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Introduction, results and outlook

Holography [2-5] is a correspondence between quantum field theory and gravity and pro-

vides a powerful tool to analyze strong coupling theories by using the dual description of

gravity. At finite temperature and in the long wavelength regime, holography provides

a correspondence between fluids and black holes. This fluid/gravity correspondence was

first studied in the AdS/CFT correspondence by [6-9] and a more intuitive description was
studied in [10].
Holography has also been applied to geometries with Lifshitz or Schrodinger symme-

try mainly for application to condensed matter systems [12-19].! Many condensed matter

'For a recent review see [20].



systems have non-relativistic scale invariance [21-26], and some of them have Lifshitz or
Schrodinger symmetry [27-29]. Moreover, the hydrodynamics of charge and energy in
such systems may be interesting as has been argued recently for the case of cold fermions
at unitarity, [35], other strongly correlated systems, [36] and graphene, [37-39]. Recent
experiments in various materials that are strongly coupled as well as graphene have indi-
cated that the hydrodynamics of electrons is observable and it exhibits non-trivial shear
viscosity, [40-45].

The fluid/gravity correspondences in Schrédinger spacetimes has been studied in [30—
32], where the dual description for non-relativistic fluid mechanics was given. A proposal
for hydrodynamics in Lifshitz invariant theories was considered in [33, 34] from the effective
field theory point of view.

In [17-19], all quantum critical holographic scaling geometries with a U(1) symmetry
respecting translation invariance and spatial rotation invariance were classified in terms of
three scaling exponents. Two of them (z,6) appear in the metric while another exponent,
which is referred to as ¢ in [17-19], appears in the profile of the U(1) gauge field.> The
exponent z is the Lifshitz (dynamical) scaling exponent, and 6 is the hyperscaling violation
exponent, [18, 49]. Even though such theories have been studied intensively, many of the
aspects are still unclear. In particular, hydrodynamics with Lifshitz scaling symmetry is
not fully understood.

In non-relativist quantum field theories that geometry that captures the dynamics
is the Newton Cartan geometry, [50]. For Lifshitz space-times, the dual field theory is
non-relativistic and the source terms at the boundary are related to the torsional Newton-
Cartan theory [51-56]. In particular, the role of torsional Newton-Cartan geometry in the
boundary structure of bulk non-relativistic solutions as well as on the boundary symmetries
was investigated in [54-56]. Alternatively the boundary structure can be analyzed using
the Hamilton-Jacobi method, [57-59].

In [1], the correspondence between fluids in the torsional Newton-Cartan theory and
black holes in Lifshitz space-times has been analyzed. Lifshitz space-times with unbroken
U(1) gauge symmetry were considered, that were solutions of the Einstein-Maxwell-dilaton
(EMD) theories with constant potential. Although the geometry has Lifshitz scaling sym-
metry with dynamical exponent z, there was a non-trivial gauge field in the bulk that
introduced non-trivial scaling exponents in the charged sector. The black-hole solution of
that theory was considered, boosted using Galilean boosts and then all parameters of the
solution including the velocities, were made #-dependent. Using the technique introduced
n [10], the bulk equations of motion were solved order by order in boundary derivatives
and the (fluid) stress-energy tensor was computed and renormalized. The results founds
were as follows:

e The stress-energy tensor was expressed in terms of the fluid variables: velocity field v*,
energy density £ and pressure P, but it also contained the (particle number) density

2This charge exponent controls the anomalous scaling of the charge density, even if it is conserved. It
has also been introduced independently in [46] and was studied in more detail in [47] and [48]. The reason
for the existence of anomalous charge exponent despite conservation is the RG running of the bulk coupling
for charged degrees of freedom.



n and external source A; associated to the U(1) symmetry current. It satisfied the
scaling condition for Lifshitz invariant theories

2€E=(d—-1)P.

e [t was found that the stress tensor satisfied the conservation equations of the Newton-
Cartan theory.

e The role of the (unbroken) U(1) symmetry in this class of theories is important. It
was found that it behaves very closely to the U(1) mass conservation symmetry in
non-relativistic hydrodynamics.

e The fluid equations found were non-relativistic in contrast to the relativistic fluid
analysis in [33, 34]. Even though the continuity equation and energy conservation
equation agree with those in the ordinary non-relativistic fluids, the Navier-Stokes
equation was different from that in the ordinary non-relativistic fluids.

e By redefining variables and allowing a (Milne-invariant) Newton potential in the
sources, [54]-[56] the fluid equations can be mapped to the standard non-relativistic
fluid equations coupled to the torsional Newton-Cartan geometry in the presence of
a Newton potential.

e It was found that the form of the fluid equations is independent of the Lifshitz expo-
nent z as well as of the (non-trivial) conduction exponent. It is only the constitutive
relations (equation of state) that depend on these scaling exponents.

e The entropy satisfies the local thermodynamic relation with the energy density and
pressure. The divergence of the entropy current is non-negative, compatible with the
second law.

The hydrodynamics analysis of [1] was generalized beyond the hydrodynamic limit
in [60] using numerical techniques.

In this paper, we generalize the studies in [1] to those with hyperscaling-violation in
the associated holographic geometries. In [1], we have considered only the § = 0 cases in
which hyperscaling-violation comes only from the gauge field. Here, we introduce a non-
trivial coupling between the dilaton and cosmological constant in order to consider 6 # 0.
Fluids now, have hyperscaling-violation. We find the following results:

e As in [1], the fluid equations and the stress-energy tensor reproduce those
in the Newton-Cartan theory if the gauge field is identified to that in the
Newton-Cartan theory.

e The fluid equations are similar to those in [1] but for additional external forcing
terms which come from the coupling to the dilaton and its external source term.
Note however that in the Lifshitz case with 8 = 0, although the dilaton was non-
trivial, no such terms appeared in the hydrodynamics. Their appearance is therefore
tied to hyperscaling violation in the bulk geometry.



e With a judicious choice of the pressure, these forcing terms can be redefined away.
The hydrodynamic equations are now equivalent to the non-relativistic hydrody-
namics equations with a conserved mass current, but with an additional chemical
potential for the mass current, that is given in (5.8). This chemical potential is not
related to external sources like a Newtonian potential but is directly related to the
hyperscaling violation.

e The bulk viscosity is zero even in the presence of hyperscaling-violation.

e The hydrodynamic equations respect the full scaling symmetry of Lifshitz invariance
with hyperscaling violation as detailed in appendix D

The Lifshitz space-time with hyperscaling-violation can be also obtained by dimen-
sional reduction from higher-dimensional Lifshitz space-times without hyperscaling vio-
lation, [18]. In this case, the model has two dilatons. We derive also the associated
hydrodynamics from the black holes. We find the following:

e The bulk viscosity is non-zero if we consider the naive dimensional reduction, i.e.,
with trivial background in the extra dimensions and fixed volume.

e When the internal metric on the extra dimensions, or equivalently, the volume of
the extra dimensions satisfies a specific relation to the U(1) charge, the bulk vis-
cosity becomes zero. This reduction gives the lower dimensional hydrodynamics we
derived earlier.

e We also present the hydrodynamic ansatz which describes a Lifshitz-invariant fluid
with hyperscaling violation on a non-trivial (conformally-flat ) boundary metric. The
hydrodynamic equations in such a metric turn out to be simpler than on flat space.

The hydrodynamic equations we derive are general and are given by (5.52)—(5.54) and
supplemented by (5.56), with independent variables the temperature 7', the (mass) charge
density n and velocities v*. All other variables like the energy &, the pressure P and the
chemical potential as well as the transport coefficients are determined in terms of T, n
by constitutive relations that are dynamics/theory specific.® Finally there is the Lifshitz
invariance Ward identity (5.55).

The z, 0 dependence does appear explicitly in the hydrodynamic equations. To leading
order, it appears only through the constituent relations that express the energy, pressure
and (mass) chemical potential as functions of temperature and mass density. To next
order the transport coefficients may also depend on z and 6. For this reason we expect
that although the hydrodynamic equations we derived strictly apply to the duals of EMD
theories we considered, their validity is universal.

3Here, n plays the role of the density of the non-relativistic fluid. We use this (and not the associated
chemical potential) as a fluid variable because of the important role it plays in the realization of the non-
relativistic momenta. It is the same reason that the mass density is used usually in non-relativistic fluid
mechanics.



This analysis completes the derivation of fluid dynamics for non-relativistic scale-
invariant and U(1)-invariant theories with Lifshitz scaling and a violation of hyperscaling.
Remains open the case of such theories without a U(1) symmetry (ie. a broken U(1) sym-
metry). The case of a perfect fluid was studied recently in [61]. It is highly probable that
the hydrodynamics in this case will turn out to be non-relativistic hydrodynamics in the
absence of a conserved “mass” current.

A further interesting question concerns the appropriate hydrodynamics for QFTs that
are described by RG flows that interpolate between relativistic and non-relativistic theo-
ries. To motivate the answer to this question, we consider first non-Lorentz invariant (but
rotationally invariant) flows between Lorentz invariant fixed points,* [63, 64], but where the
velocity of light in the IR is different for that in the UV. In such a case, the hydrodynamics
of this theory, is quasi-relativistic, but with a speed of light that is temperature dependent.
This context resembles more the proposal of [33, 34].

The example above suggests that in a (Lorentz-violating) RG flow from a CFT (with a
un unbroken U(1) symmetry that is used to drive the breaking of Lorentz invariance) to an
IR non-relativistic scaling (rotational invariant) geometry at an arbitrary temperature, the
hydrodynamics will be again of the relativistic form (but with general equation of state) and
with a speed of light ¢(T') that is again temperature dependent. In the IR, ¢(T' — 0) = c©
and the hydrodynamics reduces to the one found here with the U(1) symmetry becoming
the mass-related symmetry. This is the standard non-relativistic limit of the relativistic
hydrodynamics while all thermodynamic functions and transport coefficients are smooth
functions of T" (If no phase transition exists at finite 7"). Otherwise they follow the standard
behavior at phase transitions.

More general breaking of Lorentz invariance during RG flow must involve higher form
fields of tensors in the bulk, and the details of the RG flow become complicated. It is
plausible that a RG-covariant definition of velocities and other state functions is necessary
in order to define hydrodynamics globally in the full energy landscape.®

This paper is organized as follows. In section 2, we introduce the model and its
asymptotically Lifshitz solution with hyperscaling-violation. In section 3, we introduce the
hydrodynamic ansatz. We consider the derivative expansion and solve the equations of
motion at the first order. We calculate the stress-energy tensor in section 4, and discuss
relation to the non-relativistic fluids in section 5. In section 6, we consider the relation to the
dimensional reduction from higher dimensional Lifshitz space-times (without hyperscaling-
violation). In section 7, we show that a simpler hydrodynamic ansatz gives fluid in non-
trivial but conformally flat background. In appendix B, we will review on the Newton-
Cartan theory and fluids. In appendix D, we will discuss the scaling dimension of the fluid
variables and coefficients.

2 Hyperscaling-violating solutions and black holes

We consider a holographic model with Lifshitz scaling symmetry and hyperscaling-
violation. The gravity dual is (d+ 1)-dimensional Einstein gravity with a Maxwell field A,,

4The fact that the speed off light can vary on branes was pointed out first in [62].
A proposal was put forward in [65—67] but we think the appropriate setup is a bit different.



and a dilaton ¢. The action is given by

=1 677 e / day/—g (R ( —2Ae™ (a¢) E WF?) (2.1)

where F' = dA is the field strength of the gauge field, A is a negative cosmological constant
with coupling to dilaton, and A\ and v are dimensionless coupling constants. The equations
of motion are given by

2N _, 1 1
Ry = T-1¢ ® Gy + 5(3/@)( 9y o) + <2FupF d_1F2g/W> (2:2)
0= Vu(e)\qu‘uy), (23)
Do = % AN F? — 2uhe™? (2.4)

This model has the Lifshitz geometry with hyperscaling-violation as a solution;

ds® = *Xd3? (2.5)

a2 = 2 + O 4 > r¥(dat)? (2.6)
= > , )

eX = Xop=0/(d=1) (2.7)

The solution for the gauge field and dilaton are given by
A =a /M’Z*d*l*e, e = Moy —2d1 (2.8)

where J_9
=(d—1)—- —= 2.
di=(d—-1) d_19 (2.9)

Here, the cosmological constant is related to the radius of the geometry, which we fixed to
be 1, and then, A is given by

(z—d—1-0)(z+d—2—0)
) .

A=-— (2.10)

The exponents z, 6 and constants ¢g, xo, i are determined by the coupling constants in
the action A, v, and the free parameter a of the solution by the following relations;

R T e R (21
Y= (d_“l)dl, (2.12)
bo=—3 <1+(d_1)(d9_1_0))10ga, (2.13)
XOZ_(d_l)(;_l_Q) loga, (2.14)



To simplify the calculation, we rescale the gauge field such that the solution becomes

Ay = ar#td-170 (2.16)
and then the action becomes
1 d+1 - Looa Hoa
=— — —2Ae7V? — = —CeMEZ 2.1
S 1677G/d xy/ g(R e 2(8(1)) 1€ (2.17)
The following black hole geometry is also a solution of this model;
ds* = *Xd3? (2.18)
48 = 12 () + - > r¥(da') (2.19)
fr T2 | |
eX — eXo0,p—0/(d=1) (2.20)
where
z+d—1-0

_ "o
The radius of the horizon is given by rg and the Hawking temperature of the black hole is
z+d—-1-0 ,
.o~

The gauge field and dilaton take almost the same form as in the the zero temperature

T = (2.22)

solution
At — a(rz—i-d—l—@ . ,r.8+d7170)’ 6)«15 — €>\¢O’r‘_2d1. (223)

but the constant mode of A; is chosen such that A; vanishes at the horizon for the regu-
larity there.

3 Solving the hydrodynamics ansatz

In this paper, we focus on the case of d = 4. In some parts we will give results in arbitrary
dimensions. Extensions to other dimensions (namely d = 3 and d > 4) are expected to be
straightforward.

We introduce the hydrodynamic ansatz, which describes the fluid mechanics in the field
theory side. For the regularity at the future horizon, we take the Eddington-Finkelstein

coordinates;

dr
Hereafter, we always take the Eddington-Finkelstein coordinates and ¢ will stands for the
null coordinate ¢4. In this coordinates, the black hole solution for the metric and gauge

field are expressed as

ds® = r?Xd3> (3:2)
ds® = —r?* fdt? + 2r*Ldt dr + r*(dz")?, (3.3)
A=a (7«2+3_9 — r§+3_9) dt — ar®>=%dr, (3.4)



where we have taken the gauge such that A, vanishes in the Fefferman-Graham coordinates.
Then, we introduce the Galilean boost

t—t, b — 2t — o't (3.5)

where v’ is a constant parameter of the Galilean boost. Note that this is a general coordi-
nate transformation and for constant v* it provides a new class of solutions parametrized
by ¥. Moreover, we assume in this paper® that z # 1 and therefore such a coordinate

transformation keeps the boundary sources’

invariant, as it should. It therefore provides
a different state (more precisely ensemble) of the theory.

The black hole geometry becomes

ds? = e?Xds?, (3.6)
ds® = —(rZ f — v*rH)dt? + 2r* " Ldtdr — 2r?v'dt dz' + r*(daz)?,
eX = eXop—0/3 (3.8)

and the solution for the gauge field and dilaton remains invariant;
A=a (r”?’*e - 7’8+3_9> dt — ar*dr e = Mop—2d1 (3.9)

In order to describe the dynamics of the fluid, we replace the free parameters rp, v* and
a by slowly varying functions of the boundary coordinates (#,t). However, this procedure
generates a non-trivial background metric at the boundary since a appears as an overall
factor of the metric. In order to obtain a flat space background at the boundary, we absorb
this overall factor by introducing the additional coordinate transformation

at — e Xogh (3.10)

with xo given in (2.14), before replacing the parameters by functions. Then, the metric
becomes

ds® = r=20/3 [—(TQZf — 02r?)dt? + 2eX0rdtdr — 2r*vidt dzt + r*(dxt)? ] (3.11)
and the gauge field is also rescaled as
A=t <7’z+3*9 — r8+3_9> dt — ar®*Odr . (3.12)

Since we have rescaled the time coordinate, the Hawking temperature is also rescaled as

z+d—1-06 _ z+d—-1—-60 ___o6
T — - eX0pE = — a@ D@10 rf (3.13)
Now, we replace the parameters ro, v and a by slowly varying function of the boundary

coordinates x*. Moreover, we promote the constant part of A;, which is usually gauged

6The hydrodynamics of z = 1 with hyperscaling violation was considered in [72] obtaining such solutions
by dimensional reduction from higher dimensional AdS geometries.
"They are defined as the most divergent parts of the metric and gauge field near the boundary.



away to z#-dependent functions as was also done in [1]. Then, the metric, gauge field and
dilaton become

ds? — —20/3 |:—7"22fdt2 + 2eX0@) gt dp + 7"2(d33i — Ui(w)dt)Z (3.14)
T‘Z+3 0 P
A= a1+3(39*9) (z) (7“”3_9 - r§+379(:1:)) dt — a(z)r* Pdr + A, (z)dz" (3.16)

A = Mo(@),—2dr (3.17)
where z#-dependence of ¢¢(z) and xo(z) comes from that of a(x). We have also introduced
Ai(z) and A;(z), that originate in the constant parts of A; and A;, respectively, and which
have been now replaced by functions of the boundary coordinates. The relations (2.13)—
(2.15) are however preserved. The above are no longer a solution of the equations of motion,
and we must introduce additional correction terms.

We consider the derivative expansion in ¢, Z and calculate the first order solution for
the hydrodynamic ansatz. We first expand (3.14)—(3.17) at a point, which we can take
x# = 0 without loss of generality. Then, we assume that the derivatives are small since x*
dependence appears only through the slowly varying functions ro(x), v*(x), a(z), etc., and
expand with respect to the derivatives 0,;

g =95 +95) + - (3.18)
Au==A£)+<AL)+'“» (3.19)
6= o0 o0 4. (3.20)

(n)

where g;,,/, etc. stands for n-th order terms in the derivative expansion. At the leading
order of the derivative expansion, the equations of motion contain only the leading order
terms g,(ﬂ,) , A,(AO) and ¢(©) which are equivalent to the solutions (3.6)—(3.9) before replacing
the parameters by slowly varying functions, and hence, are satisfied. At the next-to-leading
order, only the linear order terms of the derivatives d,, appear, and the equations of motion
are not satisfied due to these linear order terms. Now, we introduce the correction terms
0 (3.14)-(3.17) as

g =95 + 9 + h(l) + 0(82) : (3.21)
A=A + AL + 0(8?), (3.22)
b= &m+¢1+¢”+0@%, (3.23)

where hfﬁ,), aEL) and ¢ are the correction terms at the n-th order of the derivative

expansion, which start from n = 1 since the equations of motion satisfied without the
correction terms at the leading order. At the next-to-leading order, or equivalently, at the
linear order of the derivative expansion, the equations of motion give the inhomogeneous
linear differential equations for the correction terms, h,(ﬁly), a(l) and go( ). The inhomogeneity
comes from the first order terms of (3.14)-(3.17), namely, ,(}V), A,g and (!



By solving the differential equations for the correction terms, we obtain the following
first order solution of the derivative expansion;

[’ . .
ds® = r=20/3 —r22 fdt® + 24 360 >~ Ldtdr + 7,2(de — vlalt)2

_l’_

6 . . . . .
5 QG_ 36-0) r2 Q' dt? — r?Fy(r)oyj(da’ — v'dt)(da? — vidt)

+ 2 (F3(r)dir + F5(r)0;a) dt(dx’ — v'dt) (3.24)

where the first line is the original solution and the the rest are the corrections terms. o;;
is the shear tensor

. 9
Oij = (al"Uj + 8]‘1)1) — gakvkdijy (3.25)
and the functions F(r) are given by
) r ,r,/3—6 _ T(?])fe
Fl(T) = q 33-9) /OO d'r‘/rl(r/z+379 - T(z)+379) , (326)
Fy(r) = (2(2 — 1)t (-5 4 9)r§+3—9) / dr' Fy (1), (3.27)
R T dr’
F3(r) = =-2(z—1)a = 36-9 / mFQ(T/) (3.28)
Fy(r) = (2(z — 1)T‘Z+3_0 —(z—=5+ 9)r§+379) / dr’ ﬁg(r'), (3.29)
"oodr! b 0 e
B = [ it <—2(z ~ D TR ) + g ga r'”> (3.30)
. 7—20}?1,
i(r) = T30 - 139 (3.31)
(rzt3=0 — % J2(z — 1)r# 30 — (2 — 5+ )1 12
~ z+3—6 r27? . 0
Fi(r) = 2 —1) ar?’—‘9 (2(2 —1)(5—6)r**3 G'rg —2(z4+3-60)" 07“0
F(z—5+0)(2— 2)r§+3_9> (3.32)
~ 0
Fy(r) = G0 _1) 1)7“_9_57”629 (—4(2 —1)%p20p22 46 _ r29rgz+6(z —5+6)>
+ (4302t + 4z - 1)(z -5 + 0)7“8+Z+3r9+z+3) :
(3.33)

The first order solution of the gauge field is

0 g e 1 _ i
A =a(x) [a3<39> (r +3-0 _ r0+3 9(1‘)) ~3-3 97“3 99,0 (x)] dt
— a(x)r*Vdr + A, (z)dz" + (Fa(r)diro + Fu(r)dia) (da’ — vidt), (3.34)
and the dilaton has no correction term,
N = Ao(@)—2d1 (3.35)

~10 -



For (3.24), (3.34) and (3.35) to be a solution of the equations of motion, the functions
ro(z), v'(z), a(z) and A, (r) must satisfy the following constrains;

0 = dra + v'dja — adyv’, (3.36)
. 1 .
0= 6157'() + ’Ulaﬂ’() + mm@w’, (337)
: z+3—10 142 ) 82‘7“(] 0 &-a
0= Fi 4+ 0l F, P TG ) YR —- 3.38
v ﬂ+2(z—1)a "o 27‘0 +3(3—9) a (3:38)

where F = dA.

4 Calculation of the stress tensor

We will calculate now the boundary stress-energy tensor. The asymptotically Lifshitz

spacetimes have anisotropic behavior in temporal and spatial directions, and hence it is con-

venient to introduce the vielbeins in order to consider their general asymptotic behaviors.
The metric is expressed in terms of the vielbein E4 as

ds® = —(E°)? + 0, E*E® + (E")? . (4.1)

For the asymptotic Lifshitz space-time with the Fefferman-Graham coordinates, the viel-
bein can be expressed as [68]

d
E" = eXTT , Eg = eXrir,(r,a"), B = eXre) (r,zt), (4.2)

where the one forms 7(r, z#) and é%(r, z*) have some finite and non-degenerate limit in r —
00, which corresponds to the characteristic quantities of Newton Cartan geometry. Eq. (4.2)
does not fix r — oo limit of 7(r,z*) and é*(r, x*), uniquely. For our solution (3.24), we
take the vielbein E4 such that 7(r,z*) and é*(r, z*) behave in r — co as

Tudrt = dt, éydat = dz® —vdt . (4.3)
Then, the induced metric at surfaces dr = 0 is expressed for large r as
Y = 77 20/3 (—rzzﬂﬁy + r25abéZég) , (4.4)

A — 203 (—r*QZ@W +r25%eliey ) : (4.5)

where 0* and e} are the inverse vielbeins, which take the following form® in r — oo
for (3.24);

MV, =V +0'V;, eV, =V, . (4.6)

a
"

For example, the one form 7, may also have subleading terms of order O(r?=2?), which

Relations (4.4) and (4.5) do not completely fix the r-dependent vielbeins 7, €% and .

8Note that our notations is somewhat different from [54]-[56]. The detailed notation and variables used
in summarized in appendix A.
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appear at the same order as the leading terms of éj;. This would change €}, and 0" to
leading order. This ambiguity is equivalent to a Milne boost at the boundary. We fix this
ambiguity in the sequel in order to proceed. We will discuss the action of Milne boosts at
the boundary data later.

To summarize, for our solution we take

000
—v1100 100

T=(1,0) , 9=(L0) , é&=|[—2010]| , ef= 010 (4.7)
3
- 1
v°> 00 001

that describe the asymptotic Newton Cartan geometry in what we called in [1] as the
holographic frame.
For the gauge field with boundary Lorentz indices we define

A~

Ag=1"A, = A +7- A, Ay =elA,, (4.8)
The variation of the action with respect to these variables is given by
58, = / dry= (80500 + §adel + S0 Ao + S0 A + Oy9) | (4.9)

where S, is the renormalized action with appropriate (boundary) counter terms. Since the
volume form behaves as

\/_7,7 ~ TZ+3_40/3 ’ (4‘10)

the terms at O(r—*~3+40/3) in the expectation values give the regular contributions.’

The definition above does not give the ordinary stress-energy tensor but the one with
contributions from the gauge field and current. It is related to the ordinary Brown-York

tensor as
SY0# — SSek = Tigyy"y + J* Ay + Ty (4.11)
where T(BY) is the Brown-York tensor which is defined in terms of the extrinsic curvature
K, as
1
pv 178 P P11
T(By) 5nC (VWK - K") (4.12)

and T(*é 't/) is the terms from the counter terms. By using appropriate counter terms, the
stress-energy tensor becomes finite at the boundary » — oo and we define

TF, = lim r*+3-40/3 (5’86“ - S,‘}eg) , (4.13)

r—00

and the current is given by

JH = lim r#+3-49/3 (Jov“ + J“e“) , (4.14)

T—00

9Even though Ao starts from O(r #+3- 0) the leading contribution to the effective action is jO.Ao and

hence, the regular term in JO originates at the same order as the others, namely O(r 23446/ 3).
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As we will see later, it is also different from the ordinary stress-energy tensor on the
boundary but contains the contributions from the external gauge field.

Now, we calculate the renormalized stress-energy tensor from the first order solu-
tion (3.24). In order to regularize the stress-energy tensor, and also other expectation
values, we introduce the following counter terms;

—0
%e“fé”)%“mum . (4.15)

1 1
S d*z/—y | (5 + 2 — 20)e”2"?
ct 167G / z Y [ ( +z )6 +
Although this counter term is apparently not gauge invariant, the effective action is still
invariant under boundary gauge transformations (up to boundary terms on the boundary).
The second term in (4.15) is expanded as

VA OB A A o T B0 i t30 4 2 (4 4wl A (4.16)
a

Near the boundary, r — oo, the first term is leading and will cancel with the divergent part
in the original action. The second and third terms give finite contributions to the effective
action. The ellipsis denotes terms that are vanishing as we take the cutoff surface to the
boundary. We therefore observe that indeed the finite terms are not gauge invariant but
are linear in the gauge field.

Under the boundary gauge transformation J. A = dA, the finite term in (4.15) trans-
forms as

A”i] , (4.17)

A
A Set o / d'z [at +0;

a a
where we used (3.36). Therefore the transformed terms are surface terms and should vanish
at infinity on the boundary. The coefficient of these terms is indeed the conserved current
(see equation (4.23)) and (4.23) can be written as

SASet o / dzJro,A = / d*z(8,J")A = 0 (4.18)

Therefore if no charge is leaking to infinity on the boundary the effective action is
gauge invariant.
By using the counter terms (4.15), the renormalized stress-energy tensor is calculated as

70 = (—3 g _1A) | (4.19)
Ty = 8716’ [—Z i g — gaﬁrgﬁgfevi + %Uz‘flt + %rgiegijvj

+ Wrgw <al-r0 3529 0 Q)Z:?aiaﬂ , (4.20)
T = #’%IAM (4.21)
T = % [;aiﬁ()—@rfﬁ?’_@% - %rf’;“)mj + %viAj _ = ; ! <.At + vak> 5,-j] .

(4.22)
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The current J* is obtained as

_ Ji— , 423
167Ga 167Ga" (4.23)

The expectation value of the dual operator of the dilaton ¢ is also calculated as

1 9=-1D+B-00 oy 430
0
167G \/6(3—0)[3(z — 1) — 0]

(2
1 12z-1)(6-6) 1 -
+ 167G \/6 3-0)[3(z—1)— 0] a (‘At +tv AZ) . (4.24)

(Og) =

We also calculate the entropy current that is given by [11]

Vh nt

B
JS_4GW’

(4.25)

where VI is the volume form on the time-slice at the horizon and n* is the normal vector
to the horizon. By using the first order solution (3.24), the entropy current becomes

1 5
Js=1570 " (4.26)
L o34 1 T 6 1o
. U B € P o+~ 094 4.2
J e 8(z—1)Ga g z@ro+3(3_0)aaa (4.27)

5 Hyperscaling-violating Lifshitz hydrodynamics

5.1 Thermodynamics

In order to consider the relation between the stress-energy tensor (4.13) and that for fluids,
we first calculate the thermodynamic functions. The energy E, entropy S and charge N
in volume V (in the 2 directions) of the Lifshitz black hole geometry are given by

d—1-60 o
E=EV = T BRI retd=1=0y (5.1)
1
S:sv_4Gg”V (5.2)
z—1
N = = .
nv 167rGaV’ (5:3)

where we have also defined £, s and n, which are densities of energy, entropy and charge.
Here we have also taken into account the effect of the coordinate redefinition (3.10), and

0
hence the mass has an additional factor of q(d-D(d-1-90)

Now, we consider the first law of thermodynamics;

dE = TdS — PdV + pdN (5.4)
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where the variations with respect to entropy S, volume V and charge N give temperature
T, pressure P and chemical potential u, which are calculated as

T — o — wa(d-ndﬁré 7 (5.5)
oS VN 4
E 1 VI
== <gv> = 167G <Z - df 1) QT 10 (5.6)
S,N
OF 0 VI
a <aN>Sv - ‘<d—1><z—1>“1+‘“”319> gt e (5.7)

For d = 4, the energy density, pressure, entropy density, charge density and chemical
potential are given by

3—-40 0 1 0 0
— 3(3—0) z+3—0 P — _ 3(3—0) z+3-0
E=Tog"" 0 6rG\" a—1)% o
_ 1 s _z—=1 4
ERTE I "T16rG"
0 0
o= _3(2 — 1)a1+‘3(3—9*) TS+3_6 ) (5,8)

Note that at 6§ = 0, the chemical potential y vanishes.

5.2 Relation to hydrodynamics in Newton-Cartan theory

In this section we will rewrite the boundary stress tensor in terms of the Newton-Cartan
geometry data along the lines of [54]-[56] following the detailed formalism of [1].

In the Newton-Cartan theory, (that is explained in more detail in appendix B), the
spacelike vielbein, inverse timelike vielbein v# and €}, transform under the Milne boost. In
this paper, v/ and €}, indicate the vielbeins in an arbitrary frame.

There is a special frame, the “holographic frame,” introduced in [1], where the vielbeins
are given by

ot =0t e =é . (5.9)

where 0% and €], are defined on the gravity side, in (4.6), and v* always satisfies in any

frame
ot =ut = (1,7) (5.10)

where u* is the fluid velocity. The timelike vielbein and inverse spacelike vielbein do not
transform under the Milne boost and hence are simply referred to as 7, and €, respectively.

The renormalized boundary stress-energy tensor, which we have calculated in the pre-
vious section, can be expressed in the following form;

T+, = —Ed'7, + (P — nu)h*, — KT WD, T — noapel e’ + not A, — noP A,6%,,  (5.11)
where the spatial metric is defined in terms of the vielbeins e and e

hHY = kel W, = eléd . (5.12)
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The energy density £, pressure P, particle number density n and chemical potential p are
given by (5.8). The transport coefficients — heat conductivity x, shear viscosity n and
bulk viscosity ( are also read off as

1 __0 1
—_ - . T3@=gy.rt1-0 — 3-0 —
8¢z - 1)G" o T=16rG"0 ¢=0, (5:13)

where the bulk viscosity ¢ is the coefficient of the expansion 0;v° in the stress-energy

tensor (5.11). Hence, ¢ = 0 can be deduced from the absence of d;v® in (5.11). The stress-
energy tensor can also be expressed in terms of the energy flow £/, momentum density P,

stress tensor ’7’“,, and current J#, which are defined by

= —T4', 0" (5.14)
Py =T pruh?, (5.15)
TH, = TYoh* ,h%, (5.16)
where B B )
T4, = T, + nuht, — JMA, + JP A", (5.17)

Then, Tv“,, is written as
TH, = —EP7, + 0"P, + T", — nuh*, + J*A, — JP A%, . (5.18)
Comparing (5.18) with (5.11), we obtain

EM = EpM — kh*PD,T (5.19)
P, =0 (5.20)
TH, = Pht, — nogeted (5.21)
JH = not (5.22)

The above stress-energy tensor can be identified with that in the Newton-Cartan theory.!?
In the Newton-Cartan theory, the geometry is described by the timelike vielbein 7,

spatial (inverse) metric h*”, timelike inverse vielbein v* and gauge field B,,. Here, the

m

a ea

— /JJ
and hy,,. The energy current £#, stress tensor 7,,,, momentum density P, and mass current

spacelike vielbein, its inverse and spatial metric with lower indices are denoted as &

J# are the conserved quantities associated to 7, h*, v and B,,, respectively. For a generic
fluid in Eckart frame, they are given by [70]

1
EH = Eut + i,ouzu“ — kh"0,T + W'Pu° T,y , (5.23)
Pu = pi, (5.24)
T = PBW + puyt, — napopﬁpf — Cz?ﬁ,w , (5.25)
JH = put, (5.26)

0There can be ambiguities in the definition of the stress tensor. In relativistic CFTs they are known
to affect higher-order transport coefficients, [75]. In non-relativistic scaling theories the situation is even
more sensitive as they affect even the idea hydrodynamics equations as we will see further. Moreover, as
we discuss in section 6, they also affect the bulk viscosity.
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where

Pl =ebed | 9 =0p (5.27)
P! is the projector to the spatial directions and ¥ is the expansion of the fluid.

The fluid velocity u# satisfies the normalization condition 7,u* = 1, and is given by
ut = (1,u?) for 7 = dt.

In the Newton-Cartan theory, the generic stress-energy tensor (not only for the fluid
above) is defined from the energy current £, stress tensor 7,,, and momentum density
Pu as'!

T, = =E'1, + 0" P, + h**T,, . (5.28)
The Newton-Cartan theory has a symmetry which is known as Milne boost;!?
ot — ' =" + WV, (5.29)
_ 1
B = B'= B+ PV,dz" — ih“”VHV,,Tpd:E" . (5.30)

and we can introduce the Milne boost invariant combination for the gauge field 1-form
s [56, 70]

B=B+ uydet — éuQTpdac”, (5.31)
where
uy, = hyu”, u? = hyutu” (5.32)
We also define a Milne boost invariant stress-energy tensor as
T", =T, + J*B, — J'B, = T", — J" <uy - ;mﬂ) : (5.33)

We choose o* = u* and we have

u? = hyutu’ =0, (5.35)
and then, (5.31) and (5.33) give
B=B, T, =T", . (5.36)

Therefore, the Milne boost invariants B and T#, are the same as B and T, in o =

ut frame.

We always denote stress-energy tensors by the letter T and their spatial projection (the stress tensor)
by the letter T.

123When the geometry is torsion-free then gauge invariance and Milne boost invariance can be simultane-
ously present. However in more general cases they are incompatible, [54]-[56]. In the case described in this
paper the geometry is torsion-free.
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We further define the Milne boost invariants for the energy flow g”, momentum density
Py, stress tensor T#, from the Milne boost-invariant stress-energy tensor T, as

EF = —TH Y, (5.37)
P, =T",7, P, (5.38)
TH, =T, PIP] (5.39)
and then, T#, is written as
T, = —EP’T,, + u“ﬁ,, + 7A'“l, . (5.40)

From (5.23)-(5.25), (5.28), (5.33) and (5.40), the Milne boost invariants are expressed as

EF = Eut — kWO, T, (5.41)
P, =0, (5.42)
Tow = Phyy, — 0o PLB] — COhyy (5.43)

and here A" and P} are given by those in o* = u* frame. Then, (5.23)-(5.25) take the
same form to (5.41)—(5.43), respectively, for v* = u’ and ¢ = 0. Therefore, we identify the
energy flow g“, momentum density 73“ and stress tensor '7'“,,, which are calculated from
the black hole geometry in the previous section, with the Milne boost-invariants g“, 73#
and ’7A'“l,, respectively. We also identify the gauge field A,,, which comes from the constant
mode of the bulk gauge field A,, with the Milne boost-invariant combination Eu as

A, =mB, — ury (5.44)

where m is the coupling constant for the gauge field B, which is equivalently in the non-
relativistic language the mass per particle. Then, the mass current J* is related to the
particle number current J# as

T =mJ" . (5.45)

It is then straightforward to verify that the stress-energy tensor T*,, which we calculated
from the black hole geometry, is related to the Milne boost-invariant stress-energy tensor
T*, in the Newton-Cartan theory as

Th, =T, + J"B, — J*B,d", . (5.46)

The conservation law for these Milne boost-invariants is given by [71]

. . 1 -
D" = Hyu " = 5 (W Dy + W Dyi?) T (5.47)
WR DTy = b (64D, By — Dy (0P, ) + Hu "] (5.48)

where H = dB. The covariant derivative D, is defined as usual in the Newton-Cartan
geometry (see appendix B).
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In terms of the Milne boost invariant stress-energy tensor, the conservation law can
be expressed as

DMT'uI/ = J#Fp,y = j“ﬁuy, (549)

since 73# = 0. More details are given in appendix B.

The renormalized stress-energy tensor T*, satisfies the conservation equations which
are equivalent to (5.47) and (5.48). These equations come from the following components
of the bulk equations of motion;

n'y P Ry, = 8tGnty P T (5.50)
n, V(M FH) = 0, (5.51)

where n, and v, are the normal vector and the induced metric on the boundary, respec-
tively. In order to derive the conservation equations for the first order fluids, we have to
calculate the constraint equations (5.50), (5.51) to second order in the derivative expansion.
The correction terms at each order do not contribute to the constraint equations at that
same order, and hence, we do not need to solve the differential equation for the correction
terms to second order.

The constraint equations (5.50), (5.51) can be expressed in terms of the fluid variables
&, P, n and v* defined in (5.23)-(5.26) as

0 = 0 +0'0E + (€ + P)oi’

1
— 5770'”0'1']‘ — 81(/-;82T) s (552)
0=0;P—no;ju+ nFy + mfj]-'ji — 8j (77(71'3‘) , (5.53)
0= dn + 9;(n?) . (5.54)

Note that the main difference of these equation in the hyperscaling violating case studied
here and the case with § = 0 studied in [1] is the appearance of the term nd;u in the
Navier-Stokes-like equation (5.53). Here we have a chemical potential in the absence of an
external Newtonian potential and this is due to hyperscaling violation.

The fluid equations (5.52)—(5.54) are equations for energy density &, pressure P, ve-
locity field v*, particle number density n and temperature 7. There are also constituency
relations between these variables. In particular, the temperature and energy density are
related to each other, and hence are not independent. For the fluid dual to the Lifshitz
geometry, the energy density is constrained first by the Lifshitz Ward identity with hyper-
scaling violation. This is given by

<z—df1)g:(d—1—9)P. (5.55)

The transport coefficients n and « are not constant but depend on the temperature,
and also on the particle number density in this case, as in (5.13). By using (5.31) and (5.44),
the gauge field A is rewritten in terms of the velocity field v* and the external gauge field
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of B;
W Lo p
A=m | B+ u,dz" — U Todx? | — pr

1
=m (B +v'dx’ — 2172dt> — pdt. (5.56)

Therefore, we have 5 equations for 5 independent variables £, v* and n.

We also have external sources in the hydrodynamic equations: one is of course the
space metric that is flat here (but in subsequent sections this will change). The other is the
external gauge field B, that couples to the U(1) current. In ordinary non-relativistic hydro-
dynamics, B; would be the ordinary Newtonian potential that couples to mass [1, 54-56].

5.3 The entropy current

The entropy current (4.25) can be expressed as
JH = sl — %hﬂpapT (5.57)
where the entropy density s is given by

L 50

S = ETO . (558)
The entropy current satisfies the following relation with the (internal) energy density g
and pressure P;

TJY = &' 4 P! — pJ" = —T", 0" + (P — pn)ok . (5.59)

It also satisfies the second law. By using (5.52), the divergence of J§ is expressed as

1
Oplly = 5 hoijoij + % @.7)*, (5.60)

2T
which is manifestly non-negative. Therefore, the entropy current satisfies the second law.
The entropy density s = Jo saturates the KSS bound [69];

o= (5.61)

6 The relation to dimensional reduction

In the previous section, we studied the fluids in the field theory dual of the Lifshitz space-
time with hyperscaling-violation. We found that the fluid has zero bulk viscosity ¢ = 0.
It is known that the Lifshitz space-time with hyperscaling-violation can be obtained
by the dimensional reduction from the higher dimensional Lifshitz space-time without
hyperscaling-violation, [18]. As discussed in [1], the fluid for the Lifshitz space-time without
hyperscaling-violation also has zero bulk viscosity. Upon compactification, this Lifshitz
geometry with flat internal space and constant radius, becomes the lower dimensional
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geometry with hyperscaling violation. In such a case it was shown, [72, 73], that the bulk
viscosity becomes non-zero after dimensional reduction.

In this section, we will first derive the general fluid equations in the higher-dimensional
theory by allowing also the internal volume to be an additional thermodynamic variable.
Then we will reduce to the lower dimension. We will show that the appropriate reduction
that corresponds to the thermodynamic ansatz in the lower dimension is compatible with
our four-dimensional results of the previous section.

We first consider the following theory, which is the Einstein gravity with the Maxwell
field and a single scalar field;

1 1 15
:HMG/QDH%LﬂD<R—2A—2@mf—4a%Fﬁ, (6.1)

where D = d — 6, and we assumed that 6 is a negative integer at this moment. This model
has the Lifshitz space-time without hyperscaling-violation as a solution;

d—60—1
ds?, = —r¥dt* + 2 —|— Z r?(dz") (6.2)
=1
with the following gauge field and dilaton;
Ay = a0l A1 — a~ 2 2d=0-1) (6.3)

where the parameters z, a and u are related to the parameters of the action (coupling

constants) as

d—60—1

A2 =2 — (6.4)

A:_ﬂz+d—9—1§z+d—9—2x (6.5)
o 2(z—1)

M rd—o—1- (66)

We compactify the (—6)-dimensional extra dimensions and consider the dimensional
reduction to (d + 1)-dimensional spacetime. The metric is decomposed as

d—6—-1
ds?) = e 7%2(ds% + Z e~ (d=1092/0(gg1)2 | (6.7)
i=d

where ds? is the metric after the dimensional reduction and we compactified z’-directions
with i =d,--- ,d — 0 — 1 to circles with period z* ~ 2 + 1. The constant 7 is given by

_ 20
”%:_w—qxd—e—n‘ (6.:8)

Then, after the dimensional reduction, the action becomes

1 - 1 1 1 3 .
- 167TG/dol+1gm/—g <R _9Ne P2 _ §(a¢1)2 _ 5((3(;52)2 _ 46A¢1+V¢2F2) (6.9)
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Now, the geometry has hyperscaling-violation because of the redefinition of the metric, and

given by
ds? = r=20/(d=1) g3 (6.10)
2 2z 7,2 dr? 20 7 0)2
di® = —r¥dt’ + 5 + > r¥(dat)?. (6.11)

while the additional dilaton field ¢s is

b _ —20/(d-1) (6.12)

More generally, ¢ also has the constant mode as is ¢; but it is independent from the gauge
field. Then, the solution becomes

ds® = e2Xd3? (6.13)
d1"2 d—1 ‘
4% = —rdi® 4 T ) r(da’)’, (6.14)
=1
72 — ¢2X — 2X0,—20/(d-1) (6.15)

where xq is an arbitrary constant. We define a new parameter b as

0
(d—1)(d—1-0)

Xo = — logb . (6.16)
In a sense b parametrizes the internal volume.

Now, the model has 2 dilatons instead of one. This solution has an additional parameter
b which is the constant mode of the additional dilaton ¢s. The solution becomes equivalent
to that in the previous sections if the dilatons satisfy the following condition;

Ao = (1+ (d—l)(j—G—l)) Ap1 = <1+ (d_l)(de_e_l)) Do . (6.17)

In fact the above solution satisfies this condition except for the constant mode b, and hence,
it is equivalent to the solution in the previous sections if

b=a. (6.18)

As already noted, the value of b controls the volume of the internal dimensions. For the
higher-dimensional Lifshitz geometry (6.2), we have

b=1, (6.19)

but arbitrary b can be introduced by the redefinition of the coordinates in the extra
dimensions.

The solution which describes the hydrodynamics can be calculated in a similar fashion
to the previous sections. We now specialize to d = 4. The first order solution of the
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derivative expansion is obtained as

ds? = ds? Z (d=1)7¢2/6 (4412 | (6.20)
ds? = p=20/(d=1) vz 432 (6.21)
d§2 — _ QZfdtQ + 2~ 3(3‘9_9)7,,Z—1dt dr + Tz(dfﬁi o Uidt)Q
) . . . ‘
+ mb G0 r*op'dt? — r*Fy(r)oij(da’ — v'dt)(da? — ' dt)
20 b
~3E g ) [0 =0 @b+ o)) (=2 pae? + 267559 1> drar
+ 2 (F3(r)dirg + F5(r)0;b) dt(da’ — v'dt), (6.22)
20 i p-1 i
P2 = —3(3 0) Fl( ) [811) —-b (atb +v @b)] . (6.23)

where 6 must be negative integer for the metric before the dimensional reduction ds%. The
non-zero components of v* and A; are introduced only for i = 1,2,3 and the parameters
v, ro, a, b and A, are replaced by functions which depends on z* with u =0,---,3. We
have redefined the coordinates z* as (3.10) in the previous section and hence the Hawking
temperature is also rescaled as

z+d-1-60 _ ., z+d—-1-60_ ___o
T= — ¢ Xorg = — bd-Dd-1=0) 5 . (6.24)
where we have written this relation in arbitrary dimension. The function F(r) is given by
__9 r3=0 — 7'3_9
Fl(r) =b e /drr(rz—i-ii—@ — 7’84—3—9) ’ (625)
Fy(r) = (2(,2 — D)0 (2 — 5+ 0)rgts” 9) /drﬁl(r) (6.26)
Fy(r) = —2(z - Do~ [ Y p 6.27
3(r) = —2(z — 1)a 76—240 2(r) (6.27)
Fy(r) = (2(2 — )3 (= 54 0)rE T3 9) /dr Fy(r) (6.28)
Fy(r) = / Ao 1) T By () 4 — b (6.29)
rb—z+0 3(3—10)
~ rT=20F,(r)
Fi(r)= 6.30
") (re+3=0 — pZt3=0)[2(z — 1)1 3-0 — (2 — 5+ 9)rZ T3] (6.30)
~ z4+3-0 r27° e oz
Fi(r) = 50— %8s (2 = 1)(5 = )08 — 2(2 + 3 — O) 5O
+(2—5+6)(z— 2)rit3- 9) (6.31)
5 0 -1,,—6-5_-20 0,2z 0,2z
FQ(T) = —mab 1T 57“0 2 (_4(Z - 1)2Tg T2 +6 - TQ Tg +6(Z - 5 + 9)2
+ 7“9+5(Z +3— 9)27“g+22+1 + 4(2 _ 1)(z — 54 9)T8+z+3r6+z+3) )
(6.32)
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The first order solution of the gauge field is

b
3—6
—a(x)r*Pdr + A, (z)dz" + (Fa(r)diro + Fu(r)dsb) (dz’ — vidt), (6.33)

1 0 )
—A =a(x) [b3(39—9) (rz+3_9 — r8+3_9(:c)) 7"3_981-@’(3:) dt

VI

and ¢; has no correction term, and ¢2 receives the correction term s;

2
by = — logr + =x0 + 92 - (6.34)

0
(d—1)p

The solution above must satisfy the following constraints;

0 = dya + v'dja — adyv’, (6.35)
) 1 )
0 = O¢rog + v* 0o + mroaﬂ)l, (6.36)
- z+3—-60 _o _ ;1o 0 0;b
0=Fu +vIFji+ ——ab3-0pzt370 (= — 6.37
LR TP Y "o o T3B-0) b (6:37)

The hydrodynamic solution from the dimensional reduction also reproduce the result in
the previous sections, if b = a.
6.1 Higher-dimensional thermodynamics and hydrodynamics

We first consider thermodynamics before the dimensional reduction. For D-dimensional
space-time with arbitrary D = d — 6, the energy, entropy and charge are given by

D—-1

Ep=&EpVp_1 = e 7“8+D_1VD_1 (6.38)
1 _

Sp=sVp_1 = Eré) YWp_1, (6.39)
z—1

ND == nVD,1 == 167Ga VD,1 s (640)

where Vp_1 is the volume of the (D —1)-dimensional space. and 1st law of thermodynamics
is expressed as

dEp = TpdSp — PpdVp_1 + updNp , (6.41)
and the temperature, pressure and chemical potential are calculated as
oF D) D-1
T — — rz R 642
o= (552 = (6.2
8ED z _
Pp=— = gt 6.43
b (avD_1>SD,ND 167G'0 (6.43)
oF
[p = <D> =0. (6.44)
9Np Sp,Vp-1
Here, temperature Tp agrees with that for the local observer
T
Tp = (6.45)

V gtt ’

where T is the Hawking temperature of the black hole.
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Next, we consider the fluid in D-dimensional spacetime with D = 3 — 0. The vielbein
behaves near the boundary r — oo as

where
D = e X0dt | (6.47)
ép = e X0 (da' —v'dt) , (i=1,2,3) (6.48)
& = e 0X0dgt . (i=4,---,3-0) (6.49)

This implies that the Newton-Cartan data on the boundary is given by

D = e—XOdt’ (650)
o = eX0(1,04,0), (6.51)
h%y = dlag(07 €2X0; T a€2XO7 e%XO’ T ’e%XO) ) (652)

The stress-energy tensor on the boundary is calculated from the first order solution
for metric before the dimensional reduction (6.20), in a similar fashion to section 4 as

Tp’y = ﬁ (—3597“8+39 - Z;IbMUiAi> : (6.53)
Tp'o = 8716‘ [_Z : g - 9r8+3_9vi 2 Lyt mia, + %TS_QUDijUj
Wb‘aie)rgz—@ (aﬂ"o - M?&bﬂ , (6.54)
70, — %Z - Ly-saa 4, (6.55)
Tp'j = &Tlc{;ré*“é-j - %TS*"UD% + %b’?’@i” [V Ay = 0 (Aut " A )| } ’
(6.56)

where the shear tensor is given by

20

2
3-0 3(3—10)

. 0 . .
UDlj =b 36-9 (81-1)3 —i—ajvl — 3_9

(5¢j8kvk) + b 3(30—9)_1 (815() + ’Ukakb> (51']' ,

(6.57)
fori,j=1,---,d—1.
This stress-energy tensor can be expressed in context of the Newton-Cartan theory as
Tp*, = Ept* mp, + Pphp', — kpTp hh? (0, — G,) T
— MDD hpT, + nilh A, — noh A0t (6.58)

where we have defined
gu = (8VTDH/ - auTDl/) @f) . (659)
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The shear tensor can be expressed in terms of the Newton-Cartan geometry as
o~ 2 .~
ODuv = thVDHUpD + th#Dl,v% — th/WDP’U%
. 2 . o
= £@DhDuu T3 ehD,uVDpv%, (6.60)

where ]_/5# is the covariant derivative in the Newton-Cartan geometry.
The energy density, pressure, particle number density and the temperature are given by

3—-0 z 0 z—1 _ z+3-0
€0 =Torg’s - Po=5gnt s n= g Tp= i (661)
The transport coefficients are read off as
LI N L 110
np = y CD = 0, KD — —F—— = . (6.62)

167G © 8- 1)G'0

The stress-energy tensor can also be expressed in terms of the energy current, momen-
tum density, stress tensor and particle number current as

T, = —ERTp, + 0 Ppy, + Tory + JE A, — I8 A6, (6.63)
where
EW = Epdt — kphh’ (8, — G,) Tp (6.64)
P, =0, (6.65)
To", = Pphpt, — NpoDppehp hpd (6.66)
Jp = ntl, . (6.67)
The conservation equations in the Newton-Cartan theory is given by
(D~ Gu)ED = 0 (F, €5 — FuTp) — (Dyon*)Tp*s, (6.68)
WDy — G)Tp" = W% [@Dﬁ“ﬁpy — Dy(0%Pp,) + FouJb — F;,,Eg} . (6.69)
0= (Dy~Gu) 7h. (6.70)
where
Fi = 0umDy — 0yTDy - (6.71)

Then, they can be expressed in terms of the fluid variables as

1 .
0= UDa Ep+ (51) + PD)DuUD — *’I’]DO'D Lop” @ ( = QQN) [Kph%p (8p — Qp) TD] R

2
(6.72)
0= h2,Pp — WG, (Ep + Pp) — W Fu % — WY (Dy — Go) (MDD uww) (6.73)
0= D, (ndh) . (6.74)

It is straightforward to see that these equations are equivalent to the constraint equations
in the bulk equations of motion.
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6.2 Thermodynamics after the dimensional reduction

For general b, we consider in the following the first law, where the thermodynamic variables
are the entropy S, the (d — 1)-dimensional volume'? V' and the charge N, which is related
variable a. We have already found that (in general d)

d-1-0 o
E =gV = = Syt 10y (6.75)
1
S =sV = 4Grg’*1*9V, (6.76)
z—1
—nV =V (6.77)

In general, b is not related to the particle number density n, and hence the energy does
not depend on the charge. Then the first law can be written as,

dE = TdS — PdV + udN (6.78)
where
T (5E> _2Hdo 10 e (6.79)
85 ) n in
Pe— (g‘€>m _ 16iGbmrg+d—l—9 , (6.80)
= <§]€> W0 (6.81)

The black hole solution also has another variable b, which is related to the scalar source as
¢y = vlogh . (6.82)

Then, by taking into this scalar source as additional thermodynamic variable, first law of
thermodynamics may be expressed as

dE = TdS — PdV + pdN + (O2)ds , (6.83)

where ((52> is vev of the dual operator to the scalar ¢o, which is expressed as

_ 5 0 d—1 d—1 d—1-0 ) 5 B
(Og) = SbTTET > Tpt, + — o 1o | = —5€— i . (6.84)
=0 i=d

We will discuss this operator later.
In the previous section, we obtained the thermodynamics in the lower dimension, with

one less variable. To recover it from the one here we must take a codimension one section

BMeasured in the d-dimensional metric in the Einstein frame.
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of the thermodynamic variables. As argued already, the correct section involves taking
b = a above. With this constraint, we obtain

d—1-60 ____ o
E=EV =2~ Zq@nui-opztd-1-0y 6.85
167G "o (6.85)
S =sV= E7«3—1—‘91/, (6.86)
z—1
N=nV = 6.87
" 16rGa ' (6.87)
and the first law takes the form
dE = TdS — PdV + judN . (6.88)
The temperature, pressure and chemical potential are now given by
7= (9B) _2Fd-170 i, (6.89)
9S8 )y n 4
~ oF 1 0 e
P=—_(Z= = - @ 1(d—1-9) ptd—1-0 .
(av)sw 167G <Z d—l)a "o ’ (6.:90)
~ 0E 0 1++ 1
_ (9= - 7 JManuiepztd-1-0 6.91
a <6N>SV d-Dz-1)" "o (6.91)

Note that this is exactly the thermodynamic quantities and the first law we obtained
in the previous section.

The ward identity for the scaling symmetry is simply expressed as

<z—df1>5:(d—1—9)P. (6.92)

6.3 Hydrodynamics after the dimensional reduction

The stress-energy tensor and the fluid equations in lower dimensional theory can be calcu-
lated straightforwardly. The stress-energy tensor is obtained as

~ 1 3—60. _o0 _ z—1 .
0 — _ ( _9) Z+3—6 _ A .
T Fove < 5 b3G=0 1§ — v AZ> , (6.93)
~ 1 z+3—-60 _o6 ooz —=1 . 1 ,
i _ 33-0) z2+3—0_1 7 =30 _
T 87rG[ 5 b3B=0r§ vt —— vAt—i-er Oijv
0 . ) .
“3@ gy 0 —bT (G l0h) ]
2(243-6) 5 0
—ry O0irg — ————0ib | |, 6.94
L TEI Y T332 b (6.54)
~ 1 z—-1
1% = %TA"’ (6.95)
~ 1 —1 .
Z] = STI‘G{ 2[)3<3 0) T‘(Z)+3 951] — *TSVQUU + UZ.A]' — (51']' <.At + vk.Ak)
0 ‘ .
+ mrg’_e (00" — b1 (O + v'0;b) | } : (6.96)
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and the expectation values of the dual operators of the dilatons ¢; and ¢9 are calculated as

(O =Y 16173(5 —9) [;b:«s&wg%@ - Q*f (A + viA,-)] . (6.97)
(O2) = — 16717G{ 6 7_0 ) [(z +2-— H)b?ﬂ%ﬁ)rg“'?’_e — Q(Za D (A + viAi)]

* mﬁ?ﬁ_e (010" — b~ (Oub + v'Dib)] } : (6.98)

For b = a, the results above agree with those in section 4.
The stress-energy tensor after the dimensional reduction T#, can be expressed in terms

of the fluid variables as
", = Ettr, + PR, — k7, W0, T — nogelé,
— ¢V etél + not A, — ndP Ayt (6.99)
where 1 is defined by
V=0 — b7 (b +v'0b) (6.100)

which gives expansion for b = 1. The energy density £, pressure P, particle number density
n are same to those in section 6.2;

3—0 _o _0 z—1
— b3G—) 2130 = 3G9 p2t3—0 = -1 6.101
167G o 167G T ek (6.101)
The transport coefficients, heat conductivity x and shear viscosity n are also read off as
1 __0 1
_ b 360 10 = a0 6.102
8(z— 1)G "0 1= 16rG"0 (6.102)

For b = a, 9 vanishes but it does not mean that the fluid is incompressible, since ¥ is
not only the expansion but has extra terms. The expansion is non-zero but cancels with the
extra terms, and hence, this implies that the bulk viscosity vanishes in the lower dimension.
For the dimensional reduction with b = 1 as in (6.2), ¥ simply gives the expansion and
hence the bulk viscosity ¢ in that case is

1 0 30

(= ~5:G3G g (6.103)

It should be noted that # is negative for the dimensional reduction and hence ( is positive.
The constraint equations can be written in terms of the fluid variables as

0= 0,& + V' & + (€ + P!

- %no'ijo'ij - Cﬁ@zvl — al(lialT) —v <62>b_1 <8tb + v’@zb) 5 (6104)
0 =8P + J'Fui — 8 (noy;) — 85 (CI) + 0 (Oa)b~10ib (6.105)
0= O + 9;(n?), (6.106)
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where 52 is the dual of the dilaton ¢ but without the contribution from the counter
term A?;

~ 1 —20 3—-60, _o , A
(©2) = gz \/3(3-0) { g VT e [ = @b+ 0b) } '

(6.107)
This expression is consistent to the dimensional reduction from the higher dimensional fluid;

~ 3 3—0 ~
~ 0 3 . _
(Og) = %63@—9) > " Tphyu + 7 » Tpi | = —%5 -l (6.108)
n=0 i=4

where Tp#,, is the stress-energy tensor of the fluid before the dimensional reduction. Thus,
(Oy) is related to the other fluid variables if the fluid is obtained by the dimensional
reduction. It should be noted that the constant mode of ¢9 is given by ¥ log b, and hence,the
contribution from (52 is interpreted as the coupling to the external source of ¢o. Contrary
to the single dilaton case in the previous sections, the variable b is independent from the
fluid variables and is interpreted as an external field. The transport coefficients also depend
on temperature and external field b, but are independent of the particle number density.
The energy &, stress tensor ’7’@ and scalar operator O satisfy the following condition;

0 6 ~. e
where the trace of the Milne invariant stress tensor is given by
Thi=(d—1)(P—-¢D) . (6.110)

The above condition is nothing but the Ward identity of the Lifshitz scaling symmetry
with the hyperscaling-violation. The coefficients of £, P and ﬁ(@g} equal to the scaling
dimensions of ¢, 2* and b with appropriate signs, respectively.

If the fluid satisfies the condition 9 = 0, the fluid equations (6.104) and (6.105) can be
rewritten as

. ~ 1
0= 8,:5 + Ulaig + (5 + P)aﬂ)l — 5770@‘0’@‘ - &(FLGZT) s (6.111)
0= 8iﬁ—fz8iﬂ+,]“]-"m—8j (770'@‘) , (6.112)
where
=~ -~ 1 0 A=D(d=1=0) 3 9y .2 +d—1—0
P=Pjii= oz (2= 507 | b0 : (6.113)
(-
~ 0 e
s sy L A CR L)

The Ward identity of the Lifshitz scaling symmetry can also be expressed in terms of P as

(z—dfl)sz (d—1—6)P . (6.116)
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For b = a, these equations agree with those in the previous section. The above effective
pressure (6.113) and chemical potential (6.115) agree with those in the thermodynamic
relation (6.90) and (6.91), respectively. Then, the thermodynamic relations, fluid equa-
tions and Ward identity, as well as the stress-energy tensor reproduce the result in the
previous section.

The result in this section is a generalization of [72] to non-relativistic and z # 1 cases.
The contributions from the gauge field and ¢ vanish for z = 1 limit in which the Lifshitz
black hole geometry becomes the Schwarzschild-AdS. The hydrodynamic ansatz should be
given by using the lorentz boost for z = 1, and hence the fluid will be relativistic. The
results in this section are not well defined in z = 1 limit, since the ansatz is given by using
the the Galilean boost. The non-relativistic fluid which is obtained in this section agrees
with non-relativistic limit of [72] for z = 1.

7 Lifshitz hydrodynamics on conformally flat background

We have introduced the redefinition of the boundary coordinate before replacing the pa-
rameters by slowly varying functions. This coordinate redefinition is introduced to take
the flat space background on the boundary. Here, we show that naive hydrodynamic
ansatz without such a coordinate redefinition gives fluids on the non-trivial but confor-
mally flat background.

It can be calculated straightforwardly in a similar fashion to section 3 but without
introducing the coordinate redefinition (3.10). Then, the first order constraint equations,
which are equivalent to the fluid equations in the perfect fluid limit, are obtained as

0=0da+v'da—a (1 - g) v, (7.1)
. 1 .
0= Oyro +v'Oir0 + gro&vl, (7.2)
z2(z+3—-10)

0= Fpi+ v Fji + arg ™ 08y . (7-3)

2(z—1)
These equations are different from (3.36)—(3.38), and as we will explain below, the difference
can be interpreted as the effect of the non-trivial background geometry at the boundary.
It is natural to expect that fluid variables as energy density, pressure and particle number
density does not affected by the background geometry. In fact, we can calculate the stress-
energy tensor straightforwardly and they are read off as

3—0 _2¢ 1 0 0
- 339y -2 +3—0 P= _ 3G=ay 2 +3—0
E=Terc® 167G (Z d— 1> @
z-1 4 I+ gty 2430
n = 877Ga R H:_S(z—l)a (*)TO . (74)

which are same to (5.8).
In order to consider the fluid mechanics in the non-trivial background, we first intro-
duce the fluid velocity field u* which is normalized as

1=rut (7.5)
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where the timelike vielbein is given by
T = eXodt, (7.6)
X0 = T (7.7)
and hence the normalized velocity field u* is
, ul = e X0yt (7.8)

ult = e X0

The constraint equations (7.1)—(7.3) can be expressed as

0=u"0,€+ (£ + P)D,u", (7.9)
0=0;P— n@iu + (8 + P)aiXQ + J‘u./rm , (710)
OZD#J“, (7.11)

where the particle number current J* is defined by
JH =nut . (7.12)

Eq. (7.9)-(7.11) are nothing but the fluid equations in the perfect fluid limit in Newton-
Cartan theory, and generalization to the first order fluid is straightforward.
The first order stress-energy tensor is obtained in the following form;

f“y = Eult, + (P — np) ht, — RT,htP0,T — ﬁaabeﬁjéz + nut A, —nuP A,0¢,,  (7.13)
where the transport coefficients are given by

1 7’2+1_9
8(z—1)G ° ’ 167G

The bulk viscosity is zero as for the flat background (5.13). The difference of heat con-

- 3377 .3—0 —
k= adG=0ri~" ¢(=0. (7.14)

ﬁ:

ductivity would come from the difference of the temperature. In this case, the Hawking
temperature is simply given by (2.22) on the contrary to that in section 3 where the tem-
perature is rescaled due to the coordinate transformation. In the curved background, this
should be expressed in terms of the local temperature T = e X7 as

RO, = 1 (0, — Gu) Tr | (7.15)
and then, the heat conductivity is same as (5.13);
1 L
€ 7.16
8(z—1)G" oo (7.16)

The difference of the shear viscosity implies that the shear tensor must be written in
terms of the normalized velocity field u*;

~ ~ 2.
Guv = hpuDyu? + hppDyuf — ghWDpup . (7.17)
Then, the shear can be written as

fioapel e’ = oo h'Ph7, . (7.18)

Then, the shear viscosity 7 equals to (5.13);

L 39

= ) 7.19
7= 162G"0 (7.19)
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7.1 Dimensional reduction for conformally flat background

We can also consider the naive hydrodynamic ansatz for the dimensional reduction from the
higher dimensional Lifshitz geometry. In this case, we can see the effects of the conformal
factor in the metric more explicitly. The perfect fluid limit of the fluid equations are
obtained as

A 0 . .
0=qa! (ata + U’@ia) + mb_l (&gb + vzaib) — O, (7.20)
- i 0 - i 1 i
0= o 1 (atTO +v aﬂ‘o) + mb 1 (atb + v db) + m@v , (721)
» 2(z4+43-0) .99
0= ]:ti + Uj]:ji + WCLTOJFZ 8#0 . (722)
where b comes from the effects of the non-trivial background;
eXo — b_ﬁ ) (7.23)
The fluid variables are same to (6.101)
3—60 _o6 z 6 z—1
_ bG8 -2 +3—0 P— b3G—0) pz T30 = -1 7.24
16eG~ 0 Grg 0 g (12

and the fluid equations can be written in terms of the normalized velocity field u* but now
Xo is independent from the particle number density n ~ 1/a;

0 = w8, + (€ + P)D,ut + 0Oob™ utd,b (7.25)
0= ;P + (€ + P)d;xo + J' Fui — 7Oob~ 103D, (7.26)
0=D,J". (7.27)

The first order stress-energy tensor is given by

T+, = Eutr, + Ph*, — KT, W 0,T — 16 pa WP h7,

— ¢ ot — 3%019—1 (O + v'0;b) | el + nut A, — nul Ay, (7.28)
In this case, the expansion appears in the combination of
. 3 ,
dv* — ﬂzr1 (O +v'0ib) | (7.29)

and it vanishes for b = a by substituting the constraint equation. For b = 1, the background
becomes flat and hence this agrees with (6.99).
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A Notations

Variables defined in the bulk (gravity) side

v’: boost parameter introduced into the (static) black hole geometry in (3.11).

A, the constant part of the gauge field, which is defined in (3.16). This corresponds
to the Milne boost-invariant gauge field in the Newton-Cartan theory B , Or equiva-
lently, B in the holographic frame v# = ¢*. In this paper, it is sometimes expressed
as the 1-form A = A, dx".

7,: the timelike vielbein on the boundary which is defined up to the factor of eXr?,
and given by (4.3) in r — oco. This corresponds to the timelike unit normal which
defines the time direction in the Newton-Cartan theory. It is automatically invariant
under the Milne boost.

€,: the spacelike vielbein on the boundary which is defined up to the factor of eXr,
and given by (4.3) in r — oo. This corresponds to the spacelike vielbein in the
Newton-Cartan theory if we take the holographic frame v# = 9*.

vH: the timelike inverse vielbein on the boundary which is defined up to the factor

e Xr~* and given by (4.6) in » — oco. This corresponds to the inverse timelike
vielbein in the Newton-Cartan theory if we take the holographic frame v# = 0¥, since

the holographic frame is defined by v = oH.

ely: the spacelike inverse vielbein on the boundary which is defined up to the factor
of e Xr~1 and given by (4.6) in r — co. This corresponds to the spacelike inverse
vielbein in the Newton-Cartan theory. It is automatically invariant under the Milne
boost.

ZF“,,: the energy-momentum tensor calculated from the black hole geometry (3.24),
which is defined by (4.13)

EF: the energy current which is calculated from the black hole geometry (3.24). It is
defined by (5.18).

73M: the momentum density which is calculated from the black hole geometry (3.24).
It is defined by (5.18).

T*,: the stress tensor which is calculated from the black hole geometry (3.24). Tt is
defined by (5.18).

J#: the particle number current which is calculated from the black hole geome-
try (3.24). It is given by (5.22).
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Variables defined in the (boundary) Newton-Cartan theory. The following vari-
ables in the Newton-Cartan theory are appears in section 5. See appendix B for
more details.

e v/ the timelike inverse vielbein in Newton-Cartan theory. The timelike inverse
vielbein is not invariant under the Milne boost. In the literature it is sometimes
called “velocity” but must be distinguished from the velocity of the fluid.

e hH: the induced contravariant metric on the time-slice. It is invariant under the
Milne boost.

® N, the induced covariant metric on the time-slice. It is not invariant under the
Milne boost.

~

e Nyt the induced metric on the time-slice in the holographic frame v#* = o#. It is
given by hy, = éhel. We also have h#, = h#**h,, and h* = h#*Ph,,h7 = hH".

e ¢,: the spacelike vielbein. It is given by €, = diag(0,1,1,1) for a 4-dim space-time.

a za

It satisfies hy, = €uey-

a

¢ and satisfies

e P!': the projection to the spatial direction, which is defined by eke
Pl = ity = h7h,, .

e u#: the fluid velocity field. It equals to the vielbein in the holographic frame o*.

e B,: the gauge field in the Newton-Cartan theory. It is not invariant under the Milne
boost.

e & the energy current in the Newton-Cartan theory. For fluids, it is given by (5.23).

e P,: the momentum density in the Newton-Cartan theory. For fluids, it is given
by (5.24).

e TH,: the generic stress tensor in the Newton-Cartan theory. For fluids, it is given
by (5.25).

e J": the mass current in the Newton-Cartan theory. For fluids, it is given by (5.26).
e TH,: generic stress-energy tensor which is constructed from £¥, P, and T, in (5.28).

e B: a Milne boost invariant combination for the gauge field, or equivalently, the gauge
field in the holographic frame v# = o#. It is defined by (5.31).

e &1: a Milne boost invariant combination for the energy current. or equivalently, the
energy current in the holographic frame v# = 0. It is defined by (5.40).

° ﬁu: a Milne boost invariant combination for the stress tensor, or equivalently, the
momentum density in the holographic frame v# = 0. It is defined by (5.40).

— 35 —



° ’7'“,,: a Milne boost invariant combination for the stress tensor, or equivalently, the
stress tensor in the holographic frame v# = o*. It is defined by (5.40).

e TH,: a Milne boost invariant combination of the stress-energy tensor, or equivalently
the stress-energy tensor in the holographic frame v# = o¥. It is defined by (5.33) and
can be decomposed into ¥, P, and TH,.

B The Newton-Cartan formalism

Here, we briefly review on the Newton-Cartan formalism. The metric on the Galilei space-
time is defined by a 1-form 7, and a contravariant symmetric tensor h**. The time direction
of the Galilei spacetime is defined by the 1-form 7,, and h* is the spatial inverse metric
on the timeslice. They satisfy the following orthogonality condition;

T =0 . (B.1)

Next, we introduce the covariant derivative on the Galilei spacetime. We impose the
condition that the Galilei date (7, h*") are constant under the covariant derivative

Dy, =0, Db =0 . (B.2)

On the contrary to Einstein gravity, the above condition does not determine the Galilei
connection uniquely. We further introduce a contravariant vector v#, which satisfies the

following normalization condition;
7,0t =1 (B.3)

The vector v* is sometimes referred to as velocity field but not to be confused with that
of fluids. We also define the spatial covariant metric hy, by using the following conditions
with o#;

By =0, huph? = P = 5," —7,0" . (B.4)

We impose the spatial torsion free condition,

hopTh, =0, (B.5)
where T}, = I'f,, = T'),,. Then the Newton-Cartan connection is determined up to a 2-form
H,, as

1 - - - 1
Ir, =P, + 5hf’f’ (Ouhwo + Ovhyuo — Oshy) + 5hf’ff (TuHyo + T H,5) (B.6)

In general, the Newton-Cartan connection has the torsion;
15, = v (Oumy — Ou1y) - (B.7)

Without the spatial torsion free condition, (B.5), the connection can be more general [74].
For example, we can define the Milne boost invariant connection [71, 74]

FP

1
B = V0T, + 3" (0uhls, + Ouhl, — Oshl,) (B.8)
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where
’Ug =" — "B, , hfy = Buy + T,uBu + TIJB,LL 5 (Bg)

and B is related to H in (B.6) by H = dB, which we will discuss, soon. The connec-
tion (B.8) has non-zero spatial torsion;

BUPTE/W = hopv (Outy — OpTy) = _Png (Oum = Oumy) (B.10)

or equivalently, (B.8) satisfies the modified spatial torsion free condition, hprg = 0
instead of (B.5). Here, the spatial torsion free connection (B.6) is sufficient for our purposes
and hence we do not consider other connections as (B.8).
The curvature is defined by using the commutator of the covariant derivative and
given by
Rl ypo = Tl — 0,1l 4 TH TS —TH TS . (B.11)

ap— vo Qo Vvp

For the torsion free case, dr = 0, we impose the Newtonian condition
Ry =0, (B.12)

where [---] and (---) in the indices stand for the antisymmetric part and symmetric part,
respectively. The above condition implies that the 2-form H,, must be closed, dH = 0.
Then, H is interpreted as the field strength of a gauge field; H = dB. For Torsional
case, dT # 0, no appropriate generalization of the Newtonian condition is known. Here, we
simply impose the condition H = dB even for dr # 0, as is proposed in [71]. To summarize,
the Newton-Cartan geometry is described by the Newton-Cartan data, 7, h*, v* and B,,.

In the Newton-Cartan data, v# and B, are introduced to defined the Newton-Cartan
connection. This means that v# and B, themselves are transforming quantities but 7,,, h*”
and the Newton-Cartan connection do not. Two pairs (2, B,,) and (v, B},) are equivalent
if they give the same Newton-Cartan connection. The transformation from (v, B,) to
(o', BIQ) gives an internal symmetry of the Newton-Cartan theory. The Newton-Cartan
connection is invariant under the following transformation, [74];

ot — ' =" + WV, (B.13)
_ 1
B = B' = B+ P[Vyda! — WV, Vy7pda” . (B.14)

This transformation is known as the Milne boost and V), is a vector which parametrize the
Milne boost. It should be noted that the covariant spatial metric BW is defined in terms
of v and is not invariant under the Milne boost. It transforms as

Ky =huw — (TP + 1 PP) V, + 1,1 b7V, Vs (B.15)

Next, we consider the conservation law in the Newton-Cartan theory. The energy
current £/, momentum density P,,, stress tensor 7, and mass current J# are given by the
variation of the action with respect to the Newton-Cartan data 7,, h*”, v* and By;

68 = / d%z\/7 [67,EH + S0MP,, + Sh* T + 6B T (B.16)
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where the variation 07, is arbitrary but 6v# and 0h*” are only the variations which satisfy
the orthogonality and normalization conditions, (B.1) and (B.3), namely, v* = P}'§9”, etc.
Invariance under the coordinate transformation gives the following conservation equations

(D) —Gu) EF =" (Hup T" + K E¥) — % (W D,0" + WP D,o") T, (B.AT)

hPERE (D, — G,) Tow = B [0M D, Py — Dy, (04Py) + Hp TH + K€V (B.18)
where

K., = 0uty — 07y, (B.19)

Gu=1,,=—-Kuv". (B.20)

Invariance under the U(1) gauge symmetry of the gauge field B,, gives the conservation
equation of the mass current;

(Dp—Gu)J'=0. (B.21)
Invariance under the Milne boost gives the following Ward identity;

Pu=huwJ" . (B.22)

The energy flow, momentum density and stress tensor are not invariant under the
Milne boost. The variations are transforms under the Milne boost as

St = St + V,6h* (B.23)

1, o 1 v
0B, = 0B, — §hf’ V01, — 74 (Vyév + §Vpr5h ") ; (B.24)

where we imposed V, 0" = 0 since V,, always comes with h*” or Pl'. Tt should also be
noted that the variation in (B.16) are constrained by the orthogonality (B.1) and normal-
ization (B.3) conditions and hence have additional contribution to the variation of 7,;

St = —vko¥om, + PHOVY, (B.25)
SR = — (VMhYP + 0V WP) o1, + ]3;)‘]3(’;611”” , (B.26)
where the first terms in these equations are already included in (B.16) but their trans-

formation gives additional terms in the transformation of the energy flow. Then, the
transformation of the energy flow, momentum density and stress tensor are given by

1
EM = E1 — WPR O To Vg = TPV o+ 5 T WPV, Vi (B.27)
73,2 =P, —1,hPP,V, — TPJPP:VZ, + 17 I RV, Vs, (B.28)

T = TH — (PR + P )V, + BPRY TV, Vera T, (B.29)

where the indices are raised or lowered by the spatial metric h* or BW, respectively, and
the transformation of the stress tensor is given by (B.29) with (B.15). The mass current
is invariant under the Milne boost;

JH =g, (B.30)
and in fact, (B.28) is consistent with the Ward identity (B.22) with (B.15) and (B.30).
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We introduce Milne boost invariant combinations. It is straightforward to see that the
following combination is invariant under the Milne boost;

TH, = J' + o'PY + T, (B.31)

which is an analogue of the stress-energy tensor, but constructed from the mass current,
momentum density and stress tensor. We can also define the stress-energy tensor from the
energy flow, momentum density and stress tensor;

T, = —E'r, + 0FP, + WP, (B.32)
but this stress-energy tensor is not invariant under the Milne boost and transforms as
T"H, =T", — 'V, + %J“Tyhp”\/pVU . (B.33)
With this stress-energy tensor, a Milne boost invariant combination is given by
T, =T, + J"B, . (B.34)

It should be noted that the Milne boost combination T, is not invariant (or covariant)
under the U(1) gauge transformation associated to B,,.

Now, we consider fluids in the Newton-Cartan theory. We introduce the fluid velocity
field u*, which is invariant under the Milne boost. For the first order fluid in the Eckart
frame, the energy flow, momentum density, stress tensor and mass current are given by

e =Eur + %quUM — kh"0,T + h'Pu’T s , (B.35)
P, = puy, (B.36)
Tow = PB,W + puyty, — napgpﬁpl‘,’ — CGEW , (B.37)
JH = put, (B.38)

where the index of the velocity field is lowered by using the spatial metric l_zw, and u? is
defined as

Il
>
<

wy = hyu (B.39)
u? = hyutu” (B.40)

The energy density &, pressure P and mass density p are invariant under the Milne boost.
We construct a stress-energy tensor from the above quantities, and then T*, is obtained as

_ 1 ~
T, = ~&utr, — ipu2u“ + PP + putu,
— 10 WP PS — COPH + kh" (8,T) 7, , (B.41)

where

~

o
v

o*, —ut'r, = P* — h*Pu,, (B.42)
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We consider the Milne boost invariants in fluid mechanics. We introduce a Milne boost
invariant combination for the gauge field by using u*;

~ 1
B = B+ u,dxt — §u2Tpdxp . (B.43)

Then, the Milne boost invariant combination for the stress-energy tensor T\“,, is expressed
in terms of the Milne boost invariant gauge field B, as

f“u = T'ul/ + juBl/
= —&ulr, + PP + J"B, — 10, " PS — COPY + kh"? (9,T) 7, . (B.44)

This stress-energy tensor is invariant under the Milne boost, but is not invariant under
the U(1) gauge symmetry associated to B,. We define the Milne boost invariant and U(1)
gauge invariant stress-energy tensor, T*, from T, and B, such that

T, =T+, — J'B, . (B.45)
Then, it is expressed as
TH, = —Eut'r, + PPY — noyoh? P — COPY + kh*? (,T) 7, . (B.46)

The Milne boost invariant stress-energy tensor (B.46) can be decomposed into the Milne
boost invariant energy density 8/‘ momentum density 73 and stress tensor 7'“ as

T+, = —Elr, + ulP, + TH, (B.47)
where
EF = —TH u¥ = Eut — kWO, T (B.48)
Pu=T1,P =0, (B.49)
T#, =T, PAP] = PPV — 0o, h"*BS — COP) . (B.50)

By using the relation between T, and T*;

T, =T", + J"B, — J*B, = T", — J" <uy - ;mﬁ) , (B.51)

the Milne boost invariant energy flow, momentum density and stress tensor are expressed as
EW = EF — TH ¥ — 5PPu” + %zﬂj“, (B.52)

Pu = (Py — 1,T uy) ﬁﬁ =0 (B.53)

T, = W (Tpo — puyuy) PJ (B.54)

where we have used the condition for the Eckart frame (B.38) in the last equality of (B.53)
and in (B.54). The Milne boost invariant energy flow (B.52) is equivalent to that introduced
in [70]
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In general, the Milne boost invariant quantities &l o 73,“ 7A'“V and f“y are different from
the physical quantities £#, P,, T#, and T*,, but they agree if we take a special frame of
the Milne boost transformation by imposing the condition

ot =ut, (B.55)
and we can take this frame by using the Milne boost with
V= hu (0’ —0%) =y, . (B.56)

This also implies that the conservation law for the Milne boost invariant quantities EA“, ﬁ#
and TH*, is given by
~ ~\ ~ N N 1 ~ ~ ~
(Du=Gu) & = ' (A" + K" 5 (n Dy + WDy ) T, (B.5T)
Wb (Dy = Gy ) Tuw = B [0 DyPyy = Dy (wPy) + By T + K 8] (B.58)

where D), is the covariant derivative in this frame and

~

g,u - - uyuu . (B59)

We call this frame as “holographic frame,” since the result is obtained in this frame if we
consider the holographic duality for the Lifshitz spacetimes.

C Lifshitz fluid in scalar background

In section 5, we have seen that the Lifshitz black hole geometry corresponds to fluids with a
non-zero chemical potential but without non-trivial scalar background. On the other hand,
the dimensional reduction from the higher dimensional model in section 6 gives fluids with
zero chemical potential but with non-trivial scalar background. Here, we show that the
results in section 5 can also be interpreted as fluids with zero chemical potential but with
non-trivial scalar background, even though the pressure is different from that in first law
of thermodynamics.
The stress-energy tensor TH, can be expressed in the following form;

TH, = —E'7, + Ph", — kT, h,T — nogel'es, + ni" A, — niP A,6", , (C.1)

where the energy density £ and particle number density n have the same form (5.8), but
the pressure is now given by

357y .2 +3—0
a3G=0 pit3=v (C.2)

P
167G

The stress-energy tensor T*, is related to that in the Newton-Cartan theory T*, by the
same equation (5.46), but now the relation between A and B is given by

A, =mB,, (C.3)

which implies that p = 0.
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The fluid equations are expressed as

0= 0 +v'0i€ + (€ + P9’

— %7](1’1’]’0’,’]' - 3,(&81T) + Cop <6¢>% (atn + Uzaﬂl> N (04)
0=0;P+nF;+ m)j}"ji — 05 (noij) —ce <6¢>%aﬁl, (C.5)
0= dn + 9;(n?), (C.6)

where ¢, is the coupling constant between (5(15 and log a, which is given by
-1
0 -1 —0)0
R 9z—1)+(3—-96) ’ 1)
31v6(B-0)3(z—1)—0

and the operator (5¢ is the dual of the dilaton ¢ but we have removed the contribution
form the external gauge field as for the stress-energy tensor;

(Og) = (O4) - ()\ - ;y> JHA, (C.8)

where A and v are defined in (2.11) and (2.12) respectively.

The additional term associated to Oy4 can be understood as follows. In terms of the
boundary stress-energy tensor, (C.4) and (C.5) are expressed as

DMT#ZI = /WJ# + 5¢<6¢>au¢0 ) (Cg)

where ¢ is the constant mode of the dilaton ¢, which is defined in (2.13) and is interpreted
as the source for Oy. The coupling constant ¢y is now redefined as

o (3-0)0
T -1+ B-00"

(C.10)

This additional term implies the presence of an external force whose potential is propor-
tional to the particle number density. Although, ¢¢ is interpreted as the external field, it
is related to the particle number density n, or equivalently a, as seen from (2.13).

For the fluid dual to the Lifshitz geometry, the energy density is constrained first by
the Lifshitz Ward identity with hyperscaling violation. It is given by

- (z§>5+(39)P(39)c¢<(5¢> =0, (C.11)

where the operator 5¢ and coupling constant c, are defined by (C.8) and (C.7), respec-
tively. The coefficients of £, P and c¢<5¢) are the scaling dimensions of ¢, 2° and a with
appropriate signs, respectively. (See appendix D for more details on the scaling dimensions
for the Lifshitz symmetry with hyperscaling-violation.)

The thermodynamics relation given by

TJE = EW 4 POt = —TH, ¥ + Pk . (C.12)

This is consistent with p = 0.
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D Scaling dimensions in fluids

If there are no hyperscaling-violation, the Lifshitz spacetime is invariant under the following
scaling transformation;

t—c°t, x'— cat, r—c . (D.1)

However, in the presence of the hyperscaling-violation, the following metric and gauge field
are not invariant under the above transformation;

ds® = b‘%r*%/(d*l) <_r2zdt2 + d:; + Zrz(dxi)2> (D.2)
A=arti 1%y 1 (D.3)

but transform as
ds? — 2041 g2 A— @D+ 4 (D.4)

where a,b are constant parameters above. However, if we impose the following scaling
behavior to the constant parameters

a— ¢ a, b— 170 (D.5)

then the metric and gauge field are invariant under the scaling transformation. For the
black hole geometry, the horizon radius transforms as

ro — ¢ g . (D.6)
Then, the coordinates and the constants have the following scaling dimensions:

t] = -2, (']
[a] = —(d— 1)+, b]

1, (D.7)
—(d-1)+0, o] =1 . (D.8)

After the redefinition of the coordinate (3.10), the scaling dimension of the
coordinates becomes

@ﬂ:—1+—ﬂf. (D.9)

[t] = —2z+ 1

d—1’
Then, the scaling dimension of the velocity field should be
V] =2—1. (D.10)

The constant modes of the gauge field have the following dimensions

0 0
——, A]=1— —— . (D.11)

A==~ d—1
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(From (5.8) and (3.13), or (6.101) and (6.24), the scaling dimensions of the energy density,
pressure, the particle number density and temperature are given by

d d

] =d—1-0, ]=2-——. (D.12)

E]=2z+(d—-1)— g,

They satisfies the appropriate relation to the dimension of the coordinates
€] = ~[t] - (d - D[], [n] = —(d —1)[2], [T] = —[t], (D.13)

namely, dimensions of the density is minus of dimension of volume, and dimensions of the
energy and temperature are minus of the dimension of time. From the relation to fluid
variables, the scaling dimensions of the transport coefficients are calculated as

m=d—1-6, (]=d—1-9, Kl=2-1-2"79, (D.14)

d—1
which are consistent with (5.13). Since the gauge field in the Newton-Cartan theory

(B =22 -2, B =21, (D.15)

the scaling dimension of mass m is given by

0
= — 2——-. D.16
] =~z 42— o (.16)
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