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1 Introduction

Conformal field theories (CFTs) with large N structure are quite important since they
can be utilized to investigate holographic dual gravity theory among others. In particular,
CFTs with higher spin symmetry broken in 1/N are useful to examine symmetry breaking
in dual higher spin gauge theories. In [1, 2], the critical O(N) scalar model and the
Gross-Neveu model [3, 4] in d dimensions were studied, and the anomalous dimensions of
higher spin currents in these models were reproduced by applying the method of conformal
perturbation theory. A famous example of higher spin gauge theory on AdS space is given
by Vasiliev theory [5-7], and the two models are supposed to be holographic dual to the
type A and type B Vasiliev theories [8-10]. The anomalous dimensions of higher spin
currents correspond to the masses of higher spin fields, and the CFT computation in the



conformal perturbation theory was interpreted from the bulk theory in terms of Witten
diagrams. This paper addresses a continuation of these works.

Higher spin gauge theory is expected to describe superstring theory in the tensionless
limit [11], and turning on string tension should correspond to breaking higher spin gauge
symmetry. In [1, 2], the double-trace type deformations of free O(/N) bosons and free
U(N) fermions were examined, but there are only two fixed points, where one of them
is free and the other is interacting with higher spin symmetry broken in 1/N. Since the
string tension is a parameter of theory, it should be mapped to a marginal deformation of
CFT dual to higher spin gauge theory. Therefore it is better to work on a model which
has higher spin dual and admits marginal deformations. As a simple example, we examine
N = 2 supersymmetic U(N) model with N free complex scalars and fermions in three

dimensions.

The model is proposed to be dual to a supersymmetric Vasiliev theory on
AdS4 ]9, 10], and it admits deformations exactly marginal at least to the 1/N order.

We compute the anomalous dimensions of higher spin currents in the deformations
of supersymmetric model to the 1/N order but to all orders in deformation parameters
mainly with the help of conformal perturbation theory. Furthermore, we interpret the
CFT computation in terms of bulk higher spin theory. Let us denote ¢’ and 3 (i =
1,2,...,N) as the free complex bosons and fermions in the supersymmetric model. A

marginal deformation of the theory is given by
AyS = A/d%@(x)@(x) (1.1)

with O = ¢i¢y; and O = ¥'ep;. The scalar operators are dual to bulk scalar fields, and the
deformation corresponds to mixing the boundary conditions of these scalars [16]. Higher
spin symmetry is broken with non-zero A, and the anomalous dimensions of higher spin
currents are obtained to the 1/N order but to all orders in A, see (3.22) below. There is
another type of marginal deformation as

AgS = n/dgxlg(:c)lC(w) (1.2)

with K = ¢%); and K = 1)'¢;. The fermionic operators are dual to bulk fermionic fields,
and the deformation corresponds to mixing the boundary conditions of these spinors. The
anomalous dimensions of higher spin currents are computed to the 1/N order but to all
orders in k, see (4.19) below.? We can include both the deformations simultaneously, and

supersymmetry is preserved when 2\ = k.3

! Another type of examples are given by Chern-Simons-matter theories in three dimensions [12-14], and
the anomalous dimensions of higher spin currents have been computed in [15] recently.

2The anomalous dimensions are computed in conformal perturbation theory up to the x? order. Higher
order corrections in k are examined in a different method as used in [17] for the Gross-Neveu model in 1/N-
expansion. The method is enough to obtain the all order expression of anomalous dimensions. However, it
is suitable to use the conformal perturbation theory if one wants to relate with dual higher spin theory.

3The condition can be derived by writing the marginal deformation preserving supersymmetry with
superfields and expanding it in terms of component fields as was done in [9]. The same condition can be
obtained also from the dual gravity theory. The boundary conditions of bulk scalars and spinors preserve
supersymmetry when their deformation parameters are the same, see, e.g., [18]. The parameters correspond
to A, & in (3.14), (4.13), thus the condition is deduced from \ = &.



Figure 1. One-loop Witten diagram for the two point function of dual higher spin current.

Figure 2. Bulk-to-bulk propagator along the loop may be replaced by the product of bulk-to-
boundary operators and boundary two point functions.

We adopt the conformal perturbation theory to compute the anomalous dimensions,
which enables us to borrow the previous results in [1, 2]. The main reason to use the method
is that the CFT computation can be understood in terms of bulk theory. The relation is
known between the masses of higher spin fields and the anomalous dimensions of dual
higher spin currents, which may be read off from two point function of the currents. The
two point function is computable from the bulk theory through Witten diagrams and the
contributions to anomalous dimensions arise from loop diagrams as in figure 1. However,
the bulk one-loop computation is notoriously difficult in higher spin gauge theory as is well
known for gravity theory with spin two gauge field.

In [1, 2] (based on previous works in [19-21]) the difficulty is evaded by utilizing the
Witten’s argument in [16] that deforming boundary theory by double-trace type operators is
dual to changing the boundary condition of dual bulk fields. Once we admit the dictionary,
the diagram with modified bulk-to-bulk propagators along the loop can be rewritten as a
product of tree diagrams only with bulk-to-boundary propagators and boundary two point
functions as in figure 2. Furthermore, we can see that the bulk computation with tree
Witten diagrams is equivalent to the boundary one in the conformal perturbation theory
to the 1/N order. Therefore, what we have to do is to show that the modification of
bulk-to-bulk propagators can be written only in terms of bulk-to-boundary operators and
boundary two point functions without relying the AdS/CFT dictionary. This was already
done for the bulk scalar fields in [19-21]. For the holography with 3d O(N) scalars, it was
applied in [1], and the same idea was already suggested in [20]. In this paper, we first



repeat the analysis of [21] in a slightly different way as was done in [19, 20], and then apply
it to the case with bulk spinor fields.

The organization of this paper is as follows; in the next section, we introduce the
supersymmetric model with free bosons and fermions, and write down our notation for
higher spin currents. Then we explain how to read off the anomalous dimensions form two
point functions of higher spin currents in conformal perturbation theory. In section 3, we
compute the anomalous dimensions in the presence of deformation (1.1). We first obtain
them to the A\? order and then incorporate higher order corrections. In subsection 3.3, we
re-examine the model in the formulation with auxiliary fields. In section 4, we study the
case with another marginal deformation (1.2). In section 5, we derive the map from the
one-loop diagram as in figure 1 to a product of tree Witten diagrams as in figure 2. We first
reproduce the known result with bulk scalar propagators and then extend the analysis to
the case with bulk spinor propagators. Section 6 is devoted to conclusion and discussions.
In appendices, the detailed computations of Feynman integrals are given.

2 Preliminary

We examine supersymmetric U(N) model in three dimensions consisting of N complex
scalars ¢ and Dirac fermions ' (i = 1,2,--- , N). The free action is given by

5= [ a0+ vu] (21)
where the Gamma matrices satisfy {v#,7"} = 2¢"”. Two point functions are

6 5 1

(@' (21)# (22)) = C¢@, (@' (21)d (w2)) = —Cqsf%@, Co=p. (22
in the coordinate representation and
- AN ip5s
(¢*(p)¢’ (=p)) = ek (V" (p)¢’ (=p)) = “WE (2.3)

in the momentum representation. Here and in the following we adopt the formula of Fourier
transform as

o (p) / L pa)e e (2.4)
= [ —==P(x)e . .
p (27)3/2
In the current case, we should set ® = ¢' or ".

The free boson and fermion theories have conserved currents Jy,,...,, and ju1--~us with
traceless symmetric indices. Introducing null polarization vector € with €-e = 0, we denote
(@) = Jyyepy (x)e - - e and JE(x) = Jyy.p, (x)e - - efs. For the explicit forms, we

use the conventions in [22] as

s k(S s—1
Js(z) = Zaké%iés_kﬁbi, ag = (1t @ (Sk_ll/Z) , (2.5)
k=0 2 (%1)2)




and

s—1
Zakﬁkz/) SOTR L ap = (—1)k( F )(,5’““/2) (2.6)
(172)
Here we have represented as
d=e€-0, A=e-y=¢. (2.7)
With the expressions, the two point functions are computed as (see [2] and references
therein)
s € € (‘%12)28 S—
Dg = (J5(@1)J5(22)) = CSW, Cy =22 2NC3sT'(2s), (2.8)
and
Ms — / J€ Fe A (j"12)25 2s 2
DO = <Js(x1)Js(x2)> = CSW’ C =2 NC (23) (29)
The relations
Cy =2%72C, or Dj=22s"2Dj (2.10)
will be used for later analysis.
We deform the free action (2.1) by adding
Ay S =A\S+ALS, (2.11)

where A)S and A.S are given in (1.1) and (1.2), respectively. We treat the additional
part in conformal perturbation theory as

n n T e*Ax,nS
<H <1>a(:ca)> = <Ha:1<i“(m:s>o o, (2.12)
a=1 W

Here @, is an operator and the right hand side is computed in the free theory.

In the presence of deformations, the higher spin currents J¢(z) and J¢(z) are not con-
served anymore and possess anomalous dimensions. We read off them from the two point
functions of higher spin currents by using the modified correlators as in (2.12). In the cur-
rent case, there are two types of higher spin currents, and we would meet a diagonalization
problem to obtain the anomalous dimensions, see, e.g., [23]. Denoting two independent
linear combinations as Js“(z) with o = 1,2, the two point functions are of the forms
)28

(15 (1) I () = N — (012

which are fixed by the symmetry. Here we have used Z12 = € - x12. We may change the
basis for Jg*(x) such that

NOB = 698 4 n28 L O(N72), N8 = 59812 L O(N72) (2.14)
with ng?, ~% of order 1/N. Then the two point functions become

(T (@1) I (22))am

) 5a,8 « (j12)28
1+ 8 (1,‘%2)1—’_2

2s

ap (212)

g (@1
- 5 (x%2)1+25

@ )2 log(x25) + n¢



Therefore, the anomalous dimension v¢ of Jg'* to the 1/N order can be read off from the
factor in front of log(xz2,).

3 Deformation with bosonic operators

In this section we deform the supersymmetric model by (1.1) and compute the anomalous
dimensions of higher spin currents. We first study them to the first non-trivial order in
the deformation parameter A in the next subsection and then systematically include higher
order corrections in subsection 3.2. In subsection 3.3, we rewrite the deformed action by
introducing auxiliary fields, and examine the relations to previous works on the critical
O(NV) scalars and the Gross-Neveu model such as in [2, 24].

3.1 Anomalous dimensions to the first non-trivial order

We deform the free theory by the marginal deformation in (1.1). The two point functions
of the scalar operators O(z) = ¢'¢; and O(x) = ¥i); at A = 0 are given by

Ncg _ _ 2NC’¢2)
(O(@1)0(22))o = —5—» (O(@1)O(22))0 = —55 - (3.1)
D) (z75)

We would like to compute the two point functions of higher spin currents in the presence
of marginal deformation. The modified correlators in (2.12) to the first non-trivial orders
both in A and 1/N are

(JE (1) JE(m2))n = (J5 (1) I (w2))o + N1 + O(XY), (3.2)
J&(1) JE(22))n = (JE(21) JE ()0 + ALz + O(AY),

(J5(
<J§(.’L’1) (.%'2)))\ = )\213 + O()\4) .

8

Here I, Is, and I3 are defined by the following integrals as

Il = ;/d3:1;3d3:c4<J§(£C1)J;(:Izz)@(xg)(’)(x4)>g<(’5(a:3)(’j(:c4)>0, (35)
I, = ;/d3x3d3x4<j§(x1)jg(xg)@(:v3)@(x4)>0<O(;U3)O(x4)>0, (3.6)
I3 = ;/d3x3d3x4<J§(JU1)0(563)0(564)>0<j§(x2)@(333)(7)(x4)>0. (3.7)

In order to read off the anomalous dimensions, we need to extract terms proportional to
log(73,) from the integrals. Such terms from the above integrals have been already obtained
in [1, 2], so we can just borrow the results there. See appendix A.1 for details.

As explained in the previous section, we need to solve the diagonalization problem to
obtain the anomalous dimensions by choosing a proper linear combination of currents to
satisfying the conditions (2.14). In the present case, the proper choice turns out to be
1 1

JE+ JE. (3.8)

Js,:i: _
® 205 20,




The two point functions of these currents are
(T (1) J5 (w2))x

1 1 S
= (J&E (1) JoE (22))o + N2 L4+ —I+—I3] + O\, (3.9)

2C, 20 20,

s

where we have used a relation in (2.10). Using the results in appendix A.1, the anomalous
dimensions to the A\? order and to the leading order in the 1/N-expansion are read off as*

AN (s—1)(s+1) AZN s
* = 4
T = 1272 (2s — 1)(2s + 1) FPs 872 (25— 1)(2s + 1) + O(\) (3.10)
with ) o
P, = +(2_) (3.11)

Thus we have
L+ AN (s—1)(s+1)

YT e s —D2s+ 1) O (312)

for odd s and )
MN sF2
+ 4
=———+0(\ 3.13
for even s. Here Jle’i correspond to spin 1 currents for global symmetry U(1) ® U(1) €
U(N) ® U(N), which are not broken by the deformation as vif = 0. Moreover, J5"

corresponds to the energy momentum tensor, and hence we have ’y;“ =0.

3.2 Higher order corrections

We would like to move to the higher order corrections in the A-expansion. A large part of
corrections can be incorporated simply by replacing the parameter A? in (3.12) and (3.13)
by, say, A2/(1 + A\?) with

- N

However, not all of the corrections can be treated in this way, and new integrals should be
evaluated as well.

A type of correction can be summarized by the replacements of (O(z3)O(x4))o in (3.5)

by (O(23)O(z4))x and (O(x3)O(x4))o in (3.6) by (O(z3)O(z4))x. In the momentum rep-

resentation, the two point functions (3.1) at A = 0 become

N 1 ~

Glr) = OO =51 G0) = OWODlo=—Fhl.  G15)

Therefore, at finite A, the two point functions become

(O(p)O(—p))r = G(p) + N’G(p)G(p)G(p) + AN G(p)G(p)G(p)G(p)G(p) + - -

= G- R+ 3 =) = G

_ 3.16
14+ A2 ( )

4As in (3.14) below, a convenient parameter is not A but A= N)/8. Therefore, we take large N but
keep A finite. In this sense, the expressions in (3.10) are of the 1/N order and of the A\? order.



and similarly
1

14+ X2
Therefore, the corrections of this type simply replace A2 by A2/(1 4 A2). For (3.7) we may

(O(p)O(p))r = G(p)

rewrite as
A2 I
Wl =5 [ b and ssd oo T5(00)O(e2) O(wa))ol 5 (22)O(a5) Ol
x 60 (235)8®) (246) . (3.17)

Higher order corrections modify the delta functions (or the identities in the momentum
representation) as

14 X G(H)G0) + NCOEDCRIGr) + - = — . (3.15)
This means that we should replace each A by A/(1 4 A2), i.e., A2 by (A/(1 + A2))2.
At the \* order, we can see that the following new types of integral appear as
I = ;/d3x3d3x4d3x5d3x6<J§(x1)O(xg)(’)(x4)>0<J§(x2)(9(m5)(’)(x6)>0 (3.19)
x (O(23)0(x5))0(O(x4)O(x6))o ,
Is = ;/d3x3d3x4d3x5d3x6<j§(x1)@(xg)@(x4)>o<j§(x2)(§(:n5)@(x6)>g (3.20)

x (O(23)O(25))0(O(24)O(6))o -

The integrals have been already evaluated in [2], and we use the results, see appendix A.1.
Further higher order corrections in A replace (O(z3)O(z4))o with (O(z3)O(z4))y in (3.19)
(and similarly for (3.20)) as before.

Summarizing the above analysis, the two point functions of higher spin currents at
finite A can be given by

8\2 )2 1 1
JE,:I: Je,:l: — Je,:l: Je,:l: () A |: T _ I:|
(S (1) g™ (z2))A = (S (1) g™ (22))0 + N) 1o |, 1+2(J 2

s

s\2( A\ s N EESRANE 1
+(=) | = L+~ . I+ —=1I 21
<N> <1+)\2> 2C 3+<N> <1+/\2) [2@ 4+2Cs 5}’ (321

where we can still use the linear combinations in (3.8). Referring to the results in ap-

pendix A.1, the anomalous dimensions to the 1/N order are thus®

16 N (s—1)(s+1)
CO3NT214 X2 (25— 1)(25+1)

~ 2 ~ 2
8 A 2 s
P ¥Q+P>_<HJJ G-nestn o)

°In CFTs with higher spin symmetry broken in 1/N, broken symmetry still provides quite strong con-

vE

straints on correlators as shown in [14]. The dependence on the deformation parameter A in (3.22) may be
explained by using broken symmetry as was done in [15] for similar parameter dependence in Chern-Simons
matter theories. The same argument can be applied to (4.19) as well.



This is a main finding in this paper. Setting s = 1, we obtain ’yfc = 0, thus the global
U(1) ® U(1) € U(N) ® U(N) symmetry is not broken to the full orders in A. For v}~ with

even s, we can rewrite as

8 A2 s—2
F= . ) 3.23
s 3N7T21 4 \22s—1 ( )

In particular, we have 'y; = 0, and this means that the the deformation (1.1) is exactly
marginal to the 1/N order.
It is useful to examine the results (3.22) in the limit A — oo, which are given as

n 16 (s—1)(s+1) 8 s

NP s )@s+D) NP @D+ 1) (3.24

The limit of supersymmetric model should correspond to the sum of the critical U(N) vec-
tor model and the Gross-Neveu model. This can be seen both from CFT viewpoint as in the
next subsection and from the dual gravity theory as in [9, 10], see also section 5. The anoma-
lous dimensions for the critical U(/N) model can be found in [2] with a slight modification of
O(N) case in [25], and those for the Gross-Neveu model were computed in [17]. See [26-28]
for recent related works. Comparing these results and (3.24), we find agreements.

3.3 Introducing auxiliary fields

In this subsection, we describe the deformation of supersymmetric model by (1.1) as
. _ .1
S = / 3z [aﬂgbzaﬂ@ + P P + 50 + 00 — 19| (3.25)

where we have introduced auxiliary fields o,5. We may study the model by treating the
last term in (3.25) perturbatively. It is useful to move to this formulation for the purpose
to see more direct relations to previous works as in [2, 24]. This is because the last term
in (3.25) vanishes at A — oo limit, where the theory reduces to the sum of the critical
U(N) model and the Gross-Neveu model.

Using the large N factorization of @ and O, the effective propagators for o, become
(see, e.g., [24])

Colp) = (o) (=)o = (~(OP)O(-p))o) ™ =~ Ipl, (3.26)
N = (5(p)&(— — (O 5 1:§i
Gs(p) = (5(p)a(=p))o = (=(O(p)O(—p))o) N (3.27)

At the limit A\ — oo, corrections to the two point functions of higher spin currents come
from the integrals I, I», I, I5 in (3.5), (3.6), (3.19), (3.20) but with (OO)q, (OO)¢ replaced
by (o0)o, (66)0. This can be seen from (3.21) at A — oo, for instance. The regularization
with A used in the appendix A.1 may be understood by the shifts of exponents as

Golp) = (o) (-0 =~ i (3.28)
Golp) = W) (Do = Carijess (3:29)

where we should set Ay, Ay properly.



Higher order corrections in 1/A can be understood also in this formulation. Here we
set A1 + Ag = 0 for simplicity, but it is not so difficult to work with A; + As # 0. Due to
the last term in (3.25), the effective propagators should be corrected as

1

(0(p)o(—=p))1/x = Go(p) + A°Go(p)Gs(p)Go(p) + -+ = O ) (3.30)
(G(P)3(—p))1/x = Ga(p) + A >Gs(p)Go(p)Gs(p) + -+ = lJrlx_QGa(p) : (3.31)

Replacing (00)o,{(G7)0 by (00)1/x, (6G)1/x, We reproduce the previous result in (3.21) ex-
cept for the contribution arising from the integral of I3-type.
The integral of I3-type contributes from the 1/A\? order. This type of correction is

absent for the model made from simply the sum of the critical U(NN) scalars and the

Gross-Neveu model. At the order, the integral can be written as®

8
I = 2—}\2 / T @2n(T5(21)O(23)O(24))0 (T (22)O(27) O(5) Yo (3.32)
n=3
x (o (x3)o(25))0(0(x5)0 (27))o(0(x4)0(26))0 (0 (26)T(28))0 -
For A1 + Ay =0, we have
2
[ Pasloteoteaa@ntnio= - (5 ) 0. (3.33)

and similarly for the zg-integral. Using these delta functions, we can see that If reduces to
I3. The higher order corrections can be included by replacing 1 by 1/(1 + A72) as shown

;2<1+1x—2)2‘<]8v>2<1jp>2’ (339

the contribution from this type of integral in (3.21) can be also reproduced.

above. Noticing

4 Deformation with fermionic operators

The supersymmetric model admits another marginal deformation as in (1.2) along with
the one in (1.1), which was examined in the previous section. In this section, we compute
the anomalous dimensions of higher spin currents in the deformed theory by (1.2). We may
use both the deformations simultaneously such as the supersymmetric one with 2\ = k.
In that case we just need to add each contribution to anomalous dimensions.

The deformation (1.2) consists of spinor operator K = ¢); (K = 1'¢;), whose two
point function is

_ NC2
(K@K w2))o = NCF; 5%122)2 L @1331%2

(4.1)

The shifts by A for the integral I3 may be interpreted as the extra shifts introduced in section 3.3 of [2].

~10 -



at k = 0. We compute the two point functions of higher spin currents in the presence of
marginal deformation. The modified correlators (2.12) to the first non-trivial orders both
in k and 1/N are

(o) 5 (@2)) = (5 (1) J5 (22))o + (L + 1) + O(xY), (4.2)

(J5(@1)J5 (@) = (Jo(@1) TS (w2))o + £ (I3 + Io) + O(x"),,

(J5(@1) T (x2))w = K25 + Ig) + O(x") .

Here I, (a=1,..., 6) are integrals defined as

{

[ / Bargdea (T (1) T (2) K (23)K (24) o (K (20) K 3))o (4.5)
I = — / d3r3d®z4 (JE(21)K(23)K(24))0 (JE(22) K (24)K(23))0 (4.6)
= - / Py da (T (1) T (22) K (23)K (2) o (K () K (3))o (4.7)
fi=— / g daa (T (1)K (25) K (20) o (< (22) K () K (5))o (4.8)
Iy = — / BrgdPxy (T (01) T (02) K (23)K(24))0 (K (24) K (23))0 (4.9)
fo—— / PBrsd® s (T (1)K (23)K () o (T (@2)K (21)K (23))o . (4.10)

These integrals actually coincide with those evaluated in [2], so we can utilize the results
obtained there as summarized in appendix A.2. The anomalous dimensions of higher spin
currents can be computed as in the previous section, and the results happen to be the same
as (3.10) but A replaced by &.

Higher order corrections in x can be included as in subsection 3.2. One type of correc-
tions can be incorporated by replacing (K (x4)K(z3))o in Iy, I3, Is by (K(z4)K(x3))s. In
the momentum representation, the two point function (4.1) becomes

_ N ip
F(p)=(K(p)K(-p))o=———. 4.11
(p) = (KP)K(=p))o 16 7] (4.11)
Thus the two point function receives corrections at finite k as

(KK (=p)n = F(p) + kF(p)* + &2 F(p)° + - = F(p, )° + F(p, x)°. (4.12)

Here F(p, k) linearly depends on the gamma matrix but F(p, k)¢ does not as

1 N kK N
F = F(p)——s F = ——— K= —K. 4.1

(p,/i) (p)1+’%2 ) (p7/€) ].61+IZ&2 , KR 165 ( 3)

Noticing that trace over the odd number of gamma matrix vanishes, corrections to the inte-
grals I, I, I5 can be included by replacing F(p) by F(p, k)°. Therefore we should replace
&2 by &2/(1+#?2). Similarly, for I, Iy, I, we replace 1 in the momentum representation by

14+ K2F(p)? + k' F(p)* + - = . (4.14)

This means that we should replace #? by (%&/(1 + &2))2.
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At the order of k%, there are new types of correction appearing as

I; = —/d3m3d3x4d3x5d3x6(Jse(xl)K(xg)lC(:U4)>0(IC(J:4)IC(335)>0 (4.15)
X (Jg(2)K(25)K(6))0 (K(26)K(3))o ,

fo—— / B ddead® s dae (T (2K (@)K (20)) o (K (@) K(2s))o (4.16)
x (J5(x2) K (5)K (6)) o (K (26) K 3) o ,

Iy =— / PrsdPrid® w5 d w6 (JE(21)K(23)K(24) )0 (K (24)K(25))0 (4.17)

X (JS(w2) K (25)K (6))0 (K (26)K(3))0 -

Further higher order corrections in x can be included by replacing #* with (&2/(1 + &2))2.
These integrals have not appeared in [2], so we have to analyze them in some way. There
are several methods to evaluate these integrals, for instance, as in [24]. In appendix B,
we do not directly compute these integrals but rather evaluate different ones which are
closely related. Using the relation between them, we deduce the log(x2,) dependence of
the integrals as in (B.9), (B.10), and (B.11).

From the above arguments, we conclude that the two point functions of higher spin
current are corrected as

T eI ) = (T + () 2 [ L iy il )
s .%'1 s x2 xl .%'2 1 ) 2081 26«83 .

N + R -
16\?/ & \?T 1 16 - £ \% s -
+ e - <9 e I - <9 716
N 1+R2 20 N 220 1+ 72/ 2C,

(Y
N 1+ &2 207

Using the log(x2,) dependence of integrals I, (a=1,...,9) obtained in appendix A.2 and

appendix B, we can read off the anomalous dimensions as

L 16 &2 16 O\’ 1
T T3Nm21+ A2 Nm2\1+i2) (2s—1)(2s+1)

. R? £ \?| 16 s
Vet <1+%2> ] N2 (25— 1)(25 + 1) (4.19)

(R > 16 s+1
14 k%) mN(2s—1)(2s+1)"

This is another main result of this paper along with (3.22). We can see 7; = 0 for any
% but 7" # 0. This means that only a diagonal global symmetry in U(1) ® U(1) is left
unbroken. We can also show that fy;r = 0 for even finite &, which is consistent with the

unbroken conformal symmetry.
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5 Bulk interpretations

In the previous sections, we have computed the anomalous dimensions of higher spin cur-
rents mainly in the conformal perturbation theory by following the previous works [1, 2, 21].
The main motivation to use the method is that the CFT computation is closely related to
the evaluation of bulk Witten diagram for one-loop corrections to the masses of dual higher
spin fields as in figure 1. A crucial point is to rewrite bulk-to-bulk propagators with modified
boundary conditions in terms of the product of bulk-to-boundary propagators and bound-
ary two point functions [19, 20]. Using this, the one-loop corrections can be computed by us-
ing only tree Witten diagrams as in figure 2. In the next subsection, we reproduce the result
in [21] by using the intrinsic coordinates instead of embedding ones as was done in [19, 20].
In subsection 5.2, we examine the bulk spinor propagators by applying the method.

5.1 Bulk scalar propagators

We work on d 4+ 1 dimensional Euclidean AdS space, and use the Poincaré coordinates as

ds* = iz(dzg +dZ?). (5.1)

0
Here zj is the radial coordinate and z" are the coordinates parallel to the boundary, where
the boundary is located at zy = 0. We consider two bulk scalar fields ®1), ®@ with the
same mass but with alternative boundary conditions. They are dual to boundary scalar
operators Oa and Oyz_a with the scaling dimensions A and d — A, respectively. In the
current case, d = 3 and A = 1 or 2. The bulk-to-boundary propagators are given as [29, 30]

LT 2 °
Kale:®) = Zapria—aja) <zg T (F- £)2) ' (5:2)

This leads to the normalization corresponding to the standard kinetic term of dual bulk
scalars as

BA(Z,7) = (OA(Z)OA(Y)) = ;jﬁrzﬁ)_r;?;) |f_1g‘|2A .

Compared with the two point functions in (3.1), the relations are

8 8 -
O1=4/ 50, 02=4/50. (5.4)

We denote Ga(z,w) as the bulk-to-bulk propagator, and we will need the following expres-

(5.3)

sion as (see, e.g., [19, 31])

d’k /2 _ik-(F—)
Ga(z,w) = (%)d(zowo) e (5.5)

X [0(20—wo) K a—q/2(kz0)Ia—ay2(kwo) +6(wo—20)Ia—as2(k20) K a—qy2 (Fwo)] -

Here k = |k| and K, (z) and I,(z) are the modified Bessel functions. We deform the dual
boundary CFT with

ApS=f / d2OA(2)Og_na(z), (5.6)
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where f can be identified with X in (3.14). As shown in [16], this deformation is dual to
mixing boundary conditions for ®), &) Due to the changes of boundary condition, the
scalar propagators (®(®)(2)®®)(w)); = G‘}b(z, w) become [32, 33]

G;%b(z,w) 1 (GA(z,w) + fQGd,A(z,w) de,A(z,w) — fGA(z,w)> (5.7)

- 1+ f2 .]EGde(va) - .]EGA(ZJw) Gde(Z,U)) + f2GA(Z7’lU)

with f = (2A —d)f. At the limit f — o0, the propagators for ®1), @) are exchanged,
and this is consistent with the fact that the dual CFT reduces to the sum of the critical
U(N) scalars and the Gross-Neveu model.

Here we would like to examine the bulk Witten diagram in figure 1, where the bulk-to-
bulk scalar propagators with modified boundary conditions in (5.7) are used for the loop.
It is a quite difficult task to directly evaluate loop diagrams with higher spin gauge fields
generically. However, the AdS/CFT duality suggests that the modified scalar propagators
should be written in terms of scalar propagators with f = 0 but with the insertions of
boundary operators. More precisely speaking, we should have the following identities as

G (z,w) = Galz,w) + 2 / dlydhas KA (2, 51) By a (71, 52) K o (w, B)

4
4t [ TLtn ka0 B a (81, 82) Ba (82, 82) B a0, 80 K ) -+ (55)

n=1

G}Z(z,w) = —f/dda:KA(z,a‘:’)KdA(w,f)

3
- f3/ 11 *znKa(z, 1) Ba-n(Z1, Z2) Ba(To, 3) Kg-a(w, E3) + -+ . (5.9)
n=1

The same should be true for G?P and chl by exchanging A with d — A. With these
identities, the loop Witten diagram in figure 1 can be evaluated only from the product of
tree Witten diagrams as in figure 2.7 Moreover, we can see that the latter description is
dual to the boundary computation in conformal perturbation theory. Therefore, we can
obtain the map between the bulk computation with Witten diagrams and boundary one
in conformal perturbation theory, once we can confirm the identities (5.8) and (5.9). We
can check that the identities (5.8) and (5.9) follow the two basic ingredients

/ Al KA (2, ) Ba a(F, ) = (d — 20 Kga (2, 7). (5.10)
/de:KA(z,:E)Kd_A(w,f) = (2A — d) [Ga(z,w) — Gg_a(z,w)] . (5.11)

In the rest of this subsection, we shall derive them. They were already shown as (B.21)
and (5.7) in [21] by adopting the embedding formulation. For the extension to bulk spinor
propagators in next subsection, we re-derive the results using the intrinsic coordinates
in (5.1). The derivation of (5.11) here is the same as the one in [19], see also [20].

"Here we have used the fact that there is no contribution to the two point function from the one-loop
diagram at f = 0.
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For our purpose, it is convenient to work in the momentum representation as

K B = d*z K 0 —ikZ _ 217Azg/2 EA-d/2 ¢ k
A(ZOa ) - (27T)d/2 A(Za )8 - ﬂ'd/ZF(A — d/2) A—d/Q(zO ) )
- ddx Ta 202728 09A —d)D(d/2 — A)
Ba(k) = | ———=Ba(Z,0)e %% = k254 5.12

Using these expressions, we can show

- g d'k d’k 7N ik (2—F 7N iko (F—f
/ddﬂ?KA(Zﬂ?)Bd—A(ﬂ??Z/) = /ddx(%)dl/z (QW)dZ/zKA(ZOJﬁ)e MG By_a(kp)et )

B 21—3d/2+AZg/2<d_2A)
B mil(d/2 — A)

/ ke FEDRUZAE 1 (20k) = (d—28)Kq-a (20, 7, §) (5.13)
as in (5.10). Similarly, we have for (5.11)

/ P KA (2, 7) Ko (w, 7) (5.14)

. A% d'ky >\ i (F—7) 2\ ik (G—)
= d .I'WW}:(A(ZO,kl)e Kd,A(U}(),kQ)e

22—d(20w0)d/2

= d ik-(Z—)
AT (A — d/2)T(d)2 — &) /d kK A—aj2(20k) Ka—a/2(wok)e :

Applying the formula (v = A — d/2)
K, (z0k) = gF(V)F(—V)[L,(zOk) — I_,(20k)], (5.15)
we find
/ QUK (20k) K (wok) = / QUK (20k) Ko (w0k)[0(20 — wo) + O(wo — 20)]
= ST (080 — wn) [ A0, (k) (1 (woh) — L, (o) (5.16)

+ —T()T(—=v)0(z0 — wo) / AU K, (wok) (1, (20k) — I_,(20k)) .

[CTIAN

With the expression of bulk-to-bulk propagators in (5.5), we arrive at (5.11).

5.2 Bulk spinor propagators

There is another type of marginal deformation as in (1.2), and they should be dual to
modifying boundary conditions for bulk spinor fields. Thus the anomalous dimensions of
higher spin currents can be computed from one-loop Witten diagram as in figure 1, but now
bulk spinor fields with modified boundary condition are running along the loop. In this
subsection, we show that the one-loop Witten diagram can be evaluated from the product
of tree Witten diagrams as in figure 2 just like for the bulk scalar propagators.

We examine d+1 dimensional Euclidean space with the coordinate system (5.1). More-
over, we consider two bulk Dirac fermions ¥, U(?) with the same mass m but alternative
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boundary conditions. The spinor operators dual to T w® gre given as Ka_,Ca_, whose
conformal dimensions are Ay = d/2 + m. For application to the current case, we should
set d = 3, m = 0, and consider only half of the fermions.

Spinor propagators in AdS;11 have been investigated in [31, 34, 35], and we follow their
analysis. We introduce the Gamma matrices I'* (a = 0,1, - - - , d) satisfying {T'%,T'?} = 25,
Defining

Uz, @) = 20T + 2, °T (7 - ), (5.17)

the bulk-to-boundary propagators are given as
Yas(2,%) =U(z, %) Ka 41/2(2, )P, Yay(z,7) = TP KA, 41/2(2,2)U(2,7), (5.18)

where

Py = %(1 + 1. (5.19)

The boundary two point functions are

I(Ar+1/2) T-(@F-7)

Fa, (%,9) = (Kay (f)ICAi (¥)) = JRPA«+1

T wdPr(1/2+m) | P (5.20)

Compared with (4.1), the normalization of spinor operators differs from K by the factor

V/16/N.

As in [31], the bulk-to-bulk propagators should satisfy

(D — m)ST(z,w) = ST (2, w) (—B —m) = \;55@“)@ —w), (5.21)

and furthermore regularity and boundary condition. Solutions were obtained as

m d’k ik-(Z—w0 K = (I -
STz, w) = T / amyike k( )[0(20 — wo)$ L (20, BYP£ L) (wo, —F) (5.22)
— 0wy — 20)9L ), (0, FY P, (wo, —E>] .
Here we have defined
(K) (. 7y _ 5 ¥
¢i7m(20, k) =z, Kmil/Z(kZO) + ZEKm¢1/2(kZO) ) (5.23)
(1) o 4 N
¢i,m(2’0; k) = 2 Imi1/2(k20) + ZEImzpl/z(kzo) ) (5.24)
and
_ . dt1 -
B = 77 | Ko albin) & i Ko olln)| = 6850 =), (529
OIS = K _ 0 -
¢:F,m(Z0, k) =z, Iszl/z(kZO) + ZEImi1/2(kZO) = ¢:F,m(20, —k). (5.26)
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Since we have
(D —m)ST(z,w) = <z0Fa6a - gfo - m> ST (z,w), (5.27)

the solution with —m can be obtained from ST (z,w) by replacing I'’ by —I'* and (z,w)
by (—z,—w). This implies that

Sz, w) = ST (=2, —w), (5.28)

which will be used for later analysis.
We deform the dual boundary CF'T by

AWS =h / 'z [Ka, (@)Ka_(z) + Ka_(@)Ka, (@)] . (5.29)

Here we have two terms since now we are working with two Dirac fermions. The deforma-
tion parameter h can be identified with & in (4.13). The deformation is dual to mixing the
boundary conditions for ¥, () and the modified spinor propagators (¥(®) (2)¥®) (1)) =
S;‘ﬁb(z,w) are [33]

Sil(zw) =

1 (S.T(z,w)+h251n(z,w) hS™ (z,w) hST(Z»w)> , (5.30)

14+ h? \ hS™(z,w) — hST(z,w) S™(z,w) + h*ST (2, w)
We can see that the propagators for v p@)
we shall show that

are exchanged at the limit h — oco. Below

[ ez, ) Fa (20 = £5a, 100, (5.31)
/ddmmjF (Z,§)Sa. (2, 9) = 84 (2,7) , (5.32)
/ drSa, (2. 7) S (0, 7) = £(ST (2, w) — ST (z,w)) (5.33)

Using these identities, we can rewrite the modified spinor propagators (5.30) as those with
h = 0 but with the insertions of boundary operators precisely as for the bosonic case,
see (5.8) and (5.9).

In order to proof the identities (5.31), (5.32) and (5.33), it is convenient to express the
propagators (5.18) and (5.20) in the momentum representation as

Sa, (20, k)= / ' (z,0)e~F% = 225 pEmt1/2605) 0 RyPe, (5.34)
Ai 0 - (27T)d/2 Ai ) _:F?Td/zr(l/2 :l: m) j:’m 0, F> .

_ - dtz  _ iRz 21/2-Ax +m+1/2 7(K) 7

Xy (20, k) _/WZAi(z’ 0)e™"* =Py ~IPT(1/2 & m)k‘ ¢+ m(z0,k),  (5.35)

and

- diz 5 —ik-& L(1/2Fm)
Fa.) = [ myin a0 = = anT 1 2 = )

ifk*AE17dpo (5.36)
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Then we can show
/ dwYA, (2, 8)Fay (T,§) = / dkEa, (2, F)Fa, (—R)eFED = £55 (,5)  (5.37)
for (5.31) and similarly for (5.32). For (5.33) we rewrite

/ FrS s, (7). (w0, 7) = / dReFED, (20, F) S (wp, —F)

21—d g s . B .
- ik-(z—) , (K) K,
0 (1/2 £ m)D(1/2 F m) /d e koo im (20, K) P o5 m(wo, k). (5.38)
Using
¢§f,%(zo, k) = ¢¥2m(207 —k), (5.39)
and
. 1 . .
¢ (20, k) = F5T(1/2£m)T(1/2F m) o) (20, k) — ¢ (=0, —k)} , (5.40)

we find (5.33) with the help of (5.28).

6 Conclusion and discussions

In this paper, we have studied 3d supersymmetric U(NN) model, which is supposed to be
dual to 4d supersymmetric Vasiliev theory [9, 10]. The model admits two types of marginal
deformation as in (1.1) and (1.2), and the deformations should be dual to modifying bound-
ary conditions for dual scalars and spinors, respectively [16]. There are two main results
of this paper. One of them is on the anomalous dimensions of higher spin currents in the
deformed models. Using basically conformal perturbation theory, we obtained them to the
leading order in 1/N but to all orders in deformation parameters as in (3.22) and (4.19).
For higher order corrections in k in the deformed theory by (1.2), we utilized another
technique as used in [17]. The other is on the dual higher spin interpretation of the compu-
tations in conformal perturbation theory, which can be done by rewriting one-loop Witten
diagram as in figure 1 to the product of tree Witten diagrams as in figure 2. We have
derived the ingredients essential for the rewritening in (5.10), (5.11) for bulk scalars and
in (5.31), (5.32), (5.33) for bulk spinors. This was already done in [21] for bulk scalars
(see [19, 20] for (5.11)) but it was new for bulk spinors.

We examined the 3d supersymmetric model as a simple model which has marginal de-
formations and higher spin holographic dual. We would like to relate deforming the CFT
marginally and turning on the string tension. In order to reveal more precise relations, how-
ever, we need to extend the analysis to more complicated systems. For instance, a concrete
relation (named as ABJ triality) was proposed in [18] through 3d ABJ(M) theory in [36, 37].
For application to the ABJ triality, we have to work with coupling to Chern-Simons gauge
fields as in [12-14]. See [15] for a recent work. There are also lower dimensional proposals
with 2d CFTs which have N/ = 4 supersymmetry in [38, 39] and N = 3 supersymmetry
in [33, 40, 41]. Symmetry breaking for higher spin gauge theory on AdSs has been studied
in [21, 23, 33, 42], but more detailed analysis would be required to say more concretely.
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There are other open problems as follows; we have evaluated the log(wfg) dependence of
integrals I7, Is, Iy in appendix B with an indirect method. However, it is desired to evaluate
them explicitly, see also footnote 2. A drawback of our method is that we cannot identify
the Nambu-Goldstone modes arising due to symmetry breaking as mentioned in [1, 2]. A
direct way to evaluate the loop corrections to the bulk higher spin propagators explicitly,
but it looks a quite hard task. Along with the difficulty for evaluating loops, there is an
additional problem on our limited understanding of the dual Vasiliev theory, where only
classical equations of motion are available presently. An indirect way might be given by
group theoretic analysis as was done for the 4d Vasiliev theory dual to 3d critical O(N)
model in [43]. It would be also possible by writing the divergence of dual higher spin
current in terms of products of higher spin currents, see, e.g., [14, 15, 26, 27]. The 3d
supersymmetric U(/N) model itself is also worth studying furthermore. The deformations
in (1.1) and (1.2) are exactly marginal to the 1/N order, but it is not clear what happens
at the next order. Even if we could find non-trivial fixed lines (or points), it is notorious
to be a hard problem to go beyond the leading order in 1/N. Hopefully, this issue would
be tractable along the line in, e.g., [28, 44-46]. It is also important to extend our analysis
to, say, the theory with both bosons and fermions in generic d # 3 as in [47, 48]. In the
case, the deformations (1.1) and (1.2) are not marginal anymore, so we may examine the
fixed points of RG flow induced by these deformations.
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A Evaluations of integral

In this appendix, we examine the integrals I, (a = 1,...,5) and I, (a =1,...,6) defined
in the main context. We denote the log(x?,) dependence of these integrals as I8 and f,llog,
and we shall obtain them explicitly by borrowing the results in [1, 2].

A.1 Deformation with bosonic operators

In the case with (1.1), the integrals are almost the identical to those evaluated in [1, 2], so
we can directly use the results there. The integral I in (3.5) is almost the same as the one
in section 3.2 of [2] with d = 3, once we replace the correlator

N N 2NC3
(O(21)O(22))0 = RV
(z12)
2

by the propagator of auxiliary field o. Therefore, we may shift the exponent as (2,)72 —
(z2,)2+A. Then the reside at A = 0 should be the factor in front of log(z2,). Since we are

working with complex scalars, we need to multiply some factors as discussed in section 5.2

(A1)

of [2]. Moreover, we have to replace the overall factor C, for the auxiliary field propagator
by 2NC¢25. We then find

Jlos _ N (s—=1)(s+1)

= Dilog(z3,) . A2
1 127T2 (28 _ 1)(28 + 1) 0 Og($12) ( )
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We can evaluate I3 in (3.6) as for I;. Replacing

Ncg,
(O(21)O(z2))0 = o) (A.3)

by the propagator of auxiliary field &, the computation of I is almost the same as that of
I in subsection 4.2 of [2]. Thus we shift as (22,) ™" — (22,) 7'+ and pick up the 1/A-pole
term. Replacing the overall factor Cs for the auxiliary field propagator by NC?2, we find

N (s—1)(s+1)
1272 (2s — 1)(2s + 1)

I = - Djlog(a?,). (A4)

The integral I3 in (3.7) vanishes for s odd, so we set s even here. Using the three point
functions obtained in [2], the integral I3 can be written as

I3 =8N?CS > apa; By, (A.5)
k=0
with
1 A 1 A 1 A 1 A 1
Bk,l :/d3x3d3x4 [85_"3 :| [Gk ] l:al ] {654} .
(@3)? [0 @32 U @3) 2] [P @) 2] 172 (ady)l .

(2)
1

The same integral arises from the O(N) scalars as I;” in subsection 3.2.2 of [2], so we

use the regularization adopted there. We evaluate the integral with (x§4)_2 replaced by

(z2,)~%+A. Borrowing the result in [2] as
- 1 1 1
By, = Di— + O(A° AT
kgoa’“‘” M ONCT(2s —1)(2s+ 1) °A +0(A%, (A7)
we find
N 1
5 =7p D§log(a3,) . (A.8)

“ar? (25 —1)(2s + 1)
For the integral I in (3.19), we adopt the regularization used for I;. Then the integral

is the same as the one computed in section 3.3 of [2]. Since we are working with U(N)

global symmetry, we need to multiply each three point function by 1/4. Moreover, we

should replace C, by 2NCy4. Thus we find

N3 S

1% =P, D log(3,) . A
4 P 2972 (25 — 1)(25 + 1) 0log(z12) (A.9)

For the other integral I5 in (3.20), we adopt the regularization used for I5. Then the integral
is the same as the one computed in subsection 4.3. Replacing Cs by NCy, we obtain
N3 S

log ™S 2
I5° =P 2972 (25— 1)(25 1 1)D0 log(zis) - (A.10)

Here we should remark that the contributions to the log(z3,) terms are not the 1/A-pole
terms but twice of them. See [24] for more details, for instance.
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A.2 Deformation with fermionic operators

We move to examine the integrals appeared in section 4, where we have deformed the
theory by (1.2). The integral I; in (4.5) is computed as

T - Ak 1 s—k 4 1 As—1 1 1
I]_ = 4N2Cg/d3$3d3I4 Z ara; |:81 W 8 82( )1/2 82 (x%3)1/2 (1%4)5/2 .

k=0

(1)

The integral is essentially the same as I;7’ computed in subsection 3.2.1 of [2], so we

evaluate the integral in the same way. Namely, we replace (73,)~ 5/2 1y (z3,)~ 5/2+4 and
pick up the 1/A-pole term. The log(z%,) dependence can be read off as

Flo N s
I]. € = —WDO log($%2) . (All)

The integral I, in (4.6) can be written as

I, =2N*CS§ Y ara;Byy, (A.12)
k,1=0
where By, ; was defined in (A.6). As for I3, we find
~ N 1
s = D§log(a3,) . A13
2 247_(,2 (23 _ 1)(28 + 1) 0 Og(.f[le) ( )

The integral I3 in (4.7) becomes
I3 = gN2cg / Przd®ry (A.14)
N s—k—1 1 s—I1—1
<3 aa sy 3 X8 g [0 g [

k,1=0

The integral is almost the same as Ifl) in subsection 4.2.1 of [2], so we shift (:x§4)_3/2 as
(23,)73/>TA. From the 1/A-pole term, we find

Flo N ~ S
I3 s = —WDO 10g($%2) . (A15)
Similarly, we obtain
= —N2C¢ Z akal/d x3d3xy (A.16)

k,l1=0

t{[ sz WJ ) [ Ny >1/2} [ R )1/2] A [55”%@%13)5}%}-

The integral is almost the same as 1{2) in subsection 4.2.2 of [2], so we change (23,)~! to
(z2,)" A, From the 1/A-pole term, we have

leg _ N 1
LT 2n2 (25 —1)(25 + 1

>b8 log(zy) . (A.17)
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The integrals I5 in (4.9) and I in (4.10) are of the similar form as

Using the relation (see (4.41) and (4.42) of [2])

Zaltr [8232( )1/2] [as . 1(?2( )1/2] [333:124]

3
8 : |:Al 1 :| |:As—l 1 :|
= — aj 8 o <179 8 79 \1/9 ’
(235)3/2 ZZ; ’ (23,)"/2 ? (235)"/2
we can rewrite as s
Is = (-1)°s = (-1)°4N*CS 3" araiBiy (A.19)
k,1=0

with By in (A.6). The integral Ig is twice of I evaluated as in (A.13), which leads to

N 1

I8 = (—1)° 18 = (—1)° —
50 = (DT = )87r2(23—1)(23+1

)DS log(z,) . (A.20)

B Another method for anomalous dimensions

In the previous appendix, we have obtained the log(x2,) dependence of integrals I, (a =
1,...,5)and I, (a = 1,...,6). Therefore, only the integrals I7, Ig, Iy in (4.15), (4.16), (4.17)
are left. In principal, it is straightforward to evaluate the integrals as in [24], but it is quite
tedious. In this section, we compute the log(z%,) dependence by developing more simple
but indirect method.

For explanation, let us focus on the case of the Gross-Neveu model. In case with
our main method, we compute (J¢(p)J¢(—p)) and read off the anomalous dimensions as
explained in section 2. The same information can be actually read off from the three point
function (J¢(0)y*(p)y? (—p)) by solving the RG flow equation as in [17], see also [15]. It
is obvious to identify which Feynman diagrams for the three point function correspond to
I7, Is, Iy, thus we can successfully deduce the terms proportional to log(z?,) in the integrals.
However, in this way, we loose direct connection to the bulk computation as explained in
section 5, which was actually the main purpose in previous works [1, 2], see also footnote 2.
Moreover, if we are interested in the overall normalization of two point function as in [24],
then we have to directly evaluate the complicated integrals.

We need to extend the method in [17] to the case of the supersymmetric model de-
formed by (1.2). As in subsection 3.3, we rewrite the action by introducing auxiliary spinor
fields 0,7 as

S = / AR {a,,,&a#qbi + D Py + K 4 K — %ﬁn . (B.1)
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Figure 3. Feynman diagrams corresponding to I, (a = 1,...,9).
The effective propagator for 7,7 is obtained as
Fulp) = 0)a-p)o = (~ (K@) == 1 (B.2)
As in [17] we shift the exponent as
Fi(p) = — 6% (B.3)

N (p2)1/2+A 7

which is the same as changing the scaling dimension of n, 7 from 3/2 to 3/2 — A, see,
e.g., [24]. This also implies that interaction terms become

A / Bk + K (B.4)

at kK = oo with the renormalization scale .
We read off the anomalous dimensions from the u dependence of three point functions,
such as, (J¢(0)1(p)? (—p)). The vertex operators corresponding to J¢(0) and J¢(0) are

VE(0.0) = vs(p)*, Va,(0.p) =07(B)° ", p=e-p. (B.5)
We may denote the logarithmic corrections to the vertices Vo(is (0,p) as
OVP(0,p) = =187V (0,p) log . (B.6)

Here ’y?ﬁ were given in (2.13), and they become anomalous dimensions after diagonaliza-
tion.® There are three types of contributions as in figure 3. Two of them can be computed
by left two Feynman diagrams, which correspond to the integrals I, (a=1,...,6). An-
other type of corrections come from the right most Feynman diagram. They correspond
to the integrals Iz, Iy, Iy, so we shall focus on the case from now on.

In the rest of this appendix, we compute the log i corrections 6V3a5 (0, p) corresponding
to Ir, Iy, Iy. Let us expand the value of Feynman integral (denoted as X (A)) by the shift
A introduced in (B.3) as

X(8)= XD+ XO L o). (B.7)

8We should properly set the ratio vs /s if we want to have 712 = '721.
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We will compute the Feynman integrals of the form in the right most diagram of figure 3,
which has p*# factor from the interaction terms (B.4). Therefore, we can read off the log s
dependence from the 1/A-pole term X (1) ag

pAX(8) = XD 4 ax D logu+ X0 4 0(A). (B.8)

At Kk — 00, the contributions to anomalous dimensions can be identified with some factors
in front of log(z%,), see section 2. Carefully treating the (16/N)* factor as in (4.18) and
the normalization of higher spin currents, we would obtain

16 4I~10g 16 s D3 log(a2,) (B.9)

_ — ogl\xr .

N) T T RN (2s+ )(2s — 1) 0 082l

16\* -, 16 s .

— ) I®= Dj log(z2 B.10
(N) 8 7T2N(2$—|—1)(28—1) 0 Og(x12)a ( )

16\* - 16 1 2D;

=) %= 1 B.11
(N) 9 T MIN (25 + 1)(2s — 1) 08(r1z) (B-11)

Here we have used the results in (B.27), (B.37), (B.40), and (B.41) below.
In order to evaluate integrals, we utilize several formulas; we introduce Feynman pa-

1 B /1 g (1 —x)™~tgm2=1  D(my + mo) (B.12)
ATATE T o (1= 2) Ay + 2 As) ™2 T(my )T (ma) ‘

Moreover, we use the following integrals

a3 1 1 T(n-3/2) (1\"*?
/(27r)3 2+ 8x32 T(n) (A> ’

d31 12 1 3T(n—5/2) n—5/2
/ (271')3 (lQ +A)n 871'3/2 9 T'(n) (A) . (B.13)

B.1 Correction 5V311

rameters as

Let us start from 6V corresponding to the integral I; in (4.15). The integral we need to
evaluate is

3
N/ 'k tr[ (—k)AX (k)F. (k) |p(7) kéé)} : (B.14)
where F (k) is given in (B.3) and
BUitk-1) .11 1 (k- 1)(0)°
0= [ gm0 e e @)

Let us work on Al'(k) first. Introducing the Feynman parameter as in (B.12), inte-
gration over [ can be performed as

R R L ¢ ) NN R 1( g 51005
Ay = | (2 / “TN@ [ o2 + 2(1 - 2))

(
g [T (L) ) [ k)
=2 [ e [ i (B0
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Notice that the integral vanishes when the number of I’ in the numerator is odd and it is
proportional to the metric g when the number is even. In particular, the integral vanishes
when (I)? is in the numerator due to € - € = 0. Thus we keep (') and (I')? terms as

(1 —2)f = )"+ wk)* ~ (1= )f(xh)* — ['T's(ak)*!
. 1 .
~ (1 —x)f(xk)® — gﬁl(l')Qs(a:k)S_l . (B.17)
Here we have replaced [#I¥ by 12"V /3, which is possible in the numerator of the integrand.

Using (B.13), we find

! — x)2x5k(k)* 11— 2)as sy (k)s!
A0k = Z.8733/208/0 “ [F(g)(l - §F(%) . (96(1)— ﬂﬂ)k%(l/;

R

(B.18)

=1—

1 TI(s-3) [ku%)s w%f-l]
6 ° T(s+1) ‘

Putting (B.18) into (B.14), there are two terms in the integral over k. One of them is
proportional to

/ dk tr[ EoKR) K <p—k>] -] d*k (k) ulk(p— §)
(2m)? " [ [RI25 Tk [R[25 [p — k|~ ) (2m)® [RPH8]p — kP2

_ [ PR N TG 428 (1 2) A ) ek (p — )
- / (27T)3/o mF(% +2A) ((k — 2p)?2 + z(1 — z)p?)5/2+24

(B.19)

We change k' = k + zp and integrate over k’. The terms contributing to the 1/A-pole are

-+ ap)*tal(F + 2p) (1 — 2)p — K] ~ 25(1 = 20) ()~ - p — 2(p)° '
2

~ (s = Qs 3B KE . (B20)
Thus the 1/A-pole term is
1 1 .., | DE)I(s) rris+1| 1 1 TE)I(s
ﬁm(p) [SF(z iy —(2s+ 3)12(5—%) A Ar2 s(p) F(z 13 (B.21)

The other integral is

/d% I I (0 S N et N / Bk (k) (=20k[2(p + k) + 4kk - p)
(27)? (

2m)3 | K128 k[ [K[1F2A p — K[ 2m)? k3428 p — k|2
(B.22)
up to overall factor. The first term becomes
o by~ +B)
(2m)? [k 42 ]p — kJ?
_ /df%k' /1 dxr(% +2A) (1 — ) V22 + 2p)*~H(1+ 2)p + K) (B.23)
e Jy TG w2A) (WPRra(-appres
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The 1/A-pole term is then

1 1, (TG Ts+1I3)
A -z (D) : 2 (B.24)
2A 4m L(s+3) I'(s+3)
The second term is
4/ Bk (k)k-p
(2m)3 |k[>H4%[p — kJ?
_4/ K /1 1 DG +28) (1= )V 228 4 2p) (K + ap) - p (B.25)
T @R TG A () (- )R |
The singular term arises as
1 1 _ TEI(s)
282727 T(s+3) (5:26)

which cancels with the second term in (B.24). Summing over all contributions, we find

16 S

11 _
Vo 0P = SN G s -1

)qus(ovp) log:u (B27)

B.2 Correction 6V822

We move to 6V22 corresponding to the integral Is in (4.16). We need to compute the
Feynman integral

d3k 99 1
N / OV E ) = g (B.28)
where
R 7 PR 7 A D S & B 271 ()
20 = [ G0 e = G ®

We first evaluate A?2(k), which can be rewritten as

[ B A /()
a2 = [ G [m?u—w ‘2|l|4|l—k|2] ' (B:30)

The first term becomes

~ d3l/ 1 ’3’([’—1—2772‘)8_1 - F(l) 1 ﬁ/(l‘/%)s_l
/ <2w>3/0 R 1 21— 2)k2 ‘”387732/2/ TS TIE
1 T(s - HI() 5(k)!
& T(s) C

(B.31)

= Jg—
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and the second term is

_ 31’ 1—:c(V+:c}6) I+ zk)*
_21)8/ / dxI'(3 12+ ol — 2)k2)?

_ d3l’ ! (1—93)( SHE(R)* + sz 1A (R) (1))
15 G |, (@) + (1 — 2 (B:32)
L / x[(l—x) 2R T(3) ;,s<1—w>xw<i%>“3r<;>]
"8m3/2 (x(1 — 2)k2)3/2 T'(3) (x(1 —2)k?2)1/2 2T(3)
_ o L [ER TN +3) | 15(R) T ()T — 5)
7 k|3 T(s+1) 2 |kl ['(s)
Collecting the two contributions, we find
1 FEP TN +5)  14(k)*TIT(HT(s — 5)
AEQ(]{) - _’0887 [ ‘Mg %(84—1)2 - 5 ’k‘ 2 F(s) 2 ] . (B.33)

There are two terms in A2%(k), and we start from the contribution to §V:2? from the
first term. We compute

/d% ook K 1 / &k F(k)®
(2 (2

)3|k|1+2A |k\5 |k\1+2A |p k:\? - ) ]k\3+4A|p k:\?

(3 +24) / / L | 1/””(% + ap) (K + wp)° (B.34)
F( +2A) 24 (1 — x)p?)5/22A :
TG +24) / / d3k’ 1 1/2+2A;é sk'(zp)*~t 1 1 T(3)I(s+1) ()
T T(E 124 2y a(l - 2)p?)o A T 2ASR2 T(s+3)

For the contribution from the second term, we find
/ Sk F AR 1
(2m)3 |kt 22 (k| [R[1F2A |p — K|?
3 2 (1)s—1 1.\s
- —/ d’k 7 (k) oKk : (B.35)
(2m)3 | K[43 p — k[>T |R[PTA p — k[?
The second term is twice of (B.34) and the first term becomes
- / Bk ,?(]%)s—l . / / d3k/ _ 1/2+2A(k/ + zp)s~ 1
(2m)3 |48 p — k2 —|— 2A + z(1 — z)p?)3/2+24
1 1 F(%)F(s) 4
——— = (p)* . B.
2R (s + 1) P (B.36)
Thus we find
16 s
22 0
= 1 . B.
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B.3 Corrections 5Vs12 and 5Vs21

Finally we evaluate 6V,'2 and §V2! corresponding to the integral Ig in (4.17). The integrals

3k 1 1
N/(Qﬂ)3FH(k)AS (k)F,i(k)r_ el (B.38)
. 43k . 22 . _Z(? - k)
N / ot [FH( k) A2 (k) Fu( k)T_ 7| (B.39)

respectively. Here All(k) and A2?2(k) were defined in (B.15) and (B.30). The 1/A-pole
structures can be read off from the results in the previous subsections. The final expressions

are
SVL2(0,p) = 0 ! (L0 (5)*) log (B.40)
s Nr2(2s—1)(2s+1)°2"° ’ ‘
16 1
SV2H0,p) =

NaZ (@ D@s 1)\ 20 (p)) log . (B.41)

As mentioned in footnote 8, we need to change the relative normalization of vertices
VP,(0,p) and V3,(0,p) in (B.5) so as to obtain vz = ya1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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