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1 Introduction

In recent years, either starting from a small-Hilbert space [1] or large Hilbert space [2]
approach, there has been a lot of progress in the formulation of superstring field
theories [3-12].

In this paper we focus on the construction of tree-level effective actions for the mass-
less states of the open superstring. Our starting point will be the WZW-like action by
Berkovits [2], in the large Hilbert space. In this regards, an analytic construction of the
Yang-Mills quartic potential has been given some time ago by Berkovits and Schnabl [13].!

Focussing on the algebraic couplings between the massless fields up to quartic order,
we find out that their computation is fully captured by singular terms at the boundary of
moduli space. More precisely, when we are computing the tree-level effective potential of
a massless string field ® 4 which can be decomposed in eigenstates of a world-sheet charge
Jo with eigenvalues +1 (an assumption which includes the non-abelian gauge field and also

!This computation has been very recently generalized to the Ramond sector in [14], using the complete
action of [10].



many other interesting cases such as the instanton moduli on a Dp-D(p — 4) system, or
D-branes moduli on a Calabi-Yau))

=0 4ol (1.1)
T = + ol (1.2)

we find out that, because of the failure of the propagator to truly invert the BRST charge,
the whole quartic potential localizes at the boundary of moduli space. If not for this
singular term, the amplitude would identically vanish. Concretely, we show that the full
effective potential at quartic order reduces to simple two-point functions

SW(@,) = é [<ﬁ(——)‘h(++)> i <§(+—)‘g(—+)> + ((+) o (_))} _ (1.3)
The (h, g) fields are the projection to level zero of the following star products
h&EE) = py[a¢ ,Q o), Jo = +2, (1.4)
nE) = py[a; ,77 o)), Jo = +2, (1.5)
g+ ) PO[nOCI) ,Q o)), Jo =0, (1.6)
G+ = palE o)), Jo =0, (1.7)
where Py is the projector on the kernel of Ly and [, | is the graded commutator with

respect to Witten star product.

This mechanism is interesting per se, but a very practical advantage is that the (h, g)
fields can be readily computed by leading order OPE and one doesn’t need to know the
full four-point function of the massless field ® 4 to compute its quartic potential.

The paper is organised as follows. In section 2 we set up the construction of the tree-
level effective action in Berkovits WZW-like open superstring field theory and we focus
on the quartic potential of the massless fields. We show that picture changing at zero
momentum is subtle and in general develops singular contributions at the boundary of
moduli space, which can in fact account for the full effective action. In section 3 we give
a proof that the effective action is indeed localized at the boundary, when the string field
entering the quartic potential can be expressed as the sum of two fields of opposite R
charge in the N/ = 2 description of the string background under consideration. Section 4
contains two non-trivial examples of this localization mechanism: the quartic Yang-Mills
potential and the quartic action for the instanton-moduli of a D3-D(—1) system. We
conclude in section 5 with some comments and future directions. Appendix A contains the
detailed computation of the localization of the action and appendix B is a collection of our
conventions and of useful formulas needed in the main text.

2 Tree level effective action

We start with the classical action for Neveu-Schwarz open strings on a given D-brane
system in the large Hilbert space [2, 15]

S[@] = — /0 dt Tr[(noA;) Ag), (2.1)



in terms of the connections

At(t) e_@@tetq), (22)

Ag(t) = e " ®Qpe'®. (2.3)
Here Qp = ¢ %JBRST(Z') is the BRST charge of the RNS superstring, and ng = %n(z)
is the zero mode of the n—ghost, [16]. ® is the dynamical open string field which is a generic
ghost and picture number zero state in the Large Hilbert Space

no® # 0, generically. (2.4)

Tr is Witten integration [18] in the large Hilbert space and x product is always understood
when string-fields are multiplied. Finally the BRST charge Qg and 7y are mutually anti-
commuting graded derivations with respect to the star product and the Witten integration
of Qp /mo—exact terms is identically zero.

Since we will follow a perturbative approach, it is convenient to expand the action (2.1)
in “powers” of the dynamical string field ®. To do so we observe that, given a star algebra
derivative D, its t-dependent connection Ap(t) can be explicitly written as

t t
Ap(t) = e Det® = e_tq)/ ds es(b(D(I))e(t_S)q) :/ ds e~ (t—s)ads (D®)
0

0
t 1_eftadq>
= | dse (D) = D®
/0 semle(De) = - (Da)
+00 n—14n
(_1) t n—
— Zln!ad@ L(D®), (2.5)

where the adjoint action is defined through a graded *-commutator

ady(x) = [6,x] = ¢+ x — (=) x ¢, (2.6)

Using this representation for the two connections A; and Ag and performing the dt integral
in (2.1) we end up with

& (="

519]) = —5 Trl(m®)(@s®)] ~ Y ]
1

where we have isolated the kinetic term from the infinite tower of interaction vertices. We

Tr[(no®) adg (@BP)], (2.7)

n=

are interested in computing the tree-level effective potential for the zero momentum part
of a massless field. To do so we fix the standard gauge

bo® = 0, (2.8)
which means
d =V, (2.10)



with

bol = 0 (2.11)
¥ =0 (2.12)
pict[¥] = —1. (2.13)

A prototype example of the kind of massless field we are interested in is the zero momentum
part of the gauge field living on the world-volume of a Dp-brane, which in our setting is
represented by the string field

dy = Aﬂfcw“e_‘z> = Auc'y_lﬁ,/ﬂ‘, (2.14)

where A, are constant Chan-Paton matrices in U(NV). Notice that 1* is a superconformal
matter primary of weigth 1/2 and it is in fact part of a worldsheet N' = 1 superfield
YH + 0(i/20XH). The string field ® 4 is on-shell in the large Hilbert space

noQ@pPa = 0. (2.15)

Notice that?
n®a = Aycyte? = Ay cds(y), (2.16)
Qi = A, (clivV2OX") —y4+), (2.17)

are the physical vertex operators at picture —1 and 0 respectively, in the small Hilbert
space.
This choice of ® 4 can be generalized to a string field of the form

Py =cy Vy, (2.18)
2
where V1 is a grassmann-odd superconformal matter primary of weight 1/2
2
3V1(0) V()
T(Z)V% (0) = —%5— + —*— +regular. (2.19)
z z

This means that there exists a grassmann-even world-sheet superpartner Vi of weight 1

such that

V1(0)
z

TF(z)V% (0) = + regular, (2.20)

where Tp(z) is the supercurrent of the matter N' = 1 SCFT. This generic construction
implies the physical condition

n0Q@pPa =0 (2.21)

and
mPa = cVie ? (2.22)
Qpdys = CVf — vV%, (2.23)

just as in the case of the zero-momentum gauge field. Notice in addition that ® 4 is in the
kernel of the total matter+ghosts Lg

Lo®4 = 0. (2.24)

2Throughout this paper we set o = 1.



2.1 Integrating out the massive fields

Our aim is to obtain an effective action for the spacetime fields which are encoded in the

worldsheet field V1. To this end, following the notation by Berkovits and Schnabl [13], we
2

split the string field as

d=d,+R, (2.25)

where R contains the massive fields. This decomposition can be performed using the
projector on the kernel of Ly which we denote Py

Dy = Pyo, (2.26)
R = (1-P)®= PR, (2.27)
and we obviously have
Py+ Py =1, (2.28)
PyPy = 0. (2.29)

As in standard field theory, the tree-level effective action for ® 4 is given by solving the
equation of motion for R in the form R = R(®,4) and then computing the classical action

S(tegee[q)A] = Sclass[q)A + R((I)A)} (230)

To obtain the equation of motion for R consider the variation of the action, which we
schematically write as

§S = Tr[6® EOM(®)] = Tr[6®(Py + Py) EOM(®)] (2.31)
= Tr[(6®4 + 6R) EOM(®)], (2.32)

which implies that the R-equation is the projection outside the kernel of Ly of the full
equation of motion

0S =

SR PyEOM(®4 + R) = 0. (2.33)
The explicit form of the string field “EOM” depends on the action (2.1) and for our purposes

it can be written as
eadq> -1 eadq> -1 1—e™ adg

[OR 2.34
- QB (2.34)

EOM(®) = no(efq’QBeq)) =

adg ade

The operators appearing above are perturbatively defined as

edde _ 1 1 1 1
i = 1+ 5adq> +5 ad?, +51 ad3 +- - - (2.35)
1— e ade 1 1 1



Notice that, because ea:§>;1 is an invertible operator on the star-algebra, we have that

EOM(®) =0 <« no(e ®Qpe®) =0, (2.37)

which is the well known equation of motion of the Berkovits OSFT. However the prefactor
adg -1

: adq:.

and the equation for R thus reads

cannot be ignored when we are interested in the projection outside the kernel of Ly,

_ epde _q 1 — ¢ ade
PO o QB(I) =0. (238)
ade adg
P=d,+R

In principle one could search for an exact solution R(®,4) which seems however quite
challenging. Therefore, as in standard field theory, we can resort to perturbation theory.
We setup a perturbative approach by introducing a coupling constant g and we write

®=d(g) = gPa+ Y g" Rn. (2.39)

n=2
The R equations can now be solved iteratively by expanding in powers of g. The first
non-trivial equations are given by

mQpRy = Py %[UOCI)A,QB(I)A] (2.40)

mQoRs = Ao 5 ®a Qo] + i Q] (2.41)
_%[770@,4, (@4, QpPal] + %[@A, @A, QB<I>A]])

mQpRs = Po(--~), (2.42)

where, since in this paper we will only deal with these equations at order g2, we do not
write down the equation at order 4 and higher. These equations can all be solved by fixing
the gauge & = by = 0. In particular at order ¢ we find

1 by -
Ry = —550 szO[UO¢Aa Qpdal. (2.43)

Notice that the presence of the projector outside of the kernel of Ly ensures that the action
of by/ Ly is well-defined.

By plugging (2.43) into the classical action (2.1) we get the tree level effective action
at order ¢g* which explicitly reads®

Set[®a] = —941 Tr[(Q@pmnoR2) Ra] — 94% Tr[Ry [no®a, @BP 4]

2
gty T0®) [, [4, Qp®a]] + O(5”)
= 94%T1" (0P, QP4 fO%P[WO®AaQ3®A]
0
~g' 5 Telnn®a, 4] [B4, Qu®a]] + O(6”). (24

3We are not interested in O(g®) terms which, in the present setting, come exclusively from the elementary
cubic vertex in (2.1) and which are not affected by integrating out the heavy fields. Moreover in the cases
we analize these couplings are identically vanishing due to zero momentum.



Notice that the effective action to this order contains the elementary quartic vertex of (2.1)
plus a term with a propagator, which is the result of having integrated out the heavy
fields. In case of the zero momentum gauge field (2.14) this quantity has been computed
exactly by Berkovits and Schnabl and shown to reproduce the expected quartic Yang-Mills
potential [13]

Dy = Aucryildﬂu
J
Set[Pa] = g4 <—le tr [A2A2] — %tr [AMA,,A”AV]>

propagator
1 1

+g* [ =< tr[A, A, AFAY] + Z tr [A2A2]
8 2 4—vertex

g4
=~ (A, Alar, A7), (2.45)

where we have distinguished the contributions from the propagator term and the elementary
quartic vertex in (2.44).

2.2 Subtleties from picture changing

Although it is not apparent in the explicit expression (2.44), this quantity is affected by
some subtleties. These subtleties are easiest to see by taking the explicit example of the
zero momentum gauge field (2.14) but, as we will see later on, they are in fact fairly generic.
Let’s have a closer look at the propagator term in (2.44)

1 by =
S = 3 Ir [10®a, QpPA] §ofopo [UO‘I’AaQB‘I)A]] (2.46)
Given this expression we can “change” the picture assignment integrating by parts the
derivations @ p and 79, in a way analogous to [12]. Taking advantage of 7oQp®4 = 0, this
is done as follows

] -
S\, = érﬁ" 0P a, QP A] €0fipo [770<1>A,QB<I>A]]
= éTr (no[®a4,RQpPA]) 502150 (QB[‘I’AWO‘I’A])]
= éTr (D4, QP A] %)Po (QB[@A,UO‘I)A])]
I 0

1 bo 5
=0 [[QB‘DA, QpP4] L%PO (D4, UO@A]}

+% Tr [([@A,QB@A]) [EPO»QB} [‘I’AWO‘I)A]]

1 by —
=3 Tr [[QB@AvQB@A] 503(:)130 [UOCI)Aﬂ?O(I)A]]

+é T [[B 4, QP a] (1 — Po)[®a, o al] (2.47)



Notice that we have taken into account the nontrivial projector outside the kernel of Lg
that arises in the commutator

bo — _
[QB, LOP0:| =h=1-h. (2.48)
0

Therefore we see that the performed manipulation (which is obviously related to picture-

changing) gives rise to the singular term?

5 T[4, Qa®a] R4, o)l =+ Te [0, ma] ol Quall,  (2:49)

which we now analyze. We start by considering

om0 o ) v () ot () ) o

In the above equation we have represented the star product as the action of the U operators
on the finite distance OPE, as discussed in [19]. The action of Py only selects the level
zero contribution from the above wedge with insertions. This means that only the level
zero component of the U operator (that is the identity) gives contribution and, moreover,
only the level zero contribution from the OPE (if present) participates. It is not difficult
to check that for the explicit case of the gauge field (2.14) we get

Pol®a, Qp®a) = +AuA, ey (;g) o (ivaox”) '] (‘13>

— A4, [e(v20X") = 3y <\}§> oy (—13> 0
= —[A,, A)c” (0)[0). (2.50)

Notice that the matter primaries ¥ and X have a regular OPE and so their product doesn’t
contribute at level zero. Moreover the projector selects the terms where super-ghosts OPE
closes on the identity in the form

Y2y Hw) =1+ 0(z — w), (2.51)

and because of the special role played by ~!, this is a large Hilbert space phenomenon.
In the same fashion we can check that

Po[®4,m0® 4] = [Ay, ALJE cOce™? 4y (0)]0). (2.52)

From these simple considerations we see that the singular projector term (2.49), far from
vanishing, is in fact proportional to the full Yang-Mills quartic potential

Tr [[®a,n0Pa] Po[®a, QPa]] ~ tr[[A,, A][AF, A¥]]. (2.53)

4This term was ignored in [12]. This is justified at generic momentum, but not at zero momentum,
where the propagator has to be defined avoiding the kernel of Lg.



Notice that this quantity involves the computation of a four-point function in a region
of moduli space where two insertions are collapsed on one-another and replaced by their
level zero contribition in the OPE. Equivalently we can think of Py as an infinitely long
Siegel-gauge strip

Py = lim e~ tlo (2.54)

)
t—o00

which creates a degenerated four-punctured disk at the boundary of moduli space. Taking
into account this boundary term in the “picture-changed” propagator term (2.47), one can
repeat (with the obvious modifications) Berkovits-Schnabl computation [13] and get the
correct Yang-Mills quartic potential (2.45).

3 Localization of the action at quartic order

Given the fact that (2.53) is already proportional to the full answer, it is tempting to claim
that the Yang-Mills quartic potential is fully localized at the boundary of moduli space.
However it doesn’t seem to be possible to prove this with the ingredients we have used
up to now. Recently Sen has provided a similar mechanism for the heterotic string, in
the small Hilbert space, [20] which is based on the existence of a conserved charge in the
matter sector. In the sequel we will also assume an extra conserved charge in the matter
sector and things will drastically simplify.

3.1 Conserved charge and N = 2

This charge, which we will call J, is understood as a U(1) R-symmetry of an N = 2
world-sheet supersymmetry in the matter sector. It is well known that the original N' =1
worldsheet supersymmetry is enhanced to an A/ = 2 in superstring backgrounds supporting
space-time fermions (and thus space-time supersymmetry), see for example [17]. In order
for the ' =1 — N = 2 enhancement to happen, it must be possible to express the original
N =1 matter supercurrent Tr as the sum of two supercurrents of opposite “chirality”

Tp =T + TS, (3.1)

so that an A/ = 2 super-Virasoro algebra can be realized

c/2 n 2T (w) n oT (w) n

1) T(w) = Lo 2 A (32)

T(2) Ty (w) = ;ZT% (Zj))z 8??550) - (3.3)
T (2) 76 (w) = (;f/j)g 4 (ZJ_(UJZ)Q + ! _T(w) + 0Tw) 4. (3.4)
T(z) J(w) = (ZJ_(%Q + Z‘]_(IZ)) + (3.5)

J(2) TS (w) = ijz“i_)(ww) ¥... (3.6)
1) ) = L (3.7



The full matter SCFT has ¢ = 15 but one may be interested in subsector of the full
background (a flat 4-dimensional Minkowski space (¢ = 6) or a Calabi-Yau internal space
(¢ =9) are both examples with enhanced N' = 2). We will be interested in the case where
our original N' = 1 superconformal primary V% (2.18) splits into the sum of two “short”

N = 2 superconformal primaries

Vv, =V 4 v, (3.8)
2 3 3
such that
1
T VP (w) = — VP (w) + ... (3.9)
2 Z—w
TSF)(z)V(jF) (w) = regular. (3.10)

The R-current J(z) defines a conserved charge

Jo = fdz J(2), (3.11)

211

)

and the short superconformal primaries V(li are Jy-eigenstates
2

JovE = v, (3.12)
2 2
From (3.1), (3.9) we see that the original matter field V; also decomposes as
vy = v v, (3.13)

However, despite the notation, the super-descendents Vf are not charged under Jy, because
the net J-charge in (3.9) is zero. In the matter SCFT only correlators with total vanishing
J-charge are non-zero. This gives a selection rule that drastically simplifies the computation
of the effective action (2.44).

3.2 Localization of the effective action

As anticipated above, we now assume that our physical string field ® 4 decomposes in
eigenstates with J charge equal to £1

o= ol (3.14)
with
o) = ey v, (3.15)

1
2

Now we want to compute the effective action (2.44) in the presence of the above

decomposition

s (@a) =5 (o4 +2). (3.16)

~10 -



The details of the computations are shown in the appendix A. We just report here the
final result which gives us a completely localized effective action where only projector-type
terms remain

sW@a) = ([0 e e, Qs + 24, 2 R, Que ]|
+ (@f;) o q>§;>) (3.17)
= L) (a0 () 15

which shows that the quartic effective action is entirely given by two-point functions of
Fock space states which we now analyse.

3.3 Auxiliary fields

The basic fields which enter in the above expression for the effective action are®
h&E5) = py[e Qo] with J = +2 (3.19)
hE) = pylal; ,n0<1>< ] with J = 42 (3.20)
gFF) = Pyl ,Q o)) with J =0 (3.21)
) = o ol with J = 0. (3.22)

To determine the explicit form of the above string fields we only need to know the leading
OPE between the matter superconformal primaries

V(;:)( )V(;:)(—z) — Hgi)(O) 4. (3.23)
1
2 2 2 2 o

Where we have introduced the “auxiliary fields” Hgi) which are weight-one matter pri-
maries with J charge equal to £2 and Hg which is proportional to the identity in the matter
CFT and is neutral under J. Then, using the universal OPE’s in the ghost/superghost

sector

c(z) e(=z) ~ =2z ¢0c(0) + - - - , £(2)&(—2) ~ —22£0£(0) + - - - (3.25)
) D)~ e PO AT )~ (3:26)

we find by a direct computation analogous to (2.50)
h&ED = _2cH® (3.27)
hEE) = 20029 Hgi) (3.28)
9P = FenHy (3.29)
GFT) = FcdccdE e Hy,. (3.30)
5Tt is important to note that while Po[no®a, Qs®.] is identically vanishing, when we consider (3.21)

and (3.22) we find instead a non-vanishing contribution due to the different Chan-Paton structure. In
particular we have that &) = —g(F®) and gFF) = —_gFH),

- 11 -



Now all the contribution to the effective action just depends on the auxiliary
fields (3.23), (3.24) and their two-point functions.
Notice in particular that in the case that the OPE structure of the matter fields V(li) is

2
not precisely of the form (3.23), (3.24) (which is the case for example at generic momenta),

the amplitude (3.17) would identically vanish.

4 Examples
To simplify a bit our result we can compute the universal contributions from the ghosts as

(cdc€ e 2(2) c(w)) = —(2 — w)?, (4.1)
(cOcdE e () en(w)) = —1,

remaining with purely matter two-point functions

4 _ 1
Sii (@) = tr [(HY" | H7) + 2 (Ho Ho) | (4.3)
where tr is the trace in Chan-Paton space and the bracket is in the matter sector. This
compact result is universal. The details of the H fields depend on the chosen matter SCFT,
i.e. the string background in which we are interested. To illustrate how this mechanism
works we now give two concrete examples.

4.1 Yang-Mills

Consider a system of N coincident D(2n) euclidean branes. Their worldsheet theory con-
tains the ¥* superconformal fields which we rearrange according to a U(n) € SO(2n)
decomposition

W= 12<w2f—1 1 i)

Y= —= (¥ — i), (4.4)

S

with (3,3,7) = 1,...,n. We can bosonize these fields with n free bosons h; such that

¥ = it (4.5)
4

P = e i,

The localizing R-charge can be taken to be®

J(z)=—i Z oh;(2). (4.7)

SWe have at our disposal n decoupled N = 2 SCFT, so we can choose any linear combinations of the
individual R-charges Oh;. We choose this particular combination for definitness.

- 12 —



With this choice we have

Jo' = 4+, (4.8)
Jot = —af. 4.9
We then write
Oy = Auey gt =0 4+ ), (4.10)
with”
o) = Ay 1y, (4.11)
o) = Asey 1y, (4.12)

Therefore our matter superconformal primaries of definite J-charge are given by

Vi (2) = 4 9(2), (4.13)
Vi (2) = A4 ¢0(), (4.14)

and the auxiliary fields are easily extracted from the leading term in the OPE

HY(2) = lm VD (z 4+ V(2 — ) = %[Al, A 90(2), (4.15)
H{(2) = m VO (2 + VO — o) = S[4, 4]47(2), (4.16)
Ho(z) = 113(1)(26)V<—>(z + eV (2 —€) = [45, 4. (4.17)

where Y(z) =: Y"1’ : (z). The effective action (4.3) is then easily computed to be
_ 1
S@) = 1w |G E) + ol H)|
1 1
= tr [_Q[Al’ Al[As, A5 + Z[Aj’ A)][As, Al]} . (4.18)

To recover a more familiar covariant expression, notice that the IV x N matrices A,, A; are
related to the original A,’s by (4.4)

A =1rA, (4.19)
Aj — 7_"]# AN’ (420)

where the only non-vanishing entries of 7 and T are

i 1 251
732] 1 — 7\@ = 7'j] (4.21)
. i Y
TJQJ =7 = -7 (4.22)

"We are in euclidean space and we don’t distinguish between upper and lower indices.

~13 -



We can easily check that
= 1
Do = (=), (4.23)
=1

where e*¥ = ¢, is a block-diagonal anti-symmetric matrix whose only non-zero entries are
”w
given by

€2j-1,2j = —€25,2j-1 = 1, J=1-,n. (4.24)

Using these properties, together with the ciclicity of the trace, one can easily verify that
the usual covariant form of the Yang-Mills potential is reproduced

S @) = tr | 5[4, A4, A+ {14, AlAs A
— —gtr (4 Ad[4", 4], (1.25)

The quartic potential of the scalars transverse to the D(2n) branes and their interaction
with the gauge fields can be obtained in the same way.®

4.2 D3/D(-1) system

We now consider the low energy effective action of a system of N coincident (euclidean)
D3 branes with k& D(—1) branes sitting on the D3 world-volume. This system is known
to give a string theory description of supersymmetric gauge theory instantons [21, 22]. A
direct string theory construction of the D3-D(—1) effective action to leading order in
has been given in [23]. Here we will be interested to show that the effective action of this
system is also exactly localized at the boundary of moduli space.

The presence of the D3 branes brakes SO(10) to the product of a Wick rotated Lorentz
group SO(4) on the D3 branes and SO(6) along the transverse directions. Then we have
three sectors of open strings:

e D3-D3 strings. These are strings with both endpoints on the set of D3 branes. Their
description in terms of string fields is exactly the same we have used in the previous
sections. These string fields carry an N x N Chan-Paton factor.

e D(—1)-D(—1) strings. These are strings with both endpoints on the set of D(—1)
branes. The corresponding string fields are exactly the same, up to the Chan-Paton
factor that now is a k X k matrix.

e D3-D(—1) strings. These are stretched strings between the two types of D-branes.
The corresponding vertex operators must include twist fields (A, A) that are neces-
sary to change the boundary conditions from Neumann to Dirichlet (A) and vicev-
ersa (A) in the X* sector. These are a pair of conjugated boundary primary fields
of weight i. The bosonic twist fields A, A must be dressed with four-dimensional

8These actions are simple dimensional reductions of 10D SYM.
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spin fields S (or S¢ in case of anti D(—1)’s) in order to change the boundary con-
ditions of the ¢* system. See [23] for further details (which are partly summarized
in appendix B).The Chan-Paton factor carried by these string fields is a N x k or a
k x N matrix.

It is important to notice that the composite fields AS® and AS® have analogous prop-
erties to the worldsheet fermion v, in particular they are superconformal primaries
of weight %

Assembling things together, the total massless string field is then given by

Pa(z) = ey Vy(e) =y (‘4 “’) (), (4.20)

where
A(z) = A (2) + opd”(2), (4.27)
w(z) = Wk ASY(2), (4.28)
@(z) = "N ASY(2), (4.29)
a(z) = Pt (2) + xpib"(2) (4.30)

Greek indices p label the directions along the D3 branes, roman indices p label the trans-

verse directions while four-dimensional spinor indices « are (3, 3) and (—3, —1).

This string field can be decomposed in a basis of eigenstates of the current Jy as defined
in (4.7)

5
) dz
eﬁ)zzjzjjg2wi8hk(z) (4.31)
k=1
The diagonal matter vertex is easily decomposed as
A=AD £ A 4 o) 46 =0 40 4B ) (4.32)

where using the same notation as in (4.4)

A = A, A = Asqy7, (4.33)
¢ = gy, ¢ = dm ™, (4.34)
™) =a, ¢, al™) = ay 7, (4.35)
X = xm ™, X7 = xam ™. (4.36)

Here } = 1,2 and j = 1,2 indices denote respectively the fundamental and antifundamen-
tal representation of SU(2) C SO(4), while m = 1,2,3 and m = 1,2,3 indices denote
respectively the fundamental and antifundamental representation of SU(3) C SO(6).
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The off-diagonal spin fields are defined through bosonization by the scalars hi, ho and
we consider

§(:3) = e5(htha) §(373) = gm5(hath2) (4.37)

such that?

[SIE
SIS
N[

JoSE) =483 | sty = gD, (4.38)

For more details on bosonization and spin fields, see appendix B. Finally we can
decompose the off-diagonal part of V1 as
2

w = w(+) 4 w(*) , o= (D(JF) + @(*) (439)
where
W) = ASG) | W) = wy AS(-3—3) (4.40)
o) =@ ASHD) | o) =@y A2 2), (4.41)
Summarising
Pa(z) = 057 (2) + 05 (=), (4.42)
where
() (+) (+)
1 [AT+ e w
i) = ( o a4 X(+>> (2), (4.43)
(=) (=) (=)
=, 1 [AT+ ¢ w
QY (2) = ¢y < 50) o) 4 X(_)> (2). (4.44)

Then using our general result (4.3) the quartic potential is given by the two-point functions
of the matter auxiliary fields (3.23), (3.24) HO,H§+),Hg_). The computations are easily
carried out using standard OPE’s and for the sake of clarity we write the auxiliary fields
as a sum of two components, the first one along the D3 branes directions

MO [A1, Ag] + wiiy 0 b12]0), (4.45)
0 la1, az] — wWiwy
m(Ps _ (AL Al + e O )y, (4.46)
0 a1, az] — waws
s _ (A5 Al = (@G + wion) 0 10) (4.47)
0 0 lag, a)] + (@1w2 + wWaw1) ’

9Other choices for the localizing current are in principle possible as in the case of pure Yang-Mills. For
example another possible choice of J along the D3 branes is the linear combination of dh; with a relative
minus sign between Ohi and Ohs. However, while for the pure Yang-Mills all the possible choices are
equivalent, the presence of the stretched strings makes a difference whether we have anti D(—1)’s rather
than D(—1)’s. In presence of anti D(—1)’s the corresponding spin fields would have opposite chirality and
they would be un-charged under Jo defined in (4.31). So to localize their action one would choose a different
Jo with an opposite sign in front of Ohs.
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and the second one along the transverse directions

L 11
H(+)T P [(Z)ma ¢n] P+ [Ay Qbm] P (¢mw1 — ‘Dle) ¢mAS(§’§)
1

= 1 |0), (4.48)
(mel - w1¢m) Y™ AS(TQ) 5 [Xnu Xn] P+ [ajv Xm] P
1 _ - -
= [y 6] VT + [A7, dm] DT (dmwa — waxm) YASD T
HOT Z | 2 [Pm, dn] Y™ + [7 : ¢ ]1¢1 (1¢> wa ww{ 7) (0 o @)
(Xm@2 — D2m) PAS(T273) 3 X Xa) ™™ + [ag, xm) P
HE = [#m; bm] 0 0 4.50

where repeated holomorphic and anti-holomorphic indices are summed. After a little alge-
braic manipulation it is easy to see that (4.45), (4.46) and (4.47) carry a SU(2) representa-
tion in terms of ladder + and uncharged t’Hooft symbols (see appendix B for conventions
and defintions)

D3 i
H§+) = —177 TMV ¢12‘O> (451)
—-)D3 1
H7P = 20 T v1300), (4.52)
U
HE? = —5775,‘ T, 10), (4.53)
where we have defined
ny =0 i =g =y (4.54)
The covariant tensor T is given by
AR, A7) + £ ()28 5 0
TH — 2 1 s . (4.55)
0 [a“,a]—iwa(v") wg

Restricting our attention to the 4 dimensional worldvolume of the D3-branes, we readily
get the quartic potential

_ 1 1
Sp = tr [P H{OP3) 4 1 (HE®HE®) | = =2 tr[DaDa). (4.56)

where
Do =" T, (4.57)

contains (on the D(—1) slot) the ADHM constraints.
For completeness the full quartic potential in covariant form is easily computed to be

SR (@) = _,tr (A, 4] [A*, AY] + [a, ay] [a, a”) + [bps dq) [67, 6] + [xps Xl [P X7]]
—i t [ bl LA ] [y gl [ 7] 4§ (090 4§ @]
1
=5t (1A Al () @5 — [0, ) @ (7))
—l—%tr {(15200&6“’8@5 ¢ waeaﬂwg} —tr [gbp Wa X wﬁea’ﬂ . (4.58)
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If we switch off the D3 degrees of freedom, this result is in agreement with [23] once that
a suitable rescaling of the fields is carried out. We also get the algebraic couplings on the
D3 which were not considered in [23] because they are o/ suppressed w.r.t. the couplings
on the D(—1)’s, by dimensional analysis. It is interesting to note that the coupling Awaw
(although not forbidden in principle) does not appear in the quartic potential (4.58) since
there is not the corresponding auxiliary field.

5 Conclusions

In this paper we have found that there is an hidden localization mechanism at work
on the worldsheet which accounts for the algebraic part of the D-branes massless effec-
tive action. These boundary contributions emerge in the process of picture changing,
by taking into account that the propagator fails to truly invert the BRST charge. This
localization mechanism can be considered as a rigorous justification to the use of the
auxiliary-fields in the computation of certain superstring amplitudes [23, 24], in a genuine
zero-momentum setting.

It would be interesting to extend our analysis to higher orders O(g*>*)

and to analyze
the pattern of the involved, possibly new, auxiliary-fields. It would be also interesting to
see if some couplings involving space-time fermions localize. These analysis could give new
insights on the problem of o/ corrections in non-abelian D-brane systems.

It should be noted that the same kind of localization at the boundary of moduli space
that we discuss in this paper is at work in the topological string via the holomorphic-
anomaly [25, 26] and it would be interesting to explore the connections.

From the string field theory perspective we would like to understand if there is an
analogous (perhaps more closely related to [20]) localization mechanism in the Ay formu-
lation in the small Hilbert space [11]. This in particular could be useful for analyzing loop
contributions, after having introduced the Ramond sector [7, §].

We hope that our observations could be a useful step to better understand the structure
of string field theories and how they relate to the low energy effective world.
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A Details of the localization of the action

In this section we show the details on the localization of the effective action at quartic
order. We consider the propagator term in (2.46):

S, = éTf 0P A, QP 4] 502[2]150 0P, QpPA]| - (A.1)
When the decomposition in charged fields of the N' = 2 is possible, we observe that some
contribution appearing in (2.46) cannot simultaneously conserve both charge and ghost
number. This happens because terms with a propagator force us to pick up the matter
vertex operator of weight one V; in Qp®,4 (2.23). For this reason, out of 16 terms we
have at the beginning, only 8 survive. These in turn are equal two by two thanks to the
properties of the Witten trace. Then we remain with

. )
S$ _+4Tr [770‘1’,4 ,QpdY ]Eo Po 0@, Qpa\)
1 - (—) . bo 5 (+) )]
+1Tr [770(1),4 :QB‘I)A ]fO*PO [UO(I)A 7QB‘I>A ]
1 Z
+1Tr [770‘13,4 ,QB‘I’(+]§0 Po [770(1),4 7QB(I) )]
1 - Z

+1Tr [770(1’,4 >QB<I>(+]£O Po [770@,4 7QB(I) ] : (A.2)

)

where the last two terms are symmetric and the first two terms are exchanged if <I>E4+ >
<I>E47). Although the first two terms are not zero simply by charge/ghost number conser-
vation it is possible to show that they vanish identically. Since they are symmetric in the

exchange <I>E4+) > <I>E47) we show explicitly only that the first term in (A.2) is zero. Due to

(£)

the on-shell condition on @~ we can extract from the commutators 79 on the right and
(@) on the left to obtain:

by = _
Tr [(QB[‘I’E:),HOQ(AH}) foﬁpo (Uo[q’% ),QB(PE:)])] : (A.3)

Move ng and g in the trace let us write

—Tr [[@fj),m@iﬁ] <P0 - EOPOQB> [@54_),@3¢>54+)]] . (A.4)

The term involving the projector is zero for charge conservation while the other involving
the propagator is zero for charge/ghost number conservation. Analogous computations
lead the cancellation of the second term in (A.2). So we have to analyze only the two last
lines of (A.2):

e In the third line we extract from the commutators in a symmetric way 79 and @ g, re-
peating the same computation carried out for the first line to simplify the propagator.
This time it is not zero because charge is conserved in terms with the projector P.
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e In the fourth line we use the following identity

ne®, Q@) = 0@, 80 + (@25, ned (™), (A.5)

on the right and on the left of the propagator. Charge conservation implies the
propagator terms cancel out while the remaining ones have a projector inside.

These algebraic manipulations allow us to rewrite equation (A.2) as the sum of the com-
pletely localized effective action we have in (3.17) and some spurious contact terms

S

prop

— 5 4+ 5 (A.6)

prop,c

where Sp(ﬁz)w collects all the spurious contact terms and is given by

S

prop,c

1 e 1 . .
= +3Tr [0, 01 [0, Que ] + S T o0, 04 [0, Que ]
. 11
Te (@4, 0] e, Qpe!, )] +5Tr [, e, Quel]]
(A7)

Now we show that these extra contact terms cancel exactly with the contact term coming
from the Berkovits action:

S = —2*14 Tr[[no®a, @] [Pa, QDA (A.8)

Once that the string field ®4 is splitted in two charged string fields <I>E4i), the charge

conservation requires that only terms with 2 <I>E4+) and 2 @S) survive since the uncharged
matter vertex Vi in Qp®P4 cannot give contribution. So the contact term is given by the

sum of 6 terms:

1 _ _ 1 _ _
SO = ——Tr [oe' ), 0] (047, Qe )] — T [me'!, 0471 [, @pe!, ]

¢ 24 5
1 3 ~ 1 i )
_ﬂ Tr |:[770<I)‘(A+)’ CI)E4 )] [(I)E:‘), QB¢E4 )]:| . ﬂ Tr [[770(1)54+), (1)54 )} [(1)54 )7 QB@E:‘)]}
1 ~ 1 ) )
—o Tr [["70‘1)( ) <p(+)] [q>(+ 7QB‘I>(A )]} _ ﬂﬂ [[770‘1)51 ), ‘I)%)} [‘I’(A ),QB‘I)EI)]} |

(A.9)

In order to show that Sc(4) + S;(éz,pﬁ = 0 we have to make some ordinary but lenghty
algebraic manipulations. These are carried out using the properties of the derivations Qg
and 7 inside the Witten trace and the Grassmann-graded Jacobi identity

(—1)€ @4, [, Dc]] + (1) F[@p, [Bc, Da]] + (-1)PC[@c, [Pa, PB]] = 0. (A.10)

Three universal structures appear in these computations, we refer to them simply by
(4, Cy, C3 defined as follows:

1 = o [0, 05 e, Qpel] (A11)
1 _
Gz = 5 e[}, @ oo, @pe]] (A.12)
1
Cs = —5; Tr [0, o] (0, pe ()] (A.13)
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)

So it is easy to check that every term in 554) and S&OP’C can be expressed as a linear
combination of C;. We report here the final results:

—57 T [0, @1 0, @pe]] = ¢+, (A.14)
*i Tr :[nocbf;), o110, QBqaf;)]: = O+ Cs, (A.15)
—i Tr :[T;O@(A”, (M0, QBcb(A*)]: = —C) +Cs, (A.16)
—i T 02 818, Que)| = €1+ ot s, (A.17)
—i Tr :[770<I>(_), o710, QB<I>E4+)]: — C +2Cy + Cs. (A.18)

Then summing all the terms appearing in SC(4) and Sg%z,p,c we obtain

SW =30, +3C, +60Cs, (A.19)
S = —(3C1+3C2+6C3), (A.20)

so that the cancellation of contact terms is demonstrated. This concludes the proof of (3.17)

B Supersymmetry, bosonization and correlation functions

Supersymmetry. Here we recollect our conventions on supersymmetry notation and the
main properties of the t’Hooft symbols. The Euclidean Lorentz group SO(4) on the D3
branes system is realized on spinors in terms of the Pauli matrices 7¢

) ) )
10 1 0 0-1

from which it is possible to construct the ordinary gamma matrices satisfying the euclidean

Clifford algebra. It is well known that the self-dual and antiself-dual generators of SO(4)

are two indices gamma matrices (v"%)s”, (7% 4 given in terms of the self-dual and antiself-

dual t'Hooft symbol which maps the Wick rotated Lorentz group to SU(2)
() =i (19, () = (7). (B.2)

They are symmetric in the spinor indices and antisymmetric in the spacetime indices. In
this paper, since we are dealing with instantons we are using only the self-dual two-indices
gamma matrices. Self-dual t’Hooft symbols are realized as

Napv = €quv T 5ay541/ - 5a1/64,ua (B3)

and satisfy a set of properties including

Napy = §€;u/pa77apa ) Napv Napo = 5up5ua - 5;wfsup + €uvpos (B.4)

which are useful for deriving our results in the main text.
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Spinor indices are raised and lowered as follows

Y = e g, o = €45 yP, (B.5)

Yo =1 ea | o = P, (B.6)

1

where the ¢ matrices are defined such that €12 = €19 = 2t = €53; = 1 which implies

b €ay = —(5,’5 , Pa €4y = —55. (B.7)
Bosonization. Bosonization in ten dimensions allows us to introduce five commuting
scalars h;, one for each complex dimension, and write all the content of the 1, S matter
sector in terms of these scalars. Associated to each scalar we have a current proportional
to Oh; such that
+ikh; 5ij +ikh;
Ji(z) e (w) ~ £k —— e (w). (B.8)
zZ—w

We can extend this current to all the spacetime with linear combinations of the five el-
ementary currents. The existence of this current is fundamental to localize the effective
action. We have equivalent choices in the full spacetime (for example when we analyze
Yang-Mills on a D(2n) branes system as in section 4.1), but when we introduce spin fields
on the worldvolume of the D3 branes system we have two inequivalent choices for the
total current

Jpy=J1+ J2 or J_=J1— Jo, (B.g)

under which matter fields like ¢ are generically charged up to a sign, while spin fields are
divided in two families of opposite chiralities

go kbt ga  gneha) (B.10
The bosonized spin fields are charged under one current and uncharged under the other

one, so that the choice of the chirality of the spin fields (and hence the choice between
D(—1)’s or anti D(—1)’s) implies the choice of the localizing charge.

The bosonized spin fields makes explicit the subleading contribution from the OPEs
which are required for the auxiliary fields (4.45), (4.46), (4.47):

§G2)(2)8G2) (w) ~ (2 — w)? e P1h2) = (2 — W)z Pyghy(w), (B.11)
SC27D(2)8C 37D (w) ~ (2 —w)7 e ) = (2 —w)T Prgy(w),  (B.12)

$(22)(2)SC2 D (w) ~ (2 — w) 2. (B.13)
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Other useful formulas. Other correlators on the UHP which we use are

W) = s () = (- ) - e ) (B14)
(e (w)) = —— . (E(m(w) = ——. (B.15)

and correlation functions involving more than two of the above fields are easily derived by
Wick theorem. The twist field two-point functions are given as in [23]

[NIE

(A@AMW) =(-w)2 . (AEAW)=-(z-w)"2,  (B.16)

where an effective minus sign is present in the second two-point function to account for the
correct odd grassmanality of the superconformal primary AS®. We refer to [23] for more
details. In this work we also use the two following OPE’s

P 1

$(:) S (w) ~ = gl )2 () ", (B.17)
M . S8 (w
PH(z) S%(w) ~ L M. (B.18)

V2 (z—w)%

Notice that the first term in (B.17), proportinal to the identity, is responsible for the
auxiliary field Hy, while the second term, which is subleading, is responsible for the charged
auxiliary fields Hf. The other OPE (B.18) is responsible for the absence of an auxiliary
field giving rise to an Awaw coupling, since when, properly dressed with a twist field and
the ghosts, the weight zero contribution is not present.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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