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1 Introduction

The discovery of the Standard Model (SM) like Higgs boson [1, 2] with mh ' 125 GeV

has profound implications on naturalness for the minimal supersymmetric standard model

(MSSM). In the context of the MSSM there is a strict upper bound on the light Higgs mass

at tree level given by mh ≤ mZ (see e.g. [3, 4] and references therein). Thus, the large

radiative corrections, mainly from (s)tops, are necessary to lift mh to the desired range of

about 123–129 GeV. The dominant one-loop corrections can be approximated as [5]

m2
h = m2

Z cos2 2β +
3m4

t

4π2v2

(
log

(
M2
S

m2
t

)
+
X2
t

M2
S

(
1− X2

t

12M2
S

))
. (1.1)

Here, MS =
√
mt̃1

mt̃2
is the supersymmetry (SUSY) scale defined as the geometric mean of

the two stop masses, mt is the running top quark mass, and Xt parametrizes the left-right

mixing in the stop sector. One widely used possibility to maximize these corrections is to

consider a maximal mixing (Xt ∼
√

6MS) in the stop sector while assuming only moderately

large stop masses, see for instance [6, 7] and references therein. In that case and including

two- and three-loop corrections [8–13] it is possible to explain the Higgs mass with stop

mass around 1 TeV. However, it has recently been pointed out that a maximal mixing in the

stop sector can lead to a global minimum in the scalar potential at which charge and color

are broken by vacuum expectations values (VEVs) of the stops [14–16]. The electroweak

vacuum will only be metastable and could decay in a cosmological short time. Thus, one

is tempted to choose the other possibility to enhance the radiative corrections by using

heavier stop masses but keeping the left-right mixing small. In order to accommodate for a
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Higgs mass in the desired range, stop masses ≥ 5 TeV are needed in this scenario. Together

with the lack of a signal of any new physics at the LHC this raises uncomfortable issues

with naturalness which is widely discussed in the literatures [17–54].

One can easily understand this issue from the tree-level condition of electroweak sym-

metry breaking (EWSB) which relates the Higgs soft-breaking masses, the µ parameter

and mZ . For tanβ ≥ 5 the condition can be expressed by

m2
Z ≈ −2(µ2 +m2

Hu
[mw]) . (1.2)

Often one does not take m2
Hu

[mw] but m2
Hu

[Λ] as input. Λ is the scale where SUSY is

broken by some interactions with a hidden sector. The values for m2
Hu

at mw and Λ are

connected by the renormalization group equations (RGEs). For the evaluation of m2
Hu

the

stop masses play an important role because of the size of the top Yukawa coupling yt. One

finds the relation m2
Hu

[mw] = m2
Hu

[Λ] + δm2
Hu

with

δm2
Hu
∼ −3y2

t

8π2
(m2

Q3
+m2

U3
+A2

t ) log

(
Λ2

m2
w

)
. (1.3)

In this approximation, we have only considered the third generation Yukawa couplings but

neglecting contributions from gaugino masses. The large contributions of the stop masses

to the running of m2
Hu

demand some fine-tuning of the fundamental parameters to get

viable EWSB. To quantify this fine-tuning different measures have been introduced. We

are using throughout this work the one proposed by Barbieri-Giudice [17, 55]

∆BG ≡ max{∆a} where ∆a ≡
∂ logm2

z

∂ log a
. (1.4)

a are the fundamental parameters in the theory. For the constrained MSSM (CMSSM) [56]

one takes a ∈ {m2
0, m

2
1/2, A

2
0, µ

2, Bµ}. In this measure the overall fine-tuning of the

MSSM in the context of squark masses above 5 TeV and small mixing is expected to be

above 104 [57].

This large fine-tuning in the MSSM has triggered a lot of interests in models which

already increase the tree-level Higgs mass by new contributions from F- or D-terms [58–63].

Especially in singlets extensions like the NMSSM [64–68], GNMSSM [69–73] or DiracN-

MSSM [74, 75], the fine-tuning is several orders smaller than in the MSSM.

However, also in the MSSM exists parameter regions in which the fine-tuning becomes

significantly smaller by one to two orders compared the general expectations. These are

the focus point (FP) regions [27, 29, 76–78]. In FP supersymmetry (SUSY), m2
Hu

[mw]

is generated naturally and to a large extent insensitive to the variations of fundamental

parameters at the scale Λ. Besides FP SUSY in the CMSSM, there are also investiga-

tions in other SUSY-breaking models including gauge-mediated supersymmetry breaking

(GMSB) [79–81], models with large gaugino masses [44, 82–84], and hyperbolic branch

SUSY [85, 86]. We are going to consider here SUSY breaking in the visible sector triggered

by gauge interactions.

Already the minimal version of the gauge mediated supersymmetry breaking

(GMSB) [87–95] has the appealing features that it softens the flavor problem present in
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SU(3)C SU(2)L U(1)Y

Φ1 1 2 1
2

Φ̃1 1 2 −1
2

Φ2 3 1 −1
3

Φ̃2 3̄ 1 1
3

Φ̃3 1 1 0

Table 1. Representations of the messenger fields under the Standard Model gauge group.

gravity mediated SUSY breaking scenarios [96]. On the other hand the minimal GMSB has

became unattractive after the Higgs discovery since the A-parameters are only generated

at the two loop level and usually negligible. Hence, even larger stop masses are needed

than in the CMSSM with moderate A0 to explain the Higgs mass [97]. This problem can

be circumvented to some extent by either extending the gauge groups of the messenger

sector [98, 99] or by adding superpotential interactions between the matter and messenger

fields [100–107].

We are going the second way. In this work we propose a small extension of the minimal

GMSB where one Higgs doublet interacts in the superpotential with two messenger fields.

In addition, conformal sequestering with negative anomalous dimension is used to suppress

the gaugino masses and A-terms. We find that this model has a generic focus point. The

simplicity of our model is a main improvement compared to previous attempts to combine

GMSB and FP SUSY [79]. So far these models have been very baroque and needed a

complicated SUSY breaking mechanism. We will see that in the model presented here the

fine-tuning issue is significantly alleviated compared to the minimal GMSB and the model

remains natural. Using a precise, numerical setup we find that this model has a fine tuning

of about 1000.

This paper is organized as follows. In section 2, we present the details of our model and

derive the analytic solution for FP SUSY. In section 3, we consider the numerical studies

of this model. The corresponding fine-tuning measure and phenomenology is discussed in

details. We conclude in section 4. The appendix contains two parts. In A, the conventions

and one-loop RGEs are given. In B, we derive the important formula which plays a crucial

role in determining FP SUSY.

2 Focus points SUSY in Yukawa mediation

2.1 Model description

In this paper, we propose an economic and complete model to achieve FP SUSY in GMSB.

The messenger sector of our model consists of a pair (5, 5̄) and an singlet under SU(5).

Thus, the gauge coupling unification is preserved, and there is no Landau pole below the

unification scale because of the small messenger sector. The messenger fields and their

quantum numbers with respect to SU(3)C×SU(2)L×U(1)Y are summarized in table 1. In

– 3 –
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the matter sector we have the common superfields of the MSSM. Their superpotential is

WMSSM = YuUQHu + YdDQHd + YeELHd + µHuHd . (2.1)

In addition, we introduce an interaction between Hu and two messenger fields. The super-

potential terms involving the messengers are

WHΦ = X ΦiΦ̃i + λuHuΦ3Φ̃1 . (2.2)

Finally, SUSY is broken by some strong interactions in the hidden sector which we leave

unspecified. These interactions cause a VEV for X in its scalar and auxiliary components

X →Mm + θ2F , (2.3)

and we define Λ ≡ F/Mm. The soft gaugino masses are created by one-loop interactions

with the messenger and expected to be O
(
g2
i /16π2Λ

)
. In absence of any superpotential

terms between messenger and MSSM fields, the squared SUSY breaking soft scalar mass

terms arise at the two-loop level and are generically of O
(
(g2
i /16π2)2Λ2

)
[108]. In addition

to the common contributions from the gauge interactions with the messengers the soft-

term for Hu receives contributions proportional to some power of λu from the interaction

given in eq. (2.2). These contributions appear at one- and two-loops. In order to suppress

the negative one-loop corrections a large mediation scale of 108 GeV is needed [109]. At

two-loop m2
Hu

receives a shift of the form

∆m2
Hu
∼ λ4

u − λ2
ug

2 . (2.4)

A precise expression for ∆m2
Hu

will be derived in section 2.2. The FP SUSY requires m2
Hu

to be comparable with squarks soft terms, i.e., a sizable positive ∆m2
Hu

is needed. In

the messenger sectors larger than the one discussed here, the superpotential interactions

between the Higgs fields and messengers charged under SU(3)C might be allowed. However,

those terms would cause negative contribution ∼ λ2g2
3. This make the minimal model even

more attractive.

Here is a comment on the A-terms at place. The extra interaction between Higgs and

messenger superfields is often used to generate large A-terms as well. This enhances the

Higgs mass and improves the fine-tuning. This setup has been already widely studied in

the literatures, see e.g. refs. [105, 109–119]. However, in this paper we assume that the

gaugino masses and all A-terms are suppressed through conformal sequestering as discussed

below. Small gaugino masses are necessary to obtain a SUSY focus point and to reduce the

fine-tuning as well. To obtain a focus point the gaugino contributions should be suppressed

compared to the sfermion contributions. However, this can’t be achieved in the minimal

gauge mediation where the gaugino masses are of the same order as sfermion masses.

Thus, we consider the conformal sequestering in which gaugino masses are suppressed

compared to sfermion masses. In conformal sequestering the gaugino masses are relatively

light compared to the other masses because of large negative anomalous dimensions. We

explain this in detail in section 2.3.
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In principle one could keep the A-terms large using conformal sequestering while only

suppressing the gaugino masses. If At would not be suppressed, the model will become FP

SUSY with large A-term, which greatly improves the fine-tuning since it is easier to obtain

mh ' 125 GeV. We checked and found FP SUSY also including At. However, this choice is

not natural because gaugino masses and At should be treated at the same status. Therefore,

we have not investigated this possibility further. As a result, the maximal mixing scenario

could not be achieved and stop will be very heavy in order to satisfy mh = 125GeV. In our

setup stop masses of several TeV are needed and the overall fine-tuning is around 3000,

which is well accepted [120, 121] and a big improvement compared to the minimal GMSB.

2.2 Analytical derivation of focus point SUSY

The soft spectra of the model under considerations can be easily computed via the general

formula given in ref. [113]. Applied to our messenger sector and the interaction given in

eq. (2.2), the soft-breaking masses for all scalars at messenger scale are given

m̃2
Hd

= m̃2
L ,

m̃2
Hu

= n5
3

10

(
a2

1 + 5a2
2

)
Λ2f

(
Λ

Mm

)
+

(
−3

5
a1 − 3a2

)
Λ2n5αλ + Λ2

(
n2

5 + 3n5

)
α2
λ ,

m̃2
Q = n5

1

30

(
a2

1 + 45a2
2 + 80a2

3

)
Λ2f

(
Λ

Mm

)
− n5YtαλΛ2 ,

m̃2
U = n5

8

15

(
a2

1 + 5a2
3

)
Λ2f

(
Λ

Mm

)
− 2n5YtαλΛ2 ,

m̃2
D = n5

2

15

(
a2

1 + 20a2
3

)
Λ2f

(
Λ

Mm

)
,

m̃2
L = n5

3

10

(
a2

1 + 5a2
2

)
Λ2f

(
Λ

Mm

)
,

m̃2
E = n5

6

5
a2

1Λ2f

(
Λ

Mm

)
,

At = −αλΛ ,

Mi = g

(
Λ

Mm

)
aiΛ . (2.5)

Here, we used ai = g2
i /16π2 (i = 1, 2, 3), αλ = λ2

u/16π2 and n5 is the messenger index of

the 5-plets. f and g are loop-functions which can be found in ref. [108]. g ∼ f ∼ 1 holds

in the limit Mm � Λ.

As we have mentioned before, we are going to suppress A-term usually generated

by Yukawa mediation and also gaugino masses by conformal sequestering. Thus, these

contributions can be ignored in our analytical attempts to solve the RGEs. In addition, we

neglect all Yukawa couplings except the top quark Yukawa coupling. With the relatively

small tanβ < 20, we have following simplified limit,

Ai, Mi, Yb, Yτ → 0 . (2.6)

To determine the focus point, m̃2
Hu

at the weak scale should be written as a function of

soft spectra at the conformal scale. Actually, this could be easily obtained when we use

– 5 –
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the one-loop RGEs given in appendix A. In the limit (2.6) the RGEs for the Higgs and

stop soft-terms are

dm̃2
Hu

dt
= −3Yt

(
m̃2
Hu

+ m̃2
Q + m̃2

U

)
, (2.7)

dm̃2
Q

dt
= −Yt

(
m̃2
Hu

+ m̃2
Q + m̃2

U

)
, (2.8)

dm̃2
U

dt
= −2Yt

(
m̃2
Hu

+ m̃2
Q + m̃2

U

)
. (2.9)

The β-functions of all other soft-scalar masses vanish in the limit (2.6). Eqs. (2.7)–(2.9)

can be solved simultaneously and we find

m̃2
Hu

[t] =
1

2
(m̃2

Hu
[0](I + 1) + (I − 1)(m̃2

Q[0] + m̃2
U [0])) , (2.10)

with

I = exp

(
−6

∫ t

0
Yt[t
′]dt′

)
, (2.11)

where I is computed in appendix B. The FP SUSY is found at m̃2
Hu

[t] = 0, which requires

m̃2
Hu

[0]

m̃2
Q[0] + m̃2

U [0]
=

1− I
1 + I . (2.12)

It has been proven in ref. [79] that the minimal gauge mediation cannot provide the re-

quired ratio. The reason is that m̃2
Hu

is significantly smaller than squarks soft-term in the

minimal gauge mediation because of the dominant contributions from the strongly inter-

acting messengers. However, through the Yukawa mediation, the extra two-loop positive

contribution for m̃2
Hu

and negative contributions to m̃2
Q/m̃2

U are combined to yield a real-

istic model with focusing behavior. For convenience, we define the required and actually

value of eq. (2.12) as

yreq =
1− I
1 + I , yact =

m̃2
Hu

[0]

m̃2
Q[0] + m̃2

U [0]
, (2.13)

while the ratio is given by

ρ =
yreq

yact
. (2.14)

It is easy to see from figure 1 that log ρ ' 0 can be naturally satisfied for moderate values

of αλ and a wide range in M∗.

2.3 Reducing gaugino mass fine-tuning via conformal sequestering

In the previous section 2 the suppressed gaugino masses and A-terms have been assumed

in order to generate FP SUSY. Here, we present a possible origin of this suppression. To

this end we follow previous studies of conformal sequestering in terms of the effective field

theory below the messenger scale Mm [122–127]. In this setup, the visible and hidden

sectors are coupled through irrelevant operators in the Kähler potential. We summarize

here the main idea and refer the interested reader for many more details to ref. [124].

– 6 –
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Figure 1. In this figure, we take α−1
em = 127.931993, αs = 0.1720, mZ = 91.1876, top quark pole

mass mt = 172.9, and tanβ = 10. Meanwhile, the high scale input includes n5 = 1. In addition,

we point out that for arbitrary n5 < 5, the focus point SUSY is generic.

In gauge mediation the gaugino and scalar masses are generated after integrating out

the messenger multiplets at respectively one- and two-loop level. The effective interactions

for the gauge and matter multiplets in the MSSM with a singlet in the hidden sector X are

Leff =

[∫
d2θ

3∑

a=1

1

2
caλ

X

Mm
WaαWa

α + h.c.

]
−
∫
d4θ

∑

f̃

cf̃
m2

X†X
M2
m

f̃ †f̃ . (2.15)

Here, Waα (with a = 1, 2, 3) are the field strength superfields for the SM gauge sector and

f̃ ∈ {q, u, d, l, e,Hu, Hd}. The coefficients caλ appear at one loop and cf̃
m2 at two loop. The

precise definitions of these coefficients are given in ref. [128].

When the hidden sector enters the conformal regime at some scale M∗,1 the two terms

in eq. (2.15) receive large corrections from wave function renormalization. The effective

Lagrangian is then given at some renormalization scale µR (with µR < Mm) by

Leff =

[∫
d2θ

3∑

a=1

1

2
cgZ

−1/2
X

X

Mm
WaαWa

α + h.c.

]
−
∫
d4θ

∑

f̃

cf̃
m2Z

−1
X Z|X|2

X†X
M2
m

f̃ †f̃ . (2.16)

From this equation it can be seen that the wave function renormalization constants Z
−1/2
X

and Z|X|2 can be used to suppress either the scalar or the gaugino soft masses. At the

1Noting we use M∗ denotes the conformal scale to avoid confusion with the parameter Λ in GMSB,

which corresponds to Λ∗ in ref. [124].
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conformal scale M∗ the renormalization constants are given by

ZX [0] =

(
Mm

M∗

)3R(X)−2

, Z|X|2 [0] =

(
M∗
Mm

)γ
. (2.17)

Here, [0] indicates the quantities which are evaluated at the conformal scale. In the Higgs

sector, the µ term, Bµ and AHd
cannot be generated at the messenger scale because the

messenger couple only to Hu. Thus, the effective Lagrangian at conformal scale is given by

Leff = −
[∫

d4θcAuZ
−1/2
X

X

Mm
HuH

†
u

]
−
∫
d4θZ−1

X Z|X|2
X†X
M2
m

(
HuH

†
u +HdH

†
d

)
. (2.18)

Using eqs. (2.16) to (2.18), the soft SUSY spectra at the conformal scale M∗ can be related

to those at messenger scale Mm via

Mi[0] = Z
−1/2
X Mi[tm] , At[0] = Z

−1/2
X At[tm] , m2

f [0] = Z−1
X Z|X|2m

2
f̃
[tm] , (2.19)

with tm = 2 log( M∗
Mm

). For γ > 0 and R(X) > 3/2 the conventional conformal sequestering

is achieved and one finds m2
f̃
≈ 0. However, it has been shown in ref. [129] that this type

of conformal sequestering is severely constrained by stringent bounds on γ from internal

consistency of the hidden sector superconformal field theory (SCFT). For dim(X) ' 1

self-consistent condition requires γ = dim(XX†)− 2dim(X) < 0. This forbids the positive

anomalous dimensions and as consequence the sfermion and Higgs masses are enhanced

compared to the gaugino masses.

We make use of this suppression of the gaugino masses and A-terms relative to the

sfermion and Higgs masses in the case of γ < 0. For this purpose we parametrize

Z
−1/2
X = η , Z|X|2 =

1

ε2
, Λa =

η

ε
Λ . (2.20)

Using these definitions we can relate Λ and Mm to Λa and M∗ via

Λ

Mm
=

(
εΛa
ηM∗

)2

. (2.21)

We finally end up with the following boundary conditions for the soft masses in our GMSB

version of the MSSM

m̃2
Hd

[0] = m̃2
L[0] ,

m̃2
Hu

[0] = n5
3

10

(
a1[0]2 + 5a2[0]2

)
Λ2
af

(
η2Λ2

ε2M2∗

)
+

(
−3

5
a1[0]− 3a2[0]

)
Λ2
an5αλ

+ Λ2
a

(
n2

5 + 3n5

)
α2
λ ,

m̃2
Q[0] = n5

1

30

(
a1[0]2 + 45a2[0]2 + 80a3[0]2

)
Λ2
af

(
η2Λ2

a

ε2M2∗

)
− n5Yt[0]αλΛ2

a ,

m̃2
U [0] = n5

8

15

(
a1[0]2 + 5a3[0]2

)
Λ2
af

(
η2Λ2

a

ε2M2∗

)
− 2n5Yt[0]αλΛ2

a ,

m̃2
D[0] = n5

2

15

(
a1[0]2 + 20a3[0]2

)
Λ2
af

(
η2Λ2

a

ε2M2∗

)
,
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m̃2
L[0] = n5

3

10

(
a1[0]2 + 5a2[0]2

)
Λ2
af

(
η2Λ2

a

ε2M2∗

)
,

m̃2
E [0] = n5

6

5
a1[0]2Λ2

af

(
η2Λ2

a

ε2M2∗

)
,

At[0] = εαλ[0]Λa ,

Mi[0] = εai[0]Λag

(
η2Λ2

a

ε2M2∗

)
. (2.22)

To sum up, the free parameters of this model are {η, ε, n5, Λa, λu, M∗, tanβ, sign(µ)}.
Since η only enters in the loop function f(x) and g(x) one can impose η = ε for simplicity

to remove one degree of freedom, one found that in this case the gaugino masses are always

suppressed relative to the scalar masses. In total, there are six free parameters and one

sign in this model

{ε, n5, Λa, λu, M∗, tanβ, sign(µ)} . (2.23)

Without leading to confusion, the parameter Λa could is identified with Λ after imposing

η = ε, and

MmΛ = M2
∗ (2.24)

Above equation is valid for any scale of Mm and Λ. It is interesting to discuss the ranges of

Mm, Λ and M∗. First note that mh is most relative to Λ scale, 125 GeV Higgs requires Λ

fall into the range 104 < Λ < 106 GeV. Meanwhile, to safely ignore the gravity mediation

effect, one natural choice for upper bound of messenger scale is Mm < 1016 GeV. one thus

obtain the range of M∗ from eq. (2.24) as 106 < M∗ < 1011 GeV. These parameter range

for Λ and M∗ are applied to our numerical calculation in next section.

For now, we only consider the scenario of η = ε. We could also consider the effect of

η when it is not removed. Through the parameter transformation (2.20). We found η only

appears in the loop function fGMSB and gGMSB, where

fGMSB =
(1− x)

(
−2Li2

(
x
x−1

)
+ 1

2Li2

(
2x
x−1

)
+ log(1− x)

)

x2

+
(x+ 1)

(
−2Li2

(
x
x+1

)
+ 1

2Li2

(
2x
x+1

)
+ log(x+ 1)

)

x2

gGMSB =
(1− x) log(1− x)

x2
+

(x+ 1) log(x+ 1)

x2
(2.25)

and x is now defined to be
(
εΛa
ηM∗

)2
rather than Λ

Mm
. The dependence on x for fGMSB and

gGMSB are plotted in figure 2.

We found that only the ratio ε/η is relevant for given Λa and M∗. Since they appear

simultaneously. There are three possibilities to study:

1. ε = η. That is the main concern of the paper.
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Figure 2. f and g respectively.

2. ε > η. Given certain Λa and M∗, the gaugino becomes heavier than that of ε = η

and sfermion becomes lighter. These effects are inverse to the scenario of conformal

sequestering that we adapt. Then the analysis of focus point might be invalid. Here

we ignore this choice of parameters.

3. ε < η. In addition to Λa < M∗, this choice make f(x) and g(x) degenerate to identity.

Thus it has no difference from that of ε = η.

That is why we take ε = η to study. This particular choice of parameter is in fact universal

and physical for the soft term determination.

3 Naturalness and phenomenology

We present in this section our numerical results for the fine tuning in this model and

comment on some phenomenological features. For this purpose, we have implemented this

model in the Mathematica package SARAH [130–134]. SARAH has been used to create a

SPheno [135, 136] version for the MSSM with the new boundary conditions for the soft-

terms at the messenger scale. The SARAH generated SPheno version calculates the mass

spectrum with the same precision as SPheno 3.2.4 but includes also routines to calculate

the fine tuning according to eq. (1.4). In our case the free parameters which influence

the fine tuning are slightly different compared to ref. [113] since we have suppressed all

one-loop contributions to the soft-masses at the messenger scale to have a sufficiently large

m2
Hu

. Thus, we calculate the fine tuning with respect to

a ∈ {Λ, λu, µ, g3, yt} . (3.1)

The null results from SUSY searches at the LHC put severe limits on the allowed masses

of the gluino and of the squarks of the first two generations [137, 138]. These limits

can roughly be summarized to: (i) mg̃ & 1.5 TeV (for mg̃ ' mq̃), (ii) mg̃ & 1 TeV (for

mg̃ � mq̃). In our case the gluino is always much lighter than the squarks because of the

suppression from conformal sequestering. Thus, we impose the constraint mg̃ & 1 TeV in

addition to 123 < mh < 129 GeV.
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To check the overall fine tuning in our model we have performed a random scan of

2× 105 points in the following parameter ranges

104GeV < Λa < 106GeV ,

106GeV < M∗< 1011GeV ,

0 < λu < 1 ,

0.1 < ε < 1 . (3.2)

The other parameters have been fixed to tanβ = 10, n5 = 1, n10 = 0 and sign(µ) = 1. The

parameter scans have been performed with SSP [139]. The point with the best fine tuning

satisfying the constraints on the SUSY and Higgs masses has a fine tuning of ∆ = 3117,

see for more details table 2. Thus, even if we keep the mixing in the stop very small

and need very heavy stops to obtain the correct Higgs, a fine tuning of about 3000 is

still very good compared the CMSSM expectations with A0 = 0. Because the electroweak

gauge symmetry will not be broken at the weak scale if supersymmetry is not broken, the

relevent parameters for fine-tuning measures are µ and Λa. Also, the Yukawa couplings

can be calculated in the concrete model building, for example, string models. Thus, we can

just consider µ and Λa for fine-tuning study, and the corresponding fine tuning is reduced

to ∆ ∼ 1000. A benchmark point is given in table 3.

In figure 5, we show the fine tuning in the (λu,Λa) plane for two different combinations

of ε and M∗: (ε = 0.4, M∗ = 8.5×108 GeV) and (ε = 0.2, M∗ = 5×1010 GeV). The behavior

of the fine tuning can be summarized as follows

1. In the (λu,Λa) space: for a given value of M∗ and ε, increasing Λa and λu increases the

overall fine tuning. The reason is that large Λa and λu increase δm2
Hu

, see eqs. (1.3)

and (2.4).

2. Small values of Λa and λu: ∆ is usually dominated by µ. Since in these regions the

RGE effects are most important, the contribution to the fine tuning of λu, which

only affects the boundary conditions, is negligible. The important parameters are Λa
which sets the range of the RGE running and, even more important, the absolute

value of µ.

3. moderate Λa and λu: the contribution from µ and Λa are almost comparable.

4. large λu: if λu becomes large it is always the biggest contributor to fine tuning mea-

sure independent of the value of Λa. This seems to contradict the requirement of

FP SUSY, for which special λu gives rise to the focusing behavior thus reducing the

fine tuning. However, small changes in λu lead to sizable changes in the Higgs soft

parameter at the threshold scale. The problem would improve if λu has a fixed point

for a given M∗. In that case the fine tuning induced by λu would be completely neg-

ligible. We leave this topic for future investigation and accept here the fine tuning

with respect to λu. Once we eliminate the couplings yt, g3 and λu from the funda-

mental parameters, the corresponding fine-tuning will become 1000, which falls into

the regime of natural SUSY.
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Λa (GeV), M∗ (GeV), λu, ε ∆FT At/MS mg̃ (GeV) mt̃1
(GeV) mτ̃1 (GeV) mχ̃0

1
(GeV)

8× 105, 8.5× 108, 0.57, 0.39 3117 −0.28 2333 4299 1573 436

Table 2. The point with minimal fine tuning in our random scans. The parameter ranges have

been chosen according to eq. (3.2).

Λa (GeV), M∗ (GeV), λu, ε ∆FT At/MS mg̃ (GeV) mt̃1
(GeV) mτ̃1 (GeV) mχ̃0

1
(GeV)

8.7×105, 9.5×109, 0.71, 0.27 1127 −0.28 1831 3496 1692 327

Table 3. Similar to table 2, but here we only consider the µ and Λa for tuning measure.

5. For a given value of M∗ and ε, {Λ, µ, yt, g3} both have similar behavior, i.e.,

more sensitive to the variation of Λ then λu, increasing Λ increases the overall fine

tuning. While the fine tuning for λu, on the opposite, more sensitive to itself. The

combination of these two different behavior generally has a balance point in the

parameter space which corresponds the minimum of the overall fine tuning. That

is the most important reason for the overall fine tuning has different minimum for

two parameter benchmarks, which could be seen in figure 3 and figure 4. That

explains the different behaviors in different benchmark points of the model. While,

in figure 1, the focus point supersymmetry is proven to be universal, which seems to

contradict with the behaviors in figure 3. Indeed, It is not true. In figure 1, the focus

point is determined in the one-loop and semi-analytic analysis of renormalization

group equations without considering threshold effects. That means the tiny difference

might come from the fact that, SPheno considered threshold effects and solved the

two-loop renormalization group equations numerically. In addition to the numerical

precision, we think, the biggest difference is that focus point supersymmetry only

considered the fine-tuning induced by µ term which was clearly different from the

equation (3.1). Then, the combination effects from equation (3.1) makes the fine-

tuning slightly different

We shall finish some comments on the phenomenological aspects of the focus point in the

presented model. For this purpose, we show in the figures 6–8 the contours of relevant

SUSY masses in the (λu,Λa) plane for the same combinations of ε and M∗ as in figure 5.

As it can be seen in figure 7, the gluino for ε = 0.2 is well below 2 TeV and then within the

reach of the next run of the LHC experiments. The stop is always in the multi TeV range

and therefore out of reach. Hence, this model leads naturally to a split SUSY behavior

which is widely discussed in literatures, see e.g. [140, 140–144]. In addition, we show the

ratio At/MS which is always small in the entire range.

In figure 8, we consider which parameters are interesting with respect to the dark

matter properties of this model: the mass of the lightest neutralinos mχ̃0
1
, the mass ratio

between stau and neutralino mτ̃1/mχ̃0
1

and the mass ratio of the Gravitino and neutralino

log10

(
mG̃/mχ̃0

1

)
. Here, we take again the same parameter space as in figure 5. It is
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Figure 3. Fine tuning for each parameter in the (λu,Λa) plane for ε = 0.4, M∗ = 8.5× 108 GeV.

Figure from left to right and from top to bottom are ∆FT (µ), ∆FT (λu), ∆FT (Λ), ∆FT (yt) and

∆FT (g3), respectively. The other parameters are fixed to tanβ = 10, n5 = 1, n10 = 0 and

sign(µ) = 1.
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Figure 4. Similar to figure 3, but for ε = 0.2, M∗ = 5× 1010 GeV.
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Figure 5. Fine tuning in the (λu,Λa) plane for ε = 0.4, M∗ = 8.5 × 108 GeV (left-panel) and

ε = 0.2, M∗ = 5 × 1010 GeV. The other parameters are fixed to tanβ = 10, n5 = 1, n10 = 0 and

sign(µ) = 1.

well known that the gravitino is usually the lightest supersymmetric particle (LSP) in

conventional GMSB model with a mass of

m3/2 =
F√

3MPl

, (3.3)

with F = M2
∗ . Here, MPl = 2.4 × 1018 GeV is the reduced Planck mass. One of the most

intriguing feature is that at high M∗ scale, the LSP in mass spectrum will naturally become

the neutralino which is the promising dark matter candidate which does not suffer from

the cosmological gravitino problem [145–151]. To demonstrate this feature, we show the

mass ratio of the gravitino and neutralino. It can be seen clearly that the neutralino is the

LSP in the entire parameter region for M∗ ∼ 5× 1010 GeV. The mass of the neutralino is

of the order of a few hundred GeV, i.e., of the typical range of WIMP (weakly interacting

massive particle) candidate for dark matter.

We have only touched here the interesting phenomenological aspects of the model but

concentrated on the fine tuning properties. A detailed discussion of the mass spectrum

and the dark matter properties of a neutralino LSP will be given elsewhere.

The phenomenology of this model is different from conventional GMSB, since the

NLSP (LSP)is neutralino rather than stau in most of the parameter space, which could be

seen in figure 9. In the colored sector, the stops are several TeV to satisfy mh = 125 GeV.

Therefore all the squarks and sleptons escape the current limits of LHC. In figure 9, the

spectrum of the model at best point is given, which implies H0, A0 and H± are quite heavy

so that the Higgs sector is within the decoupling limit and the lightest Higgs properties are

those of the Standard Model. In figure 10, the spectra at high conformal scale are given.

Here neutralino becomes the LSP, which plays a crucial role in DM research.
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Figure 6. Gluino mass mg̃ (top-left), stop mass mt̃1
(top-right), and stop mixing At/MS (bootom)

in the (λu,Λa) plane for M∗ = 8.5 × 108 GeV, and ε = 0.4. The other parameters are fixed to

tanβ = 10, n5 = 1, n10 = 0 and sign(µ) = 1.

4 Conclusion

The discovery of the Higgs boson with a mass of mh ' 125 GeV raises a challenge for

naturalness in the MSSM. In order to alleviate the fine tuning induced by several TeV

stops, we have introduced a model for focus point SUSY in the context of gauge mediation.

In contrast to previous attempts to combine gauge mediation and focus point SUSY our

model is very simple but keeps the fine tuning under control.

Through the combination of Yukawa mediation and conformal sequestering, we found

a calculable model of gauge mediation, which automatically satisfies the minimal flavor

violation (MFV). In addition, the A-terms in this model are small for the price of heavy

stops. However, this also evades possible issues with color and charge breaking minima.

Although the suppression of the A-terms, the corresponding fine tuning in this model
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Figure 7. Similar to figure 6, but for M∗ = 5× 1010 GeV, ε = 0.2.

is signficantly smaller than in minimal GMSB. To demonstrate this we performed a full

fledged numerical calculation of the fine tuning in this model using the combination of the

public tools SARAH and SPheno.

In this paper, we concentrated on a moderate value for the conformal scale, i.e., M∗ <
1010 GeV. There are numerous avenues for exploring models with high conformal scale.

In particular, when M∗ > 1010 GeV, the LSP is no longer the Gravitino but the lightest

neutralino. Hence, we would have a standard WIMP candidate for dark matter as well.
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A Conventions and one-loop RGEs

Our convention is the same as that in refs. [152, 153]. We define

t = 2 log

(
M∗
Q

)
, (A.1)

where M∗ is the conformal scale scale at which the hidden sector renormalization decou-

ples. To simplify the analytical calculation, we only consider the third generation Yukawa
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couplings and use the notation

ai ≡
g2
i

16π2
, (i = 1, 2, 3), (A.2)

Yk ≡
(yk33)2

16π2
, (k = t, b, τ), (A.3)

αλ ≡
λ2
u

16π2
, (A.4)

where λ is the marginal coupling between Hu and messengers. The corresponding one-loop

RGEs for the MSSM are

dai
dt

= −bia2
i ,

dYt
dt

= Yτ

(
16

3
a3 + 3a2 +

13

15
a1 − 6Yt − Yb

)
,

dYb
dt

= Yb

(
16

3
a3 + 3a2 +

7

15
a1 − Yt − 6Yb − Yτ

)
,

dYτ
dt

= Yτ

(
3a2 +

9

5
a1 − 3Yb − 4Yτ

)
. (A.5)

with

(b1, b2, b3) = (33/5, 1, −3) (A.6)

The β-functions for the soft terms are given at one-loop by

dMi

dt
= −biaiMi.

dAt
dt

= −
(

16

3
a3M3 + 3a2M2 +

13

15
a1M1 + 6YtAt + YbAb

)
,

dAb
dt

= −
(

16

3
a3M3 + 3a2M2 +

7

15
a1M1 + 6YbAb + YtAt + YτAτ

)
,

dAτ
dt

= −
(

3a2M2 +
9

5
a1M1 + 3YbAb + 4YτAτ

)
,

dB

dt
= −

(
3a2M2 +

3

5
a1M1 + 3YtAt + 3YbAb + YτAτ

)
.

dm̃2
Q

dt
=

(
16

3
a3M

2
3 + 3a2M

2
2 +

1

15
a1M

2
1

)
− Yt(m̃2

Q + m̃2
U +m2

Hu
+A2

t )

− Yb(m̃2
Q + m̃2

D +m2
Hd

+A2
b),

dm̃2
U

dt
=

(
16

3
a3M

2
3 +

16

15
a1M

2
1

)
− 2Yt(m̃

2
Q + m̃2

U +m2
Hu

+A2
t ),

dm̃2
D

dt
=

(
16

3
a3M

2
3 +

4

15
a1M

2
1

)
− 2Yb(m̃

2
Q + m̃2

D +m2
Hd

+A2
b),

dm̃2
L

dt
= 3

(
a2M

2
2 +

1

5
a1M

2
1

)
− Yτ (m̃2

L + m̃2
E +m2

Hd
+A2

τ ),
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dm̃2
E

dt
=

(
12

5
a1M

2
1

)
− 2Yτ (m̃2

L + m̃2
E +m2

Hd
+A2

τ ),

dµ2

dt
= µ2

[
3

(
a2 +

1

5
a1

)
− (3Yt + 3Yb + Yτ )

]
, (A.7)

dm2
Hd

dt
= 3

(
a2M

2
2 +

1

5
a1M

2
1

)
− 3Yb(m̃

2
Q + m̃2

D +m2
Hd

+A2
b)

− Yτ (m̃2
L + m̃2

E +m2
Hd

+A2
τ ),

dm2
Hu

dt
= 3

(
a2M

2
2 +

1

5
a1M

2
1

)
− 3Yt(m̃

2
Q + m̃2

U +m2
Hu

+A2
t ),

B General derivation of focus point formula

In this appendix, we reproduce the well-known formula for focus point SUSY proposed in

refs. [27, 29, 76] in the context of our conventions of section A. In the region of small tanβ,

the RGEs can be solved analytically [154]

ai[t] =
ai[0]

1 + ai[0]bit
, (B.1)

Yt[t] =
Yt[0]E[t]

1 + 6Yt[0]F[t]
, (B.2)

where

E[t] =
∏

i

(1 + biai[0]t)ci/bi , (B.3)

ci =

(
13

15
, 3,

16

3

)
, (B.4)

F [t] =

∫ t

0
E[t′]dt′. (B.5)

Therefore, we have

I = exp

(
−6

∫ t

0
Yt[t
′]dt′

)

= exp

(
−6

∫ t

0

Yt[0]E[t′]
1 + 6Yt[0]F [t′]

dt′
)

=
1

1 + 6Yt[0]F [t]

= 1− 6Yt[t]F [t]

E[t]
(B.6)

The formula eq. (B.6) plays a crucial role in determining whether or not focus point super-

symmetry is available in a given model. Note, compared to ref. [29] there is an opposite

sign. The reason is the different definition of running parameter in eq. (A.1).
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