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1 Introduction

N = 2 supersymmetric theories in four dimensions face a particular hurdle relative to their
N =1 cousins: the general matter hypermultiplet cannot be off-shell without introducing
an infinite number of auxiliary fields. This understandably makes the direct construction
of supersymmetric actions — a straightforward procedure for A/ = 1 actions even with su-
pergravity couplings and higher derivatives — significantly more difficult as conventional
N = 2 superspace proves insufficient. Instead, one requires a more elaborate superspace
where infinite sets of auxiliary fields are encoded in a controlled way so that the most gen-
eral off-shell actions of hypermultiplets and vector multiplets may be described. There are
two well-developed options: harmonic superspace and projective superspace. Harmonic su-
perspace, developed by Galperin, Ivanov, Kalitzin, Ogievetsky and Sokatchev [1, 2] exploits
an additional bosonic manifold S?, with the infinite auxiliary fields appearing in a conver-
gent harmonic expansion. In contrast, the projective superspace approach, constructed
by Karlhede, Lindstrém, and Rocek [3-5] (see also the recent reviews [6, 7]) involves an
auxiliary CP! where the hypermultiplet is a holomorphic function near one of the poles,
with the auxiliary fields described by coefficients in a Taylor expansion.!

While S? and CP' describe the same manifold, the differing nature of the superfields
has important consequences. For example, the respective action principles on the two
spaces are quite different: harmonic actions involve integrals over the S? and are com-
pletely specified by their Lagrangians, while projective actions are defined on a contour
in CP!, with different contours corresponding (in principle) to different actions for the
same Lagrangian. But there are other differences between these two approaches which
are less obviously connected with their auxiliary structures. Quite early on, prepotential
superfields were identified within harmonic superspace both for gauge theories and super-
gravity [1]; these enabled a large body of supergraph calculations involving vector and
hypermultiplets. In contrast, while projective prepotentials appeared in [5] (see [11, 12] for
a discussion of gauge prepotentials on curved supermanifolds) projective supergraph calcu-
lations in non-abelian gauge theories have appeared only relatively recently [13-17], while
supergravity prepotentials remain terra incognita. This does not prevent the construction
of supergravity actions in projective superspace; to the contrary, an extremely powerful
manifestly covariant method has been developed over the last few years to address general
supergravity-matter systems and their component reduction, first in five dimensions [18-20]
and then in four [10, 21-23], building on the initial work of [24]. Within harmonic super-
space, covariant methods have been explored in two papers [25, 26], which addressed how to
derive supergravity prepotentials from a covariant supergeometry, but further applications
of harmonic superspace to supergravity systems have mainly used prepotentials.

The distinction between a prepotential-based approach and a fully covariant method
can be illustrated with a simple example. Take pure (gauged) supergravity consisting of a

LA general framework for discussing higher N analogues of harmonic and projective superspace in-
volves the so-called (N, p,q) superspaces, introduced by Hartwell and Howe [8, 9]. These emphasize the
geometrization of the R-symmetry group and the nature of the superconformal transformations, both of
which play an important role here. As in [10], our discussion corresponds to the case (2,1, 1).



single vector multiplet compensator coupled to a single hypermultiplet compensator. Using
the arctic multiplet T of projective superspace as the hypermultiplet, the action reads?

1 1 )
g = _/d4:nd4<95W2 + j{df/d4xd40+ 5_‘<2iT+T+) . (1.1)
4 27 Je

The arctic multiplets in the second term carry charge g under the vector multiplet; if
the vector prepotential were made explicit, this term would be written Y+edV Y+, The
important feature is that both terms above are manifestly covariant and defined in any
gauge. In particular, one can make arbitrary conformal supergravity gauge transformations
(with arbitrary superfield parameters) for both actions, and invariance is ensured using
the properties of the respective chiral and analytic measures £ and £~ [10]. In harmonic
superspace, the corresponding action involving the harmonic hypermultiplet @+ is rendered
with explicit prepotentials as

S = —% /da P dBIEVHY T 42 / dadiz d4o+ (@*(iﬁ* - z‘gv++)@+) . (1.2)
One works in the analytic basis for the coordinates, which we have denoted with hats.
In this gauge, explicit gravitational prepotentials appear within the harmonic covariant
derivative Dt; these can in turn be used to construct the full superspace measure in the
analytic basis, denoted E above. There is no analytic measure as @+ is chosen to transform
as a scalar density under analytic diffeomorphisms.

The advantage of the second action, and a prepotential approach in particular, is the
relative ease with which one can calculate superspace equations of motion and perform
quantum calculations. These were major successes of the harmonic approach, and require
the dependence on the prepotentials to be laid bare; that dependence is obscured in a
covariant formulation. On the other hand, there are a number of advantages of a covariant
formulation. The first action (1.1) is constructed in a generic gauge, and its component
reduction can be performed in a manifestly covariant manner (see e.g. [27, 28] for the two
pieces). To reduce the second action (1.2) to components, one must adopt a Wess-Zumino
gauge for the various analytic prepotentials, perform the 8 integrals, and then reconstitute
various composite objects such as the covariant derivative, the spin connection, etc. While
this is possible in principle, to our knowledge it has never been explicitly undertaken for
all terms in any supergravity action; even the most extensive component treatment [29] of
general supergravity-matter actions in harmonic superspace restricted to bosonic terms.

Of course, for actions like those discussed above, the question of how easy it is to per-
form a component reduction is essentially moot, as the results are well-known. A more in-
teresting question is how to construct new higher-derivative actions for hypermultiplets cou-
pled to supergravity, and to analyze the dependence of such higher derivative terms on the
underlying prepotentials so that one may analyze supersymmetric equations of motion, su-
percurrents, and so forth. For addressing such questions, it is useful to have a formulation of
general supergravity-matter systems with both a covariant and a prepotential description.

2The projective action for an arctic multiplet minimally coupled to a vector multiplet and conformal
supergravity first appeared in 5D [20] where a different but equivalent action principle was employed. We
are using here the reformulation of projective superspace given in [10].



Our major goal in this paper will be to provide a covariant reformulation of
supergravity-matter actions in harmonic superspace so that any action, even a higher-
derivative one, can be addressed in a manifestly covariant way. Because the prepotential
approach for harmonic superspace already exists, we will begin by seeking a manifestly
covariant formulation from the outset. This will cover some similar ground as [25, 26], but
where these authors were concerned with Einstein supergravity (with two hidden implicit
compensators within the supergeometry), we will build conformal supergravity into the
structure group of superspace from the very beginning. This so-called conformal super-
space approach, which corresponds to the superconformal tensor calculus in components,
offers significant simplifications to calculations: recent applications have included con-
structing previously unknown higher-derivative invariants in 5D as well as the construction
of all off-shell 3D A/ < 6 conformal supergravity actions, including auxiliary fields [30, 31].3
In applying this to harmonic superspace, it will permit us to give not only covariant refor-
mulations of all harmonic superspace actions, but will also allow the construction of the
covariant component reduction rule for a general analytic Lagrangian — novel results not
found in any previous formulation of harmonic superspace.

Interestingly, the incorporation of the superconformal algebra directly into the struc-
ture group, and the presence of the SU(2) R-symmetry group in particular, will necessitate
a reinterpretation of just what harmonic superspace actually is. Before elaborating further,
we should pause to answer the following question: just why should one focus on harmonic
superspace when another formulation — projective superspace — already offers fully de-
veloped covariant methods? The answer is that projective and harmonic superspace are
actually not intrinsically different approaches, but possess a quite non-trivial relation. By
fully addressing these issues within harmonic superspace — in part using inspiration from
projective superspace — we can learn important lessons about both. Recently, Jain and
Siegel have argued to interpret projective superspace as an analytic continuation of har-
monic superspace [33].* This has proven to be a robust scheme and has enabled a direct
link between the harmonic and projective descriptions of vector prepotentials [33] and be-
tween their respective descriptions of hyperkéhler sigma models [36]. The main idea is to
“complexify” the S? of harmonic superspace to the tangent bundle of CP!, identified as
CP! x CP! with the anti-diagonal removed. The two CP! factors possess different SU(2)
isometry groups. The first is to be identified with the R-symmetry subgroup of the super-
conformal group, while the second is a spectator. The connection between projective and
harmonic superfields can be described concisely as follows:

e The natural superfields on (complex) harmonic superspace are biharmonic functions
Fm) with charge (n,m) under the U(1), x U(1),, subgroup of SU(2), x SU(2),, of

3The 3D N < 5 component actions were constructed for the first time using superspace techniques. The
N = 6 action was constructed first in components [32] and then in superspace.

4This analytic continuation is related to a similar approach in twistor theory [34]. An earlier proposal
by Kuzenko [35] to relate harmonic and projective superspace works rather differently.



the form (for n +m > 0)

0 vt ot
_ - i ; Intm _ _
Flnm) — (v+,w )" g Fliingmirii-ik) (v+’l’llu_) . <U+J:w+_k) w; Wy (1.3)

k=0

(A similar series exists for n+m < 0.) The series (1.3) is presumed to converge on the
so-called real S? manifold, corresponding to the diagonal submanifold of CP! x CP!
where vt oc w*. The anti-diagonal subset of CP! x CP! where v o w’~ must be
excluded so that the series exists (at least asymptotically) everywhere; this implies
that we are dealing with the tangent bundle of CP!.

e Associated with every biharmonic function F(™™) is an arctic superfield T( and an
antarctic superfield Y™ given by

O = O gy = YT
=0

Ti(-=0)7 . (L4)
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The arctic nature of T(® and the antarctic nature of T are guaranteed because of
the presumed convergence of (1.3) in the vicinity of S2.

This interpretation of harmonic superspace is actually not particularly revolutionary.
As discussed in the original harmonic superspace literature [37], the superconformal group
acts on complex harmonics u'*, but one performs the harmonic integrals as if they were
real. This suggests (see the comment in chapter 9 of [2]) that the harmonic S? should
be reinterpreted as lying within CP! x CP!. Guided by these old observations and the
requirement to reproduce the harmonic-projective mapping in curved space, a covariant
scheme immediately presents itself. We will begin with the covariant projective superspace
of [10] defined on the supermanifold M*® x SU(2). (As fields and operators had fixed
charges in U(1) C SU(2), this effectively became M*® x CP'.) The auxiliary SU(2) was
identified with the SU(2) R-symmetry group and non-trivial R-symmetry curvature was
encoded in the fibering of the SU(2) over M*®. We then extend the auxiliary manifold
with an additional completely rigid SU(2) factor, giving the supermanifold MAB SU(2) x
SU(2) (effectively M*® x TCP'). Over this complex harmonic manifold, we will introduce
superfields defined exactly as in the rigid case sketched above. The virtue of this approach
is that it efficiently meets two goals. First, it gives a covariant formulation that agrees (as
we will show) with the conventional harmonic superspace description whose harmonics are
naturally complex but integrated on a real S%. Second, it permits the mapping between
harmonic and projective superspace to be lifted to a general curved supermanifold.

To describe the biharmonic space, we will need two sets of harmonics v** and w'®, or

*+ and 20. This complex

equivalently, complex harmonics u'* and additional coordinates z
harmonic description has already been employed within the harmonic superspace literature

to describe the target space of quaternionic sigma models, where some of the harmonics are



interpreted as compensator fields for the sigma model [38]. We will be using these complex
harmonics to instead describe the auxiliary harmonic manifold of superspace itself. Once
this point of view is adopted, we will see that many curious features of the conventional
harmonic approach reveal themselves quite naturally.

It is worth observing that biprojective superfields have already been discussed in [39-
41] to describe extended supersymmetric systems in two dimensions (see also [42, 43] for
curved superspace applications of biprojective superfields in 2D and 3D). In these cases,
the R-symmetry group is SU(2) x SU(2), and so conventional projective and harmonic
approaches already lead to CP' x CP'. Constructing a complex harmonic superspace for
these cases would seem to lead to a quadriharmonic space involving (CP!)%.

This paper is organized as follows. In section 2, we review some details of harmonic
analysis on TCP!. Our approach will use some of the tools and ideas introduced in [38],
but our conventions and emphasis will differ rather extensively. In section 3, we present
a concise discussion of the covariant harmonic superspace M*® x SU(2) x SU(2) built on
the covariant projective superspace MAB SU(2). Covariant action principles, including
the covariant component reduction, will be discussed in section 4. These two sections
establish the self-consistency of our approach. Section 5 is somewhat disconnected and
may be omitted for those interested only in the covariant superconformal approach: there
we show that this formulation agrees with the conventional harmonic superspace in the
analytic basis, and we relate it to the existing covariant approach of [25, 26].

The main applications are contained within the last two sections. As a sample calcu-
lation, we demonstrate in section 6 the covariant component reduction of a general super-
conformal sigma model, reproducing the general hyperkéahler cone sigma model coupled to
conformal supergravity [44] just as in projective superspace [27]. The result of this calcu-
lation is not new, but it provides a useful test that covariant component reductions within
harmonic superspace are tractable. Our interest is actually in exploring higher-derivative
actions. A brief discussion of these applications follows in the concluding section. Our no-
tation and conventions follow [10]. A technical appendix addresses aspects of integration
on analytic submanifolds, to which we will refer as needed.

2 Harmonic analysis on the complexified S?

We begin with a discussion of elements of harmonic analysis on the complexified S?, which
is equivalent to TCP'. The formulation uses the biharmonic approach of [38], although we
will use somewhat different conventions and emphasize different aspects.

2.1 Elements of analysis on a real S2

Let us briefly review the harmonic description of an S? manifold [2]. It is described by
harmonics u'™ and u; obeying u; = (u'")* with u*Tu; = 1. These parametrize a group
element g of SU(2),

L+ =

Ty, B

g=<z+ —2>, gl=gl, detg=1. (2.1)
ui U/l



The two-sphere is isomorphic to SU(2)/U(1) with the equivalence relation u!™ ~ e®u't.
That is, the harmonics are in one-to-one correspondence with real coordinates X! =
u; (o1)7xur* obeying >°; XT X! =1, where o! are the Pauli matrices.

Rather than introduce two derivatives and one tangent space rotation on S?, it is

customary to introduce three SU(2) derivatives, D}, D? and D, ~ defined as

d 0 0 0
++ =+ —— i 0 — it o
D" = u; P D~ =u St D/ =u St Ui P (2.2)
possessing the commutation relations [DF+, D] = D and [D°, DF*] = 42D+, Asso-
ciated with these are vielbeins
utt = uj‘duiJr , u = ul-_duif ) U’ = ui_duiJr = uz*dui* , (2.3)

so that the exterior derivative can be written d = ~UTTD; = +U'D° + U=~ D}*. We
employ the usual superspace conventions for differential forms so that the exterior derivative
acts from the right.

Given some globally defined function f(© (ut,u™), its integral on S? is given by

/ du fO = - / Ut u=— o, (2.4)
S2 2 S2
normalized so that f g du = i f g2 UTT AU = 1. The integrand can be interpreted as

a closed two-form w = Ut AU~ f(O) on either S? or SU(2).

2.2 Analysis on the complexified §? and twisted biholomorphy
We define the complexified S? as the complex affine quadric Q?,
3
Q= {ZIGC?’:Z(ZI)QZI} . (2.5)
I=1
One can show that @ ¢ CP! x CP! by identifying
1

(v, w)

zh = ’lf}j(oj)jk’l)k R (U, VIJ) = ’Ukﬁ)k s (2.6)
which defines v* and w; up to the identifications vt ~ \v' and Wj ~ ij for A and A
unrelated complex numbers. In other words, @? can be identified as CP' x CP! with the
anti-diagonal region (v,w) = 0 excised: this is just the tangent bundle of S2.5
As with the real S2, it is convenient to identify each CP! with SU(2)/U(1) and to
introduce harmonic coordinates on the respective SU(2) groups. Denote the two groups by
SU(2), and SU(2),, with harmonics v'* and w'* defined as
i 7

it = 2 v, = ——, (2.7)

V(. 0) ' (v, 0)

®One can prove Q? = TCP"' directly by decomposing Z' into its real and imaginary parts.




and similarly for w'*. The corresponding derivatives (DF*, DY) and (DF*, DY), as well
as the vielbeins (V**,V%) and (W*+, WY), are defined analogously to (2.2) and (2.3). We
write the exterior derivative as d = V%D, + W2D..; where

VED,, = -V D -+ VD0 + Vv DIt =Vt D, VDo +V D, (2.8)

and similarly for W2D, 5.

The space Q? = TCP! is defined above in a twisted biholomorphic manner — that is,
the coordinates Z! are holomorphic in v* and anti-holomorphic in w;. We will be mainly in-
terested in fields that share this feature, properly interpreted on the harmonic coordinates.
Following the same abuse of nomenclature as in [10], we will refer to fields annihilated by
D" as holomorphic on (an open domain of) SU(2), and those annihilated by D_~ as
anti-holomorphic on (an open domain of) SU(2),,. Fields satisfying both conditions will
be called (twisted) biholomorphic. We specialize to such fields F(™™) with charge (n,m)
under U(1), x U(1),,, so that

DOFm) = ppim) - pOFnm) — ytnm) - pi+ pm) — po=Fem —o - (2.9)

The natural integration principle is a twisted biholomorphic integral

S = Z/ VH AW = w2t w7) = L / w (2.10)
2 Js 2 Js
where w is a two-form and S is some closed two-dimensional surface in TCP'. w is closed
as a consequence of being twisted biholomorphic. The action is invariant under an infinites-
imal diffeomorphism d¢w = d(2¢w) corresponding to a small deformation of the surface S,
and so it depends only on the homotopy class of the surface provided w is non-singular in
the interior. In fact, as we will discuss shortly, there is but one interesting class for S.
We will actually need a slightly more general two-form given by

w=VHr AW W2yt AW w32 (2.11)
In this case, the closure condition amounts to two requirements. The first is
D; w2 =0, D7 w®P =0, (2.12)
equivalent to the condition that w is anti-holomorphic in w; . The second requirement
D722 = p=—4,(22) (2.13)

constrains the v;” dependence of w(=22),

For later use, it will be convenient to establish two analogues of Stokes’ formula. Taking
A©2) and A=20) o be functions annihilated by D_ ~ but otherwise arbitrary, one can show

/ VAW DA = / VT AWTTDFAO) D;7A®2 =0, (2.14a)
S S



/V++AW"D++A< 20) /V++AV"D++A< 200 DomACZO =0 (2.14D)

An important special case is when A(%2) and A(-20) are twisted biholomorphic and then
the right-hand sides of (2.14) vanish.

A special class of diffeomorphisms are the isometries that leave the vielbeins invariant.
An SU(2), isometry acts as

0.(N) = =ATTDIT XD+ AT, AT =My, A = Mo (2.15)

in terms of harmonic-independent A¥. Similar formulae hold for an SU(2),, isometry 4., (p).
It is interesting to note for these isometries that

5vw(72,2) _ D*f(Affw(Z,Q) _ )\++w(72,2)), 5Ww(72,2) — D++(p,

w

6vw(2’2) _ D++(/\ffw(2,2) - )\++w(72,2)>, 5ww(2,2) _ D++(pffw(2,2)) ) (2.16)

)

2.3 The emergence of a complex harmonic structure

Now let us recover the complex harmonic structure required for harmonic superspace. The
simplest choice of closed surface S is the real S? = SU(2)/U(1) constructed from the diag-
onal SU(2) submanifold of SU(2), x SU(2),, with v** = w®*. Up to small deformations this
is the only homotopically non-trivial choice: any non-contractible S in TCP?! is continu-
ously deformable into the real S?. We require an additional assumption that each of the
twisted biholomorphic quantities are globally defined along this submanifold. This implies
that F(™™) possesses an expansion as in [38]

o) U-Jr ’U-+
) e i1 U4 kJ1 ] ? n+m+k - -
Flm) _ (v w™)" E Fliinpmikii-jx) o 1107) (ot 10-) wy e wg (2.17)
k;:() ) b

A similar expansion applies for n +m < 0. To shed some light on the meaning of this, we
follow [38] and introduce new complex harmonics,

+ .
(0,1) Yy — (0,—-1) _ - i+, — _ 17 (218)

J’_
U; i T ) i i = i

=1Uu

and three additional complex coordinates,

N
]

|||
,_.

N
=
/—\
\_/

(2.19)

We have followed existing convention in labeling the coordinates by the sums of their U(1),
and U(1),, charges. Note in particular that the complex harmonics and the coordinates
2z** carry only U(1),, charge. Relative to the conventions of [38], we have exchanged the

roles of u'* and w'* so that u'* is reserved for the complex harmonic coordinate.



Now the original harmonics are given in terms of the new coordinates as

4 . 1 . . .
i+ _ 0, i+ - _ - +,—— i+ it ++,,i— - =
vt = 20T v; _;(ui +uf2z77), wt =o't 2T w =w . (2.20)

In the new variables, the old derivatives become

0 0
D+ — (02 po—,0 9
v (Z ) 8z__ Y v z 620’
1 0 0 0
D =—— (07 ——— 42z 2"— )2 2.21
v (20)2 <8u pyeea A W (z77) 62) ; (2.21)
and
DIt =gt — 2190 — (Z++)278 + erJrzOi + (227277 = 1) 0
v b ! Ozt 020 0z
. 0 _ 0
DY =8 +2:70,41 — 22770, — 20@, D" =55 (2.22)
The corresponding vielbeins are
0
V=0, VW =Uautt 4 dzio :
— 1 — ——7/0 ——\27 -
% :W(u 22U (U - de )
W++ —ytt + 22++u0 + (Z++)2u—— —dztt ,
WO=Ul U, oW =u (2.23)
We have introduced
0 0 4 0 0
b K ou;’ ! " uit e A ou; (2.24)
UTT =ufdu'T, U™ =uydu'™ U =y du™ = ufdu' . (2.25)
The SU(2), x SU(2),, isometry transformations can be rewritten
0, (N) = X (0ors = 077) + A(2°020 + 22770, ) + AT,
6W(p) = _pj_—i_azJr+ + pg(al? - zoazo - 22__8,2**) + pu__(aj_—’— - az**) ) (226)

where A\F* = \J uliuj[ and similarly for p. These special diffeomorphisms are induced by

infinitesimal general coordinate transformations®
¥, 14+ -+, 0— *, 1—
oru'T = AT ou'” =0,
* _++ ++ * 0 __ 0,0 * —— __ —— ——0
00z ==, 0rz" ==z, iz =N =227 A, (2.27)
and
it 0 it K i— _ —— it 0
6wu - _puu ) 5wu - _pu u - pu ’
“We denote an infinitesimal (passive) general coordinate transformation by §*z™ = —£™. The corre-

sponding (active) diffeomorphism induced on a scalar field f(x) is always written 0 f(x) = ™ O0m f (). This
notation is opposite that employed in [2].

,10,



5Lt = pit, 5120 = p020, T =g 42l (2.28)

The SU(2), transformations with parameters A/, which will be identified with the SU(2) g
gauge transformations of conformal supergravity in the central basis, are generated by
asymmetric transformations of the complex harmonics. The diagonal isometry group gen-
erated by p = X9 corresponds to the external group of automorphisms SU(2)4 on u'*,
taking 0*u!t = )\ijuji and leaving 2+ and z° invariant.

We have denoted the derivatives of the complex harmonics by simple partial derivatives
O0F* and 9° to emphasize that they are not covariant with respect to SU(2), x SU(2),.

Following [38], one can introduce covariant derivatives 2+ and 2° defined by
9** =pHF + D, 2°.=Dp0 4+ DY (2.29)

These obey the usual algebra [27+, 277 = 9 and [2°, 2FF] = £2 2%+ and act on D,,
and D, as external automorphisms, e.g. [2T%, DFT] = £D0 and [2°, D¥*] = +2 DO.
Note that the SU(2), derivatives were denoted Z** and Z° in [38)].

In the complex harmonic coordinates, twisted biholomorphic functions are independent

0

of zt* and 2=, while their dependence on 2" is constrained to a single overall factor,

FOm) = (0 3™ Flirinimisdi- gyt gt s = (O)PFOE (@) (2.30)

21 i7L+m+k J1 Jk
k=0

where F(7) (%) is a convergent expansion. Observe that
gt Fim) = pit pim) — gt phm) gy 4+ Fium) (2.31)

is not twisted biholomorphic unless m = 0. Similarly, 2~ F®m) — D ~F (nm) s not
twisted biholomorphic unless n vanishes.
2.4 Complex harmonic integration

In the remainder of this paper, we will primarily work with the harmonics v** and w'*, but
it is enlightening to rewrite some of the previous formulae using the complex harmonics.

For example, the integral (2.10) becomes, using w(=2+2) (v, w™) = (2°)2w(u®),
§=_" / U AU w(ud) (2.32)
21 S

Because w is closed, the integral is unchanged if we continuously deform S to S2. This is
apparent in the above form as the integrand is manifestly independent of the coordinates
2T+, 277 and 2°, so we may certainly choose z*+ = 2=~ = 0 and 2° = 1. This recovers
the usual notion of harmonic integration.

If instead we have the more general two-form (2.11), it is convenient to rewrite

W w) = o2 ), W) = (Wt ) (239)
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The components are each independent of 2™ and are required to obey

0
0z~ ~

0

wut,z77) = (6;_ +2277 + (z__)za__>w+4(ui, z27 7). (2.34)
z

The action principle is now a bit more complicated for a general surface S,

§=_" / Ut AU w+ / U n (2z"u0 LU dz")w+4 . (2.35)

T Js 2m Js

For these two-forms, it is more convenient to use the original expressions with vl-i and wii.
One may introduce analogues of Stokes’ theorem just as before, but as we will mainly

be working with the original harmonics v* and w¥, reformulating (2.14) for complex har-

monics will not be necessary. However, it is useful to note that when the integrands are

twisted biholomorphic,

/ UTT AU O AT (w®) =0, / UTT AU OTTA () =0. (2.36)
S S

Using these identities, we can prove a number of results that establish that complex har-
monic integration works exactly as real harmonic integration. First, one can show that

i Y +,,- - _
o /SZ/l ANUTTug - ugug -y =0 for £>1, (2.37)
for any closed surface §. This follows by choosing A=~ = uzgl u;’gilu; Ujy - Uy

in (2.36). Similar identities with unequal numbers of symmetrized positive and negative
harmonics can be established. We would like to also impose the normalization condition
% /. S Ut AU~ = 1. This obviously holds when S = S? — we chose the overall normal-
ization of the integral to ensure this — and holds more generally because the integrand is
closed. It follows that

- / Ut AU~ = / VAW (20)2 = Z/ VHAVTT =1, (2.38)
2 S 27 S 27 S

These results will prove crucial when performing component reductions in superspace.

3 Complex harmonic superspace on M*® x SU(2), x SU(2).,,

Now we are prepared to introduce the first main result of this paper: the construction of
complex harmonic superspace on the supermanifold M418 x SU(2), xSU(2),,. This approach
is based on the projective superspace M48 x SU(2), elaborated upon in [10], with the un-
derlying structure of supergravity on M*® described by N = 2 conformal superspace [45].

Conformal superspace is a recent approach in the superspace literature that gauges
the entire superconformal group including dilatations, special conformal transformations,
and S-supersymmetry; it is precisely the superspace version of the superconformal tensor
calculus [46]. In contrast to other superspace formulations gauging at most the Lorentz
and R-symmetry groups, conformal superspace proves to be quite economical and simple
to work with, as seen in the rather simple algebra of covariant spinor derivatives.
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3.1 Construction in the central basis

Let us begin by recalling the salient details of [10]. That superspace, which we can identify
as M8 = M8 x SU(2),, involves local coordinates 2 = (2™, y™) and a vielbein Ejp4

given in block form as
A v
Fa = @MA §M> , (3.1)
m” Lm

where the tangent space index A = (a, a+) = (a, a+, a+) is associated with M*® and a =
(£=,0) is associated with SU(2),. The covariant derivatives V4 = (Vq, Vax, Vort, Vo)
are defined by the relation

1
O = EyAVa + §QM“bea + Ay A+ ByD + Fy 2Ky, (3.2)

involving the Lorentz generator Mg, the dilatation generator D, the U(1)r generator A,
and the special (super)conformal generators K4 = (K, Sa+). The Lorentz, dilatation, and
U(1)gr generators are normalized as

[Mabv vni{] - (O'ab)'yﬁv/:gta [Mabv @"/i] - (5'ab);y5'©ﬁi 5 [Maba vc] - nbcva - nacvb 5
1 . 1_.
D,VI] = ivg, D, V&) = §vai, D, V4] =V,
A, V] = —iVE, [A, VOE] = 44Vt (3.3)

We use the following prescription for raising the + tangent space indices,

Vor =£VE, V=2V, Syp=7F55, Vo=V, (3.4)

v

so that they corresponded to the V¥ charge of the operators. The algebra of the special
superconformal generators with the spinor derivatives generates the SU(2), derivatives,

(ST, VEY = +dega VEE, (5PE, Vot) = qePovit
{ST,VE} = +(2¢5aD — 2Mp, — icgah) — 265, VY,
(SPF VY = (269D — 2MP4 4 PAR) + 2679V0 (3.5)

This identifies SU(2), with the superconformal group SU(2)r. The remaining relations
between these generators and their action on the covariant derivatives can be found in [10].

In the central basis (or central gauge), the vielbein decomposes as E4 = dzM Ey 4
and B¢ = Ve = dy™V,,,% + dz™ V2, or in block form

EMA Vit
Eyd = . 3.6
M ( 0 Vm“> (3.6)

The components of E4 correspond to the vielbein on M*8, while the vielbein E%, which
we rename to V% in the central basis for convenience, decomposes into the vielbein V;,* on

,13,



SU(2), and the SU(2)r connection V% on M*®. The covariant derivatives may then be
grouped into the M*/® covariant derivative

1
Vau=EM (aM — VD, — 5QMbczwcb — Ay A — ByD — FMBKB> , (3.7)

with EaM = (Ey4)~! and the SU(2), covariant derivative

Vo= Dy = V™0, Dy=-D;", D,__=DI", Do=D",  (3.8)

with V, = (V,,%) 1. The constraints chosen on the curvatures imply that
vi = viivgiv (39)

with the connections in the covariant derivatives V,' and V, essentially independent of
the harmonics v'*.

Now let us extend this curved superspace to complex harmonic superspace. Beginning
in the central basis, we attach the completely decoupled space SU(2),, with local coordinates
y™ and vielbein W%, obeying 05 = Wy%Dg, for covariant SU(2),, derivatives D,g =
(Dyis, Dy, Dyo) = (—D_~,DF*+, DY), Denoting the full set of coordinates by 2™, the

full vielbein E A is in block form

Ey? Yyt 0
EvA=1 0 Vp* 0 | . (3.10)
0 0 Wit
The other connections are even simpler,
QMab _ (QMab,0,0)7 A./\/l — (AM,0,0), etc. (311)

and the covariant derivative V4 = (V4, Dq, Dya) is given by
1
Om :EMAVA+§QM“bea+AMA+BMID)+FMAKA. (3.12)

In the central basis, there is a clear distinction between SU(2), and SU(2),. The first
is identified with the SU(2) R-symmetry group, while the second remains decoupled. In
particular, one finds for V4 = (V,, Vot ) the same expression (3.7) in the central basis.
The covariant derivatives V,, and V5 retain their flat forms, D,, = (Dy+4,D,o) and
Dya = (Dyst, Dyo).

Of course, there is no barrier to going to a basis (or gauge) where the vielbein and
connections take a more general form. We retain the same algebra of covariant derivatives
given in [10], and append the SU(2),, covariant derivatives V,z = (Vi4, V-, Vo) =
(—=V, =, Vit V), which commute with all the other generators and covariant derivatives.
The resulting algebra of covariant spinor derivatives in any gauge is

{vg,vg} =0, (3.13)
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{VEVI} =72V, {VE,Vi}=+26aWV, (VoE, TPF) = 1258w . (3.14)

The first equation implies the existence of covariantly analytic superfields. The operator
W appearing in the latter equations is constructed from a single complex superfield W3,

1 1 1 1_.
W = QWaﬁMga + 1vf”W/f*S; —~ Zvﬂ—wgasct + Zvaﬂwﬂ%&d : (3.15a)
- 1= 5 l= = 5 . | 1 .y ;
. VT v Ak i 7SN 1o Sl v of V 74 S <o il v AN v 74 =B rgo ]
W = DWW s M7 4 2V W80 — SVEW P80 4+ v WP Ko (3.15b)

Wap is covariantly independent of the harmonics and is the single curvature superfield of
conformal superspace [45]. The remaining curvatures may be compactly written

[v;e’ vad] = _26,8awét ) [v;‘:’ v&d] - _2€BdW&t7

[V 53> Vaal = ~Fagas = —265aF s + 2650 F 35 - (3.16)

—

The spinor operators ng and anti-selfdual and selfdual components of F3, are given by

i 1 _ 1 .= -
Wa=—5Va Wl Faa = {V{ VW Fia = 1V VoW (3.17)
Explicit expressions for these can be found in [10]. The simplicity of these relations is one
of the main advantages of conformal superspace.

In a general gauge, an arbitrary covariant diffeomorphism and gauge transformation

may be written
A 1 ab a+ g— a— g+ a
0=¢ VA+§)\ My + ApD + A A + 0275, —n* S5 + €K, (3.18)

in terms of arbitrary parameters &4, A%, A,, Ap, €* and n%*. We remind that

EAVA =€V +E3VE - €2V, + 6TV 1 V0 - gV
+ &,V 4+ OV0 ety (3.19)

The charges on each parameter refer to their SU(2), charge, except for the local SU(2),,
parameters X%, In practice, one should restrict to gauges connected to the central basis by
complex harmonic gauge transformations, that is, gauge transformations that are at most
twisted biholomorphic on SU(2), x SU(2),,. This means that the vielbein and connections

will generally be constrained so that V" and V= acquire additional connections while
the other covariant harmonic derivatives remain relatively simple.
In the central basis, the harmonic dependence on the parameters is restricted to main-

tain the block form (3.10),

at +eai at + i

57 :vié‘i? T =v10,

e . - - Y 0 — 0 _ 4+, —\ij

T =EAT =0 A, & =A =y v AV,

++ _ ++ £ £ ij 0— 0 _ ,+, ,—ij

&=y =wiwpY & = Py = wjwy pt, (3.20)
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with the other parameters harmonic-independent. Moreover, the absence of SU(2),, con-
nections means that p”/ are always constants in the central basis. In fact, we may refrain
from ever performing SU(2),, diffeomorphisms.

This is perhaps a good place to emphasize again that the derivatives Vi are given in
the central basis by (3.9) and not, as one might otherwise expect, by u;—“vg. That is, the
algebra they obey with the SU(2), and SU(2),, derivatives can be written

[DF,vEi] =0, [DFVI=Vi, [DVVi]==xVL,
D, Vi =0,

(D7, Vi =0, (D0, Val=0. (3.21)
The closest analogues of the conventional harmonic derivative relations are

(775, Vol =0, (275, Vi =V, [2°.Va]=+V,, (3.22)
using the derivatives 2 := D, 4+ D,, defined in section 2.3. These commutators hold in any
gauge, replacing D, — V, and D,, — V...

3.2 Covariant primary analytic superfields

Because the covariant spinor derivatives obey the conditions (3.13), the superspace admits
analytic superfields ¥ obeying Vg\I/ = 0. We are interested only in superfields that are
also primary, Sgi‘ll = K,V = 0. Consistency with the operator algebra implies that W is a
Lorentz scalar, invariant under U(1)g, and obeys’

VU =D¥, VITU=0. (3.23)

In other words, ¥ must have a U(1), charge equal to its conformal dimension — for
definiteness, let us denote both quantities by n — and ¥ must be holomorphic on an
open domain of SU(2),. We may further choose this open domain to be the vicinity
of the diagonal SU(2) of SU(2), x SU(2),, and restrict ¥ to be a twisted biholomorphic
scalar F(»™) with charges (n,m) under U(1), x U(1),. A general conformal supergravity
transformation of such a superfield is

SFMm) = AV 4 FMm) 4 (Apy + A F ) — N+ D= Flnm) (3:24)
when written in the central basis. In terms of the complex harmonic coordinates, one finds
SFM) = eA7 \Fm) (A + A)FOm) — N+ g Flnm) (3.25)

Below we will summarize the various types of multiplets commonly encountered in har-
monic superspace (see e.g. [2] for further details and references) and discuss their twisted
biholomorphic description in the central basis.

"These conditions were discussed in chapter 9 of the monograph [2]. They are also the conditions required
for covariant projective multiplets [24].
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O(n) multiplets. In flat harmonic superspace, one can introduce complex O(n) multi-
plets [47, 48] that obey DH+H (") = D&H(”) = 0. The generalization to curved harmonic
superspace is straightforward: we need twisted biholomorphic analytic superfields H ()
obeying the additional restriction Dj*?—[(”’m) = 0. As a consequence of the twisted biholo-
morphy, one finds the integrability condition [DI+, DS~ |H™™) = mH (™) = 0, so we are
restricted to superfields H (™9 with

J1 Jn
As a consequence of (3.23), H(™9 must have weight n under dilatations. If n is an even
integer, it is possible to impose a reality condition. The most familiar such multiplet is
the O(2) multiplet, or tensor multiplet, G+ = G¥ v;r v;r, which plays a major role as a
compensator in one of the off-shell formulations of N' = 2 Poincaré supergravity [49]. It
possesses the same form in either complex harmonic or projective superspace, and the same
holds for the general complex O(n) multiplets.

Relaxed hypermultiplets. We next consider the general class of so-called relaxed hy-
permultiplets. In flat harmonic superspace, these are given by analytic superfields R4
obeying (DTT)PRT = 0 for some set of integers p and ¢ (see [2] for a discussion and
further references). Their generalization in curved harmonic superspace involves twisted
biholomorphic superfields R(™™) with n + m = ¢ and the constraint (Dj*)pR("’m) = 0.
As a consequence of the twisted biholomorphic condition, one finds m =1 — p.

To understand this condition, it helps to specialize to the case where n +m = 2 and
p = 2. Here one finds a superfield R~ with

RGD = (,0)3 (R(ij)u;ru;r + R(ij@)ﬁ@@g) . (3.27)

We have denoted the index of the negative harmonic with a Roman index to distinguish it
from the others. This is because the above expression can be rewritten

RB~1) _ Rijkzav—&-vj-vl;l—wa— ’ (3.28)

1
where R¥7F = R(7F)2 {5 symmetric in its first three indices only. The expression (3.27) is
recovered by decomposing Rk = —R (k) L R(i7k2)  The form (3.28) is advantageous for
several reasons: the constraint is manifestly satisfied for p = 2, the analyticity condition
amounts to ngiﬂ‘k)a = 0, and the transformation (3.24) leads to

SRk — Ay Rk 4 3N RITFA 4 3\ RIFIA (3.29)

This is consistent with the simple interpretation that R possesses three SU(2) g indices
associated with the isometric action on SU(2),, and an additional external SU(2) index
associated with SU(2),. The superfield R¥*® is just a globally defined O(3) superfield
RG)a in projective superspace with an extra inert index. It is naturally embedded into
complex harmonic superfield by writing R = R(3)aw; .

In like fashion, the general relaxed hypermultiplet R(™1~P) obeying (D} +)PRM1-P) =
0, is associated with a harmonic-independent superfield R #81@-1_ This can be inter-
preted as a projective superspace O(n) multiplet RMarap—1 with p—1 symmetric external
SU(2) indices.
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The nonlinear multiplet. Our third example is the nonlinear multiplet. Within real
harmonic superspace, it is given by an analytic superfield N™T obeying the constraint
DTN+t = —(N*1)2. Because the complex harmonic version of this analytic superfield
must be weight zero under dilatations, it must have vanishing DY charge, and so it should
be given by an analytic multiplet N(%2). As usual, analyticity implies that DTN 02) =,
so the constraint must be given by DI . In fact, it turns out two constraints are needed,

DINOY = (NO2y2 - pemN©02) =1 (3.30)
The second implies that N(®2) is not twisted biholomorphic, but instead possesses some
dependence on w'*. This leads the conformal supergravity transformation dN(2) =

AV N2 — A+ D=~ N©02) 6 take an unusual form when written in terms of complex
harmonic coordinates:

INO2D = A7 NOD — N g - NOD — 3 (3:31)

The inhomogeneous term appears also in the conventional harmonic superspace description
of this multiplet: there it arises as consistency condition for the constraint.

It is well-known that the nonlinear multiplet possesses a formulation in terms of a
harmonic-independent superfield L*. In complex harmonic superspace, it is encoded as
Lwi  LAwiol

& &t (3.32)

bruw-  Lbiw ot
L wy, LJwbvj

N(O’z)

One can easily confirm the constraints (3.30). In terms of the complex harmonic coordi-
nates, this expression becomes

ai, +,,+
L*uy u;

02) _ ++
N 2T+ 7Lbjugu;' .

(3.33)
The first term may be understood as generating the inhomogeneous term in (3.31). Fol-
lowing [2], we take L* to be normalized as L¥L,; = 5;- and L*Ly,; = & and raise/lower
the indices in the same way. The analyticity condition and transformation rule becomes

LML) =0,  SLY = ¢AVLLY + X LY (3.34)

As with the relaxed hypermultiplet, these conditions indicate that the index i of L is
an SU(2)r index, while a is an external index, consistent with (3.32). This form of the
nonlinear multiplet frequently appears as a compensator in A/ = 2 supergravity [46, 49-51].

The Q1 hypermultiplet. Now we turn to the Q* hypermultiplet, which is the general
matter multiplet of harmonic superspace as well as the general compensating multiplet of
supergravity [52]. In the complex harmonic description, it possesses charge (1,0) under
U(1), xU(1),,. Assuming that Q" is twisted biholomorphic, it is easy to see that the charge
assignments are consistent with the free hypermultiplet equation of motion DI *Q* = 0:
in that case the free on-shell QT is an O(1) superfield. Because of the importance of
this multiplet, we will make a few further comments that are obvious generalizations of
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its conventional description in harmonic superspace. Its general off-shell version can be

expanded in the central basis as
o0
+ _ E (i1ing1gign) gyt .t ToowT (20
Q" = Q Vi Uin+1wj1 Wy, (Z )
n=0

i1 int1J1 Jn
n=0
We have not attempted here to maintain any distinction between the SU(2), and SU(2),,
indices because the presence of the 2V factors renders the distinction meaningless; the
various terms in this expansion will mix under SU(2)gr. To see this, we note that the

transformation property of QT may be written
0QT = ¢VAQT + ALQT +X0QT — Ao QT . (3.36)
This implies for the leading term @Q° in (3.35) the transformation
0Q" =1V 4Q" + ApQ" + X5Q7 — N Q" (3.37)
For the free on-shell hypermultiplet, all the higher terms vanish, leaving an O(1) multiplet.

The w hypermultiplet. The w hypermultiplet is a variant version of the hyper-
multiplet, which can take several forms. We discuss here its simplest version, which
can be constructed in conventional harmonic superspace from a pseudoreal doublet
Q™ = (Q*, Q") involving a Q* hypermultiplet and its conjugate QT as w = uy Q. If
Q7 is free, then w obeys the free equation of motion (D*7)%w = 0 and corresponds to a
relaxed hypermultiplet of Weyl weight 1.

In complex harmonic superspace, this version of w becomes a twisted biholomorphic
analytic superfield w®~1). Its U(1), charge is implied by its Weyl weight, while its U(1),,
charge is implied if we assume that the free equation of motion should be (D *)2w(t =1 = 0.
Each of these properties is consistent with the choice w1 = w, Q*T. Such a multiplet
is manifestly twisted biholomorphic with each of the requisite weights. The general w(:—1)
hypermultiplet transforms as

Swt™h = €4 40D = AFFOTmw D 4 (Ap + A7 (3.38)

Abelian vector multiplet. Finally, we turn to the vector multiplet. For simplicity, our
attention here will be on the abelian case, but the non-abelian version is a straightforward
extension. Recall that the abelian vector multiplet is described by an analytic prepotential
V*T constructed in terms of a bridge superfield B via V™" = DT+ B. The bridge B is
globally defined on S? but not analytic. Both the bridge and V*+ must have vanishing
Weyl weight.

In complex harmonic superspace, the vector multiplet is described by a twisted biholo-
morphic analytic superfield V(*2), Tts U(1), charge must vanish, consistent with its Weyl
weight. Obviously, V(0:2) should be interpreted as a connection for the complex harmonic
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derivative VI in the analytic basis. This implies that it should be related to a bridge
superfield B via V(02 = DI T B. The bridge B should be twisted biholomorphic with van-
ishing harmonic charges. To confirm this interpretation, we note that the transformation
of V(02) reproduces the transformation in conventional harmonic superspace,

sV 02 = Ay ,v(02 N\t D02 = Ay, v (02 _\ro- -y (02 (3.39)

In contrast, we expect V== = V(=29 to be the connection for the complex harmonic

derivative V7 in the analytic basis and given by y(=20) — D~ B. It is easy to check

that V(=29 is also twisted biholomorphic, though it is not analytic. It transforms as

5‘/(72,0) — gAvAv(fQ,O) _ A++D**v(72,0) _ 2A0v(72,0)
= AV, V(20 ey (520 9\ 0y (=20 (3.40)

072)

The differences in the covariant transformation laws for V(=20 and vV are naturally

explained by their U(1), x U(1),, charges in the complex harmonic approach.

4 Superspace action principles on M*8 x SU(2), x SU(2),,

In this section, we will address both the full harmonic superspace and analytic superspace
actions, discuss how to relate one to the other, and provide the component reduction
formula for the analytic action. A few specific examples will also be discussed.

4.1 Full superspace

The natural twisted biholomorphic integral over full superspace is given by

. / d'z d* a9 E / VAW 2(-22) (4.1)
2m S
where the first integral is evaluated in the central basis and the second is over the closed
surface S homotopic to the real S?. The harmonic charges of the Lagrangian are chosen
to counter the measure factor. The Lagrangian must have vanishing dilatation and U(1)g
weights and be a conformal primary. This expression can be generalized to any gauge,

2 [ ax / dtzdtet ate— B2 p(=22) (4.2)
271' S

with the measure
EMA EMv++ EMw——
E®=Y —gdet | EA E~t E~ | . (4.3)
_A vt++ w——
EC EC EC

The complex coordinates ¢ and ¢ parametrize S with (QO)* # ¢ in general, and ECA and
EQ:A are the pullback of the vielbein. The charge assignments of the measure E(%—2)
correspond to its weight under covariant VY and VY diffeomorphisms. We have written
the Grassmann coordinates suggestively as 7 and #~, but in a general gauge they possess
no meaningful charge or relation to the harmonics. Using e.g. the results of appendix
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B of [10] (see the summary in appendix A) one may confirm that (4.2) is a gauge and
diffeomorphism-invariant quantity.

It is useful to know when a quantity is a total derivative in the covariant approach.
In appendix A, we show that the covariant expression .Z(~22) = v+y(=20) L g=-1/(02)
is a total derivative for any twisted biholomorphic conformal primary superfields y(=20)
and V(02 with vanishing Weyl and U(1)r weights. Other expressions which appear to be
total derivatives such as V4 V4 generally fail to be primary — and so are not permitted
as covariant integrands — or leave residual connections when integrated by parts.

4.2 Analytic superspace

We will be particularly interested in the action principle for analytic superspace. In the
analytic basis, its form is well-known:

/ du / d*ediot 2+ (4.4)
52

The analytic Lagrangian £ must transform as a scalar density, ensuring that the action
is invariant under analytic gauge transformations. The integration is performed over the
real S? manifold. To describe the same action principle in a general gauge, we propose

- d%¢ / dizdiot £-272) »(22) (4.5)
2w S
The Lagrangian .2(>2) is now a scalar function rather than a scalar density and the analytic

measure is given by

D O 2
Enga Eﬁ+g+ Eﬁ+\’++ EHJrW__
Ec" Bt BT BT
- o+ _v++ wW——
Bt BT Ef 1%

E-272) = sdet (4.6)

We have labeled the measure again with its weights under covariant V? and V¢ diffeomor-
phisms, and we reiterate that the charge assignment of the Grassmann coordinates is not
meaningful in a general gauge. Later on, when we return to the analytic basis, we will
find a different notion of charge for these objects that concurs with (4.4). One can show
that (4.5) is gauge-invariant provided .Z (22) is an analytic twisted biholomorphic confor-
mal primary of Weyl weight two. To establish the equivalence of (4.4) and (4.5) requires a
more elaborate discussion, which will be postponed until section 5.

It is a straightforward exercise (by e.g. generalizing the argument in [10]) to show that
any full superspace integral (4.2) can be written as an analytic superspace integral

- / d%¢ / Bz d8o EGD 222 = L / d%¢ / dizdtot €27 (vH1 (2D (4)
2T S 27 S

The superfield (V1)4.Z (=22) gheys all the requirements of an analytic Lagrangian .#(2:2).
Similarly, one can lift any analytic action to a full superspace action. Following the same
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procedure as in [10], we introduce a real nowhere-vanishing harmonic-independent super-
field Q of Weyl weight two, writing

i 2 4 gt o(~2,-2) p(2.2) _ /2/4 89 p2-2)__ < 22 (4
2W/d(/dxd9€ % o | % [ dtead A

Now let us choose = WW for a vector multiplet W and then adopt the gauge where
W = 1. This effects the conversion of conformal superspace [45] to SU(2) superspace [21, 53]
and lets one rewrite (4.8) as

ng d*z d®0 B ).,zﬂ(“) d*zd®0 E V++/\W__ﬁ (4.9)
(§++)2 27r (S++H)2° '

where ST is a torsion superfield of SU(2) superspace and the right-hand side is written

in the central basis. If we restrict to the real S2, this simplifies still further to

AN (4.10)

4., 18
/d xd®0 FE S2du (S++)
This is a convenient formulation of curved harmonic superspace in the central basis using
SU(2) superspace and is inspired by an analogous formula in projective superspace [21].

In appendix A, we briefly discuss how to show that (2 = Vj*V(ZO) is a total
derivative when V(20 is an analytic twisted biholomorphic conformal primary. As an ex-
ercise, one may show this by introducing a prepotential for V(20 as V(20) = (V+)4V( 2.0)
and then observing that V +tV(=20) is a total derivative as a full superspace Lagrangian.
Note that a similar quantity, V_ V2 is not an allowed analytic Lagrangian as it is not
twisted biholomorphic.

4.3 Analytic superspace component action

Now we turn to deriving the component form of the analytic superspace action (4.5). Upon
integration over the Grassmann coordinates, the final form of the action should be

szz/ 7, (4.11)
27T M4AxS

for some closed six-form J integrated over the product of 4D spacetime M?* and the
auxiliary manifold S. Here it helps to recall the projective superspace result [10], where

1
dT / dlzdiot et = - — / Jp, (4.12)
T om 2T J maxc
in terms of a five-form Jp, which was quite complicated in a general gauge. Its leading
term was
Tp=e ANl A2 NS AT (VLT + - (4.13)

with the subleading terms each involving a five-form multiplied by a certain number of
covariant derivatives of Z*T. Here we have written e = E%| and e"™" = E"T1| as
the double-bar projections (setting # = df = 0) of the corresponding vielbeins. Keeping
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in mind that complex harmonic superspace can be understood as projective superspace
combined with an additional CP' manifold, one can make the guess that J should be
given by inserting the harmonic Lagrangian into Jp and taking the wedge product with
e~ = E¥" |, that is,

T =Tp[LPV|ne "= net A2 AS At AT (VAL 40 (4.14)

This turns out to be the correct answer.

There are two approaches to checking this result. The first is simply to repeat the
normal coordinate calculation given in appendix C of [10]. The main difference is that
one encounters the volume six-form 622 = ¢t+ A e~ where é*1 is the volume five-
form when restricted to the bosonic body M* x CP! of projective superspace. Viewed as a
superform, its 7 expansion is responsible for giving the subleading terms in the component
action. But because ¥~ has a trivial 7 expansion when written in Grassmann normal
coordinates, no new features are encountered. This reproduces (4.14).

A less direct approach is to observe that J must be a closed six-form in superspace.

(22) one can show that the closure of Jp,

Because of the twisted biholomorphic nature of .
interpreted as a five-form in projective superspace, implies the closure of 7. One observes

for the leading term of Jp (and similarly for the subleading terms)
0=dJp =de" (V) LT et A (BEAVA+ B9V, + ) (V)22 4.0 (4.15)

The second term in parentheses is the expansion of the exterior derivative in projective
superspace; we have exhibited the vielbeins but suppressed the other connections. When
we formally replace Z*+ with £ 32, the second expression turns out to be missing the
SU(2),, vielbeins. Adding and subtracting these gives

0=déetT (V)12@2 L et+ A (BAV 4+ B9V 4 + EYOV 5 + -+ ) (V) L2(32)
—2ett A BV g2 _ett A et (vt (4.16)

The first line is the exterior derivative of the leading term of Jp[.£(*?)]. Taking the wedge
product with ¥~ gives for this leading term

0=dJp[LPNNE"" —2Tp[LPDIANEVCANE"™ = —-dT (4.17)

and so J is closed. The subleading terms more or less go the same way. A similar line
of argument shows that if Jp is gauge-invariant in projective superspace up to an exact

form, then so is 7 in harmonic superspace.
It should go without saying that the central basis is to be preferred for component

actions. In that gauge, one finds
S = / deel, L= 2i / (v++ AWL£22) A W”L‘(“)) (4.18)
TJs

where £(=22) and £(>?) coincide with the component Lagrangians given in [10] with the
replacement .+t — £ (22
1 i

L) = 2 (VP (VTP LB — (o™ Vg (V)2 0D

. They are (with projection to § = 0 understood)

(n0™)a VT (V)23
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ﬁ((w- M P+ Y6 ) — 1V m)[v V]2
L)V L + K (920
< mnpq meanwp )¢q— (¢;10mn)avn——>va—g(2,2)

( €M (Y 50ty Vs — 2 (zpmam”)d)}n>?dg(2,2)

+ 3 €M (ot )V, L3 (4.19)
and
31 o 3, oMy
£ — = [0+ o™ - S o™ + 44

— AW 65) + Ao ™" 6r) = BN 0wy )V | L3

+ ot = it@hom) + 2oV Vo2

- [;’x;‘—z‘mam) + 276" W] ver g2

— VHE) IV, V]2 (4.20)

Above we have the component fields as defined in [45] corresponding to the content of
N = 2 conformal supergravity. These consist of (i) the five fundamental connections —
the vierbein e,,?, the gravitini ¢,,%;, the SU(2)g and U(1)g connections V,,"; and A,,, and
the dilatation connection b,,; (ii) covariant auxiliary fields Wy, = 1Tab, Xai, and D; and
(iii) composite connections w,, %, ¢, and f,,%, given in terms of the other fields, which
are associated with Lorentz, S-supersymmetry and special conformal gauge symmetries.
In the expressions (4 19) and (4.20), these fields are contracted with SU(2), harmonics,

e.g. v = 1/anva, =X’ vz VTt =V, ”vivji and so forth.
Now observe that interchanging the order of integration gives
/V++/\W__ (—2,2) /V__/\W__ (22)
w22 = /d4xe£( 2) | w2 = /d4xe£(2’2) . (4.21)

The two-form w = VIt AW~ w("22) — Y= A W= w22 is of the type discussed in
section 2: it is closed on S and ensures that the action is insensitive to small deformations
of S. We may then restrict to S = S?, where the second integral in (4.21) drops out,
leaving the more conventional expression

S = / d*ze / dur’,  £0=,£022)|g . (4.22)
SQ

This yields the most compact form for the component Lagrangian of a general curved
harmonic superspace action and constitutes another of our major results.
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4.4 Examples of complex harmonic superspace actions

Below we will briefly summarize how the most common harmonic superspace actions can
be written in the covariant formulation here. Each of these cases is a straightforward
extension of a well-known action in conventional harmonic superspace.

The Q1 hypermultiplet and general self-couplings. Introduce a family of hyper-
multiplets Q" with a = 1,---,2n, and impose a pseudoreality condition Q2+ = —Qf =
—QP* Oy, using the canonical symplectic form €, of Sp(n). Interactions may be intro-

duced in the form of a twisted biholomorphic function H(??), so that the Lagrangian is
1
222 = SQIVITQT + HZ2 (4.23)

We have denoted the potential term by H(2? as in [36] to emphasize its interpretation as
a Hamiltonian [54]. In flat space, it is natural to require H>2?) = HZ2(Q*, v+, w™) to be
analytic and twisted biholomorphic; however, when coupled to conformal supergravity, it
must have Weyl weight 2 and so

Q7 0,  H?Y =202  —  H2 = gCA(QF w7) . (4.24)

In other words, the Hamiltonian must not explicitly depend on v** [2, 55]. The component
sigma model corresponding to this action describes a hyperkahler cone. The condition that
H®22) cannot depend on v'* can also be interpreted as requiring the Lagrangian to be a
scalar function under SU(2), diffeomorphisms. A similar condition is required in projective
superspace. In contrast, it is permissible for the w; to appear because one may avoid ever
using non-trivial SU(2),, diffeomorphisms.

The w hypermultiplet action. The free w hypermultiplet action can be constructed
from the free Q*" hypermultiplet action with a = 1,2 by making the change of variables
Q* = wtwh= — = (1) One must employ the w;™ harmonics so that w(b~) and
fOY remain covariant under SU(2), diffeomorphisms. It is evident from this equation
that f(1 is not a twisted biholomorphic superfield but rather obeys the constraint
V;_f(l’l) = w(=Y | This can be remedied by replacing f(:1) — (L1 4 Vj*‘w(l’_l), SO
that the new fundamental superfields are each twisted biholomorphic. The Lagrangian
remains twisted biholomorphic,

% ;ertJrQaJr _ %w(l,fl)(v$+)2w(l,fl) + %(f(l,l))2 + %V‘J’C+(w(l,fl)f(l,l)) ) (425)

The last term is a total derivative, and the second term can be integrated out, leaving the
free w hypermultiplet Lagrangian.

The improved tensor multiplet action. As our last example, let us generalize
the construction of the improved tensor multiplet [56] to complex harmonic superspace.
Starting with a free hypermultiplet action with a complex ", one makes the complicated
change of variables

) Wy ~ o~ wy
Q+ — ezw( ar _ ng++> , Q+ — oW <Q(J]r o ZQQ++> ,
0 0
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Qo = Q(()l’_l) = Qarwi + @gwi ) (4.26)

where w and g™ are two real dynamical variables and Qar is a new complex hypermul-
tiplet. None of the fields w, g™, or Qg carries U(1),, charge, and each is analytic, so g™
must be Weyl weight two and QT Weyl weight one. However, because we have traded
two real degrees of freedom for four, this must be a redundant description, independent
of some combination of the new fields, which will become apparent in due course. It is
convenient to group QH and @g into the pseudoreal doublet fo = (Qf{,é; ), so that
Qo can be written simply as Qy = é’Lwi_. Note that €y is actually a weight (1,—1)
superfield, but we have suppressed the charges for notational simplicity.

The above construction differs in two ways from the rigid version given in [56]. First,
that version would correspond to choosing a fixed QEJF = o', However, this choice is
not possible in any gauge other than the analytic one, as it is generally inconsistent with
the analytic condition V;fo = 0 because of the presence of the non-vanishing SU(2),
connection.® The second difference is that the change of variables in [56] was more general,
involving an isotriplet c¢;;. The simplifying choice we have made corresponds to taking
c12 = i/2 and ¢11 = c2 = 0, with the non-canonical normalization ¢* := ¢¢;;/2 = 1/4.
Below we restore a more general ¢;; (but keeping this normalization).

After making the redefinition (4.26), the free hypermultiplet Lagrangian becomes

1(gt%)? 1 i
20 =2 o LTV e+ eVt
0
2+t » i— )
- SV + Ve (4.27)
0
where we have defined

CHr = ¢y Q?Q{ﬁ , Ct™ =g Qéerj_/Qo, C™ ™ =y ww T /3,
Lt =0t 4 gt gt (4.28)

The last term in the Lagrangian is a total derivative and can be discarded. The second
term, which involves w as a Lagrange multiplier, sets L™" to be an O(2) multiplet. This
determines g™ in the usual form

2LTT — Ot
gt = ( ) , (4.29)
1+ /1+4C—(LTF —C++)
in terms of which the Lagrangian can be written
1(gth)? 1 , gtte wi= 4
(2,2) —— “OtTvuttort 92 ij S+ A+ . n
Z 9 Qg + QQOZVW QO QO Vw QO ( 30)

As already mentioned, the change of variables we have made is equivalent to the stan-
dard choice in harmonic superspace, except for the appearance of the new hypermultiplet

8 Actually, the precise gauge choice made in conventional harmonic superspace is slightly different, be-
cause Q4" (like all analytic superfields) is chosen to be a scalar density.
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QéJr rather than its frozen value. It is possible to show that the action is actually indepen-
dent of this hypermultiplet. The proof is equivalent to showing the conformal invariance of
the conventional harmonic action. (The conformal invariance of (4.30) is manifest.) Under

(22)

an arbitrary variation of fo, one simply shows that & transforms as a total derivative,

1 . 2 . 7 _ i N
0L = Vit (2%5@;; ~ ¢ TR T 60050 >) : (4.31)

When constructing the component action, the multiplet Qfﬁ must drop out.

The necessity of this additional hypermultiplet can also be understood by comparing
the above construction to its curved projective superspace analogue where similar features
occur [57]. Beginning with the free hypermultiplet Lagrangian £+t = i YT+, with T* an
arctic multiplet and T+ its antarctic conjugate, one introduces a redundant parametrization
T+ = Tg eM analogous to (4.26), with T(J)r an arbitrary weight-one arctic superfield and A
a weight-zero arctic superfield. The free hypermultiplet Lagrangian can be rewritten as

L =TT A LT (A + A, (4.32)

after relaxing the requirement that A+A is the sum of an arctic and an antarctic superfield,
enforcing it instead via the Lagrange multiplier L™". Integrating out the unconstrained
real analytic superfield A + A, one finds the improved tensor Lagrangian

Lt = LT — L log(LYH /i 1Y) - (4.33)

It is easy to show that this is actually independent of the choice of Tar in precise analogy to
the spurious dependence of (4.30) on Qf)+.9 Its presence is necessary to ensure covariance

of the Lagrangian, and in the appropriate analytic basis it can be set to a constant.

5 The analytic basis and conventional harmonic superspace

In the previous sections, we have constructed a covariant formulation of complex harmonic
superspace on the supermanifold M8 x SU(2), x SU(2),,, with explicit gauging of the
superconformal group. There is one major task which remains: we must explain how this
formulation is related to the prepotential approach of [52] and the covariant formulation
discussed in [25, 26]. The connection with [52] is the easiest to elucidate as it arises naturally
upon going to the analytic basis (or analytic gauge). After reviewing the analytic basis in
the rigid limit, we will construct it for the general curved supermanifold. Afterwards, we
will describe how to recover [52]: the key step will be to trade analytic scalar fields (which
we have used up until now) for analytic scalar densities. In the final part of this section,
we will sketch the relationship with [25, 26].

5.1 Rigid harmonic superspace and its analytic basis

Understanding the structure of the analytic basis requires a brief discussion of supercon-
formal isometries. This material largely follows [2, 37] and is inspired by the related

?One method is to use the argument of [23] for the gauge invariance of the vector-tensor coupling.
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construction in projective superspace [24]. A corresponding discussion for the general class
of (N, p, q) superspaces was given in [8, 9].

In flat A/ = 2 superspace, the superconformal transformation of any covariant super-
field ¥ is

1 o )
SU = ¢AD AT + ixabea\If + ApDW + A AT + NS, 0 + %S, 0 + K, ¥ . (5.1)

We are interested only in transformations that preserve a rigid background, meaning that
the fixed vielbeins and (vanishing) connections of flat A/ = 2 superspace must be pre-
served, [0, D 4] = 0, from which a number of properties follow. The parameters £4 describe
superconformal Killing vectors, with £* obeying the so-called master equation

(s6aa =0,  DPeM*=0. (5.2)

The other quantities in (5.1) turn out to be derived from £* [24].
For a superfield ¥ that depends on the harmonics vii and w;t, the action of the SU(2) g
generators in the central basis is given by

N0 = AT D0 + 0DV + A "D, (5.3)

with AT+ = £\ viivj.[ and \0 := \U v;r (O The most important example is an analytic
twisted biholomorphic conformal primary F(™) whose full transformation law is

§Fm) = gap,Finm) _ gat poFnm) _ \t+p== Fbm) 4 op(Ap + A0)FMm - (5.4)
where £2F = viigﬂi and Di = viiDgi. In order for F(™™) to be analytic, one must have
D¢l = 2i(gb)%et, DIt =6, AT, DIt =0, DI(Ap+X0)=0, (5.5)

which are consequences of the master equation. The analytic quantity A := Ap + A may
also be written )
A= (Daga + Dyget — D;—Aj+) . (5.6)

Let us now introduce the analytic basis of rigid complex harmonic superspace. We

choose complex harmonic coordinates u'*, 2+ and 2° defined as in section 2 and take
. 6! vt A . A
+_ _PaY% i+ — i — i
bo = r ) 2t o = Oawi = Oauy
. — N\ VWS . _.
Fm = g™ — 2i0Ue™meI) 2L = g — 2@'9(Z0m93)u;ru; . (5.7)

v, W

The coordinates 2", é;, and u* parametrize the analytic superspace in the analytic basis.
Note that the Grassmann coordinates carry U(1),, charge, whereas the spinor derivatives
carry U(1), charge. In this coordinate system, the superspace derivatives become

0

Da:émv D+:Zoaég77

o3
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1 ~ A
D—:_< O (o™ ) By — 2 >

0\ et Dh-
_ 1 0 A A 0
Dy =—= (A +2i(0" ™) Om — z__A,> . (5.8)
20\ gga+ 06—
Three of the harmonic derivatives remain quite simple,
0 0 0
Dt — (,0)2 Do — 0 Y D—=_9 5.9
v (Z ) 8277 J v z aZO 9y w az++ ) ( )
with the others are moderately more complicated,
DIt =gt — 2i(0T om0t O, + 04T 0, — T80
0 0 0
++12 ++,0 +4,——
—(Z )BZT‘FZ Z@‘i‘(QZ z _1)82777
R N ey My Sy S Y 0 —— 09 2 0
DV = (Z0)2 (811 — 21(9 (o2 9 )am + 67 8g+ — W + z z @ + (Z ) 8z__) s
DO =34 6%0,, — 09 0 +2:F000 —22770, - — zoaﬁo . (5.10)
= = z

Any twisted biholomorphic superfield F(™) corresponds to a complex harmonic su-
perfield Ftm) vig Flnm) — (;0yn Fntm) (3 g+ &) which transforms as
SFmAm) — \my, Ftm)  yatg,  Fhtm) _\tHgm= Fitm) ppp\Fhtm)
AT = €M 2i(E0™0 Yuf — 2i(0 0™ E ) ut + 2N (O 0™ ),
Aot = ety b \FHga (5.11)

The parameters A\™, A2 A+* and A are independent of 02~ z*F 2=~ and 2". They are
interpreted as arising from the analytic general coordinate transformation

Sutt =Xt Fuy =0, &M=, 50t = et (5.12)

on the analytic space (&, o+, uF), with A given by half of the infinitesimal Berezinian, A =
%(amw — Dot AT — O _)\j+), equivalent to (5.6). Any analytic superfield transforming
as (5.11) is called a primary analytic scalar of weight n. From the above results, one may
show that the action

S = ;/u++ AU /d4:&d4é+ 7k (5.13)
TJs

is a superconformal invariant provided .Z+* is an analytic scalar of weight two. This is
just the rigid formulation of conventional harmonic superspace on the complexified S?, and
reproduces the rigid limit of the analytic superspace action principle (4.5) after taking

(272) — 0,2 +4 (72772) — 0y—2 ++ R :|‘+ -
< ()2, € (2°) (“c Uz~ —UFHU; ) : (5.14)
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5.2 The analytic basis in complex harmonic superspace

In order to construct the curved analogue of (5.13), we must introduce the analytic basis
in a curved geometry. We assume that this analytic basis (or analytic gauge) is accom-
plished using a twisted biholomorphic gauge transformation with gauge parameters that
are homogeneous of degree zero in v* and w; separately. Schematically, the analytic gauge
arises as V A = BV 4e7B where V4 is the covariant derivative in central gauge and €
is a bridge operator. For the coordinates themselves, the bridge can be represented as a
twisted biholomorphic coordinate transformation, taking the central basis z™ to analytic
basis 2™ given by the generalization of (5.7),

. YLyt . .
=™ o 0ﬁ+:%+bﬁ+, G~ = iy~ 4 b
v, w
,IA)Z':I: — Ujj:bji, wi:l: — wi:l: ’ (515)

in terms of twisted biholomorphic bridges b that depend only on the harmonics v'* and
w; . These bridges carry vanishing SU(2), charge and their SU(2),, charge is indicated; in
addition, bji must have unit determinant. Because Vg annihilates w'* in the central gauge
(i.e. there is no SU(2),, connection), it is evident that no bridge needs to be introduced
for those harmonics. However, the presence of the SU(2), connection in the central basis
requires the bridges bji to be nonzero, because in the central basis V 4v't = VAij vt £0.

As a consequence of the twisted biholomorphy of the bridges, one can see that a number
of harmonic derivatives take simple forms in the analytic basis:

N ~

VO =0 40048, — 649, , V=0, V0=3, Vit=dt. (5.16)

In addition, there is no obstruction to choosing @; to simply be given by

V= (0w ) Gk
* o o0oe

(5.17)

This involves not just a choice of analytic coordinates but also a choice of all the other

gauges as well, both to trivialize the vielbein terms and to eliminate the connections; this

is possible as a consequence of (3.13).1% The expression for @v‘t T is more elaborate:
Vb= 85— HED8 ¢ HONp B2 L gODmE, | O, | gV,

1
- §Qj§+“bea —ATTA - B D - FOeg, - pU2agr 4 p(-l2agh — (518)

The contributions to the vielbein, denoted by H, coincide with the similarly-named objects
in the conventional harmonic superspace approach [52] (and which were introduced earlier
in [37]) up to redefinitions to be discussed in a moment.

A key observation one should make about (5.18) is the absence of additional contribu-
tions involving 33 and 5; ~. This is a consequence of the simple form for the analytic basis

19We took in [10] the analytic gauge V1 = 97, choosing the 61 coordinates to carry U(1), charge. This
choice is also possible here at the cost of breaking with standard harmonic superspace conventions.
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for the SU(2),, harmonics. However, there is a complication hidden within (5.18): not all
of the connections are twisted biholomorphic. In particular,

éj""F(_lg)Q — F(LQ)Q’ éj""F(lvz)Q — O7
ortH(2Y = 9g(02) artH0Y = g2 arrHEY =0, (5.19)

while the vielbeins H*®# and HOVH obey

~

A7 HO — gt d- HOYE — _gr— (5.20)

w ’ w

To make these features explicit, it will be useful to adopt a change of coordinates to the

complex variables u'*, 2+ and 20 defined in section 2.3. Analogous definitions in the
analytic basis of 4/*, ¥+ and 2% in terms of ¢* and w'* leads to

Ft =t 4t =200 =2+,

4T = utt =TT w, =u; . (5.21)

The three bridges b** and b° are nonlinearly related to the SU(2), bridge b;7. The bridges
b+, o™, b and b4 appeared in the harmonic superspace context in [52]; the bridges b°
and b=~ did not appear there because the additional complex coordinates 2° and 2~ are
not needed to describe analytic superfields.!! In terms of these coordinates, we now have

VO = B0 4 25 0es — 25O — 00+ 0Dy — 8D,

Vi =20%,+t o (5.22)
« = 0n

To simplify the conditions (5.19) on the connections for VI, it will be useful to introduce
new vielbeins #H that are independent of ¥+ and 2°:

gm0.2) — . HO3)1 = qytttp _ o+ gut 7 HODE = gqtp _ 54+ gr— 7

HA(2’2) =yt HO2) = 3+ 4 =gt
(£0)?
(2O2H2Y = 1O oz H T 4 (37)PHT . (5.23)

It is convenient to similarly modify the S-supersymmetry connections as well:

L

12)a — 20 T+++a —12)a —
FU2a = 20 prt+a 0 pl W:éo

(f+g + 2“f+++@> . (5.24)
Then (5.18) may be rewritten

VI = Ot - 2V (2T M (D = 07 ) M (V02270 )

" These bridges match those given in [38] for the complex harmonic description of quaternionic sigma
models. This is a natural consequence of the biholomorphic analyticity assumed there, which we follow.
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A 5 A A 1
+ (M =)0y + HTT 0y + Ty + HEOD, — 593% My,

~

—ATTA - BITD - FI YK, + Fresy — Frte <205; - 220 S:{) . (5.25)
Each of the connection superfields above is twisted biholomorphic with vanishing U(1),
charge, depending only on the complex harmonics. Up to sign conventions, the superfields
HHA HTTTE HTT™ and HTH coincide with similarly named objects in the conventional
harmonic superspace description of conformal supergravity [37, 52]. The importance of
the connections B} and H*" will be addressed in the next subsection. The absence of
the remaining connections in [52] is apparent when one recalls that @v‘t T always acts on
analytic twisted biholomorphic primary scalars, and so these connections tend to drop out.

At this stage, we could proceed further and analyze the full structure of the analytic
basis, including the connections within @V**. However, this will not be directly necessary:
our main motivation is to provide a covariant description, and a full construction of the
analytic basis connections is not necessary for that purpose. However, it may be useful to
note the consequences of [Vi+, V] = 0. One finds (using 9} = 9,_) that several of the
vielbeins and the combination H™" — BI are analytic,

HHM =gfHTT™ = HTTTE =S (HT - BIT) =0, (5.26)
while the other vielbeins are less strongly constrained,
OFH™ =0,  (O)H =(0")°H" =0. (5.27)
The other connections are entirely determined in terms of the vielbeins as

B — 23t %@mw FOH),  QFag = 01,

) - . i -
ATF = L@ - ), P s = =00 H,
1 1
Fhita — _Z(gh)2Hot Fra = gty 5.28
HUSL H (5.25)
The conditions (5.27) and (5.28) are a consequence of the strong gauge choice (5.17) made
for V;. These can be simplified still further by imposing the additional gauges HTT =
HO = 0 and HAT = 0T, which imply that 20, 27—, and 0L~ are respectively chosen to
solve VI log 50 = 1+, i+ (2" /(20)2) — —1/(20)2, and V(817 /50) = Gt /50,
5.3 Curved harmonic superspace and analytic densities

In the conventional formulation of curved harmonic superspace [52], one remains in the
analytic gauge while generalizing the transformations (5.12) and the action (5.13). That
is, on the analytic superspace, the coordinates 2, 61, and 4* transform as

Fat =Mt T, ST =0, §fEm=-N\", 809t = )\t (5.29)
involving unconstrained analytic parameters \. The action

§=_" / Ut AU / a4 d4g+ 2+ (5.30)
S

:27r
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is invariant provided £ transforms as a primary analytic scalar of weight two,
5ZH = (N4 5+ 0y = X0, ) M + 2R, (5.31)

where 2A 1= 9, A" — d, N&T — §7 AT

To establish the action above, it helps to slightly modify our formulation (4.5) for the
action in a general gauge. Instead of the measure factor d2¢ built out of the coordinates ¢
and ¢ parametrizing S directly, we wish to use the complex harmonic measure U+ AU,
with the complex harmonics u® implicitly depending on ¢ and C . So we first reexpand the
vielbein one-forms using the complex harmonic coordinates:

EA=dMEyA +UTTE A+ UCE A+ U B, A
+dzttE A+ de B+ d2°E ot (5.32)

The one-forms U+, U=~ and U° constitute a fixed anholonomic frame. Then the analytic
superspace action (4.5) becomes

% /S Ut AU / d'z dlot £(-272 2 (22)
E.@ E, ot E v+t [ v
Eg+a Eﬁ+g+ Eg+v++ Engw__
O SN DN L O N S

E,_ ®E,_ ot g __vtt g __w-

u——

E272) = gdet (5.33)

u——

Under a diffeomorphism, one still finds dEpA = EVOvEm? + &N Ex* but must in-

terpret dpq as including the non-commuting derivatives in and 08 . In particular, the

—2) +

measure (7272 transforms under diffeomorphisms of the coordinates z, 87, u; as

se(-2-2) _ (=)™ (fmg(*Q,fQ)) ’ m = (m7ﬁ+’ u4+,u——) (5.34)

Now let us go to the analytic basis. Using the results in appendix A, one can show
that within the analytic gauge, €272 is independent of #4~ and 2+,

VEHECED) = yiHE2-D) =y 627D = (5.35)
and possesses charge (—2,+2) under the action of the U(1), x U(1),, derivatives:
V0EC272) = _9£(=2-2)  Y0£(=2-2) — 1 9£(-2-2) (5.36)

Note that these differential conditions are distinct from the transformation properties of
the measure under covariant diffeomorphisms. The above conditions hold only in the
analytic gauge and arise as a consequence of the explicit way we have chosen the Grassmann
coordinates. Now combine the scalar Lagrangian with the measure to give the Lagrangian
density with (analytic) charge (0,+4),

P E 0D GOpH g WOLH 4T (587)

It transforms under analytic coordinate transformations precisely as in (5.31). For the
invariant action, we recover (5.30).
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5.4 Examples in the analytic basis

Let us verify agreement with [52] by constructing two simple actions in the analytic basis.

The Q1 hypermultiplet action. We start with the general form of the Q* hyper-
multiplet action

3(2,2) _ %Livj\:+Qa+ + H(2’2) . (538)

Q™" is a scalar multiplet of weight 1, while L} and H (2.2) are functions of the appropriate
homogeneities for their weights. Let us denote & = £-2-2) ip this section to keep notation
relatively simple. Then we make the change of variables to the scalar density @a+ =
(& )1/ 2 Q**. Using the conformal properties of the fields, we find

LHQuw ) =(E)PLi @ w7),  H®Y =@ 'HMQ v ). (5-39)
Then the analytic Lagrangian Pt = €222 can be written
R 1oy oaiyo /o Qa+
4 _ Lt s12 (Pt ++ _ ptt +4
Z =Ly E <D + (K - B ))51/2+H
DYt = 9f T —HTOT T+ HIM,, + HETTRO,, (5.40)
To proceed further, we require the following identity in the analytic basis:
DHE —oH+ — BFH)E = (é;*%*‘* O HT™ 4 éww*ﬂ)é — Tt (541)
Its proof follows by noting that the harmonic superspace integral of
EVITFRO = E(DHFEN 42 (W - BIT) FOO) (5.42)
is a total derivative for any F(9 . Then we recover

. 1 . 1 ~
L= §L; (D++ - 2r++)Qa+ +H™ . (5.43)

This is the correct analytic basis action, expressed in terms of scalar densities @"”. As
anticipated, the connection (H ™" — B} ) has been replaced by the analytic quantity I+

The improved tensor multiplet action. As a similar exercise, we now show how to

recover the improved tensor multiplet action in the analytic basis. Beginning with (4.30),

we must make the change of variables @ff = (£)'/2 Qht and Lt+ = L. Then the

analytic Lagrangian density becomes

LI g gy 87 (e Lo
2 (Q)? Q 2

We know that QéJ“ may be any analytic function: in the analytic gauge, we can simply

$+4 _

choose it to be @'*. Doing so, it is not hard to show

. 1 1
ZH = 5(’g‘++)2 —rttotgtt + 57#4(1 +45C) . (5.45)

This matches the action of [56] up to the redefinitions C*+ — 1O+ and L+ — 1L+
the difference in sign H** — —H™, and an overall normalization.
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5.5 Harmonic superspace on M%8 x §2

Finally, let us address the relationship between the covariant formulation presented here
and that of Galperin, Ky, and Sokatchev [26] (see also [25]). These papers established
that within a superspace gauging only the Lorentz group and superdiffeomorphisms, the
integrability conditions for analytic superfields coincided with the torsion constraints
of the simplest version of N/ = 2 Einstein supergravity [50, 51]. Because of absence of
SU(2)r connections, one can introduce harmonics as external coordinates annihilated by
the covariant spinor derivatives. The harmonics are identified simply with the external
automorphism group SU(2) 4, and so a single set of real harmonics and a real auxiliary S?
is sufficient. Within this framework, the analytic prepotentials of Einstein supergravity
were uncovered and explicit formulae for connections and vielbeins were worked out.
However, certain features were not explored. A general component action analogous
to (4.18) was not given, nor were the superspace actions cast in a manifestly covariant
form. Although it is clear that such results could be constructed directly as we have
done using conformal superspace, it is instructive to consider instead how to recover this
Poincaré harmonic superspace framework directly from the conformal one.

Recall that this A/ = 2 Einstein supergravity corresponds to conformal supergravity
coupled to two compensators: a vector multiplet W and a non-linear multiplet L,*. Their
lowest components fix the dilatation and the SU(2) x U(1) R-symmetries and lead to an
off-shell supergravity involving only gauged Lorentz transformations, diffeomorphisms, and
supersymmetry. One of the lowest fermions fixes the S-supersymmetry gauge and the other
becomes a dimension-1/2 matter field.

To describe the same supergravity at the superfield level, one can introduce superfields
W and L," in conformal superspace and adopt the dilatation-U(1)g gauge W = 1 and the
SU(2)g gauge L' = 0,%. Actually, it is instructive to construct the new superspace not by
gauge-fixing explicitly but by using the superfields to redefine the vielbein and spin connec-
tion to compensate the symmetries that should be fixed. We may do this in two steps. First,
using the superfield W, convert conformal superspace derivatives V4 to SU(2) superspace
derivatives Dy (see [28] for the N = 2 case or [58] for a pedagogical discussion in N = 1).
The D4 carry no dilatation weight or U(1) g charge and are conformally inert. Provided one
acts only on primary superfields whose Weyl and U(1)r weights have been removed with
the compensator, the dilatation, U(1)r and special conformal connections become inert.

Next, using SU(2) superspace, we can repeat the construction of covariant harmonic
superspace. The main details do not change; in particular, because the supergeometry
includes the SU(2) R-symmetry group, two sets of real harmonics are still necessary. The
algebra of spinor covariant derivatives D} is [21]

{D;7 DE} - 25++Maﬁ + 4Yaﬁpj+ ) {D;r, ﬁ;} = GQBDj+ ) (546)

consistent with the existence of twisted biholomorphic analytic scalars. Now we may in-
troduce the second compensator and build SU(2) g-inert derivatives in the central basis:

Doy = L, (Dgi + (Dgi LY )Lka’“j> . (5.47)
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The second term modifies the SU(2)r connection so that L,® is covariantly constant. In
the gauge where L,’ = §,°, its effect is to eliminate the SU(2)g connection entirely. An
important check is to verify that the algebra of covariant derivatives still permits analytic
multiplets. One finds that!?

(D, 252)} = \DEZYSE; + curvatures, (5.48)
where the fermion U2 is the dimension-1/2 fermion present in the non-linear compensator,
now reinterpreted as a torsion superfield. We refer to the superspace associated with D A
as “Einstein superspace”.!3

This shows how to arrive at the right supergeometry from the central basis, but what
about from a more general gauge? Let the general gauge covariant derivatives in complex
harmonic SU(2) superspace be denoted Dy = (D4, Dyg, Dya). The non-linear multiplet
superfields L** and LT* carry both U(1), and U(1), charge (in the central basis these

are Laiwétv;t and Laiw;Fv;t). We introduce the compensated harmonic derivatives

~ 1
DY =D + (L—+)2Dj_+ + N++D9v - (N—H_)ZDV:_ ,

~ L
D =10+ DY + 2FDV++ —2NttD
D= (L "D +D, — (L)*Dft — L LDV . (5.49)

These act on twisted biholomorphic superfields, preserving their twisted biholomorphy.

They also annihilate L** and LT+, and on the field dependent combinations U?t := fi

and U™ := w?~ the compensated harmonic derivatives formally act as if they were simple

harmonic derivatives, i.e. DYTU~ = Ua", etc. Furthermore, because L~ is covariantly
constant and twisted biholomorphic, one may use it to trade U(1), for U(1),, charge of any
superfield. These observations are clear in the central gauge where L,’ = 6,°. There L™F
is just 20, U = 2% and D** and D° reduce to 83+ and 8°.

The corresponding spinor derivatives in a general gauge are built from the SU(2)
superspace derivatives as

~ 1
Df = 7 (D& + (DL L)LY DO+ (DF L)LY DF ),

D=L~ (D; — (DyL)LP DI + (D;Lg)Lb—Dﬁ)) L LDt (5.50)

The new derivatives ﬁi carry only U(1),, charge and are themselves twisted biholomorphic:

[DH, DX = D, D] = [P, DF] = 0. (5.51)

121f L, were a general superfield with det L,* = 1 but not obeying the constraint of a non-linear superfield,
more complicated torsion terms would forbid analytic multiplets. This is one way of understanding why
the SU(2) compensator must be a non-linear multiplet.

131t is also possible to further modify the definition (5.47) by an additional spin connection piece to
eliminate the dimension-1/2 torsion. Doing so recovers precisely the supergeometry employed in [25, 26]
(except for the central charge, which is easy to introduce). This supergeometry was introduced in [59, 60].
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They also obey the relations [Dt+,D}] = 0 and [D~—,D}] = D, and annihilate the
harmonics and L~". It is not hard to see that in the central basis ﬁf = Ufﬁg These
reduce in the gauge L,’ = 6, to the harmonic derivatives constructed directly in [25, 26].

To summarize: starting with the conformal superspace description, one can first trans-
late all formula to SU(2) superspace, and then translate again to the Einstein superspace.
Using the non-linear compensator, one can rewrite all formulae, including the component
reduction formula, to be manifestly twisted biholomorphic. This completely eliminates any

*+ and 29, so that all fields and operators depend purely on the complex

dependence on z
harmonics u’*. Going to the gauge where L,” = 4, the field dependent compensator U+
can then be identified with the complex harmonics themselves and one recovers the covari-
ant formulation of [25, 26]. However, as has been found in a number of recent publications
(see e.g. [11, 30] and references therein), the conformal superspace approach is often a more
efficient scheme for analyzing superspace actions; therefore, we will refrain from giving the
translations explicitly and remain with the manifestly superconformal framework.

There is one last issue which we would like to address within this section. Even within
the superconformal framework, it is possible to interpret a non-linear multiplet as underly-
ing the complex harmonic description [52]. Begin by choosing a gauge where H** vanishes.
Because the independent auxiliary field D of conformal supergravity is naturally found as
the highest component of H T, this gauge must amount to one where D is composite —
exactly the indicator that one is employing a non-linear compensator. So where is the com-
pensator if we haven’t introduced it explicitly? As explained in [52], the vanishing of H 4
implies that VI +2++ = —(271)2. Provided one has chosen V} 27+ = 0 without fixing any
gauges but the coordinate choice, 2t can be interpreted as a covariant non-linear primary
superfield. What we wish to add to this old observation is that upon rewriting 2+ as

f)”wi+ vj“‘bjiwi+

SitonT  mdthadenT
0T w; v/ b tw,

2++ _

(5.52)

in terms of the bridge superfield bji, one can show that the bridge bji is actually harmonic-
independent — it is precisely the non-linear multiplet compensator L® = —0p € bjk.

6 Superconformal sigma models from curved harmonic superspace

As an application of the covariant harmonic superspace methods presented in earlier sec-
tions, we will derive the general component action for a hyperkéhler sigma model coupled
to conformal supergravity [44] using harmonic superspace methods. Because of the co-
variance of the approach, we can largely follow the same scheme used in rigid harmonic
superspace.!* A similar calculation was performed by Ivanov and Valent using prepotential
methods in [29].1° The projective superspace version of this calculation appeared in [27].
Our starting point is the superconformal harmonic superspace Lagrangian (4.23). The
conditions (4.24) are exactly those associated with a superconformal sigma model in har-

'See the pedagogical discussion in chapter 11 of the monograph [2].
15Ref. [29] addressed quaternionic sigma models coupled to supergravity with a hypermultiplet compen-
sator. This is equivalent to hyperkahler sigma models coupled to conformal supergravity after gauge-fixing.
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monic superspace and will lead to a hyperkéhler cone in the target space upon elimination
of the auxiliary fields. Indices are raised and lowered with an Sp(n) matrix Qgp,

Q7 =0"Q),  QF=Q" ., QP =67

c -

(6.1)

In order to eliminate the auxiliary fields, we must solve their equations of motion. In
the rigid approach, these were analyzed at the component level, but we will analyze them
directly at the superfield level. Varying the Lagrangian (4.23) and discarding a total
derivative, one finds

6222 = —6Q™ (VETQE - 0, H®D) =0. (6:2)

The term in parentheses must vanish, leading to the superfield equation of motion. It
vanishes component-by-component in its ' expansion as we place each component of
Q%" on-shell. Because we only wish to set the auxiliary fields on-shell, we should impose
VitQr = 0.+ H (22) component-by-component ezcept for the highest two components,
which contain the equations of motion for the physical bosons and fermions.

Before proceeding with calculation, we first review how the hyperkéhler geometry
emerges, including the structure of gauged isometries, superconformal isometries, and su-
persymmetry transformations of the physical component fields. These properties are in-
sensitive to whether the physical equations of motion are imposed or not, so we will be
able to impose the full superfield equations of motion to aid our discussion. In addition,
all of the formulae from here on will be taken in the central basis to simplify matters.

6.1 Hyperkihler geometry and on-shell N’ = 2 superfields

Harmonic superspace and hyperkahler geometry. The harmonic superspace ap-
proach to hyperkahler geometry was introduced in [61, 62]. Here we provide only a concise
summary of the results of these papers necessary for the evaluation of the component action
of (4.23). The main difference with [61, 62] is that we will employ a complex harmonic
formulation: that is, we complexify the real harmonics to uf = vi+ /2" and u; = w, , with
various factors of z¥ = (v*,w™) appearing as needed.

The lowest component of the superfield equation of motion (6.2) takes the form

DIt gt (g, v, w™) = By H®D (¢F 0t w7) (6.3)

and possesses a solution with 4n real fields ¢ parametrizing a hyperkahler manifold M.
For now we will allow H22 to depend also on v'*; later on, we will discuss the specific
features associated with cones. A special choice of coordinates is given by taking ¢* as the
leading terms f® in the harmonic expansion ¢*" = z( fa“'u;r + --+); however, the specific
choice of ¢* will not be relevant here. Once some choice is made, the geometry of the
target space M can be summarized as follows. The solutions ¢** (¢, v, w™) to (6.3) can
be used to construct a closed two-form

1 1
OFt = idanr A dg”t Q. = idq: Adg?T, (6.4)
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which is annihilated by D}*. This means it possesses a terminating harmonic expansion

O = (20)%2Q9 uju;r = QUyf v;f. The two-forms €,/ are the three hyperkihler two-

forms. Introducing E,*t via d¢*t = d¢* E,*T, we find

1 .
Qft = 56" A dg” ESTE M = Quuful = EATETQ, (6.5)
The harmonic-dependent function E,*" can be interpreted as (half of) a local vielbein on
M x TCP!. Tts local analytic Sp(n) structure group leaves the two-form Q™ invariant.
The form of (6.5) suggests the existence of a local Sp(n) transformation Ly®(¢, u™)
whereby
BT Ly = e, o) e, = e, (), Q" = eua(ieybj) Qaby - (6.6)

7
Noting that D} *e,*" = 0, one can show that
DI E, " = DITE, M - B Twr =0, w0 = LD (LTS, (6.7)

where DI is interpreted as an Sp(n)-covariant derivative in the analytic Sp(n) gauge with

072)

connection w(®2) 2. This connection can alternatively be specified in terms of H (22)

w2 = 8, Oy  HZ? (6.8)

From the two different expressions for w(®2),, . the Sp(n) transformation Ly* may be de-
termined up to a harmonic-independent piece. This permits one to find the vielbein euai,
from which the hyperkéahler metric g, is constructed as

ai _ by ai
G = —eu™e, €1 Qap, = €, epai - (6.9)

The usual vielbein postulate Vue,,ai = 8M6Vai — prepai — eybiwuba = 0 (equivalently
using the vanishing of the torsion tensor) allows one to determine the target space Sp(n)
connection w,* in the central Sp(n) gauge.

There is one additional piece of necessary information. The hyperkahler Riemann
tensor IR, possesses the tangent space decomposition

Raivjckdi := €ai” en;” eck” eai” Ruvpoe = €ij€ri Rabed (6.10)

where R,pcq is a totally symmetric Sp(n) tensor. Applying the local Sp(n) transformation

L,P, we find a new tensor
Rabed = La® LY LS La¥ Ryyerar, DI Rapea =0 . (6.11)

One can show that Rapcq obeys

(20)*Raea = Ha(ml:f(f) + gw@beHg)le’Q) — DB
H = 00y O 0 HED  H 2P = 0,044 ey 00 HED, (6.12)
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where w_, is the solution to the equation

Ditws =gt (6.13)

abc abc

and B, _, is a twisted biholomorphic quantity.'6

Because these results follow from the equation of motion (6.3), they must hold as
superfield equations provided (6.2) holds. Then we should find the superfields Q** are
completely determined in terms of 4n real superfields ®#, so that any variation becomes

Q¥ =00+ B, . (6.14)
In particular, this means that the two-form Q%+ defined on the target space,
ot = %d@” AdQ T Q= %d(l)” A dDY e, e, Ty, (6.15)
may be generalized to any antisymmetrized variation
%5Qa+ ASQPT Qg = %5@# ASD” e, e, P T, (6.16)

Replacing § with various local symmetry operations leads to useful results, some of which
we will come across in the next few subsections.

Gauged isometries from harmonic superspace. We will be including the possibility
of gauged isometries in the action. These were originally described in harmonic super-
space in [63], whose results we summarize here. Suppose that the harmonic superspace
Lagrangian possesses some isometries under which

SQ* = N T QT v wT), (6.17)

for constant parameters \”. In the superconformal case, J2" must actually be independent
of v+, but we will remain with this more general case for the moment. In order for this to
be an invariance of the action, it must obey

Tt =0, DI, Jo. HPP) =9t DMH (6.18)

for some biholomorphic function D, " of charge (2,0), defined up to a shift by constant
ot = ol uf
Dt on w; . When the equations of motion are imposed, so that Q** is determined as a

. The second equation in (6.18) determines the ezplicit dependence of

function of the harmonics, the first condition of (6.18) is interpreted as the requirement
of invariance of the hyperkéhler two-form Q" while the second relation of (6.18) implies
that D;'" is w; -independent,

DDt =0 = D! =Divfuf. (6.19)

The function D, is the Killing potential (or moment map) of the hyperkéahler manifold.
On-shell, the gauge transformations of Q" must manifest on the fields ¢* of the target

In the framework of [61, 62], B, .y = Da wp.q and w, . is the Sp(n) connection for the covariant target
space derivative D, in the analytic gauge.
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space as d¢* = A'J.#(¢). As a consequence of (6.14), one finds J** = JFE,T.
From (6.18), one finds 9, D," = —(QY),,,J,"

We are interested in situations where the Lagrangian (and not just the action) is gauge
invariant and where it can be gauged in a manifestly covariant way — that is, by simply
adding the appropriate connection to D+, In these cases, the Killing potential may be
chosen in special form Dt = —1Qf7>*.17 When the Lagrangian is superconformal,
this is always possible. By taking (6.16) and replacing one § with a gauge transformation
and the other with a dilatation, one may find the special form of the moment map on a
hyperkéhler cone, D, = —iy*(Q%),, JY.

Superconformal isometries and the hyperkahler potential. Now let us analyze
the superconformal properties of the target space. The hypermultiplet Q*" transforms
locally under dilatations and SU(2)g as

5Qa+ _ ADDQaJr 4 /\ijIinaJr — (AD + /\:Jr)QaJr o /\v++V:an+’

A= )\”vaj . AT = )x”v;rv; , (6.20)
and is inert under U(1)g. On the target space, 6®* = Apkp + )\ijkji“ for some choice of
vectors kb := D®* and k;;* := I;;®". Using (6.14), one may show that

1

k?gEuEH_ = Qa+ ) (kj_)“Eua+ = §Qa+ )
(b, WES T =D;7Q", (KI)'E T =0. (6.21)
These conditions imply that
L0 = (K ) = () k% . (6.22)

Now using the transformation properties of the hyperkéhler two-form, one can prove that
kp is a homothetic conformal Killing vector on the target space, V,k = §,,”. In particular,
there exists a globally-defined hyperkahler potential K for which

1
K = Ekgkw, OuK = kpy . (6.23)
There is a very useful alternative form for the hyperkéahler potential:
K=-QD;7Q"" . (6.24)

To prove this agrees with (6.23), observe that when Q' obeys its equation of motion, K
obeys DITK = 0 and so is harmonic independent. Now we use

1
— QD QY = =2 (k)M (k) B BT = =2 (k) (k) QT = Skbko, (6.25)

after applying (6.22), and so the equality between (6.23) and (6.24) follows. This expression
also follows by replacing the variations in (6.16) with DY and D, ~: in other words, the
function K is a component of the pullback of Q" to the complex harmonic manifold.

Y This choice for the Killing potential is actually always possible provided we do not adopt the special
gauge LT = QF. Asis familiar from Kihler target spaces in A/ = 1 theories [64], it is possible to introduce
non-dynamical multiplets with vanishing kinetic terms whose sole purpose is to render the Lagrangian com-
pletely gauge invariant, so that minimal substitution may proceed. The cost of this approach in harmonic
superspace would be zero eigenvalues of the harmonic “kinetic matrix” 8[3+L:].

— 41 —



Supersymmetry and fermion transformations. Up until now, we have discussed
only the physical bosonic field ¢* and its superfield lift ®#. The sigma model also involves
an Sp(n) fermion ng related to ¢ by supersymmetry. Here we will review how it emerges
from the harmonic structure. Following [2], we define the fermion ¥,* := V_Q**|, which
is twisted biholomorphic and obeys

DI, = DI, — 0, P w02 =0 (6.26)

when Q*" is on-shell. This implies that we can introduce the harmonic-independent phys-
ical fermions (,* via ¥,* = (,”(L!),® In accordance with (6.14), one finds that

VoM BT =GP = Vel = Gl (6.27)
which implies the supersymmetry transformations
ot = &iC” e + €'¢ et (6.28)
where & and E& are the SUSY parameters. The target space vielbeine euai and their
inverses e, coincide with corresponding quantities introduced in [65, 66] (see also [67]
and [44]). The fermions obey the condition (¢,”)* = (4.
In a similar way, we can calculate the supersymmetry and S-supersymmetry transfor-
mations of the fermions,
0Ch = =20V 50" e € — QW7 Loy + AL AP + 60 CEwpe™,
08 = 421Vt e,y Egi — 2WT T 0 — AP AYy — SH C& wpa® (6.29)
where '® and #;4 are the S-supersymmetry parameters and W7 is the complex scalar of
the vector multiplet. We employ the same conventions for the vector multiplet as [10]. We

have introduced the pseudoreal Sp(n) x Sp(1) sections A associated with the conformal
Killing vectors [44]

A = khe,™, (A = Ay, AT = QPT L. (6.30)

It is helpful to note that Vaqb“e“a" = VA% where V, also carries the Sp(n) connection.
For reference, we also give the transformations of the fermions under gauged isometries,

1 ,
8yGh = 5N Cens (T2 )eu™ + 8,09 G
_. 1 - . _.
6!]{2? = EATCgebJH(v/LJ:)euja - g¢“ Cél Wy,ac . (631)

Some useful identities. Finally, we will need some useful identities arising from (6.16).
For example, taking the spinor part of the pullback of QT+ to M*® leads to

Qg = Vo QX | V5 Q™| = Caa Gs" - (6.32)

Each of the quantities Q,4, {2 4 and €2, j are harmonic-independent at lowest order in their
0 expansion. Similar expressions arise using the vector derivatives or the gauge generator,

Qb = VaQr I VeQ™ | = GaVeA™ QF, = Vo QFH X,Q% | = Caa ™ . (6.33)
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Other expressions such as Q:er“ or Q:{I;r could be introduced, but we won’t need them. We
will however need spinor derivatives of the hyperkéhler potential and moment map:

VaK|=QiVaQ™ | = A7¢G",  VoK|=A470"=D"QiV,Q" ],
VoDt =-0f . (6.34)
6.2 The component fields of Q21 and auxiliary equations of motion

Now we are prepared to set up the component calculation. Begin by defining the compo-
nents of Q**, largely following [2]:

vy = VoY, vl = VI QM (6.352)
M= L (VQM, N = (TP, (6.35b)
A% = —z‘V;Vﬁanﬂ , (6.35¢)

Eo = %V;W‘VQ”\ ; EX = é?;(V‘)QQaﬂ , (6.35d)
pad) %(V‘)Q(?‘)QQaﬂ . (6.35¢)

These will be the most convenient definitions for the component calculation we will soon
undertake, but they possess one important disadvantage that must be kept in mind. Each
of the terms aside from W§ is not twisted biholomorphic. In particular, one can show that

DIt A = -2V, DItmM?~ = -Ww'g2t, DTN = —-W" 7.2t . (6.36)

The expressions for DF+Z2"~ and D} P*~3) are more complicated and can be derived

from similar formulae giver? in [10]

_— .
DFEe—— = _%vaﬁ-vﬁ—cf“ 2N T+ SWTV T
1 Byxo— Ha+ 3 a+ 3 +n——0nat

- §Wa vﬁQ - §XQQ + §XO(D Q ) (6373‘)

_ | dao— o __
DIt pa=3) = —5 VLY, Q*T —3DD Q™"
3 3 .
+ §Xa+D——v(;Qa+ _ §>—<3D——V(X—Qa+
+ 2NV T - 2\ gt

1 - = 1
+ ZW?“(V*)Qj;H + EWT(V*)ZJ:‘+ + 3y g (6.37b)

The vector multiplet gaugino is denoted Ay;"

and the pseudo-real auxiliary is Y;;", again
following [10]. To keep notation simple, we have omitted the explicit component projection.

The equations of motion of the component fields correspond to the action of D"
and can be derived by successively taking spinor derivatives of the superfield equation of

motion (6.2). They are summarized in table 1. We impose these only through the 62 level:

DItqf =0, H®? (6.38a)
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component field = equation of motion

pa(=3) — Ditgh = aa+H(2’2)

EZfi — thJr\I/ga _ V;(83+H(2’2))’
Na— — DjﬁM; = —%(V*)2(6a+H(272))|
A — D/tA,, = _iv(;@d—(abJFH(m))‘
M3~ — Dj*Na* = —i(v*)Q(&HH(Z?)”
Va = DIYEL = iV (V)2 (0u HY)|
qa"r — D$+PE§_3) — (V_)4(83+H(2’2))|

Table 1. Component field equations of motion.

D Wpn = D 0, — WO H? = 0, (6.38b)
DM, =DMy — M EY = —iq/bqﬂHigj@ : (6.38¢)
DNy = DIt N — NPT HOY = —i\ijb@CHigj’z) : (6.38d)
DI Ay, = DIV Ay, — AR HY = i WU H Y (6.38¢)

The solutions completely determine the harmonic expansions of ¢**, ve, M*, N*~, and
Ap?~ in terms of the physical fields ¢* and CE . We have already explained how these arise
in ¢** and W3. For the others, we find

M; =-W"J, — (Z;O)_ZV‘VTJT: - i\yb\pc Wine s (6.39a)
No = W' T - (Zo)zwrjr: - i@bifc W, (6.39D)
A = 9V B — 2 (ZZ_O)_QVMW WD W (6.39¢)
where J2~ and E,*" are twisted biholomorphic solutions to the equations
(2)2DF+ 7o = gt (zO)ZDVJVr+EMa’ = B, (6.40)
Note that they are chosen to carry U(1), charge. This means that
E VL = et BT = e, w; To% = JEEE (6.41)

50
6.3 Summary of the component calculation

All the pieces are now in place to work out the component reduction. Here one important
observation will drastically simplify the analysis: when Q® is placed fully on-shell, the
superconformal Lagrangian .Z(22) completely vanishes as a consequence of the homogeneity
of HZ2)  Now we are only imposing the equations of motion to the 62 level, so this means
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that in evaluating the component Lagrangian we only need to keep the terms at higher
order than #2. (This same observation simplified the projective superspace calculation
of [27].) Thus the component reduction formula (4.18) simplifies to evaluating two terms:

_ ¢ 1 A (722 | p(-22)
S—2Tr/dxe/sv AW (TO + T )
_ 1 _ _ ) _
T = (VORVPLA] T = (0™ VL (V)22 b, (6.42)

Let us begin with the leading order term. Imposing the superfield equation of motion
through the 6% level, one can show (recalling that D+ commutes with V)

oy 1 1
T = gD (af PACY) + oD (URELT 4 hey)
1 o a o
- SHGD (00PN M)+ cHG Y i ah Ao
1 -
TR A A (6.43)

Using (6.12) and (6.13), this can be rewritten

_ 1 1
Ty % = 3D (qf PCY) + SDIF(WIELT 4 hie)

1 a1 -
+ 76 () P Rapea WD + Z DI <Babcd \Ifaquqﬂqfd)
1 o o
+ DIt [ (1R TE AT — RPN - )|
1 _ . o
— SWahe (iwa@ED T A% — wrwP DN — TR )
1 . 1 oy
. 33 w;beHC(deLQ)\Ija\I}b\I]C\IJd o @ w;beHédel,Q)\I’a\I’b‘l’C‘lld
1 . -
= gwgfﬂé el A A (6.44)

Imposing the equations of motion for the auxiliaries, we find that the last three lines cancel.
Furthermore, Rapeq T2WP WU simplifies to the harmonic-independent Rapeqd ¢ bfcf d Al
of these manipulations correspond so far (as they must) to the rigid harmonic superspace
calculation [2]. Now we need to integrate by parts. Using (2.14b), we can write

i /VJHr AW TO(72,2) _ % /V++ AV T (6.45)

for some new quantity T} given by

1., e 1 o x
To= =76 V™" AL + (4‘11‘;‘%@\11“3 + h.c.> + Jg Rabed ¢*¢heedt

7

vae et — L THPWT I +he,
( )

- 7 b
B Zwabc\pzwd gwabc
3 o 1 1.
+35D @D ¢t — Zwaﬁxpmxpg — degmpg\pﬁa

+3Y DR 4 (2AWV;D¢+ + h.c.>
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1 1
- <4W’”(V_)2D;L+ — §WTMa_Jﬁ‘+ + h.c.>
3 at == tgb _ 3 p——(yat b
+ | GX*TDT gy - 5D, (X*Tgf ¥2) +he. ) . (6.46)

In arriving at this result, we have extensively used (6.36) and (6.37) and have written the
fermion kinetic term with the analytic basis Sp(n) connection

Vaa U = Voo 0% 4+ Vg Tws P08 (6.47)

Now we can reconstruct the kinetic terms. The one for the physical fermions emerges after
rewriting \ygvad\ijda = ggvadg‘ @2 where now V, is in the central basis. To find the correct
bosonic kinetic term, we use Vo5¢*" = Voot E,*" and g, = 2E(Ma+El,); to give

1, 1_. 1 -
— 0 VIUAL, = =TV ANy = TV Vad g + %vaaqawgqu W (6.48)

abc

1 ~ (1 1 _ T _
= EKMV‘IVQQZW + VO‘O‘ <4K‘uvad¢u - 4q;—A3d> + Zvaaqa-i—\pg\pgé w

abc

where K, = kp,, = 0,K is the derivative of the hyperkahler potential. The covariant deriva-
tive V, should be understood to also carry the target space affine connection. To simplify
the remaining terms, we need the solution for M, and the expression for (V~)2D, *|:

_ _ 1 )
(V72D | = —AWs fo,.' D~ — 2WSJH T, + 5@@*’ Daj o’ (6.49)

where D}~ = D,%v v = 3D, 7D+, This leads to

1 o o 1 Fef
T = iKMV“Vm“ + (4C§Vaa4aa + h.c.> + T6Rabcd ¢r¢heede

1 . 1
+ (4W’“ca<b2>ajJTbJ + 2, = Wl + h.c.)

1 _
— 5W7"W5J§Jw +3Y "Dt — gDK

3 __ 3
+ <2XO‘+Dv q}j\I’g — §Dv (X"H'q;“\llg) + h.c.)

o (1 1
+ Ve <4Kuvad¢“ - 4q;A3;> . (6.50)

Each of the expressions in the first three lines depends on the v** harmonics and not on
w;". Because we are integrating against the SU(2),/U(1), measure V¥ A V™", the naive
rules of harmonic integration apply now for the vz-i harmonics, leading to

1 _ =~ T~ 1 _
Ty = {QKN“VQM + <4csvaacaa + h.c.) + 76 Rabea C"CPC°C
1”77’ a b 7 ro ai 1”7a6 a 3 a g i+ b
+ Z C C Dajer - A iCanr - Z Caa(ﬁ - ZXZ‘ Ab Ca + h.c.

3

1 _ g (1 1
- §WTWSJ§LJTH +Y"" Dy — §D K] + Voo (4Kuvad¢“ — 4‘1:14301) . (6.51)
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The bracketed terms will end up in the final Lagrangian. The next step is to integrate by
parts the final term. We can swap the order of integration to yield

) . 1 1
- / dtz e Voo / VAV SV K — gt AR ) (6.52)
2 s 4 42 o

The term in parentheses actually vanishes at this order in its f-expansion because it can
be rewritten as ED:*V(Y?IK where to this order K is harmonic independent. This
expression now vanishes using usual rules of harmonic integration. The lacunae in this ar-
gument is that the gravitino contributions lead to an O(6?) term, which must be separately
addressed. Denote these by T, OIQ

1 . B _
T = 7™ a5 Vaa¥e + " A DT + 4<¢mamWC>W’"qﬁac+er+

7 - b . _ . .
_ §¢aa+ql—)l-:g _ 7waa6+\p,3b14b - 7waaﬁjvadv,@JK‘
Z — Laaf WA + 2 (1%0 V) K + hec. (6.53)

Now we return to the explicit gravitino terms in (6.42). They can be written
_ ) 1
T = —;Dﬁ((wm Moty BT = S (oUW ) the  (6.54)
where we imposed the equations of motion through O(6?). Proceeding as in (6.45) gives

T = 2'( oM gt 2 %( o) U
- i(w; ") g Vgt — ﬁ(w;UM)de g U 4 i (o™X ) K
+ 2i(Yy, 0N T) DT + %(%am@)qgwrawjﬁ +h.c. (6.55)
Combining terms gives
o + 1 = —(a o) q Vy U5t + 3i(4,0™ A ) DI — gwaam@b)v‘vmu
- iwdaﬂ_qjﬁbvadqb—i_ - é@bdaﬁjvaanjK — zdjadﬁ Wdﬁ- Fha g,
WM O 4 X (o™ K (o) K
+ DS [ — %wdaﬁ—\pﬁbAg; - l%(w,;gm@a)q/bqfc N

Wabce

+he  (6.56)

The argument of DIt in the last line is actually independent of the w;t harmonics, so it
vanishes under the harmonic integral. Other terms can be simplified in analogous ways.

Putting everything together, the full component Lagrangian for the sigma model of a
hyperkahler cone coupled to conformal supergravity is

1 N . L 1 -
L= iKHDQb'u + (leSVaaCaa + hC> + ERabcd CaCbCCCd
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3 . . 1 _
FY D4+ N Gt = N G = SWIW T

1 S R ‘
+ WP Doy S+ WP Dag T
3 1 T 76 Pa 3 i = irFd
= 5D K = (WGl + WG (™) — T(X%iCa A’ — Xa ' A™)
1~ Cq . .37 .. o S )
+<¢mjom>a<4vmgab Abj—jlWQBCﬁbAbJ‘i‘ZXQJK—;CabWTerJ‘H)\gTDrjk)

7j =m\a o | Fa i 3i l r .
+(41,6™) <4vw<b Abj—ZWaﬁggbAijrZXajK—ZgabW ka—m(’;,Drjk) (6.57)

This agrees with the same result derived in projective superspace [10] and can be compared
with the original component reference [44].

7 Further applications and outlook

The main goal of this paper has been to construct a covariant formulation of harmonic
superspace based on the geometry of conformal superspace. This included (i) the construc-
tion of invariant actions in a general gauge; (ii) the specification of how to pass covariantly
between full harmonic and analytic superspaces; and (iii) the explicit component reduc-
tion formula in the central basis. One important task which we have not pursued is the
complete specification of the vielbeins and connections in the analytic basis in terms of
the prepotentials. This was the main result of [25, 26]. Although that approach used a
different superspace (equivalent to conformal supergravity coupled to vector and non-linear
multiplet compensators), one could follow essentially identical steps within conformal su-
perspace to arrive at comparable results. The reverse is also true: within the framework
of [25, 26], one could derive e.g. the explicit component reduction rule in the central basis.
We have sketched how this could be accomplished by introducing compensated derivatives.
The explicit expressions are expected to be substantially more complicated due to the pres-
ence of additional torsion tensors, including a dimension-1/2 spinor superfield. Of course,
when the action in question is superconformal, all dependence on the compensators must
drop out of the final component action; the advantage of conformal superspace is that such
extraneous objects are avoided from the beginning, leading to vastly simpler computations.

Although we have chosen to limit the scope of this investigation to the above goal and
the sample calculation in section 6, a number of applications become immediately apparent.
In the remainder of this concluding section, we will briefly sketch several proposals.

Projective superspace and prepotentials

One particular aspect we have not explored is the full connection between the curved
harmonic and projective superspaces, which was in part a driving motivation of this re-
search. Certainly in the central basis the mapping sketched in the introduction between
complex harmonic and projective superfields must hold. A more interesting question is
how to use this mapping to convert harmonic supergravity prepotentials into projective
ones. For gauge prepotentials, this was sketched by Jain and Siegel [33]. The analytic
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gauge prepotential V' in projective superspace is given by [5]
eV =e Vsl (7.1)

in terms of two bridge superfields.'® Vy is the arctic multiplet bridge, converting analytic
arctic multiplets into covariant ones, while Vg is the antarctic bridge. Vi is well-defined
near the north pole and Vg near the south pole, but neither is itself analytic. Using the
mapping between harmonic and projective multiplets, Vi and Vg can be written in terms
of the complex harmonic bridge B as

Vn(v) = iB(v,w) wr=(1,0) Vs(v) = iB(v, w) wr=(0,1) ° (7.2)

It is easy to confirm that while Vy and Vg are not themselves analytic, the combination (7.1)
is and transforms appropriately under the arctic and antarctic A-groups. Extending this
idea to the supergravity prepotentials would seem to be reasonably straightforward. For
example, the harmonic bridges for the coordinates should similarly decompose into separate
arctic and antarctic bridges. However, a more explicit investigation is warranted.

Quaternion-Kéahler superspace

One of the many successes of harmonic superspace is its very elegant description of general
hypermultiplet systems, including supergravity-matter couplings. Rigid harmonic super-
space admits general off-shell hypermultiplet actions, with the harmonic potential encoding
the sigma model geometry. In a similar way, curved harmonic superspace admits off-shell
hypermultiplet actions, with the potential function(s) encoding the sigma model [38, 52, 63].

There are two existing formulations. The first, following the same conventions as in
section 6, involves the Lagrangian

202 = LQIVITQT + HED(QF w) (73)

with superfields Q** with a = 1,---,2(n + 1) describing the sigma model of a 4(n + 1)-
dimensional hyperkéhler cone coupled to conformal supergravity. Each of the superfields
has Weyl weight one and charge (1,0) under U(1), x U(1),,. As is well-known, a 4(n +
1)-dimensional hyperkahler cone is in one-to-one correspondence with a 4n-dimensional
quaternion-Kéhler manifold [68] (see also [69]). This structure can be made more apparent
in superspace, which leads to the second formulation [63]. One makes the field redefinition
Q* — (wQ,¢'"), where the superfields ¢'* have Weyl weight one and charge (1,0),
Q" a=1,---,2n, have vanishing Weyl weight and charge (0,1), and w := ¢"Tw; . The
Lagrangian becomes

1 , 1 .
p(22) _ §Q:_V$+QZ+ T+ w2 §Q:v$+Qa+ + H“(Q*,q”/w,w;) . (7.4)

The term within square braces has charge (0, 4) and vanishing Weyl weight. The hypermul-
tiplet ¢'* is interpreted as a compensating multiplet while Q** are the matter multiplets.

'8See also [12] and [11] for recent discussions in curved 3D and 5D projective superspace.
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This is equivalent (up to a gauge choice and a sign change in the compensator kinetic term)
to the original form given in [52]. It was shown in [38] that the general quaternion-Kéhler
sigma model is described by two prepotentials £, and £*, and the action above is just
the special gauge £} = QF (with £* — H**) of this general form.

The two expressions (7.3) and (7.4) bear a striking similarity to analogous formulae in-
volving chiral superfields in A/ = 1 superspace. There the action for a 2(n+ 1)-dimensional
Kahler cone sigma model coupled to conformal supergravity involves the superspace La-
grangian

L = K(®* o%) (7.5)

with chiral superfields ®* for a = 1,--- ,n + 1. The function K is the Kéhler potential
for a Kéhler cone. Reorganizing the chiral superfields as ®* — (¢ ¢®, ¢) where ¢ has Weyl
weight one and ¢?, a=1,--- ,n are weight zero, the Lagrangian can be rewritten

L =-3¢pe X3 (7.6)

where IC is the potential for a 2n-dimensional Hodge-Kéahler manifold. The fields ¢* are
matter fields and ¢ is a chiral compensator. The usual factor of 3 is chosen for convenience
and the negative sign is consistent with the role of ¢ as a compensator.

The N = 1 action actually has a third form, which is in many applications more
useful. Recall that the component reduction of (7.6) still requires an inconvenient
set of super-Weyl gauge choices to be imposed to canonically normalize the graviton
and gravitino actions (see e.g. the discussion in [70]). This can be directly addressed
at the superfield level by absorbing the Hodge-Kéhler potential into the superspace
vielbein [71, 72]. Equivalently, one can interpret K as if it were the prepotential for
some additional U(1)x symmetry under which the compensator ¢ is charged. Moving to
covariantly chiral superfields ¢, the Lagrangian simplifies to

L=-3¢¢. (7.7)

Now the matter fields are encoded within the composite U(1)x connection, and the matter
action appears within the composite auxiliary field D associated with U(1)x. Adopting
the gauge ¢ = 1 fixes the Weyl gauge and a linear combination of U(1)r and U(1),
leaving another linear combination as the composite Kéhler U(1) symmetry of the physical
action. This geometrizes the Kéhler potential, ensuring that the U(1)p gauge field of
supergravity is identified with the composite U(1) potential of the Kéhler line bundle
while also canonically normalizing all terms in the component action. The resulting
superspace is known as Kdhler superspace [71, 72| and provides a general framework for
handling A/ = 1 supergravity-matter systems, even including higher-derivative couplings
in a Kéhler covariant form. For example, a simple class of such higher-derivative terms is
given by a full superspace integral of

L = c1RR 4 c3GGy + c3KK o (7.8)

for real constants ¢;, where R and G, are the torsion superfields of Kéhler superspace and
Kaa = ICaBDa@aﬁdcﬁb. Writing such Kéhler-covariant terms in the original superspace
frame is significantly more complicated.
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In light of these observations, it is natural to conjecture a third formulation of N = 2
superspace corresponding to a slight reformulation of (7.4), just as (7.7) reformulates (7.6).
The idea is that (7.4) can be rewritten

1 i i g
K7 §qz~+(V$+q TV, (7.9)

where V! ;j is a composite prepotential for an additional “matter” SU(2) group rotating the
q'*; this is known as the Pauli-Giirsey group SU(2)pg [2]. In the central basis for SU(2)pg,
the equations of motion set ¢'* to be a covariant O(1) multiplet, ¢'* = f?;07F. The Weyl
gauge along with a linear combination of SU(2)r and SU(2)pq is fixed by taking fij = 5’3,
and the other linear combination of SU(2)g and SU(2)pg survives as the composite SU(2)
symmetry of the quaternion-Kéhler manifold. This strongly suggests that one can construct
a quaternion-Kdhler superspace as the N' = 2 analogue of Kahler superspace. We intend
to explore this subject in the near future.

Higher-derivative terms

The advantage of a covariant approach is the ease of component reductions, including all
couplings to supergravity. We demonstrated this by deriving the general two-derivative
hyperkahler cone action, but it would be plausible to address higher-derivative actions as
well. Large classes of these have been discussed recently in projective superspace [73] and
comparable calculations could undoubtedly be pursued within the harmonic approach (see
e.g. the rigid higher-derivative terms of [74]).

If indeed one can construct a quaternion-Kahler superspace as the AN/ = 2 analogue
of Kahler superspace, it would undoubtedly provide the natural framework for addressing
higher-derivative terms involving hypermultiplets. For example, in the gauge-fixed formu-
lation of N' = 2 superspace, there exist torsion superfields S“ and G,%. It is plausible
that from these one could construct a higher-derivative harmonic superspace Lagrangian
analogous to (7.8), corresponding to a new curvature-squared invariant.

It was shown recently in [75] that a certain Ricci-squared invariant could be con-
structed, given by the chiral superspace Lagrangian, %, = %@U 5’,-]- + S4 S'ij + YdBYdB ,
in SU(2) superspace. This is compensator-independent and, when combined with the
known Weyl-squared invariant, gives the N’ = 2 Gauss-Bonnet. Compensator-dependent
higher-derivative invariants have been constructed e.g. using the trick of building com-
posite vector multiplets out of fundamental tensor multiplets [49, 73, 76, 77]. Because
a tensor multiplet is dual to a general Q* hypermultiplet, it is possible that such terms
may be constructed for general quaternionic-Kéhler manifolds; if so, one might be able
to construct the N/ = 2 analogue of one of the N’ = 1 invariants (7.8). Its form in the
proposed quaternion-Kahler superspace might be particularly elegant.

Supergravity prepotentials and higher derivative terms

Finally, we should mention that one important application of having both a covariant form
of harmonic superspace as well as the analytic basis prepotentials is that one could more
easily find harmonic-independent prepotentials. It was shown in [78] that the fundamental
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scalar prepotential H of A/ = 2 conformal supergravity could be uncovered in this way,
and one could analyze how it appears within the central-basis superspace vielbeins, mir-
roring the harmonic construction of [26]. This would be useful e.g. for understanding the
supercurrents of higher-derivative Lagrangians such as the ones discussed above.
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A Analytic integrals and densities

This appendix is a summary and continuation of appendix B of [10], which addressed
covariant integration over supermanifolds. Let us recall the basics. A supermanifold M
(without boundary) of dimension D possesses local coordinates zM, M = 1,...,D, a
vielbein Ej4, and separate connection Hj;% associated with internal symmetries, which
we denote H. Under diffeomorphisms both connections transform as one-forms, while under
H-gauge transformations,

nEv® = ExPof.p?, SnHn® = Oarg® + Enr® g fop® + HabgC fu . (A1)

The parameters f are structure constants of a soft algebra including the covariant cur-
vatures associated with the vielbein and ?-connection (see e.g. the discussion in [45]).
When diffeomorphisms are covariantized with the H-connection, the full transformation
rules become

SEn? = Ope™ + Hp2eC fo® + ExiPolfon™ + EMPECTop?,
SHy® = Ong® + EnP g fep® + Hubgo fu + Hu%¢C fo® + EnPECRop® (A.2)

An action over the full supermanifold, [ dPz E %, is invariant provided .Z is a scalar under
diffeomorphisms and transforms under H as 0. = —(—)*¢%fa” Z.

A.1 Analytic submanifolds

We are interested in an analytic submanifold 9t (without boundary) of dimension d with
local coordinates 3™, m = 1,...,d. We have in mind a situation where the original coordi-
nates can be decomposed as 2™ = (3™, y*) with the submanifold 9t corresponding to the
surface parametrized by 3 with (for example) y* = 0. The coordinates 3 and y* may
be bosonic or fermionic; we denote the grading of a coordinate z by (—). The vielbein
and its inverse are given by

Em® Em® E,™ Bt
Ev =" ) B =0 ) (A-3)
E," E, E™ ot
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with the assumption that both &, and ¢, are invertible, with inverses &£,” and ¢,°,
respectively. This allows one to compactly specify all the remaining components of the
vielbein and its inverse in terms of these quantities, F,,%, and E,™:

oA Em® | Ep®
MmN\ =0 PEg €, 6, — 0, Eg E, |
¢,u B n ‘ﬁbu ¢,u B n

gt _ (" = BB = Ea B g
E,™ L gt

(A.4)

No assumptions have been made about E,,* or E,™. We treat &,% as the vielbein of the
submanifold 991. In particular, the class of diffeomorphisms acting on 3 induce

0Em® = O™ ER® + EM0nEM® M = (&™) 0) (A.5)

as required for a vielbein. This formula holds even if £ depends on y*.

The submanifold is an analytic submanifold (although not yet in the analytic basis)
if the following properties are satisfied. Under H-gauge transformations and covariant
diffeomorphisms generated by ¢4 = (0,£%), the analytic vielbein transforms into itself via

0Em” = En T4 + Ena fun® 4 = (0,69 . (A.6)

These conditions derive from the transformation rules of Ej4 assuming the vanishing
of the torsion tensor T,3% and the structure constants f.g”, which permit the existence
of superfields annihilated by V.. It is convenient to decompose the full set of possible
transformations into the diffeomorphisms on 9 with ¢M = (&™,0), the covariant diffeo-
morphisms generated by ¢4 = (0,£%), and the H-gauge transformations. This is always
possible to do using the invertibility of ¢,* and &,,%.

We will not actually require that all analytic superfields be annihilated by each of the
Va. We have in mind the situation where some of the V,, have an interpretation as charge
generators. In harmonic superspace, these would be VY and V?V. So we instead call an
analytic superfield W one for which

Vol = Mo (A7)
where cgl}) is a (possibly vanishing) constant number. Only bosonic covariant derivatives
may possess non-vanishing c&“’

Suppose now we have a scalar Lagrangian £ that obeys
Vol =—(-PT’L=cP L, oyl =—(-)"g"fp" L . (A.8)

where the expression T, (—)? built from the torsion tensor is constant (and possibly van-
ishing). We may define an analytic action S over the submanifold 90,

S = /dd;,gz, E =sdet £,° . (A.9)

Using (A.5) and (A.6), one finds that under a general transformation parametrized as
0 =& + £V + 03, the integrand of (A.9) transforms as a total derivative, §(EL) =
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Om (EM™EL) so the action is invariant. In particular, the action (A.9) is invariant even under
diffeomorphisms in y#. These can be interpreted as arbitrary small deformations of the
embedding of 9T in M. In other words, the particular choice of the embedding has no
effect on the action integral.

As an example of a covariant action principle, let us take harmonic superspace on the
analytic submanifold. We group the derivatives as

Vo= (Va, Vg,V 7, VI, Vo= (VL VIt Vv, , V.V, (A.10)

with the coordinates 3™ = (2™, 08T, ¢, () parametrizing the submanifold M = M4 x S.
From the torsion constraints, the covariant Lagrangian £ must obey

Vic=vitc=v,£=0, Vi£=vVic=2. (A.11)
The measure £ in turn transforms under covariant £* diffeomorphisms as
5€ = —2(+ &% ¢ . (A.12)

For these reasons we denote the Lagrangian and measure by Z(22) and E(-272), respec-
tively. The covariant action is then just (4.5).

Actually, even “full” harmonic superspace is an analytic superspace in a sense, as we
always restrict to twisted biholomorphic quantities of fixed U(1), x U(1),, charge. Now the
decomposition of derivatives is

Vo= (Ve,Va,V, 7, VI, Vo= (VT VvV, . VLV, (A.13)
with the coordinates 3 = (2™, 0% ¢, ) on M*® x S. Lagrangians obey
Vite=v,L£=0, VCL=-22, Vic=2C. (A.14)
The measure & transforms under covariant £% diffeomorphisms as
6 =2 —¢YH¢. (A.15)

For these reasons we denote the Lagrangian and measure by .2(~22) and F(+2-2) respec-
tively. The covariant action is then just (4.2).
A.2 Analytic gauge, densities and transformation rules

Now let us make a special choice for the embedding. Suppose we can adopt a basis 3 for
the analytic coordinates where

Vai™ = cmim (A.16)
for some (possibly vanishing) bosonic constants c&m). We will call this an analytic coordi-
nate system, and it is equivalent to requiring E,m = c&m)Am. Consistency requires

V,BEam = C,So’m)cc(xm)gm ) VbElozm = C(m)Ebm ) 5’HEam = _gbfbaﬁEﬁm =0. (A17)

«
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We will further assume that the other coordinates y* have been chosen so that ¢,/ =
®o*(y) is independent of 3™; this is possible using the vanishing of the torsion tensor
T3¢ and applying Frobenius’ theorem. Now an analytic diffeomorphism is defined as a
diffeomorphism preserving the above conditions. This leads to

03" = —E"(),  Val™ = M50, = cMem (A.18)

This condition ensures that the V, charge of the analytic parameter ém matches that of
the coordinate 3.

Using these assumptions, one may show that the analytic measure £ is analytic in the
sense of (A.7),

Vot = (Tl = Ll e (A19)

m

Now it is easy to show that the Lagrangian density, L=ELis analytic, obeying

Vol ==Y ™)L . (A.20)
m
It may perhaps be useful to illustrate these points using the analytic harmonic super-
space as an example. We choose the analytic basis coordinates 3 = (2™, 0ﬁ+,ﬁ;t). We
can choose each of these to be annihilated by V1, VI+, V-~ and VY, while

V0im =0,  VOrt =grt v0aF = +at (A.21)

w

Now one can show, in contrast with (A.12), that
vie=—-2¢, V=428 (A.22)
and so the Lagrangian density £ now obeys
Vi=0, V'L=4C. (A.23)

In a similar way, we can adopt an “analytic basis” for full harmonic superspace: the
simplest choice is actually the central basis! Now we have 37 = (z™, 0%, v'*, w; ), where
each is annihilated by V1 and V_~. We easily see that £ is independent of the harmon-
ics — in fact, it is just the Berezinian sdet Ej;* in the central basis — and the action

integral becomes (4.1). From this perspective, the measure factor VT A W™~ is just the

anholonomic measure associated with the constrained coordinates v** and w; .

A.3 Rules for total derivatives

We will need some general rules for integrating total derivatives. It is a simple exercise to
show that for the full supermanifold M,

/dDzEVAVA(—)A - /dDz [vM(EvAEAM)(—)M —EVATABB(—)B} . (A24)

The term involving Vj; may be decomposed into dps, which may be discarded, and a
connection piece. The connection piece may be non-trivial as EVAFE 4™ might transform
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under some of the H group. We are really interested in integrals on the analytic submanifold

M, where
/dd;,SVaV“(—)a - /dd;, [Vm (EVIES™) (=)™ — EVVTb(—)b
= EE B (Vo V' + TPV (=) + VPTho?) (—)a] . (A.25)

Again V,, may be decomposed into 9,,, which may be discarded, and a connection piece.

The expression (A.25) can be a bit unwieldy, so a few examples should help. Let us
take full harmonic superspace, which is the analytic superspace of twisted biholomorphic
fields with fixed charges. We choose the non-vanishing components of V4 to be V¥~
and VT, Keeping in mind that the Lagrangian in this case must carry charge (—2,2),
these components may be labeled V(=20 and V(©2) (up to a sign). The Lagrangian is
222 = vip20) 4 v-o—P02) These are both valid integrands provided V(~=20)
and V(©2) are twisted biholomorphic and invariant with respect to the gauge symmetries.
Using (A.25), it is easy to show that this is a total derivative.

As another example, we take analytic superspace and choose a single non-vanishing
component V¥~ . Because the Lagrangian now must have charge (2,2), this component
may be labeled V(30 The Lagrangian .Z(*?) = Vjv""V(Q’O) is covariant provided V0 is
a twisted biholomorphic analytic primary. It is easy to check this is a total derivative. In
contrast, the expression V_ —y*2)
it is not annihilated by V.

is not even generically a covariant Lagrangian because
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