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1 Introduction

At the kinematic endpoint of a decay the relevant spatial momenta are zero and, in the

absence of initial state polarization, there is no preferred axis. This leads to isotropicity in

certain observables. At the formal level it implies a reduction in the number of independent

Lorentz invariants. We implement this idea for decays of the type A→ (B1B2)C(→ C1C2)1

for which the kinematic endpoint, in the A-restframe, is defined by ~qC = 0 and hence

~qB1 + ~qB2 = 0. In the discussion it is implicit that the decay products of the C-particle do

not interact significantly with the (B1B2)-pair. In the case where the (B1B2)-pair originates

from a particle, denoted by B in figure 1 (left), the helicity formalism [1] (and [2] for a

review) provides a powerful tool for the description of the kinematic endpoint [3]. The

goal of this work is to extend this idea to the case where the decay is described, in part,

by an interaction of the type Heff ∝ A†C(B1B2) as depicted in figure 1 (right). This case

is still amenable to a helicity formalism provided one introduces an unphysical timelike

polarisation direction, see section 2.

Concrete examples arise in flavor physics, where semileptonic decays of beauty and

charm mesons are described by a |∆F | = 1 effective Hamiltonian. The latter contain terms

e.g., Heff
b→s`` ∝ s̄Lγµb¯̀γµγ5`+ . . . originating from integrating out Z- and W -bosons which

cannot be interpreted as originating from a sequential decay of the type B → K∗γ∗(→ ``).

Predictions for angular observables at the endpoint are worked out for a large class of

decays in section 3; here, B → K∗`` serves as a template.

It is noteworthy that the endpoint relations have to emerge in any consistent ap-

proximation that respects Lorentz invariance. The low recoil operator product expansion

(OPE) [4] for B → K∗`` is one such example. Here, after employing the improved Isgur-

Wise relations [5, 6] the endpoint symmetries are manifest [7]. For recent applications, see

e.g., [8, 9]. We emphasise that endpoint relations are not directly related to Isgur-Wise

relations although both emerge at small or zero velocities. Endpoint relations are of purely

kinematic nature and relate helicity amplitudes of different directions. The Isgur-Wise re-

lations are based on QCD equation of motions and relate tensor and vector currents of the

same helicity direction. In the context of the aforementioned low recoil OPE they readily

serve to implement the heavy quark expansion on the level of matrix elements.

The exactness of the endpoint relations raises the question of the behaviour in the

vicinity of the endpoint-region. We investigate this question through an expansion in the

magnitude of the three-momentum κ = | ~qC | of the C-particle in the A-restframe.

The endpoint relations hold for the reconstructed decay in the endpoint configuration

where ~qC = ~qB1 + ~qB2 = 0. Being based on kinematics the relations are independent of

the production mechanism and prevail, as previously mentioned, provided the C-particle’s

decay products do not significantly interact with the (B1B2)-pair. For the B → K∗``-type

decay this is the case as interactions are of the electroweak type and therefore negligible.

For non-leptonic decays this is less evident as there can be inelasticities from rescattering

into different final states. As discussed in section 5 this results in only a subset of events

1The extension to A→ (B1B2 . . .)C(→ C1C2 . . .)-type decays is straightforward although the multi-body

angular distributions will grow in complexity.

– 1 –



J
H
E
P
0
3
(
2
0
1
4
)
0
4
2

A
B

B1

B2

C

B1

A

C

B1

B2

Figure 1. Decay A → B(→ B1B2)C with intermediate B-particle which is generically off-shell

(left). Decay A→ (B1B2)C described by a point interaction (right). The endpoint configuration is

described in the A-restframe by ~qC = 0 and implies that B1 and B2 are back-to-back. Possible decay

products of the C-particle should have sufficiently suppressed interactions with the (B1B2)-pair for

the endpoint relation to remain visible in the decay.

remaining within the endpoint configuration. Furthermore, the relations do not apply

in the case of missing momentum, e.g., a soft photon being unnoticed in the detector.

The process is then, however, a different one A → (B1B2)Cγ at the price of shifting the

maximum (B1B2)-invariant mass to lower values depending on the photons’ energy.

The paper is organised as follows: in section 2 we discuss the helicity formalism in

the effective Hamiltonian formulation. In section 3 we work out the implications of our

findings for angular decay observables for B → V ``-type decays in the generic dimension

six effective Hamiltonian. Sections 3.2 and 3.3 contain most of the phenomenological

results. We discuss B → K``-type decays as well as higher spin final states in section 4.

To what extent endpoint relations remain valid for non-leptonic decays is investigated in

section 5. In section 6 we summarise. Useful formulae for polarisation vectors are compiled

in appendix A. The discussion of the low recoil OPE for B → K(∗)`` [4] from the viewpoint

of endpoint symmetries is deferred to appendix B. Parameterisations of helicity amplitudes

and considerations on asymptotic values of the fraction of longitudinal polarization are

given in appendix C and D, respectively. Details on the tensor contributions at the endpoint

can be seen in appendix E.

2 Endpoint relations for decays induced by effective Hamiltonians

We discuss the reduction of Lorentz-invariants in terms of helicity amplitudes (HAs) at

the kinematic endpoint for A → (B1B2)C type decays. Below we show using a generic

language that such decays are amenable to a HA treatment provided one introduces a

timelike polarisation reminiscent of covariant (Gupta-Bleuler) quantization of a massive

spin 1 boson.

2.1 The decay A→ (B1B2)C in terms of generalised helicity amplitudes

The amplitude for a A→ (B1B2)C decay can be written in factorized form

A(A→ (B1B2)C) = (B1B2)µ1...µX C
µ1...µX (q2

A, q
2
B, q

2
C) . (2.1)

The symbols qr, λr, and mr, r = A,B,C denote the corresponding four momenta, helicities

and masses, respectively, where qB = qB1 +qB2 . In the notation above we have not imposed

the on shell conditions q2
r = m2

r . The crucial point in eq. (2.1) is that the momenta of qB1,2

– 2 –
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do not enter the dynamics as otherwise six invariants of a 1 → 3 decay would govern the

form factor C above. Contributions from A → (B∗ → B1B2)C, with B being potentially

off-shell, are a special and simple case of eq. (2.1). On a formal level interactions of the type

in eq. (2.1) are still amenable to a helicity-like treatment provided one introduces a fourth

(unphysical) helicity direction ω(t, qr) ∝ (qr) (t stands for timelike). Some more details

and remarks on conventions can be found in appendix A. This allows for the following

completeness relation∑
λ,λ′∈{t,±,0}

ωµ(λ)ω∗ν(λ′)Gλλ′ = gµν , Gλλ′ = diag(1,−1,−1,−1) , (2.2)

where the first entry in Gλλ′ refers to λ = λ′ = t. Relation (2.2) can be inserted X-times

to obtain a HA with X helicity indices in addition to the ones from the A and C particles.

In the notation of (2.1) the amplitude may be written in terms of (generalised) helicity

amplitude as follows,

A(A→ (B1B2)C) =HλB1
...λBX

,λC (B1B2)λB′1
...λB′

X

G
λB1

λB′1 . . . G
λBX

λB′
X ,

(B1B2)λB′1
...λB′

X

= (B1B2)µ1...µX [βµ1(λB1) . . . βµX (λBX
)] ,

HλB1
...λBX

,λC =Cαµ1...µXγ∗α(λC)
[
β∗µ1

(λB1) . . . β∗µX (λBX
)
]
, (2.3)

with JA = 0 and JC = 1 for the sake of illustration. In the first equation we have implied

the Einstein summation convention for the helicity indices. Formally eq. (2.3) may be

interpreted as a decay with X intermediate vector bosons which can take on physical as well

as timelike polarisation directions. In the two-body decay A(λA) → B(λB)C(λC) where

the helicity quantization axis is taken to be the decay axis angular momentum conservation

implies λA = λB −λC . More precisely it is the azimuthal symmetry around the decay axis

that gives rise to this result. This can be used to define a generalised helicity conservation

(GHC) rule: generically a polarisation vector ζ(λ, l) transforms under a rotation around

the ~l-axis by the azimuthal angle φ as follows,

ζ(t)→ ζ(t) , ζ(0)→ ζ(0) , ζ(±1)→ e∓iφζ(±1) , (2.4)

since
√

2~ζ± = ~e1 ± i~e2 where ~e1 and ~e2 are unit vectors orthogonal to ~l. The polarisation

vectors α(λ, qA), β(λ, qB) and γ(λ, qC)∗ = γ(λ̄, qC), where λ̄ ≡ −λ throughout, transform

identically. Hence the GHC rule reads as follows:

λA =

X∑
i=1

m(λBi) + λ̄C , m(t) = m(0) = 0 , m(±1) = ±1 . (2.5)

Below we shall omit the function m for brevity. Since λA is fixed by eq. (2.5) it can be

omitted from the labels in (2.3). Moreover, in the case where λA = 0, as happens in the

case of B and D meson decays, λC =
∑
λBi and it is therefore possible and customary to

omit λC as well:

λA = 0 : HλB1
...λBX

,λC → HλB1
...λBX

. (2.6)
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In the remainder of this section we discuss the endpoint symmetries of the HAs that

enter the most generic dimension six b → s`` effective Hamiltonian. The basis consists

of 10 operators given in section 2.3 together with a summary of endpoint relations. We

discuss the tensor operator, which is the most complicated case to analyze, in the next

section.

2.2 The tensor operator transition for B → K∗``

We study tensor operators in b→ s`` transitions:

Heff ∝ OT + . . . , OT ≡ s̄Lσµνb¯̀σµν` . (2.7)

In the notation of eq. (2.1) X = 2 and (B1B2)µ1µ2 = ¯̀σµν(γ5)`. The σ-Dirac structure

corresponds to the antisymmetric spin 1 representation (in SO(3) notation: (3×3)SO(3) =

3A + . . . where A stands for antisymmetric and we denote the representations by l rather

than its dimension dim(l) = 2l + 1). We combine the two polarisation vectors into an

antisymmetric “helicity”-tensor

βµν ≡ βµ(λB1)βν(λB2)− {µ↔ ν} , (2.8)

not to be confused with a proper spin 2 helicity tensor. Using GHC (2.5) we identify two

classes of potentially non-vanishing HAs,

X1 = {Ht0, Ht+, Ht−} , X2 = {H+−, H+0, H−0} . (2.9)

Above we have used the notation (2.6). The helicity indices of the vector meson are 0, 1

and −1 in increasing order in the brackets.

For B → K∗`` it is customary to denote by p and q the four momentum of the vector

meson and the lepton pair (qB = q and qC = p in the notation (2.1)). The HAs can be

written in terms of Lorentz invariants Pi as follows:

HλB1
...λBX

=

N∑
i=1

ai(q
2)Pi(β(λB1), . . . , β(λBX

), γ(λC), q, p) , (2.10)

with N finite at a certain order of effective Hamiltonian. We have omitted p2 = m2
V

and (q + p)2 = m2
B from the form factor as the corresponding particles are on shell.

At the endpoint we have got p ∝ q ∝ (1, 0, 0, 0) ≡ ω(t), leading to a reduction in the

number of invariants Ne ≤ N where the subscript e stands for endpoint. In the case of

sequential decays, that is without timelike polarisation Ne ≤ 1, independent of the effective

Hamiltonian [3]. We find N = 2 for the tensor transition in two ways: i) writing down

possible invariants and ii) using simple arguments of representation theory with Clebsch

Gordan coefficients (CGC).

i) Through invariants:

at the endpoint p ∝ q implies ω(λ) = β(λ, q) = γ(λ̄, p). In attempting to build the

number of invariants Ne in (2.10) we may therefore involve the following covariants

– 4 –
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ω∗µν(λB1 , λB2) (2.8) ω∗µ(λ̄C) and ω∗µ(t). Two types of invariants can be formed:

(P1)λB1
λB2

= ω∗µν(λB1 , λB2)ω∗µ(t)ω∗ν(λ̄C) ,

(P2)λB1
λB2

= εµνρσω∗µν(λB1 , λB2)ω∗ρ(t)ω
∗
σ(λ̄C) . (2.11)

As the notation suggests the identification with (2.9) is as follows: (Pi)λB1
λB2
↔

Xi = {HλB1
λB2
} for i = 1, 2.

ii) Through CGC: first, if only spatial indices are considered then ω∗µν corresponds to the

antisymmetric vector representation (3× 3)SO(3) = 3A + . . . Considering 3A directly

corresponds to P2 in (2.11). The role of ω∗(t) is to reduce the Lorentz Levi-Cevita

tensor to the SO(3) antisyemtric tensor εijk (with i, j, k = 1 . . . 3). Second if P1 is not

to vanish, then ωµ(t) can only be contracted with itself and does therefore not bring

in a new element. Hence the helicity λC equals the helicity of λB1 or λB2 . In terms

of CGCs:

X1 : HtλB2
∼C011

0λB2
λ̄B2

↔ (3C × 3B1) = 1 + . . . ,

X2 : HλB1
λB2
∼C011

0λC λ̄C
C111
λC λ̄B1

λ̄B2
↔ (3B1 × 3B2)A × 3C = 1 + . . . , (2.12)

where we have used the notation λC = λB1 + λB2 in the second line of (2.12). The

notation for the CGC is CJj1j2Mm1m2
for j1 × j2 = . . . + J + . . . with M = m1 + m2.

In the equation above λB1,B2,C = 0,±1 (as opposed to t) only. We have given

the association with the SO(3) Kronecker products and indicated the corresponding

polarisation vectors in the subscripts. The dots stand for higher representations i.e.

non-invariant objects which are of no concern to us.

Using the parametrization given in appendix A for the polarisation tensors and tables for

CGC e.g., [10], the ratios of the HAs in both cases and both methods read2

Ht0 :Ht+ :Ht− = − 1 : 1 : 1 ,

H+− :H+0 :H−0 = − 1 : 1 : 1 . (2.13)

Other operators contributing to (2.1) can be analysed in analoguous manner with either

method.

2.3 Summary of endpoint relations for B(D)→ V ``

Relations between HAs of operators B(D)→ V `` are summarised in this section. Endpoint

relations for B(D) → XJ`` for spin J 6= 1 are given in section 4. The most generic

dimension six operators are given by a total of 10 operators (OT = 1/2(OT + OT5) in the

notation of [8]):

OS(P ) = s̄Lb ¯̀(γ5)`, OV (A) = s̄Lγ
µb ¯̀γµ(γ5)`, OT = s̄Lσ

µνb ¯̀σµν`, O′ = O|sL→sR .
(2.14)

2The results of the preprint v3 [8] are different in signs because of different conventions for the polarisation

vectors (see footnote 3 for further remarks) and because of a mismatch of a factor
√

2 in Ht0 and H+−.

The final expressions, by which we mean the differential decay rate, yields results which are consistent for

the purpose of this work.
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We have assumed a b → s transition for the sake of explicitness. The corresponding

Wilson coefficients carry the same sub and superscripts, e.g., Heff ∝ C
′
P s̄Rb

¯̀γ5` + . . ..

Note, the notation OV (A) ∝ O9(10) is frequently used in the literature. The basis (2.14)

involves scalars, vectors and tensors which correspond to no, one and two-antisymmetric

Lorentz indices. Non-vanishing HAs can also arise when operators with two-symmetric

Lorentz indices [11] are considered but the latter are of dimension eight and are therefore

expected to be suppressed in generic models of new physics. The endpoint relation of OT
were analysed in the previous section. Armed with this knowledge and appendix A, the

relations of the scalar and vector operators are easily obtained:

• scalars: at the endpoint the covariant objects are ω∗µ(λC) and ω∗µ(t), which can be

combined into a scalar product which vanishes. Hence scalars do not contribute at

the endpoint.

• vectors: the covariant objects are ω∗µ(λC), ω∗µ(t) and ω∗µ(λ̄B1). The only non-vanishing

invariant at the endpoint is ω∗µ(λC)ω∗µ(λ̄B1) = −(−1)λCδλCλB1
, see (A.3).

We summarise the endpoint relations,3 valid at q2 = q2
max = (mB−mV )2, as follows:

scalars
(
O

(′)
S,P

)
: H = 0 ,

vectors
(
O

(′)
V,A

)
: H0 = −H+ = −H− ,

[
H‖ = −

√
2H0 , H⊥ = 0

]
,

Ht = 0 ,

tensors
(
O

(′)
T

)
: H+− = −H+0 = −H−0 ,

[
HT‖ = −

√
2HT0 , HT⊥ = 0

]
,

Ht0 = −Ht+ = −Ht−

[
HTt‖ = −

√
2HTt0 , HTt⊥ = 0

]
, (2.15)

where we have given the equivalent relations in the transversity basis, defined in the next

section, in square brackets. The relevance of O versus O′ in terms of selection rules of

powers of the three momentum κ is discussed in the next section as well. The polarisation

of the leptons, e.g., OS(V ) vs OP (A) is immaterial as the relations (2.15) describe the B → V

transition and do not specify the leptons in any way. Considering them can though provide

additional information. For instance, Ht vanishes or is proportional to a m`OP -contribution

when Ht is contracted with a vector or axial lepton bilinear, respectively, after using the

equations of motion. One might therefore write m`Ht → Heff
t and absorb it into OP and

vice versa. We note that Ht, H = 0 is consistent with the latter statement.

2.4 Parity selection rules the transversity amplitudes

At the endpoint there are stringent selection rules on the HAs [3]. Following the same line

of arguments we extend some of those results to include timelike polarisation and obtain

HA ∝ C+κ
n + C−κ

n±1 , C± ≡ C ± C ′ , (2.16)

3 Note that polarisation vectors are frequently chosen such that H0 = H1 = H1̄ and therefore H‖ =√
2H0. We shall not do so as we stick to the Jacob-Wick and Condon-Shortley conventions of the second

helicity state and CGC. Of course these conventions drop out in physical observables.
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HA H Ht H0,‖ H⊥ HTt0,‖ HTt⊥ HT0,‖ HT⊥

WCC C− C− C− C+ C− C+ C+ C−

∝ κn κ+ . . . κ+ . . . κ0 + . . . κ+ . . . κ0 + . . . κ+ . . . κ0 + . . . κ+ . . .

Table 1. Dependence of the HAs on the Wilson coefficient combination (WCC) for B(0−) →
V (1−)`` decays. The combination C± ≡ C±C ′ corresponds to a parity conserving (parity violating)

coupling for the b→ s transition. Together with the rule (2.16) and the discussion in the text this

implies the power-behaviour in the three-momentum κ as indicated in the last row. For particles

with opposite internal parities η = −1 but identical spin assignment, the substitutions C± → C∓ are

the only requisite change to this table. An example is given by the decay B(0−)→ K1(1270)(1+)``.

where κ is the absolute value of the three momentum of the C-particle in the A restframe.

It is proportional to the Källén-function λ:

κ = | ~qB| = | ~qC | =

√
λ(q2

A, q
2
B, q

2
C)

4q2
A

, λ(q2
A, q

2
B, q

2
C) ≡ (q2

A− (qB +qC)2)(q2
A− (qB−qC)2) ,

(2.17)

where qr ≡
√
q2
r . The Wilson coefficients C and C ′ correspond to left handed and right

handed s quarks in the transition operator, respectively (2.14).

In general if parity is conserved then the S-matrix and therefore the amplitude is an

even(odd) power in the external momenta if the product of the internal parities of the

initial and final state particles are 1(−1) [12]. It is therefore advantageous to consider HAs

of definite parity (transversity basis):

H‖(⊥)≡
1√
2

(H+ ±H−) ,

HTt‖(⊥)≡
1√
2

(Ht+ ±Ht−) , HTt0 ≡Ht0

HT‖(⊥)≡
1√
2

(H+0 ±H−0) , HT0 ≡H+− . (2.18)

To assess a definite parity, consider the HA for the B(0−)→ V (1−) transition, which can

be written as

HλB1
...λBX

∝ 〈V |b̄Γµ1...µXs|B〉β
µ1(λB1) . . . βµX (λBX

) . (2.19)

The internal parity is η = ηB(0−)ηV (1−) = (−1)(−1) = 1. The parity of the transition is

given by the parity of the Dirac bilinear contracted with the polarisation vectors. Con-

cerning the latter one needs to take into consideration that βµ(t) and βµ(i), (i = 0,±)

transform as vectors JP = 1− and pseudo-vectors JP = 1+ respectively. Consequences

of parity covariance are summarised for B(0−) → V (1−)`` in table 1. The dots stand for

corrections which are of relative order O(κ2) by virtue of parity and analyticity.

We note that exchanging a spacelike with a timelike polarisation index selects the

opposite chirality combination of Wilson coefficients in agreement with the transformation

properties mentioned earlier. Table 1 is consistent with the literature e.g. [8]. We would

– 7 –
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like to add that it equally applies for radially excited mesons. The rules are easily adapted

to different internal parities as described in the caption of the table.

3 Semileptonic B and D decays into vector mesons

The endpoint relations (2.15) are of direct relevance for observables as the differential

decay rate is proportional to two powers of the HAs. Below we continue to use B̄ → K̄∗(→
K̄π)`+`− as a template for S → V `ν, S → V `+`− and S → V νν̄, where S = B(s,c), D(s),

` = e, µ, τ , and V denotes a vector meson generally observed through the decay into two

pseudoscalar ones, see section 3.4. Applications to non-vector modes are discussed in

section 4.

The starting point for phenomenological implications is the B̄ → K̄∗(→ K̄π)`+`−

angular distribution [13]4 for the operator basis (2.14):

8π

3κκ`

d4Γ

dq2 dcos θ` dcos θK dφ
= (J1s + J2s cos2θ` + J6s cos θ`) sin2θK

+(J1c + J2c cos2θ` + J6c cos θ`) cos2θK

+(J3 cos 2φ+ J9 sin 2φ) sin2θK sin2θ`

+(J4 cosφ+ J8 sinφ) sin 2θK sin 2θ`

+(J5 cosφ+ J7 sinφ) sin 2θK sin θ` , (3.1)

where θ` denotes the angle between the `− and B̄ in the (`+`−) center of mass system (cms),

θK the angle between K− and B̄ in the (K−π+) cms and φ the angle between the two decay

planes spanned by the 3-momenta of the (K−π+)- and (`+`−)-systems, respectively. The

variable q2 denotes the invariant mass-squared of the dileptons. The angular coefficients

Ji = Ji(q
2) expressed in terms of HAs in the most general dimension six operator basis

including finite lepton masses is given in ref. [8]. The phase space factor κκ` is defined in

eq. (C.1).

From table 1 we infer that there are four non-vanishing HAs, HV,A and HT ,Tt of the

vector and tensor type. Since there are a total of twelve angular functions Jix, we therefore

expect at least 8 relations among them. In fact we find that there are ten relations:

J2s(q
2
max)=− J2c(q

2
max)/2 , J1s(q

2
max) − J2s(q

2
max)/3 = J1c(q

2
max)− J2c(q

2
max)/3 ,

J3(q2
max) =− J4(q2

max) , J2c(q
2
max)=J3(q2

max) , J5,6s,6c,7,8,9(q2
max) = 0 , (3.2)

which is the same number as for vector operators only. Above q2
max = (mB − mK∗)

2

denotes the kinematic endpoint in the q2-variable. Many of them follow from H⊥(q2
max) =

HT⊥ (q2
max) = HTt⊥ (q2

max) = 0 which in turn is a consequence of parity covariance alone. We

stress that the relations (3.2) are independent of the dynamics. For the CP-conjugated

mode B → K∗(→ Kπ)`+`− the Ji transform as J̄1,2,3,4,7 = J1,2,3,4,7 and J̄5,6,8,9 = −J5,6,8,9

with all weak phases conjugated in addition. This is due to the convention that the angle

θ` is defined with respect to the same negatively charged lepton in both B and B̄ decays

which implies the transformations θl → θl − π and φ→ −φ upon CP-conjugation.

4We have taken out the overall phase space factor κκ`, which drops out in ratios. That is to say the

decay rate is schematically given as dΓ ∝ κκ`|HA|2d(phase space).
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3.1 Kinematic endpoint: observables in a general dimension six operator basis

The relations (3.2) imply that many observables considered obey exact relations at the

kinematic endpoint. They give rise to isotropic uniangular distributions5

d2Γ

d cos θ`dq2

/( dΓ

dq2

)
=

κκ`

((
J1s+

J1c

2

)
+

(
J6s+

J6c

2

)
cos θ`+

(
J2s+

J2c

2

)
cos 2θ`

)/( dΓ

dq2

)
→ 1

2
,

d2Γ

d cos θKdq2

/( dΓ

dq2

)
= κκ`

3

2

((
J1s−

J2s

3

)
sin2 θK+

(
J1c−

J2c

3

)
cos2 θK

)/( dΓ

dq2

)
→ 1

2
,

(3.3)

where dΓ/dq2 = 3κκ`(J1s−1/3J2s). The interpretation of (3.3) is that at the endpoint the

``- and Kπ-pair are in the l = 0 (S-wave) spherically symmetric partial wave configuration.

Eq.(3.3) is also consistent with:

FL(q2
max) =κκ`

(
J1c −

1

3
J2c

)/( dΓ

dq2

)
=

1

3
,

AFB(q2
max) =κκ`

(
J6s +

J6c

2

)/( dΓ

dq2

)
= 0 . (3.4)

The uniangular distribution in the angle φ is given by

d2Γ

dφdq2
/

(
dΓ

dq2

)
=

1

2π
(1 + rφ cos 2φ) , rφ ≡

−8J2s

9(J1s − 1/3J2s)
, (3.5)

which is not isotropic in general. This is to be expected since φ is the angle between the

two decay planes which has no special rôle at the kinematic endpoint. The result for rφ in

the general dimension six operator basis is given in appendix E. In the SM + SM’ operator

basis (OV (A) and primed (2.14) only) one obtains in this basis rφ = −1/3 + O(m2
`/m

2
b).

This can be tested experimentally and deviations thereof could be explained by the tensor

operator contributions as given in appendix E.

The vanishing of J5,6s,6c,7,8,9(q2
max) implies, besides AFB(q2

max) = 0, for the CP-

asymmetries A
(D)
i ∝ Ji − J̄i [14] and symmetries Si ∝ Ji + J̄i [15]),

A
(D)
5,6,7,8,9(q2

max) = 0, S5,6,7,8,9(q2
max) = 0 , (3.6)

and for the related ones P ′k [16]

P ′5,6,8(q2
max) = 0 , P ′4(q2

max) =
√

2 . (3.7)

5The angles are defined at the endpoint through a limiting procedure only.
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For the transverse asymmetry A
(2)
T = J3/(2J2s) [17] A

(2)
T (q2

max) = −1 holds. The low recoil

observables H
(i)
T [7]

H
(1)
T ≡

√
2J4√

−J2c (2J2s − J3)
, H

(1b)
T ≡J2cJ6s

2J4J5
, H

(2)
T ≡

β`J5√
−2J2c (2J2s + J3)

,

H
(3)
T ≡

β`J6s

2
√

(2J2s)2 − J2
3

, H
(4)
T ≡ 2J8√

−2J2c (2J2s + J3)
, H

(5)
T ≡−

2J9

2
√

(2J2s)2 − J2
3

,

(3.8)

with β` defined in eq. (C.1), obey

|H(1)
T (q2

max)| = 1 , H
(1b)
T (q2

max) = 1 ,
H

(2)
T (q2

max)

H
(3)
T (q2

max)
= 1 ,

H
(4)
T (q2

max)

H
(5)
T (q2

max)
= 1 . (3.9)

The sign of H
(1)
T depends on the sign of the 0-helicity amplitude. Note that in the second,

third and fourth relation both the nominators and the denominators are linear in κ (c.f

section 3.2).

Such relations have various applications. For instance they impose constraints on

parameterizations of form factors and fits to decay distributions, see e.g. recently [9] or they

serve as cross checks for experimental analyses. We checked explicitly that the relations

eqs. (3.2)–(3.9) are obeyed by the low recoil OPE results in the most general dimension six

operator basis [8].

Note that an experimental extraction of the angular coefficients in (3.1) and derived

observables requires to some extent non-local (in q2) information, such as from binning

or fit shapes. While the exact size of the corresponding corrections will depend on the

observable at hand, see ref. [18] for such a study and section 3.3.1 for comments, one

expects them to be controlled for a sufficiently small bin at endpoint. Near the endpoint

the variation in q2, due to possible resonances (see section 3.3 for related discussions), is

relatively mild. We conclude that endpoint relations such as (3.3)–(3.5) are asymptotically

observable.

3.2 Small momentum expansion (low recoil): the SM + SM’ basis

We consider the observables of the previous section in the vicinity of the endpoint within

the SM + SM’ basis. In addition we employ the approximation m` = 0. This means that

we only consider (axial-)vector operators OV (A) and the primed ones, which result in Hx
0,‖,⊥

(x = L,R) amplitudes. Using the results in table 1 we parameterise the transversity basis

near the endpoint as follows:

Hx
‖ = −

√
2Hx

0 = ax‖ +O(κ2) , HL,R
⊥ = ax⊥κ+O(κ3) , x = L,R , (3.10)

where κ is the absolute value of the three momentum of the K∗-meson in the B restframe.

The relation between the three momentum κ and q2 is given in (2.17). More details as well

as phenomenological parameterisations for low and high q2 including further terms in the

κ-expansion are briefly sketched in appendix C.
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In this work we neglect CP-violation, because in B → K∗ transitions direct CP-

violation is small in the SM and there is no experimental evidence for it presently. We

remark that CP-violating effects to the parameterisations could be included by simply

introducing the analogous parameters for CP-conjugated quantities, allowing to form CP-

averaged observables and CP-asymmetries. Expanding up to linear order in κ one obtains:

J1s=
3

4
|A|2, J1c=

1

2
|A|2, J2s=

1

4
|A|2, J2c=−

1

2
|A|2, J3=− 1

2
|A|2, J4=

1

2
|A|2,

J5 =Rκ, J6c=0, J6s=2Rκ, J7 =0, J8=
1

2
Iκ, J9=− Iκ,

(3.11)

with further corrections of relative order O(κ2). Here we use the following:

|A|2≡ |aL‖ |
2 + |aR‖ |

2 =
1

2
(|aV‖ |

2 + |aA‖ |
2) ,

R ≡Re[aL‖ a
L∗
⊥ − aR‖ a

R∗
⊥ ] = −1

2
Re[aV‖ a

A∗
⊥ + aA‖ a

V ∗
⊥ ] ,

I ≡ Im[aL‖ a
L∗
⊥ + aR‖ a

R∗
⊥ ] =

1

2
Im[aV‖ a

V ∗
⊥ + aA‖ a

A∗
⊥ ] , (3.12)

and aV/A = aR±aL. The relations (3.11) are compatible with (3.2) in the limit κ→ 0 and

match the expressions in chapter III.B of ref. [8] to the given order. We stress that (3.11)

is though independent of any dynamical assumptions. Observables linear in κ are:

AFB =
J6s − J6c/2

3J1s − J2s
= R̂κ , P ′5 =

J5

2
√
−J2cJ2s

=
√

2R̂κ ,

S8 =
4/3J8

3J1s − J2s
=

1

3
Îκ , S9 =

4/3J9

3J1s − J2s
= − 2

3
Îκ , (3.13)

where

R̂ ≡ R

|A|2
, Î ≡ I

|A|2
. (3.14)

Consequently, in the vicinity of the endpoint the following relations hold,

P ′5
AFB

=
√

2 +O(κ2) ,
S8

S9
= −1

2
+O(κ2) ,

H
(4)
T

H
(2)
T

=
Î

R̂
+O(κ2) . (3.15)

We compare the endpoint predictions with existing data from BaBar [19], CDF [20],

LHCb [21–23], ATLAS [24] and CMS [25] in table 2. The data are consistent with the

endpoint relations. The largest deviation is at the 2σ-level in the statistics-limited Bs →
φµ+µ− analysis [22]. The prediction for the ratio P ′5/AFB is satisfied at 1σ. Since both

measurements of S8 and S9 are currently consistent with zero, the corresponding ratio

comes with a large uncertainty. The perfect agreement of the present experimental central

value with the endpoint prediction has therefore to be seen as accidental.

Investigating the observables linear in κ we find from table 2

R̂ = (−0.67± 0.07) GeV−1, Î = (−0.17± 0.27) GeV−1, Î/R̂ = 0.25± 0.40 . (3.16)
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FL S3
aP ′4 S7

bP ′5/AFB
bS8/S9

aAFB P ′5
aS8 S9

endpoint 1/3 -1/3
√

2 0
√

2 −1/2 R̂κ
√

2R̂κ 1/3Îκ −2/3Îκ

B → K∗ 0.38± 0.04 -0.22± 0.09 0.70+0.44
−0.52 0.15+0.16

−0.15 1.63± 0.57 −0.5± 2.2 −0.36± 0.04 −0.60+0.21
−0.18 −0.03± 0.12 0.06+0.11

−0.10

Bs → φ 0.16+0.18
−0.12 0.19+0.30

−0.31 – – – – – – – –

Table 2. Comparison of endpoint predictions (second row) for angular observables (first row) to

the current world average in the available endpoint-bin q2 ∈ [16, 19] GeV2 (LHC-experiments) or

otherwise q2 ∈ [16 GeV2, q2max] for B → K∗`+`− decays (third row; our error weighted average,

systematic and statistical uncertainties are added in quadrature). The last row gives corresponding

data for Bs → φµ+µ− decays [22] (LHCb only). a Experimental values adopted to theory definitions

as in [8] (AFB), [26] (Si) and [16] (P ′k). b with symmetrized errors and assuming gaussian error

propagation. Note, S3 = 1/2(1− FL)A
(2)
T . All corrections are of relative order O(κ2) (for m` = 0)

by virtue of parity covariance.

The bin-averaged 3-momenta are κbin = 0.55 GeV for q2 ∈ [16, 19] GeV2 and κbin =

0.52 GeV for q2 ∈ [16 GeV2, q2
max]. The measured value of R̂ is in accordance with its

SM prediction, R̂SM = (−0.73+0.12
−0.13) GeV−1 [8]. In the limit where the strong and the weak

phases do not depend on the polarisation, or both phases are negligible, Î = 0 holds. In the

SM Î = 0 (which is consistent with [7]) since there are no sizeable weak phase differences

and as argued in the next section the leading strong phases are polarisation independent

indeed. The current experimental results in (3.16) are therefore consistent with the SM.

3.3 The validity of small momentum expansion and cc̄-resonances

To evaluate the performance of the κ-expansion we discuss in section 3.3.1 the (non)-impact

of charmonium resonances in the low recoil region, and compare suitable observables at

low recoil to data (section 3.3.2). In section 3.3.3 we discuss possible experimental probes

of non-factorizable contributions in this region.

3.3.1 The (non-)impact of the cc-resonances at low recoil

Charm-resonances [10] contribute to B → K(∗)`` via B → K(∗)(cc̄ → γ∗ → ``) and are

visible in the local spectrum starting from q2 = m2
J/Ψ ' 9.6 GeV2 onwards. While such

effects have been known to the theory community e.g., [27–29], the pronounced structure

observed recently in the low recoil region in the B → Kµ+µ− dimuon spectrum [30]

reinforces one to think about the most suitable binnings. Here we would like to point out

that for observables composed out of certain ratios of HAs the situation is simpler since

factorizable (universal) contributions, which are supposedly leading, drop out as they are

polarisation independent. To show this we write the HAs, neglecting right handed currents,

as follows:

HV
i = F Vi (q2)

(
1 + Lfac,c(q2) + Ln-fac,c

i (q2) + . . .
)
,

HA
i = FAi (q2)

(
1 + . . .

)
, i =⊥, ‖, 0 , (3.17)

where F
V (A)
i (q2) ∝ CV (A)fi(q

2), Lfac,c and Ln-fac,c
i denote the non-resonant (e.g. F

V (A)
‖ ∝

C9(10)A1(q2) in the conventions of [8]), factorizable charm and non-factorizable charm con-

tribution, respectively. The ellipses stand for all other terms. The charm loop with no
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gluon reconnecting to any other part of the diagram is part of Lfac,c (naive factorization)

and the charm loop with gluons emitted into the vector meson final state constitutes a part

of Ln-fac,c
λ . Similar to the cancellation of (universal) short-distance coefficients, universal

charm-contributions Lfac,c drop out in observables which are ratios of certain combinations

of HAs composed of the sum of squares as (HL
i H

L∗
j +HR

i H
R∗
j )/(HL

l H
L∗
k +HR

l H
R∗
k ), where

i, j, k, l =⊥, ||, 0 [7]. This can also be seen by defining

xij(a) ≡ (HV
i H

V ∗
j + aHA

i H
A∗
j )

= (1 + a)(HL
i H

L∗
j +HR

i H
R∗
j ) + (1− a)(HL

i H
R∗
j +HR

i H
L∗
j )

∝ fi(q
2)f∗j (q2)(|CV |2|1 + Lfac,c(q2)|2 + a|CA|2) +O(Ln−fac,c) , (3.18)

where a is a complex number. Thus for observables of the form,

Φ(xij(a), . . . , xlk(a)) , Φ(bx, . . . , by) = Φ(x, . . . , y)

with b a number and i, j, k, l =⊥, ‖, 0 ,
(3.19)

the Lfac,c-contribution effectively drops out. Examples of observables of the form (3.19) are:

FL ≡
|HL

0 |2 + |HR
0 |2∑

X=L,R(|HX
0 |2 + |HX

⊥ |2 + |HX
‖ |2)

, (3.20)

A
(2)
T ≡

|HL
⊥|2 + |HR

⊥ |2 − (|HL
‖ |

2 + |HR
‖ |

2)

|HL
⊥|2 + |HR

⊥ |2 + |HL
‖ |2 + |HR

‖ |2
, (3.21)

P ′4 ≡

√
2Re(HL

0 H
L∗
‖ +HR

0 H
R∗
‖ )√

(|HL
⊥|2 + |HR

⊥ |2 + |HL
‖ |2 + |HR

‖ |2)(|HL
0 |2 + |HR

0 |2)
, (3.22)

where the latter requires for Lfac to cancel that there are no sizeable weak phase differences

between the H0 and H‖ HAs. Corresponding CP-asymmetries are given in [8, 31]. We

recall that the presence of right-handed currents (C+ 6= C− in table 1) would affect the

cancellations in observables like A
(2)
T . Whereas this poses no problem for the SM where

C+ ' C− it would make precise interpretations of beyond the SM right-handed currents

in the low recoil region more difficult.

While the evaluation of non-factorizable contributions Ln-fac,c
i , e.g. [35], remains an

important task, we stress that the endpoint relations obtained in this work imply that

these non-factorizable contributions become polarisation independent at the endpoints,

see (B.3), i.e.,

Ln-fac,c
λ (q2

max) = Ln-fac,c , λ = 0,±1, ‖,⊥ . (3.23)

3.3.2 The small momentum expansion at work for FL and A
(2)
T

The endpoint relations are subject to corrections away from the endpoint which we have

parameterised in eq. (3.10) in terms of a κ-expansion. The uncertainty estimate O(κ2) is

in general hampered by the cc̄-resonance effects. However, as pointed out in the previous

section such effects essentially drop out in observables which are of the form (3.19). Hence

the corrections to the HAs can be taken to be of the order O(κ2/q2) (where O(q2) = O(m2
B)
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J/Ψ Ψ(2S) χc1

q2 [GeV2] 9.59 [10.09, 12.86] 13.59 [14.18, 16] [16, X]† 12.33

FL 0.566± 0.007 0.48± 0.05 0.48± 0.05 0.38± 0.05 0.38± 0.04 0.77± 0.08

A
(2)
T
∗ −0.008± 0.025 −0.36± 0.30 0.15± 0.17 0.07± 0.25 −0.64± 0.27 −0.74± 0.35

Table 3. FL and A
(2)
T measured in B → K∗`+`− decays on [37, 38] and off-resonance [19–21, 24, 25]

(our error weighted average, systematic and statistical uncertainties are added in quadrature).
†X = 19 for LHC experiments and X = q2max otherwise. The last column corresponds to B →
K∗(χc1 → J/Ψγ) decays [37] for which large non-factorizable corrections are expected. ∗Our

evaluation of J/Ψ,Ψ(2S) and χc1 using eq. (3.21).

and mK∗ cannot enter the denominator because the HAs have got to be smooth in the limit

mK∗ → 0 [32]).

Neglecting the small q2-dependence of Ceff
9 from quark loops as well as terms

O(C7/C
eff
9 ), H‖(q

2) ∝ A1(q2) and we can estimate the q2-correction at the beginning

of the last bin by looking at Rbin = A1(16 GeV2)/A1(q2
max). One obtains Rbin ' 0.85 for

both the extrapolated LCSR results in [33] as well as the recent lattice results [34]. Thus

15% (which has to be compared with the naive parametric value κ2/q2 = 0.06) can be

taken as a measure of the error at the end of the endpoint bin. The averaged error over

the bin should be only half the size thus one might expect the parameterisation to hold

within 10%.

To further substantiate this we study FL (3.20) and A
(2)
T (3.21), which belong to

type (3.19). FL interpolates between FL(0) = 0 where the longitudinal mode decouples

completely and FL(q2
max) = 1/3 (3.4) where all polarisations are equally probable. In the

intermediated regime it assumes a maximum around FL = O(0.8 − 0.9) as a result of the

zero of the AFB and the equivalence theorem cf. appendix D. A
(2)
T interpolates between

A
(2)
T (0) ' 0 due to HV,A

+ ' 0 by virtue of the V -A-interactions and A
(2)
T (q2

max) = −1.

The data on FL and A
(2)
T for B → K∗`` is compiled in table 3. The result FL|LHCb =

0.523±0.005±0.010 forBs → J/Ψφ [36] shows as expected a similar pattern toB → J/ΨK∗

decays. The change of FL observed in the next-to endpoint bin [14.18, 16] GeV2 is within

the expected order ten percent range of FL = 1/3 and the sign of the change is consistent

with the previously mentioned theoretical considerations. The changes in A
(2)
T versus q2

are larger and come presently with a large experimental uncertainty. A significant change

is, however, expected as the observable is forced, as we argued, to change rather abruptly

from A
(2)
T (q2

max) = −1 to A
(2)
T |low q2 ' 0.

3.3.3 Low recoil OPE versus non-factorizable corrections

The absence of estimates of the non-factorizable contributions Ln-fac,c
i (q2) in (3.17) are a

limiting factor for precision predictions in the low recoil region. Turning this argument

around the sensitivity to such effects can be used to obtain experimental information on

the size of the Ln-fac,c
i (q2). In this context FL and A

(2)
T are useful as factorizable cc̄-effects

effectively drop out. In figure 2 we show FL and A
(2)
T from B → K∗`+`− decay data on (blue

points) and off cc̄-resonance (blue boxes) as in table 3. For the predictions in the SM basis
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Figure 2. FL (left-hand side) and A
(2)
T (right-hand side) in the intermediate and low recoil region

in B → K∗`+`− decays on and off cc̄-resonance, see table 3. The (green) band corresponds to a

model-independent prediction based on the leading OPE within the SM basis from ref. [9], see text.

we use the OPE at leading order in 1/mb for which FL and A
(2)
T are form factor based [7].

Under these assumptions ratios of form factors can be obtained from the data and used

to predict FL and A
(2)
T . The (green) band corresponds to such a recent determination [9].

The plots are made with the ‘SE2 LEL’ fit at 1σ; other parameterisations give comparable

results at low recoil, see [9] for details.

For FL and A
(2)
T the OPE predictions agree well at current precision. This supports

that non-factorizable, non-universal contributions are subdominant at low recoil. (For

estimations of OPE uncertainties, see [4, 39].) As argued in the previous section the

increase of FL away from the endpoint region is in the ballpark of what can be expected

by the κ-expansion. Moreover the same is true for extrapolated large recoil factorization

results [7], suggesting that non-factorizable (non-universal) contributions are subdominant

in ratios at larger recoil as well.

Two further remarks on resonances are in order. First the χc1 as well as χc0 and χc2
are known to receive large non-factorizable corrections and one therefore cannot expect

extrapolations from the endpoint to be trustworthy. This is indeed reflected in a rather

high value of FL(χc1), see table 3. Second, in general observables for resonances cannot be

expected to be close to their neighbouring off-resonance counterparts since they couple to a

different set of operators. The fact that the resonant cc̄-contributions for FL are almost at

par with the non-resonant findings, see figure 2, is therefore non-trivial from the viewpoint

of dynamics and supports the kinematic interpretation in terms of the equivalence theorem.

The exception being the endpoint region where the predictions become increasingly exact.

For FL and A
(2)
T this also persists to some degree for lower q2, as can be inferred from

figure 2, since by the equivalence theorem and the V -A interactions both observables are

expected to follow a certain pattern in that region. Further compilation and discussion of

FL in the context of the non-leptonic decays to two vector mesons is discussed in section 5.1.

We end with a discussion on P ′4 which figures as well as FL and A
(2)
T amongst the observ-

ables of type (3.19) which are not affected by Lfac,c in (3.17). The value of P ′4 = −0.18+0.54
−0.70

measured in the next-to endpoint bin [14.18, 16] GeV2 [23] deviates by 3σ and is larger

than the expected O(κ2/q2) away from its endpoint value
√

2 (3.7). This appears to be
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conflicting the conclusions drawn from FL and A
(2)
T regarding the κ-expansion and/or the

size of the non-factorizable charm contributions although the uncertainties in P ′4 data are

currently sizeable. Comparing eqs. (3.20), (3.21) to (3.22), it is tempting to introduce

order one phases between H0 and H‖ while keeping ratios of moduli of the HAs approx-

imately unchanged. This choice, however, would affect the ratio P ′5/AFB, schematically

∝ Re(H0H
∗
⊥)/Re(H⊥H

∗
‖ ). Its value in the bin [14.18, 16] GeV2, P ′5/AFB = 1.66± 0.55 [9],

is in agreement with the endpoint predictions and the value in the endpoint bin, see table 2.

Further measurements of B → K∗`` angular observables using different binnings as well as

on-resonance measurements of asymmetries can help to clarify these issues and to quantify

Ln-fac,c
λ (q2).

3.4 Applications to other vector modes

The endpoint relations obtained for the B → K∗(→ Kπ)`+`−-template apply to other

modes of the same Lorentz structures and spin configurations. Examples of rare S → V (→
P1P2)`+`− decays are

B → ρ(→ ππ)`+`−, Bs → φ(→ KK)`+`−, Bs → K∗(→ Kπ)`+`−,

Bc → D∗s(→ Dsπ
0)`+`−, Bc → D∗(→ Dπ)`+`−,

D → ρ(→ ππ)`+`−, Ds → K∗(→ Kπ)`+`− , (3.24)

as well as lepton flavor violating ones S → V `+`′−, where ` 6= `′. The predictions equally

apply to the charged current decays S → V (→ P1P2)`ν:

B →D∗(→Dπ)`ν, Bs →D∗s(→Dsπ
0)`ν, Bs →K∗(→Kπ)`ν, B →ρ(→ππ)`ν ,

Bc →ψ(3770)(→DD)`ν, Bc →D∗(→Dπ)`ν,

D →ρ(→ππ)`ν, D(s) →K∗(→Kπ)`ν , Ds →φ(→KK)`ν .

(3.25)

The distributions for the `ν final states differ from the `` final state by terms of order

O(m`/mc,b). The predictions equally apply to higher states of the above V ’s with the

same flavor content if kinematically allowed.

4 B → Xj``-type decays

In section 4.1 and section 4.2 we discuss meson decays to spin zero and ≥ 2, respectively.

4.1 Spin 0

The decay B → K`` is of the simplest kind since there is no polarisation tensor for the

spin zero K. The scalar (OS(P ) and primed) amplitude H can be non-vanishing as there

are simply no Lorentz indices that need to be saturated. The vector (OV (A) and primed)

amplitudes allow for ω∗(λB) · qr, and hence Hλ ∝ O(κ) for λ = 0,±1 and Ht ∝ O(κ0).

The latter is accompanied by a factor of m` when acting on the lepton-bilinear and one

might therefore write Heff
t ∝ O(m`κ

0). The tensor amplitudes (OT and primed) allow for
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the invariant ω∗µν(λB1 , λB2)qµr qνr′ , where λB1 = λ̄B2 , by virtue of (2.5), which results in

Hλλ′ = 0 and Htλ ∝ O(κ). In summary we obtain:

H ∝ O(κ0) , Hλ ∝ O(κ) , Heff
t ∝ O(m`κ

0) , Hλλ′ = 0 , Htλ ∝ O(κ) , (4.1)

where here λ, λ′ = 0,±1. The power-counting is in agreement with explicit calculations at

large and low recoil, [8, 40], respectively.

The decay rate B̄ → K̄`+`−, see eq. (C.1) and footnote 4 for normalization, for a

general dimension six operator basis can be written as [40]

1

κβ`

d2Γ

d cos θ`dq2
= a` + b` cos θ` + c` cos θ2

` , (4.2)

where the lepton angle θ` is defined as in B̄ → K̄∗`+`− decays. The relations (4.1) imply

b`, c`(q
2
max) = 0 at the endpoint (here q2

max = (mB −mK)2) and imply isotropicity:

d2Γ

d cos θ`dq2
/

(
dΓ

dq2

)
=κβ`

(
a` + b` cos θ` + c` cos θ2

`

)
/

(
dΓ

dq2

)
→ 1

2
, (4.3)

where dΓ/dq2 = κβ`2(a` + c`/3). Eq.(4.3) is also consistent with:

FH(q2
max) =κβ`2 (a` + c`) /

(
dΓ

dq2

)
= 1 ,

AFB(q2
max) =κβ`b`/

(
dΓ

dq2

)
= 0 . (4.4)

FH is called flat term in the distribution. We note that (4.1) implies a`(q
2
max)|SM = 0.

Non-vanishing endpoint contributions arise from (pseudo-) scalar operators only.

The endpoint relations for HAs and angular distribution for B → K∗0 (1430)`` decays

hold analogously with C+ → C− since JP (K∗0 ) = 0+. The decay with K∗0 (1430) → Kπ

has been considered as a background process for B → K∗(→ Kπ)`` decays with different

angular decomposition [41]. Fortunately, for the low recoil region this effect is small since

the kinematic endpoint q2
max = (mB −mK∗0 (1430))

2 ' (3.85 GeV)2 barely overlaps with the

signal region above m2
Ψ(2S).

Comparing the κ-counting in eq. (4.1) for B → K`` with the one for B → K∗`` in

table 1, one observes that they are different, e.g. HB→K
λ ∝ O(κ) whereas HB→K∗

λ ∝ O(κ0).

On the other hand, there is a relation between B → K`` and decays to a longitudinally K∗,

B → K∗L`` at low q2 to leading twist and assuming that one of the chiralities dominates,

such as in the SM (cf. section 5.1.3. [42]). The absence of a relation at high q2, where

the twist expansion does not make sense a priori anyway, can also be understood from the

fact that at the endpoint there is a democracy amongst the helicity directions and since

the K-meson has not got any analogue of the ±1 helicity direction the relation has got to

break down.

4.2 Higher spin

We consider decays S → Xj`
+`− (and S → Xj`ν), where Xj denotes a hadron of spin J .

For a S → XJX
′
J -type decay the longitudinal i.e. 0-helicity polarisation fraction assumes
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the value FL = 1/(2J + 1) [3], provided the HAs do not vanish by a selection rule. The

situation for S → Xj`
+`− in the effective Hamiltonian approach (2.14) is entirely different.

These statements are illustrated through the B → K∗2 (1430)`+`−-decay. We follow

the same type of analyses as in section 2.2, restricting ourselves to the SM + SM’ ba-

sis. Through invariants: we construct an invariant out of a spin 2 and 1 polarisation

tensor ω∗µν(λ̄C) and ω∗µ(λB) as well as (qr)µ ∝ ω∗µ(t). The only possible candidate is

(P1)λBλC = ω∗µν(λ̄C)ω∗µ(λB)ω∗ν(t), which vanishes at the endpoint because of transversity

qr · ω(λR, qr) = 0. More precisely one finds that:

Hλ ∝ (P1)λλ ∝ O(κ) , Ht ∝ (P1)t0 ∝ O(κ2) , (4.5)

where λ = 0,± and we have used that 0 = λA = λB + λ̄C . Through CGC: the following

product is of relevance: (2B ×1C)×1qr = 1 ·1 + . . . which implies that Hλ ∝ C121
0λλ̄

. Either

method yields the following ratios between HAs:

H2̄ : H1̄ : H0 : H1 : H2 = 0 : 1 :
−2√

3
: 1 : 0 . (4.6)

It is clear that the corresponding uniangular angular distribution is not isotropic at the

endpoint. From (4.6) one obtains FL(q2
max) = 2/5 and not 1/5 which would be consistent

with isotropicity. The fact that Hλ ∼ O(κ) and Ht ∼ O(κ2) (4.5) can be seen from [43] at

the level of form factor contributions. Taking the endpoint limit in [43] we find agreement

with (4.6) up to sign differences which could be due to different conventions of polarisation

vectors.

Generalisations of this result are evident. For example for integer J ≥ 2 and with

vector operators OV (A)-transition operators, the Hλ ∝ O(κJ−1) (with Hλ = 0 for |λ| > 1)

and Ht ∝ O(κJ). The former can also be understood in another way. Since the (Xj``)-

state is at least in a l = J−1-wave (with l being the total orbital angular momentum) the

result Hλ ∝ κJ−1 is therefore expected. The generalisation to higher dimensional operators

with higher derivatives is not straightforward because of the timelike polarisation.

5 Endpoint relations and non-leptonic decays

In this section we extend the discussion of the introduction to what extent endpoint rela-

tions apply to non-leptonic decays. A few sample decay modes are listed at the end of this

section.

A hybrid case between the non-leptonic and the semileptonic case arises when the

lepton pair is produced via a hadron, e.g., Bs → φ(1680)Ψ(2S)(→ ``) for which we expect

endpoint symmetries to work. Note that the masses are tuned [(mBs ,mφ(1680),mΨ(2S)) =

(5.36, 1.68, 3.68) GeV] such that the leptons are likely to be coming from the hadronic state.

The decay B → K∗Ψ(2S), which is in the wider vicinity of the endpoint cf. figure 2, gives

some support of this statement since FL is reasonably close to its endpoint value of 1/3.

The essence of these examples are that the production mechanism of the lepton pair is

immaterial and it is the quantum numbers of the actual final states which determine the

helicity structure at and near the endpoint.
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B → V1V2 B0 → D∗+s D∗− B0 → J/ΨK∗0 B0 → D∗+D∗− B0 → D∗+s ρ− B0 → ρ+ρ−

u 0.61 0.57 0.58 0.28 0.09

FL [10] 0.52± 0.06 0.570± 0.008 0.624± 0.031 0.84± 0.03 0.977± 0.026

Table 4. Selected data on B → V1V2 decays that illustrate FL|u=1 = 1/3 and FL|u→0 → 1.

Whereas the former is exact the latter limit is based on qualitative arguments which can be invali-

dated by the specific dynamics, see text.

What happens in a decay which is purely non-leptonic such as B → K∗(→ Kπ)pp̄

for example is more complicated as in general one expects virulent final state interactions.

Consider that the decay B → K∗pp̄ proceeds as depicted in figure 1 (with A = B, C = K∗

and B1,2 = p, p̄), then there is a configuration where κ = |~qK∗ | = 0 which implies ~qp = −~qp̄
for which we can expect isotropicity (in θp). The crux is though that the K∗ then decays

into Kπ and that these particles will interact strongly with the pp̄-pair. In the extreme

case of inelasticity this leads to a different final state (say pK → Σπ) or the K and the p

might simply exchange momentum, both of which changes the kinematics in general. Thus

we are led to conclude that endpoint symmetry holds, if one restricts oneself to the subset

of decay configurations from B → K∗(→ Kπ)pp̄ decays for which ~qp = −~qp̄. The latter

could be realized if the proton pair does not interact significantly with the K∗-meson. In

essence we expect endpoint symmetries to play a rôle on a subset of configurations which

is defined by ~qC = 0 and q2
C = m2

C .

Decays that could be studied experimentally consist of (B1B2) pairs which either

scalars such as (ππ), (πK) or long-lived spin-1/2 baryons such as (pp̄) or (ΛΛ̄). For the

baryons several modes have been observed to date, B → D0∗pp̄ [44], B → K∗ΛΛ̄ [45] and

B → K∗pp̄. For the latter there are already K∗-polarisation measurements, which however

do not cover the endpoint region [46]. The decay B(s) → J/Ψpp̄ has been searched for at

LHCb [47]. Corresponding branching ratios are B(B → K∗ΛΛ̄,K∗pp̄) = few × O(10−6)

and B(B → D0∗pp̄) = O(10−4) [10].

5.1 Hadronic S → V1V1 and qualitative remarks on FL

Decays of the type S → V1V2 are generically not in an endpoint configuration. Here we

take the quantity u ≡ ((mV1 + mV2)/mS)2 as a measure of the distance from the end-

point. Towards the endpoint FL|u→1 → 1/3 (3.4) (with available phase space vanishing),

and naively we expect FL|u→0 → 1 by virtue of the equivalence theorem as explained in

appendix D. The difference to the discussion in the appendix is though that neither of the

vector mesons is observed through V → γ∗ → `` and the cancellations leading to the zero

of the AFB are therefore absent. In table 4 we collect data on selected B → V1V2 decays

which support the anticipated pattern in FL(u).

Specific dynamics including V+A admixture can, however, invalidate the kinematic

picture. For example FL(B0 → φK∗0)u=0.13 = 0.480± 0.030 [10] differs considerably from

FL(B0 → ρ+ρ−)u=0.09 = 0.977 ± 0.026 despite their close u-values. An explanation was

pointed out in [48]6 where it was observed that in penguin dominated decays formally

6For a more complete classification we refer the reader to reference [49].
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D → V1V2 ρρ K∗K∗ K∗ρ φρ φK∗

u(D0, D±) 0.68 0.92 0.80 0.92 –

u(Ds) 0.61 0.83 0.72 0.83 0.95

Table 5. u-values for D → V1V2 decays. The columns (rows) correspond to final (initial) states.

Figure 3. FL for B → V1V2 examples (blue points) for FL|u=1 = 1/3 and FL|u→0 → 1, as in

table 4. The smaller (red) points correspond to decays with different weak dynamics, see text.

subleading contributions in 1/mb, known as weak annihilation, are numerically large and

can in principle accommodate the experimental results. Other examples of the same kind,

recently measured by the LHCb collaboration, are FL(Bs → φφ)u=0.14 = 0.329 ± 0.033 ±
0.017 [50] and FL(Bs → φK∗)u=0.13 = 0.51 ± 0.15 ± 0.07 [51]. In figure 3 we show the

decays from table 4 supporting the kinematic FL-pattern (blue points) as well as the rather

precisely measured penguin modes where it does not work (smaller red points).

The uncertainties of the weak annihilation theory predictions are rather large in QCD

factorization because of endpoint (infrared) divergences for which a cut-off has to be in-

troduced. This precludes conclusions on possible new physics signals in those observables.

Further analysis is beyond the scope of this paper.

Predictions for D → V1V2 decays are more stable as the corresponding u-values are

larger and in some cases very close to the endpoint kinematics, see table 5. While current

data on FL in these modes except for FL(D0 → ρ0ρ0) = 0.690± 0.074 [10] are not precise

enough for a comparison with the endpoint prediction and asymptotics, we encourage

further study.

6 Summary

The key results of this work are the endpoint relations for the helicity amplitudes (2.15)

and angular observables of a decaying spinless particle into a vector meson and two leptons,

eq. (3.2). Constraints on observables are summarised in eqs. (3.3)–(3.9). The physics origin

of the relations is the absence of direction at the point of zero recoil. The helicity relations

apply analogously to charged-current decays (3.25), including for example B → D∗`ν. In

the case of di-neutrino modes B → K∗νν̄ [26] and all modes with ` = ν from eq. (3.24)
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FL = 1/3 constrains the shape of the decay distribution. As the symmetry is independent

of the dynamics of the decay but rather depends on the spin of the external states, it

applies as well to non-leptonic decays of the type B → K∗pp̄ provided that the K∗ does

not interact significantly with the proton pair. We investigated the vicinity of the endpoint

through an expansion in the three momentum of the V -meson in the B-cms in section 3.2.

The endpoint relations are beneficial in guiding experimental searches. Existing end-

point data is found to be consistent with the endpoint symmetries, see table 2. The agree-

ment validates that backgrounds are under control. In addition, eq. (3.4) can be used to re-

move backgrounds from other resonant (and non-resonant) contributions to S → P1P2`
+`−

from intermediate particles other than spin 1. An important example is the S-wave contri-

butions to B → Kπ`+`−, recently addressed in refs. [41, 52, 53] for the low q2 region.

New physics opportunities arise from in dΓ/dφ, eq. (3.5), the distribution between the

two final decay planes, which is sensitive to tensor operator contributions, as well as the

slopes in the vicinity of the endpoint. The latter, denoted by R̂, Î in (3.11), (3.12), are

universal and appear in several observables. The overdetermination of R̂ and Î provides a

model-independent check. Current extractions from e.g., AFB and P ′5 are consistent with

each other and with the SM. Second order corrections in the momentum expansion are not

universal but for observables like FL, A
(2)
T and P ′4, in which resonance effects mostly drop

out (cf. section 3.3.1), the relative change with respect to the endpoint prediction serves

as an additional test. While data on FL and A
(2)
T change only moderately and accordingly

in the next to endpoint bin, P ′4 [23] deviates substantially and escapes interpretations

within factorization [9, 54–56]. It will be interesting to see how this develops with the

forthcoming analysis of LHCb’s 3fb−1 data set, and with the future data taking of the

Belle II experiment.

Additionally our findings explain the observed universal helicity structure of B →
K∗`+`−, and the ones in (3.24), in the SM basis [7] (cf. appendix B) manifest in the low

recoil OPE [4]. Furthermore we found that FL follows a kinematic pattern imposed by

the endpoint symmetry and the equivalence theorem (cf. appendix D), at the exception

of channels with numerically enhanced weak annihilation contributions, see figure 3. The

corresponding data on non-leptonic decays is compiled and commented on in section 5.1.

We investigated several generalisations, including decays into a spin-zero and spin-2 meson

plus two fermions. Further decays maybe studied at and in the vicinity of their endpoint,

towards a more precise interpretation of future weak decay data.
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A Conventions for polarisation vectors

Our conventions of the physical polarisation tensors are those of Jacob and Wick [1] and

are the same as in [3]. For a polarisation vector for a particle at rest we have:

ω(±) = (0,±1, i, 0)/
√

2 , ω(0) = (0, 0, 0, 1) and ω(t) = (1, 0, 0, 0) . (A.1)

Throughout this work we use (+,−) ↔ (1, 1̄) ↔ (1,−1) interchangeably for a spin 1

polarisation index. The identification with the polarisation tensors α, β, γ of the particles

A, B and C, respectively, taken to be J = 1, is as follows:

ω(±) = α(±) = β(±) = γ(∓) , (A.2)

ω(0) = α(0) = β(0) = γ(0) ,

where the last two equalities are valid at the endpoint as can be seen from the explicit

parameterisation to given below. The scalar products are

ω(λ1) · ω∗(λ2) = −δλ1λ2 , ω(λ1) · ω(λ2) = −(−1)λ1δλ1λ̄2
. (A.3)

The only complication is that the quantization axis of the C-particle is opposite to

the ones of the A- and B-particles. This implies a helicity flip as indicated in the equation

above. Furthermore in the Jacob-Wick phase convention the helicity dependent phase is

chosen to be unity [1, 2]. We emphasise that the conventions (A.1) are consistent with the

Condon-Shortly phase convention which are standard for the CGC [10].

The power counting of the κ-corrections in the vicinity of the endpoint in the decay

A → (B1B2)C can be verified by using the explicit parameterisation of the vectors in the

A-cms:

qB = q = ((qB)0, 0, 0, κ), β(0) = (κ, 0, 0, (qB)0)/
√
q2
B , β(t) = qB/

√
q2
B ,

qC = p = ((qC)0, 0, 0,−κ) , γ(0) =(−κ, 0, 0, (qC)0)/
√
q2
C , γ(±) =β(∓) = ω(∓) . (A.4)

Above (qB)0 ≡
√
q2
B + κ2, (qC)0 ≡

√
q2
C + κ2 = mA − (qB)0 and the physical polarisation

vectors are transverse qB · β(λ) = 0, qC · γ(λ) = 0 for λ = 0,±. For assessing the κ-

expansion we choose the A- and C-particle to be on-shell q2
A = m2

A and q2
C = m2

C . The

variable q2
B = q2

max+O(κ2) is κ-dependent through eq. (2.17). The distance to the kinematic

endpoint is δq2 ≡ (mA −mC)2 − q2
B = O(κ2). With these conventions the relevant scalar

products read:

β(0) · qC =κmA/
√
q2
B = O(κ) ,

β(±) · qC = 0 ,

β(t) · qC = (m2
A − q2

B −m2
C)/(2

√
q2
B) = O(κ0) , (A.5)
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and

β(λB) · γ(λC) =


1 λB = λ̄C = ±

(−κ2 −
√
κ2 + q2

B

√
κ2 +m2

C)/(
√
q2
BmC) λB = λC = 0

0 otherwise

.

(A.6)

B The low recoil OPE and non-factorizable corrections in the light of

endpoint relations

It was observed that in the SM+SM’ basis the effective Wilson coefficients (EWC)

Ceff
± (q2) ≡ Ceff(q2) ± Ceff′(q2) are independent of the V mesons’ polarisation [7, 8, 57].

In the transversity basis this amounts to

B → V `` : H0,‖ = Ceff
− (q2)f0,‖(q

2) , H⊥ = Ceff
+ (q2)f⊥(q2) ,

B → P`` : H = Ceff
+ (q2)f(q2) , (B.1)

where fi (i = 0,⊥, ‖) are the usual polarisation-dependent B → V form factors and f

denotes the corresponding B → P form factor. Generally the expression (B.1) is subject

to non- factorizable corrections

fλ(q2)→ fλ(q2)(1 + ελ(q2)) , ελ(q2) = O(αs/mb, [C7/C9]/mb) , λ = 0,±1 . (B.2)

We would like to point out that the endpoint relation imply degeneracy of the corrections

at the endpoint

ελ(q2
max) ≡ ε , λ = 0,±1, ‖,⊥ , (B.3)

with (2.15) already enforced by the form factors fλ, f⊥(q2
max) = 0 and f‖(q

2
max) =√

2f0(q2
max) as used e.g., in ref. [9]. Below we give two alternative viewpoints on why

the EWC are polarisation independent in the low recoil region.

• For the true Wilson coefficients, which in particular are q2- independent universality

follows from factorization, a property of the OPE. The points to be discussed are

contributions from off-shell photons and quark loops e.g., b̄sc̄c-operators which lead

to so-called charm loops. For the former the improved Isgur-Wise relations [5, 6] are

instrumental, which render the relative size of the electromagnetic dipole to (axial-

)vector operator contributions universal. The origin of this feature are the QCD

equations of motions, further discussed in [9]. The reason why (B.1) holds for the

charm loops as well is that those loops factorize and do therefore not introduce a new

dependence on the polarisation per se. More precisely the charm loop corresponds

to the vacuum polarisation which is proportional to gαβ and qαqβ structures where

q is the external momentum going through the loop. The latter structure vanishes

when it is propagated by the photon to a vector current by the conservation of the

latter. The gαβ-structure does not change the polarisation. Thus the factoriztion

into a form factor and direct evaluation of a ¯̀γµ` matrix element implies (B.1).
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• Another viewpoint is that eq. (2.15) enforces within (B.1) relations between the form

factors. To make this explicit consider a generic ansatz as

Hλ = Cλ(q2)fλ(q2) + C ′λ(q2)fλ̄(q2) , λ = 0,±1 . (B.4)

By virtue of parity covariance (cf. table 1) the form factors obey f ′λ = −fλ̄. Since the

form factors obey the same endpoint relations as the amplitudes (2.15) f0(q2
max) =

−f1(q2
max) = −f1̄(q2

max) it follows that the combination Cλ(q2
max)− C ′λ(q2

max) = C is

polarisation independent. Moreover, since the relation must hold irrespective of the

ratio of V -A and V+A operators this implies complete degeneracy at the endpoint.

One might wonder whether the equality of the EWC holds at low recoil as well

as at the endpoint. The answer to that is affirmative as the EWC does not know

about the location of the endpoint. We could for instance apply the formalism to

B → K∗(1410)`` in which case the endpoint would lower from (mB − mK∗) to

(mB −mK∗(1410)) with the same EWC. Thus one gets

Hλ = C(q2)fλ(q2)− C ′(q2)fλ̄(q2) , (B.5)

which is equivalent to the expression in (B.1) after identifying C(′)(q2) with Ceff(′)(q2).

At last we would like to point out that the results (B.1) are valid independent of

the chirality of the lepton interaction vertex. One could restore Hi → HL,R
i with L,R

referring to `→ `L,R. The fact that in general the Wilson coefficient of the transverse HA

is different from the other can also be inferred from the fact that the corresponding form

factor vanishes at the endpoint f⊥(q2
max) = 0 and evades a constraint. For models with

|C| � |C ′|, such as the SM, degeneracy in all transversity directions 0, ‖,⊥ is effectively

attained.

C Phenomenological parameterisations for helicity amplitudes

Within the SM + SM’ basis (neglecting Ht which is suppressed by m`) one may pa-

rameterise Hλ, λ = 0, ‖,⊥ to be used in fits to experimental data. We suggest here a

phenomenological, local parameterisation adapted to low and high q2 without working out

all details.7

The B → V `` decay rate scales like dΓ ∝ κκ`dq2d(angles) where κ and κ` denotes the

absolute value of the three momentum of the K∗ and `-particles, respectively. The former

is given in eq. (2.17) and the latter is given by

κ` ≡

√
λ(q2,m2

` ,m
2
` )

4q2
=

1

2

√
q2β` , β` ≡

√
1− 4

m2
`

q2
. (C.1)

In counting and parameterising higher orders in κ2 or q2 it is therefore important to keep

track of both κ and κ`. In the conventions of reference [8] this is taken care of by a global

factor
√
κκ` in the HAs. Below we do not write the

√
κκ`-prefactor explicitly.

7 One needs to take into account that the angular coefficients Ji are bilinears of the HAs. This leads to

a U(2)-symmetry and reduces the number of free parameters by four [58].

– 24 –



J
H
E
P
0
3
(
2
0
1
4
)
0
4
2

C.1 Low recoil — high q2

We extend the κ-expansion (3.10) to:

−
√

2Hx
0 =

√
q2

max/q
2

(
ax0 + bx0κ

2 +
c0

q2
+ . . .

)(
1 +

∑
r

∆
(r)
0 (q2)

)
, x = L,R ,

Hx
⊥=κ

(
ax⊥ + bx⊥κ

2 +
c⊥
q2

+ . . .

)(
1 +

∑
r

∆
(r)
⊥ (q2)

)
,

Hx
‖ =

(
ax‖ + bx‖κ

2 +
c‖

q2
+ . . .

)(
1 +

∑
r

∆
(r)
‖ (q2)

)
, (C.2)

where the coefficients a, b and c are complex (see, however, footnote 7), the function ∆(r)(q2)

take into account effects of resonances and the ellipses stand for higher orders in κ. Locally

the ∆-function can be approximated by a Breit-Wigner ansatz ∆
(r)
i (q2) = δi(q

2)/(q2−m2
r+

iΓrmr) where mr, Γr are the corresponding masses and decay widths. In the factorization

approximation δi(q
2) = δi is a constant and deviations thereof are a measure of non-

factorizable contributions.

The endpoint constraint (2.15) implies:

(ax0 +c0/q
2
max)(1+

∑
r

∆
(r)
0 (q2

max)) = (ax‖+c‖/q
2
max)(1+

∑
r

∆
(r)
‖ (q2

max)) , x = L,R . (C.3)

Since the a, c,∆-terms stem in general from different operators in the effective Hamiltonian,

barring fine-tuning, the endpoint relation must be satisfied for each term separately, that is

ax0 = ax‖ , c0 = c‖ , ∆
(r)
0 (q2

max) = ∆
(r)
‖ (q2

max) , (C.4)

consistent with eq. (B.3).

A few remarks are in order. First of all, the parameterisation (C.2) aims at an efficient

phenomenological description and is supposed to hold locally, unlike the OPE. The factor

1/
√
q2 in front of H0 originates from the normalisation of the polarisation vector (A.4).

The resonance terms c as well as ∆(r) originate from photons and thus couple vector-like,

cR = cL, ∆R = ∆L and we have therefore suppressed in (C.2) their chirality labels. Instead

of κ2 one could also expand in δq2 ≡ (q2
max − q2) cf. (C.7). The deviation of ratios from

one, [∆
(r)
λ (q2)]/[∆

(r)
λ′ (q2) ] 6= 1 is a q2-dependent measure of non-factorizable contributions

to observables which depend on ratios of HAs.

The remaining HAs that arise in a general dimension six effective Hamiltonian can be

parameterised in an analogous but simpler manner as cc̄-resonances are absent:

HX =κ/
√
q2(aX + bXκ

2 + . . .) , for HX = HT⊥ , H
Tt
⊥ , Ht ,

HX =
√
q2

max/q
2(aX + bXκ

2 + . . .) , for HX = HT‖ , H
Tt
‖ ,

HX = aX + bXκ
2 + . . . , for HX = HT0 , H

Tt
0 ,

H =κ/
√
q2

max(a + bκ2 + . . .) . (C.5)

Note that the pseudo-scalar contribution is absorbed as usual in the vector one by the

equations of motion.
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C.2 Large recoil — low q2

At large recoil a similar parameterisation to the one at low recoil given in the previous

subsection can be employed:8

−
√

2Hx
0 =

√
q2

max/q
2(αx0 + βx0 q

2 + . . .)

(
1 +

∑
r

Ω
(r)
0 (q2)

)
, x = L,R ,

Hx
⊥=κ

(
αx⊥ + βx⊥q

2 +
ϕ⊥
q2

. . .

)(
1 +

∑
r

Ω
(r)
⊥ (q2)

)
,

Hx
‖ =

(
αx‖ + βx‖ q

2 +
ϕ‖

q2
+ . . .

)(
1 +

∑
r

Ω
(r)
‖ (q2)

)
, (C.6)

where α, β and ϕ are complex numbers (cf. again footnote 7), the dots stand for higher

orders in q2 and the functions Ω take into account resonance structures. Note there is no

ϕ0-term since the photon does not have a zero helicity component. The very same remarks,

as for the ∆-functions in the previous subsection, apply for the Ω-terms. Depending on the

region it might be sufficient to approximate them with a Breit-Wigner ansatz: Ω
(r)
i (q2) =

ω
(ρ/ω)
i (q2)/(q2−m2

ρ/ω + imρ/ωΓρ/ω), ω
(J/Ψ)
i (q2)/(q2−m2

J/Ψ + imJ/ΨΓJ/Ψ). Dependence on

q2 of ω as well as polarisation dependence are a measure of non-factorizable effects. In

fact to some extent the residues ω(ρ/ω) and ω(J/Ψ) can be seen as modelling the effect of a

sum of resonances at the cost of the q2-dependence which is though not of major impact

as long as one does not get too close to the resonances. By restricting the interval away

from the ρ- and or J/Ψ-resonances one could drop the Ω-terms at the expense of less

statistics. Note, the radiation of photons from light quarks, described at q2 = 0 by the

photon distribution amplitude, are mimicked at q2 > 1 GeV2 by 〈q̄q〉/q2-terms. This leads

to 1/q4-contributions in H‖,⊥ [42] in processes such weak annihilation for example. These

contributions are though relatively small in the SM other than for the isospin asymmetry

(which is small by itself).

C.3 Three momentum κ versus q2

In this appendix we give auxiliary formulae relating κ and q2. From (2.17) one gets:

κ =
1

2mB

√
(q2

max − q2)(q̄2
max − q2) =

1

2mB

√
δq2(δq2 + 4mBmK∗)

=
√
δq2(mK∗/mB)

(
1 +

δq2

8mBmK∗
− (δq2)2

16m2
Bm

2
K∗

+ . . .

)
, (C.7)

where δq2 is defined as

δq2 ≡ q2
max − q2 , q2

max(q̄2
max) = (mB ∓mK∗)

2 , (C.8)

the (positive) distance to the endpoint in the physical region. Thus to leading order

κ2 ∝ δq2 or more precisely:

δq2 = 2mBmK∗

(√
1 + κ2/m2

K∗ − 1

)
=

mB

mK∗
κ2 +O(κ4) . (C.9)

8It was suggested to apply q2-expansion in the large recoil region [59, 60].
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D FL asymptotics

For B → V `` the observable FL interpolates between FL(0) = 0 where the longitudinal

mode decouples completely and FL(q2
max) = 1/3 (3.4) where all polarisations are equally

probable. This raises the question of whether anything can be said about FL in between

those two kinematic limits. The zero of the AFB and the equivalence theorem turn out to

be of relevance in this context. For the subsequent analysis it is helpful to rewrite FL and

AFB in the λ = 0,±1 helicity and V,A lepton-chirality basis:

AFB ∝ Re[HV
−H

A∗
− −HV

+H
A∗
+ ] , FL =

|HA
0 |2 + |HV

0 |2

|HA
0 |2 + |HV

0 |2 + |HA
+ |2 + |HV

+ |2 + |HA
− |2 + |HV

− |2
.

(D.1)

The V -A nature of the weak interaction distinguishes between the two ±-helicity directions.

In particular for low q2 this leads to HV,A
+ ' 0 which renders HV,A

− at the same time larger

by roughly a factor of
√

2. In the same kinematic region the zero of AFB(q2
0) = 0 arises

through HV
− ' 0 as can be seen from (D.1) which is due to cancellations between Ceff

9

and the photon pole term described by Ceff
7 in the lepton vector current. The LHCb

collaboration has determined the location of the zero q2
0 = 4.9 ± 0.9 GeV2 [21] which is

consistent with SM predictions. Naively, one might expect |H0| : |H−| : |H+| ' 1 :
√

2 : 0

and FL(q2
0) ' (12 + 12)/(12 + 12 +

√
2

2
) = 1/2. To get a realistic number one needs to take

into account the effect of the prefactors of the polarisation vectors (A.4), which are related

to the equivalence theorem (relevant to heavy Higgs boson physics for example e.g. [61]).

The limit corresponds to m2
B � m2

K∗ , q
2 with q2 large enough such that the photon pole

is not dominant. Formally this happens as the 0-helicity (longitudinal) polarisation tensor

scales as 1/mK∗ and 1/
√
q2 (A.4) whereas the other directions do not encounter such

an enhancement. The zero helicity component can therefore be enhanced by a factor ζ ≡
(m2

B/2)/(mK∗
√
q2)|q2'q2

0
' 7 which leads to FL(q2

0) ' ζ(12 +12)/(ζ(12 +12)+
√

2
2
) = 0.88.

This value is close to the maximum of FL ' 0.8 found in the literature, e.g. [7]. Differences

can be understood by the cancellation between Ceff
7 and Ceff

9 terms in |HV
0 |.

In summary FL can be expected to raise considerably from 1/3 at the endpoint due

to the equivalence theorem and then asymptotes to zero for low q2 by virtue of the photon

pole dominance. The effect of the zero of the AFB enhances this effect and influences the

maximum of FL.

E Tensor contributions to dΓ/dφ at the endpoint

The quantity rφ (3.5), in the dimension six basis, is given by [8]:

rφ = −4

9
β2
`

|H0|2 + t1

(1 +
β2
`
3 )|H0|2 + 8

m2
`

q2
max

Re(HL
0 H

R∗
0 ) + t2

, |H0|2 ≡ |HL
0 |2 + |HR

0 |2 , (E.1)

where |A0| = |H0| in the notation of [8]. The symbols t1,2 stand for tensor operator

contributions, which read as

t1 ≡ −8(|Ht0|2 + |H+−|2) ,

t2 ≡ 4(4− 8/3β2
` )|Ht0|2 + 16/3|H+−|2 + 16

√
2m`/

√
q2

maxRe((HL
0 +HR

0 )H∗t0) . (E.2)
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Here, we used |H+−| = |A‖⊥|, |Ht0| = |At0| to translate from [8]. Possible differences

in phase conventions of polarisation vector should cancel as they always appear in the

combination ω(λ)ω(λ)∗.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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