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1 Introduction

The pure spinor formalism of the superstring was constructed more than a decade ago [1].
The idea is to add a constrained ghost, which satisfies the pure spinor condition. The
string sigma model is constructed in a way that it is conformal invariant. Berkovits noted
that the conformal invariance of the model was not enough to get the superstring physical
spectrum and invented a nilpotent charge with the help of a pure spinor variable. It turns
out that the cohomology of this nilpotent charge gives the physical superstring spectrum
and nothing else [2]. Unlike RNS, the pure spinor formalism does not need to make a
projection to get the physical spectrum and space-time supersymmetry is manifest. In
fact, not only massless sates are described in terms of superfields, massive states can
also be described in this language [3]. Many applications of the formalism, like computing
manifestly supersymmetric scattering amplitudes, were developed later (see the review [4]).

Despite the success in reproducing known results in other formalisms and obtaining
new results, the pure spinor formalism is not understood completely. Perhaps, the most
important lacking ingredient is a symmetry of the world-sheet action that allows quanti-
zation. In other words, it is not known what is the fixed gauge symmetry that implies
the existence of the pure spinor BRST charge. Instead of facing directly this problem, one
could continue the program and determine some features that would lead, eventually, to
solve the previous issue. One of this features is the inclusion of a b ghost. Since the string
model does not require a pair of (b,c) ghosts, the BRST ghosts of the parameterization
invariance of the string world-sheet, they have to be constructed as a functions of the string
model variables. However, the minimal pure spinor formalism of [1] is not suitable to define



a b ghost. Berkovits introduced new variables and constructed a non-minimal pure spinor
formalism [5]. The cohomology of the modified BRST charge does not change respect to
the minimal version of the pure spinor formalism [5]. The nilpotency of the b ghost was
verified in [6] and [7]. The conjugate ¢ ghost was constructed in [8]. All this was done in
flat space-time background. Recently, the construction of the b ghost in a super Maxwell
background was done in [9]. The natural question is to determine the b ghost in a generic
curved background. This is the purpose of this paper.

The idea is to determine a string world-sheet action in a heterotic curved background
that it os consistent with the pure spinor BRST symmetry. We find that the stress-energy
tensor has the form

T:T()—I—Tl, (11)

where Tj is the stress-energy tensor for the minimal variable and T} is an expression that
it is reduced to the correct limit on a flat space-time background. The expression for 7' is
determined in section 3. Once T is determined, the b ghost is obtained through the relation
Qb ="T. The result has the form

b=1bo+ f(Q). (1.2)

where bg has the same dependence on world-sheet than the ghost in flat background space-
time and f is conformal weight two which depends linearly on the scalar part of the Lorentz
connection €2,. Note that ., = iva@, where ® is the dilaton superfield. Then, in the flat
space-time background ® vanishes and the b ghost has the correct limit. Note also that
there are backgrounds where the dilaton superfield is constant, then it would be possible
that in such cases, the b ghost has the same dependence on world-sheet fields thant the b
ghost in flat space-time background.

The plan of the paper is as it follows. In section 2, the non-minimal pure spinor
formalism in flat background is reviewed. In section 3, the minimal pure spinor formalism
in the heterotic curved background is reviewed. This system was studied in [10], where
it was shown that nilpotency of the BRST charge implies that the background satisfies
the ten-dimensional supergravity equations of motion and the N = 1 super Yang-Mills
equations of motion in a curved background. Note that this background was shown to be
conformal invariant at one-loop [11] and the one-loop BRST anomaly was studied in [12].
The BRST transformations for the world-sheet fields in a curved heterotic background were
determined in [13].

The BRST transformation of the minimal and non-minimal variables are obtained in
the section 4. They are obtained as consequence of the trivial cohomology of the non-
minimal contribution to the BRST charge. This fact was noted in [5] in flat space-time
background. We generalize this fact to the heterotic curved background. In section 5, we
determine the world-sheet action of the non-minimal pure spinor string in the heterotic
curved background. Here, the stress-energy tensor receives a non-trivial contribution from
the non-minimal sector. It is important to determine the stress-energy tensor because it
will allow to find constraint equations for the b ghost. This is done in section 6. The
constraints equations come from the definition for the b ghost. It satisfies Qb = T', where



@ is the BRST charge and T is the stress-energy tensor. Finally, in section 7, we solve the
constraint equations for the b ghost and determine that the resulting construction has the
correct flat space-time background limit.

2 The non-minimal pure spinor string on a flat background

In this section we review the non-minimal pure spinor formalism [5] on a flat background.
The action is given by

S =5+ /dQZ BN + 5¥Ora, (2.1)

where Sp is the minimal action which is given by
1 _ _ _
So = / d*z 5 OX™MIX,, + pa0® + wW*ONY, (2.2)

where (X, 0%) are the coordinates of N = 1 ten-dimensional superspace, p, is the canon-
ical conjugate of %. The minimal A and the non-minimal (X, r) ghosts are constrained to
satisfy

AN = Xme = X’ymr =0, (2.3)

where ’y%ﬂ and Vap are the symmetric gamma matrices in ten dimensions.

In order to preserve these constraints, the canonical conjugate ghosts w,w and s are
defined up to the gauge transformations

~

dwa = (AYm)aA™, 0s% = (VmA)aKm, (2.4)
&% = ("N R — (7")* Ay '

The quantization of this system is performed after the inclusion of a nilpotent charge
which is identified with a BRST charge. It is given by

Q= Qo+ Q1, (2.5)

where

Qo = fdz A, Q1 = j{dz Wy, (2.6)

are the the BRST charges for the minimal and non-minimal pure spinor variables. Note
that the BRST charge is nilpotent because both Qg and ()1 are nilpotent and anticommute.

The cohomology of the minimal BRST operator, the first term in (2.5), describes
the physical superstring states. For massless states, the (unintegrated) vertex operator is
U = X\*A,(X,0). This state is in the cohomology of Qg if QU = 0 and U ~ U + QoU.
These conditions imply that U contains the photon an the photino as physical degrees of
freedom and nothing else [1]. Similarly, vertex operators for higher mass states can be
defined and cohomology conditions put the superfields on-shell. This is the case for the
first massive state where the only physical states are the massive spin-3/2 multiplet [3].
The cohomology of the non-minimal pure spinor BRST operator (2.5) is equivalent to the
cohomology of the minimal pure spinor BRST operator in (2.5) because the non-minimal



contribution has trivial cohomology [5]. Consequently, the action of the non-minimal model
is BRST equivalent to the action of the minimal model. In fact

S =5+ Q/d2z 5%ONa- (2.7)

Below, this relation will be used to determine the superstring world-sheet action on a
curved background.

3 The minimal heterotic pure spinor string on a curved background

In this section we review the construction of the action for the heterotic string in a curved
background (see the appendix for a short review of our conventions). The action can be
obtained by adding to the flat action of (2.1) the integrated vertex operator and then
covariantize respect to background invariance. The action becomes [10]
So = / 4?2 [;H“anab + %HAﬁBBBA + do (T + T WE) + \ws T Upe
(3.1)
+ waVAY + (paVpa)| + Ser,

where IT4 and o are defined from the background supevielbein Ej;# and the superfield
coordinates ZM as
4 = 0zMEy,”, T =0zMEy". (3.2)

The variable d,, is interpreted as the world-sheet generator for translations in superspace.
The world-sheet covariant derivative on the pure spinor variable is defined by

VY = OX™ 4+ \Qp%, (3.3)

where (2% = 0ZMQ mp® with € being the Lorentz connection. Note that the connection
4" = EpAQass” has the index structure

1
o = 0002 + )P0 34

where Q4 is the scalar connection and Q4 is the usual Lorentz connection. The right-
moving heterotic fermions p 4 transform in the fundamental representation of Eg x Eg or
SO(32) and its covariant derivative is defined such that

(pAVpA) = (padpa) + AT Apa,

where 7' = %K f%,p apB with KT represents the generators of the Lie algebra of Eg x Fg
or SO(32) in the fundamental representation, and Aj4 is the corresponding gauge field.
Finally, Spr is the Fradkin-Tseytlin term given by the world-sheet integral of the dilaton
superfield .

In [10] it was shown that the charge Qo in (2.6) is nilpotent and conserved if the
background is constrained to satisfy the supergravity and SYM equations of motion in ten



dimensions. Alternatively, in [13] it was found how the world-sheet fields of the action (3.1)
transform under Q¢ and it was verified that the action Sy is BRST invariant. We will
assume that the minimal variables are unaffected by the non-minimal BRST charge. Below,
we will need the BRST transformation of the connection §,° which is equal to

Qu0a® = V(N'Q0%) — VT Ry, (3.5)

where the covariant derivative was defined in (3.3) and R is the curvature superfield.
Note that the first term in this transformation is a Lorentz transformation with the field-
dependent parameter )\VQWﬁ . In [13] it was shown that this property is true for all the
world-sheet fields of the action (3.1), that is, the BRST transformation of the fields always
contains a gauge and Lorentz transformation. We will denote as @0 on the world-sheet fields
as the minimal pure spinor BRST transformation without including the Lorentz rotation.
Below we will need the action of @0 on the other world-sheet fields. These transformations
were derived in [13] and the non-vanishing variations are

QoI = 62VAY — \TI8 T2, Qowa = da, (3.6)
Qoda = NTI(V4) g + NN wsRup,’,

where we have used some local Lorentz symmetry to gauge fix the torsion component 1,37
to zero [10].

4 BRST transformations of the non-minimal variables

One could think that the Q¢ BRST transformations of the non-minimal variables are trivial.
However, all the fields in the minimal model transform, at least, with a Lorentz rotation
term. Since the non-minimal variables transform under Lorentz rotations, then we expect
a non trivial action of Q)g on the non-minimal pure spinor variables. One could argue
that the Lorentz index in the non-minimal variables just counts number of fields and it
is not a vector index. This is not the case. The b ghost in flat space is constructed from
contractions between minimal and non-minimal variables such that it is Lorentz invariant.
Using cohomology arguments, we will find the form in which @y acts on the non-minimal
variables.

The BRST charge in a curved background has the same form as in flat space, that is,

Q= Qo+ Q1, (4.1)

where both @Yy and ()1 are nilpotent. Because () is nilpotent, we obtain the )y and 4
anticommute. The action of ()1 on the non-minimal variables is

Qida = —Ta, Qi15° =01% Q0% = Q174 = 0. (4.2)

Consider the last two equations here. Acting with Q)¢ and using anticommutation with @1,
we obtain

Q1(Qow™) =0, Q1(Qora) = 0. (4.3)



Because the cohomology of Q) is trivial [5], we determine the form of Qy@w® and Qory to be
roAua = L/Jﬂ.A/Ba + Tﬁgﬁa, Qora = Baﬁrg + (,Auﬁf}‘[ga, (4.4)

where A, B, G, H depend on the minimal variables. Note that the terms involving A and B
contains Lorentz rotations, so we identify them with the field-dependent Lorentz parameter
of the minimal sector. Recall that Qg maps a A-ghost number n field to a A-ghost number
n + 1 field, so we need to add a factor of A to the above transformations. Then, we have

Qo™ = —BPAN(Q5% + Ays®) + Nr,G57, Qora = N (Q6” + Boo)rs + Mo Hpa,

(4.5)
where A, B,G and H depend on the minimal variables only. Note that H has conformal
weight —1, then it has to vanish because it is not possible to write a quantity of such
conformal weight in the minimal formalism, at least if one requires Lorentz covariance.
Let us try the possibility that both G and H vanish. Below, we will determine A and B
by requiring that Q)¢ is nilpotent. Before that, we obtain the action of )y on the other
non-minimal variable A and s. Analogous to (4.3) we have

Q1(Qora) = Qoras  Q1(Qos”) = —Qow®, (4.6)
from which we obtain
Qo}\\a = )"Y(Q'yaﬁ + B’yaﬁ)/)\\ﬂa Qos” = Sﬂ)"y(gvﬂa + A’Yﬁa)‘ (47)

Because Qg is nilpotent, .4 and B in (4.5) and (4.7) satisfy certain constraints. Applying
Qo to first equation in (4.5), we obtain

~a ]-A « [e% [e% o
Q™ = 5@ NN (Raop® + V(5 Ag)” — Ay Asp™ = Asp” Aqp), (4.8)

where we used the definition of the curvature R in terms of the connection 2 and the
Berkovits-Howe constraint )\VA‘;T,Y(;A = 0, where T is the torsion in superspace [10]. The
solution for A is

(e} 1 a (0%
Avp :—1(7 b)ﬁ yab- (4.9)

To verify that (4.9) is the solution of (4.8), we use

1
Ry55” = 3765,%“ + Z('Vab)ﬁaRvéaba
where R,5 = V(,{}s). Note that )ﬂXSRM; vanishes after using that €, is proportional to
Vo®, where @ is the dilaton superfield [10]. The last step is to use the Bianchi identity
involving R.sqp and, again, the constraint )\VA‘STM;A = 0.



We proceed similarly to determine B by demanding that Qgra vanishes. It turns out
that B = A. In summary, the action of (Jy on the non-minimal variables is given by

~ ~ 1
Qo™ = —wﬁ)\”f <975a - E(Vab)ﬁa 7ab> )

1
Qora = _)\774[5 (Q'yaﬁ - 4(7ab)aﬂTyab> 5

, (4.10)

QO}\\a = AV/)\\[)’ (Q'yo/g - 4(’7ab)aﬂTvab> )

1
Qos” = 7N (Qvﬁa - E(Vab)ﬁa mb) .

5 The non-minimal heterotic pure spinor string on a curved background

We now define a world-sheet action for the heterotic pure spinor string in a curved back-
ground. We start with the generalization of (2.7) in this case,

S =5+ Q/d22 $"Va, (5.1)

where Sy is given in (3.1). Using the above BRST transformations on the minimal and

non-minimal variables we obtain

S =5p+ /dzz @aﬁa + 5Vry,
(5.2)
L 8% ©ya( aby a fy A (L aby o v
+ 18 VAT ()5 Taas + A%s7A L <4(’v )8"V aToab — Raap >
Because the pure spinor BRST operator is nilpotent on gauge invariant operator, the
action (5.1) is BRST invariant.

Since we are interested in the construction of the b ghost, we need to know the left-
moving stress-energy tensor derived from (5.2). Under an holomorphic conformal trans-
formation, the superspace coordinate Z, the pure spinor ghosts A, X and r carry conformal
weight zero. While the conjugate pure spinor variables w,® and s carry conformal weight
one. Noether theorem determines the conserved charge due to this transformation to be

T =Ty — @V, — s*Vr,

1 o~ ~ 1 (5.3)
- ZSBAWVAO‘(Wab),BWTaab — A7, 04 <4(’Yab),87VATaab - RAa,B’Y> ;
where Tj is the stress-tensor from the action Sy which is given by
1
Ty = —§HaHa — do 1% — w, VY. (5.4)

Note that (5.3) reduces to the correct expression in the flat space limit because
Toab = 2(Vab)a" Qs — 0,  Raag” — 0.

In the next section we will use the stress tensor (5.3) to determine the b ghosts satisfying
QL=T.



6 The b ghost

The b ghost was constructed in [5] for the case in which the background is flat. It is given by

~ 1 ~ 1 = 1 = 1 -
b= =50 + —= MG — —=— Ao HP — —— N\ yrgr, KV 4 —— X\ rgr rs L2970,
(AN (AN)? (AN)3 (A4
(6.1)
where G, H, K and L have conformal weight two, A-ghost number zero and depend on the

minimal variables. They have to satisfy the relations

QG*=)\T, QHP=)\GA, QK =)\oghl —Qrehvd = egbvl — \apsoel—,
(6.2)
to satisfy Qb = T'. The expressions for them were derived in [5], we quote the result here

G =~ STy — LT + N (), (6.3)
HOP = o (d™"Pd) + 201" N") 75
got = Lofes maplom, oo _ L teg oty
where II"™ = 0X™ 4 3(0y™00) is the supersymmetric world-sheet momentum, J = —\%wq

is the A-ghost number current, and N™" = %()\’ym”w) is the generator for Lorentz trans-
formations of the pure spinor variables.

We generalize the expression (6.1) to a curved background and find the relations anal-
ogous to (6.2). We propose

~ 1 ~ 1 =~
)\arﬁHaﬂ - ()\X)g)\arﬁero‘M + ()\X)‘l )\argryr(;Laﬁ”’é,

b= —savXa + LAXQGO‘ - —

(AN) (AN)?

(6.4)

and now we compute @b and impose it is equal to (5.3). Because of the form in which @

acts on both minimal and no-minimal variables, we can organize Qb in an expansion in

powers of r. Note that the b ghost is a Lorentz scalar, so all the terms which depend on the

Lorentz connection 2 will produce a zero variation of b because they are a field-dependent
Lorentz transformation.

The term independent from 7 is

1 ~ [~ 1
T —Ty+ O\—X))\a (QOGO‘ - ZAﬁTﬁab(yab)vam - 5)\59ﬁGa> , (6.5)

where @oGa is the minimal BRST transformation without the Lorentz rotation term. It
is required that

~ 1
QuG* = ATy + T\ Taap (1), G7 + 5A QG (6.6)

In this way, (6.5) is equal to the stress-energy tensor 7. The remaining terms in @b has
to vanish and we find constraints equations for H, K, L. The order 1 in r determines an
equation for H,

~ 1
QoH? = G — ZXT (4" B + 10X702, HOP. (6.7)



The order 2 in r determines an equation for K,
QoK = NPl 4 i)\aTgab(’yab)p[QKﬁﬂp + 150905 K57 (6.8)
The order 3 in r determines an equation for L,
QoL = Nl _ i)\prab(yab)g[aLﬁw]a + 20\°Q, L5, (6.9)
Finally, the order 4 in r determines the constraint for L,
Al pfroel — g, (6.10)

Note that, after adding the Lorentz rotation term, the nilpotency of Qo on G, H, K, L is
verified. Note that the equations (6.6) to (6.10) have the correct flat space limit because
), = 0 in this case.

7 Construction of the b ghost

We look for the fields (G, H, K, L) satisfying equations (6.6) to (6.10). They have conformal
dimension two and minimal ghost number zero. Quite general, they all have the form

U = T ()™ + 1T (u2) 0™ + T (u3) ™ + 1N w0, (1)o7
+ IPID (us) gy + T17dy (u6) 77 + T1P N ws (uz) 5, + ddy (ug) (7.1)
+ dg N ws(ug), "4 + Nwy Ay (ur0) p5774,

where the u’s are super fields of the background and the index 4 is @ for G, * for H, 87
for K and ®? for L. There are possible terms involving VII4, Vd,, VA?, Vw,. We will
not need these terms, so we do not include them. Note that all the terms involving w must
be invariant under the gauge transformation dw, = (Ay*)aAs. It constrains the Lorentz
index structure of these terms above.

We need to know the action of Qg on G, H, K, L to solve the equations (6.6) to (6.10).
Then, we compute @0 on the general world-sheet field U4. Using (3.6) we obtain

QoU? = NTITI® (—2T,5(u1) ™ + Vi (un)ap™ + (Ya) gy (u3)s??) (7.2)
+ AT (—2T7,3b(U1)ba“ + Top”(u2)oy™ = V(ua)ay™ — (7a)66(u6)~/614)
+ NI (=T 5% (u2)as™ + Vi (us)rs™) + VAT (u2) 5
VLTI (T ()™ = Fus)a™ + ()™ + 207 35 (0s))
+ NI (T% (uz)a ™ — Vg(ue)s ™ + (ur)ss??)
+ NN TI? (Rpgyé(%)apA - Taﬁb(u4>bvm + VB(UZL)MM + (’Ya)/o’p(u9)“/6pA)
XN (=T (ua)ar™ = Ry (ug),™ = Va(ur) )
+ 2V (us) gy A 4 VAP A, (1) 572 + VNP N ws (ur) 5,04
+ A d,ds (Vﬁ(us)wm - (Ug)ﬁMA)
+ XN wsd, (2R (u5) P4 = Vg(ug), 4 + 2(u10) 3

T NN wsMw, (vﬂ(uw)w“‘”“ +R.5,° (ug),f”A> ,



where T is the torsion, R is the curvature, both in superspace. Now we solve the equations
to obtain the b ghost. We well call the u’s superfields in (7.1) g for G, h for H, k for K
and [ for L.

We now solve the equation for G (6.6). The expression for QoG* can be read
from (7.2) and it has to equal to the right hand side of (6.6). The r.h.s. of (6.6) does
not contain a term involving VA’II7, then, (g5)s,% = 0. The term with VA’II? in (6.6)
implies that (g2),3% = 0. The term with VA®d, in (6.6) implies that (gs)g”* = 0.

Consider the term involving A’TIII7 in the equation (6.6). It determines

7 5(91)8a™ = 0. (7.3)

If we multiply this equation by 757, we obtain that (g1)c* = 0.
Consider now the term involving A’TIII? in the equation (6.6). Because g; is zero, the
r.h.s. vanishes and we have

(V(a)B7(93)1)"" = —1ab3, (7.4)
which implies

1
(93)a"* = —575‘”- (7.5)

Consider the term involving A?d,I1% in (6.6). It leads to the equation

1

(6% « 3 (0% 1 (6% (0% C
(99)a8™ + 2010)33(08)7 = 570" — 5 () s PV + 1)y (76)

To solve this equation we note that g4 contains a 0-form and a 2-form when it is expanded
in g7, and gg is antisymmetric in %Y, That is,

a ey c - « g a\abe
(94)a8”® = 038 + (") 8" G ber  (98)77% = vapa (k). (7.7)
Plugging (7.7) into (7.6) we obtain

3 + (") 87 (G2 )be + 6(k)abe) + 2(Yabea)s” (k)"

3 Yo 1 P\ Y 1 Yo, bey p (78)
= 5% - 5(%1))5 (7")"Q, + Z’Yabcw )87
Multiplying by 55 we determine the 0-form of g4,
Yo 3 af
(Ja) = 57" s (7.9)
Multiplying by (v2¢/9).” we obtain that gs vanishes. Finally, multiplying by (v%).,” we
obtain .
(Ja Jbe = —Z(’Ya%c)aﬁﬁﬂ (7.10)

In summary, the solution of (7.6) is

« 3 « 1 C « (6%
(94)a8™ = 50378° % — (7787 (Yabe) s, (98)* = 0. (7.11)

,10,



Because gg vanishes, it seems that g9 and gi9 also vanish in order to simplify the
equations from (6.6). In this case, it remains to determine g7. It is obtained from the
equation involving \?d~yII°. In fact

1
(97)s™" = =0505 + 57557a" (7.12)

Note that g7 satisfies
(v, P(g7)s5™* = 0, (7.13)

as it is required from the gauge symmetry for w in the minimal pure spinor string. Note
that the term involving VA?A\ws in (6.6) is satisfied because (VAy*)) = 0.

It remains to verify that the terms involving M XNVwsIT® and M\ wsITP. Instead of
plugging the values of the g superfields that we have determined. We will show that these
equations are implied by the others. Consider the first term. It implies the equation

NN (Vﬁ(94)a56a + Ta"(94)5, " + Rpﬂv6(g3)apa) (7.14)

1 a
=N\ <4T,8bc(7bc)pa(g4)a75p + 596(94)0’76 > :

We will show that this equation is implied by the term involving /\BdWH“ which states that

1

(94)a76a = v7(93)a5a + T’yab(g3)b6a - 1 'ybc(’ybc)pa(QS)aép - 597(93)(15(1- (715)

We act with Vg on this equation and symmetrize in (87) to obtain

(0% 1 C « o
V(5(94)am’® + Tiga’ (94)1y) ** — ZT(ﬁbc('Yb )™ (94)an) ™ — 525(94)ar)’ (7.16)

= {V5,V,}gs)a" + (V(BTv)ab - Ta(ﬁcTw)cb> (93)s°* — 5V (52, (93)a"
1

1 e bcy
- Z <(’7bc)pav(ﬁTw)bc - Z(’Vd be )P T(BbcT'y)de> (93)a6p'

where the symmetrization is on (8v) only. Note that we will multiply this expression by
M\ to obtain (7.14). Then, the last term in the second line will vanish because €, is
proportional to V,®, where ® is the dilation superfield. Recall that the anticommutator
in the second line is related to the curvature. In fact, the graded commutator for covariant
derivatives on g3 is

VA, V5](93)a’" = —TaVe(93)a" + (93)a”* RBas’ + (93)a’" Reae™ — Rpaa’(93)"".
(7.17)
Using this equation in (7.16) and the Bianchi identity involving the curvature Rg.,” we

obtain
(63 1 C (e} (e} (6}
Vi5(91)ar)’® + Tipa’ (94)1) " — ZT(ﬂbc(’Vb )p™(94)ar)’? = 525(94)ay)’® — R’ (93)a”
(7.18)
1 1
= _Z ((’ybc)pav(ﬁTv)bc - Z(Vde/ybc)paT(BbcTw)de - ('ybc)paR,B’ybc> (93)a6p
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up to terms proportional to 7?37 which will be zero after hitting with A*X7. In the Lh.s.
here is equal to the Lh.s. of (7.14), after multiplying with A®\7, if we use the Bianchi
identity R(ﬂvp)é = 0. The r.h.s. here is because the Bianchi identity for Rg,.. Therefore,
we have proved that equation (7.14) is implied by the one of the other equations. A similar
calculation determines that the term involving M A\wsTI” in (6.6) is satisfied.

In summary, we determine G“ to be

1 1 1 3 1
G* = =gy — LTI + gN‘“’(%b)ﬂéﬂﬂﬁ — §JH%3595 - §N“bﬂc(%%b)a595,
(7.19)
where J = —\%w, and N% = %(A’y“bw). Note that this expression has the correct flat

space limit. In this case
In* — 06%, Q, —0. (7.20)

Consider now the equation for H*? (6.7). Note that the r.h.s. here does not contain
terms with derivatives of A7, therefore ho = hs = hg = hy = 0. Consider the term with
MATICTIC, it implies that h; = 0. Consider now the term with ANTI®TI® that implies

(Ya)rs(h3)p) ™ = 0. (7.21)

Multiplying by n% we obtain
’Y%(h?))aéaﬁ = 0.

And multiplying (7.21) by (7%)?7 and we use the above restriction on hz we obtain the it
vanishes.
The term with AVdsII* determines hy and hg. In fact, the corresponding term gives

the equation

« « 1 (0%
()™ + 2(Ya)p (he)?* = = S0, (7.22)

Note that the four form in the expansion of A4 in 7‘5 vanishes and that hg is antisymmetric
in #. Then,

o ey c o o 0 (. aff\bc
(h4)a’y§ A= di(xaﬁ) + (’Yb )’76(xa5)b07 (hS)p6 A= ’Ylfcd(y B)b d~

Plugging these expressions into (7.22) and multiplying by 67, then by (y*¢f9)59 and finally
by (79€)s” we determine h4 and hg. They are

1
(h4)a76aﬁ - T3z

C @ « 1 aoc\o
5 (P Ve (he)7 = o (7). (7.23)

abe? 192 abc

Consider the equation determined by the term with \?dsd, in (6.7). It determines the
part of hg antisymmetric in #9 to be

1

(hg),y[l’és]aﬁ — Tﬁ(,Yabc)ozﬁ(,dec)pts(,yd,ya)’yagg. (7.24)

Note that the remaining equations in (6.7) are satisfied if h1g = 0. As in the case for G¢,
the equations from (6.7) with curvature are implied by the equations without curvature
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and the use of Bianchi identities and the pure spinor condition. It remains to determine
the symmetric part in #° of hg. It turns out that it can be expanded as

(hg)’y(pé)aﬁ = <H%/abcd(7d)p6 + H’?abcdefgh(,ydefgh)p(S) (,yabC)aB. (725)

The condition (y7*),%(hg),”°*# = 0 determines the equation,

1
(’Yd’yijk’l)é’yH’iabcd + (’Ydefghfﬁjkl)(SWH'?abcdefgh + E(’dec%jkﬁd%)MQw =0. (726)

Note that this equation has to be completely antisymmetric in *°¢ because we factor out

abc)

the matrix (v aB  Because of this, we try the solution

H’iabcd = (A(’Yabc’Yd)’YJ + B(’Vd'}/abc)’ya) Qa’a (727)
H’?abcd = (C(f)/abc’}’defgh)'yg + D(’Ydefgh’)/abc)'ya) QO"

The constants A, B, C, D can be determined when we plug this solution into (7.26).
Up to these constants, H*? is given by

1 a 1 a o
H = gnaNb07a£ T 1972(d’7abcd)7abﬁc + dy Ny (ho )57, (7.28)

where hg is given above, up to some undetermined constants, and depends on €2,. There-
fore, the flat limit of (7.28) gives the expected result because hg — 0.

We proceed similarly to determine K and L. The calculation becomes more involving.
We just can state that K has the form

KQB'Y = Kgéﬁ’y + Azswp)\ow'r(klO)éa'pTaﬁ’y) (729)

where K is the value of K in the flat space limit and k19 depends linearly on €2, so it
becomes zero in the flat space limit. Finally, the tensor L is equal to the corresponding
tensor in flat space-time background.

A Review on pure spinor superspace

We review the results from [10]. The string action (3.1) is based on the superspace co-
ordinate ZM, where M is a target space super index and runs over ten bosonic indices
and sixteen fermionic indices. We define the world-sheet fields 114 and II** as in (3.2) by
introducing the supervielbein Ejy;4, where A is a local superspace index. We also need a
super connection Qur4? to write super covariant derivatives. Out of E wd and QAP we
define the super one-forms

EA =dZMEy?, Qa8 = dzM Q5. (A1)

We can define now a covariant derivative in superspace which transform homogeneously
under local Lorentz rotation. For a super p-form ¥4 it is given by

V\I/BA = d\I/BA + \IJBCQCA — (—1)pQBC\IJCA. (AQ)
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In this formula the product between forms is a wedge product. Given the forms (A.1) and
the derivative (A.2) we define the super two forms torsion 74 and curvature R4 as

TA=VE", Rp® =dp? + Qp°0ct. (A.3)
They satisfy the Bianchi identities
vi4 =T8Rp", VRpA=0. (A.4)

We use these identities in the torsion and curvature components,

1 1
T = 5EBECTCBA, Rt = 2ECEDRDCBA. (A.5)

In terms of the torsion and curvature components, the Bianchi identities (A.4) become
ViuTpel” + Tias"Tee)” — Rape)” =0, ViaRpop” + Tias" Rrepp” =0. (A6)

In [10] and [13], the BRST invariance of the action (3.1) puts the background on-shell.
In fact, the nil potency of @Q implies A*\°T, aﬁA = 0. Berkovits and Howe showed that
Lorentz invariance and a symmetry involving the pure spinor variables and the connection
Q ( that they call shift symmetry) allow to fix the values of the torsion component as

Top® =vap,  Tup’ =0, (A.7)

where 7 are the symmetric gamma matrices in ten dimensions. In [10]. it was shown
that (A.7) plus the Bianchi identities (A.6) put the background to satisfy the background
supergravity equations of motion.
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