)—(6.19) not to appear for ECG. This seems to

120bserve that Cs can be rewritten as CE°¢ = f2 (1 — 3uf2 /4)(1 — 3uf2)*CE, which makes it more
obvious that this charge is not proportional to CECG.
13This would seem to suggest that the black brane has a unique microstate in that case, but it is probably

just another evidence of the problematic properties of the critical theory.
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be a simple manifestation of the fact that the theories belonging to the Generalized QTG
class (including ECG) for which f(r) is determined through a second-order differential
equation possess rather different properties from those for which f(r) is determined from
an algebraic equation — see below and [53-55, 60] for more evidence in this direction.

6.3 Toroidal boundary: black brane vs AdS, soliton

In this subsection we study the phase space of thermal configurations when the spatial
dimensions of the boundary CFT form a torus T2. The first obvious saddle corresponds to
Euclidean AdS, with toroidal boundary conditions, given by

r2

2
ds =12

2
2
s (6.20)

where the coordinates x1; and o are assumed to be periodic, 12 ~ x12 + l1,2, where [ 2

[dT2 + dz‘% + dxg] +

is the period of each coordinate. Without loss of generality we assume [; < [5. As before,
7 ~ 7+ . The next candidate is the Euclidean black brane

2 L2
ds? = % [f(r)de + dx? + da:%} +

dr? 6.21
o 210 (621
for which the temperature is fixed in terms of the horizon radius through (6.14). Finally,
it should be evident that moving the f(r)/fs factor from g, to g11 or gee should also give
rise to solutions of ECG, e.g.,

7,2

Nz

f(r) . o 2 L’
dr? + -Ldx? 4+ da2| +
|: Joo ! 2 r2f(r)
These are the so called AdS, ‘solitons’ [116, 117]. The crucial difference with respect
to the black brane is that, for these, regularity no longer imposes a relation between the

ds?

dr? . (6.22)

temperature and the horizon radius. Instead, it fixes the periodicity of x;1 (or z2 if f(7)/ feo
appears in goo instead) in terms of ry as

_ AL/ foo _

3ry

l1,2 (6.23)
Of course, 7 is still periodic with period (3, but, as opposed to the black-brane case, the
temperature can be now arbitrary for a given value of ry.

Now, the Euclidean action vanishes for pure Euclidean AdS,4, whereas for the black
brane and the solitons we find, respectively

47 oo L? 27 liton 1.2 A7 foo L? 27 \ Ll
b _FhJoo [ 20 21 peontentz  PRJoo™ (g 27 ) 6.24
E 277G ( 1 “) 12, g 277G 4" T, (6:24)

The solution which dominates the partition function is the one with the smaller on-shell
action (or free energy, SF = Ig). As we can see from (6.24), for the set of values of
i for which the ECG solutions exist, the free energies of the black brane and the AdS
solitons are always negative, just like for Einstein gravity, which implies that pure AdSy
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never dominates. We observe that for (arbitrarily) small temperatures, the partition func-
tion is dominated by the soliton with the shortest periodicity, the other one being always
subleading. For large temperatures, the black brane dominates instead. At 7' = 1/I3,
(recall we are assuming Iy < l2), there is a first-order phase transition which connects both
phases. Hence, the phase-transition temperature is not modified with respect to Einstein
gravity. The latent heat, computed as the difference between the energy densities of both
configurations at 7' = 1/ly, does change and is given by

A fo L? <1_ 27 > ly

Again, something unusual happens in the critical limit. In that case, the free energy of
both the black brane and the soliton — which have a simple metric function given by
f(r) = 3(r> = r42)/L? — vanishes. Then, for u = 4/27, the black brane, the two solitons
and pure AdSy are all equally probable configurations.

6.4 Spherical boundary: Hawking-Page transitions

Let us now consider the boundary theory on Sk x S2. In that case, apart from Euclidean
AdS, foliated by spheres, the other candidate saddle of the semiclassical action corresponds
to the Euclidean spherically symmetric black hole

2

r dr?
ds® = [1 + 73 f(r)} dr? +

= + 20, (6.26)
1+ 570 ®

where we have chosen N? = 1. Also, note that the ‘volume’ of the transverse space is,
in this case, Vg2 = 47L?. As a function of the horizon radius, the temperature of these

3ul? T2
1 1 1 —
+\/ +o5 ( +355

The contribution coming from the cubic term in the action becomes less and less relevant

solutions is given by (3.13)

(6.27)

as we make 7y larger, but its effect is highly nonperturbative for small radius. For example,
a non-vanishing value of u makes the temperature vanish, instead of blowing up, as ry — 0.
More precisely, one finds T ~ 7 /(27+/3L?) in that regime. This is no different from the
behavior observed for the asymptotically flat ECG black holes [51, 52, 56] — small black
holes do not care whether they are inside AdSy or flat space.

Besides this, the introduction of the cubic term in the action leads to some additional
differences with respect to Einstein gravity — see figure 3. For the usual Schwarzschild-
AdS, Einstein gravity black hole, the temperature is always higher than a certain value,
T > Toin = V3 /(2nL). In that case, for a given T > Ty, there exist two black holes, one
large, and one small. There are no solutions for which T' < Ti,i,. For ECG the situation is
quite different. On the one hand, one observes that there is no minimum temperature, this
is, as long as p # 0, there always exists at least one black hole solution for a given T. We can
distinguish two qualitatively different behaviors depending on u. For 0 < pu < pup = 1/288,
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Figure 3. Temperature as a function of the horizon radius for various values of u € [0,4/27].
Depending on pu, there exist one, two, or three black holes with the same temperature.

there is an interval of temperatures (Tiin, Tmax) for which three black hole solutions with
the same temperature exist. However, if T' > Tihax or T' < Tinin. we just have one. On the
other hand, if p > pr, there is always a single black hole solution for each temperature. In
the critical limit, for which f(r) = 3(r? —ry2)/(2L?), the relation (6.27) becomes linear [61],
and reads T = 3ry/(47L?).

In sum, at a fixed temperature T', we have several solutions with S[lg x S? boundary
geometry: thermal AdSy, and one or three black holes depending on the value of p. In order
to identify which phase dominates the holographic partition function at each temperature,
let us again compare the on-shell actions of the solutions. For thermal AdSy, one finds
a vanishing result, whereas for the black holes, the result can be obtained from (6.12),
from which we can obtain Ig(7") implicitly using (6.27). In figure 4, we plot Iy for various
values of pu. At a given temperature, we always have several possible phases: a pure
thermal vacuum (radiation), and one or several black holes. The dominating phase (shown
in solid line) is the one with smaller on-shell action. Regardless of the value of pu, the
qualitative behavior is always the same: for small temperatures, the partition function
is dominated by radiation, while for large enough temperatures there is a Hawking-Page
phase transition [116, 118] to a large black hole. The temperature at which the transition
occurs depends on . For Einstein gravity, one finds Typ = 1/(wL), while for p < 1, this

result gets corrected as
14+ 10p
L

Hence, the introduction of the ECG density increases the temperature at which the tran-

Tyap = + O(,UQ) . (628)

sition occurs. The black-hole radius for which the phase transition takes place also grows
if we turn on p, and is given by ry = L(1 + 26 + O(p?)), and the same happens with the
latent heat, §Q = L/G- (1 + 38+ O(p?)). As we increase p, the Hawking-Page transition
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temperature grows. In fact, it diverges in the critical limit p = 4/27, which means that no
transition at all occurs in that case. If we define e = 1 —27/4u, the transition temperature
for ¢ < 1 can be seen to be given by

€

3
Typ = 1-=
NG [ 4

2L 1
—1—(9(62)] ,  which occurs for ry= 7 |:1—6—|—O(62)] . (6.29)
€

4
The reason for the disappearance of the transition is that the critical black holes have a
temperature-independent on-shell action, namely'4

A2 9 4 82722
Ip = 1-— €

e B + 0(62)] , (6.30)

which in the e = 0 limit is a positive constant, therefore greater than the thermal AdS,
value.!®
Although we have seen that only radiation and large black holes can dominate the
partition function, it is worth stressing certain new features that appear in the thermal
phase space of ECG. First, we observe that a low-temperature phase of small black holes
becomes available as we turn on p. For small 7', the corresponding on-shell action is given by
Small BHs _ L3 (6.31)
G
Hence, if p is small enough (but not zero!), a spontaneous transition from radiation to small
black holes is likely to occur at low temperatures. However, a too small value of p could be
outside the limits of validity of this approach. Indeed, if the cubic corrections came from
string theory, one would expect something like \/ﬁLQ ~ o', which is assumed to be much
larger than G in the holographic setup. On the other hand, the phase space has a critical
point (not to be confused with the critical limit of the theory) where the three black-hole
phases in figure 4 (top right) stop existing separately.'® This occurs for y = pz which sepa-
rates the cases for which there are three phases, from those for which there is only one. The

\/2/3

phase transition is second-order, and takes place at a temperature T, = ~——, correspond-

ing to the non-smooth point on the dashed orange curve in figure 4 bottom left. The critical
exponent of the specific heat at the transition turns out to be —2/3. More precisely, we find

C=-T

*F  mb'3L (T
oT?  9.273G \ T.

—2/3
1) as T —T¢.. (6.32)

Let us finally mention that the thermodynamic behavior of our black holes is qualita-
tively similar to the one observed for D = 5 Gauss-Bonnet black holes [70].17 Just like for
ECG, a new phase of small stable black holes appears also in that case, as a consequence

MThe fact that the on-shell action of black holes does not depend on the horizon size is yet another
unusual property of the critical theory.

'"As € — 0, the latent heat also diverges as 6Q = 4L/(G+/€) - (1 — 3¢/4 4 O(€?)), although the entropy
increase tends to a constant value, 65 = 8L°m/(3G) - (1 — /2 + O(€?)).

16WWe thank Robie Hennigar for pointing this out to us.

17See also [119] for the case of general quadratic gravity — the analysis becomes perturbative in that
case though.
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Figure 4. We plot Ip as a function of the temperature for the different phases of holographic
ECG in Sj x S§?. Solid lines represent the dominant phase in each case. Blue lines correspond
to thermal AdS,4, and orange lines to black holes. From left to right and top to bottom: p =
0, 0.0001, 1/288, 0.02. For u = 0 we get the usual Einstein gravity result, with two orange branches
corresponding to small and large black holes, and a Hawking-Page transition at Typ = 1/(wL). For
0 < p < 1/288, there exist either one or three black-hole branches, depending on the temperature,
while for p > 1/288 there is a single black hole for every temperature. As p approaches the critical

value, the Hawking-Page transition temperature grows as Typ ~ 3/(2nL+/1 — 27u/4). In the limit
p = 4/27, the on-shell action is constant (not shown in the figure), Ir = 47L*/(3G), so thermal
AdS, always dominates, and there is no Hawking-Page transition.

of the Gauss-Bonnet term. Again, thermal AdSj5 is always globally preferred over such so-
lutions. Observe also that the fact that there is no phase transition for critical ECG seems
to be related to the fact that, in that case, the solutions become ‘very similar’ to three-
dimensional BTZ black holes (see footnote 7), for which no Hawking-Page transition exists
either [120]. Finally, let us point out that more sophisticated phase transitions connecting
different AdS vacua have been identified for Lovelock gravities in various dimensions [121].
It would be interesting to explore their possible existence in ECG or, more generally, for
the class of theories introduced in [53, 55, 56].
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7 Rényi entropy

Rényi entropies [122, 123] are useful probes of the entanglement structure of quantum
systems — see e.g., [25, 124, 125], and references therein. Roughly speaking, given a state
p and some spatial subregion V in a QFT, Rényi entropies characterize ‘the degree of
entanglement’ between the degrees of freedom in V' and those in its complement (when
such a bi-partition of the Hilbert space is possible). More precisely, they are defined as

Sq(V) = liqlogTrpg,, q>0, (7.1)
where py is the partial-trace density matrix obtained integrating over the degrees of free-
dom in the complement of the entangling region. Whenever (7.1) can be analytically
continued to ¢ € R, the corresponding EE can be recovered as the ¢ — 1 limit of .Sj,.

In this section we use the methods developed in [25, 96] to compute the Rényi entropy
for disk regions in the ground state of holographic ECG. In subsection 7.1, we study the
dependence of S;/S1 on p, as well as on some of the charges characterizing the CFT. In
subsection 7.2, we compute the conformal scaling dimension of twist-operators h, for ECG
— see below for definitions — as an intermediate step to obtain in subsection 7.3, using the
results in [126], the charge ¢4 characterizing the three-point function of the stress tensor.

7.1 Holographic Rényi entropy

In [96], it was shown that the entanglement entropy across a radius- R spherical region S%2
for a generic d-dimensional CF'T equals the thermal entropy of the theory at a temperature
To = 1/(27R) on the hyperbolic cylinder R x H?" !, where the curvature scale of the
hyperbolic planes is given by R. The result is particularly useful in the holographic context,
where the latter can be computed as the Wald entropy of pure AdS 4,1 foliated by R x et
slices.!® Later, in [25], it was argued that this result could be in fact extended to general
Rényi entropies, the result being

q T

S, = ———
(1= 9To Jryyq

Sthcrmal (T)dT 9 (72)

where Siema(7T') is the corresponding thermal entropy on R x H1 at temperature T'.
While for T' = Tj, general results for the EE across a spherical region can be obtained for ar-
bitrary holographic higher-derivative theories as long as AdS 4, ) is a solution, the situation
becomes more involved for general ¢. In that case, (7.2) requires that we know Sipermai(7)
for arbitrary values of T'. Holographically, the calculation can only be performed if the
bulk theory admits hyperbolic black-hole solutions for which we are able to compute the
corresponding thermal entropy. Examples of such theories for which Rényi entropies have

8Observe that this means, in particular, that for odd-dimensional holographic CFTs, we can in principle
access a* — see (4.13) — in three different ways: 1) from an explicit EE calculation using the Ryu-
Takayanagi functional [127, 128] or its generalizations, e.g., [129-131], depending on the bulk theory; 2)
from the Euclidean on-shell action of pure AdS 441) with S¢ boundary [96]; 3) from the Wald entropy of
AdS(441) with R x H*""' boundary [96].
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been computed using this procedure include: Einstein gravity, Gauss-Bonnet, QTG [25]
and cubic Lovelock [132]. Analogous studies for theories in which the corresponding black
holes solutions were only accesible approximately — typically at leading order in the corre-
sponding gravitational couplings — have also been performed, e.g., in [63, 133, 134]. ECG
allows us to perform the first exact calculation (fully nonperturbative in the gravitational
couplings) of the holographic Rényi entropy of a disk region in d = 3 for a bulk theory
different from Einstein gravity.
Following [25], let us start by rewriting (7.2) as

q

5= oD

S@T @)L, - / S’(x)T(x)d:c], (7.3)

where we defined the variable z = ry/ L, and where S and T stand for the thermal entropy
and temperature of the hyperbolic AdS black hole of the corresponding theory. For z =1,
one has, in general T'(1) = Ty, whereas z, is defined as a solution to the equation T'(z,) =
Tv/q. For ECG cubic gravity, the expressions for S(x) and T'(z) can be extracted from (6.3)
and (3.13) respectively by setting k = —1,

. 2 (322 _ 3z _ 1) _ _ 3fZp (322 _
2% | s (5 - 1) [(fw 1) 2[”\/1 e (3 1)”
= T aa |t 2

4G 4 321 (322

2 12 2 -

1 3x 3fip (3x
T = — =1 1 1] - == — =1
(@) 2n Rz (foo > +\/ zt (foo >

where, in addition, we have set N2 = L2/(fxR?). This makes the boundary metric
conformally equivalent to

S(z)

: (7.4)

dspgy = —dt* + R*d=?, (7.5)

so that the boundary theory lives on R x H?, with the ‘radius’ of the hyperbolic plane
given by R, as required [25]. From (7.4), it can be seen that x4 corresponds to the real and
positive solution of

vy (3¢%x; — ¢ — 2quq) = 3pf (Pxy—1) (7.6)

which for Einstein gravity reduces to
g_ 1 2
T, =3 (1—1— 1+3q). (7.7)

Observe that we have not said anything yet about the divergent nature of V2. Of
course, one expects the entanglement and Rényi entropies to contain (a particular set of)
divergent terms, so one could have only expected some source of divergences to appear in
the calculation. It is a remarkably feature of the procedure outlined above that all necessary
divergent terms in the Rényi entropy (and no others) are produced by the volume of the
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hyperbolic plane. In the case of interest for us, corresponding to d = 3, the regularized
volume reads [96]

Vigs = 27 [? _ } , (7.8)

where we introduced a short-distance cut-off §. From this expression, we shall only retain
the universal piece,!? and hence we will replace Vi — —27 from now on, keeping in mind
that S, also contains a cut-off dependent ‘area’ law piece. Taking this into account, after
some massaging, which includes using (2.4), we can check that

T(1)=Ty, and S(1)=—2ra*FY, (7.9)

where a*FCC was defined in (4.25). Hence, we obtain the same result for the EE of a disk as
the one found in section 4 from the free energy of holographic ECG on S3. This is another
check of our proposed generalized action (4.24).

With all the above information together, we are ready to evaluate the Rényi entropy
from (7.3). The result reads

L2 x2 3 1
SqECG: g4 T 1—xq—qq—|—x3—uf§o< —3—q3+$2> ; (7.10)

(1—¢q) 2G 4 ¢z

which reduces to the Einstein gravity one [25] for p = 0. In figure 5, we plot S,/S: as
a function of the Rényi index for various values of p. As we increase i, S,/S1 becomes
smaller in the ¢ < 1 region, but it remains larger than 1 for all values of u. The opposite
occurs for ¢ > 1, where S;/5; tends to grow as we increase p, but S;/S1 < 1 for all p. In
the critical limit, there is a jump, and S;/S1 no longer diverges near ¢ = 0. In fact, in that
case, (7.10) reduces to a g-independent constant for ¢ < 1, Sgrit'ECG = —WEQ/G. As we
approach p — 4/27, Sy tends to another constant, So, — —wL?/G x (1 —1/(3v/2)). Note
also that the curve is no longer concave for p ~ 0.135 or larger.

Explicit Taylor expansions of S}IECG around ¢ = {0,1,00} can be easily obtained. A
few terms suffice in such expansions to provide excellent approximations to the exact curve
for most values of y. At leading order we find, respectively,

lim Sy % = —2ma Y (7.11)
q—
1
. ECG _ ECG
%1_1}(1) S, = on Cy™, (7.12)
L? 2
lim SPCC¢ = T 1y pgup2 - 2 |, 7.13
T e | T ) )

The first result corresponds to the EE, and we have mentioned it already. As for the
second, the appearance in the ¢ — 0 regime of the thermal entropy charge CECG, identified

19As stressed in [135], the universality of constant terms comes with a grain of salt. For example,
in (7.8), one could think of rescaling R by an order-6 constant, which would pollute the constant term. In
the case of EE, this issue was overcome in [135] using mutual information as a regulator. We will ignore
this problem here.
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Figure 5. We plot the ratio of the Rényi entropy and the EE, S,/S1, as a function of the Rényi
index ¢ for various values of the ECG coupling .

in section 6.2, should not come as a surprise either. The reason is the following. As shown

in [25], the Rényi entropy S, across a S92 in a general CFTy can be alternatively written as
q RdildeA

(1-q9 To

where F(T) is the free energy density of the theory at temperature 7 on R x HY"!. The
point is that, as ¢ — 0, the second term in (7.14) dominates over the first. Then, one can

Sq = [F(To) = F(To/q)] (7.14)

use the fact that, at high temperatures, the free energy density on R x H¢ ! tends to the free
energy density on R? [136], Fypga-1(T) = Fra(T) [1 + O(1/(RT)?)], since 1/R becomes
irrelevant compared to 7 in that regime. Using the general relation Fga(T) = —CsT?/d,

valid for any CFT in flat space, it follows then that?’
o Vi Cs 1\

which should hold for any CFT; and, in particular, precisely agrees with (7.12) for ECG.
Besides, we can readily check that

4
ECG _ ™ ~ECG
9qS, \qzl =350 (7.16)

as expected from the general relation found in [106].
Let us now gain some insight on the dependence of S, on quantities characterizing the
CFT. In order to do that, we can use the relations

72 3 Crla*) — 12

20Sce [133, 137] for analogous arguments.
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Figure 6. We plot the ratio of the Rényi entropy and the EE, S,/S1, as a function of the quotient
(Cr/a*)ECC for ¢ = {1,2,3,10,00}. The limits of the range plotted correspond to the critical
theory, (Cr/a*)FC% = 0, and Einstein gravity (Cr/a*)®¢S = 12/73, respectively. The dashed line
corresponds to the linear approximation to S /51 in (7.19).

It is then straightforward to substitute these in (7.6) and (7.10) to obtain S; as a function
of a*F€G and (Cr/a*)PCC. Observe that a* appears as a global factor, so that S,/S; is
a function of Cy/a* alone. We plot this ratio for several values of ¢ in figure 6. Observe
that Cr/a* takes values between 0 and 12/73 ~ 0.3870, corresponding to the critical value,
p = 4/27, and Einstein gravity respectively. Interestingly, even though the dependence
of S;/S1 on Cr/a* is in principle highly non-linear, all curves seem to be approximately
linear in the full range. In addition, we find that

Sy

S1

Sq

5 for (Cri/a}) > (Cra/a3), (7.18)
(Cry/al) 1

(Cra/a3)

i.e., S;/S1 monotonously decreases as Cr/a* grows, for all values of g. These features are
very similar to the ones observed in [25] for holographic Gauss-Bonnet in d > 4.

We can gain some understanding on the approximately linear behavior of S;/Si by
expanding S, /S1 around the Einstein gravity value, (Cy/a*)FCG = 12/73. By doing so,

we obtain
3 C * 12 3/2 3
S;.o:l_ﬂ [( T/a)+7r3]1/2 ~ |:1_ 2 :| o 57T |:(CT/CL*)_1§:|+, (719)
51 72 [(Cr/a*) + 5] 3v3] 2163 7r

where the first omitted correction is quadratic in the expansion parameter. As it turns out,
the linear approximation in (7.19) fits the exact curve very well for most values of C/a* —
see dashed line in figure 6. We suspect a similar phenomenon occurs for smaller values of q.

In spite of this ‘pseudo-linearity’, it seems clear that S?CG does not have a simple
dependence on universal CFT quantities. This fact, which agrees with the exact d > 4
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results of [25] for Gauss-Bonnet and QTG, was actually anticipated in that paper also for
d = 3, where S; was computed at leading order in the gravitational coupling for a bulk
model consisting of Einstein gravity plus a Weyl® correction.

7.2 Scaling dimension of twist operators

Let us now turn to the scaling dimension of twist operators. In the context of computing
Rényi entropies for some region V using the replica trick, the boundary conditions which
glue together the different copies of the replicated geometry at the entangling surface 9V,
can be alternatively implemented through the insertion of dimension-(d — 2) operators 7,
extending over V' [25, 26, 138, 139]. The replicated-geometry construction is then replaced
by a path integral over the symmetric product of ¢ copies of the theory on a single copy of
the geometry, with the 7, inserted. Given V', Tr pg/ can be then obtained as the expectation
value of these ‘twist operators’, Tr p‘{/ = <Tq>q, computed in the g-fold symmetric product
CFT. A natural notion of scaling dimension, h4, can be defined for 7, from the leading
singularity appearing in the correlator (T),,7,), as the stress tensor is inserted close to OV,
In particular [25, 26],
<TWTq>q = _;quZLdV ) (7.20)

where b, is a fixed tensorial structure and y is the separation between the stress-tensor
insertion and OV

Our interest in the h, for ECG is mostly related to the use that we will make of them
in the following subsection, so let us just reproduce the most relevant result needed to
compute them for holographic CFTs [25, 26]. This establishes that, given some higher-
derivative bulk theory, hq can be obtained from the thermal entropy and temperature of
the corresponding hyperbolic AdS black hole as

2w Rq /1 ,
hgy= ———7"— T(x)S (z)dx . 7.21
V= ), TS @ (7.21)
Then, using (7.4), we find, for the universal piece,
72
ece _ 4L7 | 3 o (3,2 3
hq = —@ |:.I'q — I’q — /’LfOO <xq + ? — quq 5 (722)
which reduces to the Einstein gravity result [25]
72
E_ 9L 2
hq = @xq (1 — xq) s (723)
when p = 0. It is easy to perform some checks of this result. In particular, we find
1 3
: ECG _ ECG ECG _ ECG
;l_r)% hq = — 1271_2q2 CS 5 8qhq ‘q:l = ﬁCT s (724)

as expected from the general identities found in [137] and [26], respectively. Similarly,
using (7.10), it is possible to verify that the general relations [137]%

. 1 . ; .2 aj—
Ohal = 7= |G+ D 9S4,y + 7205784, - (7.25)

hold for general j and arbitrary values of u, as they should.

2lFor j = 1, the second term is ignored.
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7.3 Stress tensor three-point function charge t4

For general CFTs in d = 3, the stress tensor three-point function is a combination of
fixed tensorial structures controlled by two theory-dependent quantities [100], which can
be chosen to be C; plus an additional parameter,?? t4. The latter was originally introduced
in [9], where it was shown to appear in the general formula for the energy flux reaching
null infinity in a given direction after inserting an operator of the form €;;7%, where € is
some symmetric polarization vector. For any CFT3, the result takes the general form

nind12 1
1+t ('6”?”' - )] , (7.26)
€5€ij 8

where F is the total energy, and 7 is the unit vector indicating the direction in which we

(EG) = o

are measuring the flux. Hence, the only theory-dependent quantity appearing in the above
expression is t4 which, along with Cr, fully characterize (I'TT) — see e.g., [33, 110] for
the explicit connection. For d > 4, there is an extra parity-preserving structure weighted
by another theory-dependent constant, customarily denoted ts.

Higher-dimensional versions of (7.26) have been used to identify ¢4 and to for holo-
graphic theories dual to certain higher-order gravities in d > 4, such as Lovelock [33, 34] or
QTG [43]. It is known that ¢4 = 0 for general supersymmetric theories [9, 44|, as well as for
theories of the Lovelock class [33-35, 42], including Einstein gravity in general dimensions.
In fact, one of the original motivations for the construction of QTG in [40], was to provide
a nonperturbative holographic model with a non-vanishing ¢4 in d = 4. Here, we show that
ECG provides an analogous model in d = 3.

In order to determine ¢4 for ECG, we will use the results in [126], where it was shown
that the scaling dimension of twist operators in holographic theories is related to the
parameters controlling the stress-tensor three-point function. In particular, it was shown

that the expression

hg 3 3

[ 22971~ 530

(420 + t4) (g — 1) + O(q — 1)3, (7.27)

holds for general holographic higher-order gravities in d = 3, at least at leading order
in the couplings. Performing the corresponding expansion in the twist-operator scaling
dimension (7.22), we find

G _ —1200ufe (7.28)

(1-3uf3)

which, as expected, vanishes for Einstein gravity. One may worry about the validity
of (7.27) beyond leading order, for which t£¥¢% = —1260u + O(u?). However, we have
good reasons to believe that (7.28) is correct for general values of u. First of all, observe

ECG
4

that (7.28) singles out u = 4/27 as a special value of the coupling, since ¢ diverges in

that case. Of course, this is nothing but the critical limit of the theory, for which some sort

#2Tn general, in d = 3, there is also a parity-violating structure [140-142], which is controlled by yet an-
other parameter. Capturing this would require introducing another bulk density involving some contraction
of curvature tensors with the Levi-Civita symbol — see e.g., [141].
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of bizarre behavior was to be expected. Secondly, in appendix A, we use the results found
in [25] for the twist-operator scaling dimensions in d-dimensional holographic Gauss-Bonnet
and d =4 QTG, and show that the (d-dimensional versions of) (7.27) provide expressions
for to and ¢4 which exactly agree with the fully nonperturbative ones found in [33] and [43].
These observations strongly suggest that (7.28) is an exact expression.

Now, in d = 3, imposing the positivity of energy fluxes in arbitrary directions gives
rise to the constraint —4 < ¢4, < 4, which is valid for general CFTs [33], as long as the
additional parity-odd structure is absent, as in the case of ECG.?> When written in terms
of the gravitational coupling for ECG, this constraint translates into

312 318

TR o< 2
313_f - 317 (7.29)

which, together with the previous constraint 1 < f, < 3/2 becomes
318
1< < — ~1.00315. 7.30
< foo S 377 (7.30)

This can in turn be explicitly written in terms of u as

100489

<u< — ~0. . .
0< < goreeas = 0.00312491 (7.31)

This reduces the range of allowed values of p quite considerably. Observe that for
foo = 318/317, t4 = —4, which is precisely the value corresponding to a free fermion.
The other limiting value, t4 = 4, corresponding to a free scalar, would imply a negative
value of p, and is therefore excluded. Observe also that the bound is maximally violated
at the critical value p = 4/27.

8 Holographic hydrodynamics

One of the paradigmatic applications of higher-order gravities in the AdS/CFT context
has been the construction of counterexamples to the famous Kovtun-Son-Starinets (KSS)
bound for the shear viscosity over entropy density bound [24]. The latter was originally
conjectured to satisfy n/s > ﬁ (in natural units) for any fluid in any number of dimen-
sions, the saturation occurring for holographic plasmas dual to Einstein gravity AdS g4q)
black branes. Violations of the bound — generically produced by finite- N effects from the
gauge-theory side — were argued to occur for holographic plasmas dual to black branes in
several higher-order theories — see, e.g., [7, 19-23] for some of the earliest works and [143]
for a review. A thorough study of various consistency conditions — such as subluminal
propagation of excitations, energy positivity or unitarity — on some of the holographic
theories for which the corresponding branes could be actually constructed — hence allow-
ing for fully nonperturbative calculations in the higher-curvature couplings — suggested
that the bound can be lowered down to n/s ~ 0.4 - ﬁ for d = 4 [43], and arbitrarily close

Z3Observe, in particular, that for a CFT3 consisting of ng real conformal scalars and n /2 Dirac fermions,
ta = 4(ns—n¢)/(ns+ns), which therefore covers the full space of allowed values of t4 [33], the limiting values
corresponding to an arbitrary number of fermions, and to an arbitrary number of scalars, respectively.
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to zero for large enough d [144]. These results give rise to three possibilities for finite-d:
(i) the parameter space which would permit violations of the KSS bound is in fact not
allowed by some other unidentified physical conditions — see below — and the KSS bound
is true after all; (ii) there exists some lower bound, but it is lower than the KSS one; (iii)
there is no bound at all. It was shown later [13] that higher-derivative theories with non-
perturbative couplings are in fact generally acausal unless the spectrum is supplemented
by higher-spin modes. While it is still unclear under what circumstances such additional
degrees of freedom play a relevant role — specially given the success of holographic higher-
curvature models in other holographic applications — the reliability of the aforementioned
conclusions regarding the fate of the bound was put in suspense by this result. The current
belief seems to be that some non-trivial bound, lower than the KSS one, does exist for
general d — see e.g., [145].

In this section we compute the shear viscosity to entropy density ratio for ECG, pro-
viding the first calculation of such a quantity for a holographic higher-curvature gravity in
d = 3 which is fully nonperturbative in the gravitational coupling. We will proceed along
the lines of [43, 146]. Let us start considering the ECG planar black hole in (3.1), i.e., we
set k=0 and N2 = 1/f,

2 _ r? f(T) L?
W= [_ T 210

Now, it is convenient to perform the change of coordinates z = 1 —ry2/r2, so that the hori-

dr?. (8.1)

dt* + dz + d:c%] -

zon corresponds to z = 0, the asymptotic boundary being at z = 1. The metric reads then

2 L?
ds? = — = ( UCPER +dx§> + dz*. (8.2)

LI\ fw 4f ()1~ 2)?
On the other hand, the cubic equation that determines f(r), (3.4), reads, in terms of z

L= f bl P32 2023 ) = (1) 022, s3)

where now f’ = df /dz, and so on. In order to determine the shear viscosity, we will need
the near-horizon behavior of f, so let us perform a Taylor expansion of the form

f(z) = fiz+ %f{)’zQ + %f(’)”(z)z?’ +..., (8.4)

The coefficients in this expansion can be of course written in terms of those in the r-
expansion series (3.9), but it is easier to work directly with the variable z. Inserting (8.4)
in (8.3) and imposing it to hold order by order in z, one finds

—144uf)? + 4(135u + 4) fif — 81pu + 12
2161 ’

fo=5, fi'= W=, (85

etc. All the coefficients are determined by f[/, whose value is fixed by the asymptotic condi-

tion lim, 1 f(2) = fs. Analogously to the discussion in section 3.3, there is a unique value
of this parameter for which the desired boundary condition is achieved. This defines f{ as a
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function of p, which we denote f{j(x). We can compute this numerically with arbitrary pre-
cision, but let us also try an analytic computation using the following logic. Observe that,
for 1 = 0, the solution is simply f(z) = 1—(1—2)%2, from where we read all the derivatives

)y — (_qynt1_ L (5/2)
fo (0) =(-1) Hm-

Now, since the solution for general y should reduce to the Einstein gravity one when p — 0,

(8.6)

the derivatives (8.5) should coincide with the previous ones in that limit. It turns out that
we can use this condition to determine the derivatives of f{(u) with respect to p at u = 0.

Let us see how this works. Obviously, we have lim, .o f{ (1) = f(0) = —3/4. Then,
we should also have lim,_,o fi"(1) = f3’(0) = —3/8. If we take this limit in the second

equation of (8.5), we get the condition

i | 14470 ()" 45405 () =81 | 2 fo(w) +3/4) _ 3
10 216 27 1 87

(8.7)

The limit of the first term is finite and we can simply substitute f{'(0) = —3/4. However,
in the second term we have

iy O +3/4 . fo(w) — f9(0) _ dfg(w)

u—0 1 pu—0 1 du

(8.8)

pu=0

Therefore, this equation is actually giving us the value of the derivative of f{(x) at =0,
the result being 243/8. The same process can be repeated at every order and we can obtain
all derivatives of this function at g = 0. Up to second order, we have

gy W28 R s
0 47 dp |,y 8 dp? |, 16
Now, if the function f{j(u) were analytic, we could in principle construct it as
o0
1 d" fg(p)
" 0 n
C)=> = T (8.10)
= n!  dun =0

However, a convergence analysis, including many terms in the expansion, reveals that this
series is actually divergent for every u # 0 — in other words, the radius of convergence is 0.
The fact that the series diverges is telling us that the function does not allow for a Taylor
expansion around g = 0. This is an example of a C* function which is not analytic.?*
Nevertheless, the series can be used to provide an approximate result for small enough p
if we truncate it at certain n. For example, to quadratic order we obtain

3 243 115911
" ~ _ 2 Ty 2
0 (1) 1T gk 3 M

(8.11)

but the approximation is only good for rather small values of the coupling, e.g., for
p = 0.003, the error is ~ 3% (with respect to the numerical value) and the precision

24See e.g., [147] for another explicit example in a different context.
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is not increased by the addition of further terms. Observe also that in the critical limit,
i =4/27, we have fer(2) = 32, and hence f{/(4/27) = 0 in that case.

After this dissertation, which we will use to get a grasp on the small-p behavior of 7,
let us now turn to the actual computation. In order to do so, we perturb the black hole
metric (8.2) by shifting

dzy — dxy + ee”“tday (8.12)

where ¢ is a small parameter. Then, the shear viscosity can be obtained as?® [146]

Res,—oL
= 87T lim ———— 1
=T B e (8:19)
where £ is the corresponding full gravitational Lagrangian (including the 4/|g| term)

in (2.2) evaluated on the perturbed metric. Using (8.4), we can evaluate this quantity,
and the result reads

BECG 3ry*

T T 64nGL2S)

2+ (2L £ + 36 5% — 114 £, £ + 36 £5 £ )] - (8.14)

Then, using the values of f) and f{’ in (8.5), we find

2

ECG __ n - "
n = 39.CL2 [5+ 270+ (4 —36p) fo (1)] - (8.15)

Finally, from (6.16) it follows that the shear viscosity over entropy density ratio reads

(8.16)

[ﬁ} BCG 5+ 2Tp+ (4 — 36p) fo' (1)
8w (1= %) '

Some comments are in order. First, note that this expression is very different from the rest

S

of nonperturbative results for n/s available in the literature for d > 4 theories, correspond-
ing to Lovelock [20, 149-151] and QTG [43]. In those cases, it is found that 1/s depends
on the gravitational couplings in a polynomial way?® — see also [153]. On the contrary,
the ECG result has a very nonpolynomial character, for two reasons. First, the presence
of the function f{(u), which is non-analytic, implies that 7/s cannot be Taylor-expanded
around g = 0. And second, the denominator ‘(1 —27/(4p)) in (8.16) is also a new feature,
which gives rise to a divergence in the critical limit. The appearance of such contribution
in the denominator is rooted in the different way in which ECG modifies the result for
the thermal entropy charge Cg with respect to the other theories mentioned above — see
discussion in subsection 6.2.

Let us analyze the profile of /s as a function of p. When p < 1, we can use (8.11)
to obtain

ECG 1 189 11445342
[”] ~ <1+ g “). (8.17)

s ~4r 2 16

25Gce [148] for a recent alternative method.
26Note however that, e.g., for Gauss-Bonnet gravity, some of the remaining second-order coefficients have
a nonpolynomial dependence on the corresponding coupling [37, 152].
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Figure 7. Shear viscosity to entropy density ratio as a function of u. The green line represents the
region allowed by the constraint t4, > —4.

Again, remember that, strictly speaking, this is not a Taylor expansion and it only provides

a good approximation for very small pu. In any case, note that the leading correction is

positive, so n/s is increasing with . On the other hand, in the critical limit, we have
J(u—4/27) — 0, so the leading behavior of (8.16) can be captured analytically,

e

4
Mo 2 L031), for g — (8.18)
8m (1 -4 n)

S 27
Hence, this ratio takes arbitrarily high values as we approach the critical limit.?” The full
profile of 1/s can be obtained with arbitrary precision from a numerical computation of
/(). The result is shown in figure 7. The curve is monotonically increasing, and blows
up in the critical limit, u = 4/27. Therefore, the KSS bound is not violated for any value of
p in the dynamically allowed region, 0 < p < 4/27, which is precisely a consequence of the
nonexistence of y < 0 solutions with positive energy. In that sense, as opposed to previously
studied theories in higher dimensions, ECG simply does not allow for violations of the
bound, not even in principle. It would be interesting to find out whether this phenomenon
is common to the rest of d = 3 theories constructed in [56] and, more generally, to the new
theories belonging to the Generalized QTG class [53-55] in general dimensions.

As we explained in subsection 7.3, imposing the positivity of energy fluxes in the CFT,
gives rise to the constraint 0 < p < 0.00312 — see green region in figure 7. This would
imply a maximum possible value for n/s in ECG, given by

[Q]ECG ~ 1.953 x 4i. (8.19)

S I max. e

27Observe that, from this point of view, the critical limit of ECG is very different from that corresponding
to its higher-dimensional cousins, such as Gauss-Bonnet. In that case, n/s diverges for Agg — —o0, while
it stays finite for the critical value Agg = 1/4.
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Cr Cr -ty Cy a*
Einstein S(dfl)l—l‘—‘(sdd/—;?i(d+2)/2 Egl 0 F(ﬁ?%ﬁ()zﬁ(_;/);jjj_g Egl Tfr;(lj(j/)Q/)Q i{gl
ECG (d =3) (1=3uf3)Cr  |-3780uf3Cr| (1 =3 pu) f208 | (1+3ufZ)a™
QTG (d=4)|  (1—-3uf%)CF 3780uf2 CF fies (14 9uf2) a*®

Table 1. From left to right: stress-tensor two- and three-point function charges C,; and Cy - ty,
thermal entropy charge Cy, and universal contribution to the entanglement entropy across a spher-
ical region, a*, for holographic theories dual to Einstein gravity in d dimensions, ECG (d = 3) and
Quasi-topological gravity (with vanishing Gauss-Bonnet coupling) in d = 4 [43].

From the results here, we can extract some general lessons regarding calculations of
n/s in higher-curvature holographic CFTs. First, we have seen that the ECG result is
highly nonperturbative in the gravitational coupling. There is in principle no reason to
expect this to be different for more general theories. The results found for Lovelock and
QTG, polynomial in the gravitational couplings, are probably less generic — for those, the
metric function f(r) is determined by an algebraic equation, which is a highly exceptional
property [54]. Besides, as we have seen, there may be regions of the parameter space for
which the corresponding black branes do not exist, even for arbitrarily small values of the
couplings. None of this is seen when working perturbatively in the gravitational couplings,
which means that the results obtained in that way must be taken carefully. This is a lesson
which extends to most calculations in higher-curvature gravities.

9 Final comments

In this paper we have studied various aspects of d = 3 holographic ECG, which, as we have
argued, is a toy model of a nonsupersymmetric CFT (¢4 # 0) analogous to QTG in d = 4.
A detailed summary of our findings can be found in subsection 1.1. We close the paper
with a few additional comments.

Throughout the paper, we have computed several universal charges characterizing the
dual CFT. In table 1 we have collected some of them, as well as their d = 4 QTG coun-
terparts (with the Gauss-Bonnet coupling set to zero). For Einstein gravity, these are all
proportional to the only dimensionless quantity present in the Lagrangian, namely, L2 /G.
Just like for the higher-dimensional examples previously considered, including QTG, the in-
troduction of the ECG coupling breaks this degeneracy, and all charges become independent
from each other, in the sense that all possible ratios formed from them are p-dependent.
As we can see, the stress-tensor parameters have remarkably similar numerical coefficients
in both theories when expressed in terms of the Einstein-gravity charges. The expressions
for a* are also similar, whereas the ones for Cg are considerably different, due to the ap-
pearance of an extra factor which vanishes in the critical limit for ECG. The differences
extend to many other quantities, as we have tried to illustrate throughout the text, which
suggests that similar analyses for other members of the Generalized QTG family [53-56]
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should be performed. In particular, it would be interesting to find out whether the highly-
nonperturbative result for the shear viscosity over entropy density ratio extends to those
theories, and whether violations of the KSS bound are also forbidden for them.

9.1 Generalized action, a* and holographic complexity?

In section 4, we proposed a new method for evaluating Euclidean on-shell actions for higher-
order gravities whose linearized equations of motion on maximally symmetric backgrounds
are second order. Throughout the paper, we have performed several successful and highly
non-trivial checks of the proposal — see appendix B as well. It would be interesting to
perform further studies of our generalized action (4.11) for other theories, such as higher-
order Lovelock theories, QTG and its higher-order generalizations and, more generally, for
theories of the Generalized QTG type. One of the most striking aspects of (4.11) is that
it avoids the — usually very challenging — problem of determining the correct general-
ization of the Gibbons-Hawking-York boundary term. At the same time, and somewhat
surprisingly, it involves the universal charge a* controlling the EE of spherical regions in the
corresponding dual CFT. This acts as a weight that changes from one theory to another.

As pointed out in [154], one of the open questions in the context of holographic com-
plexity, is to determine what kind of universal information (if any) is encoded in the results
obtained using the ‘complexity=volume’ [155, 156] and ‘complexity=action’ [157, 158] pre-
scriptions. In order to do so, one possible venue would consist in studying the corresponding
quantities for holographic higher-order gravities. For those, the charge-degeneracy inherent
to Einstein gravity (where all charges are proportional to L?/G) is broken, and one would
hope to be able to identify the nature of possible universal quantities?® appearing in holo-
graphic complexity. Our generalized action (4.11) suggests that a* may appear universally
in some of these terms. Observe that complexity=action calculations require the intro-
duction of additional terms in the gravitational action when the boundary contains null
pieces and joints — see [159] and references therein. In that case one can only speculate
on whether a similar mechanism could make a* — or some other characteristic charge —
appear in the corresponding generalized terms for higher-order gravities.
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A (TTT) parameters from h,

In this appendix we show that the formulas in [126] for the twist operator scaling dimensions
hq around ¢ = 1 can be used to obtain the exact values of the parameters to and t4 for
holographic Gauss-Bonnet in general dimensions, and for QTG in d = 4. The general-d
version of (7.27) reads [126]

by 20 T(d/2) ny(1)

SRR vo i U Rt ro iU MR CRa A (A1)

where

hy(1) 21421 (d/2)
Cr  (d=1)3d(d+1)T(d+3)

d (2d°—9d*+2d*+7d—2)
(A.2)
+(d—2)(d—3)(d+1)(d+2)(2d—1)ta+(d—2)(7d> —19d*> —8d+8)t4

This expression is valid for general holographic higher-order gravities, at least at leading
order in the gravitational couplings.
A.1 Gauss-Bonnet in arbitrary dimensions

In this case, the expression for the scaling dimension of twist operators is given by [25]

d
@:M 1Jrd/Qqa: (3—1)[d—3—(d+1)$2+(d—3)%(2—1)],

Cr 4A'(d+2) 1—2Mfeo
(A.3)
where x, satisfies the following quartic equation
2
zgd — Za) — (d — 2)22 + Mo [4%—x§d+d—4 =0. (A.4)
q q

A Taylor expansion around g = 1 gives

1 d —2d+ 3+ Mo(4d — 10)
=1 1
S pr i e oy 2+ AN

(q—1)2+0(g—1)>%. (A5)

Plugging this expansion into (A.3), we find

qltd/2
 (d=D)T(d/2)m" +/2

T(d+2) [—144d—2d2+ A foo (6— 16d+4d%)] (g—1)2+O(g—1)3

43 —



Comparing this with (A.1), we find that ¢o and ¢4 should be given by

4d(d — 1)\ foo

A=D1 -2nfy’ 4= (A7)

tg =

which matches the exact nonperturbative result [33].

A.2 Quasi-topological gravity

In this case, the scaling dimension h, was obtained in [25] in terms of the charges a, ¢ and
t4 of the theory as

Y7 2 40155 105, = 22(1- ¢ _g¢ ¢
he = 1@ = 1 [azq (1 5 1Oat4) 22 (1 ‘ 8at4) + 2at4], (A.8)
where
73
c:WQL— (1—2)\foo—3uf2) (A.9)
87G oo/
73
a=7r2L—(1—6)\foo+9uf2), (A.10)
817G e
2
ty 37801 50 (A.11)

T 120 — 3ufZ]
and where z, satisfies the following quartic equation
5

T 1 3
225 — ;q — Xy + 2\ foot) <q - fﬂg) +if <—1 + % - 21‘2) =0. (A.12)

Moreover, we have [43]
_ 24foo ()‘ — 87Nfoo)

B 1 _2/\foo _3ﬂf§o ’
which properly reduces to the Gauss-Bonnet formula (A.7) for 4 = 0 and d = 4. Before

t2 (A.13)

computing the Taylor expansion of h, around ¢ = 1, we invert (A.9) and find?®

L3 a c 3ty
— 1+ 22) 1 A14
&G  2m? <3a < * 1890> ) ’ ( )

1S(1+145) 1
A= 3 iUt i) 21 (A15)
o (1+ 7555) =
c_ta
2 a 1890
wfs = . (A.16)
SRS ey
and rewrite (A.12) in terms of ¢/a and t4. We get
1 44 Bta _ 2a
zo(q) =11 0L (g - 1) + Og 1), (A17)

3 9

2There seems to be a small typo in eq. (2.58) of [25]. Note also that our convention for 4 differs by a
factor of 1890 with respect to that in [25], but agrees with the one in [43].
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and plugging it into (A.8), we find

h 2 a_ 94 84ty
f:§(q—1)+T890( _1)2"‘0(‘1_1)3- (A.18)

Comparing the leading term, we notice that C should be related to ¢ via CT = @ , which

is correct. Finally, using
a to 4

g 2_= Al
c 6 a5t (A-19)
we find h”(l)
102 + Tty + 4ty
q 3
S e S T M A.20
20, T 6430 ’ (A-20)

which exactly agrees with the general formula (A.2) when we particularize it to d = 4.

B Generalized action for Gauss-Bonnet gravity

In this appendix we perform an additional check of the generalized action introduced in
section 4. In particular, we apply it here to a theory for which the exact generalization of
the GHY term is known, namely, D-dimensional Gauss-Bonnet gravity [84, 85]. The full
Euclidean action of the theory reads

1 (D —1)(D —2) L2\
GB _ D

(B.1)
where the generalization of the GHY term reads
1 D-1 L) a1a3a3 by [ obabs _ 2 poby b
IGHY 87['G M d x\/E{K + (D _ 3)(D _ 4) 5b11b22b33Ka} Ra22a53 B gKagKag )
(B.2)
and the counterterms can be chosen as [72, 92-95]
1 D—-2) 2 3fo0—2 L*©[D—6
1SB = dP-1avh ( 1(/.];oo+ )_|_ g/goo >R—|— 7 [ |
87G Jom 3faL 2fL5(D=3)  2fX*(D-3)%(D-5)
D-1 (D=3)(1—fxo)
2 ) [ RyRW— == R2 ) 20T Je0) b B.
[ o) (Rt - D) - =) gy )] (B.3)

With these boundary contributions, the Gauss-Bonnet action functional is differentiable
and finite in AdS spaces. Since Gauss-Bonnet gravity has an Einstein-like spectrum in
pure AdSp (in fact, in any background), our generalized GHY term should also be appli-
cable to GB gravity, as long as the boundary consists only of asymptotically AdS pieces.
The prescription in (4.11) gives the following result when applied to the Gauss-Bonnet
Lagrangian,

1—2)\foo B2 D -2 L

IS IS8, = ————2=4 dPlavh| K — =——= —

GGuy + 166 3G /8M zvh 7 2(D—3)R .-
N B.4
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where we included a set of counterterms valid up to D = 7 and where L = L/v/f~. Recall
that the coefficient in front of the integral is proportional to the universal constant a*
appearing in the EE across a spherical region, which for GB gravity reads

— 1\ L¥'Q,
a* = <1 - 2/\fOOZ — ;) 167T((‘; D (B.5)
In order to compare both boundary terms, let us consider a metric of the form
ds® = f(r)dr? + d—rz + r2ds? (B.6)
f(r)
where dEi is the metric of a maximally symmetric space of curvature k = —1,0,1 and

7 has period 8. For f(r) = foor?/L? + k, the previous metric reduces to pure Euclidean
AdSp, with the boundary at » = 400, which we regulate as r — L?/§. Let us now switch
on arbitrary radial perturbations

r? fi fo . f3

f(r)zfooﬁ+k+7+r—2+r—3+.... (B.7)
Evaluated at » — L?/§, the boundary terms coming from both prescriptions yield,
respectively
1GB BT | (Bfe—6)L®  fi(5fx—6)L% (5foc—6) (4f2fo0—3Lk?) 052
GHY+CT — E 54 + foo(s + 8f020 + ( ) )
GB BT | (Bfe—6)L®  fi(5fx—6)L? (5foc—6) (4f2fo0—3L?k?) )
Iganyraor = 5 5 + o + 98 +0'(5%)].

This is, all divergent and finite terms are equal! The difference only appears in the decaying
terms, which of course give no contribution to the action. For the sake of simplicity, we
evaluated the above expressions for D = 5, but it is straightforward to check that the same
phenomenon happens in higher dimensions (with the expressions above we have checked
D = 6,7). Therefore, at least from a practical point of view, our generalized boundary
term is as good as the Gauss-Bonnet one when applied to asymptotically AdS spaces. We
expect our method to work also for general Lovelock gravities, as well as for QT'G, and the
rest of theories belonging to the Einstein-like class in the classification of [64].

C Boundary terms in the two-point function

In this appendix we evaluate explicitly the boundary contribution in (4.24) for the metric
perturbation considered in section 5. The sum of all boundary contributions appearing
in (5.12), which includes the one coming from IEG%, in (5.6), as well as the generalized
GHY term and the counterterms in (4.24), reads
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where I, comes from integration by parts in the bulk action, and is given by

—_ 3 — -
+6uf% (—5(0r0) + r2ar¢8$¢)] : (C:3)

The rest are the boundary terms in the action (4.24). The induced metric on a hypersurface

of fixed r is
2
B gs? = I3 (dT + dz? + dy? + 2dxdyo(r, 7)) . (C.4)

At quadratic order in ¢ we have

Vi = (1—¢2> R L 3V o \/fTo

=55 (3(0-0)" +46079) , K =—7% - ¢0r¢.
(C.5)

Then, we obtain at that order
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The first term vanishes because 1 — fo + pfS = 0 is precisely the AdS,; embedding
equation (2.4). Now it proves useful to perform the Fourier transformation of ¢:

or:7) = 5 [ dponlp)e ™ H(r), ()
_ L%jp| I
with H,(r) =e Vier (1 + \/f%fl > Then,
Vi o —
155, = o / dpdas(a + o ion(o)| - L= P 0.1,
o ) (C.8)
+ o ((1 +3uf2) <—4pq - q2> - 2fim> + 3ug® £3*r* Hy0, H,

Now, since 9, H, ~ 1/r3, the first and last terms vanish for r — co. Then, we are left with
the final result

G - Ve (1 - 3pf3)
Ebdry 6412G/ To

which appears in the main text.

/ dpdad(q + p)bo(p)éo(@)pPrHE(r) (C.9)
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