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ABSTRACT: A framework has been presented for theoretical interpretation of various mod-
ified gravitational models which is based on the group theoretical approach and unitary
irreducible representations (UIR’s) of de Sitter (dS) group. In order to illustrate the ap-
plication of the proposed method, a model of modified gravity has been investigated. The
background field method has been utilized and the linearized modified gravitational field
equation has been obtained in the 4-dimensional dS space-time as the background. The
field equation has been written as the eigne-value equation of the Casimir operators of
dS space using the flat 5-dimensional ambient space notations. The Minkowskian corre-
spondence of the theory has been obtained by taking the zero curvature limit. It has been
shown that under some simple conditions, the linearized modified field equation transforms
according to two of the UIR’s of dS group labeled by H;l and H;Q in the discrete series. It
means that the proposed modified gravitational theory can be a suitable one to describe the
quantum gravitational effects in its linear approximation on dS space. The field equation
has been solved and the solution has been written as the multiplication of a symmetric
rank-2 polarization tensor and a massless scalar field using the ambient space notations.
Also the two-point function has been calculated in the ambient space formalism. It is dS
invariant and free of any theoretical problems.
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1 Introduction

It is well known that there are many good reasons to consider the Einstein general relativity
as the best theory for the gravitational interaction, but according to the recent cosmological
observations it seems that this theory may be incomplete. In addition to the well known
problems of the Einstein general relativity in explaining the astrophysical phenomenology
(i.e., the galactic rotation curves and small scale structure formation), recent cosmological
data indicate an underlying cosmic acceleration of the universe which cannot be recast in
the framework of the Einstein general relativity.

It is for these reasons and some other issues such as cosmic microwave background
anisotropies [1, 2], large scale structure formation [3, 4], baryon oscillations [5] and weak
lensing [6] that in recent years many authors are interested to generalize standard Einstein
gravity. Among alternative proposed models the so-called extended theory of gravitation
and, in particular, the gravity theories stem from nonlinear actions or higher-order theories
of gravity have provided interesting results [7—19]. These models are based on gravitational



actions which are non-linear in the Ricci curvature R and/ or contain terms involving
combinations of derivatives of R [20-23].

Recent astronomical observations of supernova and cosmic microwave background [24—
27] indicate that the universe is accelerating and can be well approximated by a world with
a positive cosmological constant. If the universe accelerates indefinitely, the standard cos-
mology leads to an asymptotic dS universe. In addition, dS space-time plays an important
role in the inflationary scenario where an exponentially expanding approximately dS space-
time is employed to solve a number of problems in standard cosmology. Furthermore, the
quantum field theory on dS space-time is also of considerable interest.

Furthermore, the gravitational field in the linear approximation behaves like a massless
spin-2 particle which propagates on the background space-time. Following the Wigner’s
theorem, a linear gravitational field should transform according to the UIR’s of the symmet-
ric group of the background space-time. In this paper, dS space-time has been considered
as the background. It has been shown that the proposed generalized Einstein’s theory, in
its linear approximation, can be associated with the UIR’s of dS group.

The main goal of this work is to propose a theoretical framework for validity interpre-
tation of the modified gravity theories, from group theoretical point of view, in dS space.
The idea is that if a proposed model of modified gravity corresponds to the UIR,s of dS
group it can be considered as a possible successful model.

The organization of this paper is based on the following order. In section-2, a gener-
alized Einstein-Hilbert gravitational action has been introduced and corresponding linear
generalized Einstein gravitational field equation has been obtained in terms of the intrinsic
dS coordinates as the background. Details of derivations have been given in appendices.
Next, the linearized field equation has been written in terms of the Casimir operators of
dS group making use of the five-dimensional ambient space formalism. The physical sector
of the theory has been obtained by imposing the divergenceless and traceless conditions
and the possible relations between this field equation and the UIR’s of dS group have been
investigated. By imposing a simple condition the conformally invariant theory of gravity is
reproduced. In section-3, we obtained the solution to the conformally invariant field equa-
tion, using the ambient space notations. The solution can be written as the multiplication
of a symmetric generalized polarization rank-2 tensor and a massless minimally coupled
scalar field in dS space. In section-4, we have calculated the conformally invariant two-
point function, in terms of the massless minimally coupled scalar two-point function, using
the ambient space formalism. It is dS invariant, symmetric and satisfies the traceless and
divergenceless conditions. The results are summarized and discussed in section-5. Some
useful mathematical relations and details of derivations of equations have been given in the
appendices.

2 The field equation

The terms containing fourth order derivatives of the metric may be constructed out by
curvature invariants (other than the cosmological constant), that is

R7 R27 7zab,Rfaba RabcdRade-



Therefore, the gravitational action for the modified field equation in the 4-dimensional
dS space-time with the metric signature (—,+,+,+) can be written in the following gen-
eral form

1
I = ﬁ /d4I\/ —g |:a() (R — QA) + alRQ + agRabRab + a3RadeRabcd:| ,
T

where A = 3H? is the positive cosmological constant. Rgpeq is the Riemann tensor, Rgp is
the Ricci tensor and R = gabRab is the Ricci scalar of the space-time under consideration.
ag, a1, az and ag are constant coefficients. The coefficients a1, as and ag are positive with
the dimension of (Length)?.

Taking note the fact that the Gauss-Bonnet action

1
167G

/d4l' /_g (RQ _ 4RabRab + RCLdeRabcd)

is a total divergence. Adding it to the action will not contribute to the field equations and
enable us to simplify the action somewhat and rewrite it as

_ 1 4 — o 2 ab
I= e /d x/—g {ao(R 2A) +aR* + bR Rab} , (2.1)

with new coefficients. Therefore, including an R*®“4R g term is equivalent to altering
the coefficients. The theory described by this action is referred to as fourth-order gravity,
since it leads to fourth order equations. Numerous papers have been devoted to the study
of fourth-order gravity.
Varying the action (2.1) with respect to the metric tensor g,; the modified gravitational
field equation is obtained as (appendix B)
aH) + ar’) + o1 =0, (2.2)

a

where H((I%) = Gap+ Agap and Ggp = Rap — %Rgab is the Einstein tensor and

1
H}) = 2RRap — 2V, VR — S9a(R” —40R), (2.3)

1
7—[((128 =0ORuwp — Ve VR — VI VRE + 2R Rey — igab(RCdRcd — 2V .V4R). (2.4)

Making use of the relations [V, V4|Rf = RdaRg—R‘émei, VR =1/2VyR, V.V R =
1/20R and other symmetry properties of the Riemann tensor [19], it is easy to show that

the field equation (2.2) is agree with eq. (2.3) of ref. [28] with v = 0.

2.1 Linear field equation in dS space

In order to obtain the linearized form of the field equation (2.2), one can use the background
field method. That is gap = g0 + hap, in which g 7%
is its fluctuations. Indices are raised and lowered by the background metric. We suppose

that g[(fG) = g((fbls) = Jup- SO one can write

is the background metric and hg,

9ab = Jab + hap and gab = Q“b — hab- (25)



The metric gqp is a solution to Einstein’s field equation with the positive cosmological
constant A = 3H?:

1~ -
Rap — §Rgab + 3H2gab =0. (26)
Using the approximations given in eq. (2.5), in eq. (2.3), we have (appendix C)

1O = 7O+ 1O (2.7)

a

where ﬁ(gg) is the dS correspondent to Hgl))) and

1
Hc(tg) = i(vavchbc + vachac - Dhab — VQVbh/ + 2H2hab)

1
+ §gab(Dh’ — V.Vahed + H?h), (2.8)

in which A’ = hZ is the trace of hg, with respect to the background metric and V? is the
background covariant derivative. It is easy to show that (appendix D)

1Y = g% + 5 (2.9)

a

(1)

where ﬁé? is the correspondent to H aé in dS space and

HY) = +12H? (Vo Vhye + VyVhae — Ohgy) — 2V, V, (chdth —On + 3H2h’)

- 24H gy — 230 (3H2vcvdh6d 4 3H — OV.Vhe + D%’) . (2.10)
It is easy to show that (appendix E)
12 = g L g® (2.11)

where H 6512)) is the correspondent to ’Hﬁ) in dS space and

1
HY) = 2 [D(VaVeh + ViVeh) = 2H2Dhay — Dhapy + Va VW

+ 2H? (Vo Veh§ + VyVehe) — Vo ViV Vgh® — 3H?V  Vyh! + 4H*hy,

1
+ 3 da (2H2vcvdh0d —oHA £ TH2OK + OV.Vhed — D%’) L (212)

Substituting egs. (2.8), (2.10) and (2.12) in eq. (2.2), we have
aHY +aH) +0H = 0. (2.13)

eq. (2.13) is the linearized modified gravitational field equation in dS background, which has
been written in terms of the intrinsic coordinates X, of the 4-dimensional dS space-time.



The linear field equation (2.13) can be written in the following explicit form

b
~ S 0Phay — (% +120H? + bH2) Ohay + H2(ag + 24aH? + 46H?)hy,

b
+ (2a + 2) \AVA R (% +6aH? + 3bH2) VaVih! — (2a + b) VoV VeV gh®d
b
+ <“20 +12aH? + 2bH? + 25) (VaVehpe + VyVhae)
1
+ Sdab | (—a0 — 12aH? = 26H?) V.V ah + (ag — bH2) ON

2
+ (ag — 12aH? — 2bH?) H?H + (4a + b) (Dvcvdhcd - D%’)} 0. (2.14)

The Minkowskian correspondence of the theory can be obtained by taking the zero
curvature (i.e. H — 0) of eq. (2.14), it is

1
-3 (6P hgp, + agDhay — (4a + b) 0,0,0R — (ag + b0) (a0 hpe + 060 hac) + agdaOph]

+ map [0 (O — 0040 + (4a + ) (D004 — )] ~ (20 + )24 D.0a = 0,
(2.15)

where 7, is the metric and O = 7,,0%0” = 00, is the wave operator in the flat space.

In order to obtain the physical sector of the model, one must to impose the physical
conditions V,h® = 0 = Vyh® and h' = 0. In this case following Takook et al. [29] we
obtain

b
—50 - (% +12aH? + bH2) O+ H(ag + 24aH? + 4bH?) | hyy = 0, (2.16)

fore the metric signature (—, 4, +,+), and

b
— 0%+ (% +12aH? + bH?) O+ H2(ag + 24aH? + H?) | hyy =0, (2.17)
fore the metric signature (+,—, —, —).

In the following subsection, in order to consider the possible relations between the
field equation and the UIR’s of the dS group, the linearized field equation (2.17) will be
written in terms of the Casimir operators of dS group, using the 5-dimensional ambient
space notations.

2.2 dS group and Casimir operators in the field equation

The dS space-time is a maximally symmetric space-time having a positive constant curva-
ture. It can be easily represented as a four-dimensional hyperboloid

Napr®a® = —H 2, a,3,...=0,1,2,3,4, (2.18)

embedded in a flat five-dimensional space with metric 7,3 =diag(1,—1,—1,—1,—1). The
dS metrics is

ds? = Napdr®da’ o g2 = §updX*dX®, a,b,...=0,1,2,3, (2.19)



where X%’s are the 4 space-time intrinsic coordinates in dS hyperboloid. Different coordi-
nate systems can be chosen [30, 31]. Any geometrical object in this space can be written
in terms of the four local intrinsic coordinates X or in terms of the five global ambient
space coordinates x®.

In order to express eq. (2.17) in terms of the ambient space notations, originally de-
veloped by Christian Fronsdal [32], we adopt the tensor field ICog(x) in ambient space
notations. Note that the “intrinsic” field hgp(X) is locally determined by the transverse
tensor field Kng(z) through

dr® OxP

hab(X) = WW aﬁ(x(

X)). (2.20)

In these notations, the solutions to the field equations are easily written out in terms of
scalar fields. The reader how is not familiar to the ambient space notations is referred to [39]
and references therein. The symmetric tensor field Kyg(z) is defined on dS space-time and
satisfies the transversality condition [33, 34]

z-K(x) =0, i.e. 2°Kog(x) =0, and 2P Kap(z) = 0. (2.21)

The covariant derivative in the ambient space notations is

n

DBTal...ai...ozn = aﬂTal,..ai...an - H2 ZxoaiTal..ﬂ...ana (222)

where 0 is tangential (or transverse) derivative in dS space

Do = 00p0° = 0o + H*xp -0, x-0=0, (2.23)

0o = Nap + H Qxaxg is the transverse projector. It is easily shown that the metric gqp
corresponds to the transverse projector 6,5 that is

dr® dxP

Gab(X) = X HXDb aﬁ($)~ (2.24)

The kinematical group of dS space is the 10-parameter group SOg(1,4) which is one
of the two possible deformations of the Poincaré group. There are two Casimir operators

1
QWM = —ELalgLaﬁ, QY = —w,we, (2.25)
where

1
Wy = —geam(gnLﬁvL(S", with 10 infinitesimal generators Lng = Mag + Sag. (2.26)

The subscript s in le), 22) reminds that the carrier space is constituted by tensors of
rank s. The orbital part M,g, and the action of the spinorial part S,g on a rank-2 tensor
field K defined on the ambient space read respectively [34]

Mag = —i(.%‘aag - 33580[), SQBKW; = —i(?]a’y’C&; - UB'yICacS + na(;lCBV - ngglCM). (2.27)



The symbol €46, holds for the usual antisymmetrical tensor. The action of the

(1)
2

Casimir operator on K can be written in the more explicit form

qg”Kcm::(QQ’—6)Kxx)+2nn’+25xa-Kxx)—zsaz-ncm, (2.28)

where, Qél) = —%MQBMO“B = —H72(0)? is the scalar Casimir operator. The symmetrizer
S is defined for two vectors &, and wg by S(€awpg) = Eawp + Epwa. K’ is the trace of the
tensor I and the action of the Casimir operator le) on the vector K can be written in
the more explicit form

le)K(x) = (Qél) - 2) K(z) +220 - K(z) 4+ 2H?*z z - K(z) — 20 © - K (x). (2.29)

As shown by Dixmier [35], the UIR,s of dS group have a classification scheme in
terms of a pair of parameters (p,q). The Casimir operators take the following possible
spectral values:

QW) = —pp+1) — (g +1)(g—2), QP = —p(p+1)g(qg—1). (2.30)

Depending on the different values of the pair of parameters (p,q), three different series
of representations are distinguishable: the principal, the complementary and the discrete
series [35, 36]. Mathematical details of the group contraction and the physical principles un-
derlying the relationship between dS and Poincaré groups can be found in refs. [37] and [38]
respectively. The spin-2 tensor representations relevant to the present work are [39]:

i) The UIR’s of the principal series labeled by U?¥ with p = s = 2 and ¢ = % +
correspond to the Casimir spectral values:

1
<§B:V%Lz,yem, (2.31)

note that U?" and U*™" are equivalent.

ii) The UIR’s of the complementary series denoted by V%4 with p = s = 2 and ¢—¢* = p,
correspond to the following spectral values

1
QMY =qg——4=p—1, 0<p<. (2.32)
iii) The UIR’s of the discrete series conventionally labeled by Hét,q in which p = s =2
and takes the following spectral values

(@) =—6—(qg+1)(¢—2), ¢=12 (2.33)

The “massless” spin-2 field in dS space corresponds to the H;Q and H§E,1 cases in which the
sign +, stands for the helicity. In these cases, the two representations H;Q, in the discrete
series with p = ¢ = 2, have a Minkowskian interpretation. It is important to note that the
representations H;l do not have corresponding flat limit [39]. (More details can be found
in [34] and references therein.)



We now attempt to express the wave equation (2.17) in terms of the Casimir operators
of dS group. The d’Alembertian operator becomes [40]

dr® OxP

Dhab == VCVchab == WW

—H%QfY — 27| Kap (2.34)

and

dx® dxP

Phap = VOV VIV ghay = 2o
b= VNV Vahar = e oo

2
[H“ (QgU) +am4QV +4H4] Kog,  (2.35)
where, the conditions of tracelessness and divergence free (e.i. 9. = 0 = K'), have
been imposed to the physical states. By use of the above equations in eq. (2.17) we have

b 2
[2H2 (@) + (% +12aH? + 30H?) Qgﬂ Kag = 0. (2.36)
In terms of different choice of coefficients in the proposed action (2.1) different gravitational

theories may be achieved. Now the following various choices are considerable

e By choosing a = 0 and b = 0 we return to the physical linear pure dS theory, that is
O Kasg =0, or (@4 +6)Kas=0. (2.37)

This is an eigen-value equation with the eigen-value ( §1)> = —6. From the group
theoretical point of view this corresponds to UIR’s of dS group labeled by H2i,2 in the
discrete series which reduces to the physical representations of the Poincaré group in
the zero curvature limit. This is why it is called as the physical state. It has been
discussed in [39], for the gauge-fixed value equal to zero, [41] for the gauge-fixed value

equal to 2 and the extended discussions are given in [42].

e Letting ap = 1, b = 0, the model reduces to a f(R) theory model with f(R) =
R+aR?. It is known as a relatively successful model, which explains the inflation and
positive acceleration of the universe [43-46]. Under these conditions, the linearized
field equation (2.36) reduces to

(1+24aH)QVKas =0, or  (1+ 24aH?) ( O 6) Kas=0.  (2.38)

It corresponds to the UIR’s of dS group labeled by H2i’2 in the discrete series too. This
is why the model is a successful one. The field equation (2.38) has been considered
in ref. [47].

e One may set ag =0, a = —% and b = 1, by which the theory reduces to the Weyl
conformal theory with the linearized field equation

Q) (@ ~2)Kas =0, or (@7 +6) (@ +4)Kag=0.  (239)

The same equation has been obtained by Dehghani, et al. from a different ap-
proach in [39].



The field equation (le) +4)Kop = 0, is also an eigen-value equation with the eigen-
value <Q§1)> = —4. It corresponds to one of the UIR’s of dS group denoted by H;l in
the discrete series with the same Poincaré correspondence as H;Q in the zero curvature
limit. Indeed two of UIR’s of dS group have only one Poincaré correspondence. It has been
discussed in [48].

As it is clear with the help of above-mentioned examples, we believe that it is necessary
for any successful theory of gravity to transform according to the UIR,s of dS group. In
other words if a model of modified gravity theory does not correspond to the UIR,s of dS
group in its linear approximations it can not produce valid and helpful physical results.

For the general discussion on the proposed modified gravity theory, let A = aH? and
B = bH?. In terms of these dimensionless coefficients the field equation (2.36) can be
written as

[(ngf N (fg vl 6> Qgﬂ Kas =0, BA£0. (2.40)

As a direct mathematical result, the proposed model in it’s linear approximation, generally
transforms according to the UIR’s of dS group and it is a suitable candidate model of

gravitation on dS space if the characteristic equation

agn A

§+24E+8:O’ B #0, (2.41)
is satisfied. Under this condition it describes a massless spin-2 particle (the graviton, if it
exists) in it’s linear approximation and transforms according to two of UIR,s of dS group.
We therefore believe that it can be a successful modified gravity theory. For more clarity,
in the following sections, we solve the field equation (2.40), with the condition (2.41), using
the ambient space formalism. Also we obtain the two-point function for the linearized
theory of gravitation making use of the ambient space notations, and show that the results

are free of any theoretical problems.

3 Solution to the conformal field equation

A general solution of to the conformall field equation can be constructed from the combina-
tion of a scalar field and two vector fields. Let us first introduce a traceless and transverse
tensor field K in terms of a five-dimensional constant vector Z; = (Z1,) and a scalar field
¢1 and two vector fields K and K, by putting [34, 39, 41, 42, 48, 49]

K=0¢1+SZ1K + D2K,, (3.1)

where D5 is the generalized gradient operator defined by DoK = S(Dy + z)K, D1, =
H~20, and Z1, = Qang’B. Taking the trace of K,z we have

K'=4¢1 + 221K + 2H*(2.Z1)x.K + 2D1. K, — 22.K, = 0, (3.2)
Using the ansatz (3.1) to the field equation we have (appendix F)
(@ + 0@ +6)¢1 +8(Q +2)21.K =0, (a)
otV (Qﬁ” + 2) K=0, o QWK =0 0.K=0=uzK, ®)  (3.3)

QWY +4)(QY +6)K, = 482 [(Q\Y + 5)2. 2K + 7,.D1 K — le.K} . ()



The vector field K can be written in the following general form
Ka = 22a¢2 + D1a¢3a (34)

where Z5 is another constant 5-vector and ¢ and ¢3 are two arbitrary scalar fields, should
be determined. Using the divergenceless condition we have

QM s = 20000 + 4H (2. 72) o, (3.5)
and substituting eq. (3.4) in eq. (3.3)(b) leads to the following two equations
Q67 (Q)" —2)¢2 = 0, (3.6)
QS QS +2)ps = 4H*Q) [(w.Z2)bo] + 8H? (2. 22) b2 + 472.D¢b0. (3.7)
The eq. (3.6) has a dS plane wave solution of the form
¢2 = (Hz.£)?, £2=0, with  o(c+3)(c+2)(c +1)=0. (3.8)

Note that ¢o is the minimally coupled scalar field for ¢ = 0,—3. In that case it obeys
the field equation Qél)(Z)Q = 0 [39, 50]. Also ¢9 is the conformally coupled scalar field for
o = —1,—2 and satisfies the field equation (Qél) —2)¢2 =0 [51].

Substituting Q[()l)gi)g and (Q[()l))qug from eq. (3.5) into eq. (3.7), we obtain

QWY 2,.0¢y = 275.06,. (3.9)
Now regarding egs. (3.6) and (3.9) and using the identity
QP [(2.22) ) = (2.22)Q\V s — 4(2.Z) 3 — 2Z5.D1 b, (3.10)
we obtain
QM [(2.22)Q" pa] = 2QV [(2.Z2) o] + 8(2.Z0) by + 4Z5. D1 by (3.11)
Combining egs. (3.9) and (3.11) we have
(£.Z2) 2 = é@é” [@.22)@51)@ (. Z) s — 2ZQ.D1¢2} : (3.12)
Substituting eqs. (3.9) and (3.12) in eq. (3.5) we have
b3 = % [HQ(;U.ZQ)QS)@ — 75960 — 2H2(33.Zz)d>2] . (3.13)

Now the solution to eq. (3.3)(b) can be written in terms of the dS massless scalar field

P2 = ¢s as

_ 1 _
Ko = Z2ats + 5Dia [HQ(m.ZQ)Q(()l) — 2,0 - 2H2x.Z2] Bs. (3.14)
The explicit form of the vector field K, is
(o2 = 2 Q:ZQ =

~10 -



and the condition of 0.K, = 0 can be written in the following explicit form
= 1
0.K = 502(0 +3)(o +4)(x.Z1)(x.Z2)ps = 0. (3.16)

Noting eq. (3.8), it is valid only for o = 0,—3. As pointed out before we can treat the
scalar field ¢ as the massless minimally coupled scalar field. Furthermore under these
circumstances the vector field K, satisfies the relation

Q\V K, =0, or (QgU n 2) K =0. (3.17)

It is easy to show that eq. (3.3)(a) has a solution of the form

2
b1 =320k, Q@) -2 =0. (3.18)

It means that ¢; satisfies the massless minimally coupled scalar field equation in dS
space [50, 51]. Now eq. (3.2) can be written as

- 1
0.Ky = gH?ZI.K, z.Ky=0. (3.19)

Making use of the relation
QWY +5)2. 21K = 22(Z.K) — 2(Z1.D1)K — (2.721)K,

eq. (3.3)(c) can be written as

QM +20)(Q\Y +6)K, = 4H? (22, K — 2.7, K — Z,.D, K]. (3.20)
Now using the identities

6(x.21)K = (Q +6) [(a:.Zl)K + ;Dl(Zl.K)} ,

2221 K — Z1.D1K) = (Q\" + 6)(2.2,K),

in eq. (3.20) we obtain
QY + 4K, = §H2 [(m.Zl)K - 118D1(21.K)} . (3.21)

It is easy to show that
AD\(21.K) = Q1 + 4)Dy(Z1.K), (3.22)
1
A(x.21)K = QY +14) {(az.ZQK + 6D1(Zl.K)] . (3.23)
Combining egs. (3.21)—(3.23) results in
1, 1
K, = H? |(@.Z)K + 5 Di(Z1.K)| . (3.24)

It satisfies the conditions given in eq. (3.19).

- 11 -



Substituting eqs. (3.15), (3.18) and (3.24) in eq. (3.1) one can show that
ICO!/B('%.) = SQ,B(:U7§7Z17Z2)¢87 (325)

where ¢ is a massless scalar field in dS space and £ is a generalized symmetric polariza-

tion tensor,

LL‘.ZQ -

Il

x.
(3.26)

2 _ 1 1 _
E= % —3021.+ 2 + H2§D2 (gc.z1 + 9DlZl.>] {(a +2)Zy + (02 + 20 — 2)

It is consistent with the results in [39] and [42] with ¢ = 0.

4 The conformal two-point function

The two-point function W, g4p (2, '), which is a solution of the wave equation with respect
to x or 2/, can be found simply in terms of the scalar two-point function. Very similar to
the recurrence formula (3.1) let us try the following possibility [34, 39, 41, 42, 48, 49|

W(x,2') = 00Wo(z,2") + SS'0.0W1 (2, 2") + Do DyW,(x, 2'), (4.1)

where W, Wi and W, are transverse bi-vectors, W is bi-scalar and DyDj = Dj)Ds.
Substituting the two-point function (4.1) in the field equation with respect to z, we have

QY +0)(QY + 6)0Wo +8(QLY + 2)S'0" Wi, (a)
Q@Y +oaw =0, o QMePwi=0, aw =0, (b)
QY +4)(QW + 6)Dyw, = 4H2S’ [( U 4 5)(2.0)Wy + 0Dy + x9’.Wl} (@)
(4.2)
The solution to eq. (4.2)(b) has the following general form
Wi =0.0Ws + DiD\Ws,  and DW= % [H2(a:.e’)@g” . 2H2x.9’} W,
(4.3)

in which W, = W; is the massless minimally coupled scalar two-point function. The
dS-invariance two-point function for the massless minimally coupled scalar field in the
“Gupta-Bleuler vacuum” state is [52]

4H2
We(z,2') = 28726(500 —2)[0(1 — Z(,2")) + I(Z(z,2") — 1)), (4.4)
™
with
1 20> 20,
Z=—H?z2', and e(a—2") = 0 z2°=2a", (4.5)
—1 20 < 2.

In summary, the solution to the above system of equations is

Wy = [9.9' + %Dl (H%.&’le) —0'.0— 2H2x.9/)] W, (4.6)
2
OWo(z,2') = —38’9/.W1(x,x’), (4.7)
1 1
DiW,(x,2') = §H28’ [(w.@’)Wl + 9D1(9’.W1)] . (4.8)
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The two-point function (4.1) also satisfies the field equation with respect to 2/, in this case
one can obtain

Q4" +4)(QF" + 6)Wh + 8(Qq ) +2)S0.m, (@)

QV@QW +2mr =0, o QUWQWW, =0, ¥w =0, (b)

QW +4)(QW +6)DyW, = 4H2S [(Q’f” +5)(«".0)W; + 0.D\W; — x’O.Wl} . (©)

(4.9)
with the solutions

Wi = [9/.9 + %Dg (H%’.@Qg“) — 0.9 - 2H2x’.0>] W, (4.10)

OWo(x, ') — —%SQ.Wl(m’,m’), (4.11)

DoW, (2,2") = %st [(m'ﬂ)Wl + ;D;(e.wl)] | (4.12)

Note that the primed operators act on the primed coordinates only.
Making use of egs. (4.6)—(4.8) or (4.10)—(4.12) one can show that the conformal two-
point function can be written as

Waparg' = Daparp Wi, (4.13)
where
A= é [293’9’. +880.0 + H>D,S' (m.@' + ;Dle’)]
X [29.0’ + Dy <H2:z:.9’Q((]1) — 09— 2H2x.9’)} . (4.14)

It agrees with the results in [39] and [42] with ¢ = 0.

5 Conclusion

According to the recent cosmological observations it seems that the standard Einstein
theory of gravity may be incomplete and many attempts have been made to modify this
theory. The so-called modified theory of gravitation and, in particular, non-linear gravity
theories or higher-order theories of gravity have provided interesting results. The proposed
models are based on gravitational actions which are non-linear in the Ricci curvature and
constructed out by curvature invariants.

This work is devoted to an extension of the Einstein-Hilbert gravitational action, which
is constructed out by the linear combination of Ricci scalar and Ricci tensor invariants in dS
space. Varying the proposed action with respect to metric tensor leads to a fourth order
gravitational field equation, conventionally named as the modified gravitational theory.
The background field method is utilized and the linearized field equation is obtained in
terms of intrinsic coordinates in the 4-dimensional dS space as the background.
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The gravitational field in the linear approximation behaves like a massless spin-2 par-
ticle which propagates on the background space-time. According to Wigner’s theorem, a
linear gravitational field should transform according to the UIR’s of the symmetry group
of the background space-time. In order to investigate the possible relations between the
field equation and the UIR’s of dS group it is transformed into the flat five-dimensional
ambient space and the linearized field equation is written in terms of the Casimir operators
of dS group. We obtained the Minkowskian correspondence of the theory by taking the
zero curvature limit. The physical sector of the theory is obtained by imposing the diver-
genceless and traceless conditions. Some interesting theories are reproduced as the special
cases of the theory and their validity and successfulness are discussed from group theoret-
ical point of view. We demonstrated that it is necessary for a theory to be successful, in
dS space-time, if it transforms according to the UIR’s of dS group. We showed that the
proposed theory transforms according to the UIR,s of dS group if the constant coefficients
satisfy some simple conditions. As a result this theory can be used as a successful model
for solving the problems in the framework of quantum gravity.

As an special case of the theory the linearized Weyl theory of gravity is reproduced
which transforms according to two of the UIR’s of dS group denoted by H;'E,Q and Hil
in discrete series. We obtained the solution to the conformally invariant field equation,
using the ambient space notations. The solution can be written as the multiplication of a
symmetric rank-2 generalized polarization tensor and a massless minimally coupled scalar
field in dS space. Also we have calculated the conformally invariant two-point function,
in terms of the basic bi-vectors of the ambient space. It is dS invariant, symmetric and
satisfies the traceless and divergenceless conditions. We therefore claim that the proposed
modified gravity theory under the given restrictions is a successful one and the introduced
procedure can be used as a theoretical testing for the validity and successfulness of any
given modified theory of gravity.

A Some useful mathematical relations

The following relations have been used in deriving the linearized field equations.

Raped = H?*(GacGvd — Gaddbe), (A1)
Rab = 3H2§ab7 (A2)
R=12H? (A.3)

1
(RC dab)L =0R° dab = 5 |:va (thg + Vbhg — Vchdb)

— V3 (Vahe + Vah — Vehaq) } . (A.4)

(Rab)L = 6Rap = %(vaVchlc) + VyVehe + 8H?hey,
—OH2H G — Ohey — vavbh’). (A.5)
(R)p, = 0R =V .V,h®® —OK — 3H?K. (A.6)
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1
(Ri)r = 0RG = 5 (VEVahiy + VaVoh™ + 8HH

— 2HW G — OhS — chdh’> — 3H%RS, (A7)

(Rb), = O R = %(vcvahab L VbV, R 1 8 E2pte
—oH2 gt — Ohbe — chbh’> “6H2RY.  (A.8)
(VaVyR)1 = 6VaVoR = VaVidR = VoV, (vcvdhcd —OK - 3H2h’) . (A.9)
(OR);, = 60R = O6R = O (vcvdhcd oW - 3H2h’) . (A.10)

(VaViRea)1 = 0VaViRea = 5VaVs(VeVehy + VaVeht
4 2H2 g — 2H2H Gog — Ohea — chdh’>. (A.11)
(VaVRS) L = 6V, VRS = %vavb (vcvehg Ve
+2H2RE — 2HR G5 — OhS — chdh’>, (A.12)
(VaVsR) , = 6V, VR = %vavb (vcvehed + VIV, hee
2Rl — o2 ged — Oped — chdh’). (A.13)
(ORea)1. = 000Req = 50(VeVehy + VaVeh

2H2 g — 2H2H Gog — Ohe — chdh’). (A.14)

B Details of derivation of eq. (2.2)

In this subsection we obtain the field equation through variation of the action. The action
(2.1) can be written as

I= mi@/dd‘x\/fg [f(R)+bR“”Rab}, f(R) = ap(R—2A) + aR?, (B.1)

5 [V=91(R)] = F(R)SV=g + V=4 (R)6R, (B2)
VI = — 5V 5ude" (B.3)

SR =6 (gabnab) = Rap0g™ + g0 R, (B.4)

SRap = V0TS, — VyoTC,. (B.5)

The statement in eq. (B.5) is the difference of two connections, it transforms as a tensor.
one can show that

1
org, = 590d (Vadgbd + Vdgad — Vadgab) s (B.6)

and substituting in eq. (B.5)we have

1
6Rab = 5 <vcva59bc + vcvbégac - VQngCd(Sgcd - Dégab) . <B7)
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Now return to eq. (B.4) we have
R = Rap09™ + gap00g™ — Vo Vidg®. (B.8)

Using eq. (B.3) and eq. (B.8) in eq. (B.2) we have

3 [V R)] = V=5 |1/ (R)Rup ~ 50l (R) + F'(R) (00~ Vu73)] . (3.9
5 (R“bRab> — (gcag"dncdnab) —2 (Rgnabagbc v Rabmab) : (B.10)

and noting eq. (B.7) we can show

6 (R"Rap) = 2RER 09" + R (Vg + VV1dgac — VaVog™dg0a — Do ) -
(B.11)
Now it is easy to show that

1
5 («ﬁ—gR“bRab) — V=g {_2 9 RedR + 2RER ey — REV,V,

—REV Ve + R4V oV ggan + RabD] 5. (B.12)

= L 4 ! 1 _ 9 cd
o = 167G /d 1'\/79 [f (R)Rab 2gabf(R) 2gabRcdR

+20RER e + f(R)gap0 — f(R)VaVy — bRV, Ve

—bREV Ve + VRV .V ggap + bRabD} 5g2. (B.13)
Doing integration by part on the last six terms two times leads to
Py — /d4fvx/—g F(R)Rab — ~ganf (R) - Y R R
167G ab 9 ab 9 ab/Ned

+20RERet + g f (R) — Va Vi f'(R) — bV VRS,
—bV Vo RE + bV ViR Ggap + bR | 5. (B.14)

Noting that action remains invariant under variation of the metric and putting 61 = 0,
results in eq. (2.2).

C Details of derivation of eq. (2.7)
Now Hgl))) can be written as
7'[((10) = Rap + 0Rap — %(é + 0R)(Gab + hab) + A(Gab + hab)
= ﬁlgg) + Ry, — %(Rhab + GapOR) + Ahgp + nonlinear terms. (C.1)

Using egs. (A.3), (A.5) and (A.6) in (C.1) leads to the expression presented in eq. (2.7).
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D Details of derivation of eq. (2.9)
Now, ”H((l? can be written as

H') + 2R+ 6R)(Rap + Rap) — 2(Va VR + 5V, V4 R)
1 - .
=5 (Gab + hav) [(R2 +2R0R) — 4(OR + 5DR)] , (D1

which may be written as
) = A5 2 (5V.VoR ~ RoRw — RudR)

. 1 .
—Jap(ROR — 2000R) — ihasz + nonlinear terms.

Making use of egs. (A.5), (A.6), (A.9) and (A.10) we have 7—[2)) = FI(? + Hg)), and Hg)

a
is the same as given in eq. (2.9).

E Details of derivation of eq. (2.11)
Eq. (2.4) can be written in the following form
HE) = (ORap + 60Rw) — (VeValts + 6VeVaRS) — (VeViRS +0VV, )
_%(gab + hab) [(RCd + 0R)(Req + 0Req) — 2(VeVaR™ + 5VchRCd)}
+2 (Rg + 533) (Rcb + 5Rd,) . (E.1)
It can be written as
1D = B 4 50OR,, — 6V VR, — V.V, RS + 2(RESRey + RapdRE)
_%gab(RCdéRcd + RegdR™ — 20V .V 4RY)
—%habfic‘i}?cd + nonlinear terms. (E.2)

Now using the relations given in appendix A we can show that

3

RS6Ry, = 5H2 (VaVehi + VyVeh + 8H?hay — 2H?W oy, — Ohap — Vo Vil') , (E.3)

R ORS = gHQ (VaVehi + VpVehe 4+ 2H?hg, — 2H?R Gop — Ohap — Vo Vil , (E.A)
SV VaR™ = V. Vy(VV R4+ VIV b)) + 202V YV 4h

—2H?0K -V, VOr — V OV, (E.5)

R4SR,y = 3H? (chdh“l - Dh’) , (E.6)

R.g0R™ = 3H2 (chdth O — 6H2h’) . (E.7)

(Qb) = ﬁ(gi) +H(§12;) and H(z) is the statement given

a a

Substituting in eq. (E.2) we obtain H
in eq. (2.11).
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In derivation steps, the following identities have been used

Ve VoOh§ = OV, Veh§ + 2H*V YV oh§ — 2H?*VyVohE + 2H? Gy VoV gh?

—2H?V Vb + 4AH*Ohgy — H* G0N, (E.8)
VeVl VoV e = OV, Vahi — H*V,Vghe + H?§,, V.V 4hee, (E.9)
V.Vl Vi VR = OV, Vph! — H*V V! + H? G0N, (E.10)
Ve VoV Vihed = Vo ViV Vah + AH*V YV b + 3H?VyV b — H? G, VeV ghd, (E.11)
OV, Vyh' = V. VO + 8H*V,Vyh' — 2H?§,,00 . (E.12)
F Details of derivation of eq. (3.3)
By imposing the tensor field
K=0¢ + SZlK + DQKg, (Fl)
to obey the field equation
(@ + )@ +6)k =0, (F.2)
and making use of the following identities [34],
Q3 (00) = 0o, (F.3)
Q\VD,K, = D,Q\VK,, (F.4)
QWS(ZK) = S [Z(QP - 4)K} —9H?Dy(2.2)K + 40Z.K, (F.5)

we have

(@8 +9) ([@ +6)n +421.K) 8
+S [Zl( R 2)K} + Dy [( M 6)k, — 2H2(:U.Zl)KD = 0. (F.6)

Making use of egs. (F.3)—(F.5) in eq. (F.6) once again, we obtain

0(Q" +4) (@5 +6)¢1 +4Q" 21 K +4(Q" + 2)x. 21K + 16Z1.K}
+8Z1 [ (@ + 2)K } + D, [(Qil) + QY +6)K,
—2H%(2.2)(QY + 6)K — 2H2Q§1)(x.ZlK)} —0. (F.7)
Using the conditions z.K = 0 = 8.K in eq. (2.29) we have
Q" +2)K = QYK (F.8)

from which we can write

P(z1k) = QY +2)21.K. (F.9)
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Substituting (F.9) in eq. (F.7) results in
0 [<le> +4)(QY +6)p1 +8QV 2. K + 1621.14 +SZ [QP(Q&” + 2)K]

0 [(@ + 9(Q + 6K,y — 202(2.20)(Q1 + 6)K — 20°QV (@.21K) | = 0.

It is easy to show that
QW (2. 21K) = 2.2,(Q\Y — 4)K — 22,.D\K + 227, K. (F.11)
Now combining egs. (F.10) and (F.11) leads to the following equation
6 [@g}) +4)(Q)) +6)o1 +8(Q + 2)21.K] +87 [ng@g” + 2)K}

+Ds [( W1 1yQWY +6)K, — 4H? (<le> 4 5)(@.Z1K) + Z1.D1 K — :ch.K)} — 0,
(F.12)

which results in eq. (3.3).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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