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1 Introduction

F-theory [1-3] on elliptically fibered Calabi-Yau manifolds has proven to be a success-
ful framework to realize supersymmetric non-abelian gauge theories, in particular Grand
Unified Theories (GUTSs) [4-6]. Although GUTSs are an appealing framework for super-
symmetric model building,' it is well known that they can suffer from fast proton decay,
which, however, can be obviated by having additional discrete or continuous symmetries.
In this paper we consider F-theory compactifications that give rise to GUTs with two ad-
ditional U(1)s, which can potentially be used to suppress certain proton decay operators.?
In F-theory abelian gauge factors have their genesis in geometric properties of the com-
pactification manifold, namely in the existence of additional rational sections of the elliptic
fibration. We carry out a systematic procedure to constrain which such fibrations can give
rise to gauge groups G x U(1)2.

It has been known for many years that abelian gauge symmetries in F-theory are char-
acterized by the Mordell-Weil group of the elliptically fibered Calabi-Yau compactification
space [2, 3|, which is the group formed by the rational sections of the fibration. In recent
years abelian gauge factors have been much studied in the context of four dimensional GUTs
arising from F-theory compactifications. In local F-theory models U(1)s have a realization
in terms of factored spectral covers as shown in [15-22]. Global models with one U(1) were
studied in [23-32], however phenomenologically one U(1) factor is not sufficient to forbid all

!See [7-9] for some nice reviews of GUT model building in F-theory.
?Discrete symmetries have been studied in local and global F-theory model building in, e.g. [10-14].



dangerous couplings [33]. It is then well motivated to consider elliptic fibrations with multi-
ple U(1) factors, the constuction of which was initiated in [34-42], with the realization of the
SU(5) x U(1)? models in these papers primarily based on constructions from toric tops [43].

It is natural to ask whether there is a systematic way to explore the full range of
possible low-energy theories with two additional abelian gauge factors which have an F-
theory realization. One approach to address this question is to apply Tate’s algorithm [44—
46] to elliptic fibrations with two additional rational sections. This is the approach that we
take in this paper and indeed we show that there is a large class of new elliptic fibrations
with phenomenologically interesting properties not seen from the top constructions. While
Tate’s algorithm is a comprehensive method to obtain the form of any elliptic fibration
with two rational sections there is a caveat that it is sometimes difficult in practice to
proceed with the algorithm without making simplifications at the cost of generality.

The starting point for the application of Tate’s algorithm in this context is the re-
alization of the elliptic fiber as a cubic in P? [34, 35, 38, 39]. Tate’s algorithm involves
the study of the discriminant of this cubic equation, which captures the information about
the singularities of the fiber. The singular fibers of an elliptic surface were classified by
Kodaira [47-49] and Néron [50], and they belong to an ADE-type classification; Tate’s
algorithm is a systematic procedure to determine the type of singular fiber. The ADFE
type of the singular fiber determines the non-abelian part of the gauge symmetry. Tate’s
algorithm was applied to the Weierstrass form for an elliptic fibration where there are

1,2) wwhich realizes

generically no U(1)s in [45, 46], and in [32] to the quartic equation in P(*
a single U(1) [28]. The application of the algorithm to the cubic in P? will constrain the
form of the fibrations which realize a G x U(1)? symmetry, for some non-abelian gauge
group GG, which are phenomenologically interesting for model building.

As a result of Tate’s algorithm we find a collection of elliptic fibrations which realize
the gauge symmetry SU(5) x U(1)? where the non-abelian symmetry is the minimal simple
Lie group containing the Standard Model gauge group. The fibrations found encompass all
of the SU(5) models with two U(1)s in the literature which we are aware of, and includes
previously unknown models which, in many cases, have exciting phenomenological features,
such as having multiple, differently charged, 10 matter curves. We also determine fibrations
that lead to Eg and SO(10) gauge groups with two U(1)s.

Our results are not restricted to F-theoretic GUT model building, and we hope that
they are also useful in other areas of F-theory, for example in direct constructions of
the Standard Model [51, 52], in the determination of the network of resolutions of elliptic
fibrations [53-57], or in the recent relationship drawn between elliptic fibrations with U(1)s
and genus one fibrations with multisections [58-60].

In section 2 we present a summary where we highlight the fibrations found in the
application of Tate’s algorithm to the cubic equation, up to fibers realizing SU(5). We also
present a table of a particularly nice kind of realizations for Kodaira fibers I,, and ;. In
section 3 we recap the embedding of the elliptic fibration as a cubic hypersurface in a P?
fibration and give details of the resolution and intersection procedures. Section 4 contains
Tate’s algorithm proper, up to the I5, or SU(5), singular fibers. In section 5 the U(1)
charges of the various 10 and 5 matter curves that appear in the models from the SU(5)



singular fibers are determined. In section 6 Tate’s algorithm is continued from where
it was left off in section 4 and we obtain fibrations that have a non-abelian component
corresponding to an exceptional Lie algebra.

2 Overview and summary

For the reader’s convenience, the key results are summarized in this section. For those
interested simply in the new SU(5) models we refer to section 5.

An elliptic fibration with two additional rational sections, which gives rise to a gauge
theory with two additional U(1)s, can be realized as a hypersurface in a P? fibration, as
in [34, 35, 38, 39], given by the equation

s1w> + sow?x + s3wa? + sswy + sgwry + s7’y + sswy® + sgxy? =0, (2.1)

where [w : z : y] are projective coordinates on the P2. This fibration has three sections
which have projective coordinates

Y0:[0:0:1], X9:[0:1:0], X1:[0:89:—s7]. (2.2)

The application of Tate’s algorithm involves enhancing the singularity of this elliptic fibra-
tion, where the particular enhancements are determined by the discriminant. As the coef-
ficients of the fibration are sections of holomorphic line bundles over the base, one can look
at an open neighbourhood around the singular locus in the base with coordinate z such that
the singular locus is above z = 0, and consider the expansion in the coordinate z of the s;

oo
5; = Z 8i7jzj . (2.3)
=0

Often the pertinent information from the equation (2.1) is just the vanishing orders of the
5; in z, which we will refer to through

n; = ord,(s;) . (2.4)

A shorthand for the equation will be the tuple of positive integers
(n1,ng9,n3,ns5, N6, N7, N8, N9) representing the vanishing orders. It will not always be
possible to express a fibration just through a set of vanishing orders, but there will also
be non-trivial relations among the coefficients of the equation. We will refer to fibrations
of this form as non-canonical models. This will be the result of solving in full generality
the polynomials which appear in the discriminant as a necessary condition for enhancing
the singular fiber. In particular the fact that the coefficients of our fibration belong to
a unique factorization domain [46, 61] will be used. Schematically we will refer to these
fibrations via the shorthand notation

I

n

(n1,n2, n3, ns, ng, N7, N8, Ng)
it { [ ) (2.5)

S1,n1552,n2553,n35S5,n55 S6,n6> S7,n75> S8 ng> 89,n9]



where the term in square brackets denotes any specialization of the leading non-vanishing
coefficients in the expansion of the s;, and the I represents the Kodaira fiber type.
Often, for ease of reading, a dash will be inserted to indicate that a particular coeflicient
is unspecialized. The exponent of the index nc will signal how many non-canonical
enhancements of the discriminant were used in order to obtain the singular fiber, that
is, how many times solving a polynomial in the discriminant did not require just setting
some of the expansion coefficients to zero, but also some additional cancellation.

There is a last piece of notation that needs to be explained before the results can be
presented. Since the elliptic fibration has three sections, it will be seen in section 4, where
the algorithm is studied in detail, that the discriminant will reflect the fact that the sections
can intersect the components of the resolved fiber in multiple different ways. Thus, a
number of (non-)canonical forms for each Kodaira singular fiber will be obtained depending
on which fiber component each of the sections intersects. To represent this, denote by

17(1012) the case where all the three sections intersect the same fiber component, and then

introduce separation of the sections by means of the notation Iq(lo|n1‘m2), where the number
of slashes will signal the distance between the fiber components that the corresponding

sections intersect. Consider the two examples:

o 75012)

4,nc?
enhancements of the discriminant. The sections ¥, Y9 will intersect one of the fiber

will represent a Kodaira singular fiber I, obtained through two non-canonical

components, while ¥; will sit on an adjacent fiber component (i.e. one which intersects

the previous component). Depicting the P! components of the singular fiber as lines,
(01]2)

and the sections as nodes, the fiber I can be represented by the diagram

75(01]12)
5,nc3
coefficients of our equation three times, such that the fiber component intersected
(01]12) .

is

will represent an I5 found upon imposing non-canonical conditions on the

by ¥ and ¥; does not intersect the component that Yo intersects. This Ig
represented pictorially as

We refer to section 6 for more details about the notation for representing singular fibers
corresponding to other types of Kodaira singular fibers.

All of the fibers found and determined are presented in the following summary ta-
bles, where the fibers are grouped first by the Kodaira type and then by the degree of
canonicality:



e In table 1 we list the singular fibers up to vanishing order ord,(A) = 3. These include
fibers of type I1,15,13, I, and I11.

e In table 2 we list the singular fibers at vanishing order ord,(A) = 4. These include
both type I and type IV Kodaira fibers.

e In table 3 we list the I5 singular fibers.

For each of the I5 singular fibers obtained through the algorithm the U(1) charges are
calculated and the results are presented in section 5, along with the comparison with the
U(1) charges of the known SU(5) toric tops [30, 34, 36, 38, 43].

Tate-like (that is, canonical) forms for generic Kodaira singular fibers were also de-
termined and they are presented in table 4. Appendix C includes explicit details of the
resolutions of these forms.

3 Setup

In this section the general setup for the discussion of singular elliptic fibrations with a
rank two Mordell-Weil group is provided. First it is explained in more detail that such
a fibration can be embedded into a P? fibration via a cubic hypersurface equation. This
is done in section 3.1. In section 3.2 the symmetries of this cubic equation are detailed
and it is demonstrated how they lead to a redundancy of singular fiber types. Some
constraints are chosen, listed at the head of section 3.2, to eliminate this redundancy. All
the properties of the construction used in the resolution and study of the singular fibers
found are documented in section 3.3.

3.1 Embedding

By the algebro-geometric construction in [28, 34, 35, 38, 39], an elliptic fibration with rank
two Mordell-Weil group can be embedded into a P? fibration by the hypersurface equation

s1w° + 50w’z + sswr? + ssw’y + sgwry + s’y + sgwy? + soxy’ =0, (3.1)

as seen in the previous section. Some explanation of this construction is given in ap-
pendix D. Here [w : x : y] are the projective coordinates of the fibration and the s; are
elements of the base coordinate ring, R. It can be seen that this has three marked points,
where w, z, and y take values in the fraction field, K, associated to R. Specifically the
three marked points are

0:0:1], [0:1:0], [0:s9:—s7], (3.2)

which we label as ¥, >3, and ¥; respectively.

We will work in an open neighbourhood in the base, around the singular locus, which
has coordinate z such that the singular locus will occur at the origin of this open neigh-
bourhood. In such a local patch we can specify the s; as expansions in z,

00
S, = Z SZ'J‘Zj . (3.3)
7=0



Singular Fiber Vanishing Orders and Non-canonical Data
1o (1,1,0,1,0,0,0,0)
% (2,1,0,1,0,0,0,0)
10 (1,1,1,0,0,0,0,0)
51‘02) (171707 170707070)
" [—, —, 0205, —, 0204 + 0305, 0102, 0304, 0103]
II(012) (171a0a 170707070)
nc
[_7 R MU%7 T 2HU3O-87 R ,uo-ga _]
012 (3,2,0,2,0,0,0,0)
o (2,1,1,1,0,0,0,0)
5o (1,1,1,1,0,0,1,0)
Is(012) (371a0a 1,0,0,0,0)
e [—,0102,0205,0103, 0204 + 0305, —, 0304, —|
13(01\2) (271a 1a0a0707070)
s [—70102701037020570204 +03U5,U304,—,—]
18(02‘1) (2> ]-507 170707070)
e [—, —, 0205, —, 0204 + 0305, 0102, 0304, 0103]
I§(0|1|2) (1717 17070707070)
,nc
[—, —, —,0205,0204 + 0305,0304,0102,0103]
IILg(;lQ) (2711(]’ 170707070)
[_7 ) MU§7 ) 2NU3087 ) ,U‘o-ga _]
IILS?;”Q) (17 ]-a 15050507030)
[_7 Ty T /'LUE2)7 2/*“750_77 ILLO'%, ) _]
III(0§|1) (17 1707 170707070)
" [_7_7£%£47_72525354701527£§£4301£3]

Table 1. Singular fibers where ord,(A) < 3.

We also introduce the simplifying notation

oo

5,k = Z SiJ,Zj_k . (34)

j=k
3.2 Symmetries and lops
In this section note is made of the symmetries inherent in the cubic equation (2.1), and
a strategy is devised to remove the redundant multiplicity of fiber types that occurs due

to these symmetries. One finds that the following sets of vanishing orders give rise to
fibrations which have codimension one singular fibers that are related by a relabelling of



Singular Fiber

Vanishing Orders and Non-canonical Data

15012 (4,2,0,2,0,0,0,0)
;01 (3,2,1,1,0,0,0,0)
e (2,2,2,0,0,0,0,0)
oz (2,1,1,1,0,0,1,0)
IZ(:EQ) (4,2,0,2,0,0,0,0)
7 [, —, 0103, —,0102 + 0304, —, 0204, —|
I:(,?ip) (2,1,1,1,0,0,0,0)
’ [0304,0103, —, 0204 + 0305, 0102, —, 0205, —]
15020 (3,2,0,2,0,0,0,0)
7 [—,—, 0205, —, 0204 + 0305,0102, 0304, 0103]
IZ(Si“2> (2,2,2,0,0,0,0,0)
’ [-,—,—,0103,0102 + 0304, 0204, —, —]
Ii(sym (2,1,1,1,0,0,0,0)
[—,0102,0103, —,0204,0304, —, —]
Ij(ilcom (1,1,1,1,0,0,1,0)
’ [0205,0204 + 0305,0304, —,0102,0103, —, —|
75002]1) (3,2,0,2,0,0,0,0)
4ne? [—, —, 088182, —, 026182 + 038163, E2&a, £1€302, E3€4]
I:(sgp) (1,1,1,0,0,0,0,0)
’ [€3&4, E28a + £3E5,E2E5, €305, €304 + €205, €304, 0183, 01€2]
Ij(llgm (1,1,1,0,0,0,0,0)
e [€3€4, &8s + €385, 85, 02€1€3, 02613, 0261&2 + 03E1&3, 036182, 0102, 0103]
TV/5(0112) (2,1,1,1,1,0,0,0)
Ty =012 (1,1,1,1,1,0,1,0)
rymeom) (2,1,0,1,0,0,0,0)
" [—, €183, €3, €162, 2ubals, —, ué3, —]
Ivs(gl‘z) (1,1,1,0,0,0,0,0)
" €265, E2€a + Eabs, Eaéa, p€3, 2puats, p€s, —, -]
IV:F(SQM) (2,1,0,1,0,0,0,0)

[—, =, &3, —, 2626384, 012, £a&3, 01&3)

IVS(O\”Q)
nc?

(1,1,1,0,0,0,0,0)
[_, Ty T Mggv 2,“52537 U£§7 62547 5354]

Tv5012)

nc3

(2,1,0,1,0,0,0,0)
(6204, &3(8102 + 0364), 6103€3, €2(8102 + 0364), 2610362E3, —, 01635, —]

Table 2. Singular fibers where ord,(A) = 4.




Singular Fiber

Vanishing Orders and Non-canonical Data

5 (5,3,0,3,0,0,0,0)
® (4,2,1,2,0,0,0,0)
2(O0M=) (3,2,2,1,0,0,0,0)
o) (3,2,1,1,0,0,1,0)
O (2,2,2,1,0,0,1,0)
75(012) (5,2,0,2,0,0,0,0)
e [—,0102,0205,0103,0204 + 0305, —, 0304, —|
75(0112) (3,2,1,1,0,0,0,0)
e (0205, 0204 4 0305, 0304,0102,0103, —, —, —]
75(0201) (4,2,0,2,0,0,0,0)
e [—, —, 0304, —,0204 + 0305,0103,0205,0103]
7500112) (2,1,1,1,0,0,1,0)
o [010370102777030470204777737]
i) (3,2,1,1,0,0,0,0)
" [—, > —7—,010’2701037020470304]
50112) (2,2,2,0,0,0,0,0)
o [~ —,—,0205,0204 + 0305,0304,0102,0103]
o) (2,1,1,1,0,0,1,0)
e [_70102501037_70204503047_7_]
Is(02|1) (472707230707070)
nc2
> [—, —, 0382, —, 02& + 03E3, £284, 02E3, £384]
15(012”2) (27171a130a07070)
o (€384, 0283, 0383, 284 + €385, 0282, 0382, §285, —]
I;(myz) (2,2,2,0,0,0,0,0)
e (€384, §264 + €385, &2, 0383, 0283 + 0382, 022, —, —]
500f2) (2,1,1,1,0,0,0,0)
e (0304, 038163, —, 0204 + 036162, 026163, E384, 0261 &2, £2€4]
7201112) (2,1,1,1,0,0,0,0)
o [—, 0183, 0182, —, 04&3, 0482, §384, §2€4]
501211 (1,1,1,1,0,0,1,0)
5,nc
’ (63848586, 046586 + 036384, 0304, §38587 + €468, §1638586, 036163, E7€s, €186€s]
s(0[1]|2) (171717030707070)
15,n03

[£30304, 04 (0382 + 02E3), £20204, E30103, 01(02€3 + 03&2), 010282, 01&3, 012]

Table 3. Singular fibers where ord,(A) = 5.
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the coefficients of (2.1)

(n1,n2,n3, 5,16, N7, M8, N9) <> (11, N5, N8, N2, N6, N9, N3, N7)
(nl + 27 no + 1,”37”5 + ]-a 7’L6,TL7,TL8,’I’LQ) <~ (nla ng,n3, s, ne, N7 + 17”8,”9 + ]-)

(n1+1,n2+ 1,n3 + 1,15, n6, 07,08, N9) > (N1, n2,n3, N5, N6, N7, ng + 1,n9 + 1), (3.5)

and any composition thereof. In the analysis of Tate’s algorithm for the quartic equation
in P(11:2) [32] these kind of symmetries were called lops. The first of these relations will
be referred to as the Zs symmetry, and the second and third relations, respectively, will be
called lop one and lop two.

These lop relations and the Zo symmetry generate a family of equivalences by apply-
ing them repeatedly and in different orders. To choose an appropriate element of each
equivalence class the procedure shall be as follows:

e Use the Zo symmetry to fix ng > ny.

e Apply lop one to reduce n; to 0.

e Apply lop two to reduce the least valued of ng and ng — ny to zero.
e Apply the Zs symmetry.

In this way one can often choose a representative of a particular lop-equivalence class
where ny = ng = 0. In the application of Tate’s algorithm enhancements which move a
form out of this lop-equivalence class will not be considered. In this way the redundancies
inherent in the cubic equation (2.1) shall be removed. The remainder of this subsection
shall be devoted to showing that these relations hold.

There is a Zo symmetry that comes from the interchange

(n1,n2,n3, N5, M6, N7, M8, N9) <> (11, N5, N8, N2, NG, N9, N3, T7) - (3.6)
One can see this by observing that the equations for each form,

3 2 2 2 2 2 2
51,TL1u} + 52,n2w T+ 53,71310'r + 55,”511} Yy + 56,n6w‘ry + 57,n7x Y + 58,nswy + 59,ngxy =0 )
(3.7)
and

51,n1 w3 + 52,n5w2x + 53,718“”52 + S5, wzy + S6,ngWTY + 57,n9x2y + 58,n3wy2 + 59,n7xy2 =0,

(3.8)
have identical vanishing orders up to the redefinition x < y. This symmetry can be
removed by only considering forms where, in order of preference,

n7 > ng
ng = ng
n9g > ns . (3.9)
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Furthermore there are symmetries that can occur in the partially resolved forms. One
such, which was referred to as lop one above, is an equivalence between the vanishing orders

(nl + 2; n2 + 17”37”5 + 17”6)”77”87”9) <~ (nla na,ns, N5, Ne, 17 + 1)”87”9 + ]-) . (310)

To see this consider first the geometry of the lLh.s. after resolving the singularity at the
point & =y = z; = 0 by the blow up (z,y, 21;(1).% It is clear that one can always do such
a blow up as the n; are, by definition, non-negative. The partially resolved geometry is

3._n1+2

n na+1 n
S1 42w 2] O + 50 n2+1w x2? (R

n ns+1
+ 53, WTZ 2P (P A+ 85 g 1w Y20 TP

+86,n6 WTY21 (10 + 877n7x yzl7Cn7+1 + 5707417 yan—lCnH—Q
488 ng WY 218 + 89 o wy* 2] ?9—“ + 59 ng+17Y° 2] notl ?‘H_Q 0, (3.11)
with the Stanley-Reiser ideal
{way, wli, zy=1} . (3.12)

Similarly one can consider the r.h.s. geometry after performing the small resolution
(w, z2; (2) to separate the reducible divisor z5. The geometry is

3 n+2 3n+1n+3 3.n1+2 ni1+4 2 _..ngna+1
S1m W2y (o T Sty 1w 2t ! +51n1+2w z21 o T+ so W a:zQ 97

na+1 no+2 n ns—+1 ns+1 ~n5+2
+59 n2+1w 257" (o +53n3wx z23C + 85 n5w y22 °Cy° —|—55n5+1w Yzo° (Cy°
nr+1 2 n +1 ~n
+86,n,WTY25°CH° + 67 n7+1x yzo (T + 58 nswy 258 + 89 por12Y-26°" (50 =0, (3.13)

with Stanley-Reiser ideal
{way, wze, xyCa} . (3.14)

Under the identification z1 <> (5 and (7 > zo it is observed that these equations and
SR ideals are equivalent. Any multiplicity arising from this redundancy in (2.1) can be
removed by combining it with one of the earlier constraints from the Zs symmetry (3.9),
n7 > ng, so as to choose to consider only forms which have ng = 0.

There is another relation among the partially resolved geometries, which was referred
to as lop two,

(n1 4+ 1,n2 + 1,n3 + 1, n5, ng, n7,ng, ng) <> (n1,n2, n3, ns, ng,n7,ng + L,ng +1). (3.15)

Again this is seen by studying the partially resolved geometry explicitly. If (n; +
1,n2 + 1,n3 + 1,ns5, ng, n7,ng, ng) is resolved by the small resolution (y, z1;(1) the blown
up geometry is given by the equation

1 2 1 1 2 1
s n1+1w32n1+ Cnl +51 n1+2w3zn1+ Cn1+ + 59 a1 W I‘Zn2+ an + 59 np2W $Zn2+ Cn2+
n3+1 n3+2 n3+1
+53 n3+1w$ 21570 + 83 n3+2w33 2070 +55 W y215C + 56,ng WY, Y
ng ~n +1 ng ~n +1
+57 TL7$ yzl C +58,ngwy Z18C s +59,n9$y 2196: ? (316)

with SR-ideal
{wzy, yz1, wri}. (3.17)

3The notation of [62] is used to spectify blow ups throughout this paper.
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On the other side if (n1,n2,ns,ns,ng,n7,ng + 1,n9 + 1) is resolved by the resolution
(w, z, z9; (2) the geometry is then given as the vanishing of the hypersurface polynomial

3.n1,ni1+1 2 _..n2,no+1 2 _n3 n3+1 2. _ns,n
S1m W 2y Gl F 82, WITZy (P F 83y W 257 (T A+ 85 s WY 2y o
ne ~n 2. N7 n 2 _ng+1,n 2 _ng+2 ng+1
+ 86,06 WTYZ5° (0 + 870, T7Y25 (T + S8 ng1WY 25" (o® F S8 mgtowy Zyt ("
2 ng+1 n 2 _ng+2 ng+1
+ 59mg+12Y 29" (0" + 89 ng 20y 23" (YT =0, (3.18)
with SR-ideal
{’LU.Z’y,’UJl’ZQ, C?y} . (319)

These two geometries describe the same partially resolved space, and can be related by the
interchange

Z1 <> CQ s Cl 29, (320)

3.3 Resolutions, intersections, and the Shioda map

To determine the Kodaira type, including the distribution of the marked points, of the codi-
mension one singularity in the fibration specified by (2.1) one often explicitly constructs
the resolved geometry via a sequence of algebraic resolutions. In the context of elliptic
fibrations such resolutions have been constructed in [26, 53, 56, 57, 62—67]. In this section
we set up the framework to discuss the resolved geometries and the intersection compu-
tations, for example of U(1) charges of matter curves, that are carried out as part of the
analysis of the singular fibers found. In particular details are given about the embedding
of the fibration as a hypersurface in an ambient fivefold, the details of how the intersection
numbers between curves and fibral divisors are computed, and on the construction of the
U(1) charge generators.

Consider the ambient fivefold X5 = P*(O & O(a) & O(B)) which is the projectivization
of line bundles over a base space Bs. The elliptically fibered Calabi-Yau fourfold will be
realized as the hypersurface in this X5 cut out by the cubic equation (2.1). The terms in
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the homogeneous polynomial are then sections of the following line bundles

Section Bundle
w O(o)
x O(o + a)
y O(o + )
O(S¢)
s1; |Oaa+a+pB—3Sq)
§9,j O(e1 + B —3jSq) (3.21)

s3; |O(ct —a+B—jSc)
55,5 O(Cl + o — jSG)
56,5 O(c1 — jSe)
57’]' O(Cl - — jSG)
sg; |Ocr +a—B—375q)
9 j O(er — B —37Saq)

Here ¢; is a shorthand notation for 7*c1(B3). In practice, the first step in any explicit

determination of a singular fiber is to blow up the P? fibration to a dP, fibration by the
substitution w — l1low, x — l1x, and y — lsy and taking the proper transform, as was
also the procedure in [34, 35, 38, 39].

The geometry is then specified by the equation

sllflgw?’ + 52l%l2w2x + sglfwa + 55lll§w2y + sglilswxy + 57l1x2y + 5gl§wy2 + 5912353/2 =0,

(3.22)
in dP». After these blow ups the fiber coordinates in this equation are sections of the line
bundles

Section Bundle
w O(O’ - F1 - FQ)
r |O(c+a—F)

(3.23)
y | O(c+B—F)
l1 O(F1)
lo O(Fy)

As can be seen from the blow ups which mapped P? to dP» the marked point [0 : 0 : 1]
has been mapped to the exceptional divisor l;, similarly for [0 : 1 : 0] and l3. As such the
marked points X, X1, and Yo have been related to the divisors [1, w, and Iy respectively.
As the marked points form sections they are restricted to intersect, in codimension
one, only a single multiplicity one component of the singular fiber [68].
The dP; intersection ring is not freely generated due to the projective relations which
hold in dPs. These relations are, using standard projective coordinate notation,

[whiy : zly = yla], [w:z], [w:y]. (3.24)
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These correspond to the relations in the intersection ring

og-(c+a)-(c+5)=0
(O’—Fl—FQ)'(O'—Fl):O
(0 —Fy — Fy) - (0 — Fy) =0. (3.25)

The strategy, as it was in [62, 66], will be to choose a basis of the intersection ring and
repeatedly apply these relations, including any that come from exceptional divisor classes
introduced in the resolution. In this way the intersection numbers between curves and fibral
divisors can be computed. In this paper the resolutions and intersections were carried out
using the Mathematica package Smooth [69].

Given an elliptic fibration with multiple rational sections there remains the construc-
tion of the generators of the U(1) symmetries, that is the generators of the Mordell-Weil
group. The Mordell-Weil group is a finitely generated abelian group [70]

7®---®LDG, (3.26)

where G is some finite torsion group.* There is a map, known as the Shioda map, which
constructs from rational sections the generators of the Mordell-Weil group. This map is
discussed in detail in [28, 73, 74].

The Shioda map associates to each rational section, o;, a divisor s(o;) such that

S(O’i) . Fj =0
s(o;))-B=0, (3.27)

where F; are the exceptional curves and B is the dual to the class of the base B3. Reduction
on the F} gives rise to gauge bosons which should be uncharged under the abelian gauge
symmetry. This is ensured by the conditions (3.27).

The charge of a particular matter curve C' with respect to the U(1) generator associated
to the rational section o; is given by the intersection number s(;)-C. The constraints (3.27)
determine the U(1) charges from s(o;) up to an overall scale. We shall always consider
the zero-section to be the rational section associated with the introduction of the [ in the
blow up to dPs.

As was alluded to in section 3.1 it is not always the case that a fibration that arises from
the algorithm can be specified purely in terms of the vanishing orders of the coefficients.
Sometimes it is necessary to also include some specialization of the coefficients in the
z-expansion of the coefficients of the equation. Consider a discriminant of the form

A= (AB - CD)z" + O(z"™). (3.28)

An enhancement that would enhance this singularity would be where AB — C'D = 0. The
solution of this polynomial cannot in general be specified in terms of the vanishing order of
A, B, C,and D. In appendix A we collect the solutions to several polynomials of this form

4We shall not concern ourselves with G in this paper, but some investigations are [71, 72].
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which come up repeatedly in the application of Tate’s algorithm to (2.1). The solution to
this particular polynomial is

A =o0109
B = 0304
C = o103
D = o504, (3.29)

where the pairs (01,04) and (02,03) are coprime. It is not generally possible to perform
some shift of the coordinates in (2.1) to return this solution to an expression involving
just vanishing orders. This is notably different from Tate’s algorithm as carried out on the
Weierstrass equation in [46]; there the equation includes monic terms unaccompanied by
any coefficient, which often allows one to shift the variables to absorb these non-canonical
like solutions into higher vanishing orders of the model.

4 Tate’s algorithm

In this section we will proceed through the algorithm [45, 46], considering the discriminant
of the elliptic fibration order by order in the expansion in terms of the base coordinate z.
By enhancing the fiber of our elliptic fibration, we will see under which conditions on the
sections s; the order of the discriminant will enhance and then study the resulting singular
fibers. This will be done systematically up to singular I5 fibers for phenomenological
reasons and in section 6 we will provide details for some of the exceptional singular fibers.
In a step-by-step application of Tate’s algorithm to the elliptic fibration (2.1) we find the
various different types of Kodaira singular fibers decorated with the information of which
sections intersect which components. The discriminant reflects the different ways in which
the sections can intersect the multiplicity one fiber components (as explained in section 3.3),
thus giving rise to an increased number of singular fibers over fibrations with fewer rational
sections. The analysis will be carried out in parallel both for canonical models (determined
only by the vanishing orders of the sections) and for non-canonical models (which require
additional specialization arising from solving polynomials in the discriminant.)

4.1 Starting points

In the following we will assume that the fibration develops a singularity along the locus
z =0 in the base. A singularity can be characterized by one of the following two criteria:

e The leading order of the discriminant as a series expansion in z must vanish.

e The derivatives of D|,—¢ in an affine patch must vanish along the z = 0 locus, where
9 is the equation for the fibration.

Since the leading order of the discriminant is a complicated and unenlightening expression,
we will not present it here and instead study the derivatives of the equation of the fibration.
This will turn out to be significantly simpler and we will see that the discriminant will
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enhance upon substitution of the conditions found by the derivative analysis. On the
other hand, throughout our study of higher order singularities we will look only at the
discriminant ignoring the derivative approach.

Let us then study the equation for the elliptic fibration in the affine patch with coordi-
nates (z,y), that is, where we can scale such that w = 1. Along the locus z = 0 we assume
that the fiber becomes singular at the point (x,yo) and require the derivatives to vanish

D=0 = 81,0+82,ol‘0+83,0$3+85,0y0+86,0l‘0y0+87,0$3y0+88,0y8+89,0$0y8 =0
0uD |20 = 52.0 + 253,070 + S6,0Y0 + 257,0T0Y0 + 59,095 = 0 (4.1)

OyD|.—0 = 55,0 + S6,0T0 + 57,075 + 258,0Y0 + 259,0T0Yo = 0.

We can solve for sp and s5 o from the last two equations

52,0 = —253,0T0 — Yo(S6,0 + 257,020 + 59,0%0) (4.2)
s50 = —x0(s6,0 + S7,0%0) — 2(58,0 + 59,020)Y0 -
Upon substitution in the first equation we can solve for s g
$1,0 = 83,075 + Yo(s8,040 + To(s6,0 + 257,00 + 259,090)) - (4.3)

When s1 0, 52,0 and s5 o satisfy the above requirements the discriminant indeed enhances to
first order. We can bring the equation of the fibration in a canonical form, depending only
on the vanishing orders of the coefficients, by performing the following coordinate shift

(m)—><x_x°w> . (4.4)
Y Y — Yow

We see that the singularity now sits at the origin of the affine patch and has generic
coefficients in addition to {s19 = s2,0 = 55,0 = 0}. This is an [; singular fiber, which is the
only fiber at vanishing order ord,(A) = 1 in Kodaira’s classification. That this is indeed an
I, fiber can also be seen by performing a linear approximation around the singular point
and noting that we obtain two distinct tangent lines, which shows that this is indeed an
ordinary double point. Since there is only one fiber component, all the three sections will
intersect it, and we will denote the singular fiber

1% (1,1,0,1,0,0,0,0). (4.5)

This does not exhaust the possible ways to solve the three equations in (4.1). Indeed,
we can look at the affine subspace y = 0 and see that we can find additional solutions.
Note that we will not consider here the case x = 0 as this is related by the Zs symmetry
discussed in section 3.2. The partial derivatives now read

Dlamy—0 = $1,0 + 52,00 + 53,075 = 0
agcg‘zzy:o =590+ 2583020 =0 (4.6)

2
Oy®|z=y=0 = 850 + 56,070 + 57,075 = 0.
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We see that if we require {s10 = $20 = s3,0 = 0} the three equations are satisfied for
the two solutions of the quadratic equation {s5 o+ s 0o + 877().733 = 0}, which are the two
singular points of an Iy Kodaira fiber as the discriminant enhances to vanishing order A(z?).
Indeed, looking at the equation of the fiber, we see that this splits in two components
Dy : z=y=0
) ) (4.7)
Do : z = 550w + s6 WL + 570" + (580w + S9,0x)y =0.
The two components indeed intersect in two different points, thus showing that this is an
I5 singular fiber. One of the sections intersects one component, while the two remaining
sections intersect the other, so we will denote this fiber as

i (1,1,1,0,0,0,0,0). (4.8)

These two fibers represent the starting points for the analysis to be carried out in the
remainder of this section. Given the equation for the fibration, we can ask whether z divides
any of the coefficients s;. Then we can conclude, inside our preferred lop-equivalence class,
the following:

e If 2 {s; and z{ sy then the fiber over the locus {z = 0} is smooth.

o If 2 | 51,2 | 2 and z | s3 then we can carry on the analysis as in the next section and

1501'”

check whether the singularity is simply or some other enhanced kind.

o If z | 51,2 | 52 and z | s5 we will instead start our analysis from an I§012)

singular
fiber. It is important to notice that in this part of the algorithm we will not let z | s3

as this case is covered in the previous branch.

4.2 Enhancements from ord,(A) =1

From the previous section we have found exactly one starting point for the algorithm which
has a discriminant linear in z: (1,1,0,1,0,0,0,0). In this section we shall study the various
ways that this I; singular fiber can enhance. The discriminant of the (1,1,0,1,0,0,0,0)
fibration is

A = 51,153,058,0(58,0 — 453,058,0) (57,0580 — 56,057,089,0 + 53,055 0)% + O(2%) , (4.9)

up to numerical factors. The discriminant factors into five distinct terms which will enhance
the discriminant, and thus the singular fiber, when they vanish. As this set of vanishing
orders is specifying a fibration where z { s3 then we cannot consider the situation where
s3,0 = 0. Equivalently, because of the Zy symmetry explained in section 3.2, we cannot
consider sg o vanishing.

First let us consider the simple case where s1 1 = 0, which is equivalent to stating that
22| 51. Then 2% | A and the singular fiber type, determined by resolving the singularity
explicitly as explained in section 3.3, is Is. The three rational sections all intersect one of
the two components of the I fiber

1% 1 (2,1,0,1,0,0,0,0), (4.10)

listed in table 1.
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Figure 1. The type I3 and type 111 singular fibers with the possible locations of the three marked
points denoted by the blue nodes. Respectively these are Iz(wk), Iémk), I1G3%) and IT05%) fibers.

The discriminant can also be enhanced in order by allowing z to divide either of the
two polynomials in (4.9). Let us first consider the situation where 5%70 — 453 0sg,0 vanishes.
The solution to this equation over this unique factorization domain is given in appendix A
and states that

86,0 = HO308
53,0 = ;w§
58,0 = [0 - (4.11)

The discriminant then enhances so that 22 | A. To determine the type of singular fiber
here let us consider the equation of the single component of the I; fiber which is being
enhanced

(83,07 + s6,07Y + 88,0y°) + 2Y(s7,07 + S9.0y) = 0. (4.12)
If 3(2570 — 4530580 = 0 then the quadratic part of the equation factors into a square which

does not divide the cubic terms; this is exactly the form of the equation for a cusp, which
is a type I fiber. Therefore we have observed the fiber

IIT(L?}Q) . (171707170707070) . (413)
[_7 ) Mo-ga ) 2/1’0-30-85 ) HU§7 _]

from table 1.

Finally we can consider the singular fiber that occurs when the second polynomial in
A vanishes: 3%03870 — 56,057,059,0 + 337033’0 = 0. Appendix A lists four generic solutions of
this polynomial, three canonical and one non-canonical, which are:

870 =890 =0
s70=2530=0
88,0 = S9,0 =0

870 = 0102, S90 = 0103, S30 = 0304, S30= 0205, S0 = 0204+ 0305. (4.14)

Any of the three canonical solutions will remove us from our preferred lop-equivalence class
and so we do not consider them as they will give rise to a redundancy of singular fiber
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Figure 2. The type I3 singular fibers with the locations of the three marked points denoted by
the blue nodes. Respectively these are Ié”k), Ié”‘k) and I?(fljlk) fibers.

types. The only solution to consider therefore is the non-canonical one. The fiber found
at this locus is another I, fiber, which can be written as

1,1,0,1,0,0,0,0
( ) } . (4.15)

IZ ne
[—, —, 0205, —, 0204 + 0305,0102,0304,0103]

Table 1 is then complete up to second order, once we also include the 150”2) which was
found in the previous section as one of the alternate starting points in the z | s3 branch.

4.3 Enhancements from ord,(A) = 2

We will now consider the enhancement of the four previously found fibrations which have
a discriminant with vanishing order two in z. In this section we shall include the details
only of those enhancements that have some non-standard behaviour.

The fibrations (2,1,0,1,0,0,0,0) and (1,1,1,0,0,0,0,0) can contain, respectively, in
their discriminants polynomials with five and seven terms. These are not polynomials that
are discussed in appendix A as their solutions are not known in full generality. In lieu
of a complete solution we consider non-generic but canonical type solutions which allow
us to obtain singular fibers of a particular type which would be unobtainable without
determining a full, generic solution to these polynomials. The subbranches which follow
from enhancements where it has been necessary to consider a non-generic solution will also
therefore be non-generic, however all remaining branches are determined in full generality.

4.3.1 Polynomial enhancement in the z { s3 branch
The discriminant of the equation for the (2,1,0,1,0,0,0,0) singular fiber contains the
polynomial

2 2 2
P = 58,0521 — 55,156,052,1 + 51,2560 + S3.0 (85’1 — 451728870) . (416)

As the most general solution for this five-term polynomial is not known we propose here two
specific solutions. The first is a canonical solution obtained by setting s12 = s21 = s5.1 = 0.

(012)

As a consequence 2° | A and we find an I3° singular fiber

112 . (3,2,0,2,0,0,0,0) . (4.17)
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Recalling the split/non-split monodromy distinction in Tate’s algorithm, we see only two
components in this singular fiber. One of the fiber curves decomposes when the component
of the discriminant, 5%,0 — 4s30588,0 has the form of a perfect, non-zero square.

The second non-general solution to the five-term polynomial we consider here is found
by canonically setting s12 = 0, and then the five term polynomial reduces to

2 2
P|(51,2:0) = 53158,0 — 52,156,055,1 + 85153,0 - (418)

We notice that we cannot set s3 to zero because we are in the z { s3 part of the algorithm
(and by Zy symmetry we cannot set to zero sgg either). Moreover we just considered the
canonical solution given by setting sa1 = s51 = 0. We are then left with imposing the
non-canonical solution given in appendix A

S31 = 0102, S51=0103, S80= 0304, S30= 0205, S60= 0204+ 0305. (4.19)

(012)
nc

3,1,0,1,0,0,0,0
;01 {[ ( ) } . (4.20)

3,nc
—, 0102, 0205, 0103, 0204 + 0305, —, 0304, —|

The resulting singular fiber is then an I;

4.3.2 Polynomial enhancement in the z | s3 branch

The other relevant details we will provide concern enhancements from the singular I§01I2)

which has vanishing orders (1,1,1,0,0,0,0,0). The discriminant contains a seven-term
polynomial

2 2 2 2
P = 53,850+ 57,0(531550 — 51,152,156,0 + 51,157,0)+ (4.21)

2
+ 53,1(—52,155,086,0 + 51,1(550 — 255,057,0)) -
Since a generic solution is not known for this polynomial, we again take advantage of a
simple canonical solution given by s11 = s21 = s31 = 0. We see that 24 | A and we

. 01]|2
observe a singular IZS( 12)

11 22,2.0,0,0,0,0) . (4.22)

As in the previous case, we notice that the component of the discriminant 5(23,0 — 4550570
provides the condition for the split/non-split distinction. If this quantity is a perfect,
(01]12)

nc

2.2.2.0,0,0,0,0
750112) {[ (2, ) } ‘ (4.23)

4,nc
—,—,—,0103,0102 + 0304, 0204, —, —]

non-zero square, then applying the solution given in appendix A we have a split IZ

As in the previous subsection, we notice that if we only require s1 1 = 0 the seven term
polynomial reduces to the usual three-term one

P, 5=0) = 55.0(53,1550 — 531560521 + 53 157,0) - (4.24)
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Figure 3. The I, singular fibers and the decorations detailing where the rational sections can
intersect. The fibers shown are I\7¥) 1{1%)  rlill) anq 7011R) fpers.

The solution involving setting s5 o to zero in addition to s1 » would give the fibration defined
by the vanishing orders (2,1,1,1,0,0,0,0) which is an I§(01|2) fiber

5O (2,1,1,1,0,0,0,0). (4.25)
We can also apply the non-canonical solution of appendix A to the three-term component

Sp1 = 0102, S31 =0103, S70= 0304, S50 = 0205, S0 = 0204+ 0305. (4.26)

(0112)

,;nc

2,1,1,0,0,0,0,0
750112) . {[ (2,1,1,0,0,0,0,0) } (4.27)

3,nc
—,0102,0103, 0205, 0204 + 0305, 0304, —, —|

Upon substitution we find an I§ singular fiber

4.4 Enhancements from ord,(A) =3

We now proceed to consider enhancements of the discriminant starting from the fibers
with ord,(A) = 3, listed in table 1, and we report here the cases that deserve mention due
to some peculiarity. In particular we will consider distinctions between split and non-split
singular fibers and an instance where we will need to consider the structure of the algorithm
in order not to reproduce singular fibers already obtained.

4.4.1 Split/non-split distinction

(012)

We recall that in the previous section we found an Ig 3 singular fiber and we now

determine the enhancements of this fiber. The discriminant takes the form

A = 513530580(58,0 — 453,058,0) (57 058,0 — 56,057,050,0 + 53,050)2° + O(2") . (4.28)

ns(012)

The simple enhancement s; 3 = 0 will produce an I, singular fiber

17012+ (4,2,0,2,0,0,0,0). (4.29)

As already observed, the discriminant component 3?3,0 — 4530588, indicates that when this
quantity is a perfect, non-zero square, we obtain the split version of the singular fiber.

Applying the solution in appendix A we then find the singular Ii(r?cm)
4,2,0,2,0,0,0,0
L ( ) : (4.30)
[_7 —,0103, —, 0102 + 0304, —, 0204, _]
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Figure 4. The IV fibers. We denote by the blue nodes the components of the fiber which are
intersected by the sections. In the order, the fiber shown are IV (%) [V (lik) and TV (#il%) fibers.

Another instance where the split/non-split distinction arises is in the case of type I'V
fibers. Consider the singular 1T Iﬁfim listed in table 1. This has discriminant

A= /1,6(730'8(85710'3 - 82710'8)(89’00'3 - 87700'8)23 + 0(2’4) . (4.31)

We remark that this was obtained in the algorithm by an application of the non-canonical
solution to 3%,0 — 4530580 = 0 and therefore o3 and og are coprime. Enhancing the dis-
criminant by solving non-canonically the first of the two-term polynomials requires setting

s5.1 = &1&2, o3 = &3, 52,1 = 183, o8 =& (4.32)

Where coprimality of (03,0g) was used in order to set {4 = 1. The singular fiber corre-

sponding to this enhancement is a type [ V:CSQ(OH)
ns 2’ ]"07]‘70707070
v { ( , ) , } . (4.33)
[_7 5153) /’L£37 §1€27 2”52537 I M§2a _]

Then the discriminant indicates the quantity that needs to be a perfect square in order for

the fiber to become a split type 1 V;Eg 12) This is €2 — 4us; 2, and applying the solution in

appendix A we find

5(012) X (271707170707070)
v .

c3 ’
{ (0204, &3(8102 + 0364), 610363, £2(8102 + 0304), 281858283, —, 6103€3, —]
(4.34)

4.4.2 Commutative enhancement structure of the algorithm

We consider enhancements from the 171 quchOQ) fiber type. This was found by applying twice
the solutions in appendix A. Schematically

I§012) N 1(1‘02) N III(chOQ) ) (435)

2,nc n

Noting that in the last step a coprimality condition had to be imposed, the discriminant
of this singular fiber takes the form

A = (s1,65€3€0)2° + O(2"). (4.36)
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Figure 5. The I5 singular fibers. The possible intersections of the sections with the singular fibers

are denoted by the positions of the blue nodes. The fibers shown in the first row are I, 5(73 k), I E(fj k)
il41k) (@l31k)
and I, .

5

and 1, éij Hk), whereas the fibers shown in the second row are, respectively, I

We see that requiring the vanishing of any of the & would imply setting to zero two
among 57,0, 59,0, 53,0, 58,0, but we are not allowing the vanishing of any of the those sections
to remain in our lop equivalence class or because we are in the z { s3 branch of the
algorithm. Moreover, we have considered the case s1,; = 0 in another part of the algorithm
(specifically in going I £012) — 15012)). We can therefore conclude that all the enhancements
would just reproduce singular fibers found in other parts of the algorithm. The order in
which the enhancements are carried out is of no importance, but it is crucial, in particular
with non-canonical fibers, to keep track of which enhancements would reproduce fiber

types already obtained.

4.5 Enhancements from ord,(A) =4

In this section we will proceed with the algorithm by again mentioning only enhancements
which require comment. In particular we will deal with the structure of obstructions to full
generality due to the complexity of polynomials in the discriminant, we will encounter the
distinction between split and semi-split fibers for Ij and we will provide details for one of
the I; ,,c3, obtained by solving non-canonically polynomials in the discriminant three times.

4.5.1 Obstruction from polynomial enhancement

At vanishing order of the discriminant ord,(A) = 4 we find again the two obstructions
to full generality encountered at ord,(A) = 2, i.e. the same five-term and seven-term
polynomials. These come up respectively in the discriminant of the singular fibers 128(012)
and IZS(MHQ), and will in fact be present at every even vanishing order in the discriminants
of 135(012) and 132(01\"2) . We therefore review the singular fibers that we obtain from the

enhancements. More details can be found in section 4.3.
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The discriminant of the singular fiber IZS(OH)

: (4,2,0,2,0,0,0,0) contains a compo-
nent
ADP= 88705%’2 — 55,256,052,2 + 517482’0 + 53,0 (8%}2 - 481745870) . (437)

As in section 4.3 we consider two specific solutions. The first one consists of setting

514 = S22 = 852 = 0. This gives the singular fiber Igs(om)

1% (5,3,0,3,0,0,0,0). (4.38)

Upon imposing the perfect square condition 5%,0 — 4530880 = p? we find the singular fiber

1 55(012). Alternatively, we set s; 4 = 0 and we solve non-canonically, as in appendix A, the

resulting three-term polynomial polynomial
— o2 2
Pl(s, 4=0) = 83,2880 — 52,256,055,2 + 55253,0 - (4.39)

(012)

,nc

75(012) (5,2,0,2,0,0,0,0) (4.40)
e [—,0102,0205,0103,0204 + 0305, —, 0304, —]

This gives the non-canonical singular fiber I

The second obstruction that we encounter is, again, the seven-term polynomial in the

discriminant of the singular IZS(OIH2)

2 2 2 2
ADP= 837285,0 + 3770(827285’0 — 51,252,256,0 + 51728770)"‘ (4 41)

+ 53.2(—52,285,056.0 + 51,2(58.0 — 255,087,0)) -

The canonical solution that we consider requires si12 = s32 = s32 = 0. This gives a
singular Igs(01\||2)
1O (3.3,3,0,0,0,0,0). (4.42)

(01]1[2)

The split version Ig is found upon imposing that s% o —455,087,0 is a perfect, non-zero

square. We can also consider the solution where s 2 = 0 and the three-term polynomial

component of the resulting polynomial is solved non-canonically. This enhancement now
(01]12)

e, but this is just a non-generic specialization of one of the I, SOU2) fhers

S
produces an I 5nc2

also found in the algorithm and so we do not consider it further.

4.5.2 Split/semi-split distinction

The split/semi-split distinction arises for singular fibers of Kodaira type Ij. The example

we provide concerns the possible enhancement of the canonical type [ V3(0L2)  which was
found schematically by
M O pys 1) (4.43)
The discriminant takes a rather simple form
A= 82718770887024 + 0(2’5) . (4.44)
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The enhancement we will consider here is when sy 1 = 0. As a consequence 22 | 5o and

28| A. This way we have found the semi-split I, +55(0112)

11 2.9.1,1,1,0,0,0). (4.45)
In order for one of the curves of the Igss(Ol|2) to split into two separate non-intersecting

components, we need to satisfy a perfect square condition for the quantity s%l — 451,9580-

Following appendix A we find the split I, *5(0”2)

ey (2,2,1,1,1,0,0,0) | (w6)
" [Ul 03, =, , 0204, ]

—,—,0102 + 0304, —, —

4.5.3 A thrice non-canonical I5

In this section we provide details for an I, (OHHQ). This singular fiber is observed in the
algorithm by schematically enhancing
12(01|2) s IS (0|1\2) . I (0\1|2) . 15(7?|61II2) (4.47)

All the three arrows represent non-canonical enhancements. In particular enhancing from
I§01l2) to I. 35 (2(':”2) requires solving a three-term polynomial present in the discriminant. This

is AD (s§ 057,0 — 58,056,059,0 + 53 055,0), which is solved by requiring

580 = 0102, S90 = 0103, S70 = 0304, S50 = 0205, 860 = 0204+ 0305. (4.48)

Note that this solution implies that (o9, 03) are coprime. This gives an 13( 12),

Looking at
the discriminant of this singular fiber we see that one of the components is A D (03511 —

0203821 + 033371). We apply again the same solution to this three-term polynomial

o3 ==&, 02=2E, 51,1 =88, s31=~E6%E, s21 =588 +E&E. (4.49)

Where we used that (o2, 03) are coprime to set £ = 1. We have now enhanced the singular
fiber to an I (0|1\2)
polynomial contalned in the discriminant at fourth order: A D (04& — 05&5). Applying

. To obtain the thrice non-canonical Is we now consider the two-term

the non-canonical solution in appendix A

o4 = 0102, &4 = 0304, 05=10103, &5 =0204. (4.50)

We have now reached the singular fiber I (0|1H2)

75021 (1,1,1,0,0,0,0,0) } |

pnet { [£30304, 64(0382 + 02€3), {20204, €30103, 61(02€3 + 0382), 610282, 0163, 0162]
(4.51)
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5 U(1) charges of SU(5) fibers

In section 4 a variety of different, canonical and non-canonical, I5 type singular fibers
were found, and are listed in table 3. As elliptic fibrations with SU(5) singular fibers
are phenomenologically interesting in this section the U(1) charges of the matter loci are
determined for the I5 fibers obtained, which lie in the chosen lop-equivalence class. The
U(1) charges are calculated from the intersection number of the matter curve with the
Shioda mapped rational section, as explained in section 3.3. For the canonical I5 singular
fibers we find, as expected, the same results that were found from the study of toric tops.
Details of the relationship between the canonical models and the SU(5) top models and
their charges as found in [38] are given. In the algorithm a number of non-canonical models
which, as far as the authors are aware have not been seen before, were found, some of which
can realize two or three distinctly charged 10 matter curves, potentially a desirable feature,
also some models realize as many as seven differently charged 5 matter curves, which are
of some interest in light of the phenomenological study in [33].

5.1 Canonical I models

The U(1) charges of the canonical models are found in table 5. Models with these particular
U(1) charges are well-studied in the literature. In this subsection we provide a short
comparison to the known toric constructions from tops [43] , which were constructed with
two extra sections in [30, 34, 36, 38].

The toric tops as extracted from [38] are also given by vanishing orders of the coeffi-
cients of the cubic polynomial (2.1) and are related to what we called canonical models.
In order to see this we need to perform a series of lop transformations to bring them to
the equivalence class of singular fibers considered in this paper. Section 3.2 contains the
details of the lop transformations. All the tops were found as part of the algorithm and
exhaust the canonical models. The U(1) charges of the matter content matched the results
found here identically for what was called tops 1 and 2, whereas for tops 3 and 4 a different
linear combination of the U(1) charges was used. The details of this linear combination
are given in terms of our choice of U(1) generators.

In table 6 the tops are listed with the numbering and vanishing orders as in appendix
A of [38](polygon 5), the lop equivalent models as found in Tate’s algorithm and details
for the linear combination of the U(1) charges for top 3 and top 4.

5.2 Non-canonical I models

Listed in tables 8, 9 and 10 are the U(1) charges of the, respectively once, twice, and thrice,
non-canonical 5 models found in the algorithm. The U(1) charge generators are given by
the Shioda map, as described in section 3.3, where the zero-section of the fibration corre-
sponds to the divisor I; = 0 after the P? fibration ambient space has been blown up into
dPs. As opposed to the canonical models the majority of the models tabulated in this sec-
tion were previously unknown. Some of these models appear to have interesting properties
for phenomenology, such as the above noted multiple differently charged 10 and 5 curves.
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Fiber Model Matter Locus Matter

51,2 531 ®5_3_1
86,0 101291012
87, 53,_4®b_3,
LM (2,2,2,1,0,0,1,0) "0 o
59,0 536D 53,6
56,058,1 — 55,1590 5.21®52_1

2 2 =
83,286,0 — 52,256,087,0 + 51,2570 | 9-2-4® 524

56,0 10_1,0 D 1010
87,0 52, 1@ 5 2,1
M1 (3.2.2,1,0,0,0,0) o0 8-3,-1 083,
51,356,0 — 52,285,1 520® 520
$3,286,0 — 52,287,0 5_30D 53,0
56,059,0 — 57,058,0 521 @5 21
53,1 5_31 531
56,0 10_1® 101>
O (3.21,1,0,0,1,0) oo 524 ® 524
59,0 526@®5_2 ¢
$5,159,0 — $6,058,1 521 D521

2 2 =
83,185,1 — 52,285,156,0 + 51,356,0 | 9-3,-4 D 83,4

53,1 540®5_40
56,0 10_2,0 ¢ 102,
O | 491,2,0,0,0,0) o 8-11851,-1
58,0 541 DB 5_4,-1
56,059,0 — 57,058,0 5.1 _1®51.1
$1,486.0 — $2,285,286,0 + 832880 | B_1,0® 51,0

Table 5. U(1) charges of the canonical I5 models from table 3.

Top Fiber | Vanishing Orders | Lop-equivalent model | U(1) Linear Combination
Top 1| 2O 1 (2,2,2,0,0,1,0,0) | (3,2,1,1,0,0,1,0) ;
Top 2 | 151 1 (1,2,3,0,0,1,0,0) | (2,2,2,1,0,0,1,0) -

Top 3 | 15 | (1,1,2,0,0,2,0,0) | (3,2,2,1,0,0,0,0)

Top 4 | 5™ | (1,1,1,0,0,2,0,1) | (4,2,1,2,0,0,0,0)

uz = g(wg —wy)

Table 6. The lop-equivalent models of the four tops from [38]. The linear combination of the U(1)
charges gives the charges found in table 5, u; and us, in terms of the U(1) charges of the top model,
w1 and ws. The reason the charges of tops 3 and 4 differ is because the lop translation involves the
Zo symmetry, which exchanges two of the marked points.
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Top Model | Fiber | Vanishing Orders | Lop-equivalent Model
Top1 | 1" | (1,1,2,0,0,1,0,0) | (2,1,1,1,0,0,1,0)
Top2 | I | (0,1,2,0,0,2,0,0) | (2,2,2,1,0,0,0,0)
Top3 | I\ | (1,1,1,0,0,1,0,1) | (3,2,1,1,0,0,0,0)
Top4 | I 1(0,1,2,0,0,1,0,1) | (2,2,2,1,0,0,0,0)
Top5 | I\ | (0,0,1,0,0,2,0,1) | (3,2,1,1,0,0,0,0)

Table 7. The SU(4) tops associated to polygon 5 in appendix B of [38] are related to the canonical
14 models listed in table 2 by lop-equivalence.

While Tate’s algorithm provides a generic procedure there are some caveats that were
introduced in the application of it studied in this paper. There are situations where we were
not able to solve for the enhancement locus in the discriminant to a reasonable degree of
generality. In these cases we have sometimes, as discussed in section 4, used a less generic
solution where it was obtainable in such a way that it did not lead to obvious irregularities
with the model. In cases where no such solution was obtained we have left that particular
subbranch of the Tate tree unexplored.

Throughout the application of Tate’s algorithm the fibrations have remained inside
the chosen lop-equivalence class and so each each model in these tables then represents an
entire lop-orbit of fibrations. The Zo symmetry which acts inside this orbit interchanges
two of the three marked points of the fibration, which correspond, in the dP, hypersurface,
to the exchange of 1 and l5. As the U(1) charges are computed from a Shioda map where
the zero-section is taken to be I; = 0 the U(1) charges are rewritten as a linear combination
under this symmetry in an identical manner to the linear combinations occurring in the
tops in table 6.

One may point out the surprising paucity of non-minimal matter loci in these models
with highly specialised coefficients. In the fibrations which are at least twice non-canonical
there can occur polynomial enhancement loci where some of the terms in the solutions
(as given in appendix A) are fixed by a coprimality condition coming from a previously
solved polynomial. Were these terms not fixed to unity by the algorithm then they would
contribute non-minimal loci to the fibrations.

In [30, 38] there were listed tops corresponding to an SU(4) non-abelian singularity
with two additional rational sections, and it was noted that one expects multiple 10 matter
curves where these tops are specialized with some non-generic coefficients of the defining
polynomial, and such a model, which realizes multiple 10 curves, was constructed there
from the SU(4) tops. Included in table 7 are the relations (via the lops) between these
SU(4) tops and the SU(4) canonical models which underlie the once non-canonical SU(5)
models obtained in the algorithm. Note that for SU(4) top 4 is lop equivalent to top 2 and
top 5 is lop equivalent top 3, and their U(1) charges, as listed in appendix B of [38], can
be written as a linear combination of the lop-equivalent model.
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Fiber Model Matter Locus Matter
o1 5 3 _6®b36
o3 52,6 D5_26
o4 5_34®53_4
o (22,2,0,0,0.0,0) 0204 — 0305 10-1,2® 1012
[—,—,—,0205,0204 + 0305,0304,0102,0103)] (B.1) 5 5 1B
(B.2) 5o, 1 Db 21
(B.3) 52445 2 4
o2 101, 2 ®10_12
04 10,3610 3
57,0 5 24®52 4
];(OII‘Q) [o10 0(37 1’_1701737 0(;1(;0)_ -] 59,0 5_2,_6® b2
198, 0102, 7 G804, 204 T 0483,1 — 01870 53,1 ®b_3,1
0258,1 — 0359,0 534®5_3_4
(B.4) 5_ 218521
o2 10_1,_2 102
o3 5_34®53_4
o4 10-1,3®101,-3
I5S(O|1H2) [~ @1, 17_1707 0.1,0) — -] 59,0 5_3,_6® 536
)TL02, 0108, T, 0204, 0304, 7 0481,2 — 0185,1 5_3_1®53,1
0204881 — 85,159,0 | D24 B 5_2 _4
(B.5) 52,1 ®5_ 2,1
o1 10 223102 >
o2 10323 10_3, 2
PR (3,2,1,1,0,0,0,0) Zi 24,;’(;;%2:72
[—, — — — 0102,0103,0204,0304) s Bt 5 4
(B.6) 5 119511
(B.7) 5.1, 49514
o1 102,0 ©10_2,
o3 10_3,0 ® 1030
S112) (3,2,1,1,0,0,0,0) 74 5409 540
L [0205, 0204 + 0305,0304,0102,0103, —, —, —| 57,0 51,-195-11
’ ’ ’ ’ T 58,0 5 4, 1D 54,1
010389,0 — 57,088,0 | 51,1 D5_1,_1
(B.8) 51,0 D5_1,0
o1 50,6 D 50,—6
o2 51,6 D5_1,-6
o3 5_1,1D51,1
155(1\02) (472507270705070) 04 51,1 @g—&—l
[—,_70'3047_70'20'4+O‘3O‘57U10‘3,0'20'5,0'1O‘2] o5 5_1,-4® 514
0204 — 0305 1002 ® 100, 2
(B.9) 50,4 D bo4
(B.10) 50,1 @ Bo,—1
02 5_1,0®51,0
o3 51,1D5-1,-1
o4 5_1,-1D® 51,1
I§(012) (5,2,0,2,0,0,0,0) o5 510 @3;170
[—,0102,0205,0103,0204 + 0305, —, 0304, —| 0204 — 0305 100,0 € 100,0
0357,0 — 0259,0 50,1 ® 5o1
0487,0 — 0559,0 50,1 D 5o,—1
(B.11) 50,0 B 50,0

Table 8. U(1) charges of the once non-canonical Is models from table 3.
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Fiber Model Matter Locus Matter
& 53,_1®b_31
o2 5.01®52_1
ol s
(6384, 6284 + 6385, 6285, 0383, 0283 + 0382, 0282, —, —] —
€258,0 — €3S9,0 531@5_3_1
0288,0 — 03890 | H_2,_1®ba1
(B.12) 5 20®520
&2 52,6 @5_2,6
&s 10_;, 2 ® 1012
&4 5_3_6Db36
e (2,1,1,1,0,0,0,0) o 10_156T0, s
[—,0183,0182, —, 0483, 0462, €364, €284] (B.13) 5y 1 ®5 2
(B.14) 5 31®531
(B.15) 524®5 2 4
&2 1011 ©10_1, ;4
&s 531 B5_3_1
o2 5_21®b2_1
ot (2,1,1,1,0,0,0,0) o re ©T0. 10
(6384, 0283, 0383, €28 + €365, 0262, 0362, 265, —] _
&2502 — 03590 | B_2,—1 P B2,1
(B.16) 530 @ 5-3,0
(B.17) 5_20 @3270
& 1032 ®10_3,_2
&2 546D 5_4,—6
& 1022 ® 102 >
I;(llO‘Q) (2,1,1,1,0,0,0,0) & 5_16 @giﬁ
[0304, 036183, —, 0204 + 036182, 026183, €364, 0261 &2, £284] o2 102, 3® 1023
£36403 — 02531 | Ba1DB_4 1
(B.18) 5_1,-4D 514
(B.19) 5 11®51,1
& non-min
&3 103, @ﬁ—s,l
& 5,0®5_4_2
(1,1,1,1,0,0,1,0) &s 1034 ®10_3,_4
LRI eatatsto, Eabooa + Eatsos, o304, 2z 1054 & 105, 4
&28687 + E3€4&5, £1828386, £16203, £487, E1€3E4] s 547® b5 4,7
o3 54 _3®5_43
(B.20) 5.1,-3® 51,3
(B.21) 5_1,2®51,-2

Table 9. U(1) charges of the twice non-canonical I5 models from table 3.
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Fiber Model Matter Locus Matter

01 10,3 @E—I,S

02 53,4 ®5_34

&2 5_26®b2_6

(1,1,1,0,0,0,0,0) _

1M | (€38361, 84(8a2 + 626), €224, o 500 & 540
€30104, 01 (0283 + 93€2), 610282, 01&3, 01&2] §205 = Csb2 | 1012 ® 12_1’_2

(B.22) 5 21®52,1

(B.23) 531 ®53 1

(3.24) 5_2,_4 @52,4

Table 10. U(1) charges of the single thrice non-canonical Is model from table 3.

6 Exceptional singular fibers

In this section the algorithm is continued up to the exceptional singular fibers. In determin-
ing the exceptional fibers we recall that the sections can only intersect the fiber components
of multiplicity one, which means that there is a very restricted number of singular fibers.

For what concerns the type IV* singular fiber there are three different ways in
which the sections can intersect the multiplicity one components. These are the types
Tv*012) 1y=0112) and 1v*O112) - As can be seen from figure 6 the three multiplicity one
components of the I'V* singular fiber appear symmetrically, and so sections separated by
a slash merely indicates that they do not intersect the same multiplicity one component.

Regarding the singular I77* fibers, the possible ways the sections can intersect the
components restrict the range of singular fibers to I11*(012) and I77*C12) The different
singular fibers can be seen in figure 7.

Finally it is clear that the only type IT* fiber one could find (since there is only one
multiplicity one component) is the IT *(012) " This fiber is also shown in figure 7.

It was also possible to obtain the singular fibers corresponding to gauge groups G and
F4 which come from, respectively, the non-split singular fiber types Ig"s(om) and JV*ns(012)

Proceeding through these subbranchs of the Tate tree will involve the I fibers corre-
sponding to Dynkin diagrams of D-type in the split case. There fibers are composed of a
chain of multiplicity two nodes with two multiplicity one nodes connected to each end of
the chain. As the rational sections can only intersect the multiplicity one nodes they are
constrained to lie of these outer legs. The notation of these fibers shall be (01) represents
two sections on the same leg, (0|1) represents two section intersecting two of the outer legs
attached to the same end of the chain, and (0||1) will represent two sections sitting on
multiplicity one component separated by the length of the chain.

6.1 Canonical enhancements to exceptional singular fibers

The starting point for the enhancements to the possible canonical exceptional singular

fibers is the Igss(m‘z) 0 (2,2,1,1,1,0,0,0). Recall that one of the fiber components will

2

split only if the condition 3%,1 — 4512580 = p” is satisfied for some p. The discriminant at
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O e e —Cm=O O O

Figure 6. The type IV*® fibers. The sections, which intersect the components of the IV*® fiber
represented by the blue nodes, are seen to intersect only the external, multiplicity one components.
Because of the S3 symmetry we write these as TV *$(k)  Jy*s(ilk) and 1v*s(lilk) regpectively.

sixth order takes the form

A = 5% 53 (531 — 4512580) (51,257 9 — $3,155,157,0 + 53.158,0)°)2° + O(2). (6.1)

First let z | s and the resulting fiber is of type I f OV " Phe discriminant at seventh order
reads

A = 3157 5(s3,185,1 — 51,2870) 5502 + O(2°) . (6.2)

Now let 22 | s5 and the first exceptional singular fiber is found; it is of type I V*0112)

VO . (991.21,0,1,0). (6.3)

This subbranch of the tree does not continue because the discriminant now takes the form
A = 81,2877089,0,28 + O(2?) and the only possible enhancement that remains inside the
lop-equivalence class, the vanishing of s 2, is a non-minimal enhancement.

Looking back at the Ij starting point, the discriminant can instead be enhanced by
letting the three-term polynomial vanish, through the canonical solution s12 = s371 = 0.

s(OL2) singular fiber. The discriminant at seventh order takes the form

This gives an [ f
A= 537252715‘;’05%7027 + (9(28) . (6.4)

The discriminant is enhanced further by letting s5 1 = 0. This gives the second exceptional
singular fiber, that is a type IV *12)

TvO2) . (3,2,2,2,1,0,0,0). (6.5)
Proceeding in this subbranch, the discriminant now reads
A= 5421723‘%703%7028 +0(27). (6.6)

The only enhancement which is possible (as all the others are non-minimal enhancements)
is so2 = 0. The canonical excpetional singular fiber that arises from this enhancement is
III*(OI‘Q)

11O . (3,3,2,2,1,0,0,0). (6.7)

Every further enhancement in this subbranch is a non-minimal fibration.
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Figure 7. The type IIT* and II* fibers. Shown are the two type IIT*(k) and ITT*(91%) fibers
where the sections are distributed over the two multiplicity one components, and the single type
I7+(%) fiber, which has all three sections intersecting the single multiplicity one component.

6.2 Non-canonical enhancements to exceptional singular fibers

In this section the remaining exceptional fibers are obtained through non-canonical

enhancements of the discriminant. The starting point is the singular I; s(012) given by
the vanishing orders (3,2,0,2,0,0,0,0). The discriminant contains A D (3?3,0 — 453.058,0)-
Following appendix A it can be solved non-canonically to find a non-split ISZSC(OH)
associated to gauge group G
I*ns(OlQ) . (37270727070707()) (6 8)
0,nc . 9 9 . .
[—, —5 MO3, —, 2M0308a — MOg, _}

The next exceptional singular fiber is found through the following series of enhancements

#ns(012)  {51,3,52,2,85,2=0} *ns(012)  P=0 *ns(012)
0,nc Il,nc [Vnc2 (6 9)
2 2
P = (0853,1 — 0308S6,1 + 0358,1) .

Where the non-canonical solution to the three-term polynomial was applied to find a

singular [ V:;S(OH)

*ns(012) . { (4a3703370707070)

with gauge group Fj

1V

nc

i —y = 1€3 + €252, —, 216083 + (§26a + €365) 2, —, €3 + E3éaz, —]

(6.10)
It was also necessary to specialize terms linear in z in the expansion of the coefficients.
From this singular fiber the remaining two fiber types can be reached through

IV*ns(OlZ) Sf)() III:(OlQ)ﬁ) II*(012)

ne? c? ne? (6.11)
Q = (5535 — 52.383) -
The singular fibers obtained this way are type 11 I:Ligl?)
L) { (5.3,0,3,0,0,0,0) }
nc2 : .
[_7 ) Nf% + 625527 ™ 2M§2§3 + (5254 + 5355)2:7 ) /’65‘32) + §3€4Z7 _]
(6.12)
and the singular fiber type I I:;(cgm)
p2) { (5,3,0,3,0,0,0,0) }
ned : .
[—, 6163, 1103 + 6352, 0102, 20203 + (83€4 + 82&5) 2, —, 62 + 52642, —]
(6.13)
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A Solving polynomial equations over UFDs

In this appendix details are included of how to solve polynomial equations in the sections
s; given that they belong to a unique factorization domain [61]. These solutions were
repeatedly used in the algorithm to enhance the vanishing order of the discriminant. For
convenience a part of this section will be a summary of the details given in the appendix
A of [32], however there are polynomials specific to the case of two additional rational
sections and the derivation of the solution for these is provided here. For more details
on polynomial equations over UFDs that arise in the application of Tate’s algorithm the
reader is referred to appendix B of [46].
In [32] solutions were obtained for a three-term polynomial of the form

5759 — 515354 + 5385 = 0. (A1)

Four solutions were found, three of which involve setting pairs of terms to zero, which are
what we refer to as canonical solutions of the polynomials, and one other solution which we
refer to as the non-canonical solution. The canonical solutions were found to be the pairs

S§1 = 83 = 0
51 =355=0 (A.2)
so=s53=0.
The non-canonical solution is when
S1 = 0109
S§9 = 0304
83 = 0103 (A.3)

S4 = 09204 + 0305
S5 = 0205,

where o9 and o3 are coprime over this UFD.
The non-canonical solution of a two-term polynomial was also needed

81 = 0102
8o = 0304
5189 — 8354 = 0 : (A.4)
83 = 0103
Sq4 = 0904 .

With this solution o2 and o3 are coprime, and so are o1 and oy4.
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A.1 Two term polynomial

We now look at the polynomial
P = 8% — 48283 . (A5)

Setting P = 0 imposes the following conditions:

e There is an equality between the irreducible components of s% and the product of the
irreducibles of sy and s3.

e Write u for the irreducible components common to all the three terms.
e Write o1 for the irreducible components common to s; and so.

e Write o9 for the irreducible components common to s; and ss.

Note that no conclusion is drawn about irreducibles shared only by so and s3. Then the
most general solution takes the form

§1 = 2u0109
57 — 45953 =0 s9 = po? (A.6)
53 = o3 .
Since p is the greatest common divisor of so and s3 we have that o1 and o9 are coprime.
A.2 Perfect square polynomial
The first perfect square polynomial is given by
57 — 4sys3 = p*. (A7)
This can be reformulated as
(s1+p)(s1 —p) =4sas3, (A.8)

which can be solved in general by applying the solution of the two-term polynomial (A.4).
In this case, it reads
s1—p=20102

S$1+p = 20304

(A.9)
S9o = 0103
S3 — 0204 .
From the first two of these equations, one finds the generic form of s;
S1 = 0109 + 0304 . (A.10)
So the general solution to the perfect square condition is
§1 = 0102 + 0304
57 — 4s9s3 = p* S9 = 0103 (A.11)

S§3 — 0904 .

It follows from the solution of (A.4) that oo and o3 are coprime, as are o1 and oy.
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A.3 Three term polynomial

The three-term polynomial
P = s3sys3 — 515455 + 5256, (A.12)

appears in the algorithm. By imposing P = 0 it is seen that s; | 3%36, since it divides the
other two terms in the equation. In the same way s5 | 3%3253. Decompose s5 = o109 and
s1 = o103, where 01 = (s1, $5) is the greatest common divisor of the two terms, so that o9
and o3 have no common irreducibles. Then the equation of the polynomial becomes

U%(8603—840203+8283U§) =0. (A.13)

Applying the same reasoning it is now seen that o3 | sgo2, but since o2 and o3 have no
common irreducibles one can conclude that o3 | s¢. In the same way it can be deduced
that o9 | s2s3. This can be expressed as

S6 = 0403, §983 = KO2, (A.14)

where r is some constant of proportionality. The two-term solution (A.4) can be applied
to the second of these equations to obtain

89 = 050¢, 83 = 0708, K = 0507, 09 = 0g0s. (A.15)
Then the initial polynomial reduces to
0%030608(030507 + 040608 — 54) =0, (A.16)

from which can be solved for s4. Then there is a non-canonical solution

;

S1 = 0103
§2 = 0506
83 = 0708

s35953 — 515455 + 5286 = 0 : (A.17)

84 = 030507 + 040608

85 = 010608

(56 = 0304,

where the pairs (o5,08), (06,07), and (03,0608) are all coprime. There are also four
different canonical solutions
O’1=0: 81285:0
o3=0: s1=5=0
(A.18)
0'6:01 82285:0

08:02 83285:0.
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B Matter loci of SU(5) models

In this appendix we list the matter loci of the I5 fibers whose U(1) charges are studied in

section 5. , )
0351,2 — 020352,2 + 03532 (B.1)
03812 — 0405522 + 05532 (B.2)
01(0355,1 — 0203861 + 0557.1) — (0204 — 0305 ) (02501 — 0358.1) (B.3)
o504(0483,1 — 0187,0) + 03(0251,3 — 0104852 + 03188.1) — 0203(0352.2 — 0104561 + UfSQ,o) (B.4)
0504(0481,2 - 0185,1) + 0504(0483,2 - 0187,1) - 0203(0282,2 — 010486,1 + 0589,0) (B.5)
0%0381,3 — 010252,285,1 + 83,18§,1 (B.6)
— 01030435,1 — 0203(0253,1 — 010486,1 + 0'%88,1) + 0103(—0487,1 + 0159,1) (B.7)
0503(0381,4 — 0203523 +U§S3,2) +o1(0204 —0305)(U§85,2 —020386,1 +U§57,0) +o03(0204 — 0305)288,0 (B.8)
01(0553,1 — 0203861 + 0358,1) — (0204 — 0305) (02871 — 0350.1) (B.9)
(o204 — 0305)25174 + 020533’2 — (0204 — 0305)82,285,2 + 0304532 (B.10)
(0204 — 0305)81,5 — 01(0204 — 0305)(0285,3 — 0352,3) + U%(Ugﬁs,l — 0203S6,1 + 0338,1) (B.11)
(&302 — £203)(€351,3 — Eabasas + E3s3.3) + (Laba — €3&5)(E0 851 — €a€asen + €357,1) (B.12)
53{40% — 0104851 + 0381,2 (B.13)
€5 (0155.1 — 04s1,2) + £2€3(0482,2 — 0156,1) + €3 (01571 — 0453.2) (B.14)
€5€455.1 + Eaba(0ass1 — Eas6,1) + €3 (Eas71 — 0450.1) (B.15)
€a(—E20282,2 + €20353.2 + €30256,1 — £30357,1) — €30250,0 (B.16)
€ (03513 — €as2,2) + E363(Es52.2 — T8,z + Eus6,1) + E3€550,0 — €265 (E556,1 — 0ss,1 + Easo0) (BT
€1€56183,1 + E2€3(E504 — E16ase,1 + E10287,1) + €165 (€881 — £10250,1) (B.18)
(E16203—0204) 53,1 +E3(E16203—0204) (E10252,2—E10356,1+E40304)+E1€5(0551,3—020355 2+0358,1) (B.19)
£46a€a0 — E36065 (656700 — 51,2 + Ease1) (B.20)
+ £56688(Eabrésos — Esoss2 + Esrsen + Ea€sleson) — €385 (E7€s0s — Esss 2 + E5b6lrso) .
E561&r05 — E5€3Es030% + E566(€5E5 53,2 + 03 (51,2 — €as6,1) — E503(Er0304 + Egs2,2 — Eabesta)) (B.21)
+ €385 0a(€aéso + &s(03s61 — E5besta))
51(£351,2 — €26380,2 + €353,2) — 0u(E355,1 — Ea&356,1 + E357,1) (B.22)
€3(185,1 — 010358,1) + €3 (0257,1 — 018280,1) + Ea€s(—0a156,1 + 610258,1 + 610350,1) (B.23)
820301 (0263 — 03€2) + 85 (0381,2 — 0203822 + 0383.2) — 0104(03 85,1 — 020386,1 + 0357,1) (B.24)

C Resolution of generic singular fibers

In section 2 a table (table 4) of canonical forms for many of the different fiber types as
originally denoted by Kodaira was presented. In this section is is shown by explicitly
constructing the resolution that each of the forms is the stated fiber. Given the set of res-
olutions and the canonical vanishing orders, the resolved geometry is uniquely determined
and the form of the resolved geometry will not be written explicitly. For the Cartan divi-
sors the equations are given after the resolution process and they will intersect according
to the fiber type of the singularity under consideration.
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c.1 rserime)

2k+1 (n+m < k)

The generic form for the singular I;,(gﬂllmm is (2k+1—(n+m),k—n,m,k+1—m,0,0,n,0),

provided that (m 4+ n < k). The resolution process involves several steps. First perform
the following blow ups

(z,y,2:G1), (2,9,GiGv1) 1 <i<min{k—nk+1-m}. (C.1)
If n #£ 0 then the following small resolutions can be applied
(,2:61),  (2,&;: &) 1<i<n. (C.2)
Similarly if m # 0 the small resolutions,
(y,2:01),  (y,05:05+1) L<j<m, (C.3)

are possible. If both n # 0 and m # 0 we need to use both sets of resolutions are applied.
We call (nax the last
exceptional divisor introduced in the initial blow ups, and from now on the index will be

The next step depends on the sign of the quantity m — n — 1.

used as max = min{k — n,k + 1 —m} If it is positive then the resolutions,

(Ys Gmaxi X1)s (U X3 X 41) 1<r<m-n-1, (C.4)
are used. Whereas if negative then the resolutions are
(.%', CmaxQQl); (x,Qr;QT_H) 1<r< —(m—n— 1). (C5)

If the term is exactly zero then we do neither set. Finally the process can be completed
with the resolutions
(C.6)

1 < s <max.

(y7 Cs; ¢s)

The Cartan divisors are listed, assuming that n —m — 1 > 0,

Exceptional Divisor Fiber Equation
z l1lawse,o + l259,0C101 + 1157,0C161
Gi<maz 56,0
Cmax 56,0 + 55 k+1-mGmaz—1
dj<m l256,0 + 57,0C1
Om loys6.0 + y57.0C1%1 + 83mC Om_17
Si<n l156,0 + $9,0C1
n lixseo + C1(zs90 + 58.0C0 Hen1)
Xr<m—n—1 56,0 + 85,k+1-mCmaz—1
Y(756,0 + 55,k+1-mCmaz—1Vmaz—1)+
Xmznt I b N (@89 o+ 812641 —n—mCmaz—1Vmaz—1) Xm—n—2
ws<maa¢ 56,09
Then the ordered set (z,&1,---,&n,Cly  Cmaxs X157 » Xm—n—1s Ymax; - * s ¥10m,

(01[m2)

. S
o+ ,01) gives an Iy,

fiber, where the divisors are listed in the canonical ordering

for the Dynkin diagram. One gets the analogous result when n —m —1 < 0.
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c2 LM (k<ntm<|2(26+1)))

The generic form for the singular fibers of type I;,(ﬂql'mz) with section separation of the

form m+n < L%(Qk + 1)J is given by (2k+1—(m+n), m, m,n,0,0,n,0), where it is assumed
that m > n. In order to resolve the geometry the following set of resolutions is used

(xaz;gl)v (xvgi;€i+l) 1<i<n
(y, 25 01), (y,05565+41) 1<j<m )
('I’(ST‘;XT) 1<r<m
(‘T7Xm7w1)7 (x7w371/}5+1) 1 SS<2]€_2m—n

Notice that the first three set of resolutions (together with z) produce 2m + n 4+ 1 Cartan
divisors. The fourth set of resolutions is only necessary if 2k — 2m — n > 0. Then the

Cartan divisors in the most general case are

Exceptional Divisor Fiber Equation
z lilawse,o + 1259001 + 157,061
o1 I256,0 + 57,0185 - - £ x1
dj<m l2s6,0 + S7,0Xj—1Xj
Om l2(ys6,0 + $2,m0m—1Xm—1) + Xm—1(YS7,0 + 83,mOm—1Xm—1)Xm
Si<n l156,0 + 59,001
&n 112560 + 259,001 X1 + 1185007 En—1XT " + 88,007 T 1 xT
Xr<m 56,0
Xm YS6,0 + S2,mXm—1
Ys<2k—2m—n Y$6,0 + S2mXm—1
Yok—2m—n TYS6,0 + TS2mXm—1 + S1.2k+1-m-n2%k—2m—n—1X1 4

The ordered set (z,&1,--

750m172)
2k+1

c.3 ;O (n 4 m <k,

The generic form for the singular fiber of type I,

. a€n7X17"' 7mel7w2k—2m—n7"' 7w1axma6m7"' ,61) giVGS

singular fiber.

m < k)

2O here m 4+ n < k, is given by

(2k — (n+m),k —n,m,k —m,0,0,n,0). The analysis follows closely that carried out for

I;,ﬂ?”mm where more details can be found. In order to resolve the geometry perform the
resolutions
(z,y,2:¢G1), (2,9, GiGr1) 1 <i<min{k —n,k—m}
(z,2361), (. &i:61) 1<i<n (C.8)
(y,201),  (¥,0550541) 1<j<m.

Then the sign of the quantity m — n and then use the according set of small resolutions,
where the index in (ax again means the last exceptional divisor introduced in the blow
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ups, that is, max = min{k — n,k — m}

(y, Cmax: Xl)a (y, Xr; XrJrl) 1<r<m-n

(C.9)
($7€max;Ql)7 (qur;Qr-f—l) 1 §T< —(m—n)
Finally the resolution process is completed with
(Y, Cs3 s) 1 <'s < max. (C.10)

The Cartan divisors are, assuming m — n > 0,

Exceptional Divisor Fiber Equation
z lilawse o + l259,0¢101 + 1157011
Ci<maz 56,0
Cmax 86,0 + 85,k—mCmaz—1
dj<m l256,0 + 57,0C1
Om layse,o + ys7.0C181 + 83,0C7 6m_100
Si<n l186,0 + 59,0¢1
&n hiaseo + G (ws9,0 + s8.0C]  €nm1)
Xr<m-—n 56,0 + S5 k—mGmaz—1
Y(286,0 + 85 k—mCmaz—1Vmaz—1)+
X +Cfnn;(njl maz1(Z52 k—n + 51.2k—m-nCmaz—1Vmaz—1)Xm-n—1
Vs<maz 56,09

Then the Orderid mset (27 517 T 7§n7 <17 e 7Cmaxa X1,y Xm—n—1, ¢maX7 T 7¢17 5m7
-+ ,01) gives an I;,(ﬂll‘ 2), and again analogously for m — n < 0. Notice that if m = k

ns(01|™2)

and n = 0 the vanishing orders (k,k,%,0,0,0,0,0) specify the singular fibers I, as

listed in table 4. The k small resolutions that resolve the singularity are
(y,2:61),  (y,050541) 1<j<k. (C.11)

The resolved geometry has k + 1 Cartan divisors, k — 1 of which will split if 3%,0 — 4550870
is a perfect, non-zero, square.

ca L (n+m < [§k))

The generic form for the singular fibers of type I;}io|n1\7n2) with section separation such that

m-+n < L%k‘J is given by (2k — (m+n), m,m,n,0,0,n,0), where it is assumed that m > n.
In order to resolve the geometry the following set of resolutions is used

(z,2;61), (@, &3 &1

) 1<i<n
(y,2;01), (Y,0530;41) 1<j<m

)

)

(C.12)
(mv(sr;XT 1<r<m
(x’Xm;T/}l)v (x7ws;ws+l 1§5<2k_2m_n_]—
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Notice that the first three sets of resolutions produce 2m + n + 1 Cartan divisors. The

fourth set of resolutions is then necessary if 2k — 2m — n — 1 # 0. The Cartan divisors in
the most general case are

Exceptional Divisor Fiber Equation
z lilawse,o + 1259001 + 157,061
o1 I256,0 + 57,0165 - - £ x1
dj<m l256,0 + 57,0Xj—1X;
Om l2(ys6,0 + 52,mOm—1Xm—1) + Xm—1(Y57,0 + 53,mOm—1Xm—1)Xm
§i<n l186,0 + 59,001
&n 112560 + 259,001 X1 + 1185007 En—1XT " + 88,007 T 1 XY
Xr<m £56,0
Xm YS6,0 + S2,mXm—1
Ys<2k—2m—n—1 Y$6,0 T S2mXm—1
Yok—om—n—1 TYS6.0 + T82.mXm—1 + 51.9%k—m—n¥2k—2m-—n—2X" %

ThS Oradered set (Zv 517 T a§n7 X1y Xm—15 ¢2k—2m—n—17 T 7¢17 Xms 6m7 T 751) giVeS
an I;,(go‘ 1"2) type singular fiber.

(012)
C5 Iy,

The generic form for Ig,:frolm) is (2k+1,k+1,0,k+1,0,0,0,0). The geometry is singular

at © =y = z = 0 and it can be resolved by performing a blow up (x,y, z; (1). This process

can be repeated k times, with the i*® resolution being (z,y,¢;_1;¢;). The Cartan divisors
are then

Exceptional Divisor Fiber Equation
z hwz(lizsso + layseo) + l%wy2s&o + zy(lizs7,o + 12Y59,0)C1
i<k 22830 4 TYS6,0 + Y 58,0
It is easily seen by considering the projective relations introduced by the resolutions
the ordered set (z,(y,---,(x) of Cartan divisors intersects in an Ig,:frolu). Notice that if
8%70 — 4530880 is a perfect square, each of the fiber components along {(; = 0} splits into
(012)

two, thus giving the split version I;k -

c.6 152

The generic form for Ig}:(om) is (2k, k,0,k,0,0,0,0). The singular geometry can be blown
up k times with the i*" resolution being (z,y,¢;_1;¢;). The Cartan divisors are

Exceptional Divisor Fiber Equation
z hwz(lizss,o + layseo) + l%wyzs&o + zy(lizszo + layse,0)Ci
Gi<k 22530 + Y560 + Y580
Ck 22830 + 2Yse0 + Y280 + Ce—12S2k + Ce—1YS5.651,26CF
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The ordered set of (k+ 1) Cartan divisors (z,(1,--- ,(x) gives an I;;(Olz). If, in addition,
5%,0 —4s3 0530 is a perfect square the (k — 1) Cartan divisors along ¢; split into two, giving
n 125,(;)12) fiber.

*s(0[1][2)
C.7 I,

The generic forms for the singular fibers of type I. ;}jﬂl”?) are characterized by the vanishing

orders (k+2, k+2,k+1,1,1,0,1,0). In order to resolve the geometry perform the resolutions

(337y,z;C1)7 (ZaCUCQ)’ (va;CS)v (yaZ;C4)7 (y7C2;61)

C.13
(.05 0i1) 1 <i<2k. (C.13)

The Cartan divisors are

Exceptional Divisor Fiber Equation

2 l157,0C3 + 1289,0C4
G Yss5,1
(2 85,124 + 2C1 (257,003 + 59,0C401)
€ xs9,0 + 2(l155,1 + 58,1(2)
@ Ys7,0

i<k 57,061 + 85,104

02k+1 Y(s7.0C1 + 85.1C1) + CFCE (530211 + S1k42C0) 02k

The ordered set of divisors (z, (3, (2,01, - ,02x+1,C1,Ca) specifies an I;ZSBPHQ) fiber in

the canonical ordering.

C.8 I;Z(0|1||2)

The generic forms for the singular fibers of type 1—525?1\1”2) are given by the vanishing orders
(k+2,k+1,k+1,1,1,0,1,0). In order to resolve the geometry the following resolutions
are used
($>yaz§<1)a (ZaC1§<2)7 (vaSCZS)v (ya Z; C4)7 (y7€2§61)
(y,éi;éiﬂ) 1§’L§2k‘—1
The Cartan divisors are listed, where, as always, all coordinates that are constrained to be
non-zero by the projective relations have been scaled to one,

(C.14)

Exceptional Divisor Fiber Equation
z l157,0¢3 + l259,0C4
G Yss.1
2 85,12G4 + 2C1 (257,003 + 89,0C401)
€ w890 + 2(l185,1 + 58,1(2)
Ca Ys7,0
di<2k 57,0C1 + 55,1C4
Ok Ys7,0C1 + Y518 + s2,541CF CF0ar1

Then the ordered set (z,(3,(2,d1, - , 02k, C1,C4) is an I;;(OHHQ) fiber.
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co ;0

The standard forms for the I ;25_011 112) type of singular fibers are given through the vanishing
orders (k+3,k+2,k+2,1,1,0,0,0). In order to resolve the geometry use the resolutions

(,y,2:¢1), (¥,2:¢2), (C1,¢2;¢3)s  (¥,C1:¢a), (¥, C3501)

. (C.15)
(y,é,-;éiﬂ) 1 S 1 S Qk.
The Cartan divisors are
Exceptional Divisor Fiber Equation
z Lix?s70C1 + 1aCa(lowss o + 89,0(1C3)
C1 55,12 + 58,004
G2 YS7,0
(3 85,12C2 + C4(87,0C1 + 58,0€201)
@ Yss.1
di<ok 57,064 + 55,1C2
02k 41 ys5.1C2 + ys7.0Ca + s2.542C5T1CE o
Then the ordered set (z, (1, (3,01, ,02k+1,C2, (1) intersects in an I;,‘:fllm) type fiber.

c.ao 1301

The generic forms for singular fibers of type I;Z(OIHQ) are given by the vanishing orders
(k+2,k+2,k+1,1,1,0,0,0). The geometry is non-singular after the resolutions

(x7y7Z;C1)7 (yvz;C2)7 (<17C2;C3)7 (ya Cl;cél)? (y7C3;51)

. (C.16)
(y,éi;éiﬂ) 1§’L§2k‘—1.
The Cartan divisors after these resolutions take the form
Exceptional Divisor Fiber Equation
2 La?s7 ¢y + laCa(lawss g + £59,0C1(3)
G1 5512 + 58,004
G2 YS7,0
€] 55,122 + C4(57,0C1 + 58,0¢201)
G4 YSs5,1
di<2k 57,064 + 85,1C2
dok y(s5,1C2 + 57,0C) + G (s1,842C2 + 53, 1541C1)d2k—1
The set of divisors (z, (1, (3,01, , 02k, (2, (4) then has the intersection structure of an

12O fiper.
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The generic forms for the singular fibers of type I;:j_(lolm are given by the vanishing orders

(2k+3,k+2,1,k+2,1,0,0,0). In order to resolve the geometry perform the resolutions
(z,9,2;Q1), (2,9,Gi5G+1) 1<i<k
(y, 2;61), (¥, Gis0iv1) 1<i<k+1
(G,0558)  1<j<k+1
(1 Ok423 X) -

(C.17)

The Cartan divisors are

Exceptional Divisor Fiber Equation

z lha?s7C1 + 1261 (lawss o + 259,0(11)

Gi<k dit1
01 53,17 + Y87,002

Okt2 22531 + 52 k4 20k+18k41 + 5126430018041
&1 53,12C1 + (87,0C1 + 88,001)02

€<kt 53,1Cj—1Gj + 88005041

X 58,00k+2 + Cot1 (22531 + 252 k2Ekt1 + S1.2064+38041)

Then the set (z,d1,&1,(1,82,C2,++  Cky Ekt1, X, Okr2) 1S an I;;L_i(lom) fiber. Notice that
if S%’k+2 — 451 9x4+353,1 is a perfect, non zero square then the Cartan divisor d;4o splits into

two and the fiber is an I;,j(fl”?).
c.az e

The standard forms for the singular fibers of type I;,?S(Om) are expressed through the

vanishing orders (2k + 2,k + 2,1,k + 1,1,0,0,0). The space is resolved by the following
sequence of resolutions
(z,9,2:¢1),  (2,9,G3G+1) 1<i<k
(y, 23 01), (¥, Gis6iv1) 1<i<k (C.18)
(G 0536)  1<j<k+1.

The Cartan divisors in the resolved geometry are then

Exceptional Divisor Fiber Equation
z Lix?s7,0C1 + 1261 (lawss o + x89,061€1)
Gi<k Oit1
Cht1 Y2580 + Y85 k+1Ck + 51,2642CF
o 5312 + ys7,002
&1 5312C1 + 92(58,001 + 57,0¢1)
i<k 53,1Gj-1G; + 88,0050 11
§kt1 $3,1CkCk+1 + (Y?58,0 + US5.k41Ck + 51,26+2CF) Ot
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The ordered set (z,01,&1,C1,82,C2, -+ 5 Cy Ekt1, k1) TEPresents an I;?s(m'z) fiber. We
note that if sg k2 — 4812K+2880 1S @ perfect, non-zero square then the Cartan divisor (x41

splits into two and the fiber is an I;;(Olm fiber.

D Determination of the cubic equation

In this appendix a non-singular elliptic curve with three marked points is constructed
following [75, 76] and it is embedded into the projective space P2. This non-singular elliptic
curve is then fibered over some arbitrary base, B3, to create a non-singular elliptic fibration.

Function Order

P Q|R

1 0(0]0
T 1111]0
Y 1101
Ty 2111
x? 21210
y? 2102
x2y 3121
xy? 3112
3 31310
y3 31013

Begin by considering a genus one algebraic curve, X, with three marked divisors P, Q,
and R. The line bundle O(P + @ + R) is identified with the vector space of meromorphic
functions on X, with poles of at worst order one at the points P, @), and R, and regular
elsewhere. The Riemann-Roch theorem for algebraic curves fixes the dimension of such
vector spaces. Any divisor in an algebraic curve X can be written as a formal sum over the
points of X: D = " p_x npP, where np = 0 for all by finitely many P. The Riemann-Roch
theorem then states that for any such divisor

dim O(D) =deg(D)+1—g, (D.1)

where deg(D) is the sum over the np associated to D. Thus it follows that the vector space
O(P + @ + R) has dimension 3. Let the three generators of this space be denoted by the
functions 1, z, and y. We can determine the pole structure of these functions. Consider
first the vector space O(P), which has dimension 1 for any P € X, and which must contain
the one dimensional space of constant functions. As it has dimension 1 it can only contain
these holomorphic functions, and therefore there are no functions with a pole of order one
at any single point of X. The pole structure of 1, z, and y can then be determined to be
as given in table D, up to linear combinations.
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Similarly one can consider the vector space O(2(P + @ + R)) which has degree, and
thus dimension, 6. Clearly 1, x, and y are generators of half this space, and the other three
generators can be written as 22, y? and zy, which have the pole structures given in table D.
Finally consider O(3(P + @ + R)) which has dimension nine. Out of the six generators for
O(2(P+Q+R)) one can construct ten meromorphic functions inside O(3(P+Q-+R)), which
must be linearly dependent for the space to be of dimension nine. We write this relation as

Ay 4 Agx 4 Agy + Agzy + Asa® + Agy? + A’y + Agzy® + Aga® + Aoy =0.  (D.2)

The right-hand side of this equation is the zero function, which does not have poles
anywhere. It must then be the case that the left-hand side must not have any poles for
such a relation to hold. There are two terms with poles of order three at the points @, R,
which are the z3 and y3 terms respectively. There is no other term which contributes a
pole of these orders and so could be tuned to cancel it off, therefore the only solution is to
set the coefficients, Ag and Aqg, to zero.

This leaves exactly two terms with a pole of order three at P and, by the same
argument as above, if either of these coefficients vanish then the other must also vanish.
Let us follow this line of argument and demonstrate that it leads to a contradiction. If
A7 = Ag = 0 then it is clear that both A5 = 0 and Ag = 0 as these are the only terms
remaining with a pole of order two in @, R. Further if these terms are vanishing the
arguments above lead us to conclude that Ay = A3 = As = A; = 0. If this is the case
then this is not a non-trivial relation among these ten meromorphic functions, and so the
relation cannot have either of A7 or Ag vanishing.

After the embedding of the elliptic curve into projective space the relation defines the
curve by a hypersurface equation which we write as

s1w> + sow’x + sswr? + ssw’y + sgwry + s’y + sgwy + soxy’ =0, (D.3)

where [z : y : w] are the coordinates of a P? and s; lie in some base coordinate ring R. This
will be taken as the defining equation of our elliptic fibration.

The cubic equation (D.3) can always be mapped into the form of a Weierstrass model
using Nagell’s algorithm [77, 78]. For the convenience of the reader we write here only the f
and g of the corresponding Weierstrass model. The complete derivation of the Weierstrass
model from the cubic (D.3) is given in [34, 35, 38, 39] and we do not repeat it here. The
Weierstrass equation is

V=34 fi+g, (D.4)

where f and g are given in terms of the coefficients of (2.1) as

f= 4—8(—53 + 852 (5557 + 5358 + 5250) — 24856(525758 + 538559 + 515750
+ 16(—5%5% + 3515%58 — 5%5% + 592535859 — 5553 + 351535% + 5557(5358 + 5259))) (D.5)
1
g= @(52 — 125%(5557 + 5358 + 6289) + 3652 (595758 + 535559 + 515759)

+ 245%(25?53 + 25§5§ + §9535859 + 25%53 + 5557(5358 + 5259) — 351(5358 + 5353))
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1 8(—8s255 — 251535252 — 85355 + 27575253 — 725153585 — 85550

+ 3535895255 + 45353 ) + 65557(6515258 + 25552 + 52535850 + 25355 — 3515353 )
+ 65950 (—3515258 + 25352 + 6515355) + 352 (4535258 + 4525589 + 95353 )

— 14456 (52575859 + 59(51555% + 5%5558 + 5358 (5% — 5s5153))

+ 52(555?58 + 53575§ + 515753))) . (D.6)
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