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1 Introduction

It is well known that despite the name string theory describes not only fundamental strings
but also D- and NS-branes. These appear as extended objects with tension proportional to
gs ! and g; 2, respectively, while the tension of the fundamental string itself does not scale
with gs. Thus these branes are non-perturbative, or solitonic, in nature.

That we know as much as we do about the non-perturbative objects of string theory and
M-theory is in large part thanks to the existence of dualities [1]. This paper arises as part
of a broader effort to understand the consequences of acting with T-duality transformations
on solitonic NS branes. While the action of T-duality on a Dp-brane simply generates either



a D(p+ 1)- or D(p — 1)-brane, depending on whether the duality is carried out in a direc-
tion transverse to the brane or not, the action on NS backgrounds produces results which
are rather more interesting. Working at the level of the corresponding supergravity solu-
tions, the T-dual of the NS5 brane along a transverse isometry produces the Kaluza-Klein
monopole (or KKM). A second T-duality produces a brane — known as the 53 — which is
ordinarily said to be “exotic”: it is globally defined only up to a non-trivial T-duality trans-
formation and so can be viewed as a T-fold [2]. It is a “globally non-geometric background”.
It has been argued in [3] that such backgrounds are not really “exotic” in the full string
theory, but are in fact a ubiquitous feature. Their existence can be viewed as being required
by U-duality [4], and they provide sources for non-geometric Q- and R-fluxes, T-dual to
the usual three-form and geometric fluxes sourced by the NS5 and KKM, of interest for
compactifications [5, 6].
The T-duality orbit beginning with the NS5 brane can be written in the notation
of [3] as
5 +— 51 — 53 +«— 53, (1.1)

where the subscript stands for the power of g; ! in the tension and the superscript counts the
number of special circles. Here 59 is just the usual NS5 brane, while 5} is the KK monopole,
which has three transverse directions and a special isometry direction, as indicated by the
superscript. Note that in order to carry out T-dualities in the transverse directions to these
branes, one needs transverse isometries and so this necessitates smearing the solution at
each step. This smearing changes the corresponding harmonic function. For the exotic 53-
brane, one ends up with the harmonic function depending logarithmically on the transverse
radius and hence not vanishing at infinity. The 53-brane is even more non-geometric: one
point of view is that this brane is the result of carrying out a T-duality on a direction which
is not an isometry, leading to a background which depends on a dual coordinate (“locally
non-geometric”).

Some other problems arise when considering throat behaviour already at the level of
KK monopole as described in [7]. One question concerns the fact that the T-dual of the KK
monopole in supergravity is naively a smeared version of the NS5 brane, while in principle
one expects the latter to be localised in its transverse directions. As shown in [8], world-
sheet instanton corrections in the smeared NS5 background have the effect of localising the
NS5. Later on, it was realised that one could calculate the worldsheet instanton corrections
to the KK monopole background itself, which turn out to imply that the KK monopole
is localised not in the special isometry direction but in a dual direction [9, 10]. Similar
calculations have been done for the non-geometric 53 brane [11-13]. So again, explicit
dependence on dual coordinates appears in the solution, but this time this is suggested by
a worldsheet calculation.!

Dealing with non-geometry, whether manifesting as non-trivial T-duality monodromy
or as dependence on winding coordinates, requires a formalism that goes beyond our usual
supergravity framework. So far the most appropriate formalism to attempt to make sense of
dual coordinates has been that of Double Field Theory (DFT), which starts with doubling

LFor further recent study of the expected localisations, see [14].



(a subset of) the spacetime coordinates and considering a theory invariant under the group
O(d, d) defined on a space parametrized by Y™ = (Y7, 17;) with M =1,...,2d. All fields of
supergravity then can be arranged into various irreducible representations of O(d, d), e.g.
the NS-NS sector containing the dilaton ¢, metric g and the B-field B is described by the
so-called generalised metric

O(d,d)
—_ 1.2
HMN € 500 % o) (1-2)
usually parametrised by
9g—Bg~'B Bg™!
Hun = - " ; 1.3
( -g7'B gt (13)

and by the generalised dilaton
e 2 =720, /|g|. (1.4)

The dynamics of the theory in the NS-NS sector are provided by an action [15-20)]

SprT = /deY@_Qd (47‘1MN3M3NCZ — O ONHMY — AHMN G d Ond
(1.5)

1 1

+ 40 HMN N d + éHMNaMHKLaNHKL — QHMNaMHKLaKHNL> ,

which is fixed by invariance under local transformations which provide the notion of “gener-
alised diffeomorphisms”. Infinitesimally, these combine conventional diffeomorphisms and
gauge transformations into a generalised Lie derivative A and act on an arbitrary (gener-
alised) vector as

SAVM = ANVM = ANONVM — VNN AM 4 MV ooy APV S (1.6)
where

liva O

N = ( 0 1d”> (1.7)

is preserved by O(d,d) transformations. Generalised diffeomorphisms themselves can be
viewed as infinitesimal local O(d,d) transformations (plus a transport term) in the same
way that usual diffeomorphisms are associated to the group GL(d). The algebra of such
transformations is closed only upon imposing a special condition which restricts dependence
of all fields of the theory. This is usually called the section condition, and is given by:

nMNOy @ Oye =0, (1.8)

with the bullets standing for any expression in fields. This condition has to be imposed by
hand to keep the theory consistent and to return back to the normal number of coordinates.

The remaining bosonic fields of type II supergravity are the RR fields, and these form
spinors of O(d, d), with the type II theories distinguished by chirality. Extensions of DFT
to treat the RR fields and then supersymmetry were provided in [21-26]. A “split” or
“Kaluza-Klein” formulation, in which not all directions are doubled, was provided for the
NSNS sector in [27]. Reviews covering these and many other aspects are [28-30].



Since DFT automatically becomes a T-duality covariant theory in the presence of
isometries the whole orbit (1.1) is represented by a single solution of its equations of motion,
which is the so-called DF'T monopole constructed in [31]. As dual coordinates are present
in the theory, one can further imagine carrying out “duality transformations” along direc-
tions which are not isometries, leading to configurations which do not violate the section
condition (in that no fields depend on both a coordinate and its dual simultaneously) but
which involve explicit dependence on dual coordinates which are not part of the spacetime.

The DFT monopole solution is characterised by a harmonic function H = H (y1, y2, y3),
which depends on three coordinates, which can be identified with either geometric or dual
coordinates. As was shown in [32], depending on the way this is done, one ends up with
not only the NS5-brane and KK-monopole but also (a generalisation of) the 53-, 53- and
even 5§—branes. The latter is a co-dimension-0 object and usually is not considered in the
analysis of exotic branes. The main results were: i) the harmonic function is well behaved
as 2 +y3 +y3 goes to infinity; ii) the backgrounds depend on non-geometric coordinates in
precisely the same way as expected from string world-sheet instanton corrections. Similar
results have been found for brane backgrounds of M-theory in [33] where the exceptional
field theory [34, 35] realising the U-duality group SL(5) was considered.

So far we have mainly discussed backgrounds of field theories rather than proper dy-
namical objects. Ideally, we want to also have an effective worldvolume action for a brane,
completing the action to

Stull = Stelds + Sbrane (1.9)

such that the full equations of motion produce the correct background as the solution.
In other words, the worldvolume effective action acts as a source of the correspond-
ing brane background. Such actions for the NS5 brane and the KK-monopole are well
known [36-40, 52]. We note that the IIA NS5 brane involves a self-dual three-form, and so
it is more difficult to obtain a genuine action — a PST form is provided in [41]. Effective
actions for exotic branes were considered some time ago in [42] and more recently in [43-45],
based on dualisation of the known effective actions of NS5-brane and KK monopole along
isometry directions.

The aim of the present paper is to construct an effective action describing the full T-
duality orbit (1.1), which is O(d, d) covariant, reproduces the known effective actions upon
solving the section condition appropriately and gives the full DF'T-monopole background
when considered as a source for the DFT action?

Stun1 = SDFT + Seff- (1.10)

We restrict consideration here only to the case of the T-duality orbit starting with the
Type IIB NS5-brane as in this case one is able to write the full non-linear action. For the
Type ITIA case one would have to work in the PST formalism, or restrict the action to its
quadratic form.

*Note that the electric counterpart of this solution, the DFT wave [46], has been shown in [47] to be a
solution of the combined action St = Sprr + Spws, where Spws is an action for a doubled string such
as [2, 48-51].



We will provide a universal DBI term, valid for any number of doubled directions.
The form of this DBI term will be a generalisation to doubled space of a form of the KK
monopole action [52]: this goes by the name of a “gauged sigma model”, the idea being that
one or more of the target space directions is an isometry and the resulting worldvolume
scalar (spacetime coordinate) does not appear in the action, effectively by gauging the
isometry. Half of our doubled directions will be viewed in this manner.

We will also discuss the structure of the Wess-Zumino term for the doubled five-
brane. The NSNS contribution is complicated as it must describe the T-duals of the
electromagnetic dual Bg of the B-field, which means the electromagnetic dual of the Kaluza-
Klein vector, and other more exotic objects, for which non-linear definitions are not known.
However, a linearised description in DFT has been achieved in [53] while the representation
theory structure for this part of the WZ term in O(d,d) is known thanks to [54-58].
Furthermore, the paper [54] constructs a general formula for T-duality covariant WZ terms
of solitonic 5-branes for general d < 10 by introducing worldvolume field strengths for every
O(d, d) covariant multiplet of gauge fields. These results apply for actual reductions, while
in DFT we want to keep the dependence on the doubled internal coordinates (subject to the
section condition) and so have more complicated gauge transformations to consider. Still,
the results of [54] provide a useful guide to the structures that we expect to appear. We
will thus provide worldvolume field strengths, which are actually invariant under the gauge
symmetries of the DFT RR fields only on contraction with an auxiliary worldvolume O(d, d)
spinor which we will explain below. This then allows us to write down the RR contribution
to the full O(10,10) covariant WZ term. We will then discuss how the coupling to the
NSNS dual O(d,d) covariant potentials should be realised in our formalism, for d = 2,4
and 10 as examples.

This paper is structured as follows. We begin by introducing the five-brane actions we
are interested in. We do this in section 2: writing down the DBI actions for the IIB NS5
brane and its T-duals, the ITA KKM and the IIB 53 brane. Here we will also introduce the
basic ideas of the doubled formalism that we will use. Then, in section 3 we write down
our O(d, d)-covariant DBI action, which resembles that of the “gauged sigma model” form
of the KKM action, and demonstrate its equivalence to the usual actions.

In section 4 we consider the Wess-Zumino terms of these five-brane actions and com-
ment on the Bianchi identities in which these five-branes appear as sources. Finally, in
section 5 we provide a discussion of various aspects of our construction and of possible
future work building on the results of this paper.

2 Review of 5-brane actions, duality and doubling

This section serves to introduce the branes we will study in this paper, and the basics of
the doubled formalisms we will be using to reformulate the brane actions.
2.1 5-brane actions

We begin by reviewing the known actions for the IIB NS5 brane and its T-duals, following
the results of [43, 52].



The NS5 brane of type IIB theory has a six-dimensional worldvolume action S =
SpBr + Swz, consisting of a DBI part and a Wess-Zumino term. The latter contains
the coupling to the six-form electromagnetic dual of the B-field, and so takes the form
Swz = ILNS5 f d%cBg + . .., where the dots indicate additional couplings to the RR fields
such that Syyz is gauge invariant, as we will discuss in section 4. For now we will concentrate
on the DBI part:

e®
SDBI = T5/d60'6_2¢ 1 + C§€2¢ —det (gaﬂ - 7gaﬁ . (21)
1+ CZe??

Here ¢ is the dilaton and Cy the RR 0-form. The overall e=2¢ term reveals that the NS5
physical tension is g; 275, with the expected string coupling dependence. The worldvol-
ume fields that appear include the scalars X#(o), corresponding to the usual spacetime
coordinates, and a one-form c,. These appear in the pullback of the metric, §u»,

Gop = 0a X 05 X" 41, (2.2)

~

and in the gauge invariant pullback of the RR two-form, Cj;,
gag = 28[a65] + 8aXﬂ85X’9€'ﬂ,;. (2.3)

We can obtain an action for the ITA Kaluza-Klein monopole by T-dualising. To describe
this, and to provide the connection to the double field theory approach, let us discuss this
in some generality.

We will be interested in either T-dualising or doubling d directions. Let us group the
10-dimensional coordinates as X# = (X#,Y?), with i the d-dimensional coordinate index
and p the D = (10 — d)-dimensional one. The following Kaluza-Klein type decomposition
is used for the NSNS sector fields:?

G = Guv + QijAuiAVj ) BAMV = B — A[HjAV]j + BijAuiAuj )
Gui = 9ij A Bui = Api + Ay’ Bji, (2.4)
9ij = Yij » Bij = Bj;.

Now we can recombine the field components into O(d,d) multiplets: a one-form trans-
forming as an O(d, d) vector, and the generalised metric which is an element of the coset

0(d, d)/O(d) x O(d):

A gij — Birg" By; Big™
A M _ " ., H =Y L J TR , 2.5
" < Am‘) MN _gik By g (2.5)

as well as the following scalars under O(d, d):

Guv BMV ) e—2d = 6_2¢ V |.g| > (2'6)

$When we double all coordinate directions (d = 10) we will simply write the 10-d metric and B-field as

gij and Byj, dropping the hats.



where here |g| = detg;j. General O(d,d) transformations are those which preserve the
O(d, d) structure n, taken to be as in (1.7). The standard worldsheet T-duality is a Buscher
duality. Such a duality in the direction x acts as permutation interchanging the V* and
Vi components of an O(d,d) vector VM. Meanwhile, an RR p-form transforms into the
(p £ 1)-forms of the dual theory, as detailed in appendix A.4.

Using the above multiplets, it is straightforward to T-dualise the NS5 brane action
and obtain that of the Kaluza-Klein monopole in type ITA. First, let us write the general
decomposition of (2.1). We have

Spgi = T5 / dSoe 22\ /1 + C2e29 x

X | —det (g,waaX“agX” + gijDaYiDﬁYj —

2.7
eqsgoéﬁ ( )
V14 Cje?¢ ’
where
DoY'=0,Y" 4+ 0 X" A", (2.8)

and

gaﬁ = 26[(10,8} + (éuu — QCA'[M”AV}Z + éijAMiA,,j) aaX'“a@XV (2 9)
+ 2(@,“‘ — Aujéji)a[aX“Dﬁ]Yi + C’ijDaYiDﬁyj .

Supposing that d = 1 (and explicitly letting ¢ = 1) the T-dual expression follows simply
from the Buscher rules. For instance, we have for the NSNS fields

- 1 _9% /= _ ~ <
Jgi1 = P e 2\/g11 = e g, A=A, , Au=A4" (2.10)
11
where the tilded fields are the T-duals, and in our RR conventions, the relevant T-duality

rules are (see appendix A.4)
ONVl = éuu + QA[Mlél,]l , CA'M = éﬂl + QB,HCO , 6'1 =Cy. (2.11)

We use these to first express (2.7) in terms of the duals, then dropping the tildes from the
fields, we can write the DBI part of the IIA KKM action:

1 -
SDBI=T5/€2¢)g11\/1—i-€2¢g(01)2
11

G (2.12)

\/ 2¢ _1 2
g 1+€ ¢E(Cl)

1 ~ ~
% |~ det | 9 0a X0 X+ = Da¥iDsYi -
11

Here Y; is the original Y'! appearing in (2.7), and we have in the KKM frame that
DoY1 = 0,1 + 0o, X Ay (2.13)
where A,; are components of the IIA B-field in the decomposition (2.4). We also have:
Gas = 20ucg) + Cun10a X" 03X" — 2D, Y105 X" (C, — A, ' C1) (2.14)

were Cy is the i = 1 component of the RR 1-form.



One might wonder how this can be (part of) the action for the KKM, given that it
does not seem at all spacetime covariant? The mere fact that we have obtained it by
T-duality means that the ¢ = 1 direction has to be an isometry. (Later on, we will discuss
the circumstances in double field theory in which one may not rely on the existence of such
isometries.) Indeed, the KKM differs from the more usual fundamental, D- and NS5 branes
in that is characterised not simply by its worldvolume and transverse directions, but also
has a transverse special isometry direction. Here, this corresponds to the ¢ = 1 direction.
The fact that this is an isometry manifests itself in the absence of the coordinate Y from
the action (2.12). Instead there is a worldvolume scalar, }71, which as far as the KKM is
concerned can be interpreted as a dual coordinate (reflecting the fact that it is “originally”
a coordinate in the IIB NS5 action).

A covariant form of the Kaluza-Klein monopole action can be obtained by introducing a
Killing vector, l%ﬂ, corresponding to the special isometry direction. In adapted coordinates,
k= 8Y1’ and \l;: 2= gﬁl)kﬂfl = g11. Let

Oa XH = 0 XH — |]%|2 H k04,
such that in adapted coordinates we have éaX b= 9, XH" and §,Y! = —g%(%X #. This
ensures that Y does not appear in the action. It is easy to check that the following action:

(2.15)

. 1 .
SDB[—T5/€_2¢|]€’2 = (ZI}C)2
E|?
; (2.16)
O | S| a
x | —det | G 0o XAy X7+ — DoV DV — PGas
K| Il Ve 1:0)2
is the covariantisation of (2.16), with
D.Y = 0,Y — (i, B) 0o X" (2.17)
and
g 28[a0ﬂ] ( C) 8 X“aﬁX” - 2D[QY85}XMC (2.18)

where i; Ty, 5, = Jet Tup..pp

This form of the action, which if only the metric parts were present corresponds to a
gauged sigma model, will be our starting point in constructing manifestly O(d, d) covariant
5-brane actions.

One can further obtain the action for the exotic 53 brane by T-dualising (2.7) on two
directions [43], so i = 1, 2. Following our (slightly different) conventions with the T-duality
rules of (A.28), the action takes the form:

—2 2(]5
SDBIZT5/ ¢detE 1+d tE(612)2

detg .. - - ¢
X, | —det <gNVaC¥XM8ﬁXV+egg”Da}/iD5Yj— € ga,B ) ,

(2.19)

det & Vdet E+e20C%,



where Eij =gi; + Bij, C12 = Ch2 + B12CY, Daﬁ = 6a?; + aaX“A,“- and

Gap = 28[acﬁ] + (O#U12+B12(é‘uy —QéHiAyi+éijAuiij)> 0 X103 X"

. . N o _ o (2:20)
—2eY (Cm —AM’“C’ki)a[aX’"‘Dij — <C()6” +BY (012+B126’0)> DOCY;DBYJ'
where €2 =1 and 4
detE( ,]) . (2.21)

This brane has two special isometry directions, and the corresponding coordinates Y* do
not appear in the action — instead, their duals Y; do.

A covariant form of this action, in terms of two Killing vectors, is provided in [44].

2.2 Doubled formalisms

We will now discuss the core ideas of the doubled formalisms that will allow us to rewrite
the above duality orbit of brane actions as a single O(d,d) manifest action. The first
step, starting from a theory defined in terms of coordinates (X*,Y?), is to introduce dual
coordinates Y; such that the doubled coordinates Y™ = (Y*,Y;) combine into an O(d, d)
vector. Treating coordinates and their duals on the same footing was used in [2, 48-50, 59]
to construct doubled worldsheet theories, in which the target space geometry is doubled.
To avoid introducing extra degrees of freedom, the doubled coordinates must be chiral,
obeying a constraint dYM = SMy %« dYYN, where d and % are the worldsheet exterior
derivative and Hodge star, and the matrix SM y = (n7'H)M y squares to the identity. The
corresponding spacetime theory is that of double field theory [15-20] (as in fact follows
from the beta functional equations [60—-63]).

The five-brane actions we will describe will make use of such doubled coordinates.
Unlike the doubled worldsheet, we will not have an intrinsic worldvolume relationship
between the coordinates and their duals. Rather we will posit a form of the doubled
five-brane action which resembles the gauged sigma model action of the Kaluza-Klein
monopole, in which half of the coordinates Y™ will not appear, assuming the existence of
d (generalised) Killing vectors corresponding to (generalised) special isometry directions.

0(10,10) DFT. The standard version of DF'T involves doubling all coordinates in space-
time. The only bosonic fields are the generalised metric, H sy, generalised dilaton, d, and
RR spinor C. The NSNS sector fields are contained in the former two as in (1.3) and (1.4).
One convenient way to construct the RR spinor is as follows [21]. Introduce d fermionic
creation operators ¢’ and d fermionic annihilation operators ; obeying

(i, 7y =68, {gn} = {¥ 97} =0. (2.22)

The vacuum |0) obeys 1;|0) = 0, and a general spinor has the form

1 % %
A=) H/\ilm,»pzﬁ L y|0), (2.23)
p



where we work in Majorana representations ();,..;, real). One can restrict to Majorana-
Weyl spinors: spinors formed using only odd and even numbers of creation operators have
opposite chirality. (The states of definite chirality are eigenspinors of (—1)V* where the
number operator is Np = >, ¢';.)

The gamma matrices obeying {I'5s,I'n} = naynv can be defined by

T = (V2¢, V207) . (2.24)
We will raise the index on I'j; using n™~. We define

Caryont, = TUpagy - Ty - (2.25)

The charge conjugation matrix is

Co =L +4) dodd,
_ (O =1L do (2.26)
C_ =TI, — ) deven,
and we define the conjugate spinor by A = AfC (where (¢")" = 4; and (¢;)T = ¥?).
The RR spinor of the O(10,10) DFT is denoted by C and has components
Ciy..ip, = [GBQC]z‘l...i,, (2.27)

where C' is a polyform of RR potentials, described in appendix A.2. This will be a chiral
spinor, with chirality depending on whether we are in a ITA or IIB frame. A Buscher
duality in the i direction follows from acting with " + 1;, and changes chirality.

Let us note also that the gauge symmetries are (using ny/n to raise and lower indices)

SaHumNn = A OpHMN + 200 A Hiyp — 207 A p
sae 2 = op(APe™d) (2.28)

SanC = ANONC + %8MANFMFNC + dX,

where AM = (Ai,[\i) encodes diffeomorphisms and gauge transformations of the B-field,
while X is another spinor and gives to gauge transformations of the RR fields. The slashed
partial derivative is

§=—=TYor = pMony, (2.29)

1
V2
where M = %FM = (%, ;).

O(d,d) DFT. Alternatively, we may choose to only double a subset d < 10 of the
coordinates, along the lines of [27]. This produces a slightly more intricate structure. The
DFT coordinates are now (X#,YM). The bosonic fields are the external metric, g,,, the
generalised metric, Hasn, and generalised dilaton, d, as well as a tensor hierarchy consisting
of a one-form, AMM and two-form, B,,,,. The dictionary relating these to the 10-dimensional
supergravity fields is the same as that presented in equations (2.4) to (2.6) (so it is the same
as one would use in Kaluza-Klein reduction, except one does not assume any coordinate

~10 -



independence). In addition, one can include RR potentials, C,C,,, Cp, ... which are O(d, d)
spinors of opposite chirality for fields with even or odd numbers of external indices. These
RR potentials, by decomposing (2.27), correspond to

C,u,l...p,nil...ip = [eBQ A C]ul...unil...ip . (230)

The gauge symmetries can be obtained by decomposing (2.28), first letting M be the
0(10,10) index and then taking AM = (f“,]\u, AM) (in [27] the component ]\” is taken to
have the opposite sign). In particular, under the gauge transformations /~\# one has

sAM = -0MA,,,

~ e
0By = 20y, Ay — A" Oy (2.31)

- 1 e <
0Chy . =m0 — 1)8[M1Auzcus..~un] + (_1)nn\ﬁr 8MA[,U1C#2~~~Mn] :
One can make these transformations look nicer by writing them in a “covariant” form
as in [27], however we will not do this here. For the RR spinors, one has also have
transformations under external diffeomorphisms

174 14 n— 1 14
0¢Cpy.pin = 7 00Cpy i + 1O, E Clufsg.pi] T (1) IEFMaME Copropin (2.32)

and under RR gauge transformations:

1
ONChtropin = 10 Mg ) + (= 1) —=TM 00 Ny (2.33)
V2
while their transformation under generalised diffeomorphisms AM has the same form
as before.

3 0O(d,d) covariant DBI action

3.1 The action

Building blocks. We can write an O(d,d) covariant form of five-brane actions. The
coordinates that appear in the action as worldvolume scalars are (X*,YM), where we
have n undoubled coordinates X* and the 2d doubled coordinates Y. We introduce the
O(d, d) generalised metric, Hprn, the O(d, d) one-form A,M, the external metric g,, and
the generalised dilaton e~2¢. We write a covariant differential for the doubled coordinates:

D YM =0,YM +9,x1A,M (3.1)

where «, f are worldvolume indices.

To describe the action for DFT monopoles, we adopt the techniques of [38, 52] where
the Kaluza-Klein monopole is viewed as a “gauged sigma model.” We need to introduce d
generalised Killing vectors, ko™ where a = 1,...,d. (A generalised Killing vector is simply
defined to annihilate the fields under the transformations dy, corresponding to generalised
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diffeomorphisms. In adapted coordinates, we have as usual ké\/l Oy = 0 acting on all fields.)
These correspond to some special isometry directions, in a sense. Next define the matrix

hao = Hunka k™ (3:2)
with which one write projected (or “gauged”) differentials
DYM =D YM — (b Yk M, N U p DY T (3.3)

which will have the effect of removing half the doubled coordinates from the action. In
order that the matrix h, be invertible, we need

MM = gortap iy | pla (3.4)
to be non-zero, as
1
deth = —Has o Hop,n, TM1MapNe-Na (3.5)

Later on, we will discuss how one can view this TM1Md a5 the T-duality covariant charge
of the 5-brane, in line with the classification of [54]. In addition, we take

nunkMEN =0, (3.6)

which will in effect act as a sort of algebraic section condition on the worldvolume action.
Different solutions of this constraint impose the existence of different special isometry
directions in spacetime, and allow us to remove the corresponding scalar fields Y™ from
the brane worldvolume action that we will consider. Effectively, the condition (3.6) implies
that the kflw live in an at most d-dimensional subspace, while requiring the object (3.4) be
non-zero then implies that in fact they are a set of d independent vectors.

We also include the RR sector, introducing a set of forms which are O(d,d) spinors:
C,Cu,Cuy, - ... Alongside the generalised Killing vectors, we have to introduce an auxiliary
O(d, d) spinor Aprane- We require that it satisfy the following constraint:

Lo Abranckd = 0. (3.7)

As there are d independent ky , this implies that Apane is annihilated by half the O(d, d)
gamma matrices I'M | and therefore it is a pure spinor. (Note that this then implies (3.6).)
Finally, we set the scale of Appane by requiring that

L
(V2)!

This is the only non-zero spinor bilinear involving Aprane and its conjugate.

j\branePMlde)\brane = TMI.“Md . (38)

The action. We may now write down the full DBI part of the action we consider:

SDBI_/d60’€_2d\/M\/1+€2d(deth)_1/2(;\branec)2X

) 3 ddth _1/45‘ rane«
X, | —det (gﬂyﬁaXﬂaﬁXV+HMNDayMDﬁyN_ e?(deth) braneYa3 ),

V14e2d(det h)=1/2(AprancC)?
(3.9)
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where
Gap = 26[0155} +Cop (3.10)
is a worldvolume field strength with the following pullback of RR fields:

1
CQIB = (CMV - (Bul/ + iAMMAVNPMN)C + \/iAMMPMCV> 8[O¢XN8B}XV

1 .
+V20y (cu - ﬂAHNFNC> o X Dy YM (3.11)
1 A N
= G TuNCDRY M Dg Y

The worldvolume one-form ¢, is here taken to also be an O(d, d) spinor. It is easy to check
that the expression (3.11) is invariant under gauge transformations of the external B-field,
using the formula (2.31). We will discuss its transformation properties under RR gauge
transformations in section 4.1.
The term
e 2d\/det h (3.12)

provides the string coupling dependence: the generalised dilaton factor e~2¢ tells us that
this brane indeed will have tension scaling as g; 2.

One way of looking at the action (3.9) is to think of it as a function of d, the number
of doubled directions.* When d = 0, the fields that appear can be trivially identified with
the usual spacetime ones: thus g, is the full metric, e 21 = ¢72¢ is the usual exponential
of the dilaton, and C,, = C,, and C = Cj are the usual RR 2-form and 0-form. Then
setting det h = 1 and Apyane = 1 we immediately see that what we have is the usual DBI
action for the IIB NS5 brane.

At the other extreme, d = 10, we only have the generalised metric, generalised dilaton

and a single O(10, 10) spinor C. We can replace DY M with 9,Y™, and one has

- 1 R R
Cap = —5TuNCORY M 05 Y™, (3.13)

where we still project, 0 YM =9,YM — (R Yk ME N H N pO, YT

For 0 < d < 10, the action interpolates between these two cases. One can choose d to
correspond to the number of actual isometry directions of the backgrounds, in which case
the O(d, d) covariance is unbroken by the section condition solution, and one can view it
directly as the O(d, d) T-duality group.

We stress that the action (3.9) is covariant under O(d, d). Acting with some Buscher
type transformation will map us to a different duality frame. In that frame, we view (3.9)
as providing the DBI action for a brane that is dual to the IIB NS5 brane.

3.2 Analysis of the NSNS terms

Let us focus on the action with the RR and worldvolume fields set to zero. It is

SpBI| g = /d%ez‘i\/m\/— det (g,waaXuaBXv + HMNﬁaYMﬁﬁyN> (3.14)

4Not to be confused here with d, the generalised dilaton.
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Note that one can also write
HunDaYM DY N =Ty n DY M Dy N (3.15)

with
Iy N ZHMN—(hfl)abkfkl?HMpHNQ. (3.16)

Fully doubled: d = 10. We consider first the situation in which we have doubled all
directions in spacetime. The action is simply

SDBI‘RR:O = /d60'6_2d\/ det h\/— det ('HMNéaYMéﬁyN> . (3.17)

The section condition is supposed to be 9; # 0, 9" = 0, so that the background fields may
depend on the coordinates Y but not the Y;. As it stands, any of these may in principle
appear in the action as worldvolume scalars. We will show in this section how one may
remove the ffi, in which case this action describes the IIB NS5.

Suppose we take the generalised Killing vectors ko™ to lie only in dual directions, i.e.
k:f1 =0 and l;:a,- # 0. Then hy, = /;:ail;:bj ¢ and det h = (det 127)2 det g~1, where we view l;m
as a 10 x 10 matrix and take its determinant. We find due to this that

e 24/det h = e 2| det k| . (3.18)
Now, we have
DY = 0,Y! (3.19)
and
9aYi = 00Y; — (h 1) ®kaiky; 9?00 Vs — (h 1) ®kaiky; Brug? 0,V . (3.20)

In adapted dual coordinates, where the components of the Killing vectors are given by
I;:ai = 04, Oone has I;:ail;:bj(h_l)“b = ¢;j, which is always true for d independent vectors, and
so one finds

doY; = Bij0Y7 . (3.21)

As promised, half the coordinates — in this case, those that are the duals in the section
with physical coordinates Y* — have been projected out. The action (3.17) becomes

e / &0 |det ke /— det (g;;0,Y105Y7) . (3.22)

(Note that we have not written a tension prefactor, say Sppr = Ts i d®c(...), but ideally
one should absorb the leftover factor of det k into 75 and identify this with the original T5.
This should be kept in mind below.)

If we did not choose the k2 to lie only in dual directions, we would obtain alternative
forms of this action. If there is a spacetime isometry in the direction ¢ = z, then for instance
picking k,* # 0 but ke, = 0 for one a would give us the action for a KKM in type IIA
instead. To explore these possibilities, we will restrict to d < 10. In particular, to make
contact with the known forms of the NS5, KKM and 5% actions, it is convenient to specify
to the case d = 2.
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Partially doubled: d = 2. We again write the NSNS part of the DBI action:

SDBI'RR:O = / (560'672dv det h\/— det (gWBQXHQgX” + HMNDQYMDgYN> , (3.23)

where o
hap = Hyunk, Ky

Iynv =Hun — habHMpHNQkfk:Q , (3.24)
Do YM = 9, YM + 9, X1 AM .

We have two generalised Killing vectors kM obeying nynke™ kY = 0. There are three
choices of solutions each leading to a different effective action

NS5: kM = (0, kam),
KKM : ky = {( T?O)v (07 zj?m)}? (325)
53 : kM = (kam, 0) .

Since we are in the O(2,2) theory, these are the only choices (up to a diffeomorphism in
the KK5 case) for the Killing vectors. For larger groups the orbit will become longer and
include e.g. 53 and 53 branes.

We will consider the available possibilities case by case. In doing so, we will make use of
the dictionary in section 2.2 relating the components of the DFT fields e =24, H s, AMM to
the decomposition of the 10-dimensional fields gus = (g, 4", gij), Bﬂ,} = (Buv, Api, Bij).
Here /i is the original ten-dimensional index, and ¢ = 1,...,d denotes the directions which
are doubled.

NS5-brane. Choosing ky = (0, l;m) we have h“blgail%ai = g;j so that the only non-
vanishing component of the projected generalised metric is:
I = Hij — hH M karky

(3.26)
= gij — Bikglelj — B"Bjlgi = gi; .

Hence, for the worldvolume matrix whose determinant appears in the second square root
in the action, we find

G 0a X 05 X" + Gij(0aY" + 0a X A, (05Y7 + 0u X A7), (3.27)

which is just the wusual Kaluza-Klein-esque decomposition of the full expression
f]ﬂ,;@aXﬂaﬁX 7 Note that all the dual coordinates disappear because the correspond-
ing components of the projected generalised metric II vanish. Alternatively, one could

calculate: A
A D,Y*
D YM = A 3.28
() oo
One also computes the determinant
1 -
det hgy = ——— (det kq;)2. 3.29
€L Nap detgij( e az) ( )

~15 —



so that for the NSNS only part of the DBI action one gets

sggf\RRzo - / o |det lé\e—sz\/ ~det (gﬂ,gaaxﬂaﬁxﬁ) : (3.30)

Since the Killing vectors can be chosen to be some constants, they can be moved out from
the integration as an overall prefactor.

KK monopole. We now turn to the Kaluza-Klein monopole. We pick the k,M so
that we have one non-vanishing Killing vector in the geometric directions and one in the
dual directions. The algebraic section condition enforces them to be kM = (ki,0) and
kY = (0, 12:21) with ki ko; = 0. We can take a representative solution to be:

k! = (ki,0,0) = (k,0,0,0),

7. =~ 3.31
kYT = (0,0,0, ka2) = (0,0,0, k). (3.31)

It is important to realise that the section condition solution is still such that (X*,Y?)

define the physical spacetime and Y; are duals. However, we will see that this choice of the

kM in fact removes the Y coordinate from the brane action, and in its place its dual Y;

appears. With the Y'! direction corresponding to an isometry, this can be used to see that

the action obtain is as expected the T-dual of the NS5 brane action on the ¢ = 1 direction.
The matrix hg is found to be

k2(g11 + ¢%*(Bi2)?) kkBjag? (kkgi1)?
ab ( Kk Byog?2 f2g22 ¢ det g (3:32)
Then one has
1 00 —Bio
1 0 00 0
hPk Mg N = — : (3.33)
gi1 0 00 0
—Blg 00 detg + (312)2
from which one gets
0 0 0 0
1 | 0detg+ (Bi2)? —Bi2 0
II = — , 3.34
MY T g0 | o — B2 10 (3:34)
0 0 0 0
or equivalently
—M2D,y?
g11 O‘2
- DY
DY M = L 3.35
o DY, (3.35)
221,V

g11

and hence the derivatives D, Y5 and D,Y"! do not appear in the action, leaving only D,Y?
and Da}}l.
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Substituting all these expressions into the covariant effective action one obtains

SDBI‘RR:O = /dﬁakl%gne_%x

(3.36)
det 1 ~ ~ ~ -
X \/— det <gW8aXM85XV + ¢ gDaY2D5Y2 + DaYiDgyl>
1 g11
where
DoYi = 9oY1 + 0o X Auy + Dy Y2 Boy . (3.37)

Now, let us first show this agrees with the known KKM action presented in section 2.1.
Using the usual Kaluza-Klein-esque decomposition of the 10-dimensional metric ggp in
section 2.2, we find that the geometric piece can be written as

det g

G Oa X 0 X" + p DoaY?DgY? = 41500 X 05 X7, (3.38)
11
where i = (u,4) and
n N 1 ann N
Do XF = 0u XF — ——kPkp00 X", (3.39)

|2
where we introduce a Killing vector k such that k' = k and [k[2 = §11k%. We have
O XH = 0, XH, aayz = 0,Y?and 0,Y! = —g%(glgaay%r 9,10, X"). Identifying §ij = gij
and g.; = gi; A7 leads to (3.38).
The piece that is non-geometric can be written as

Daf/l = Oaffl + 8aXﬂBﬂ1 , (340)

using the identification A,; = Bm’ + AuiBij, B;; = Bij, where Bﬂ,} is the 10-dimensional
B-field. The determinant in the action therefore contains the term

1 ¥ v %5 {7 v i 1
7D YID,gyl “%|2 (aaY +k 8QXMB[“;)(6/3Y + k 05X“Bﬂp) . (341)

Here we renamed Y = k‘ffl

Finally, we consider the prefactor e 2kkgy, = e 2¢|l<:]2k. Up to the constant term
k /k, this is the correct prefactor with the norm of the Killing vector k corresponding to the
special isometry direction appearing explicitly. Hence the action agrees with that in [52]
(up to sign conventions for the B-field).

Observe that the generalised Killing vector k{\/f becomes in this frame the special
Killing vector k of the KKM background. The other generalised Killing vector ké” , which
still points in the dual directions, does not have a geometric interpretation, and instead
continues to play its former role of removing the second dual coordinate, Ys, from the action.

Now let us comment on the T-duality relating this action to that of the NS5. Note
that T-dualising along an isometry given by a Killing vector 12:, one has (see the appendix
of [44], for instance)

2= L o (3.42)

17 -



which accounts for how the dilaton in the NS5 frame transforms: e=2¢" " = \/A€|2e*2¢KKM.
To analyse the rest of the action, let us simplify matters by assuming we are in adapted
coordinates, where k = 1. Then we can use the usual Buscher rules for a T-duality in the

1 direction: .

g1 = —, Ag=A,",
g11

. Bio ~
gi2 = ——", A,uleula

gn , (3.43)
. det g + (Bi2)
g22 = —————,

g1

Blg = _92 .

gi1

Written in terms of the dual quantities, the action in this frame has the form:

SpBI| pp_g = / dﬁae%\/ — det (g 0a X105 XY + §ij DY DgY ) (3.44)

with Y = (Y1, Y?) and D,Y* = 0,Y" + 0,X*A,’. This is nothing other than the NS5
brane action that we considered before.
52-brane. The final possibility is to take

kM = (kL0). (3.45)
This will lead to the action of the 53 brane. We proceed as before. We have the matrix

det g + (B12)?

o ¥ o
hav = kaky (91 — Birg" Bj) = kakygij— 3. J (3.46)
where the second equality is true because d = 2. Hence,
det B12)?)?
deth = (det ky2(det9 + (Br2)”) (3.47)

det g

where we take the determinant of k% viewed as a two-by-two matrix. From this it follows
that

__detg _ij
hebpMpN — [ detar (B . (3.48)
a 0 0
So one gets
0 0
detg+(B12)2'g
or
B R
Doy M — [ dergrBer e Da¥i) (3.50)
D.Y;

As expected in this case, both physical coordinates Y are projected out of the action, and
their place is taken by two dual coordinates Y;, which are viewed as extra worldvolume

~ 18 —



scalars in this frame. Letting E;; = g;; + B;j, the action is written as

- detg .. = ~ -
SpBi| gr_p = / doe™? |det k| |det Ey\/ — det (gwaaxuaﬁxv + 2o g9 DaYi Dﬁyj)

(3.51)
which agrees with the corresponding part of the 52 action derived in [43, 44] by T-dualising
the NS5 action on both directions Y?, as presented in (2.19) in section 2.1.

One could also work in an alternative parametrisation of the generalised metric, in-
volving a bivector field 3%,°

G L)

Gij Jik3

Hyy = | Ja  JkET ) (3.52)
—B"%grj 7 — B g

Now all expressions become more compact and the calculations are identical to those for the

NS5 brane — which is of course because this choice of frame really expresses the generalised

metric in terms of the dual variables. We find for instance
det h = (det k)2 det g,

) (.. ) g (3.53)

I = g¥.

Note that the dual dilaton is defined as e 2¢ = ¢72?/,/5. Hence, the effective action
becomes

§% = / dSo |det k|e—2¢\/ — det (g0 X105 X" + 5 DaYiD3Y; ) (3.54)
which can again be easily identified as the T-dual of the NS5 brane action.

Before moving on, let us comment on the T-duality monodromy that characterises this
brane. This takes the form of a shift of the bivector, 37 — £% + A%. Acting on kM, this
is ki — ki + AY l;:aj, kai — kai. Hence, as kg = 0 in this case, the ké\/‘[ are well-defined.
(Actually, we could already have made this comment for the twice smeared NS5 brane, for
which the monodromy appears as a shift of the B-field, B;; — B;; + A;; for which ki — KL,
kai — kai + Aijka.)

3.3 Analysis of the RR terms

Recall from section 2.2 that the single O(d, d) spinor \ is identified with a polyform Zp A(p)
in spacetime, and constructed using d fermionic creation operators v*, which together with
the annihilation operators 1); provide a representation of the O(d, d) Clifford algebra. Some

useful results are that if A has components \;, . ;,, then
(W N)iy.ip = PO Niy i) 5 (3.55)
(ViN)iy..ip = iy 5

while
(P9 N)iy..i, = 2p(p — 1)8;, 6%, \;
(L N)iy iy = —2Nijiy iy » (3.56)
(O Nis iy = 6 Ny — 206, Nt ) -

For a comprehensive review of supergravity theory based on 3-formalism see [64].

3...0p] o
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Fully doubled: d = 10. In the O(10,10) frame which corresponds to the IIB NS5
brane, the pure spinor A is

Abrane = (det kgi) 20" . 1000 = Aprane = (det kqi)/2(0) . (3.57)

The scale has been set after noting that 7M1-Md has non-zero component
Ti1---i10 = €4y...010 (det kai)'

There is a single O(10, 10) spinor C whose components are (in the conventions of [21]
where the B-field is minus that of [43])

Ciy..ip, = [eP2 A Cliy..q, (3.58)

where C = Cy + Cy + C4 + ... is the sum of the RR forms in IIB. Thus C only contains
even numbers of creation operators.
We can easily compute the quantities that appear in the action (3.9). We have:

Xbranec = (det ]%ai)l/QCO s (359)

so that e?(det )4 (AprancC)? = €?(Cp)?. Meanwhile, one can calculate

1 Abrane A SMA N , A .
— -2 T nCOY MY N = Cii0,Y ' 05Y7 — Cy0a Y DsYi
2 (det k)72 MY g 7 p © g o
= (Cij — BijC0))0aY '0aY? (3.60)

= C;j0,Y"0,Y7 ,

where we used adapted coordinates such that éaYi = 0,Y" and (%Yi = Bijaan. Thus
the action reproduces the contributions of RR terms to the IIB NS5 DBI action.

Partially doubled: 0 < d < 10. In the O(d,d) frame which corresponds to the IIB
NS5 brane, the pure spinor Aprane is

Abrane = (det kai) 20" . P|0) = Aprane = (det kqi) /(0] . (3.61)

The DBI action now involves the three O(d, d) spinors C, C,,C,,,. We have that C and C,,
are formed from even numbers of creation operators, while C,, is formed from odd numbers.
The components of these spinors are just

Cir.iy = (€22 AN Cliya
Cuir.iy = €72 AN Cluiy iy » (3.62)

~

B
C,ul/ilu.ip = [6 ZA C],uuil...ip »

where we now denote the 10-d fields as Bﬂ,;, C’o, CA'[U;, ... in order to make the connection
with the DFT variables clearer after splitting fi = (u,1).
Clearly, we still have
j\branec = (det 'Z:ai)l/200 ) (363)
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while we need to compute j\branega,ﬂ with C~a5 as in (3.11). We find

S\branecoz,b’

_coranerap _ TA JO. i ) in W v
otz — o) = BurCo) + A A Cij = A Aoy + 243/ Copi) e X0 X

+2 (Cui — ApiCo) — A7 Cji) Oa X" Dy v
+ (Cij — BijClo)) DiaY' Dy Y7,

(3.64)
after using D,Y; = Bz-jDan. Relating the components of the B-field as usual as
Bij = Byj,
B#’i = A#i + A#]Bji R (365)
B,W = BMV — A[Hsz]i + AMZAVJBZ']' R
we find that
S\braneévozﬁ (A A i A A I v
—_— = C;w - QCM'AV + AM A, Cz‘j OaX 85X
(det ]{}ai)l/2
(3.66)

+2(Cui + Cij A7 )01 X' Dy Y + Cij DY DY
= Cp0a X" X7,
so again the choice of A in this frame picks out the correct contribution of the RR fields to
IIB NS5 DBI action, using e?(det h)~1/4 = e®(det kq;) /2.
As all quantities used here transform covariantly as O(d, d) spinors, we can transform-

ing both Aprane and C and obtain the correct expressions for the RR contributions to the
DBI action in the KKM and 53 cases.

3.4 Charges

The d Killing vectors kM give rise to an antisymmetric charge
M;...M, ag .M M,
T = etk (3.67)

The determinant factor that appears in the action can be written as

1
e 2\/deth = e SN - Hg N T Ma NN (3.68)

The paper [54] analysed string solitons and their classification under T-duality, showing
that they fall into totally antisymmetric representations of O(d,d). In particular, the
five-branes in D = 10 — d dimensions appear in the antisymmetric representation with
d antisymmetric indices, and in fact this further splits into self-dual and anti-self-dual
irreducible representations, corresponding to five-branes with vector multiplets (as for the
IIB NS5 and its T-duals) and tensor multiplets (as for the IIA NS5 and its T-duals),
respectively.
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charge brane | charge brane
B | Tio (+) | NS5
HA | T | (=) | KKM | T (+) | NS5
B | T2 | (+)| 53 Ty | (=) | KKM
ITA T2 | (+) | 53

Table 1. Branes and their charges. Note that T2, would also describe KKM.

For instance, consider the case d = 2. We require

1
TMN — £ MN Lo TPQ (3.69)
where eMNPQ is defined by €'?15 = 1, and indices are raised and lowered using 157n. This
leads to the following conditions:

(—l—) T12 = T21 = 0, Tll = T22

3.70
(=) T@=Ty=0, TYY=-T%. (3:70)

We note that Buscher transformations have determinant —1 and so send ey ypg — —€nmnpo-
This means that a charge that is self-dual in one frame will be anti-self-dual in another.
However, in each case, the inequivalent representation will continue to describe the “other”
five-brane duality chain. The duality orbits we are interested in therefore appear as
in table 1.

Note that T-duality in the direction ¢ acts by raising or lowering the index ¢. This
suggests the charges T'; and 7?5 must lie in a different orbit entirely, as they are mapped
back into themselves on Buscher transformations. However, the corresponding potentials
do not correspond to BPS objects (they are in a non-supersymmetric conjugacy class
according to the analysis of [54], for instance). In fact, consistent with that these are not
allowed by our condition kM kév nun = 0. Hence, one may understand this as the BPS
condition.

4 0O(d,d) covariant Wess-Zumino action

4.1 Gauge transformations and worldvolume field strengths

In the DBI part of the action, there were two types of contributions from the RR fields,
reflecting the presence in the original NS5 DBI term of the RR O-form, Cp, and the RR
two-form, C5. Both of these fields appeared in a gauge invariant: the O-form is triv-
ially invariant, while the two-form appeared alongside a worldvolume one-form, c¢,, in the
combination

gag = 28[a65] + éﬂgaaXﬂﬁgXﬁ, (4.1)

where under gauge transformations 6Cpp = 26[ﬂ5\9] we have dc, = —XﬂaaX a
In the DFT reformulation, the situation is more complicated. Consider the case d = 10.
There is a single RR spinor C, carrying no (doubled) spacetime indices, and transforming
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under RR gauge transformations as 6C = 1™ 9y )\, where ) is a spinor of opposite chirality
to C (and where again ¢y = %FM = (Y3, ¢")).

We obtained the term involving Cg which appears in the NS5 action by making use
of the pure spinor Apane, which was defined up to scale by kM T 3/ A\prane = 0. But consider
the gauge transformation

5(5\branec) = S\branequaM)\ s (42)

which is apparently non-zero, unless
wM)‘braneaM =0. (43)

One can argue that this must in fact be true: in coordinates adapted to the isometry, we
have kM = 6M and 0, = 0. Let @ denote the remaining d directions which do not corre-
spond to the isometries associated to kM (some of these directions may be dual directions,
depending on the choice of section, in which case also nothing will depend on them, but
we can ignore this possibility). The directions a must be dual to the a. The definition of
Abrane 15 that 13 Aprane = 0. Then one sees that ¥ *ApraneOa + V¥ AbraneOa = 0, where the
first term is zero because 0, = 0 and the second term is zero by the definition of Aprane.

Hence although C itself is not gauge invariant, the pullback ApraneC appearing in the
worldvolume action will be.

Now we can move on to discuss the more complicated pullback (3.11) which appeared
in the determinant part of the DBI term. This involves the RR fields C,C,,C,,. These
have the following RR gauge transformations:

6C = pMay,
6C = O\ — Mo\, (4.4)
0C = 2a[u/\,/] + I/JMaM)\w, ,

where A\, and A have the opposite chirality to C,, and C, while A, has the same chirality
(but opposite to C,,). The variation involving A, is simply:

8Copp = YM O A\ Oa XD XY (4.5)
while that involving A, is:
6Cas = 2010 (Mud X*) + 26N s Ay (AN 00 X0 X7 + 00 XP Dy ™M), (4.6)
and that involving A is:
0Cap = 200101 NI Y M +20 Moy (A g™ — Ag ™) —2D 1, Y N hpsOn M Ag ™M — Ag™)
~7 (Bag+nron [ DY M Dy YN +24,M Dy N+ 4,,M Ag V| ) 9. o

Here AMM - AMM = —kM k:év hH o pAMP and we have written worldvolume indices where
we have contractions with 0, X*. These expressions seem quite strange. Notice though,
that contracting with A\pane we find simply

§(AvrancCas) = 2Aorancda (Mg X* + ParAdg Y M) (4.8)
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using Mprane®arkM = 0, Apranc®?’™0ar = 0 and also Aprane®ar0a (kM ...) = 0 (as the pos-
sibility of a derivative hitting ké” should not affect the definition of Aprane). Thus the
combination xbranegaﬁ transforms into a total derivative.

We can then combine the pullback with a worldvolume one-form ¢, to produce a gauge
invariant field strength. This ¢, is also an O(d, d) spinor, and we define now

ga,@ = 2(9[0[55} + 5ab’ (4.9)

with
0o = N0 XH — b A0 Y M + .. (4.10)

where the dots indicate that in principle one may have additional terms which vanish in
25\branea[acm thanks to the Aprane, such that Xbmega@ is gauge invariant.

Evidently, one wants to proceed to construct additional gauge invariant pullbacks using
Abrane and the other RR spinors. Let us outline how this would be done generally in the
0(10,10) case, as here we only have C transforming under A. Clearly the way to pullback
this spinor to get a p-form on the worldvolume is to contract C with Apranel’ M. MPCZYMI A
cooANdYMe. In particular, for the case of the NS5 brane (in adapted coordinates), where
dy; = B;;dY7, one finds explicitly that

1

Wj\braneFMl...Mpca[alyMl - aan]YMP — (_1)1?(]3—1)/201,1mipa[alyil o aap]yip ’

(4.11)
where note (—1)?®=1/2 is 11 for p =0,1,4,5 and —1 for p = 2,3, 6.
Now, we can calculate that
s(—L 1 COp, YM 9, (Y M
W M. MpLUlan -+ gy
= pa[ap (1/}M1 .. .1/)Mp_1)\éa1YM1 e C{A’apil}YMp’I)
1 . . (4.12)
+ ip(p -1(p - 2)77M1M27J}M3 s pr71a[apaoé1YM1 cee a¢sz,1]}/]wp71
—p(p = Vs, - - ¥ag,_ ADjay Oy Y M Doy Y2 L0, Y Mr
+ (_1)p¢N¢M1 R prﬁN)\G[alYMl . 6%]YMP .
The last two lines always vanish on contraction with Aprane.
Let us define
~ 1 . .
Cay.ay = (—1)PPD2 Ty 0, CO Y LL 0, )Y (4.13)

p/2

and introduce worldvolume form fields (which are O(d, d) spinors) ¢y, ...a, transforming as

~ _ 1 A A
56061”.(1? = _(_1)p(p 1)/2WFM1...MP8[Q1YM1 e 8ap]YMp

= _(_1)p(p—1)/2¢M1 e ¢Mp3[a1YMl co éap]YMp .

(4.14)
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Then the following “field strength”
1

Gar..ap = PlanCas ) = 5P(P = 1)(p = 2Ny OasY M Dy YV €ay 0] + Cany »
(4.15)
is such that S\branegal,,,% is gauge invariant.
We can rewrite these in form notation: first letting
Cp= (_l)p(p_l)m;y(xfz)per---MpCCZYMl AdyMr (4.16)
then we have
S 1 M GOoN - ~
Gp =dcp—1 — inMNddY NAY ™ Nép3+Cp, (4.17)
e ; -2t 1 iy M By M
dep, = —(—1) HWPML"MP/WY LA ANdY P, (4.18)
In the NS5 frame, we find that
XoraneGp = Gp (4.19)
where
Gp =dcp—1 +H3 Nep—3+ C) (4.20)
with d¢, = —[e*BQA]p, after identifying j\braneép = ¢p. The key point here is that the use

of the projected coordinates allows us to obtain the Hs factor in this frame from ddy™M .

4.2 Wess-Zumino term: RR contributions

As explained in appendix A.2, the Wess-Zumino term for the NS5 brane in 10-dimensions
can be written using the field strengths (4.20) as

1
Lwgz = Bs + 3 (GsCo — Gs AN Coy+ Go A Cy — GoCp) . (4.21)

We will discuss the Bg in the following subsections. Here, using the results from the
previous subsection, it is trivial to express the remaining terms as:
1 - ~ _ _ ~ ~
Lwz D D) (Abraneg_ﬁ)\brarfc __)\branig4 /\_)\braniCQ ) B (4‘22)
+ )\braneg2 A Abranec4 - Abranego A )\branec6)

which is entirely O(10,10) covariant. This can be Fierzed into (now suppressing the wedge
symbols for clarity)

11 - ~ ~ ~
Lwz D 52T0/\braneFMl"'M1°)\brane (G6'ay ... 10C — Gal'wty . aio Co
+ §2FM1...M1054 - §0PM1...M106~6)
_ ~ _ (4.23)
1 1 Mi...Mio
=z T M0 (GeT o€ — Gal'ay o Co

2 (V)

+ GVQFMl...M1054 - gOFMl---M1056) .

We claim that this represents part of an O(10,10) covariant Wess-Zumino term for the
five-branes, and conjecture that reducing this to O(d, d) and imposing dp; = 0 should lead
to the expressions in [54].
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4.3 Wess-Zumino term: NSNS contributions

We now turn to the leading term, which represents the magnetic potential to which the
five-brane couples electrically. Matters are complicated here by the fact the duality orbit
contains the Kaluza-Klein monopole, which couples to the magnetic dual of the Kaluza-
Klein vector — which is part of the metric. Let us now discuss some elements of how this
is expected to appear in DFT. Recall that in ordinary supergravity, one can introduce Bg
as a Lagrange multiplier for the Bianchi identity for Bs. This 6-form field is sourced by the
NS5-brane, whose T-dual KK monopole sources a field associated with the dual graviton.
In the linear approximation this would be a vector-valued 7-form, i.e.

Bs = Bpj,..js Aﬂl---ﬂ77ﬂ8 = A71. (4.24)
Further T-duality action generates fields Bg 2, Bg 3 and Bg 4 which interact with the 5%, 5%
and 53 branes respectively. The latter is a co-dimension-0 object. Full classification of such
objects in terms of irreps of O(d,d) can be found in [54, 56, 65].

From the point of view of the full Double Field Theory, these potentials can be naturally
associated with various Bianchi identities. Let us start with the split version of DFT
which is formulated for a space of dimensions D + 2(10 — D) parametrised by coordinates
(X*,YM) and containing as before the fields g, 4, , By, Hyun and d. Consider first
the form fields, AMM and B,,,, which provide a “tensor hierarchy” similar to that found
in gauged supergravities and in exceptional field theory. The field strengths for the gauge
potentials A,M and B, satisfy Bianchi identities of the following form

Dy Fyg™ + .+ My, =0, (4.25)
D[#/Hl,po] +...=0,

where the covariant derivative is defined in a Yang-Mills-like fashion D), = 9, — L4,. In
addition, the generalised metric contains components of the B-field and the metric for the
internal space. The corresponding field strength for these fields can be constructed by
using the so-called flux formulation, defining generalised fluxes Fasnx and Fjs built using
derivatives of the generalised vielbein, which themselves obey certain Bianchi identities

(see section 4.4). The corresponding Bianchi identities are simply

3
OMFNKL] — E-FPMN]:QKLTIPQ =0. (4.26)

Following the standard procedure as in [53] one can introduce a dual potential Dasnkr
which acts as a Lagrange multiplier imposing the above identity when inserted into the
DFT action. In principle one can perform this procedure for the identities (4.25) obtaining
dual potentials Dp_3 as and Dp_4, where the number in the subscript denotes the rank of
the form in the external space. Note that at least for Dy;nxrthis procedure only works at
linear level due to the usual difficulties with the dual graviton.
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Analysing tension for various objects of O(d, d)-covariant theory living in D = 10 — d
dimensions in [54] it has been shown that magnetic gauge potentials are the following

Dp_4, Dp-3m, Dp-2mn, Dp-1mNnK, DpuNKL,
Dp_o, Dp_1,m, Dp un, (4.27)
DD)

where the D — n subscript denotes rank of the form in the external D-dimensional space,
and the O(d,d) indices are understand to be totally antisymmetric. As described above
the top form potentials Dp ar, ..., is related to the Bianchi identities for the fluxes Fy vk
and Fys (at linear level), and the fields D p—3,m and Dp_4 could be related to the Bianchi
identities for F»™ and H3. The same procedure must naturally work for all other potentials,
in particular the fields Dp_1 pynvkx and Dp_1 s generate “mixed” Bianchi identities via
adding a Lagrange term of the following schematic form to the DFT action:

eht-HD ((D[MFMNK + ... )Dug...uD}MNK + (D[Hl‘FM +... )Dﬂzn-#D]M)’ (4'28)

When considering a compactification ansatz these become the requirement that the em-
bedding tensor is independent of the (external) coordinates. In principle one may start
with the Bianchi identity (4.26) and understand that as the one formulated in the full
0(10,10) theory. Then split of these identities upon 10 = D + d will generate all known
BI’s from tensor hierarchy and many others, which correspond precisely to the potentials
listed above.%

What we are interested in is the electric coupling of these dual potentials to the
5-branes. Below we present explicit expressions first for O(10,10), and then O(2,2) and
O(4,4) DFT which correspond to D = 8 and D = 6 respectively, essentially following the
set-up of [54], and indicating the choices of Killing vectors £} which pick out different
branes in these cases.Note that we are not precise about numerical factors, and will write
D,YM omitting the hat denoting the modification involving the generalised Killing vectors.

In principle, one would want ultimately to fix the full Wess-Zumino term using gauge
invariance. We can define the dual potential Dy npg in linearised DFT [53], including its
linearised NSNS gauge transformations, and this may be a good starting point. However,
even if we do not know the full gauge transformations of the dual potentials (let alone how
to define them non-linearly), we can and will proceed using the representation theoretic
knowledge of what form they should take thanks to [54] and write down the only possible
way they can couple to the 5-branes.

D = 0 and O(10,10). Firslty, let us consider the case where all direction are doubled.
We know in this case that the charge has ten doubled indices, while the linearised dual of the
generalised metric leads to a totally antisymmetric tensor with four indices, DMNPQ [53].
We know that the worldvolume is six-dimensional, we also know that 6 + 4 = 10, so it is
natural to postulate in this case that

Swz D /daal Ao ANdo® Ty, ar DM7-M0g, YM 9, Y M (4.29)

SManifest demonstration of this procedure is work in progress and the results will be available soon.
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provides the coupling to the object DMNP®Q  In the NS5 frame, one has T}, i, ~ €i;..i10
and expect D" ~ gi1--410 Bi, iy, thereby automatically reproducing the expected [ Bg
term. The full WZ term, of course, should be given by combining (4.29) with the RR
contribution (4.23), which is justified here because we know that in the duality frame that
corresponds to the NS5 brane, we obtain exactly the correct expected WZ term for the 11B
NS5 brane (duality covariance effectively ensures that we should then obtain the right WZ
terms for dual branes). It is tempting to wonder whether combining (4.29) with the RR
contribution (4.23) sheds any light on the properties of DMNPQ — for instance, partially
fixing its RR gauge transformations.

D = 8 and O(2,2). Consider next the case of O(2,2) DFT with 8 external coordinates
X*# where one has the following potentials

Dy, Dspn, Deun,

Dy (4.30)

Note that one cannot have forms of rank larger than 6 as the worldvolume dimension of
all the branes in question is 6.

From the perspective of reduction to D = 8, we can think of each of these gauge
potentials as coupling to differently embedded branes in the full ten-dimensional space
split as 8 + 2, which we can denote as follows:

01234567]89
| x
|

X X X X X Dy,

(4.31)
X X X X X X Ds,
X X X X X X | De pyn, Des.

Hence, schematically one writes the following for the leading term in the Wess-Zumino
action for the O(2,2) theory on the DFT monopole

SWZZ/TMNdao‘l/\---/\alac“3

X (Dal-..aeMN + Dal...as,MDagyN + Da1...a4Da5YMDa6YN> (4'32)
TMN = k) k) e

)

where the integration is performed over the worldvolume of the brane and the three different
terms involve the coordinates Y™ which describe the fluctuations of the brane in the
internal space - allowing for it to be wrapped in different orientations as in the scheme above.

To see explicitly that the above indeed reproduces the known Wess-Zumino terms
for NS5, KK5 and 5% branes, one first notes that the object D, .asmn combines

the corresponding gauge potentials in an O(2,2) covariant manner (here we write
VM = (Ve VY.V, V,))

Dal...agxy = Bal...ag NS57

Dal...agxi = Aal...agx,x KK57 (433)
Dal...aey = Aa1..-aey,y KK5,

Dal...ozgxy = Da1...a6xy,:1:y 5%
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This implies, that these potentials are in the same representation as the charge and hence
correspond to the same choice of the killing vectors k) solving the section constraint

NS5 (07 ]%am) SWZ = %1Ié2y€ab / Bal...aadaal Ao Ndo™ + ... )
0, kY ,0 0 ~
KK5 : ( ! ) Swz = k"zl!k%eu / ‘4041..Aaayyda'o‘1 Ao Ndo® + .
(+,0,0 0) - / |
KK5 : Swyz = kTk Aciaes do® N - ANdo® + ...,
(0 0 0 l{}gy) WZ 1 2y€ 1...006 o} g
52: (kK™,0) Swz = kZke™® / Bay . agey™do® A - A do® +

We see, that the four classes of solutions of the constraint &/ k:év nun = 0 correspond to
the three branes with KK5 monopole combining two classes which differ only by z <> y.

D =6 and O(4,4). Consider now the case of O(4,4) DFT with 6 external coordinates
x#, where one has the following potentials

Dy, D3y, Damn, Dsyvnk, DemNnkrL,
D4a D5,M7 DG,MN7 (435)
D67

The corresponding possible embedding/wrapping table for the brane will look as follows

01 2 3 45 |67 8 9

X X | X X X X Do,

XXX | XXX Dsa, (4.36)
X X X X ] X x Dgun, Dy,

X X X X X | X Dsunk, Dsw,

X X X X x x| Dgyunkr, De v, De, D,

note that we again do not list directions for the full doubled space leaving only half of
them. As before the potentials in the last column do not corresponding to supersymmetric
branes and hence cannot enter the Wess-Zumino term at the top level.

Again schematic form of the Wess-Zumino term is simple and straightforward

Swz = /dao‘l A Ado®TMNEL o (Dm__,aGMNKL + Day..cs i i Dag Vi
+ Day..os MN Do Yic Dog Y, + Dayasers M Doy YN D Yie D Y1, (4.37)
+ Dayay DayYrDayYn Doy Yic Do YL) ,
with the charge defined as

TMNEL _ pMpN KL cabed (4.38)

Finding a general solution of the algebraic section constraint for O(4,4) is a technically
involved problem, however explicit computer check of various solutions shows that there

~ 99 —



are only 5 classes of solutions, which correspond precisely to 55-branes with p = 0,1, 2,3, 4,
as they were found in [32]. Let us list the representative solutions for these classes

59 kM = (0 kam) Swz = l~€1m152n7;53k1~€416m"kl€1234/D61234 +...,

KM = (k1,0,0,0;0)

- Swz = 4k?1/~€2n/;?3k7;74161"k16m234/D6,1234 +..,

ké\42,3,4) = (0;0, k(2,3,4ym)
kj\f2:( 12a000) - -

2. WA L) Swz = KTk ey kue 2 e nnsa / De12® +....  (4.39)
ks = (00,0, k(3.0)7)

kM = (0;k11,0,0,0) 5
5% : SWZ = 4]{31mk3k’§ki€m23461nkl /D6,2341 4+....
k(2 3,4) = = (0, k‘(2 3,4) 0)
55: kM = (k™,0) Swz = kT kS kS KL e e / Dg12ga+ ...

where the normal and dual components of the generalised vectors ky are separated by
semicolon for the sake of clarity. Just for this expression we define m = 2,3,4, m =1, 2,
n = 3,4. Although the expression above might seem messy, the idea behind that is straight-
forward; one distinguishes five classes of solutions, depending on how many vectors have
non-zero components in the geometric direction.

One notes here, that the above expressions do not only reproduce the structure of
the Bianchi identities for non-geometric backgrounds as obtained in [32], but also give the
correct factor of 4 in the r.h.s.. In addition, one observes the correct counting of indices
of the gauge potential and the following relation between the potentials Dg asn k1 and the
gauge potentials D, which are associated to solutions with p special directions

1234 _
Dy ..pg = Byui..ue

234 __
Dmm#e,l - Auln-uaﬂl,fﬁv
34 __
DN1~~~#6:12 - Du1~~-u6wy,wy’ (4'40)

D,ul...,u,g,1234 = Dul...u(;acyz,xym
D,Lq...,uﬁ,1234 = Dul...ugzyzw,myzwa
with the obvious definition of the coordinates x,y, z, w.

Hence, one concludes, that the solutions listed in [32] correspond to such embedding of
the DFT monopole in the full O(4,4) DFT when it interacts only with the 6-form potential
Dg mrnir- Such dependence of the solution on embedding is expected as the full 10D 6-
form potential for the NS5-brane for example under the split 10 = 6+4 gets decomposed to
various forms. Covariantizing each of them under O(4,4) one get the potentials Dy, ar, .. .,
listed above.

4.4 Bianchi identities

We now want to make some comments about the form of the Bianchi identities that are
sourced by the five-brane action we have described. The Bianchi identities in the part
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of DFT described by the generalised metric and generalised dilaton can be formulated
as follows. First, we need to introduce a generalised vielbein, Eﬁ, such that Hyn =
EﬁEﬁ’HAB, where the flat generalied metric Hap can be taken to be the identity if
d < 10, or by Hap = diag(7, 7~ ') where 7 is the flat Minkowski metric for d = 10. The

EB MN

generalised vielbein is a group element and can be taken to obey EA = 7B where

n B will be chosen to be numerically equal to 7™
From this generalised vielbein and its inverse, one can define the following generalised

flux, given in flat indices as follows:

FApc = 2E]‘(‘4E[]}§8NE%] + Ef/mMNTIKLaNE[IEEép

(4.41)
Fa=0uEY +2EY 0y,
This flux identically satisfies the following Bianchi identities:
3
Ef\ﬁaM}"BCD] - Z}"E[AB}]E\CD] = Zapcp =0. (4.42)
We can also define the flux in curved indices,
Funk = 3EapnOnEx)”, (4.43)
which now obeys the BI
_ 3 PQ
Sunrq = Ik — yFrunForen ™ = 0. (4.44)

up to terms which vanish by the section condition. The components of the generalised
flux Fynp can be identified with a set of spacetime tensors: the three-form H;ji, the
“geometric flux” Tijk, the non-geometric flux, Q;7F and the non-geometric R-flux, R7*.

In presence of sources the r.h.s. of the Bianchi identities gets modified to include a
delta function. Note that the harmonic function H(y) which charactert an es a brane-
like solution solves the Poincare equation with non-vanishing source term, which for the
relevant discussion of [32] reads

3

> 0i0iH (y1,y2,y3) = ad(yi + 3 + v3). (4.45)
=1

Substituting the explicit expressions for the backgrounds from [32] we obtain the following
expression for the non-vanishing components of the Bianchi identities

59:  Sabed = 4]32 M eapead (1) + (%) + (2%)?),
5yt S%cd = ;2 6“1236bcd45((l‘1) (1»‘2)2 +(2%)?),
52. §ab, = ;2 €26 4310 ((21)? + (22)2 + (#%)?), (4.46)
53. gobe, = ;2 abcl€d2345((wl) + (3 2)2+<353)2)7
5i. gabed — % abcd€12345( ()% + (:%3)2)7
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where we include the factors 234

=1 and €934 = 1 for the sake of symmetry and Sy nir
is just the full expression (4.44). Note that these precisely repeat the structure of (4.39).
Very similar if not the same Bianchi identities have been found in [66], where however
appeared some inconsistency with the result of [43] (see appendix D.2 of the former for
more details). Hence, the result here and in [32] are closer to the former, than the latter.

There is still the technical question of repeating of all the calculation of [32] for the
case of the localized DTF monopole, i.e. the one with H = H(y1,y2,y3,y4). However, for
sure this will not give new information and the whole discussion will just be repeated.

Taking into account these observation and the expression for the covariant WZ-action
for the O(4,4) theory we conjecture that the full covariant Bianchi identities should be of
the following form

3
OmFNKL] — Z}—P[MN]:PKL] o Taunkrs(r*(Y™M)). (4.47)

The function r2(Y) is always a sum of squares of 4 coordinates which are chosen by solving
the differential section constraint.

5 Discussion

Let us recap the main accomplishments of this paper. We have introduced a formulation of
the action for the IIB NS5 brane and its T-duals in the language of double field theory: this
is an action for a brane in a doubled spacetime (with doubled coordinates YM appearing
as the worldvolume scalars), coupling to a background characterised by its generalised
metric, O(d, d) NSNS tensor hierarchy form fields and O(d, d) RR spinors. The full action
for d = 10 is given by the sum of the DBI action, (3.9) (specialised to d = 10), the WZ
RR contributions (4.23) and the WZ NS contribution (4.29) in terms of the proposed dual
field DMNPQ,

The DFT solution describing these branes has been termed a “DFT monopole” [31],
while the exotic branes obtained by further T-dualities have been dubbed “generalised
monopoles” in [55, 56]. Our doubled 5-brane action lives up to these expectations by mim-
icking the form of the action for the usual Kaluza-Klein monopole [38, 40, 52]. We deal
with having twice as many coordinates by treating half the doubled coordinates as corre-
sponding to special isometry directions. Introducing (generalised) Killing vectors for these
directions, we can construct a manifestly O(d,d) covariant action. These d generalised
Killing vectors kM allow us to construct a charge T1--Ma = eal"'adké\fl . k:é\/d[d character-
ising the 5-brane. They also allow us to define an auxiliary O(d, d) spinor Apyane, which is
needed to pullback the O(d, d) RR spinors to the brane worldvolume, by projecting out the
components that should appear in the action different duality frames. These ingredients
combine to produce the O(d,d) covariant DBI action, equation (3.9), while we provided
the essential features of an O(d, d) covariant WZ term in section 4.

This provides a unified formulation of a number of T-dual branes. One can obtain these
dual formulations by making alternative choices of the kM, while assuming in each case
that the solution to the section condition ™~ @8y = 0 is the same (& = 0) and that the
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coordinates Y parametrise the physical spacetime while the Y; are dual. Then, as we saw,
choosing a particular kM to correspond to an isometry in a dual direction (kM = (0, ko))
or to one in a physical direction (kM = (ki,0)) amounted to describing for instance the
NS5 brane or the T-dual KKM. Note that to view this as an actual T-duality in the usual
sense requires there to really be an isometry (corresponding to k%). Otherwise, there is a
somewhat subtle set of possibilities, which we will now discuss in detail.

5.1 Location, location, location
Effectively, we have three choices:

e the choice of solution of the usual “differential” section condition, n™Ndy0n = 0.
The solution tells us which d coordinates our fields and gauge parameters may
depend on.

e the choice of “duality frame”, i.e. which d coordinates are taken to be physical, i.e. to
be those of the physical spacetime. In DFT, this does not have to be the same as the
choice of solution to the section condition! Such a background would have physical
coordinates Y but may depend on the Y; as long as it did not also depend on the
physical counterpart of any Y; that the fields depend on. Evidently, this is entirely
non-geometric from the supergravity point of view and the general interpretation of
such backgrounds in string theory is not clear. Clearly also this does not correspond
to carrying out a “duality” in the usual sense. Let us refer to this instead as the
choice of “spacetime frame”.

e the choice of the d kflw , which correspond to the existence of d isometries in the
doubled spacetime. The differential section condition imposes that there are always
d isometries: these kM can correspond to isometries beyond the section condition.

At the risk of overstating the point, let us consider a simple example in great de-
tail. Suppose we have a brane action for just two worldvolume scalars (Y, }7), viewed as
doubled coordinates, with some non-trivial background generalised metric H(Y, }7) whose
coordinate dependence is subject to the usual section condition. In principle, we have
an action

S =S[Y,Y;H(Y,Y)]. (5.1)

Then the possible choices we are faced with amount to the following:

e The section condition solution is dy = 0, the choice of “spacetime frame” is that Y is
the physical coordinate, and we have kM = (0, k). Then the action is S = S[Y;H(Y)],
a wholly geometric action. This is analogous to the NS5 brane action.

e Alternatively, if we choose kM = (k,0) then the Y direction is also an isometry (as
well as }7) but its derivatives are removed from the action using the gauged sigma
model approach, and the action is S = S[Y;#]. This is mildly non-geometric in that
the action is the action of a worldvolume scalar Y (but the background is independent
of both Y and Y). This is analogous to the KKM and 53 actions, and is T-dual to
the subsequent case.
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e Now suppose we solve the section condition as dy = 0 and pick the “spacetime frame”
such that Y is the physical coordinate. The background may still depend on Y. This
is what we would get by naively applying the Buscher rules along a direction which
is not an isometry. If we take kM = (0,k) then we are forced into having Y as an
isometry direction also. The action is S = S[Y;H]. This is analogous to the NS5
brane with an isometry, and is T-dual to the preceding case.

e Instead take the previous case but with kM = (k,0). We still view Y as a coordinate
in spacetime, but the brane action is S = S[Y;H(Y)]. This is as non-geometric
as it gets for us. The background depends on dual coordinates: however we see
that the fluctuations of the brane are in the Y direction only and not in the physical
spacetime Y. If this description can be trusted, this describes some an entirely locally
non-geometric brane. The simplest example is maybe to think of this as describing
the action for the KKM localised in winding space. The localisation of the KKM in
this manner is expected from the worldsheet instanton calculation of [9, 10].

We see that operating within DFT provides us with the ability to choose the location of
spacetime, the location of the coordinates that our background can depend on and, for the
class of 5-branes considered in this paper, the location of further special isometry directions.

5.2 Relation to other approaches and future work

Underlying our construction, was the technology of a “gauged sigma model”, meaning
that we required half the doubled directions be isometries, and we introduced generalised
Killing vectors corresponding to these isometries which played a vital role in writing down
the action. In practice, this involved modifying the derivatives of the worldvolume scalars
corresponding to doubled coordinates, so that

Y M = 9 YM = 9, Y M — kM1 Ny N po, YT (5.2)
One could also view this as a gauging,
O Y M = 9, YM = 9,y M 4 AM (5.3)

with a dependent gauge field A, = —kM (h"1)®kNH Ny pd YT (roughly similar to the
viewpoint in [52]).

Now, this is particularly interesting because it seems very close to certain constructions
of actions for strings and particles in doubled spacetime. In particular, in [2, 50] the
doubled string is reduced to the ordinary string by gauging the shift symmetry in the
dual directions on which no fields depend. This gauging is implemented by introducing
an auxiliary worldsheet gauge field — let us also call it AM — whose algebraic equation
of motion allows one to eliminate the dual coordinates (in doing so, implementing the
chirality constraint on the doubled string coordinate). More recently in [67, 68] it was
shown that this extra gauge field is also vital in order to realise the symmetries of double
field theory on the worldsheet or worldline: it ensures a sort of worldvolume covariance
under generalised diffeomorphisms in spacetime — in particular, it guarantees there is

~34 -



a worldvolume symmetry when one has generalised Killing isometries (these ideas were
extended to particles in exceptional field theory in [69]).

The gauge field AM is constrained to obey nynvAMAYN = 0 and AM9y; = 0 (and
integrating out its non-zero components the eliminates the dual coordinates from the ac-
tion). Evidently, these constraints do hold for AY = —kM (h=1)®EN7 ypd, YT (assuming
adapted coordinates k) 0y; = 0). This suggests that there may be a perhaps more fun-
damental formulation of the doubled five-brane, in which one gauges using A,", with
possibly its equation of motion then ensuring the appearance of the &xYM we used. (Note
though that in the approaches mentioned above, one uses AM to eliminate the components
dual to the choice of section, whereas we maintained that our generalised Killing vectors
could correspond to isometries beyond those mandated by the section condition. However,
this is probably not difficult to reconcile.)

This suggests that one should always view brane actions in double field theory as a sort
of gauged sigma model, where one gauges away the isometry directions corresponding to the
dual coordinates. Indeed, any vector of the form kM = nMN9yO(Y), where O(Y) is any
function obeying section condition, provides a generalised Killing vector as its generalised
Lie derivative is zero automatically. Then, when there is an isometry present in the physical
spacetime, there is an ambiguity in the choice of whether one gauges the physical direction
or its dual. This then underlies how we can obtain the KKM and the 53 actions, as well
as that of the NS5 with transverse isometries: we simply take advantage of this ambiguity,
which corresponds directly to T-duality (as pointed out in for instance [31] at the level of
the supergravity solutions), and allows one to take some of the generalised Killing vectors
to correspond to isometry directions in the physical spacetime.

A possibly related observation is to note that a generalised Killing vector kM = (k, l;:)
acts on the NSNS fields as dpg = Lig, 0B = LB + dk where Ly, is the ordinary Lie
derivative with respect to the vector part of k™, and the one-form part k generates a
B-field gauge transformation. In the NS5 frame, we took the d Killing vectors to lie solely
in the dual directions, thus kM = (0, k,), and demanding that they are generalised Killing
amounts to

dkg =0. (5.4)

Clearly, one can always locally introduce such k,. If we study the NS5 brane in a back-
ground with d transverse directions compactified, then one can take instead ko = dY?®,
where Y* are the compact coordinates on the transverse circles, which are closed but not
globally exact. It is then this case that one can T-dualise in the usual sense. This sug-
gests some interesting relationship with the (somewhat mysterious) global properties of the
doubled space.

As we mentioned earlier on in the paper, O(d,d) covariant Wess-Zumino terms for
solitonic branes after dimensional reduction have been provided in [54], and it would be
interesting to further understand how our O(10,10) expression reduced to these cases. It
would also be interesting, and connected to the discussion above, to understand whether
one must necessarily use the projected coordinate derivatives 9aYM as we have done, or
whether there is a more elegant formulation of the WZ term without this explicit projection.
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As another comment, one should notice that the precise potential of (the dual) split
O(d,d) DFT excited by the brane depends on how it is embedded into the full D + (d +
d) dimensional space. First sign of that is that the Bianchi identities of [32] are only
reproducible from the potential Dg pnir, in O(4,4), For other groups, which correspond
to d # 4 one cannot embed the brane such as to have all fluxes internal and hence one
must consider different Bianchi identities of DFT. Explicit derivation of this procedure is
reserved for future work.

It would be interesting to construct the O(d,d) covariant actions for the other type
II NS sector five-branes: the type ITA NS5 brane and its T-duals, presumably by starting
with the PST form of the action for the ITA NS5. As double field theory can easily be
extended to describe the heterotic supergravities [16], we could also study the heterotic
5-branes (the actions for the exotic versions of which were also obtained by duality in [44].

Whether the approach using generalised Killing vectors lifts to branes in exceptional
field theory is a very interesting question, together with the question on applicability of the
approach to the D-branes sector of Type II theory. The common subtlety of these problems
is that one has to consider branes of different dimensionality which have to descend from
a single action. In the doubled formalism, all Dp branes are unified into a single brane
spanning half the doubled space, which appears in spacetime as Dp depending on how
the doubled D-brane intersects the latter [2]. This might correspond to choosing different
ways of gauging the doubled coordinates Y™ (o) (corresponding to the choices of the kM),
followed by a sort of partial static gauge identification so that different numbers of the
coordinates actually lie in the physical and dual directions, allowing one to obtain all
Dp branes.

Of great interest are phenomenological applications of the obtained effective action
and in particular the source-corrected Bianchi identities. One would like to consider such
problems as DFT compactifications and probably involve the obtained effective action in
the microstate counting of black holes, where exotic branes may well be relevant [3].
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A Notations and conventions

A.1 Notations

We adopt the following conventions for labelling of indices

a,B,%,...=1,...,6 worldvolume
i, 5,k l,...=1,...,d internal space curved
a,bée,d,...=1,...,d internal space flat
wv,pyo,...=1,...,10 —d external space curved (A1)
v, p,a,...=1,...,10 10D spacetime curved
M,N,K,L,...=1,...,2d DFT curved, O(d, d)-covariant
A B,CD,...=1,...,2d DFT flat, O(d)xO(d)-covariant
a,b,e,d,...=1,...,d indices labelling Killing vectors

For completeness we list here notations for the objects, which appear in the paper

DYM =ay™ + A ax*,

EM = (k™ kam) Killing vector in the generalised space

(A.2)

A.2 RR field conventions

Here we recall the conventions of [21] (related to those of [43] by changing the sign of Bs).

In IIB, we have a set of even p-forms, C' = Cy+Cs+ C4s+ ..., and in ITA we have odd
p-forms C' = C; + C3 + .... (The duals can be treated democratically in this framework.
We omit them for now.) The field strengths F' are defined as

Fy = dCy, F, =dCy,
F3 = dCy+ CyHs, Fy, =dCs+ H3 N Cq, A
Fs =dCy+ Cy A Hs, (A.3)

1 1
:dC£1+§CQAH3—§B2AdC3,

where

Czll =0y + %Cg A By, (A.4)

is an alternative choice for the four-form potential used in some papers. The total gauge
transformations of these fields are:

50(] :0, (501 :d)‘07

0Cy = dAy, 0C3 = dh\g — Ba Nd)o,

0Cy = dA\g —dX N Bg, (A.5)
1 1

501/1 = d\3 — §d/\1 N By + §dA1 A Cy,

0By = dAq,

So note that the IIB fields (Cp, C2, Cy) are invariant under B-field gauge transformations
(these are denoted A, in [21]) while (Cy, Cz,C}) are not (these are denoted A, in [21]).
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Following [21], we define an alternative set of p-form potentials C, (in [21] these are
what they denote by C,) by
C=eP2nC, (A.6)
so that
Co = Co, C1 = Ch,
Co = Cy + By(Cy, C3 =C5+4+ByNCh. (A.7)
Cy = Cy+ Ba AN Cy + 5By A BoCo,

The gauge transformations are

5Cy = 0, 5Cy = dXo |
6Co = dA + dACy, 0Cs = dho + dA1 NCq, (AS)
6Cqy = dA3 + dA1 NCo,

so these are not invariant under B-field transformations, but however transform in a con-
sistent manner under them. In [21] they show that it is in fact the potentials C, which are
encoded as O(d, d) spinors.

A.3 NS5 worldvolume conventions

To describe the NS5 brane, we also need to introduce some dual potentials in IIB. We have

F; =dCs + Cy A\ Hg

1 (A.9)
0Ce = d\s — d\3 N\ By + §d)\1.BQ N By
while the field strength of 6-form dual to the B-field is defined via
dH7; = —F3 N\ F5 + Fy A Fr. (AlO)

We solve this Bianchi identity via (after [3] with respect to whom we have By — —Bs):
1
H7:dBG—§(F1/\06—F3/\C4+F5/\C2—F7/\CQ). (A.11)

A short calculation shows that the gauge transformations of Bg can be taken to be

1 1
5BG=dA5+2(—F1A(>\5—Bz/\)\3+QBQABQA)\l)
(A.12)
+F3/\(/\3—BQ/\)\1)—F5/\)\1>.

To construct a gauge invariant WZ term, we introduce worldvolume gauge potentials
c1,c3, c; and their field strengths:

Go = Co,

Go = dcy + Oy,

Gy =des+ H3Nep + Cy,
Ge =dcs + Hs Nes + Cg .

(A.13)
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The potentials transform as

561 = _)\la
dcg = —A3 + A1 A By, (A.14)

1
(565:—)\5+)\3/\B2—§)\1/\Bg/\32.

The Wess-Zumino term is (this is the expression in [3]. Two of the terms appear to be
missing from the expression in [54]):

1
Lwy = Bs + 3 (GsCo — Ga AN Coy+ Go A Cy — GpCp) (A.15)

Under gauge transformations, we have

1 1
0Lwyz =d [A5+2 (—94 AXM+Ga(A3—Ba A1) — Go(As — Ba A X3 — 532 A By N\ /\1))} .

(A.16)
The expression (A.15) can also be written as
1
Lwz = Bg + B ((des + Hs A ¢3)Co — (des + Hsep) A Co +dey A Cy) (A.17)
If we let
1
55:C5+Bg/\63+532/\32/\61,
c3=c3+BsANcy, (A'18)
1 =cp,
transforming as d¢, = —A\p, then we further see that
1
Lwyz = Bg + 5 (d&g)CQ —dcg NCo +dég A C4) , (A.lg)
with the calligraphic RR forms as defined in (A.6). Alternatively, one can define
Gy = dé,—1 +C, (A.20)
then the WZ term is also expressible as:
1 /- - - -
Lwz = Bs + 5 (GoCo — GaCa + GaCa — GoCs ) - (A.21)
A.4 T-duality of RR fields
The following Pin(d, d) transformation:
Si = ¢ 4 ¢ (A.22)
(with S; ' = S;) induces the following O(d, d) tranformation [21]
-1+ €; €;
( -1+ei> (e0)it = G (4.23)
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Acting on the generalised coordinates Y™ | this interchanges Y with Y; and sends Y™ —
—YM for YM £ Y?Y;. Thus it generates a Buscher transformation in the direction i
accompanied by a reflection in all other directions.

We find that acting on a spinor C we have, taking ¢ = 1 for definiteness,

(Slc)#lmup = Clulmup

(A.24)
(Slc)lul...up = CM1~~~Mp ;

where p; indices run over the directions excluding ¢ = 1. Taking into account the reflections,
this implements the Buscher rules as:

Craropp = (_1)pclu1---up

- » (A.25)
Clu1~~-up = (_1) C#lmﬂp )
In particular, ITA and IIB are related very simply via:
C1=0Co,
C,=Cu,
w (A.26)
Cul/l = C/JJ/ )

Clwp = Cul/pl )

and so on for the higher rank potentials. From this one can find, for instance, that the
components of the ten-dimensional IIA RR fields are related to those of the IIB fields by:

Ci =G
C, = Cui + BuCy
St = Chw + 241, Cypy
Cuvp = Cuvp1 + 3B Cop) — 641, By Cp -

(A.27)

This agrees with the result of reducing the field strengths of (A.3) to 9 dimensions and
matching the resulting (appropriately redefined) components.

The result of doing two T-dualities follows either by inverting (A.27) to find the rules
for the IIB fields, or by applying (¢! + t1)(¥)? + 12) to the spinor and then acting with a
reflection in both the 1 and 2 directions. One easily obtains the T-duality transformations:

Co = —Ciz,
Ci2=Co,
Gt = ~Cuz (A.28)
C,u2 = C,ul )
é;w = Luv12,
ém/lQ = C,uu )

and so on.
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