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1 Introduction

Despite the ubiquity of conformal field theories (CFTs) in d > 2 spacetime dimensions, very
little is known about their operator dimensions and OPE coefficients away from simplifying
limits like large central charge (large-N) or weak coupling. Unlike in d = 2 dimensions [2],
we have no nontrivial exactly-solvable CFTs in d > 2 from which to draw lessons.

In this work, we produce a new numerical picture of the spectrum of the 3d Ising CFT,
including about 100 operators, and use it as a guide to explore the theory analytically. In
addition to the intrinsic interest of the 3d Ising CFT for its role in second-order phase



transitions, our motivation is to develop analytical tools for solving crossing symmetry in
general (and eventually apply them to wider classes of theories).

The current most powerful techniques for studying the spectrum of small central charge
theories are numerical bootstrap techniques [3-52], based on the conformal bootstrap [53,
54] and the methods pioneered in [3]. For example, the numerical bootstrap has yielded
precise predictions for dimensions of the lowest-dimension scalars ¢ and € in the 3d Ising
CFT [12, 20, 24, 31, 55]. It is difficult to reproduce these results analytically because the
3d Ising CFT does not admit a (known) controlled expansion in a small coupling constant.

But even strongly-coupled theories admit small parameters in kinematic limits. The
authors of [59, 60] showed that every CFT admits a large-spin expansion, accessible via the
lightcone limit of the crossing equations. By studying the lightcone limit, one can prove:

Theorem 1.1 (Existence of double-twist operators [59, 60]). Suppose a CFT in d > 2
dimensions contains primary operators O1, Oy with twists 71, 7.%> For eachn =0,1,2, ...,
there exists an infinite family of primary operators with increasing spin and twists ap-
proaching T + 7o + 2n as £ — oo.

Schematically, these operators are
010" - 9" PO, (1.1)

Of course, composite operators like (1.1) don’t make sense in a general strongly-coupled
theory. However, theorem 1.1 implies that they do make sense in the large-¢ limit. We
denote the family with twist approaching 7 +72+2n as [O1Os),, and refer to such operators
as “double-twist” operators (following [60]).

Dimensions and OPE coefficients of double-twist operators have a computable expan-
sion in (generically non-integer) powers of 1/¢, where terms in the expansion come from
matching operators on the other side of the crossing equation. Recently, there has been
significant progress in understanding this expansion [1, 59-67]. The large-¢ expansion is
asymptotic in general [1], so its usefulness for studying finite-spin operators is not immedi-
ately clear. Nevertheless, we might hope that large-spin techniques could enhance numerics
or vice versa. Perhaps an analytical solution of the large-spin expansion could help make
numerics more efficient, or even replace numerics entirely if crossing symmetry could be
solved via the lightcone limit.

With our concrete numerical calculations as a guide, we find the following:

e Double-twist operators play an important role in the numerical bootstrap.

e By truncating the asymptotic large spin expansion, and with the help of some new
analytical techniques described below, we can describe a large part of the 3d Ising
spectrum, including operators with spin as small as £ =2 or £ = 4.

e The large-spin expansion can be used to solve crossing symmetry systematically in a

“double lightcone” expansion in z,1 — z.3

1See [56-58] for recent attempts using Mellin space.
2Twist is defined as 7 = A — .
3While this work was nearing completion, [66, 67] appeared which also develop this approach.



e The “errors” associated with the fact that the expansion is asymptotic can be pre-
cisely characterized (they are “Casimir-regular” terms defined in section 4). Requir-
ing that they cancel gives nontrivial constraints on the spectrum.

Let us describe the structure of this paper in more detail.

In section 2, we perform a (non-rigorous) numerical computation of the 3d Ising spec-
trum using the extremal functional method [7, 14, 20]. Importantly, we use a trick from [68]
which lets us assign error bars to the resulting operator dimensions and thereby understand
which predictions are robust and which ones aren’t. The robust predictions turn out to be
for low-twist operators (not just low-dimension operators). Specifically, we find relatively
precise predictions for 112 operators in the 3d Ising CF'T, of which only 9 do not fall into
an obvious double-twist family. The remaining 103 operators give a clear numerical picture
of the families [o0]o, [00]1, [€€]o, and [o€p, up to spin £ ~ 40. We give additional details of
our computation in appendix A, and list the resulting operators in appendix A.3. Although
many of the results in this work are analytical (and applicable to any CFT), this numerical
picture is a crucial guide, helping us ask the right questions and find the right tools to
answer them.

We then set out to describe the families [o0]g, [00]1, [e€]o, and [o€]p analytically using
the large-spin expansion. To succeed, we must develop two new technologies:

e Techniques for summing an infinite family of large-spin operators in the conformal
block expansion. (For example, this lets us compute the contribution of a twist family
to its own anomalous dimensions.)

e Techniques for describing mixing between multi-twist families.

Our key tool is a better understanding of infinite sums of SL(2,R) conformal blocks,
which we develop in section 4 (after reviewing the lightcone bootstrap in section 3). By
generalizing the conformal block expansion of 1-dimensional Mean Field Theory, we show
how to compute exactly, and in great generality, sums of SL(2,R) blocks in an expansion
in the crossed channel z — 1 — z. A simple example is?

1 r'h)? T(h—a-1) B
2 [(—a)2T(2h—1)T(h+a+ 1)Zh2F1(h’ h,2h, z) =

<1;Z)QF(—1a)2 hoh;igl Zak (k"a— ()ho(lj;k—)k—l) (1;Z>k>

(1.2)

The crucial point is that the first term on the right-hand side, (1

;Z)a, becomes arbitrarily
singular at z = 1 after repeated application of the quadratic Casimir of SL(2,R), while the
remaining terms do not. We compute general sums of SL(2,R) blocks by exploiting this
distinction. Because SO(d,2) conformal blocks are sums of SL(2,R) blocks, equation (1.2)
and similar identities can be used as building blocks for understanding crossing symmetry

4The sum over k in (1.2) can be written in terms of 3F» hypergeometric functions.



in general. Using them, we solve the asymptotic lightcone bootstrap to all orders (for both
OPE coefficients and anomalous dimensions) in section 5.

In section 6, we explore how well the truncated large-spin expansion describes the
families [oo]o and [o€]g. Surprisingly, we find that the first few terms (coming from e and
Ty, in the crossed-channel) fit the numerical data for [oo]y beautifully, even down to spin
¢ = 21 To describe [o€]p, we must perform a nontrivial sum over the twist family [oc]o
in the 0o — ee OPE channel. The result is another beautiful fit that works down to spin
¢ = 2. In this way, we find analytical approximations for dimensions and OPE coefficients
of [oo]p and [o€]p in terms of the data {As, Ac, fooe, feces €T }-

Describing [oo]; and [e€]g requires a novel approach because the two families exhibit
nontrivial mixing. (For example the OPE coefficient f[,,], is larger than fcc, for spins
¢ < 26.) Insection 7, using our solution of the asymptotic lightcone bootstrap, we show how
to define a “twist Hamiltonian” H(h = %) whose diagonalization correctly describes this
mixing, and matches the numerics well for £ > 4. In particular, diagonalizing H(h) leads
to O(1) anomalous dimensions and variations in OPE coefficients, despite the fact that
we have truncated the asymptotic expansion for H(h) to only a few terms. Our tentative
conclusion is that by using the appropriate twist Hamiltonian, the large-spin expansion
can in practice be extended down to relatively small spins for all double-twist operators in
the 3d Ising CFT (and perhaps other theories as well).

In section 8, we ask what the asymptotic large spin expansion is missing. Part of the
four-point function is invisible to this expansion, to all orders in 1/¢. Demanding that this
part be crossing-symmetric gives additional nontrivial constraints on the CFT data. Using
our analytical approximations from section 6, we briefly explore some of these constraints.
For example, we find conditions that approximately determine c¢p and fy,,e in terms of
Ay, A, feee, using only the lightcone limit.

We discuss future directions in section 9.

2 Numerics and the lightcone limit

2.1 A numerical picture of the 3d Ising spectrum

Numerical bootstrap methods have become powerful enough to estimate several operator
dimensions and OPE coefficients in the 3d Ising CF'T. The strategy is as follows. Consider
the four-point functions (cooo), (ooee), and (eeee) where o and € are the lowest-dimension
Zo-odd and Zs-even scalars in the 3d Ising CFT, respectively. Crossing symmetry and
unitarity for these correlators forces the dimensions A, A and OPE coefficients fyqe, feee
to lie inside a tiny island given by [55]

A, = 0.5181489(10) froe = 1.0518537(41) ,
A, = 1.412625(10) feee = 1.532435(19) . (2.1)

We can then ask: given that (A,, Ac, fooe, feee) lie in this island, what other operators
are needed for crossing symmetry? Although it is possible in principle to compute rigor-

®This was conjectured in [1, 62].



ous bounds on more operators, it is difficult in practice because we must scan over the
dimensions and OPE coefficients of those additional operators.

Instead, we adopt the non-rigorous approach of [68], based on the extremal functional
1
which we write as Fy = 0, where Fu is an N-dimensional vector depending on the CFT

method [7, 14, 20]. Consider N derivatives of the crossing equation around z = z =

data. We assume that OPE coeflicients are real and operator dimensions are consistent
with unitarity bounds [69]. By the argument of [3], there is an allowed region Ay in the
space of CFT data such that any point outside Ay is inconsistent with F = 0.5 For every
point p on the boundary of Ay, there is a unique “partial spectrum” Sy(p): a finite list
of operator dimensions and OPE coefficients that solve Fn = 0. The number of operators
in Sy (p) grows linearly with N.”

If p lies on the boundary of the Ising island and N is large, we might expect that
Sn(p) is a reasonable approximation to the actual spectrum of the theory. However, it is
not obvious how to assign error bars to Sy(p). Firstly, the actual theory lies somewhere
in the interior of the island, not on the boundary. It is important that the island is small
enough that points on the interior are close to points on the boundary. Secondly, Sy(p)
depends on p, and there is no canonical choice of p.

In [68], we propose the following trick. We sample several different points p on the
boundary of the island, and compute Sy (p) for each one. As we increase N and vary p,
some of the operators in Sy (p) jump around, while others remain relatively stable. If an
operator remains stable, we can guess that it is truly required by crossing symmetry.

In [68], we used this strategy to estimate the dimensions and OPE coefficients of a few
low-dimension operators in the 3d Ising CF'T. In figures 1 and 2, we show a more complete
computation, giving about a hundred stable operators. To produce figures 1 and 2, we
computed 60 different spectra by varying (As, A¢, fooe, feee) and minimizing cp. (We give
more details in appendix A.1.) We then superimposed these 60 spectra, and grouped
together operators with dimensions closer than 0.03. Each circle represents a group, and
the size of the circle is proportional to the number of operators in that group. Thus, large
circles correspond to stable operators and small circles correspond to unstable operators.
We list the dimensions and OPE coefficients of the stable operators in appendix A.3. Most
of the stable operators also appear in figures 7, 9, 12, 13, 14, 17, 18, and 19, where we
compare to analytics.

2.2 Effectiveness of the large spin expansion

Let us make some comments about these results. Firstly, most of the stable operators fall
into families with increasing spin and nearly constant twist 7 = A — £. We immediately
recognize these as double-twist operators — specifically the families [oc]g, [00]1, [€€]p in
figure 1, and [o¢€]g in figure 2. (There are also vague hints of [o€];.) The fact that these

5The island (2.1) is the projection of Aj265 onto (As, A, fooe, fece )-space, where we also assume that o
and e are the only relevant scalars in the theory.

"It is impossible to solve the full crossing equations with a finite number of operators. Sy (p) can be
finite because we have truncated the crossing equations to Fy = 0.
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Figure 1. Estimates of Zs-even operators in the 3d Ising model. Larger circles represent “stable”
operators whose dimensions and OPE coefficients have small errors in our computation. We plot
the twist A — £ versus spin /. The grey dashed lines are 7 = 2A, 4+ 2n and 7 = 2A. + 2n for
nonnegative integer n.
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Figure 2. Estimates of Zs-odd operators in the 3d Ising model. Larger circles represent “stable”
operators. We plot the twist A — £ versus spin ¢. The grey dashed lines are 7 = A, + A, + 2n for
nonnegative integer n.

families are stable implies that they play a crucial role in the numerical bootstrap for the
3d Ising CFT.®

8Note that even though our numerical calculation uses an expansion of the crossing equation around the
Euclidean point z =z = %, the results are sensitive to the Lorentzian physics of the lightcone limit. The
prevailing lore was that, since the conformal block expansion converges exponentially in A in the Euclidean
regime [70], numerical bootstrap methods should only be sensitive to low-dimension operators. Evidently
this is incorrect because certain derivatives probe physics outside the Euclidean regime. Some hints that
the numerical bootstrap probes the lightcone limit were given in [71], where an exact extremal functional
was constructed that involves the lightcone limit of conformal blocks.



One can compute anomalous dimensions of double-twist operators in a large-£ expan-
sion using the crossing equation [1, 59-67]. The authors of [1] observed that the large-¢
expansion appears to be asymptotic, but they conjectured that the anomalous dimensions
of [oo]p should be well-described by the first few terms in this expansion, coming from
the operators € and T}, appearing in the o x ¢ OPE. The expansion is most naturally
organized in terms of the “conformal spin” J defined by

J()? = <T(2£) - z) (T(;) +4— 1) . (2.2)

One finds?

T[JU}Q(J) ~ 20, + Z fgaO
O=¢,T1

2(=1)'T(r + 20T(A,)?

co(t0,40) c1(10,40)
JTo <1 + J2 7

60(7-76)5_ F(Ag—%)ZI‘(€+%)2 )
(r.0) = (=205 + 7+ 2)2(203(d+ 7 — 2) + 20(1 — 1)(d + 7 — 2) + (d — 4)7?)
ant = 8(d+20—4)(d—2(0++1)) !
- %(—37’Ag + 724374 2), (2.3)
where A
2 o 7acfree
ooy — 4(d— 1) or . (24)

Here, d = 3 is the spacetime dimension and cgee is ¢p for the free boson [72]. We will
rederive (2.3) and find its all-orders generalization in section 5. Plugging in (2.1) and the

value
cr

~ 0.946534(11) (2.5)

Cfree
computed in [20], we find that this prediction fits the numerics beautifully, even at small
¢ (figure 7)! This is surprising because the arguments leading to (2.3) only fix anomalous
dimensions at asymptotically large £. Rigorously speaking, they say nothing about any
finite value of ¢.

Nevertheless, inspired by this result, we might try to match the dimensions of [ee]
and [oo]; to the leading terms in their large-spin expansions. Unfortunately, the naive
analytic predictions disagree wildly with the data. To fit [e€]p and [o0];, we will need a
more sophisticated understanding of the large-spin expansion, which we develop over the
course of this work.

A clue about what’s going on is the fact that the twists of [e€]op and [oo]; move away
from each other at small ¢. This is reminiscent of the behavior of the eigenvalues of

T 1/
<1/1£ - ) (2.6)

9Note that Tloo]o () depends on J, and J depends on 7|4, (£). To obtain a series in £, one can repeatedly

substitute the expressions for 7[,,],(£) and J into each other, starting with the initial seed J = (A, + £)
(As +€—1).



as ¢ — 0. If |1, — 72| is small, the eigenvalues repel more at small ¢. Furthermore, the
small-¢ eigenvectors become nontrivial admixtures of the large-¢ eigenvectors. In the 3d
Ising CFT, it turns out that 7 = 2A, + 2 ~ 3.04 is numerically close to 75 = 2A, ~ 2.83.
This suggests that the repulsion between [ee]p and [oo]; is due to large mixing between
these families. We will make this notion more precise in section 7 and compute the twists
of [e€]p and [o0]; in section 7.5. The off-diagonal terms will come from the o operator in
the o x e OPE and behave like £~%7.

3 Lightcone bootstrap review

3.1 Double-twist operators

Let us review the argument from [59, 60] for the existence of double-twist operators. The
crossing symmetry equation for a four-point function of scalar operators (pppe) is

(22)720 N fogne(z2) = (L -2)(1-2) Y fogarl —21-2).  (3.1)
(@) (@]

Here, O runs over primary operators in the ¢ x ¢ OPE and A,/ are the dimension and
spin of O. The functions ga ¢(2,%) are conformal blocks for the d-dimensional conformal
group SO(d, 2).

The lightcone limit is given by z < 1 —z < 1.1% Let us replace Z — 1 — Z so that
we have

(:1-2)" S ognn(z1-2) = (1-2)2) Y f2ogaez1-2),  (32)
O O

and the lightcone limit becomes z < Z < 1. (We have used ga ¢(1 —2,%Z) = ga(Z,1 —2).)
In this limit, the left-hand side is dominated by the unit operator, z=%¢ (1 + O(Z)) On
the right-hand side, no single term dominates the small z limit. However, because we also
have small Z, we can replace each conformal block by its expansion in small Z [73, 74],

9ae(Z,1 = 2) = 2k (1 — 2) + O(F"T), (3.3)
th(x) = thFl(hv h7 2h7 .ZE) 5
where!! Ay Ao
hET:%, EET:%M. (3.5)

The function kop(z) is a conformal block for the 1-dimensional conformal group SL(2,R).
Our equation becomes

ZR =) [0 Mk (L) (3.6)
o

0By developing methods for summing infinite families of operators, we will eventually work in the limit
z,1 —7Z < 1 (with no restrictions on 1 — Z relative to z), sometimes called the “double lightcone limit”. We
mostly abuse terminology and continue to call this the lightcone limit.

HThese definitions are conventional in 2d CFT. In this work, we are considering d > 2, but it is still
convenient to use h, h.



The left-hand side of (3.6) has a power-law singularity at small z. However, each
individual term on the right-hand side has a logarithmic singularity at small z,'?

I'(2h)
r'(h)2

ko (1 —2) = — (2¢(h) — 24(1) + log(2)) + O(zlog 2) . (3.7)
A power singularity can only come from the sum over an infinite number of operators on
the right-hand side with h — oo. Also, these operators must have h — Ay as h — oo to
match fact that z—2¢ on the left-hand side is independent of Z. These are the double-twist

operators [¢¢]o.
One can determine the asymptotic growth of the OPE coefficients fs444], Py demand-

ing that they reproduce the singularity z~“¢. The leading growth is

B 23—2%\/7;7% 3
f¢¢[¢¢]0(h)2N F(A¢)2 R (3.8)

The sum in (3.6) is dominated by the regime 2h+/z ~ 1,'2 where the SL(2, R) block becomes

ko (1 — 2) & 2%\/51(0(%\/2) (h > 1, 2hy/7 fixed), (3.9)

where Ky(z) is a modified Bessel function. We can then approximate the sum over [¢¢]o
as an integral, which reproduces the required singularity

9 1 — 8 27,1 — _A
> Floky(l—2) & 3 th(A¢)2h *T Ko(2hZ) = 27 (3.10)
O€[pdlo

(The factor of % is because only even spin operators appear in [¢¢]o.)

Matching z~2¢ only determines the asymptotic density of OPE coefficients f(g S0l at
large h. The density (3.8) could be distributed evenly, with one operator per spin, or with
one operator every other spin, or in many different ways. We will not see evidence of this
freedom when we compare to numerics. The OPE coefficients will always be distributed in
the simplest way consistent with the large-spin expansion.

We can determine the anomalous dimensions of double-twist operators by matching
additional terms on the left-hand side of (3.6). Let Op be the smallest-twist operator in
the ¢ x ¢ OPE that is not the unit operator (often Oy = 7,,). Including the contribution
of Op at small z on the left-hand side of (3.6), we have

g8 PRk (1—2) + .. (3.11)

= B 4 oDy <_m(2w(ho) —2¢(1) 4+ logz) + .. ) +...,

= frs0? Mokl —2) + ... (3.12)
@

2op(z) = 1:((;; is the digamma function.
13The fact that 2h+/z ~ 1 is the appropriate regime was shown in [59]. It also follows from the physical

arguments of [75].



______________ r —logz

log /

Figure 3. A diagram representing the contribution of the exchange of Oy in one channel (left to
right) to anomalous dimensions and OPE coefficients of double-twist operators [¢¢],, in the other
channel (bottom to top). In the physical picture of [75], this diagram shows the exchange of virtual
Op-particles between ¢-particles separated by a distance log ¢ over time logZ.

where we have used (3.7), this time on the left-hand side of the crossing equation. To
match the logZz term, we can take

higglo(h) = Ay +d(h),

T (2ho) 23720 /T oA, -2k 3
T(ho)? T'(Ag — ho)? ‘

Foolos)o (0?8 (h) ~ (3.13)
Dividing (3.13) by (3.8) gives the leading large-h expansion of the anomalous dimension
§(h) o Eizho, agreeing with the leading term in (2.3).'* Again, only the asymptotic density
of the combination fq% Sl ¢]05 is determined by this computation.

An interesting feature of this argument (not realized in [59, 60], but pointed out in [61])

is that it most naturally determines a function h(h) instead of 7(¢). We obtain actual
operator dimensions by demanding that the spin be an even integer,

h—nh(h)=1¢, 0€{0,2,...}. (3.14)

Thinking in terms of h(h) will be even more important when we compute higher-order
corrections to (3.13).

It is often useful to draw the contribution of Oy as a “large-spin diagram” like figure 3
(see, e.g. [76]). Such diagrams are particularly natural in the language of [75], where large-
spin operators become widely separated particles in a massive two-dimensional effective
theory. Figure 3 represents a Yukawa potential between ¢-particles induced by exchange of
a virtual massive OQp-particle. The distance between ¢’s (the width of the figure) is given
by x = log ¥, and the mass of Oy is the twist m = 75. The Yukawa potential has the form
e~™X = (=70 in agreement with the large-¢ behavior of §(h). We can also think of figure 3
as having height —logz, so that integration over the vertical position of the Oy exchange

gives a factor —logZz, matching the —logZ term in the conformal block of Oy (3.12).

s = 2 is half of what is usually called the anomalous dimension.

~10 -



Figure 4. Exponentiation of the contribution of Oy in the bottom-to-top channel becomes an
exchange of multi-twist operators [Op ... Op] in the left-to-right channel.

3.1.1 What about log"™ z?

Above, we matched the log Z terms on the left-hand side of (3.12) to anomalous dimensions
on the right-hand side. However, the expansion of Z° contains higher-order terms in log z:

52
25:1+510g§+510g22+.... (3.15)

What do they map to under crossing? Using (3.8), (3.9), and (3.13), the log" Z terms
become

Z f£¢o5” log" Z kyp (1 — 2) ~ 2= 1og" 7 (3.16)

(@

The z-dependence of (3.16) is what one would expect from an operator of weight nhg. Such
operators exist: they are the multi-twist operators [Op ... Oglo. The log™ Z behavior is not
present in any individual conformal block — instead it must come from a sum over all the
operators in the family [Op ... Oplo. We will see examples of log? Z coming from a sum over
double-twist operators in sections 6 and 7. We prove that double-twist operators always
account for the correct log®Z terms (i.e. that exponentiation of §logZ works automatically
to second order) in appendix C.

We could have immediately guessed this result using large-spin diagrams. Exponentiat-
ing the Yukawa potential in figure 3 gives a sum of “ladder diagrams” like figure 4. Reading
these diagrams from left-to-right, they look like an exchange of multi-twist operators. If
we interpret the figure as having height logz, then integration over the vertical positions
of the exchanges gives log™ z. In practice, n — 1 “integrations” are achieved by summing
over different distributions of derivatives among the operators 9--- 90y ---0--- 90y (i.e. by
summing over all members of the twist family [Op - - - Op]), while one integration is encoded
in the logZz factor in each individual conformal block. This makes it clear why we must
sum over all multi-twist operators [Op ... Op] in one channel to recover exponentiation in
the other channel.

In this way, crossing symmetry forces multi-twist operators [O; ... O,] to appear in
the conformal block expansion whenever Oq,..., O, do individually. In particular, this
implies that multi-twist operators built from the stress tensor and other low-spin operators
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should appear in the ¢ x ¢ OPE in the 3d Ising model. In figure 1, we see some evidence of
operators with twist near 2, which would correspond to [TT]y. However, none of them are
numerically stable. This is likely because the anomalous dimension §[44), is small (of order
1072), so higher terms in the expansion of 2° (3.15) are highly suppressed. To get a better
picture of these operators, one must study mixed correlators involving o and T}, together,
or perhaps higher-point correlators like (cooooo). We return to this point in section 7.1.

3.2 The Casimir trick

The derivation of (3.13) makes sense when hg < Ay, so that the sum

0780 x Y Faotosss ()?(R)ks(1 - 2) (3.17)

diverges faster than any individual term (log z) at small z. When this happens, the sum
must be dominated by large h and can be approximated by an integral.'®> However, [61]
argued that the large-spin expansion can be extended to include contributions from oper-
ators with hg > A,. For example, there is a calculable correction to dj4), in the 3d Ising
CFT coming from e, which has h. = 0.7 > A, =~ 0.52.

To see why, suppose hg > Ay. Since each term ky;-(1—2) is more singular than Zho=R¢
we cannot conclude that the sum is dominated by large h. However, ko (1 — z) obeys a
Casimir differential equation with eigenvalue h(h — 1),

Dk (1 - )Z h(h = Dk (1 = 2),
(1—2)%20° + (1 — 2)%0, . (3.18)

By repeatedly acting with the Casimir operator D on a power z%, we can make it arbitrarily
singular,'®

D"z = (a—n+1)222""(1+0(z)). (3.19)

Acting n times on (3.17), we obtain

(ho— A —n+1)2M7 27 4oy " Fuag, (B)20(R) (R(h = 1)) k(1 — 2) . (3.20)
h

Taking n big, the right-hand side is now dominated by large h when z is small, and we can
proceed as before. The resulting correction to f; Sl ¢]0(5 is again given by (3.7).

3.3 Higher-order corrections

By including 1/h-corrections in the approximation (3.9), one can compute higher-order
corrections to the OPE coefficients f¢¢[¢¢,}o(ﬁ) and anomalous dimensions §(h). After ap-
plying the Casimir operator enough times, each term in the 1/h-expansion contributes to

B When Op = T, we always have hr,, = % < Ay, by unitarity.

16 _ I(a+n)
(a)n = T'(a)

is the Pochhammer symbol.
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a singularity at small z, and can thus be calculated by approximating the sum over h as
an integral. This gives expansions of the form

7 —_9h —2A4—2ho—2 a a
Fooloolo(R)? ~ 2720 70070 2<ao+h1+h§+...>,
@

—2s T BN 280 —2ho—3 by b
Fostoso()28(R) ~ 2720 N 207200 <bo + % +5+ > : (3.21)
O#1 h

The authors of [1] showed how to use the Casimir trick to compute the above coefficients.
(Actually, they organize their expansion in terms of the Casimir eigenvalue J? = h(h — 1),
as in equations (2.2) and (2.3).) In section 5, we will write down an all-orders solution
for (3.21).

We have written

“w_o”
~

to indicate that both sides have the same asymptotic expansion
at large h. The arguments above only fix the asymptotic expansion of f¢¢[¢¢]0(ﬁ)2 and

d(h) because it is always possible to throw away a finite number of blocks k(1 — z) and

ho=8s on the other side of the crossing equation. We can only fix

still match the power z
the behavior of fyse), (k) and §(h) for h larger than some ho, where h might grow as
we include more terms in (3.21). Thus, (3.21) should be interpreted as asymptotic series.

The behavior of f¢¢[¢¢]0(ﬁ)2 and &(h) at finite A is still important — it contributes to

“Casimir-regular” terms defined in the following section.

4 Sums of SL(2,R) blocks

Our main tool will be a better understanding of infinite sums of SL(2,R) blocks,

> p(he)kon, (1 - 2), (4.1)

=0

where hy is an increasing series of weights that asymptotes to integer spacing, and p(h)

2 —2h hconst.

are coefficients that grow no faster than as h — oco. We start from a simple

example, Mean Field Theory (MFT) in 1-dimension, and then generalize it in several ways.
4.1 Casimir-singular vs. Casimir-regular terms

Sums of SL(2,R) blocks have two parts that play different roles in the bootstrap. As
discussed in in section 3.2, we can make a power z® arbitrarily singular by repeatedly
applying the Casimir operator D,

D'z* = (a—n+1)22°""(1+0(z)). (4.2)

We say that 2% for generic a is Casimir-singular. An exception occurs when a is a nonneg-
ative integer, since then (a — n + 1)2 vanishes for n > a + 1. In fact, terms of the form

n

2", 2"logz n € Z>o (4.3)

do not become arbitrarily singular when we repeatedly apply D. We call such terms
Casimir-regular.
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The lesson of section 3.3 is that Casimir-singular terms can be matched unambigu-
ously to an asymptotic expansion in large h. Furthermore, to compute coefficients in this
expansion, we can think of the sum over h as an integral. By contrast, Casimir-regular
terms are not determined by a large-h expansion. This is consistent with the fact that a
single SL(2,R) block k.7 (1 — z) is Casimir-regular, since it is an eigenvector of the Casimir
operator. (We can also see that it is Casimir-regular by noting that its z-expansion (3.7)
is a sum of terms of the form (4.3).) For example, suppose

S oo, (1= 2) = f(2). (4.4)

m=0

Moving the first term on the left-hand side to the right-hand side, we have

S Pl kan, (1= 2) = £(2) = plho)kapy (1 - 2) (4.5)

m=1

The Casimir-regular part of the right-hand side has changed, but the large-h expansion of
p(h) obviously hasn’t.

It will often be useful to work modulo Casimir-regular terms. When we do so, we
denote Casimir-regular terms by |...],.

4.2 Matching a power-law singularity

Casimir-singular terms match to a unique asymptotic expansion for coefficients of SL(2,R)
blocks at large h. We can find the right expansion by looking at an example. Consider the
conformal block expansion of (¢1(0)p2(z)p2(1)p1(00)), where ¢ o are scalars of dimension
A/2 in 1-dimensional MFT,

(M) = \*
k = ) 4.6
A0+ 28— 1), aaverz) = 75 (4.6)
Replacing z — 1 — z and writing A = —a, this can be written
D Sa(h)kan(1 = 2) =y, (4.7)
h=—a-+/
£=0,1,...
where
z
= 4.
y=1_,- (4.8)
1 r'(h)? T(h—a-—1
Sulh) = () Ih-a-1) (49)

S T(—a)2T2h—)T(htatl)

Many formulae will be much simpler in the variable y (and 7, defined similarly) instead
of z. Note that y* is Casimir-singular for generic a, while 4™ and y" logy for nonnegative
integer n are Casimir-regular. We will denote Casimir-regular terms by [...],. The crossing
transformation z — 1 — z maps y — 1/y.
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Casimir-singular terms can only come from an infinite sum of blocks, and they are
sensitive only to the asymptotic density of OPE coefficients. Thus, if we change the weights
h entering (4.7), while preserving the same asymptotic density, only the Casimir-regular
terms should change. For example, changing —a + ¢ — hg + £, we expect

> Salh)kan(l—2) =y +[...]y. (4.10)

h=ho+¢

(=0,1,...
The Casimir-singular term y® is independent of hg, but the Casimir-regular terms [...],
depend on hg. As a sanity check, (4.10) is certainly true when hg = —a+n for nonnegative

integer n, since we get it by moving the first n terms of (4.7) to the right-hand side.

The coefficients S, (h) will be our building blocks for solving the asymptotic lightcone
bootstrap. They encode the all-orders large-h expansion needed to match powers y*. By
taking linear combinations, we can match any Casimir-singular term we want. For example,
to match an SL(2,R) block kop/(2) in the crossed channel, we can take a linear combination
of Sp/4m(h) which can be resummed into a 4F3 hypergeometric function.

Casimir-regular terms depend on the detailed structure of the weights being summed
over. We can determine the Casimir-regular terms in (4.10) as follows. Let us expand
kon(1 — z) in small y (equivalently small z) inside the sum,

['(2h) o= 0 k
1— —(T- 4.11
kon(1 — z) T(h)2 kZ:O o5 \L—k- 1(h)y"), (4.11)
> Sa(h)kon(1— z) = (1— 20T, o (T_k—1(h)y*) . (4.12)
h=hg+{ h=hg+( k:o
0=0,1,... 0=0,1,...

Here, we have introduced

I'(2h—1) 1 T(h—a-1)
I'(h)2 Sa(h) = I(—a)2T(h+a+1)

Ta(h) = (4.13)

Naively, we might try to switch the order of summation in (4.12),

> Sa(h)kon(1 - z) = i % (yk > oa- 2h)Ta(h)Tk1(h)> : (4.14)

h=ho+¢ k=0 h=ho+¢
¢=0,1,... ¢=0,1,...

However, this cannot be correct. If the result converged, it would be Casimir-regular, a
contradiction. Indeed, the summand

(1= 20) T (W) T 1 (B) (4.15)
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grows like h2#=22=1 5o the terms with k > a diverge. However, let us analytically continue
from the region a > k for each term. After some gymnastics,'!” we find

> (1= 2T T = IR ) i) = Aushe). (417
h=h0+€ a
6=0,1,...

We claim that (4.17) gives the correct coefficients for the Casimir-regular terms
n (4.10). That is, we have the remarkable exact identity (equation (1.2) from the in-

troduction)
a - 8
Z S kghl—z =Yy +Z% a—klho) ) (4.18)
?:éufr@ k=0

One can verify that (4.18) is consistent with the fact that shifting hog — ho + 1 changes
both sides by —Sq(ho)kan, (1 — 2). We have also extensively checked (4.18) numerically.!®
We slightly generalize (4.18) in equation (4.47). The special case of this formula where
ho = 0 was proven recently in [78], using hypergeometric function identities from [79].

The key feature of (4.18) is that it expresses an integer-spaced family of conformal
blocks in one channel as an expansion in the other channel. Since families of nearly integer-
spaced operators are ubiquitous, we can use (4.18) as a building block for understanding
crossing symmetry in general.

4.3 General coefficients

Consider a sum of SL(2, R) blocks with general coefficients p(h) and integer-spaced weights,

> p(h)kan(1—2). (4.19)
i

If p(h) has the same large-h behavior as a sum of S,(h)’s, the structure of (4.19) will be
similar to (4.18). To determine the Casimir-singular terms, we match asymptotic expan-
sions,
h)~ ) caSa(h) (b — o0), (4.20)
acA
where A is some discrete (possibly infinite) set of values depending on the function p(h),
and ¢, are constants. We then have

> p(hkan(1—2) = cay” +] (4.21)
h=ho+¢ acA
0=0,1,...

1"We obtained (4.17) in the following shameful way. When b = —1, we can use

(l+a) 1 I'(«)
Zre+5 B—a—1T(B-1)" (4.16)

When b = —k — 1 with k a positive integer, T_;—_1(h) is a polynomial in h and we can write To(h)T—k—1(h)
I'({+a)
T(t+8)
integer k’s, guessed an answer for general k, analytically it continued away from integer k, and then checked

in terms of linear combinations of terms of the form and use (4.16). We did this for several positive

the result numerically.
18 We expect (4.18) can be derived using Sturm-Liouville theory for ST(2,R) blocks [77].
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To compute the Casimir-regular terms, we expand kop,(1 — 2) inside the sum and then
naively switch the order of summation,

-3 a% <yk > p(h)gii@ T_k_l(h)> (4.22)
=0 o

Again, the sums in parentheses are divergent for sufficiently large k. However, we can
regulate them by adding and subtracting linear combinations of the known answer (4.18)
until the sums become convergent. This gives

Z p(h)kan (1 — 2) any —i—Zy o [p](ho) log y + Be[pl(ho)) (4.23)

h=ho+¢ acA

ag[pl(ho) = Z caAa,—k—1(ho) — Z < Z aSal ) 2};)T k—1(h)

a€A h=hgo+£ a€A
a<K ¢=0,1,... a<K
0
Brlpl(ho) = FyRa [p](ho) - (4.24)

If we choose K > k, then the sum over h in (4.24) will converge. In fact, the larger we take
K, the more quickly the sums converge (since the quantity in parentheses falls off more
quickly with h). Note that «y is analytic in k, so we can evaluate its derivative (.

4.4 Non-integer spacing and reparameterization invariance

We often encounter sums over SL(2,R) blocks kop(1 — z) where the weights h are not
integer-spaced. The Casimir-singular terms depend only on the asymptotic density of
OPE coefficients. Thus, for a sequence hy that depends sufficiently nicely on ¢, we can
compensate for uneven spacing by inserting a factor of %, giving the same Casimir-
singular part as an integer-spaced sum:

88}7 (h[)k’Qh[(l — Z Zp(ho + E)kg(h0+g)(1 — Z) + [ . .]y . (4.25)

=0 /=0

A way to understand (4.25) is that Casimir-singular terms come from asymptotically large
h, where the sum can be treated as an integral. We are then free to redefine the integration
variable and include a J acoblan . We call this freedom “reparameterization invariance”

Let us prove (4.25) for an 1mportant class of hy. Suppose hy is defined implicitly by
he =ho+ €+ (he), (4.26)

where §(h) is an analytic function that behaves like a sum of powers h™° as h — oo.

We have

Ohe _ | | 99(hy) -1

o0 dho

= (1-3'(h)) (4.27)
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Working modulo Casimir-regular terms, we may restrict the sum (4.25) to ¢ > L for some
large L so that d(h) is small. Expanding (4.25) in small §, we find the following identity:

Ohy

ohy 05 ()
o?

(he)kon, (1 — z) = (1 + B > p(he)kan, (1 — 2)

- 8(ho + 0)*
=> <(0k,)17(h0 + O)ka(ng (1 — Z)) . (4.28)

k=0

(One way to motivate why an identity like (4.28) should exist is to pretend the sum over £ is
an integral and consider an infinitesimal change of variables in the integral.) Now summing
over £, the terms in parentheses are integer-spaced sums of the type in section 4.3. They give
Casimir-singular contributions that are independent of hg. Thus, only & = 0 contributes
in (4.28), modulo Casimir-regular terms. This proves (4.25).

Another way to understand (4.25) is as follows. The non-integer-spaced sum can be
written as a contour integral

—€+100 T

(hg)thz(l - Z) = %Gioo dhtan (7r(h — ho — 5(h)))p<h)k2h(1 — Z) . (429)

> Ohy

Y4
= o

The Casimir-singular part must come from the region of the integral h — 4ioo, since any
sum of blocks with bounded h is Casimir-regular. However, in this region the §-dependent
factor in the integrand approaches a d-independent constant exponentially quickly (assum-
ing 0(h) grows slower than h as h — +ioco):

™

tan (7(h — ho — 6(h)))

— F1+0(eT?) (b =is). (4.30)

Thus, the Casimir-singular part is d-independent and can be obtained by replacing
tan (7(h — ho — 6(h))) — tan(wh).*?

Sums over general weights h with general coefficients p(h) can be computed using the
same strategy as in section (4.3). We obtain Casimir-singular terms from the asymptotic
expansion of p(h). We determine Casimir-regular terms by expanding kop (1 — 2) inside the
sum, naively reversing the order of summation, and regulating the resulting sums over h.

We give more details in appendix B.

4.5 Alternating sums and even integer spacing

We will also encounter sums of SL(2,R) blocks with insertions of (—1)‘. To under-

stand these, consider the conformal block expansion of (¢1(0)p2(2)p1(1)p2(00)) in 1-

dimensional MF'T,
2

;(_1)£€!(€—|—(§i€—1)gkm+%(z) =25 (4.31)

19This point of view suggests that reparameterization invariance holds for any §(h) that grows slower
than h'~¢ for some ¢ > 0 as h — +ico. In particular, this includes logarithmically growing d(h), as in
Regge trajectories in conformal gauge theories.
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Substituting z — 1 — z and A — —a, this can be written

D (1) Sa(h)kan(l = 2) = (1 +y)* (4.32)

h=—a+/

£=0,1,...
Note that (14+y)* is Casimir-regular. Using the logic of the preceding sections, we conclude
that general sums with (—1)¢ insertions are Casimir-regular,

Z(—n‘f%sa(h)kghu —2) =[]y, (4.33)
l

where h = hy is any sequence of the form discussed in section (4.4).
Let us describe how to compute the Casimir-regular terms in alternating sums. For
simplicity, consider the case of integer-spaced weights and general coefficients p(h),

S (—) p(h)kan(1 - 2. (4.34)
h=ho+(
0=0,1,...
The strategy is the same as before: we expand kop(1 — z) at small y, switch the order of
summation, and regulate the resulting sums by adding and subtracting known answers.
We find

> (1) p(h)kan(1 — 2) = Zy o, [p](ho) log y + 85, [p)(ho)) , (4.35)

h=ho+~£

where

i) = X ks 410~ 3 (1) (00 X o)) {100,
acA h=ho+¢ acA
a<K 0=0,1,... a<K

5 9)(ho) = o [ (ho). (4.36)

Again, ¢, are defined by matching asymptotic expansions p(h) ~ > .4 caSa(h). The
quantity A, (ho) is given by

Asy(ho) = >0 (1)1 = 20)Tu(h)Ty(R), (4.37)
h=hgo+£

£=0,1,...
analytically continued in @ from the region where the sum converges.
We have not found a simple closed-form expression for A_,(ho) for general a,b. How-
ever, we can evaluate it to arbitrary accuracy as follows. Using similar tricks to before, we

can compute the case b = —1:
A;fl(ho) = Z (—1)6(1 —2h)Ty(h) = —(ho + a)Ta(ho) - (4.38)
=T

~19 —



This can be used to regularize the sum for general b # —1. Note that T, (h)T,(h) has the
same large-h expansion as

Z tap(k)Tasbrhr1(h)

F(—l —a—b)2(a+ 1)+ 1) (-1 ‘

tap(k) = L(—a)2T(=b)2 (a+b+2) k!

(4.39)

Thus, we have

ab (ho) Ztab a+b+k+l,fl(h0)

> <—1>f<1—2h>( Ztab a+b+k+1<h>> (4.40)

where K > —a—b—>5/2 is taken large enough that the sum over h converges. The larger we
take K, the faster the sum converges. When a or b is a negative integer, the expansion (4.39)
truncates and becomes an equality, and we can omit the second line in (4.40).

We will also need to evaluate sums with even-integer spacing. These are an average of
alternating and non-alternating sums,

S p(h)kan(1 - 2) any +Zy 2] (ho) log y + 877" [p)(ho)) .

o3t " ach
0" [p] () = 5 (s [p)(ho) + e [ (ko))
557" p)(ho) = 3 (BeIp)(ho) + B p)(o)) (141)
Similarly, we define
A" (ho) = 5 (Aupllho) + Az, (o). (142

4.6 Mixed blocks

Correlation functions of operators (¢1¢pa¢3¢4) with different scaling dimensions can be
expanded in SL(2,R) blocks of the form

ko (2) = 2"(1 = 2) "o Fi(h —r,h + 5,2, 2), (4.43)

where r = hy — hg, s = hg — hy. We include the unconventional factor (1 — z)~" because
it simplifies several formulae later on. It also ensures that ki, (z) is symmetric in r and
s, by elementary hypergeometric function identities. Casimir-regular terms for the mixed
block (4.43) are of the form y™~" and y"~* for nonnegative integer n.
The mixed block analog of S, (h) is
1 'h—r)I'(h—s)T(h—a—-1)

S () = e T (ca—s) T@h-1 Thiatl) (4.44)
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These coefficients satisfy the 1-dimensional MFT equation

S SRR (L - 2) =y, (4.45)
h=(—qa
0=0,1,...
and its generalization in the spirit of the previous sections?’
8h 7,8 r,s a
ﬁS (Wky, (L—2)=y"+[...]y- (4.46)
£=0

Using (4.17), we also find a generalized version of (4.18) giving the explicit Casimir-
regular terms in an integer-spaced sum of mixed blocks

E Se*(h)kyy (1 —2) =
h=ho+¢
0=0,1,...

Y+

T (- i( (k+1—7)2Anprk 1(h0)yw

sin (r(s—7)) T(—a—r) ) = [(k+1+s—71)k!

5 Large spin asymptotics to all orders

5.1 Basic idea

Equipped with the results of section 4, we can solve the asymptotic lightcone bootstrap.
The idea is to expand both sides of the crossing equation in y,7 and match y* on one side
to S,(h) on the other. For the lowest family of double-twist operators [¢@]o, we have an
equation of the form (3.12), which in the y variables reads

y e 13 e (A log T+ B+ O®) = Y frsol' Poky (1-2) ... (5.1)
i O€[ddlo
Here, “...” represents other operators that are unimportant for this computation. Note

that the y variables make the unit operator block very simple. For other operators, ex-
panding in y instead of z is equivalent to shuffling around contributions of descendants.

The h; are weights of primary and descendant operators in the ¢ x ¢ OPE. We can
match the left-hand side by choosing

higglo (h) = 2hg + Ojsg1,(h) | (5:2)
\\—1
Footos 7 = Ssten @ = (1- DNy wp 6
where
Asoiod)o (B)? ~ 28 _op, (R) + 2 Z BiSh,~2n, () |
Apolodlo (1) 0lag)o (h) ~ QZA Shi—any () . (5.4)
20The meaning of [...], depends on what type of SL(2,R) blocks we are summing over. Here, it refers

to terms of the form y"~" and y"~°. For the case r = s = 0, it refers to terms of the form y™ and y" logy.
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(1R
~

Here, means the two sides have the same large-h expansion. We include factors of 2

in (5.4) because the family [¢¢|o only contains even spin operators. Dividing, we find

e > i AiSh,—a2n, (h) (5.5)
[#¢]o S—2h¢ (E) +> Bishi—2h¢ (ﬁ) ‘ |

Once we know dj4¢],(h), we can obtain the OPE coefficients fy4(4¢), from (5.3). Expanding
in large h gives a series with terms of the form l/ﬁz(hiﬁ“drhi’“”n.
In (5.5), we can see explicitly why the large-spin expansion for 5[¢¢]0(E) is naturally

organized in terms of the Casimir eigenvalue J? = h(h—1) as discussed in [61]. The reason

is that ratios of S, (h) are also ratios of T, (h) = F;Q(%_;) S, (h), which has a series expansion
in J2,
— 1 to t4
Ta(h):!m(t()‘f‘ﬂ"—ﬂ"—) (56)

We have suppressed an important subtlety in (5.1). The OPE ¢ x ¢ contains an infinite
number of operators with bounded h (for example, the families [p¢],,) themselves. Thus
the sum on the left-hand side,

> Y (Ailog T+ Bi), (5.7)

7

may not converge. For simplicity, suppose all the h; = h are the same. The correct
procedure is to perform the sum over ¢ first, before expanding in 7, using the methods of
section 4.2. This leads to

y"> e +y"(Alogy + B+ 0()) (5.8)

a

where A and B are regularized versions of the sums over A; and B;. The §* terms are
Casimir-singular in 7, and will be cancelled by other operators on the right-hand side
of (5.1). The remaining 7-Casimir-regular (but still y-Casimir-singular) terms y"Alog7
and y"B contribute to anomalous dimensions and OPE coefficients of [¢@]y, respectively.
The y-Casimir-singular terms in (5.8) can also include log" 7 contributions related to higher-
order exponentiation of anomalous dimensions, and discussed in section 3.1.1. We will see
several examples in section 6.

Thus, the techniques of section 4.2 for summing SL(2,R) blocks have two roles to
play. Firstly, they let us match Casimir-singular terms in one channel to h-dependence in
the other channel. Secondly, they let us resum operators whose twists have accumulation
points.

Naively this leads to an impasse: we must resum [¢¢]y before finding how it contributes
to its own anomalous dimensions J44),- However, it turns out that [¢p@]o contributes to its
own anomalous dimensions only at order (5[2¢ oo and higher. (This is related to the fact that
Mean Field Theory has no anomalous dimensions.) Thus, both the resummation and the
matching to h-dependence will be possible. We will see this explicitly in section 6.1.2.
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5.2 Why asymptotic?

43 2

We have been careful to write “~” instead of “=" because the relations (5.4) are not
necessarily equalities. In fact, taken literally, the expressions on the right-hand side may
not even converge to functions of . Instead, they represent equivalence classes of functions
with the same asymptotic expansions at large h. For example, both sides of

Tb(h>Ta (E) ~

k
I11(<_1 ¢ b2 Z a+j—b—|li—;)1) k kll) Tovbrrt1(h) (5.9)
formally have the same large-h expansion, but they are different. In fact, the sum on the
right diverges. We must interpret (5.9) in terms of large-h equivalence classes.

The asymptotic nature of the large-h expansion for double-twist operators makes math-
ematical and physical sense. Mathematically, a given Casimir-singular term only deter-
mines an asymptotic density of coefficients on the other side of the crossing equation. Any
change in the density at finite i contributes to Casimir-regular terms. Thus, we cannot fix
the actual function of h without simultaneously considering all Casimir-regular terms.

Physically, it is ambiguous which twist family (if any) we should assign a given operator
to. For instance, should we assign T}, to the family [o0o]g, or should the family should
start at spin-4 or higher? Twist families only make sense as infinite collections of operators
with unbounded spin. We shouldn’t necessarily expect to write analytic expressions that
interpolate between their OPE coefficients and dimensions at finite /. On the other hand,
we might expect a convergent large-h expansion for an object that packages together all
operators in the theory, and does not try to distinguish them into twist families.

When our theory has extra structure, twist families may become well-defined even at
finite spin. For example, in a large-IN expansion, we have a well-defined classification of
operators into single-trace, double-trace, etc.. Consequently, large-h equivalence classes
in large-N theories should have distinguished representatives. See, for example, in [80].
Similar remarks hold in weakly-coupled theories.

5.3 General double-twist families

Let us be more explicit and derive all-orders expansions for OPE coefficients and anomalous

dimensions of double twist families [¢;¢;], for all n > 0. For generality, we study mixed

four-point functions (¢1¢pa¢3ds) of scalars with possibly different external dimensions.
We use a slightly unconventional definition for SO(d, 2) blocks,

_ 2,2 _
th(z Z)=(1-2)(1-2) rgh:hsh W(27), (5.10)
where gAlQ’A34 (2,%) are the mixed scalar blocks of [81] with coefficient ¢, = 1.2! Using

identities from [81], one can show that our G +(2,7) is symmetric under 7 <+ s. The extra

factors ((1—2)(1 —2)) " = v~" simplify the crossing equations in the y,y variables and
make the symmetry between r and s manifest. For brevity, we omit r, s when they are zero.

A

210ur blocks differ from those of [24] by Gours(u,v) = v 3 (_1)Z4A((U%)(gtheirs(u7 v).
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The four-point function (¢;¢2¢364) has conformal block expansion??

1 pA31,812 ho b B
(P1(z1)d2(w2)P3(23)Pa(24)) = SR BTG §12+§34 > fr2of130G) 750 (2,7)
@
(5.11)
where h;; = h; — h; = A;j . The coefficients f;;jo are real in unitary theories. Demanding

symmetry under 1 <+ 3 gives the crossing equation

—h1=h: haa,h e his,hsa /=
Y h1—hs Z f32(9f410Gh22£;4 (2,1-2)=7 h1—hg Z f120f43OGh;2,EZ4 (z,1-z). (5.12)
o o

5.3.1 Sums over n and ¥¢

The coefficients Sy'*(h) give a simple result when summed over a single family of SL(2,R)
blocks. However, in d-dimensions, double-twist operators come in doubly-infinite families,
labeled both by ¢ and n such that h = hg +n. The d-dimensional analog of Sg*(h) will be
coefficients C(S") "*(hg, h) that, when summed over both ¢ and n, produce a simple result,

Z Z or C(n)rs(h h)Gh0+ h(i 1—2)= ?hoya +[y (5.13)

We can obtain the C’((l")r’s(ho,ﬁ) by expanding SO(d,2) blocks in terms of SL(2,R)
blocks and using what we know about the coefficients Sg'*(h). A simple example is in
2-dimensions, where SO(2,2) blocks are just products of SL(2, R) blocks,?

Gop(2,2) = kan(2)kyp(2)  (d=2), (5.14)
(for simplicity we take r = s = 0). Then we have

O (ho,h) = S_py(ho +1)Sa(h)  (d=2). (5.15)

In general, SO(d, 2) blocks have an expansion of the form?*

Gy(2.7) Z Z A7 (hy h)y h*”kr(shﬂ)(z). (5.16)
n=0j=—n

The coefficients A:L’fj(h,ﬁ) can be determined, for example, by solving the SO(d, 2) Casimir
equation order-by-order in y. Alternatively, we can obtain them from the decomposition

22The ordering fi20 fzo differs from the fi20 f3a0 ordering in [24] because our blocks differ by (—1)* times
positive factors. We have reabsorbed this (—1)¢ by using faao = (—1)© fazo. A useful way to remember
the correct sign is to note that (¢1(0)d2(2)|O|d2(1)¢1(c0)) is the norm of a state in radial quantization,
where |O| is a projector onto the conformal multiplet of ©. Thus, it should be positive, which implies that
it should have coefficient fZ¢ in the conformal block expansion.

*Here, we organize operators into irreps of SO(2), and not traceless symmetric tensors of SO(2). The
latter convention would give an additional term z < Z.

24The 2d global conformal group SL(2,R)r x SL(2,R)g is a subgroup of SO(d,2). The expansion (5.16)
follows from decomposing an SO(d, 2) multiplet into multiplets of R* x SL(2,R)r, where R* is the Cartan
of SL(Q, R)L .
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of d-dimensional blocks into 2-dimensional blocks [82]. The first few coefficients are

Ago(h,h) =1,

r,s 7 V(E_h)
147 h,h :i—7
1’_1( ) h—h+v-1
72 —
R s+r—h rs(h —h—hv+v
Af,o(h,h): - (— N )7
2 2(h —1)h(h —v)
R vih+h—=1(h=r)h+7)(h—s)(h+s
4h”(2h — 1)(2h + 1)(h+ h —v)
d—2 25

where v = ==

Since the leading y-dependence of G:;E(E’ 1 — z) is simply 7/ k;g(l — z), if we take

CV* (ho, h) = Sy*(h) (5.18)

then the 7" terms on both sides of (5.13) will agree, by equation (4.46). We can then
choose the n > 0 coefficients to cancel higher-order terms in 3. This gives a recursion
relation

C{ (ho, ) Z Z TS (ho, h=4) Ay (hotn—m,h—=j)  (n>0), (5.19)

that determines all the higher C'(")’s.
As a cross-check, recall that d-dimensional MFT has conformal block expansion

0 ASLRRAS 1 Aj+Ay A+A
MFT S5 _ 11+A8g  A1+A4A9
Z Chy (A1, 82)G 22007 ayia, (z,2)=y 2 ¥ 2z , (5.20)
0 5 —4+n,—5—=+n+l
nf=

with coefficients given by [83]

CMFT(Al, A2) —

(A1 = 1) (A2 = V)n(A1) 40 (A2)e4n
(v Dn(Ar+ Agtn—20— 1) (B + Agt 20t b 1) (At Agtntb—v—1),

(5.21)
To be consistent with (5.13), we must have
(m2g2,220 (A + Ay Ap + Ay
C_Al_zAQ 2 < 5 tnt! = YT (AL, A). (5.22)

We have checked this explicitly for n = 0,1,2. Although C%E T(A1,A2) has a simple

(n)r,s

formula, we have not found a closed-form expression for Cy""’"** (hg, h) in general dimensions.

*Equations (5.16) and (5.17) are subtle in even dimensions because the limit v — 252 does not commute
with the limit A — h + £ when both d/2 and £ are integers. This is easily visible for the case v = 1 and
h—h=0in A7?, in (5.17). To get the correct block, one must take the limit v — d2;2 last. On the
other hand, in even dimensions the blocks have simple analytic formulae [73, 74], and one can simplify the
present analysis by using those specialized formulae. For example, after multiplying the crossing equation

(2,R) blocks, and the analysis becomes similar to 2d.

=z 7
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5.3.2 Small y expansion of the left-hand side

On the left-hand side of the crossing equation, we should expand the blocks G, (2,1 — %)
in small y. As a starting point, the SL(2,R) blocks have an expansion

o0

S1-z)=) (K + K" () ), (5.23)
k=0
KTo(h) = Fir—s)'(1+s—r) _ F(2h)ﬁ F(ﬁ +k—r) . (5.24)
Fk+1)I(k+14+s—7)T'(h—r)T'(h—s)T(h—k+7)
Thus, we have
Gae1=2)= 3 " (B (b Y + P (h D))
m,k=0
= > A (hR)E(h+ ). (5.25)
j=—m
In the special case r = s, this becomes
Gz Z Yt UND AP (5.26)
m,k=0
= hm ((s )P (h, (h,h))
< I'(2h + 25 T(h+j+k—
=Y A, Che2) _T0Hith=n) (51
=" L(k+1)2T'(h+j—r)*T(h+j—k+7)
5.3.3 Matching the two sides
Using (5.25), the left-hand side of the crossing equation (5.12) is
yhihs Z f320 f110G), a2, h“( 1-2)=
y—hl h3
XZ fa2ofao Z yhotm=hi=hs (PZﬁ’hM(hO,EO)?HhﬁM+P7Zfz’h32(hoﬁo)?HhSJrh“) .
m,k=0
(5.28)

Let us assume that the terms 7*+"1+72 match the families [¢1¢2], with n < k on the
right-hand side, while 7T+ match [¢3¢4], with n < k. (We return to this assumption
in section 7.) As before, define Ay, by

1/2 VN —1/2
- — (Oh = 90y, ()
Fisen, () = Aijeay, (B) ( 5 g) = Nk, (7) (1 - [8}h> . (5.29)
Using (5.13) and working order-by-order in g, we find
Map12), () Aaspazy,, (7) Z f32(9f410Uo 1234(h) ; (5.30)
(’)6%63
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b4 ®3 ¢3 P4

funop------------- fa20 + (—1)K faio - J120 (5‘34)

o1 ®2 o1 ¢2

Figure 5. Large-spin diagrams for the contribution of O to A1219), Aasp2), in (5.30).

where

1234 thsz,hm h ’EO)C(k)hl2,h34 . (hl +hy+n— kz,ﬁ) (5‘31)

m,n k ho+m—hz—

The sum 2,062x3,m20 runs over operators O in the ¢o X ¢3 OPE and their descendants
organized by weights under SL(2,R)z. The prime indicates that we must regularize the
sum, as discussed above and demonstrated in sections 6 and 7.

By the same logic with 4 <+ 3 swapped, we obtain

A2z, (M) Agapzy, () = (1) Ay, () Aaspaz), () Z f120f310U, n)1243(h)7 (5.32)

0e2x4
m>0

where we used \;jo = (—1)%\jio0. Naively, equations (5.30) and (5.32) seem to contradict
each other. However, the meaning of (5.30) and (5.32) is that the h-dependence above
reproduces the correct Casimir-singular terms on the other side of the crossing equations.
We are free to add contributions that do not change the Casimir-singular part of the sum

14

over blocks. As we learned in section 4.5, sums with a (—1)* insertion are Casimir-regular.

Thus, we can safely add the two contributions,

Aap1g], (h) Mg, ( Z f320f41oU@ MR+ (~1)E3 = 4), (5.33)
0e2x3

m>0
and this single formula produces the correct Casimir-singular terms in both cases.?’ The
two terms in (5.33) are illustrated in figure 5.
In the special case hi + ha = hg + hy, (5.28) develops log -dependence (because P
has a pole at r = s), and we instead find a formula for products of OPE coefficients and

260ne can check that (5.33) is consistent with the symmetry Ao = (—1)5‘9 Ajio for both Ajgp19), and

)\43[12]n :
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anomalous dimensions,

Mapi2), (M) Az, (R)019), (B) + Magzay, () Aagjsay,, (R)dj34;,, (B)

~ S FofroVERBR) + (—1)4(3 > 4), (5.35)
06%63

M2pz), () Maspa), (B) + Aggza), (B)Adsjsa), (h)

~ Z f320f410W(" ML) 4 (=1)4(3 = 4), (5.36)

0e2x3
m>0

where V, W are defined by
(Vé V1234 () log 7 + W(”)1234(E))yh1+h2 =

. (1234 paohithe | pp(n)3412 3y Zhathy 5.37
prn i Up ™ (R 4 Up ™ (R)Y (5.37)

More explicitly, they are given by

V(n)1234 ZQZ:Z,QTL (ho., ho)c}(bo)iﬁ,h:;lt py (1 + ho +n — k,h), (5.38)

n

1234 0 - k)hiz,h -

WER ) = 3 5 (Q2, (ko ho)CRota™e (4 ho +m =k, R) . (5.39)
k=0

Specializing further, we will need the case where the pairs of operators ¢12 and ¢34

are actually the same. Since now only a single family [12], reproduces 7*+t"*"2 and

gEthith2 1og in (5.28), we must drop the [34], terms in (5.35) before setting 12 = 43.

This gives
— — / n — / n
Mg, ()2802y, (B) ~ S friofaro Vw22 () + (—1)F S (~1)fe fAo ViR m),

Oelx1 Oelx2
m>0 m>0
(5.40)
n)1221 ! n)1212 3
Nz, (2~ S friofao W R) + (~1)F 32 (~1) foWin > ().
Oelx1 Oelx2
m>0 m>0
(5.41)

The identity operator is the leading contribution to (5.41). Its coefficients are those of
Mean Field Theory, analytically continued to £ = h — hy — hy — n,

W (R) = G 0 COMIS (b + ho, B) = 8 oCYEL L (2h1,2h). (5.42)

Finally, when all the operators are equal, (5.40) and (5.41) become

Mg, ()20, () ~ 53 Vet m), (5.43)

Oelx1
m>0

)\11[11]n(ﬁ)2 ~ (1 Z fnowo HH(h)- (5.44)

Oelxl1
m>0
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We will often replace 1 + (—1)5 — 2 and simply remember that only even-spin operators
appear in the OPE ¢ X ¢1.

5.3.4 Checks

Knowing CFT data up to weight Amayx unambigiously determines the large-h corrections up
to order Eithax, or equivalently J~™max. To get this information, we could alternatively
use the technology of [1]. It is straightforward to check that the first few J~7© corrections
to anomalous dimensions agree:

V(é(,)())ww(ﬁ) + V(éo,iww (h) 2Q0,0(h0, h0)Sheo—2n, (h) + Q1,0(ho, ho)She+1-2n, (h)

), (2hg, B) S_an, (h)

_co(10,40) c1(10,L0)
= (1 )

2

(5.45)

where ¢ 1(70, o) are the coefficients computed in [1] and given in equation (2.3). (The

factor of 2 is because 7(h) = 2A4+23(h).) The numerator above includes the contributions
to anomalous dimensions from an operator O and its descendants at level 1 (5.43). The de-
nominator includes the leading OPE coefficient coming from the unit operator. Additional
terms in the denominator would give corrections of the form J~71 =~k

in [1].

not computed

. 8h
5.3.5 Meaning of 37

Equation (5.40) implies that the anomalous dimension dj;5), is not a smooth function of h
alone, but also depends on (—1)¢. Our proof of reparameterization invariance in section 4.4
does not apply to this case, but it can be fixed with a small modification. Suppose

h=nho+{+6(,h), (5.46)
where §(¢, h) has a large-h expansion that includes powers of A and factors of (—1)¢,

SR ~Y R ()Y R, R o (5.47)
by b

The proof in section 4.4 then works, provided we replace

- - ~1
ol Ohg Ohy oh
where in the derivative % we treat (—1)¢ as constant.

6 Application to the 3d Ising CFT

Let us now apply these results to the 3d Ising CFT. We would like to see how well the
truncated large-h expansion describes the spectrum at finite k. The more operators we
can describe precisely, the better the prospects for hybrid analytical /numerical approaches
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Figure 6. The contributions of €, T to A\ys[s0), and djs4], in (6.1) and (6.2).

0

like those discussed in section 9.1. We will find that a few terms in the expansion match
numerics surprisingly well, even down to relatively small spins.

We will organize our expansions in terms of S,(h)’s. This simplifies several computa-
tions (in particular it makes it simpler to compute Casimir-regular terms). However, one
could just as well use powers of the SL(2, R) Casimir J2, as in [1, 61, 62, 65-67]. A sum of

S.(h)’s is a partial resummation of a series in J2.

We will work our way upwards in twist, first understanding [oo]y in section 6.1, then
[0€]o in section 6.2, and finally [oo]; and [ee]p in section 7.5. Because 2h, is so small,
the family [oo]g is particularly important. Its contribution to other large-h expansions is
competitive with those T}, and €. Thus, we will use our formulae for OPE coefficients and
dimensions of [o0] in several subsequent computations. We expect this approach should
also work well for the O(/N) models. It is an interesting question whether it works in a
general CFT.

6.1 [oo]o

The OPE coefficients and anomalous dimensions of [oc]g fit nicely to the first few terms
in (5.43), (5.44), illustrated in figure 6,

A2 oole & 2(San, () + F2, W77 () + 20 Wi 777 (R)) . (6.1)
)\czra[aa]oé[ag]o ~ 2( gcrevve(,g)gaaa(ﬁ) + ngTVY(“?(zUUUU(E)) ) (62)
where
(0)oooo /- F(Qh(?)
V. —— _ h),
0,0 ( ) F(h(’))Q ho 2hrr( )
oooo r 250 — —
WL (R = —2 M) (30 Ry) — 2(1)) Sheom, () (63)
['(ho)
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Figure 7. A comparison between the analytical prediction (6.5) (blue curve) and numerical data
(blue dots) for 7j,,],- The two agree with accuracy 3 x 107% and 5 x 10~* for spins ¢ = 2,4,
respectively, and ~ 5 x 107° for £ > 4. The grey dashed line is the asymptotic value 7 = 2A,. The
curve (2.3) from [1] looks essentially the same.

and

A, = 2h, ~ 0.5181489
A, = 2h, ~ 1.412625,
Froe ~ 1.0518539

3
Joor = \/7A0— ~ 0.326138. (6.4)
8cr

2( 306‘/6(78)0000(5) +f50TV7(1?3UUUU E))

In other words, we have

5[00] ~ — p——— p—— (65)
" 2(San, (B) + S2 W () + £2, W (R)
9611 () \ -
2 ~ [oo] 2
ooloclo 7 (1 - afj) )\O'O'[UO']()(h) ’ (66)

where we used equation (5.48) for the Jacobian %g that relates fy5(50), t0 Ago[oo)o- The
actual operator dimensions are determined by solving h — 2k, — §(h) = 0,2,4, . ...

A comparison between the above formula and numerics for 7j5,1, = 285 + 20/, is
shown in figure 7. The discrepancy between analytics and numerics is 3 x 1072 and 5 x 10~*
for spins ¢ = 2,4, respectively, and ~ 5 x 107 for ¢ > 4. Including additional higher-twist
operators (primaries or descendants) in (6.1) and (6.2) does not improve the fit for low
spins, and barely affects it for high spins.
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6.1.1 Differences from [1]

Let us comment briefly on the (inconsequential) differences between the above calculation
and the series (2.3) computed in [1]. Firstly, we have not included descendants of €, T,
namely terms of the form W((oO}ZUW and Vé%f 797 with m > 1, whereas [1] included descen-
dants at first order in z. This is because it doesn’t make sense to include level-1 descendants
of €, T without also including the double-twist operators [eT]o, [T'T]o, which contribute at
the same order in the large-h expansion. Also, because we organize everything as a series
in y instead of z, the contributions of descendants will differ somewhat (though the sum
over all of them will be the same). In addition, we have partially resummed the J series
into sums of S,(h)’s.

All these alternatives represent different choices of subleading terms in a series that we
are truncating anyway. Fortunately, they turn out to be inconsequential at the truncation
order and precision at which we are working. A plot of (2.3) looks essentially identical to
figure 7. However, S,(h)’s will begin to differ from powers of J when a = ho + m — 2h,
is larger (i.e. for higher-twist primaries and descendants in the crossed-channel). This is
because S, (h) has poles at h = a + 1,a,a — 1,..., whereas J~2* does not. (In Sturm-
Liouville theory for SL(2,RR) blocks [77], these poles come from the region near y ~ 1,
outside the validity of the small-y expansion. Thus, they are artifacts of our expansion in
small-y in the crossed-channel.) These differences reflect the fact that we are comparing
different truncations of an asymptotic expansion outside the regime of validity of those

truncations.

6.1.2 Contributions of [oo]o to itself

We should also include higher-spin members of the family [oo]g in (6.1), (6.2). Their
contributions for £ = 4,6, ... are small because

h) X ——————— ~ 52 .
(h) < T =2y ~ %0 (6.7)
where o = ho — 2h, is half the anomalous dimension of O, and d¢» decreases with £. Nev-
ertheless, we can sum the whole family [oc]g by by expanding in the anomalous dimension
djs0], and using the methods we have developed for summing SL(2,R) blocks.?”

Using (B.1), we have

2 higoln—2ho 7, _ =) —
Z ooloalo¥ 7l k2h(1 B Z) -

{=Lo,lo+2,...
- m = 9 —k even |2 5[7;0']0 e
Zlog ZJZ% vrog T | Aooloolo - s Ololo | (2ho + Lo) | + casimir-singular .
m=0 k=0

(6.8)

27 An alternative approach to computing corrections to anomalous dimensions from an infinite family of
operators is given in [66, 67].
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e,T eT +-+ T eT +--- (6.10)

Figure 8. Contributions to Ass[s0], and J[,4], (bottom-to-top channel) from the exchange of
double-twist operators [oo]g (left-to-right channel). We can further expand the contribution of
the family [oo]o in small §,4],. We illustrate the m-th order term in this expansion by adding m
vertical exchanges between o lines, coming from the operators that contribute to d[54, (¢ and 7" in
our approximations (6.1) and (6.2)). The leading nonzero term has m = 2, corresponding to two
vertical lines, or a “box diagram”.

The terms with k = 0 contribute t0 A;o[54], and d[g4, as follows

- = Oy 8" S,(h)
)\M[M]O(h)Z ~ above + 2 Z Bgv [)\io[w]o[m!]o, 5[0010] (2hs + KO)W .
m=2 a=
028, (h 23S, (h
~ above — 0.0005722387() + 8.92146 - 10‘7¥ +...
da? a=0 da® a=0
- - = O 0" S,(h
even [oo] a( )
/\oo[cra]o (h)Q(S[UU]O (h) ~ above + 2 232 Qg |:)‘L2TG[UU}0 ml . s 5[00]0:| (Qho + EO)W a:07
028, (h 23S, (h
~ above — 0.0001233427() +2.1276 - 10‘7¥ .,
da? a=0 da® a=0
(6.9)
where “above” represents terms already present in (6.1) and (6.2), and Bp¥" = %az"en

The sums start at m = 2 because S, (h) has a second-order zero at a = 0. (Equivalently,
the terms proportional to log™ y are Casimir-regular in the other channel when m =0, 1.)
We illustrate the contributions (6.9) in figure 8.

Equation (6.9) might look complicated because Ay5(50), and dj4), are defined in terms

of themselves. However, §|,4), is small, so (6.9) is easily solved by iteration starting with

0
the approximations (6.1), (6.2). Above, we show the result from plugging in (6.1), (6.2)
and setting ¢p = 4. The corrections in (6.9) are so small that we mostly omit them in what
follows. By contrast, similar corrections for [oe]p begin at m = 1, and for [e€]p they begin
at m = 0. In these cases, one must sum the whole family [oo]y to get accurate results.

We compare analytics and numerics for fy4(50], in figure 9. There is an interesting

0
wrinkle in interpreting the numerics. Although the numerical spectra include operators
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Figure 9. A comparison between the analytical prediction (6.6) and numerics for f,,[,0,, both

normalized by dividing by the Mean Field Theory OPE coefficients fyrr = (2S—2, (E))l/ . We
show two sets of numerical data. The orange series gives the OPE coefficients of the operators Oy
with twist closest to 754, for each spin £. The blue series combines the contributions of O, and

spurious higher-spin currents J; into ( 300 , 2 Jz)l/ 2. The latter quantities have smaller errors

and better match the analytical prediction. The fact that the errors shrink after this modification
supports the idea that the correct OPE coefficient is being shared between the real operators Oy
and “fake” operators Jy.

O with twists 74, they also sometimes include spurious higher-spin currents .J; at the
unitarity bound with small but nonzero OPE coefficients. Because 7,4), is close to the
unitarity bound, these spurious operators can “fake” the contribution of Oy in the conformal
block expansion.?® The J; are artifacts of the extremal functional method. They should
disappear at sufficiently high derivatives, but working at higher derivatives is not currently

feasible. Instead, we remove them by hand and add their OPE coefficients to the correct

2

o0, T/ 2 Jé)l/ 2 as our numerical prediction for

operators Oy. In other words, we use (
fooloo)o- Indeed, the numerical errors in in this modified quantity are smaller than the
errors in fs47,, and the results agree beautifully with the analytical prediction. We show
numerical data both before and after the modification in figure 9.

The leading contribution to the OPE coefficients A.[s,], comes from o-exchange in the

o€ — oe channel,
0)ooee /7~
)‘Uo[aa]o)‘ee[aa]o ~ Qfgo'eUé,g (h) : (611)

This agrees with numerics within 1% for all spins £ > 2. In the next section, we compute
additional corrections from the family [o€]p and improve the agreement.

Z8Higher spin currents are disallowed in interacting CFTs [84-87].
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Figure 10. Contribution of o-exchange (left-to-right) to the [o¢]o family (bottom-to-top). We get
a factor of (—1)* in (6.12) and (6.13) because ¢ and e switch places.

6.2 [o€lo

The leading correction to OPE coefficients and anomalous dimensions of [o¢€]y comes from
exchange of o in the oe — €o channel (figure 10),

X oo~ S50 () + (<) f2, W07 (R) + ... (6.12)
)\3'6[0'6]05[0'6]0 ~ (_1)Z 3061/;(’%)0506(5) +.o (613)

To go further, we must include the contribution of the family [0o] in 0o — €e. Doing so
will provide a nontrivial test of the tools we have developed.

Because we will discuss both channels simultaneously, let us write the crossing equation
in a way that emphasizes the important terms:

> fﬁeoyho—hﬂ‘hfk;%“h“’(l D)= Y feoofeo¥ O k(1= 2) + .
O€[oelo O€loa]o
(6.14)

Our first goal is to compute the sum over [oo]y on the right-hand side,

Z faa@fce@gho_hg_hekgﬁ(l - Z) =
O¢€loo]o

y-Casimir-singular + «(7) logy + 5(y) + O(y) . (6.15)

The terms «(7) log y and 3(y) have the correct form to contribute to anomalous dimensions
and OPE coefficients of [o¢]y on the left-hand side of (6.14). However, the Casimir-singular
terms do not, and must be cancelled in some other way. We work through an explicit
example in section 6.2.1.

Before performing the sum over [oo]y, let us understand what part we will need.
Consider O = [o0]p, on the right-hand side of (6.14), and suppose ¢ is large so that

6[‘7 lo,e
h-dependence of Aseloe], On the left-hand side:

0

= hp — 2h, is small. The y-dependence of the O-block maps to the following

5 Ooc) Oools 0 choet
—ho—he+ oo _ 00J0 —hge k— o0]0 oeleo (T,
7 ool = 2 Y log"y — kE_O o Dok Shocier(h) L (6.16)
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Figure 11. Contribution of [oo]p-exchange (left-to-right) to the [o€]p family (bottom-to-top). In
general, any operators can appear in the internal legs of the box diagram. Here we highlight the
contributions computed below.

The k = 0 term vanishes because S,7, has a simple zero at a = 0. The first nontrivial

correction has k = 1 (figure 11). Thus, the leading correction to As¢[se), and s, in the

0
sum over [oo]y comes from expanding to first-order in the anomalous dimension o]y’

771087 Y Avofoolo (M) Aeeloalo (M) Ogoge (Mg (1 = 2) + ... . (6.17)

E:E(ri»[
£=0,2,...

113 7

Here, represents non-log  terms that do not contribute to Ag¢[s¢, and o5, We will

treat T}, separately, so the family [o0]g starts at ho = 2h, + £y with ¢y = 4.
The quantities Ay (s0)ys Accfoa]ys a0 O[54], can be obtained from (6.1), (6.2), and (6.11).

For simplicity, we approximate their product by the first two leading terms at large h,
coming from the corrections to dj4, due to € and T,

)‘UG[UU]O )‘ee[aa]o 5[00]0 ~

o2 2 D(2ho)T(2he) T (he — ho)?T (2he — 2hy)
Z 2foa@faae F(E(’) 2F(h6)41“(2hg - h0)2

Sho—n.(h) . (6.18)
O=T,e

This approximation has the correct asymptotics and also matches numerics within 1% for
all £ > 4. This is sufficient accuracy for our purposes, since we are already computing a
small correction to [o€].

For the O = T term, we have

2 Shron (Wkg(1 = 2) =

h=ﬁo+€
(=0,2,...

1 — p—
ST+ a5 S ) (o) logy + BT Sk 1 )(Ro) + Ow),  (619)
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where

I'(hg —a—1)

af""[Sa] (ho) = AZ (ho) = a2 T (g ta 1)’ (6.20)
Son(S,] (o) = S A ()| (6.21)

a,k
Ok k=—-1

Equation (6.19) has the form anticipated in (6.15). As we prove in appendix C, the Casimir-
singular term y"7~"< is cancelled by the exchange of [T'o]y in the oce — oe OPE. The

remaining terms give nontrivial contributions to Ase[se), and dj5¢,. We have not found an

analytic formula for 85V°"[S,](ho) in general, but it can be computed to arbitrary accuracy

using (4.17) and (4.40).
The O = € term in (6.18) takes more care to evaluate. Taking hp — he gives

I'(2h )T (2he )3T(2he — 2hy) . —
2y P e e =20 i ()25, (). (6.22)

The function lim, o I'(—a)?S,(h) is finite, but when we insert it in a sum over blocks,
both the Casimir-singular and Casimir-regular terms are naively infinite. However, 1/a?
and 1/a poles cancel between them, leaving a finite result:

h=ho+£
£=0,2,...
. 1 a even 7 even 7
= lim (2r<—a>2y + T (=)™ [S,] (ho) log y + T(— )65 [Sa]mo)) +0(y)
1 — _
=1 log® y + Ag(ho) logy + Bo(ho) + O(y), (6.23)

where

Ap(hg) = lim <F(—a)2a8"en[5a] (ho) + 1 + ”y)

a—0 2a
=¢(ho — 1) + 7, (6.24)
T\ = 1 2 peven T 1 Y 2 w2
Bo(ho) = lim (F(—a) B5 " [Sal(ho) + 55 + 7" + 12)
2 _ _
— % (v(ho) +7) <¢(h0) +y - h02— 1) + % <¢(1) (";0> — <ho2+ 1>> .
(6.25)

Here, (™ (z) = % log I'(2) is the polygamma function, ¥(z) = 1) (z), and v = —(1)
is the Euler-Mascheroni constant. (Even though we do not have a simple formula for
Bven[S,](ho) in general, the limit By(ho) is computable in closed form and given by (6.25).)
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6.2.1 Cancellation of Casimir-singular terms

Equation (6.23) again has the form anticipated in (6.15), where the log?y term in (6.23)
is y-Casimir-singular. Combining (6.22) and (6.23), this term is

g_hd_hs Z fo(f[a'o‘}ofee[oa]06[00]0?2ha lOgngﬁ(l - Z) ~

1, T(2h)T(2h,)°T (2h — 2h,)

2 —hs—he -
fO’G’E F(h€)6r(2hg _ h6)2 log yy logy (626)

in the 0o — €e channel.

We claimed earlier that the Casimir-singular terms in (6.15) should be canceled by
other contributions, and it is instructive to see how this works explicitly. The expres-
sion (6.26) has the correct form to match the exchange of [o€] in the oe¢ — e channel,
where log? y comes from expanding y‘;[“]o to second order in dj5q,. We could have guessed
this by reinterpreting figure 11 as the second order term in the exponentiation of figure 10
(in the bottom-to-top channel).

The important terms in 5[2“]0 come from squaring the contribution of o-exchange.
From (6.12) and (6.13), we have

(0)oeoe 2
)\ 1 2 -~ 7( gaeVaO (h)) (6 27)
06[05]02 [05]0 2 Sh067hea (E) ’
1y ['(2h)T(2hy )3T (2R — 2hy) , .. hoehes /-
fa'cre F(hG)GF(th _ he)2 (ili%F( )Sh —he +a(h)> t.o
(6.28)

Using (4.47), the relevant sum over blocks is

> ImT(=a)Sg° (Mkan(1-2) = ~7 *log7 + ... I7,
h=h0+£

[ Jg=—T ((ho—s)+p(ho+s—1) —U(s—7) +7)
+777(..)+0®F 5T, (6.29)

(We have written the 7~ part of the Casimir-regular terms because we will need them
shortly.) Again, 1/a poles cancel between the Casimir-regular and Casimir-singular part,
leaving a finite result. It follows that

Z /\as[ae lo 2 206]0 IOg Yy kh“,hm (1 o ?) -
ho-l—é

f4 I'(2he)T(2h, )3T (2he — 2h,)
79¢  T(he)ST'(2hy — he)?

log? y g™ logy + [...]y, (6.30)

which exactly matches (6.26).

Thus, the other channel indeed cancels the Casimir-singular term in (6.23). This
phenomenon, which has been explored previously in [1, 65], is a special case of a more
general result. The y-Casimir-singular part of the exchange of double-twist operators in
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numerics/analytics for feooy,
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Figure 12. Ratios n/a of numerical results to the analytical prediction (6.1), (6.31) for fec(s],-
(One must multiply by the Jacobian % to relate fecjoo]y tO Aeefoo]o-) As in figure 9, we show two
sets of numerical data. The orange series are the raw OPE coeflicients f..o, of operators with twists

Tloo]o- Lhe blue series are the improved coefficients ( fiolZ + f2 Jz)l/ 2 discussed in section 6.1.

one channel matches the y-Casimir-singular part of the exchange of double-twist operators
in the other channel. Another way to say this is that box diagrams like figure 10 give the
same Casimir-singular parts when interpreted from bottom-to-top or from left-to-right.?"
We prove this claim in appendix C.3°

—he

The Casimir-regular term proportional to 7" ~" in (6.30) determines the leading cor-

rection to fe(s], coming from [oe]o exchange. Including also level-one descendants of o,

0
which contribute at similar order in the 1/h-expansion to [o€]y, we have

~
~

)\0'0'[0'0']0 )‘ee[oa]o

212, (U7 (R) + UL} (h))
1 T(2he)T(2h4)3T (2he — 2hy)
7€ T (he)ST (2ho — he )2
82
" a2

(¢(2h0+ EO) + w(2he+ EO _1) - ¢(2h5_ 2h0) + 7)

Sa(h)| (6.31)

a=0

where g = 2 is the lowest spin appearing in the [o€]o family. As we show in figure 12, (6.31)
agrees with numerics for all spins with accuracy ~ 1073,

2 However, their Casimir-regular parts are not necessarily the same.

39We conjecture that it should be possible to prove a much more general result: that the Casimir-singular
terms in a general large-spin diagram, given by an arbitrary network of operator exchanges, are crossing-
symmetric.
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6.2.2 Putting everything together
Combining the Casimir-regular terms from (6.20) and (6.23), we have

yha he log Yy Z )‘oa[ao}o (E) )‘ee[ao]o (E)é[ao]o (E) kQﬁ(l - Z) ~
h=2h,+4+L

0=0,2,...
B _ T'(2hp)T(2h, )3T (he — hy)2T(2h — 2h,
ghg e 10gy<— 2f30’Tf0'20‘6 ( T) (* 2) ( 4 T) ( 2 )
I'(h7)2T(he)4T(2he — h7)
X (" [Shp—n.)(2he + 4)logy + 85" [Shy—n.](2hs +4))

['(2he)T(2hy )3T (2he — 2hg )

Yy

2f o T (e o (2hy — hi)? (A0(2h(,+ 4)logy + Bo(2hs+ 4))

+ Casimir-singular + O(y) . (6.32)

From the above, we can read off the contributions to As¢[s¢, and df,, from exchange of

oelo
the family [0c]y. Including also the corrections from exchange of € and 7},,, we have

Noctod = 825005 () 4 (< 1) f 20 Wa ™ (R)
+ fao'efeee UEGU( ) + faoneeTWT 00660 (E)

. D(2hp)D(2h0 T (he — hy)?T(2he — 2hy)
+ 72f0’0’Tf0'0'6 N
T'(hr)?T (he)*T(2hy — hr)?

o1 T(2h)T(2he)°T(2he — 2h,) 9 h. —
2faae (h )6r(2h07 he)2 BO(2h0+4) da Sh 7h +a(h)
N oy Slocte = (1) F25cVag " (R)

+fooefeeev(0)geeg< ) fUUTfeeTV'J(“O(gJCEJ(E)

L(2h7)T (204 )°T (he — hr)°T (2he — 2hy)
_9 2 2 evenjg, 2h0 4
+( foanoos F(hT)2F(h6) F( ha_hT) Qg [ hr he]( + )
['(2he)T(2hs )3T (2R — 2R
T'(he)ST(2hy — he)?

0 [Shr—n.](2hs+4)

. (6.33)

a=0

- 2f§o’e

(6.34)

U>A0(2ha+ 4))86 SZ “hi%a(R)

a=0

6.2.3 Comparison to numerics

We plot the twists 7(,¢, = Ay + Ac + 205, in figure 13 and OPE coefficients f;[5¢, in
figure 14, comparing the formulae (6.33) and (6.34) to numerical results. In both cases,
analytics matches numerics to high precision (~ 107%) at large h, and moderate precision
(< 1072) for all h. The agreement is particularly impressive because the corrections are

large compared to Mean Field Theory, in contrast to the case of [oc]y. Correctly summing
the family [oo]p is crucial for achieving this.

7 Operator mixing and the twist Hamiltonian

7.1 Allowing for mixing

The naive large-h expansion of section 5 describes the operators [oo]p and [o€]y nicely.
However, it fails badly for [oo]; and [e€]p. As mentioned in the introduction, the numerics
indicate large mixing between these families. As a striking illustration, we plot the ratios
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Figure 13. Comparison between numerical data and the analytical prediction (6.33), (6.34) for

Tloelo- Lhe blue curve and points correspond to even-spin operators and the orange curve and points
correspond to odd-spin operators. The dashed line is the asymptotic value 7 = A, + A..

Joeloe, normalized by MFT

Jodoe/MFT
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Figure 14. Comparison between numerical data and the analytical prediction (6.33) for foe[se],,
both divided by the Mean Field Theory OPE coefficients fypr = Sﬁf;}f}l (R)'/2. The blue curve
and points correspond to even-spin operators and the orange curve and points correspond to odd-
spin operators.
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fecledo/ SMPT and feco0, /fupT in figure 19. (We define [ee]o as the operator with lower
twist.) For spins £ < 20, the coefficient f[,,], is actually larger than fe -

One might guess that the asymptotic large-h expansion simply breaks down earlier for
these operators — that it just doesn’t work for ¢ < 40. This turns out to be false. In this
section, we give a procedure that extends the validity of the large-h expansion down to
smaller values of h.

The key idea is to relax the assumption from section 5.3 that the double-twist operators
[i5], on one side of the crossing equation map only to terms of the form 7" +"+* on the
other side. Instead, we will compute a fully 7-dependent asymptotic expansion in h and
identify operators by diagonalizing an effective “twist Hamiltonian”.

Let
B higolp(h) 0 0
H(h) = 0 h[aah (h> 0 I E (7'1)
0 0 h[ee]o (h)

R Aooloo (E) )\UO'[O'O'] (E) )‘cm[ee] (E)
A(R) = loolo 7 ! o (7.2)
( )\66[0'0']0 (h) )\66[0'(7]1 (h) )‘ee[ee]o (h)

Suppose that, using crossing symmetry, we can find the combination

AR EAWT = Y (Aw?ﬁig;(h) Awifgéfig(h)> 7

— Msooo @, E) Myoee (77 E)
B (Maaes(y, E) Meeee(?, h)) ) (73)

O=lo0o]o,lo0]1,[e€lo

One way to extract the twist Hamiltonian is as follows. Given the elements M;ji (7, h), we

form the matrix

M(F, 1) = | OMoooo(7, 1) 0" Mooos (7, 1) OMaocc(@, 1) | + (74)
MO’O’éE (g? h) 8M0’O’6€(g7 h) Meeee (g7 h)

where for brevity, we’ve defined

= 0
0= . 7.5
dlogy (7.5)
The twist Hamiltonian H(h) is given by diagonalizing
M (g, h) " OM (3. h) - (7.6)

If M (7, h) indeed has the form (7.3), with only the twist families [00]o, [00]1, and [ee]o
contributing, then the combination (7.6) will be y-independent. In practice, we cannot
completely single out [o0]p, [00]1, and [e€]p on the other side of the crossing equation, so

our M (y,h) will have corrections from other operators in the ¢ x o OPE, and we must
choose a value y = ¥y, at which to evaluate it.
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The families [00],, and [e€],, with higher n will be exponentially suppressed if we choose
a small value of 7. However, to single out [e€]p and [oo]; we must also assume that other
twist families like [T'T], [TTT], and [oo€], which contribute at similar order in g, have
small OPE coefficients in the ¢ x ¢ and € x ¢ OPEs. This assumption is supported by
numerics (which likely means that it follows from unitarity). However, we do not know
how to derive it using the information in this work. Instead, we should enlarge our system
of crossing equations to include additional external operators. For example, by studying
the matrix

Nij Nkl
am+ ~m+
" P My - | 0 "Myn
M= , (7.7)
—_— + . . —_— +
0" Myy; b0 My

we can obtain the twists and OPE coefficients of double-twist operators [ijlo ... [ij]n,;—1,
[kllo ... [klN,,—1, -... To build a more complete picture of the low-twist spectrum of the
Ising model, it will be important to study (7.7) for [¢T], [TT], and other families, in addition
to [oo] and [e€].

To summarize, we have

H = diag (eigenvalues(MO_lMé)) : (7.8)

where My = M (g, h) and M{ = OM (g, h)|z—y,. The OPE coefficients A(h) can be obtained
as follows. Let

, Aoo [oolo AO’O’[O’O’] 1 )‘00[56}0
A= )\O'O'[O'O']() h[aa]o )‘JU[UJ} 1 h[aa] 1 AU(f[ee]o h[ee]o : (79)
)\EE[UU]O )‘ee[aa] 1 )‘ee[se}o

(The generalization to many twist families as in (7.7) should be clear.) Note that My =
NGEANT and M} = AN'Hyi A'T. Let us compute decompositions®!

Mo = UhUY,
M) = UUT. (7.10)
It must be the case that
U= A/?(I;WQ{ ;
Uy = Nyt P HV2QT (7.11)

31U, and U, can be obtained in several ways, for example via Cholesky decomposition, or eigenvalue
decomposition. If My and M{ are positive semidefinite, then Us 2 will be real.

43 —



where @1, Q2 are orthogonal matrices. To determine the @12, consider the combination
Uty = QuHY?QY (7.12)

The right-hand side has the form of a singular value decomposition (SVD), so @1, Q2 can
be obtained by from an SVD of U, 1U,. Finally, we solve for A’ (and hence A) using either

32

equation in (7.11).° Note that this procedure gives us Ay, . To determine the actual

OPE coefficients f;;(xy,,, we must multiply by Jacobian factors (5.29), which are different

n'

for each eigenvalue of the twist Hamiltonian Ay,

7.2 Choice of external states

We can understand the twist-Hamiltonian prescription as follows. The four-point function
(pi(z1)0j(z2)Pr(x3)pi(24)) is the amplitude for creating a state with ¢;(x1)¢;(x2) and
annihilating it with ¢y (z3)@;(x4). States created by pairs of local operators are not eigen-
states of the twist-Hamiltonian H. Our task is to compute the change of basis between
pair states ¢;(z1)¢;(72)[0) and H-eigenstates (the OPE coefficients f;jia,), and to find
the eigenvalues hiy),. For this, we need matrix elements of 7 between enough states to
span the Hilbert space.

Although generically any eigenstate O will appear in the span of ¢;(x1)¢;(x2)|0) (when
global charges allow it), it should be easier to study O precisely if we use states that
have large overlap with O. Specifically, we expect to get a better picture of the [¢;¢;],
operators if we study matrix elements that include ¢;(x1)¢;(z2)|0). Similarly, one might
learn about multi-twist operators [0 ---O,] by performing very high-precision studies
of four-point functions. However, it may be more efficient to study matrix elements of
O1(x1) -+ - Op(x,)|0), i.e. to study higher-point correlators.

7.3 Analogy with the renormalization group

The difference between the twist-Hamiltonian approach and the approach of section 5.3
is analogous to the difference between RG-improved perturbation theory and fixed-order
calculations. In fixed-order perturbation theory at L loops, one finds powers of logarithms
log?z,...,loglz (where z is some kinematic variable) whose coefficients are related by
exponentiation to coefficients at lower loop order. In RG-improved perturbation theory,
we exploit this fact by choosing a scale g and deriving a differential equation for the -
dependence near x/zy = 1. The log! z/2¢ terms at L-loops give L-th order corrections to
anomalous dimensions, beta functions, etc. .

In the context of large-spin operators, the role of L-loops is played by L-twist opera-
tors in the crossed-channel. To see exponentiation of anomalous dimensions, we must in
principle sum all multi-twist operators. Instead, in analogy with RG-improved perturba-
tion theory, we assume exponentiation works and find anomalous dimensions by working
at some scale y,. L-twist operators also give corrections to anomalous dimensions, given

32Tt is easy to check that the number of unknowns hiij),, and A k), always equals the total number of
distinct entries in the matrices Mo, My. Thus, we can solve for A using either equation in (7.11) and we
will get the same result.
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by the Casimir-regular terms after summing their conformal blocks. These are analogous
to log! z /xo terms in L-loop perturbation theory. To compute them, we must understand
the detailed structure of the L-twist operators.

7.4 Crossing symmetry for the twist Hamilonian

To compute M (7, h), we need the following lemma.

Lemma 1. If an infinite sum of SO(d, 2) blocks has Casimir-singular part f(7,y),*

%p(ﬁ)ch(m(z, 1—2) = f@y)+1.. )y, (7.13)

then the asymptotic density of p(ﬁ)@h@ is given by

p(RYF" ™ ~ (Cf) (7, ], (7.14)

where the operator C is defined as follows. Let

C :ghoy® HZ 7ot C) (ho, R, (7.15)

and extend C linearly to arbitrary sums of powers and logs of y,7. Here, C((ln)(hg,ﬁ) are
the coefficients defined in section 5.3.1.

Proof. By linearity, it suffices to consider f(7,y) = ¢(g)y® for some function ¢(7). Let us

_ © o —
SR P -
7 (Grogy ) e (7.16)

and show that the sum (7.13) has Casimir-singular part ¢(y)y®. Since Casimir-singular

assume

terms uniquely determine an asymptotic h-expansion for coefficients of blocks, the claim
follows.
As before, let 0 = ald —

(d,2) blocks have expansion

[e.9] m

Gpr(z1—2)= ( Z 7" A i (9, h)k, gy (L = Z))Qh (7.17)

m=0j=—m

Applying the differential operator in parentheses to (7.16), we get

PGy iE - =33 3 T A, @ RTC @ Ry (1 2)
n=0m=0j=-—m
— Z Z > T A (0 + 0, R)CE (D, h)e(@) kg (1 - 2)
n=0m=0j=—m
ST S B M@0 m B O @R~ d)e@r(1 - 2)
m=0j=—m

(7.18)

33We assume p(h) and h(h) depend nicely on h, and h(£) is the solution to h(£) — h(ﬁ(ﬁ)) =/

45 —



In the last line, “~” indicates that the two sides give the same Casimir-singular part when
summed over h (since shifting h — h — j only affects Casimir-regular terms). Finally,
applying the recursion relation (5.19) with hg = 0 we get

P(A)G iy (31— 2) ~ Sul)e@hy(1 - 2) (7.19)
Summing over h gives the desired result. O

Lemma 1 generalizes trivially to the case of mixed blocks, where we must use the
operator

crs - yhoya S Zgho-f-ncc(bn)rvs(ho?ﬁ) . (720)
n=0

Applying C™2h31 to the left-hand side of the crossing equation (5.12), we obtain

Mi34(y, h Z)\H(’) )aso, ()7 *)
~ gt (7" oy Gaa (2,1 - 7)) + (1) (B e 4, (7.21)
Gi214(2,7) = ; fr20fn0G, 23 (2,2), (7.22)

where ¢ runs over twist families in the 1 x 2 and 3 x 4 OPEs. As in section 5.3.3, we must
add (—1)¥(3 ¢ 4) for consistency with the symmetry properties of \y30, -
The contribution of an individual block to (7.21) is,

Cchiz:haa (yh1+h3y*h1 hsGZ;z;:; Z 1234 (7.23)
where
n)1234 7 —n n)3412 7\ —n
U1234(y7 h) = Z (U((Q,T)TL (h)y +hi+he i U((D,zn (h)y +h3+h4) ) (7.24)
n=0

Using (5.37), this has a smooth limit as hy + hy — h3 + hy,

ULBA(y Z grththe (VIO log g + WENP(R)) (ha + by = hy + ha).
(7.25)

As a special case, the unit operator contributes

U1221( ,h) Chlg,hzl (ghﬁ-hzy—m Zyn+h1+h20(n)h127h21 (h + hg, h)
n=0
_ Z yn+h1+h20i\L/I}P:Thl . (2h1, th) . (7.26)
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Figure 15. Exchange of large-spin [o0]y operators looks like the exponentiation of a Hamiltonian
that mixes [oo] and [ee].

7.5 Application to [e€]p and [oo]1
7.5.1 Why large mixing?

Before computing the Hamiltonian for [ee]p and [oo];, let us explain intuitively why the
two families exhibit large mixing at intermediate values of h. At very large h, the domi-
nant contributions to the anomalous dimensions of [e€]p and [o0o]; come from exchange of
the stress tensor 7),,, and mixing is negligible. However, the operators [oo]y have twist
only slightly larger than T}, so all of their contributions become important at slightly
smaller h.3*

As illustrated in figure 15, exchange of large-spin [oo]p operators (namely operators
where the vertical distance between o lines in figure 15 is large) looks like a product of
off-diagonal terms that transition between [ee] and [00], coming from o-exchange in the
(oeoe) four-point function. This is part of the exponentiation of a twist Hamiltonian with
structure

(7.28)

77T 7_Ao
H(h)%<2h6+h h )

Y @he+ 1)+ T

The off-diagonal terms are unimportant at very large h. (We should compare the square of
the off-diagonal terms to the diagonal terms.) However, they become important at slightly
smaller h. In fact, because 2h, ~ 2h, + 1, they cause the eigenvalues to repel significantly.

7.5.2 Computing the twist Hamiltonian

To find the twist Hamiltonian for [ee]g and [oo];, we must compute Myoo0, Meeee, and
Mysee. For example,

Myooo (Y, E) ~ Zc(y2hay_2thaaaa(Zy - 2)) . (7.29)

34In a weakly-coupled theory, there is no regime where the stress-tensor completely dominates over the
first higher-spin family.
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We will take the first few terms in an asymptotic expansion in large-h, so we should truncate
powers of y (so that only low-twist operators contribute) before applying C. In the Gyooo
correlator, we will include terms up to order y"<. Let us describe the low-twist part of the
correlators Gyoog, Geeee, and Gegoe in more detail.

7.5.3 Goooo
We have
Goooo(2,1=2) =14 > [2,00 ky (1 =2) + [2, kyy (1 =2) + ..., (7.30)
O=[o0]o,e
=24,...
where “...” represents terms of higher order than y"<.3® Let us split the sum over [co]g

into a finite part which we treat exactly and an infinite part which we expand in small
anomalous dimensions d[54],

> fﬁaoyhokzho(1—2)2< S+ Y )ffaoyhok’%o(l—z). (7.31)

O=[oc]o,e O=loolo, O=l[o0o]o,e

(=24,... (=24, 0o—2 l=Lo,lo+2...
We can make J,4), arbitrarily small by choosing £y large enough. Taking {y = 6 will be
sufficient for our purposes. Thus, the finite sum in (7.31) will contain the stress tensor and
the spin-4 operator [00]o 4. For these contributions, we use the expansion of k(1 —Z) up
to first order in ¥,

1 _
ho1, )~ ho g 7F(2ho) = \—k
Yol (1-%) ~ §%<menwa). (7.32)

Meanwhile, expanding the infinite sum in d[,4),, we obtain

Z fgaoyhokﬁo(l -z) =

O=lo0]oe
=Ly ,lo+2,...
> m Oh S5}, ()™ - _
Z yZhU IOg ) Z @%)‘oa[mﬂo(h)QkQE(l - Z) . (733)
m/!
m=0 0=y ,l0+2,...
The quantities Ayy(5q], and djs4), are given in (6.1) and (6.2). We can compute the sums

over £ using the methods of appendix B,

Oh S50, (W)™ - _
Z 7L)‘O’O’[O’O’]O (h)2k2ﬁ(1 - Z) =

0= ,Lo+2,... o m!
1 m)—a - 0 —k _even 6[UU]O(E)W 73\2
a;; 56‘(1 v +kzz(]<9lc<y “ [m!Afm[w}o(h) ,O(oolo | (2ha+ o) | ,

(7.34)

35Here, we assume that no Zs-even operators other than the ones written have twist less than A.. This
is supported by numerics but we cannot prove it.
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Figure 16. The operators [00]y give contributions to M (7, k) of the form g+ +ritk = At large-h,
these must be matched by multi-twist operators [O; - - - O;]i. In the picture, we can see how multi-
twist operators must appear in the o X ¢ OPE (bottom-to-top channel) because they come from
the exponentiation of the anomalous dimensions of [oo] in the left-to-right channel.

where cgm) are coefficients in the asymptotic expansion

1 - _ o
ﬁé[ao]o(}w /\mf[aa]o(h)2 ~ Z C((z )Sa(h) (7'35)

) a€Am

Only the m > 2 cases will survive the C operation (because log™ y is Casimir-regular for
m = 0,1). However the m = 2 term is already quite small, so it will be sufficient to

(2)

truncate the series here. The first few ¢; ' are

1 [(2h1)T(2h2)T(2h )3T (2hy — by — ho)? _
56[200']0)\3’0[0'0]0 ~ Z fc%o’(?l fc%a@z F(E ;gFEh QQ)FEQh ) h( T th h2)2 Sh1+h272ha (h) + ...
01,02€{¢,T} ( 1 2> o 1) ( o 2)

) _
= > A on Shitha—zn, (B) + ... . (7.36)
01,0:€{e,T}

The Sp, _op, term is important because it gives a contribution to My4ee (9, k) proportional
to 72he, which contributes to mixing with [ee]o. In general, we find terms of the form

Shytthp+k—2hy (h) where h; € {hr,h} and k € Z>o.

Here, we can see the exponentiation discussed in section 3.1.1 at work. Summing over

the family [oo]o gives terms of the form gt —+hithk

, where h; are half-twists of other
operators in the theory. These give contributions to the twist Hamiltonian proportional
to hy + -+ - + h; + k, which must be matched by multi-twist operators [O; ... O;|x. This is

illustrated in figure 16.
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Plugging in the values (6.4) and multiplying by 7?*y =2 the infinite sum is

—2hy, —2ho 2 h =
g7y > oy Ok, (1-7) =
O=[o0]o,e
(=68,...

1 —3.699195"7 + (3.37064log 7 + 11.6413)75%
+0.7390237" + (28.1977log § + 44.2112)5%" 1 4 ..
+log y( — 1.444585"" + (0.0173629 log 7 + 1.88281)y*"
— 0.591176g" + (—0.267215log 7 — 0.278914)7*"= T 4 ...)
+ log? y((—0.0000261014 log 7 — 0.000146056)7>"
+4.36051-107%% + 0.0003915817"7 1< + 0.036954972"
+3.88489- 105571 4 (0.00506123 log 7 — 0.0347285)72" +1
+1.64132-107 5+ 1 2.26961-10~ 75" 2" — 9.74836-10" 5% + ...
+... (7.37)

where “...”

represent terms higher order in 7 or logy. We stress that while we have
written the above coefficients numerically for brevity, they all have analytic formulae. For

example, the coefficient of log? y 72"« is given by %ng)e—?ha in (7.36).

We have written “~” instead of “=” because the above formula is based on the ap-
proximations (6.1) and (6.2) for Ayq(s0], and J[,4],- Because those formulae match the
numerical data to high accuracy, the same is true of (7.37). However, a more sophisticated
approximation for Ay (5019, 0[o0], WOuld include contributions from operators O; other than

e, T, giving rise to additional terms like 7" in (7.37).3

7.5.4 Geeee

The computation of Geeee(z,1 — Z) proceeds similarly. We have

Mseee(y, E) = 26 (y2h€y72hEG€56€(Z, 1-— E)) s
G€6E€(Z7 1— 3) =1+ Z fi@yhokgﬁo(l - E) + fezeeyhekzﬁe(l - E) +... (738)

O=[oc]o,e
(=24,...

36Including the contribution of the whole family [ca]o to itself would give log™ ylog™ ¥ terms, coming in
at order m+mn+ 3 in the expansion in the small parameter 2h, —v. Such terms have been discussed in [62].
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The coefficient fe is given by (2.1). We split the sum over [oc]y into a finite part (¢ < 6)
and an infinite part (£ > 6) and expand the infinite part in small J(,4],, up to order m = 2.
This time all the terms m = 0, 1,2 contribute nontrivially after the C operation. The OPE
coefficients Ac¢[5¢), can be obtained from (6.31). The infinite sum is

%

72h E fEeOyhok h, (1 )
O= [00}0,5
{=6,8,.

y?ho—2he (1.838315% + 0.02944787%" T — 11,8305
+ (23.1945log J 4 54.9846)72" + 57.48467% 1
— 0.038081y2o Hhrthe 1 0.60003672" T2 4 ...)

+ y?o2he log y (— 0.0114997g o Hhr — 17714257 e

+ (0.604068 — 0.746285 log 772" — 0.001712017%"+1

+0.00526509g"= Thrthe 4 0.341187y%het2he )
+ y?ho=2he og? y((—0.000745198 log § — 0.00496677)7" + 0.000167147" +!

+0.00187562y%e I the 4 0.021516252 T2 4 )

+ ... (7.39)

7.5.5 Goeeo

For M,yee, we have

MUUGG(?? E) ~ 2C( ha+hey ha_heGEO‘UG(Za 1 _z)) )

~ 2 hEO’yhO'E ~ 2 h h60'7h0'5 -~
Geooe(2,1 = %) = [2,Gpit™ (2,1 =)+ > [y Oky? " (L=2)+ ... (7.40)
O=[oe]o ¢
£=23,...
Here, “...” represents higher order terms in y. We keep the terms of order 3" and
y"sF1 in the conformal block for o. The sum over [oe]y can be performed as before, by

splitting it into a finite part ¢ < ¢y that we treat exactly and an infinite part £ > £y that
we expand in the anomalous dimension J,,. The quantities )\06[06] and 0[5, are given
n (6.33) and (6.34). We expand to fifth order in Jj,q, and take o = 6. The final result
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for M,qee(7, h) is independent of £y to high precision. The infinite sum is

—heths, —he—ho 2 h heo hoe =\ ~
Yy Yy Z fony Ok2go (1_Z)N
O=[o€o,¢
1=6,T7,...

1 — 10.08517"T + (1.02429 — 0.234943 log 7)7°"
+ 1.076677" + 650.249y%" — 884.1167% =+ + ...
+logy( — 3.938347"7 + (4.06924 — 0.123248 log 1)y
— 0.8612787" + 18.80777" — 22.05147% ! +..)
+log? y((—0.0170791log 7 — 0.0824236)7" — 0.02695137 — 0.0525874y>"= 7
+ 0.04096847*" + 0.2097877" 7P 4 0.0106827>" T
+ (0.0911374 log 7 + 4.34364)7%" + 0.62993275" 7+
+ (—0.1019191log 7 — 8.8983)7%" " 1 4 2.314037*he TIir
— 0.08308077%" + 0.0512032y"< ! + 0.1659847 %"= tir+he _ (.07622397 o
— 0.0005407425"7 2" — 0.003229817*"< 2" 4 0.006100877° + .. .)
+log® y( — 0.00003603667°" + 0.01314155°"= 7 — 0.004654267*"
— 0.0559877g"o e 1 0.21729972" — 0.08199867"7 !
+ (0.0176415log G + 0.14041)7%M 1 — 0.1268625* <+ — (0.059289475"<
— 0.0132267"< ! — 0.069106472" Thr+he 1 0.0199037 2o +he
+0.008928397"7 2"« + 0.01031747%"= T2 4 0.0005665157% + . ... )
+ log* y(0.00002231517*"= — 0.0005368795*"= + 0.000191187>"<
+ (0.0348547 — 0.000867286 1og )71 1 — 0.05214257 " +hr
+0.0114817y% 4+ 0.00543315y2 = thrhe 4 (0.0009224527 o 1<
— 0.002023927>" T2 — 0.00002765387° + .. .)
+log® y( — 4.06997-1055*" + 0.0002318097>" — 0.003167067"+!
+0.003193547 =T — 0.00009520855""7 — 0.000188447g 7 The . ..)
+ ... (7.41)

7.5.6 Choice of y,

After computing M (7, h), we must choose a value 7, at which to evaluate the twist Hamil-
tonian (7.8). This presents a trade-off. Small 7, is good because higher-twist operators are
exponentially suppressed.?”

However, very small 7, is bad for the following reason. Consider the expansion
s B TTUE S v
7y :1+510gy+§5 log y+65 log°y+.... (7.42)

As explained in section 3.1.1, if the log%y term gets a contribution from exchange of O in
the crossed-channel, then log? 7 comes from the exchange of double-twist operators [00].

37 Additionally, we truncate M (7, h) at order 72, which also removes the effects of higher twist families.
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Figure 17. Comparison between numerical data and analytical predictions for 7(,4), (blue) and
Tlee]o (orange). Solid lines correspond to g, = 0.1, and dotted lines correspond to g, = 0.02. The
orange curve ramps up sharply (moving from right to left) near h ~ 3.4 because M (¥, h) becomes
degenerate there. This coincides with the lower end of the family [ee]o.

Similarly, log3% comes from the exchange of twiple-twist operators [OOQ0], and so on.
If we only include operators with bounded twist in the crossed-channel, we truncate the
series (7.42) and lose exponentiation. This becomes a problem when dlogy is large. In
other words, when |logy| = 1/§ there are large logarithms that have not been correctly
re-summed because we have not included arbitrary multi-twist operators [O--- O] in the
crossed-channel.

In our case, we have included double-twist operators built out of ¢’s and €’s, so we
expect to find errors that go like log® g h=2"—he and log4§ﬁ_4h”, coming from [ooe] and
[cooo]. For small spins, the anomalous dimensions of [oo]; and [ee]y grow to ~ 0.5,
suggesting we should not take 3, much smaller than e~ 1/05 0.1.38

7.5.7 Comparison to numerics

We compare analytics to numerics in figures 17, 18, and 19. In figure 17, we show two
sets of curves: the solid lines correspond to 7, = 0.1, and the dotted lines correspond to
Yo = 0.02. As expected, the smaller value of 7, introduces errors that behave approximately

38Tt should be possible to surmount these difficulties with a more sophisticated analysis. If we include
higher-twist families [00],,>1 and [e€],>0 in the twist Hamiltonian, there is less downside to working at larger
Yo- On the other hand, we expect these higher families to have larger mixing with other families like [T'T],
[Te], etc.. So it may be necessary to study a larger system of correlators at the same time. Alternatively,
we might try to restore exponentiation of (7.42) by approximating the contribution of multi-twist operators
[O--- O] in some way.
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Jootoon (h) and fooie,(h) normalized by MFT
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Figure 18. Comparison between numerical data and analytical predictions for f,(s0), (blue) and

fooled, (orange), both divided by the Mean Field Theory coefficient fyrr = (20(_12)h0 (2 hg,ﬁ))l/z,
We fix the signs of [00], and [e],, s0 that fyo[s0], and feeq, are positive. With these conventions,
fooleeo 18 negative.

like log* @E_4h”. The value gy = 0.1 gives beautiful agreement with numerics for all spins
¢ 2 2, so we take 7y = 0.1 in the remaining plots.

The results show several interesting features. Firstly, we have correctly modeled the
large mixing between the two families. For example, the fact that fe[,o), is larger than
feelee)o for £ 5 26 is reproduced nicely.

We also find that M (g, h) ceases to be positive-definite at h =~ 3.4. This suggests that
we cannot continue one of the twist families below this value. Indeed, in the numerical
data, the family [ee]o ends at spin 4, which is the lowest spin such that h > 3.4. It is
surprising that one can predict such a detailed fact about the low-spin spectrum using the
first few terms in an asymptotic expansion at high spin. It may be a happy coincidence.

Zeros in the determinant of M (7, h) are responsible for the rapid oscillations and poles at
the leftmost edges of figures 17, 18, and 19.

8 Tying the knot

8.1 Where’s the magic?

By matching Casimir-singular terms on one side of the crossing equation to asymptotic
large-h expansions on the other, we can systematically solve the crossing equations order-
by-order in y,y. In particular, we can reproduce a conformal block on one side with a
particular large-h expansion on the other side. Our techniques for summing over twist
families remove the difficulties associated with accumulation points in twist space.?? If this

398ee [66, 67] for another approach to this problem.
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Jeetoo1,(B) and. feeee),(R) normalized by MFT
Jeeo/ fMFT

1.2

0.8+ ®

0.6r }

0.2r

00—
0 10 20 30 40

Figure 19. Comparison between numerical data and analytical predictions for fecso], (blue) and

feclee)y (orange), both divided by the Mean Field Theory coefficient fupr = (QCEOQ)hE (2h6,ﬁ))1/ 2,
Note that fecso], is larger than fe.[cq, for spins £ S 26.

order-by-order solution to crossing is systematic, where are the nontrivial constraints on
the spectrum?

Note that the asymptotic large-h expansion misses terms that are Casimir-regular in
both channels. That is, terms that are both Casimir-regular in y and Casimir-regular in
y. If we write the crossing equation as

y~2ho Z ngOGhoﬁo (z,1-2)=2¢7%, (8.1)
@

then these are terms of the form y™g"log? ylog?y with p,q < 1. We call such terms
“biregular”.

We have already seen examples of biregular terms in computations: for example, the
72" log 7 and 72 log y terms in the sum over [oo)y in (7.37) are bi-regular, as we can see
by multiplying by 7~2"v as on the right-hand side of (8.1). These are certainly nonzero,
but they map to zero in the large-h expansion in either channel because S, (k) has a double
zero at a = 0.

It is somewhat subtle to define the biregular part of a correlator separately from the
Casimir-singular part. For example, 3’ is Casimir-singular, but its expansion in small §
contains nonzero Casimir-regular terms (1 and dlogy). Indeed, no individual term in the
sum (8.1) is biregular. However, biregular terms can appear when we evaluate the sum by
expanding in the anomalous dimensions of double-twist operators.

To make sense of this, we propose the following prescription. Let us define an “asymp-
totic solution” to crossing symmetry as a set of CFT data where the dimensions and
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OPE coefficients of multi-twist operators have the correct asymptotic large-h behavior to
reproduce all Casimir-singular terms on the other side of the crossing equation. Given
S =A{fs00,A0, L0}, define the difference

FS(?L@) = y_QhU E fJQUOGhO,EO (Z, 1- z) - (y A y) . (82)
@

Claim. If S is an asymptotic solution to crossing, then the “biregular limit”

. 0 0 _
Lg = lim ( ) Fs(y,7)

y—0\dlogy Ology (83)

7=y
is finite. Furthermore if S is a true (not just asymptotic) solution to crossing, then Lg = 0.

One can define similar biregular limits to extract biregular terms of the form
y"y" log? ylog?y with p,q < 1. Demanding that biregular terms are crossing-symmetric
gives nontrivial constraints on the spectrum.

8.2 Constraints from low-twist operators

This suggests an interesting way to derive approximate constraints on the data of the 3d
Ising CF'T. From our work in sections 6 and 7.5, we have approximate expressions for OPE
coefficients and dimensions of the twist families [oc]y, [00]1, [e€]o, and [o€]p in terms of
a finite set of initial data, namely {Ay, A, fooe, fece, cr}. By plugging these expressions
back into the correlator and demanding that biregular limits vanish, we obtain constraints
on the initial data.*®

Because we have not found exact asymptotic solutions to crossing, we must approx-
imate the limits Lg in some way. We also do not have analytic approximations for the
lowest spin members of the families [e€]p and [o0]1, so we will restrict ourselves to limits
involving [oo]y and [o€]p.

In our expressions (6.1) and (6.2) for the dimensions and OPE coefficients of the [o00]o
family, we treated the € and T' operators exactly. The biregular terms are approximately
given by the logy,log7y terms from expanding in small anomalous dimensions of the re-
maining operators [00]g />4,

L % 2(05 [N ojy Giaely) 2o+ 4) = B [N St Doy 2R +4)) . (8.4)

ooloo]o?

where ay[p, 6](ho) and Bi[p, d](ho) are defined in appendix B and Aooloolos oo, aTE given
by (6.1) and (6.2). Naively, these two quantities in parentheses have nothing to do with each
other. However, plugging in the numerically-determined values of {A,, A¢, fooes feces €T}
we find that they match to one part in 1073,

05" [Noofoolyr Ooola] (2o +4) 7 1.92084,

6" Mootoolodloalor Soalo] (2ha +4) ~ 1.92280. (85)

40Tn functional programming, defining a data structure in terms of itself is known as “tying the knot”
(https://wiki.haskell.org/Tying_the_Knot).
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Similarly, by demanding that the leading biregular terms cancel in the sums over [o0o]g
and [o€]p in (ooee), we find the conditions

g=A77 - A7° =0,
ngg‘L 5¢=0, (8.6)
where

—“even

Allﬂj = 50 [AO'O'[O'O']OAGG[O'U]()? 5[00]0] (2hff + 4) ~ 6.89276,
AT = —T'(2he)T(1 - hw)Qa—hsa [)\36[06]0’ 5[06]0] (ho+ he+2) ~ 6.92499 (8.7)

and
A37 = 85" [Asafoolo Aeeloalor Oloao] (2ho +4) ~ 4.36510,
A3 = —T(2heo)T(1 = heo)*@p,, P‘ge[ae]od[ado’ 5[06}0] (ho+het2) ~4.35102.  (8.38)

(The regularized sums @ and B are defined in appendix B.1.) On the right, we show
the values of these quantities using the approximations in section 6 and the numerically-
determined {A,, A, fooe, feee, cr}. In all cases, the contributions to the limits Lg, L'y, L'
cancel to reasonable precision.

The Lg, L'y, Ly are interesting because their dominant contributions come from the
lowest-twist operators in the theory, namely [o0]y, [0€|p, and indirectly o,e,T. This is
based on our empirical observation that the contributions of these operators to the large-
spin expansion give approximations that work well for all the operators in the twist families
[00]o, [0€]o. Thus, we can explore them without fully understanding the larger-twist spec-
trum.

By sampling values near the actual Ising point, we find that Lg is much more sensitive
to cp and fyoe than the other quantities Ay, A, feee. The tangent plane to Lg(cr, fooe) at
the Ising point is given by

Lg ~ —0.3999 + 1.599¢1 — 1.061 fype - (8.9)

Demanding that Lg vanish gives a relationship between c¢p and fyoe.

In figure 20, we plot all three limits Lg, Ly, L as a function of ¢z and foqe, with
the other quantities A,, A, feee held fixed at the values (2.1). The three quantities vanish
nearly simultaneously at the correct values of ¢ and fyoe. Thus, requiring that Lg, L', L
vanish gives a way to fix ¢y and f,,c analytically in terms of A, A, feee, t0 accuracy
~ 10721073, using only the lightcone limit!

9 Discussion

9.1 Lessons for the numerical bootstrap

Traditional numerical bootstrap methods clearly probe the lightcone limit. This might
explain why one must typically study a large number of derivatives around the Euclidean
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Figure 20. The biregular limits Lg (orange), L'y (blue), and L (green), plotted as a function of
fooe and e, with Ay, A, feee set to the values (2.1). The red sphere sits at the point expected for
the 3d Ising CFT, (froe, cr, L) = (1.0518539,0.946539,0).

point z = 2z = % before the bounds saturate: many derivatives are needed to reach the

lightcone limit, and the bounds may not saturate until the lightcone limit has been explored.
However, the Euclidean regime is also important. Because of the convergence proper-

ties of the conformal block expansion, the Euclidean regime effectively receives contribu-

tions from a small number of operators [70, 88, 89], and one can make surprising progress

by demanding that these contributions (almost) cancel among themselves [15, 90, 91].
This suggests the following hybrid analytical /numerical approach

1. First solve the lightcone limit analytically using the techniques in this work. The
result will be an asymptotic expansion in h, as a function of a small amount of initial
data.

This step is likely easiest for theories with a relatively sparse spectrum in twist space.
Since the spectrum becomes less sparse at high-twist, we expect mixing effects in
the twist-Hamiltonian to become more important in this regime. We may not find
an accurate picture of the high-twist spectrum without studying a large system of
crossing equations (enough to build all the necessary multi-twist operators). However,
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figures 1 and 2 suggest that we may not need a perfectly accurate high-twist spectrum
to make progress — we just need some high-twist spectrum with approximately the
right density in h-space.

2. Choose some lower cutoff o > hg, and compute the dimensions and OPE coefficients
of multi-twist operators above this cutoff using the asymptotic expansion in step 1.
Larger ho will mean more accurate expressions. However, smaller hy will leave fewer
operators to solve for in step 3.

3. Plug the large-spin operators from step 2 back into the crossing equation and solve
for the remaining operators in the Euclidean regime using traditional numerical boot-
strap methods, the techniques of [15, 90, 91],*! or some other method. We suspect
that many fewer derivatives may be needed. It would also be interesting to see if this
hybrid method reduces the need for high-precision arithmetic.

Unfortunately, this approach sacrifices the rigor of traditional numerical bootstrap
methods because the large-h expansion is asymptotic. One must take hq large enough that
the results saturate. (Though working with larger hq likely requires more derivatives.) It
is encouraging that hg =~ 4 is good enough for most of the results in this work. Another
disadvantage is that some theories might require a large amount of initial input to compute
the large-spin spectrum. For example, in this work we used {A,, A, fooe, fece; T} tO
parameterize the large-spin spectrum of the 3d Ising CFT. We must scan over each of
these parameters to explore the space of theories. In a larger system of crossing equations,
we would have even more parameters.

On the other hand, the possibility of working with fewer derivatives, at lower precision,
with larger systems of correlators, and perhaps without imposing unitarity (using the
methods of [15, 90, 91])*> makes this hybrid approach worth exploring.

9.2 Moving towards analytics

Although we have made progress in reverse-engineering a solution to crossing symmetry
analytically, numerics were crucial throughout. Let us catalog the ways in which we used
numerics and discuss whether/how they can be replaced with analytics.

e Because the large-h expansion is asymptotic, numerics were crucial in determining
how many terms to keep in the expansion to get reasonable results. We could also see
explicitly which operators were well-described by a truncated asymptotic expansion
and which ones were not. For example, [00]g =4 fits well to the analytic predic-
tions (6.1), (6.2), while [00]; y—¢ does not fit the prediction in figure 17. We used this
information implicitly in several ways. For example, in section 8.2, we used that the
analytic predictions (6.1), (6.2) fit well all the operators in the family [o0]o.

4IThe helpfulness of including higher spin Zs-odd operators in the “severe truncation” method of [15]
has been observed previously [92].

42Not imposing unitarity could also help in studies of boundary and defect crossing equations, which in
some cases haven’t been formulated in a way that takes advantage of positivity (even in unitary theories) [13,
91, 93].
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To understand these issues without numerics, it will be important to prove rigorous
bounds on error terms in the large-h expansion. It would also be interesting to
understand convergence properties of the twist expansion in a way analogous to the
dimension expansion [70, 88, 89, 94].

Ideally, perhaps there is a way to identify the correct representative of a given large-
h equivalence class. Consistency with causality and the chaos bound [95] may be
relevant, since it requires delicate cancellations between high-spin operators in a
certain kinematic limit, see e.g. [78, 96].*3 It also implies bounds on dimensions of
operators in the lowest twist-family [97-100].

e We used numerics to discover that the contribution of other multi-twist families like
[TT] and [€T] to the four-point functions (cooo), (ooee), (eeee) is small. Conse-
quently, we could ignore these families when diagonalizing the twist Hamiltonian for
[oo]; and [e€]p in section 7.5.

We might guess that [eT]p and [T'T]o should be unimportant because the anomalous
dimension of T is small, so only the leading term in the exponentiation of 77 —2he
matters. However, a better treatment of this issue would involve studying correlators
with T' as an external operator in addition to o and e. In fact, to get a full picture
of the small-twist spectrum of the 3d Ising model, we should study correlators in-
cluding all the operators in [oc]y as external operators. This will likely require new

techniques, since the mixing matrices will be infinite-dimensional.

e We also used numerics to help choose the value 7, at which to evaluate the twist
Hamiltonian in section 7.5. The results should become less sensitive to J, when we
study all the twist families that could contribute to M (7, k). This includes additional
double-twist families like [¢T]yp and [TT]y discussed above, as well as higher-twist
towers like [o0o]2 and [ee];. To completely recover exponentiation, we must also un-
derstand n-twist families with n > 3. Although this may be possible with four-point
functions, in practice it might require studying higher-point functions, as discussed

in section 7.2.

e Although we parameterized most of the low-twist spectrum in terms of a small amount
of initial data {As, A¢, fooe, feee; T}, it would be difficult to fix this data in prac-
tice without already knowing the answer (2.1). The biregular limits in section 8
give constraints. It will be important to understand whether they can be solved
systematically.

The Euclidean regime is also important and currently the best techniques for explor-
ing it are numerical. Perhaps the hybrid approach suggested above can help. It may
also be interesting to study how recent Mellin-space approaches to the bootstrap [56—
58] interact with the results of this work.

43We thank Douglas Stanford for this suggestion.
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9.3 More future directions

A central question is: why do the truncated large-h expansions for [o0]o, [o€]o, etc., work
so well even at small h? Perhaps our all-orders asymptotic solutions are close to an ex-
act answer. Our work in section 7 suggests the following ansatz for the conformal block
expansion:

%—m AR (v(h — H(R))) (= 1= 2)AM), (9.1)

where H(h) is the twist-Hamiltonian and A(h) is a matrix of OPE coefficients. We have
shown how to compute the large-h asymptotics of

— T T — T —

© ~ ATy
Alh) — (= HO)) y T AR ~ ARy AR)T (9-2)

using crossing symmetry. (Asymptotics as h — oo along the real axis are related to asymp-
totics as h — +ico for the class of functions we consider.) However, perhaps one could
compute the full function on the left-hand side of (9.2) using a crossing kernel for SO(d, 2)
conformal blocks [101]. This would remove the difficulty of working with asymptotic ex-
pansions.

One could then try to solve crossing symmetry via an iterative procedure:

1. Start with a few known operators like o, €, and T'.

2. Compute H(h) and A(h) and diagonalize H (h).

3. Plug the results back in to compute corrections to H(h) and A(h) from multi-twist
operators.

4. Repeat until the spectrum converges.

It will be interesting to explore this program in the future.

While we have focused on multi-twist operators (in particular double-twist operators),
it is also interesting to consider other types of operator families like logarithmic Regge
trajectories in conformal gauge theories. Such trajectories can still be described using the
techniques in this work, by writing log ¢ = %56\620.44 We expect that the techniques of
section 7 give the right language for studying interesting phenomena like mixing between
large-spin single- and double-trace operators in non-planar N' =4 SYM.

It would also be interesting to apply our techniques to large-N theories. Summing up
the effects of graviton exchange in the bulk is important for understanding the emergence
of geometry in AdS/CFT. While Virasoro symmetry makes this relatively simple in 2d
CFTs, it is a difficult task in d > 2. Our all-orders results for large-spin operators may
help make headway on this problem.

Finally, our new data for the 3d Ising CFT may have interesting applications to con-
densed matter and statistical physics. In [102], we used the low-dimension operators in

“4This observation was also made in [66].
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table 2 to plot the Euclidean four-point function and check some inequalities from the lat-
tice Ising model. (In this work, we can see explicitly some of the non-Gaussianity discussed
in [102], from the large mixing between [e€]gp and [oc];.) It would be interesting if some
of the new operator dimensions and OPE coefficients in this work could be checked with
Monte-Carlo techniques, the e-expansion, or experiment.
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A Numerical calculation of the 3d Ising spectrum

A.1 More details on the numerics

As explained in section 2.1, our strategy is to compute a partial spectrum Sy (p) for several
different points p on the boundary of the allowed region Ay, and then choose the operators
that are stable under varying p. To get to the boundary of Ay, we can minimize or
maximize any quantity. It is not actually necessary that (Ag, Ac, fooe, fece) themselves lie
on the boundary of (2.1), as long as they don’t lie outside (2.1) and some other quantity
is minimal or maximal.

Extremizing an OPE coefficient is technically easier than extremizing an operator
dimension because it can be done in a single optimization step.*® In [68], we chose to
maximize fyse. In this work, we minimize cr (equivalently maximize f,,7) as in [20].
The answers are essentially identical. We describe how to extract a partial spectrum by
extremizing an OPE coefficient in section A.2.

To get a sense of the errors in the extremal functional method, we must choose a
variety of points on the boundary of Ay. The space of CFT data is infinite-dimensional,
so random sampling is imposible. We must simply try different things, and hope some
results will be invariant.

45Gee [47] for recent progress on speeding up operator dimension extremization.
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Let tanb,c = feee/fooe- We minimize c¢p at the following 20 points in (Ag, A,
Oy¢)-space:

(AU7 Aea 90’6) €

{(0.51814898, 1.4126250, 0.9692610), (0.51814937,1.4126306, 0.9692662),
(0.51814930, 1.4126283, 0.9692632), (0.51814807, 1.4126156,0.9692547),
(0.51814978, 1.4126348, 0.9692687), (0.51814893, 1.4126251,0.9692611),
(0.51814927, 1.4126283, 0.9692631), (0.51814881,1.4126251,0.9692623),
(0.51814835,1.4126192, 0.9692574), (0.51814880, 1.4126253,0.9692632), (A1)
(0.51814924, 1.4126285, 0.9692643), (0.51814951, 1.4126320, 0.9692664), '
(0.51814865, 1.4126215, 0.9692583), (0.51814945, 1.4126323,0.9692678),
(0.51814791, 1.4126142, 0.9692544), (0.51814954, 1.4126313, 0.9692654),
(0.51814819, 1.4126180, 0.9692574), (0.51814856, 1.4126210, 0.9692591),
(0.51814828,1.4126191, 0.9692586), (0.51814931,1.4126302,0.9692658) }

We do not specify the norm /f2, + f2,. — it is an output of the spectrum computation,
together with a list of other operators.

We assume that ¢ and € are the only relevant scalars in the theory. In addition, we
impose gaps in the Zs-even scalar sector (above €) and spin-2 sector (above T),,) of the

following form
mm € {3,3.5}, AP € (34,5}, (A.2)

When we impose a gap in the spin-2 sector, we also impose the stress-tensor Ward identity
fUO’T/f€ET = AO’/AG-

The resulting spectra are mostly independent of the gaps, with one exception: in the
extremal functional method, spurious operators often appear at the gaps. Some examples
are the higher spin operators at the unitarity bound discussed in section 6.1. Similarly, the
spectra computed using the above assumptions often (not always) have scalars of dimen-
sions 3 or 3.5 or spin-2 operators of dimension 4 or 5. (In addition, there are occasionally
Zs-0dd scalars with dimension 3 due to the gap in that sector.) By varying the gaps, these
operators become “unstable” in the sense that their dimensions depend on the boundary
point p. Hence, in practice we can ignore them compared to the stable operators. Their
OPE coefficients are usually quite small, so they don’t affect the crossing equations much.
We have removed these spurious operators by hand in figures 1 and 2.

We minimize ¢y by setting up a semidefinite program and solving it with the solver
SDPB [31]. We work with A = 43, corresponding to 1265 derivatives of the crossing equa-
tions, and our SDPB parameters are given in table 1.

A.2 Extracting spectra and OPE coefficients from SDPs

A system of k crossing equations for CFT four-point functions can be put in the form

0= X rFAir(zEXaer, (i=1,....k). (A.3)
AR
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A 43
K 40
spins Su3
precision 960
findPrimalFeasible False
findDualFeasible False
detectPrimalFeasibleJump False
detectDualFeasibleJump False
dualityGapThreshold 1060
primalErrorThreshold 10°7
dualErrorThreshold 10°7
initialMatrixScalePrimal 1090
initialMatrixScaleDual 1059
feasibleCenteringParameter 0.1
infeasibleCenteringParameter 0.3
stepLengthReduction 0.7
choleskyStabilizeThreshold 10200
maxComplementarity 10200

Table 1. SDPB parameters for the computations in this work. Sy3 is given by {0,...,64} U
{67,68,71,72,75,76,79, 80,83, 84, 87,88}.

Here, A, ¢, R run over the dimension, spin, and symmetry representations of exchanged
operators. Each F&& r(2,%) is a matrix whose entries are combinations of conformal blocks,
and the XA’g’ gr are vectors of OPE coefficients. For example, for a four-point function of
identical scalars (¢pppo), k =1 and F&E(z,f) is a 1 x 1 matrix with entry UA¢gAyg(u,v) —
uBe g o(v,u).

For simplicity, we first consider minimizing the 0 function with respect to the con-
straints (A.3). Thus, we are simply asking when it is possible to find real XA,K, r such
that (A.3) is true. (We comment about the case where we minimize something nontrivial
later.) In [24, 31], it was shown how to reformulate this question as a Polynomial Matrix
Program (a special type of semidefinite program) of the following form:*6 Find y € RY
such that

N
Y anMi(z) =0 forallz€[0,00), j=1,...,J. (A.4)
n=0

where a = (1,y) € RN*!. The notation “M = 0” means “M is positive semidefinite”. The
M3 (z) are matrices with polynomial entries

P;,Ln(x) P]‘T,lej (z)
M (z) = : : ) (A.5)
Pj?}mjl(w) T Pjr,Lmjmj (.%')

In our case, the dual objective function b vanishes because we are minimizing the 0 function.

46We follow the notation of [31] for the rest of this appendix.
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The relation between the matrices M J”(x) and the functions F&& r(2,%) entering the
crossing equation is as follows. Firstly, j corresponds to tuples (¢, R). Secondly, n cor-
responds to tuples (i, a,b), where i labels crossing equations and a, b are positive integers
labeling derivatives. We have

Y

MPM(x) = xj(A(@)) " 0208F Ay 0.k (2 2)]

=1
z=z=3

A(z) = Ajmin + 2, (A.6)

where Aj min is the minimum dimension for j = (¢, R) (e.g., the unitarity bound for an
operator with spin ¢ and representation R). x;(A) is a positive function of A, written
explicitly in [31]. The accuracy of the approximation (A.6) can be made arbitrarily good
by increasing the polynomial degree of M ().
Consequently, the first N + 1 derivatives of the crossing equations (A.3) are (approxi-
mately) equivalent to
0=> Y ¥ M), (A.7)
i T

where

Ak = X5 (Ajmin + 7)Tjr
A= Aj,min + 7. (A8)

For each j, the 7-sum in (A.7) ranges over a discrete set of nonnegative real numbers.
Equation (A.7) can be rewritten as

0=> 3 Tr(V;,M}7)), Vir=0, (A.9)

where Vj ; is a sum of outer products of ¥”s and is thus positive semidefinite. The vectors
Uj + can be recovered from Vj . via Cholesky decomposition.*”

Thus, if we can find 7’s and Vj;’s such that (A.9) holds, then (A.8) gives a set of
dimensions and OPE coeflicients that solve N + 1 derivatives of the crossing equations and
are consistent with unitarity.

It is simple to find the appropriate 7’s. The solver SDPB returns a vector y € RY which
can be assembled into a = (1,5) € RV*! satisfying the constraints (A.7). Taking the inner

product of (A.9) with a, we find

0= (Vj,T (o Mj(r))> . (A.10)

4TThe matrix V;, typically has low rank, which means that numerically it may have very small negative
eigenvalues. Thus, instead of using a Cholesky decomposition, we simply compute its eigenvectors and
throw out those with very small eigenvalues. For computations in this work, it suffices to keep only the first
eigenvector. We expect low rank matrices because a higher-rank matrix would mean that the determinant
of the functional has a higher-order zero at a fixed A, which is non-generic. An exception occurs if an
operator is isolated in A-space, which is why one can obtain stronger constraints by imposing that the
matrix associated to the e operator is rank-1 as in [55]. We thank Slava Rychkov and Alessandro Vichi for
discussions on this point.
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This implies that each term in (A.10) vanishes individually, since each term is nonnegative.
However, this is only possible if - M;(7) is a degenerate m; x m; matrix. Thus, 7 must
be a nonnegative zero of det (- M;(z)).

The function det (a - Mj(z)) is constrained to be positive for z € [0,00). Thus, its
positive zeros for must be double zeros. In numerical computations, it never actually attains
the value zero, but instead dips very close to to the z-axis. Thus, it’s more convenient to
compute the 7’s as local minima of det (a : Mj(x)), which can be computed as zeros of its
derivative (together with a possible zero at & = 0, which must be checked separately).

The matrices Vj; can be obtained by solving the linear algebra problem (A.9). How-
ever, they are also already encoded in the primal solution computed by SDPB. Let
d; = max, [deg (MJ”(:H))] The primal solution is a vector u € RY where P counts the

number of tuples (j,7,s,k) with 1 <r <s<mj, k=0,..., dj.48 We can assemble u into
symmetric matrices
Uj,k = Xj (l'](gj)) Z u(j,r,s,k)ErSa (All)
T8

where E™ is a symmetrized unit matrix with components
1
(B"™)ap = 5 (5585 + 78%) (A12)

The primal solution satisfies the constraint*’

0=">"Tr (UjuMi (), (A.13)
j?k
where the xl(cj ), k=0,...,d; are “sample points” provided as input to SDPB. This is almost

the desired result (A.9), except that M 7 (z) is evaluated at the sample points x,(j ) instead
of the 7’s. However, since since M ]”(:):) is a polynomial of degree d;, its value at 7 is a

linear combination of its value at the sample points,
d;

M r) =3 Lir, e ) M) (A.14)
k=0

where L(T, xg )) are Lagrange interpolation coefficients. Thus, we should solve the linear
algebra problem

Uik = Y Vi L(7, 29y, (A.15)

This is usually an overdetermined system, since the number of positive real zeros of det (a-
M; (:c)) is typically smaller than the number of sample points d; + 1. We solve it with a
least-squares fit, using the singular value decomposition of L(, a:g )). The validity of the
fit can be verified by checking the crossing equation (A.7).

“We use the notation u instead of [31]’s  to avoid confusion with the sample points acg).
“9This is a combination of the equations BTu = 0 and ¢-u = 0 in [31]. The equation c - u = 0 follows

from equality of the primal and dual objective functions at a solution of the SDP.
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o |z |el|a rT=A—{¢ foo0 feco
¢ + | 0| 1.412625(10) | 1.412625(10) | 1.0518537(41) | 1.532435(19)
¢ + | 0| 3.82968(23) 3.82968(23) 0.053012(55) | 1.5360(16)
+ | 0| 6.8956(43) 6.8956(43) 0.0007338(31) | 0.1279(17)
+ | 0| 7.2535(51) 7.2535(51) 0.000162(12) | 0.1874(31)
T | + |23 1 0.32613776(45) | 0.8891471(40)
T,, | + | 2| 5.50915(44) 3.50915(44) 0.0105745(42) | 0.69023(49)
+ | 2| 7.0758(58) 5.0758(58) 0.0004773(62) | 0.21882(73)
Covpo | + | 4| 5.022665(28) | 1.022665(28) | 0.069076(43) | 0.24792(20)
+ | 4| 6.42065(64) 2.42065(64) 0.0019552(12) | —0.110247(54)
+ | 4| 7.38568(28) 3.38568(28) 0.00237745(44) | 0.22975(10)
+ | 6| 7.028488(16) | 1.028488(16) | 0.0157416(41) | 0.066136(36)
Zo | ¢ | A rT=A—{ freo —
o — | 0] 0.5181489(10) | 0.5181489(10) | 1.0518537(41)
© | = | 0 5.2906(11) 5.2006(11) 0.057235(20)
— | 2| 4.180305(18) | 2.180305(18) | 0.38915941(81)
— | 2| 6.9873(53) 4.9873(53) 0.017413(73)
— | 3| 4.63804(88) 1.63804(88) 0.1385(34)
— | 4| 6.112674(19) | 2.112674(19) | 0.1077052(16)
— | 5] 6.709778(27) | 1.709778(27) | 0.04191549(88)

Table 2. Stable operators with dimensions A < 8. The leftmost column shows the names of the
operators from [20]. Errors in bold are rigorous. All other errors are non-rigorous. Because we
have chosen different conventions for conformal blocks, our normalization of OPE coefficients differs
from those in [20, 68] by (A.17).

We are sometimes interested in solving a program with a nonzero objective function
b € RN. When this objective function is a linear combination of contributions of operators
to the crossing equation, we must simply include those operators in the resulting spectrum.
Their OPE coefficients should be multiplied by the square root of the absolute value of the
objective function at the solution.

An implementation of the algorithm described in this section is available at
https://gitlab.com/bootstrapcollaboration/spectrum-extraction.

A.3 Several operators in the 3d Ising CFT

In this section, we list dimensions and OPE coefficients of 112 stable operators obtained
from the calculation described in section A.1 (and plotted in figures 1 and 2). Most of the
stable operators fall into the families [oc]y (table 3), [ee]o (table 4), [oo]1 (table 5), and
[o€]o (table 6).°0 The rest include o and €, and a few low-dimension stable operators that
are not obviously part of any twist family (table 7). For convenience, we also list all stable
operators with dimension A < 8 in table 2.

0 A unique assignment of an operator to a twist family is not actually well-defined, due to the fact that
the large-spin expansion is asymptotic, and the possibility of mixing between twist families. However, for
all the operators here, there is only one reasonable choice.
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Zo | £ A T=A—/ foco feco
+ 12 |3 1 0.32613776(45) 0.8891471(40)
+ | 4 | 5.022665(28) 1.022665(28) | 0.069076(43) 0.24792(20)
+ | 6 | 7.028488(16) 1.028488(16) | 0.0157416(41) 0.066136(36)
+ | 8 | 9.031023(30) 1.031023(30) | 0.0036850(54) 0.017318(30)
+ | 10 | 11.0324141(99) | 1.0324141(99) | 0.00087562(13) 0.0044811(15)
+ | 12 | 13.033286(12) | 1.033286(12) | 0.000209920(37) | 0.00115174(59)
+ | 14 | 15.033838(15) | 1.033838(15) | 0.000050650(99) | 0.00029484(56)
+ | 16 | 17.034258(34) | 1.034258(34) | 0.000012280(18) | 0.00007517(18)
+ | 18 | 19.034564(12) | 1.034564(12) | 2.98935(46) - 1075 | 0.0000191408(89)
+ | 20 | 21.0347884(84) | 1.0347884(84) | 7.2954(10) - 1077 | 4.8632(23)-107°
+ | 22 | 23.034983(11) | 1.034983(11) | 1.78412(27) 1077 | 1.23201(72)-107°
+ | 24 | 25.035122(11) | 1.035122(11) | 4.37261(60) - 1078 | 3.1223(15) - 10™"
+ | 26 | 27.035249(11) | 1.035249(11) | 1.07287(18) - 1078 | 7.8948(42) - 107
+ | 28 | 29.035344(19) | 1.035344(19) | 2.6409(19)-107° | 1.9992(23) - 1078
+ | 30 | 31.035452(16) | 1.035452(16) | 6.447(24)-107'° | 5.003(20)-10~°
+ | 32 | 33.035473(28) | 1.035473(28) | 1.640(25)-107'° | 1.308(21)-107°
+ | 34 | 35.035632(67) | 1.035632(67) | 3.58(22) 10" 2.90(19) - 10710
+ | 36 | 37.035610(41) | 1.035610(41) | 1.15(13)-10"** 9.6(11) - 10~
+ | 38 | 39.035638(58) | 1.035638(58) | 2.26(71)-10"*2 1.93(60) - 107 1*
+ | 40 | 41.03564(13) 1.03564(13) 7.3(15) - 10713 6.3(13) - 10712
Table 3. Operators in the family [co]o. The first line is the stress tensor T, .

Zo | £ | A T=A~L | froo feco

+ | 4 | 6.42065(64) | 2.42065(64) | 0.0019552(12) —0.110247(54)

+ | 6 | 8.4957(75) | 2.4957(75) | 0.000472(49) —0.0431(48)

+ | 8 | 10.562(12) | 2.562(12) 0.0001084(69) —0.0139(11)

+ | 10 | 12.5659(57) | 2.5659(57) | 0.00002598(39) | —0.004437(62)

+ | 12 | 14.633(21) | 2.633(21) 6.10(33) - 107 | —0.001224(60)

+ | 14 | 16.6174(75) | 2.6174(75) | 1.417(34)-107% | —0.0003791(54)

+ | 16 | 18.678(24) | 2.678(24) 3.547(59) - 1077 | —0.0000972(64)

+ | 18 | 20.654(22) | 2.654(22) 7.99(90) - 107% | —0.0000284(26)

+ | 20 | 22.651(27) | 2.651(27) 1.83(13)-107% | —7.58(47)- 107

+ | 22 | 24.671(18) | 2.671(18) 4.55(72) -107° | —2.09(19) - 107°

+ | 24 | 26.681(20) | 2.681(20) 1.168(29) - 1079 | —5.67(17) - 1077

+ | 26 | 28.706(24) | 2.706(24) 2.81(17) - 1071° | —1.49(11)-1077

+ | 28 | 30.6923(81) | 2.6923(81) | 6.69(36)-10""" | —4.162(88)-10~®

+ | 30 | 32.702(11) | 2.702(11) 1.62(16) - 107 | —1.066(59) - 10~®

+ | 32 | 34.718(17) | 2.718(17) 4.15(42) -107'? | —2.83(18)-107°

+ | 34 | 36.717(16) | 2.717(16) 9.44(77) - 10713 | —7.33(59) - 107'°

+ | 36 | 38.697(17) | 2.697(17) 2.40(39) - 10713 | —2.12(34) - 107

+ | 38 | 40.701(19) | 2.701(19) 5.4(17)-107* | —5.2(15)- 107"

+ | 40 | 42.726(18) | 2.726(18) 1.59(49) - 107 | —1.55(48) - 107!

+ | 42 | 44.729(15) | 2.729(15) 4.2(12) - 107 | —4.4(11)-107*2

Table 4. Operators in the family [e€]o.
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ZQ l A T=A—-"¢ foaO feeO

+ [ 0 | 3.82968(23) | 3.82968(23) | 0.053012(55) 1.5360(16)

+ | 2 | 5.50915(44) | 3.50915(44) | 0.0105745(42) 0.69023(49)

+ | 4 | 7.38568(28) | 3.38568(28) | 0.00237745(44) | 0.22975(10)

+ | 6 | 9.32032(34) | 3.32032(34) | 0.00055657(42) | 0.06949(11)

+ | 8 | 11.2751(24) | 3.2751(24) | 0.00013251(91) | 0.01980(15)

+ | 10 | 13.2410(10) | 3.2410(10) | 0.00003234(15) | 0.005459(39)

+ | 12 | 15.2301(64) | 3.2301(64) | 7.64(14)-107° 0.001538(22)

+ | 14 | 17.1944(55) | 3.1944(55) | 1.930(46)-107° | 0.000386(14)

+ | 16 | 19.1950(62) | 3.1950(62) | 4.568(72)-10"" | 0.0001107(16)
+ | 18 | 21.1720(23) | 3.1720(23) | 1.153(27)-10"" | 0.00002798(33)
+ | 20 | 23.167(10) | 3.167(10) 2.74(11) - 1078 7.45(52) - 1076
+ | 22 | 25.163(10) | 3.163(10) 6.88(22) - 107* 1.937(51) - 1076
+ | 24 | 27.1491(82) | 3.1491(82) | 1.716(45)-107° | 4.92(42) - 1077
+ | 26 | 29.1460(53) | 3.1460(53) | 4.183(78)-107'° | 1.347(62) - 10"
+ | 28 | 31.1306(52) | 3.1306(52) | 1.056(50)-107'° | 3.35(10)-107®
+ | 30 | 33.126(12) | 3.126(12) 2.54(10) - 107t | 8.35(42) -107°
+ | 32| 35.1299(77) | 3.1299(77) | 6.71(17)- 10 2.36(13) - 107°
+ | 34 | 37.1174(64) | 3.1174(64) | 1.39(14)-107'2 | 4.87(48) - 10™'°
+ | 36 | 39.1079(78) | 3.1079(78) | 4.84(56)-10~*? 1.70(17) 10710
+ | 38 | 41.101(29) | 3.101(29) 8.4(28) - 107 2.5(11) - 107
+ | 40 | 43.102(18) | 3.102(18) 2.63(64) - 107'* | 9.0(26) - 1072
+ | 42 | 45.116(27) | 3.116(27) 7.9(22) - 10715 3.42(95) - 10712

Table 5. Operators in the family [oo];.

We estimate errors as standard deviations in our sample set of 60 partial spectra. It
is important to remember that these error estimates are non-rigorous (in contrast to the
In fact, the tables show
that this method of assigning errors is imperfect. In table 6, for example, the precision

bounds on Ay, A, fose, and fee, in (2.1), which are rigorous).

of the OPE coeflicients f,.0 varies significantly at large £. For instance, the error for the
OPE coefficient of [o€g ¢=27 is 0.3%, while the error for [o€g =28 is 2%. It is surprising
that these should be so different. Perhaps a wider scan of the boundary of the allowed
region Ay would equalize the errors somewhat. Regardless, the reader should take the
error estimates with a grain of salt.

Because we have chosen different conventions for conformal blocks, our OPE coefficients
are normalized differently from those in [68]. Specifically, the leading terms in the conformal
block expansion are given by

212 B34 At _Ate
f12of430Gh o asig A+Z(Z Z) = fizofizoz 2 2 2 4., (here),
V) A-t_ave .
f120f34ogA12’A34(Z,Z)=f120f340(—1)£((2y))22 FEE b (in[68),  (A6)
where v = % = % Using fiz0 = (—1)% f340, we find
(V)0 ]
= . A.17
[[120f310] ;000 [f120f340 )10 |1 68 (A.17)
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Zy | £ | A T=A—1¢ Joeo

— | 2 | 4.180305(18) | 2.180305(18) | 0.38915941(81)
— | 3 | 4.63804(88) 1.63804(88) | 0.1385(34)

— | 4 | 6.112674(19) | 2.112674(19) | 0.1077052(16)

— | 5 | 6.709778(27) | 1.709778(27) | 0.04191549(88)
— | 6 | 8.08097(25) 2.08097(25) | 0.0286902(80)

— | 7 | 8.747293(56) | 1.747293(56) | 0.01161255(13)
— | 8 | 10.0623(29) 2.0623(29) 0.00745(21)

— |9 | 10.77075(36) | 1.77075(36) | 0.003115(12)

— | 10 | 12.0492(18) 2.0492(18) 0.001940(19)

— | 11 | 12.787668(92) | 1.787668(92) | 0.000823634(82)
— | 12 | 14.0383(33) 2.0383(33) 0.0004983(88)

— | 13 | 14.80006(51) | 1.80006(51) | 0.0002150(10)

— | 14 | 16.0305(12) 2.0305(12) 0.0001291(12)

— | 15 | 16.81009(16) | 1.81009(16) | 0.000055870(15)
— | 16 | 18.025(11) 2.025(11) 0.0000313(30)

— | 17 | 18.81794(18) | 1.81794(18) | 0.0000144219(91)
— | 18 | 20.01947(94) | 2.01947(94) | 8.442(28)-107°
— | 19 | 20.8246(11) 1.8246(11) 3.690(54) - 107°
— | 20 | 22.0152(36) 2.0152(36) 2.131(28) - 107°
— | 21 | 22.83035(11) | 1.83035(11) | 9.5120(13) - 107"
— | 22 | 24.01143(53) | 2.01143(53) | 5.4746(61) - 107"
— | 23 | 24.83518(65) | 1.83518(65) | 2.428(11)-107"
— | 24 | 26.00809(94) | 2.00809(94) | 1.3908(17)- 107"
— | 25 | 26.8394(13) 1.8394(13) 6.16(18) - 1078

— | 26 | 28.0045(17) 2.0045(17) 3.523(20) - 1078
— | 27 | 28.84330(31) | 1.84330(31) | 1.5809(50) - 1078
— | 28 | 30.0042(38) 2.0042(38) 8.86(18) - 107°

— | 29 | 30.84667(23) | 1.84667(23) | 4.0311(33)-107°
— | 30 | 31.99996(74) | 1.99996(74) | 2.2555(81)-107°
— | 31 | 32.84955(61) | 1.84955(61) | 1.0144(28)-107°
— | 32 | 33.9976(28) 1.9976(28) 5.82(11) - 1071
— | 33 | 34.85245(50) | 1.85245(50) | 2.669(34)-1071°
— | 34 | 35.99600(99) | 1.99600(99) | 1.374(72)-107*°
— | 35 | 36.85548(90) | 1.85548(90) | 5.94(34) 107!
— | 36 | 37.9939(12) 1.9939(12) 4.02(45) - 1071
— | 37 | 38.85691(49) | 1.85691(49) | 1.99(19)-10~"
— | 38 | 39.9895(17) 1.9895(17) 9.5(18) - 1072

— | 39 | 40.8583(11) 1.8583(11) 3.7(13) - 1072

— | 40 | 41.9886(15) 1.9886(15) 2.50(96) - 10712
— | 41 | 42.8607(14) 1.8607(14) 1.32(24) - 1072
— | 42 | 43.9915(21) 1.9915(21) 7.9(19) - 10713
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Zo | 0] A T=A—1t fro0 feco

+ | 0| 1.412625(10) | 1.412625(10) | 1.0518537(41) | 1.532435(19)
+ | 2| 7.0758(58) 5.0758(58) 0.0004773(62) | 0.21882(73)
+ | 4| 8.9410(99) 4.9410(99) 0.0001173(21) | 0.08635(18)
+ | 6| 10.975(13) 4.975(13) 0.00002437(59) | 0.02775(17)
+ | 0| 6.8956(43) 6.8956(43) 0.0007338(31) | 0.1279(17)
+ | 0| 7.2535(51) 7.2535(51) 0.000162(12) | 0.1874(31)
Z, | ¢ ] A r=A—1{ frco —

— | 0] 0.5181489(10) | 0.5181489(10) | 1.0518537(41)

— | 0| 5.2906(11) 5.2906(11) 0.057235(20)

— | 2| 6.9873(53) 4.9873(53) 0.017413(73)

Table 7. Stable operators not in one of the families [o0]y, [€€]o, [00]1, [o€]o. Errors in bold are
rigorous. All other errors are non-rigorous.

B Sums of SL(2,R) blocks with general coefficients and general spacing

Consider the sum

oh
> 5P (W)k2n(1 any +Zy ag[p, 8](ho) log y + Br[p, 8](ho)) ,  (B.1)
h=ho-+l+5(h)
(=0,1,...
with general coefficients p(h), and where the weights are the solutions of

h=ho+{+0d(h), ¢=0,1,.... (B.2)

To compute the Casimir-singular terms, we must match asymptotic expansions

h) ~ > caSa(h). (B.3)

a€A

To compute Casimir-regular terms, we expand kop, (1 — z) in small y and naively switch the
order of summations,

Z ak( N 00 (- T 1<h>>> (B.4)

We must now regularize the sum over h. Using 3 a =1+ ah , one can show

O~ S ) =

o~ o S(ho+0)™ [ T(2(ho +10))
n;)aho (p(ho +4) p (— T(ho £ )2 T j1(ho+£)) |- (B.5)
Now form the asymptotic expansions
o(h)™ m
23 s (8.6)
’ a€Am
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with coefficients (™ and sets Ay (When m = 0, these reduce to ¢, and A above.) Note

II:E}QL})Q S.(h) = (1—-2h)T,(h) ~ h=227L. The derivative 9, decreases degree in £ by 1.

Thus, the combination

fell, ho) =
oh (2h)> -
Py (=== o7 (1= 2(ho + 0)) Tu(ho + OT—k—1 (ho + )
aep(r(h) kl);ggh h< 0 +0)Tu(ho k=110 )

(B.7)

falls off faster than 7', so its sum over ¢ converges. Here, we must choose M so that
min(A,,) > k—m/2 for all m > M. If § approaches zero as h — oo, it is sufficient to take
M > 2k — 2min(A).

Summing (B.7) over ¢ and adding back the regularized sum of the subtractions, we find

Z > MO An k-1 (ho) +ka€ ho) - (B.8)

m=0 a€Ap =0
a<k—m/2

Note that fx(¢,ho) as we've defined it is analytic in k, so we can form the derivative
Bk[p, 8](ho). The above result generalizes easily to the case of alternating or even sums,
where we must simply replace A — A~ or A — A" and modify the sum over ¢ appro-
priately.

B.1 Special cancellations between singular and regular parts

We sometimes encounter sums where both the Casimir-singular and Casimir-regular part
naively diverge, but the divergences cancel to leave a finite quantity. This occurs in sums
over un-mixed blocks with coefficients lim._,o I'(—€)2S.(h) and in sums over mixed blocks
with coefficients T'(—¢)S.* (k). In such sums, the naive Casimir-singular parts are propor-

€E—T
tional to
11 2 2
lim T'(—€)%y flog y+hm< 2+Ogy+7+2’ylogy+2’y2+w> (B.9)
e—0 € € 6
or in the case of mixed blocks
_ ) (1
ImT(—e)y™" = —y "logy — limy T(—i—'y) . (B.10)
e—0 e—0 €
We define regularized quantities @y by replacing So(h) — Sc(h) and S”7(h) — S.°.(h),
adding the quantities in parentheses in (B.9) or (B.10) to ag, and then taking the limit

e — 0. Examples of this procedure are given in (6.22) and (6.29). In general, we must
apply it whenever the asymptotic large-h expansion of p(h) contains terms of the form
lime_o T'(—€)2Sc(h) or T'(—¢)SL%,(h).

€E—T
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Figure 21. The Casimir-singular part of the above diagram is the same, whether we interpret it
as [db],, exchange in the 12 — 34 channel or [ac],, exchange in the 23 — 14 channel.

C Box diagrams

We claim that the Casimir-singular part of the box diagram in figure 21 is the same
whether we read the diagram from left-to-right or bottom-to-top. Consequently, the
Casimir-singular part of the sum of box diagrams over all possible internal legs is crossing-

symmetric.”!

We can regard any CFT as a 2d theory with SL(2,R) x SL(2,R) symmetry. If our
claim holds in 2d, it holds in general dimensions. A benefit of working in 2d is that tensor
structures are extremely simple, so we can prove the claim for external operators of any
spin (not just scalars).

Some conventions in 2d theories are different from those in the main text. We have
the two and three-point functions

1

2h=2h
212712

(p(21,21)9(22,Z2)) =

_ _ _ 1 _
(91(21,71) P2(22,22)3(23, 23)) = J123 s g —h iy X (2 €0 2). (C.1)
212 %23 31

In unitary theories with these conventions, operators satisfy the reality property

¢(z,2)" = (-1)'¢(2,7) . (C.2)

That is, even-spin operators are real and odd-spin operators are imaginary. The three-point
coeflicients have the same reality properties as the product of operators. They satisfy the
symmetry property fape = frae(—1)%t%+te and similarly for other permutations.

51This is equivalent to the claim that exponentiation of the twist Hamiltonian in section 7 is consistent
with crossing-symmetry at asymptotically large spin, to second order.
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Consider a four-point function (¢; - - - ¢4) where the operators ¢; have weights (h;, h;)
(not necessarily equal). We have the conformal block expansion

T
<¢1 (Zl’ 22) o ¢4(Z4’ Z4)> = hiths hstha Zh12+h34 x (Z < Z)

21”43 31 o
X3 fraafsakiyt " ()R (). (C.3)
a

The crossing equation reads

——h1—h hi2,h hio,h3a = _ . —hi—h ha2,h h3o,h —
g Y fiaafaiako) " (1= 2)kp2 " (2) = y MY fosafaakogs " (22 (1-2)
a a

(C.4)
On the right-hand side, we have the expansions
— — — — 0 — — _ — —
@h1+h3kg%2hl4(l —7) = ZK]];321’114 (h@)yk+h1+h2 + (361,26 4), (C.5)
k=0
oo
ho —h ho —h
y i) = 3 o= R0 Sk ottt (o)
m=0 O)mm~

On the left-hand side, this matches to the contribution of the double-twist operators [12],,.
We have

Mapizg, (M) Azaizg, (B) ~ D fosafa1a0®H (h) B34 (n) + (=1)F0+2(1 5 2)

= ha — h32)m(ha — h14)m m
ag®(h) =) ( (322;)1 )( - 1) (=)™ Sy (D) (C.7)
m=0 a/mie
B () = Y Kt (%)SE;%% (h1 + ha +n). (C.8)
k=0

As in section 5.3.3, the \'s differ from the f’s by a Jacobian factor %. To get the first

line, we used fup. = (—1)4““1’“0 frac- One can check that swapping 3 <> 4 gives the same
quantity as swapping 1 <> 2 because

(_1)él+£2f13af42a = (_1>£3+£4f24af31a s (Cg)

and
a2 (h) ~ a2 (n), (C.10)
ﬂ2134(n) — ﬂ;243(n) ) (Cll)

(Here, “~” means the two quantities have the same large-h expansion to all orders in 1/h.)
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Let us now look at the contribution of the double-twist operator [bd], in the 12 — 34
channel. We have

Mo, (W) \12ipa, () Z Fara faza™ () BE (n) + (=1) (b & d)
Adbfpd],, (M) A34fpay,, (1) Z Frzefera0 (h) I (n) + (1)t (b 5 d)
Adblbd],, (R) Avdjpd,, (R) ~ Sﬁl}fﬁ‘ﬁ’d(h)sflfi‘%d(hb +hatn)+ ... (C.12)

where we have used fupe = feap. Thus,

ab™2(h)ag™ (k) BA™2 (n) 2% (n)

C

A12(bd],, (B) Ay, (h Z fatafazb foacfead

Rpa b R —
Sohta(l)  S™Met (R 4 hg + )
+bed)+..., (C.13)
where “...” represent terms proportional to (—1)5 which do not contribute to the Casimir-

singular part.
Now we would like to compute the Casimir-singular terms in

g Z Frofoa,, () Fagjpay, (kg2 (1 = z)k;%:;i‘*(z). (C.14)

Isolating the contribution from a, ¢, the sums factorize into holomorphic and antiholomor-
phic parts. The antiholomorphic sum is

5 B2 (n)BE (n) phafs () o
0 ST (g oy ) 2R

o~ BER(n)BIF () (hy + a4 1 — 1) (o + B+ 1 — Piga)m (—1)mghothatntm

n,m=0 Sﬁbjﬁ(ﬁ? (E + Ed + n) (Z(Eb + Ed + n))mm'
Z Z Bbde )Bdb34(n) (Eb+Ed+n:513)m—n(ﬁb+ﬁd+ﬂ—534)7,17“ (_1)m_nyﬁb+ﬁd+m.
=0 n=0 s’w ’Ldb (hp+ha+n) (2(ho+ha+n)) _ (m—n)!

= > rmmasam)y e, (C.16)
m=0

where

VW;EEEE(WL)
i(_l)mfn Bgde(n)ng34(n) (Eb + Ed +n— El2)m—n(ﬁb + Ed +n— E34)m—n

= sl (o, 4 Tog + ) (@0 + ha+n)),_(m—n)
(C.17)
Meanwhile, to do the sum over h, we must find a large-h expansion
a2d12(h) db34 .
Shz;;z,hdhb Z St e by — g () - (C.18)
—p— d
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We claim that these coefficients are
Cm = Y3214;bade(M) - (C.19)
That is, we have the truly remarkable identity
ag™(h)ag"™(h) < Ghizhas

Shbdvhdb (h) ~ Z 73214§badc(m) ha+hc—h1—h3+m(h) . (020)
—hp—hyg

m=0

Thus, we obtain

(Z > farafazs fosefera32140ade (M) Vizgzasea(n) + b d>

a,c mmn

% yhaJrhc*hl*h3+myﬁb+ﬁcﬁﬁlfﬁs+n (0‘21)
We should sum over unordered pairs b,d, with weight 1/2 for the case b = d because
only even-spin operators are present. This is equivalent to dropping the second term and
summing over ordered pairs b, d. Overall, the Casimir-singular part in y,7 is

o0
Z Z fdlafa2bfb3cfc4d73214;badc(m)’Ym;agzg(”)yhﬁhC_hl_h3+m?hb+hd_h1_h3+n-
a,b,c,d m,n=0

(C.22)
The summand is invariant under (1,a,d,y,m) < (3,b,¢,7,n) and multiplication by the
phase (—1)a+f+6+04 coming from the prefactor in the crossing equation (C.4). Thus, the
above result is crossing-symmetric.

There are some special cases of this calculation that we must take care with. Each
special case will require us to modify the calculation slightly. We should check that the
results are still crossing-symmetric after these modifications.

Suppose hg + hy = hy + ho. For simplicity we assume [bd] = [12], though this is not
actually necessary. Then in the 1,2 — 3,4 channel we have

7Y iopa), (W) faapal, Wk sh sy, /2 (kg™ (1 = 2) = (C.23)
n,h
— P —hs Y12, (h)
Yy ; f12[12}n(h)f34[12]n(h)72
1 8 8 E12,534 =\ 7.h12,h34
X 5 (ahl + 8h2) kQ(Eri-Ez-i—n) (Z)k2h (1 — Z) + ... (024)
The combination above is
7[12],L(h) . - = - -

fi2p2), (B) faapa), (h) =5~ lim (hy + hg — h1 — h2) fiapa), () faappa), (h) - (C.25)

2 b,d—1,2

Recall that we are interested in computing only the Casimir-singular terms with respect
to the crossed-channel. The Casimir-regular terms are proportional to

@kfﬁz‘ﬂr%’ gkfm +hy (0.26)
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Only the parts proportional to gF=3+h2 logy or yF—m1+h4 1ogy are Casimir-singular. To
determine them, we can use

0 .S /— TS — > —k—+h
ﬁkﬁ (2) = log T k17 (2) + kz S T (C.27)
=1

Thus,

s 7.1 0 0
——hi—h hi12,h34 -\ _ ——hi1—h h12,has = _
v <3I”L1+0h2>k(h1+h2+n)( ) =T ke B T T (C28)

and the Casimir-singular terms above are

—_hi—h _ V120, (M) 7ok _
g logy Y f12[12]n(h)f34[12}n(h)%k;(%ff%ﬁn)(z)kg}f’h“(1 —2) =
n,h

lim (hg+ hy — b1 — h2) fara faon fo3efead
b,d—2,1
X E V3214;bade (M) V13323502 (1) ¥ yhathe=m=hatmpghethi=hi=hs+tn 1607
(C.29)

The y-Casimir-regular terms in the 12 — 34 channel start at n = 1 (i.e. not at leading
order in 7), because of the fact that k,; has leading order yﬁ, with a coefficient that is
independent of h.

In the case where we have [db] = [12] = [34], the Casimir-singular terms are given by
expanding to second order in the anomalous dimension 719, -

__ hiz,h
hi—hs Zle[lZ]n 2(h1+h2+n+’7[121n/2)( )]{;2’112 34(1 — z) = (C30)
,_h 7[12]n(h) 2
. Z frenay, (05 ( =5
/o oY
hia,h —\1.h12,h
) <2 (c’)h ! 8h>> Fali oy PV =) b (C31)
This time, only the log7? terms are Casimir-singular. By similar logic as before, they are
given by
T2
biln’% ) 2(hd + hy — h1 — h2)? fara faos fosefead
X Z V3214; badc '71234 abcd( ) X yha+hc_h1_h3+m?hb+hd_hl_h3+n 10g2 Y, (0'32)

where 3,4 = 1,2 or 3,4 = 2,1, depending on which correlator we’re studying. The Casimir-
regular terms start at order n = 1, by the same logic as before.

Another type of special case is when h, + h. = hy + hg or hy + he = hs + hg or
both. Naively, this leads to poles in the holomorphic part of the Casimir-singular terms.
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However, the Casimir-singular and Casimir-regular parts combine to give a finite result
in these cases. (We saw an example in section 6.2.) In the first case, we have a sum
proportional to

lim T(—a—r) Y Sy (kg (1 - 2)
h

I D(-a)? (D=1 Aralhe) )
o a1—1>H—17-F( a=r) (y + sin (ﬂ'(s—r)) (—a—r)T'(—a—s) < I(l1+s—r) Yy (r < s)
=—y "logy+1[...]y, (0'33)
where
r = hig, s = hsq, a=hg+ he.—h1 — hg, (C.34)

and hg + he = h1 + hy. The correct Casimir-singular term (C.33) can be obtained by
multiplying the naive answer (containing the pole in hy + hg — hg — he) by

(ha + he — hy — hy) logy (C.35)

and then taking the limit. This is exactly the same prescription we gave for curing A poles
in (C.29), and the two special cases are related by crossing.
Finally, if Ay + he = h1 + hg = ho + hg, then we have

1
. 2 , s _ — 2
al_l)H_lrF(fa — ) Eh SeT(h)kyy (1 —2) = Y. "log®y +[... ]y, (C.36)
where now [...], includes y~"logy and y~" terms. To get the correct Casimir-singular

part, we multiply the naive answer by
2l. o
(hg + he — h1 — hy) 3 log“y (C.37)

and then take the limit. This exactly corresponds with the prescription for h double
poles (C.32), and again these cases are related by crossing.
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