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1 Introduction

For a long time it was believed that four is the maximal dimension in which conformal field
theories can exist. However, string/M-theory suggest that the group theoretical bound of
six dimensions on superconformal theories [1] is actually saturated [2]. The understanding
of effective (2,0) theories for multiple M5-branes is one of the pressing questions of M-
theory in this context. They are classified by ADFE groups, but an explicit understanding
still seems far off.

One of the problems is of pure geometrical origin and independent of any underlying
dynamics or supersymmetry and addresses the question of non-abelian tensor (two-form)
gauge fields. For example, various no-go theorems exclude the non-abelian extension of the
abelian tensor gauge symmetry [3]. In [4] this problem was encompassed in the context of
a tensor hierarchy [5, 6] by introducing additional form-degrees of freedom, in particular
an ordinary gauge field and non-propagating three- and (optionally) four-form gauge fields.
This structure shows similarity with concepts of higher gauge theories, Q structures, and
non-abelian gerbes [7-12], extended to higher degree forms. A very particular realization
of this gauge symmetry was given in [13].

The other problem is that the supposed (2,0) theory of multiple M5-branes is intrin-
sically strongly coupled, i.e. it has no free parameter for a weak coupling expansion which
would make the existence of a Lagrangian description plausible. This problem is analo-
gous to the situation of M2-branes. Also in that case, and for the same reason, it was
believed that a Lagrangian description does not exist. Nevertheless, a single maximally
supersymmetric three-dimensional CFT (BLG-model) [14, 15] and a more general class
with less supersymmetry (ABJM-models) [16] have been found. The decisive observation
in the latter case is that by placing the M2-branes at an orbifold singularity instead of



placing them in flat space one gains a dimensionless parameter which allows for a weak
coupling limit and thus makes a Lagrangian description possible. The resulting CFT’s have
the same field content as a maximally, i.e. N’ = 8 supersymmetric theory but realize only
N = 6 supersymmetry. From the field theory point of view this means that the reduced
supersymmetry is less restrictive and therefore allows for a Lagrangian formulation.

In a similar spirit, in [4, 17] we constructed interacting (1,0) superconformal models
for non-abelian tensor and vector multiplets. The BPS sector of these models has been
analyzed in [18]. Also in six dimensions, N' = (1,0) supersymmetry is not as restrictive as
to prevent any nontrivial local dynamics (as in the maximal (2,0) case), but strong enough
to essentially determine the dynamics. As a further step towards the sought-after (2,0)
models, in this paper we complete the (1,0) tensor multiplet interactions to the full field
content of the (2,0) theories by coupling the non-abelian tensor/vector models of [4, 17]
to superconformal hypermultiplets.

Superconformal hypermultiplets are described by a gauged non-linear sigma model [19].
Conformal invariance requires the target space to be a hyper-Kéhler cone (HKC) [20,
21]. The possible gauge groups are subgroups of the isometry group of the underlying
quaternionic Kéhler manifold (QK). Supersymmetry requires that the vector multiplets
that gauge these isometries are embedded in a particular way into the vector multiplets of
the superconformal vector/tensor system. There is no direct coupling between the tensor
and hypermultiplets prior to eliminating the auxiliary fields, but the vector multiplets form
the ‘glue’ between this two multiplets in a non-trivial way, beyond simple minimal gauge
couplings. Though the restriction of the gauge group by the QK isometry group suggests
some selection mechanism there remains a large freedom in the construction. FEven the
restriction to compact quaternionic Kéahler manifolds provides for all classical groups a
corresponding manifold, the Wolf spaces [22], and an associated HKC. We discuss in detail
the case of the flat HKC and show that one can embed arbitrary matrix representations of
semi-simple groups including abelian factors in the corresponding isometry group which in
this case is Sp(n)/Zs. It is however not surprising that pure classical considerations do not
lead to the selection of ADE groups since these are determined by anomaly cancellation
conditions and is thus an essential quantum effect. For abelian tensor multiplets this was
discussed in [23].

From the different types of superconformal tensor/vector models of [17] the coupling
to the hypermultiplets selects those whose field equations can be integrated to an action
(modulo the known subtleties related to the description of self-dual tensor fields). Upon
extending the system to include non-propagating four-form potentials, the dynamics may
equivalently be expressed by a set of non-abelian first-order duality equations. This de-
scription appears rather natural with the coupling to hypermultiplets. The resulting super-
multiplet structure is rather intriguing. While the gauge structure based on the three-form
leads to an on-shell supermultiplet that mixes the tensor and vector multiplet with the non-
dynamical three-form, the inclusion of the four-form also intertwines the hypermultiplets
with the previous ones. Even more intriguing is the observation, that in the supersymmetry
transformation of the four-form the tensor and hypermultiplet contributions combine in a
manifestly (2,0) way.



Another question that we address in this paper is the elimination of the vector multiplet
auxiliary fields. As has been mentioned, the vector multiplet forms the ‘glue’ between the
tensor and hypermultiplet. A particular important coupling comes through the auxiliary
field, which is described by the algebraic field equation,

1

—ﬁermug =0, (1.1)

drrs (V356" = 220 )
where Y is the auxiliary field and A] the gaugino of the vector multiplet, while ¢, x belong
to the tensor multiplet. The moment maps p of the hypermultiplet Lagrangian couple
with a free dimensionless coupling constant A. The other two objects are invariant tensors
of the gauge group. This equation in fact contains the full information about the vector
multiplet dynamics, the rest is fixed by supersymmetry. Generically this equation implies
constraints on the elementary fields [4, 17]. The inclusion of the hypermultiplets does not
alter this observation. We show that one has to include abelian factors, or tensor multiplet
singlets, in order to avoid constraints for the elementary fields. In that case one finds a
unique solution for the auxiliary fields Y. In contrast to the standard YM-hyper couplings
of [19] however, eliminating the auxiliary fields does not generate a bosonic potential but
only quadratic and quartic fermionic interactions.

The resulting moduli space for the scalars is thus not constrained by any potential. In
particular the VEV for the tensor scalar fields can in principle take any value. However,
we find certain couplings between the tensor scalars and the vector multiplet for which
the VEV (¢) acts as the inverse (square) of the Yang-Mills coupling constant. Therefore
at the conformal point (¢) = 0 the theory is no longer perturbatively defined. Also the
auxiliary field equation (1.1) is degenerate in this point. It implies constraints on the
hypermultiplets and thus changes the target space geometry. This is of course the indication
of the well known, but not so well understood, phenomenon of the tensionless string phase
transition [24, 25]. Consequently the models are well defined only on the Coulomb branch,
where the conformal symmetry is spontaneously broken. However, since the breaking is
spontaneous the original conformal symmetry might be still useful in the perturbative
regime through the broken Ward identities, although they might look very complicated.
The literature mentions evidence that this conformal fixed point might be described by a
local field theory (see e.g. [23]). With the given set of degrees of freedom that we considered
here, which comprises the full field content of (2,0) tensor multiplets, superconformal
symmetry predicts essentially unique models where this phenomenon can be at most seen
as a highly non-perturbative effect.

A last comment regarding ADF classification: N/ = (1,0) theories are chiral and there-
fore anomaly cancellation is an important ingredient. As mentioned above, the anomaly
cancellation conditions of [23] lead to a selection of ADFE gauge groups, though the ten-
sors are abelian in that case. For the models presented here, we have to postpone such a
discussion until a full quantum treatment is available. However, we make the following ob-
servation: The necessity to include abelian factors to avoid constraints in (1.1) also provides
the structure for the particular couplings that were considered in [23], see equation (4.18)
below. These couplings, that are an essential input for the anomaly cancellation conditions,



are thus naturally present in our theories. Let us finally mention other approaches towards
the field equations [11, 26, 27] and amplitudes [28] of the (2,0) theory whose relation to the
presented construction will be interesting to understand. We also want to mention possible
relations two supergravity theories [30, 31]

The paper is organized as follows: In section 2 we discuss the geometrical background
for the superconformal hypermultiplets. In section 3 we describe the Lagrangians for the
hyper- and the tensor/vector system, respectively, and the embedding of the hypermulti-
plet gauging into the latter. We also discuss the ‘first-order’ description, which includes the
non-dynamical four-form and its supermultiplet structure. In section 4 we discuss the elimi-
nation of the auxiliary fields and the necessity of abelian factors and resulting interactions.

2 Geometrical setting

The target space of rigid supersymmetric sigma models with eight supercharges has to be a
hyper-Kihler (HK) manifold! ( Myy, g, J ) [33, 34]. Hence, My, is a (real) 4n-dimensional,

with local coordinates ¢®=14"

, and provides an Sp(1)-triplet of covariant constant com-
plex structures J and a metric g which is hermitian w.r.t. all of them. This hyper-complex

structure forms a quaternionic algebra and defines a triplet of hyper-Kéahler forms &:

JJ =04 Rk VT =0, @Gap =gy s, (2.1)
where V,, is the Levi-Civita connection. This actually implies the existence of an whole
S2 ~ CP' of complex structures {Z = @-.J | @ = 1}, and that the Kéhler forms are closed,
d & = 0. The latter, or the requirement of reduced holonomy Hol(g) C Sp(n) may be taken
as an equivalent definition of a HK manifold. In the following we pick J? as the particular
complex structure to define complex coordinates? 2%, 2% = (2%)* such that J? is diagonal
and the fundamental holomorphic (2,0) form is given by:

; ; 1
JBa, =i6%, JP=—isty, W)= 5 (W +iw?) . (2.2)

The holomorphic (2,0) form w(*) implies that a HK manifold is also a holomorphic sym-
plectic manifold. Furthermore (w())™ defines a nowhere vanishing section of the canonical
bundle and thus My, is Ricci-flat.

Hyper Kahler cones. For a sigma model with the given amount of supersymmetry to
be conformal the HK target space My, has to be of special type, namely a hyper-Kahler-
cone (HKC) [20]. These spaces are characterized by the existence of a homothetic Killing
vector field,

Vax? =6, . (2.3)

This implies for the Lie derivative .2y gog = 2 gag and thus x® generates dilatations® on
My, see also [35]. The homothetic Killing vector defines i.) a hyper-Kéhler potential

'If one considers only equations of motions no metric g is needed and the requirements for susy are less
restrictive [29, 32]. However, we will always assume the existence of an action.

2The real coordinates we define then as [¢*] = %[(za +2%), —i(2* — 29t

$We define the homothetic Killing vector with unit normalization (2.3). The actual dilatation generator
will be defined with a constant factor, appropriate for the six-dimensional world volume.



x(q) : My, — R, ie. a single Kdhler potential for all complex structures Z [36], and
ii.) the Killing vectors k“ which generate the Sp(1) isometry that acts on the complex
structures and becomes the R-symmetry of the supersymmetry algebra:

1 - 1 -
X(@) =5 9a8x"X" & gap=VaOax(a), k*:=5J%x", (2.4)
from which follows £_z Ji = —ai ek gk = @t JK. The equation for the metric can be con-

sidered as an equivalent definition of a HKC, where x® is then obtained as y® = g*” d5x(q),
and it imposes rather strong conditions. Not only are the non-vanishing components of the
metric as usual derived from a Kéhler potential (in complex coordinates g,; = 0,05x), but
it also implies that V,0,x = 0.

The superconformal case is closely related to the situation with local supersymmetry
and the coupling to supergravity. The latter requires that the target space is a 4(n — 1)
dimensional quaternionic Kéhler manifold Q4¢,—1) [37]. There exists a one-to-one corre-
spondence between HKC’s My, and quaternionic Kéhler manifolds Qy(,,—1) via the “su-
perconformal quotient” [20, 38] and the Swann bundle My, — Qy(,,—1) [36]. The coupling
to supergravity gauges the above described Sp(1) isometry. This is in contrast with the
rigid superconformal case with global Sp(1) R-symmetry, that we consider here. However,
we are interested in the construction of gauged superconformal models and the possible
gauge groups are given by those isometries of the HKC My, that can be gauged while
preserving super- and conformal symmetry. These are the triholomorphic isometries which
commute with the Sp(1) isometries (2.4) and the dilatations (2.3). As a matter of fact,
these are the isometries of the underlying quaternionic Kéhler manifold Q4,—1) [21, 38].
Thus Iso(Qy(,—1)) describes the possible gauge groups of the superconformal sigma models
with the corresponding HKC target space My, — Qy(n—1)-

It is conjectured [39] that the Wolf spaces [22] are all possible (positive curvature)
compact quaternionic manifolds Qy4(,,—1). These are symmetric spaces and there exists one
for each simple Lie group. The quaternionic projective space,

Sp(n)
Sp(1) x Sp(n —1)’

Qyn—1) = HP" ' = (2.5)
whose HKC is the flat space R*", will be of particular interest for us. The isometry group
in this case is Sp(n)/Zy [40] and thus we can realize representations of gauge groups that
can be embedded in in Sp(n)/Zs. For the rest of this paper, we will restrict to discussing
gaugings on the level of the Lie algebra, i.e. for Sp(n).

Triholomorphic isometries, moment maps. As has been indicated, the isometries
that can be gauged in accordance with superconformal symmetry have to be i.) triholomor-
phic and commute with the Sp(1) isometries in order to preserve supersymmetry [34, 41],
and ii.) commute with the homothetic Killing vector field in order to preserve confor-
mal invariance [38]. Therefore the corresponding Killing vector fields X () are defined by
the conditions,

"%X(lﬁ) gap =0, D%X(ﬁ'l) Wap =0, [X(rﬁ)a];] = [X(rﬁ)’kD] =0, (2.6)



where we have introduced the properly normalized dilatation Killing vector k% = w, x4,
with w, = 2 for a six-dimensional world volume. Given that the Kahler forms ¢ are closed
the triholomorphicity condition reduces to Zx & = d(ix ,, ) = 0. This in turn implies
the existence of Sp(1)-triplets of (local) moment maps (Killing potentials) fi(s),

d i) = _Z‘Xm«)"v = Oafim) = CvaﬁX(Bﬁl) ) (2.7)

which reflects the mentioned symplectic structure of the HK manifold. The moment maps
fi(#) Will define the potential-coupling to the vector multiplet, that one obtains after gauging
the isometries. Therefore the global existence of the moment maps is a necessary (and
sufficient [42]) condition to gauge the associated isometries. The moment maps (2.7) are
defined only up to constants, which however are eventually fixed by the requirement of
conformal symmetry, see (B.14).

Gauging. The gauging of isometries, especially in the given context, has been consid-
ered in [19-21, 41]. The triholomorphic Killing vector fields X () generate the isometry
group G = Iso( Q4(,—1) ) of the quaternionic Kéhler manifold associated to the HKC Myj,.
Generically we will gauge a subgroup G C G, generated by the subset of triholomorphic
isometries {X(m) } © {X(s) } that satisfy,

[X(m)7 X(n)] = _fman(p) . (2.8)

The fun" are the structure constants of the associated Lie algebra g := Lie(G).

The target space coordinates ¢ will eventually depend on the six-dimensional world
volume coordinates z*. In the process of gauging the isometry transformations are made
local w.r.t. the world volume:

a q%(w) := A™(2) X{) - (2.9)
Correspondingly one introduces gauge fields on the world-volume and covariant derivatives,
Dyug® = 0uq™ — A} X(Oﬁn) , OAAR =0,A" — A} AP fop™, (2.10)

which results in the covariant transformation law,
O (Dpg™) = A™ (Tn)*g Duq®  with  (T)®s = 05X () - (2.11)

We finally note that in the case that G C G is a normal subgroup the original global
isometry group is preserved by the gauging and one has in addition to the gauge invariance
G the global symmetry H = G /G. However, in the generic case the original symmetry G
is broken down to G by the gauging [19].

Flat target space, Sp(n) isometries. We conclude this section with an explicit dis-
cussion for the case that the target space is flat R* which will be the case of particular
interest in the following. Nevertheless, all of the subsequent constructions apply to general
HKC target spaces. For flat target space, all connection coefficients can be set to zero



and also the curvature tensor in (3.3) vanishes. The basic HK structures take in complex
coordinates the simple form,
2n B 1
X = Z 12912, w3 = —idz®nd2®, wt) = 5 Qup dznd2?, (2.12)
a=1
with the Sp(n) invariant symplectic form Qg (a,b = 1,...,2n), while the homoth-
etic/dilatation and Sp(1) Killing vectors are given by,

1 1 1

a_ Zpa _ .0 k?)a:ia k+a:O A
X 2 D z, 22 ) 9 2
The conjugate components of the vectors are simply obtained by complex conjugation,
k3% = (k39)*, k*t% = (k= )*, etc.. For the resulting triholomorphic isometries (2.6) and

moment maps (2.7) one obtains,

(Q2)°. (2.13)

b

X(arﬁ) = u@m)p 2’ with “Ira) = —U(n) and Ufﬁm) = Qugg 2,
- 1 .
M?na) =1 (Zugm) 2), Mgi)) =3 (Quggy)ab 2 2. (2.14)

The matrices u () thus generate the group Sp(n), which is the isometry group of the un-
derlying quaternionic manifold HP (2.5). It is easy to see that all isometries commute:
[ X, kp] = [Xa, k] = [k, kp] = 0. This would be not the case for the translational tri-
holomorphic isometries of R4". However, the Sp(1) R-isometry is obviously not manifestly
realized on the complex coordinates z?, since it rotates the complex structures (2.4).

In order to realize the Sp(1) R-isometry in a manifest way we introduce the pseudo-
real coordinates,

[q1] [Qz
q = 9| =R .
q —iz

where r is a phase such that k2 = i. The constant flat vielbeine, f*¢,, f%, are given

=f"q¢ = () =ejQud?, (2.15)

explicitly in (B.1). Dilatations, Sp(1) and Sp(n) action on these coordinates are of the
covariant form,

O =200, Sgpd = AT a0 by 0= A g (2.16)

where ¢ = —%6” ;- The coordinates ¢*® thus transform in the fundamental representation
(2,2n) under Sp(1) x Sp(n). The basic data for the HKC and the Lagrangian (3.3) are
given by

9 = € Qupdg'® ® dg’", W = Quydg'“ndg’?,

(= uwba’, My = (Qugy )and " (2.17)
The next step is to choose subgroups G C Sp(n) and their representations which can be
embedded in the sp(n) matrices u(g). Denoting the corresponding matrices by uy) one
finds from (2.8), (2.15),

[U(m), U(n) | = foon® U(p) - (2.18)



ADE embeddings. We choose a canonical form for the 2n x 2n component matrix 2 of
the symplectic form (3.1), (2.12), which then specifies the general structure of any sp(n)
matrix u (2.14):

o-[L1] - -

This allows for diverse embeddings of different groups. For example with B = 0 one obtains

A B

B | with: Al=—-A, B'=B. (2.19)

the embedding U(n) < Sp(n) with two copies of the hypermultiplets with the second in the
contragredient representation of the first one. A different U(n) = SO(2n)NSp(n) < Sp(n)
embedding is obtained by by choosing A and B to be real. If one sets B = 0 in the latter
case one obtains the embedding SO(n) < Sp(n), again with two copies of hypermultiplets,
one in the contragredient representation of the other. It is thus clear that one can embed
all classical groups, including abelian factors, and taking the dimension n large enough any
representation therof.

This means that at this stage there is no restriction to ADFE gauge groups as one would
expect for effective theories of multiple M5-branes. However, it is not to be expected to
happen at the classical level. In terms of effective CFT’s the restriction to ADFE gauge
groups results from anomaly cancelation conditions [23], and is thus an essential quantum
effect. We have to postpone such a discussion in the context of our models to subsequent

investigation.

3 Superconformal Lagrangian

Hypermultiplets. Supersymmetry requires the tangent bundle of the hyper-Kéhler cone
Mup to be of the form TMy,) = Hgpy ® Pgpn) [37], hence the structure group is
Sp(1) x Sp(n). The sections of the trivial (pull-back) bundle Hg(;) are the constant susy
parameters €' and thus the Sp(n) bundle Pg,) defines the holonomy group. This gives
the mentioned HK condition Hol(g) € Sp(n). Consequently there exists a local vielbein
f%. and its inverse f*®, which satisfy the vielbein postulate and provide an expression for

the metric:
905 =i Qb [0 [P & gap [ 0 = €ij U,
Vol +wa fP5=0 & &0 ="3Vafn. (3.1)

Here, wy? is the Sp(n)-connection. We collect further properties of HK manifolds in
appendix B.
The susy transformations for the hypermultiplets are given by [19, 29],

64" = [ ",

1 .
51/}a = 5 qua €; fma - 5qa waab Tbb y (32)

where D,, is the covariant derivative (2.10). The dilatation and special supersymmetry
transformations will be given below. The conformally supersymmetric Lagrangian for



the gauged sigma model coupled to the off-shell vector multiplet (A‘:}, i Y;']”) can be
obtained by restricting the general supersymmetric model of [19] to a HKC target space

and the gauging of isometries satisfying (2.6). The resulting Lagrangian is*
L __1 D, o* D ,3_|_1Z u@¢a_l 1;(1 H?,ZJbY,Z_JC d}d
hyp = 9 Gap 4 q oY 3 abed Y am
400 NP 0 X Gy + Y My (3:3)

where X ) are the triholomorphic Killing vectors (2.8) and ,u(m)ij = id?; fi(m) are the
associated moment maps (2.7). The Sp(n) curvature tensor Wypeq is defined in (B.7). The
gauge covariant derivative for the fermions is given by

D™ = 0p® — ATty Y + Opg® way ¥’ (3.4)

where ()% is defined as t()% = %fi“a VBX(m)afﬂib, and satisfies the algebra (2.18).
Under gauge transformations, (3.4) transforms as

oAy = L% wb, Ia( .@“wa) =LY% @ulbb, L% = [Am t(m)ab —p q° waab] . (3.5)

Finally, we recall the standard off-shell supersymmetry transformations of the vector
multiplet:

SAT = —&y, A", O™ = éfy’”Fl‘:Lei — %Y"ﬂ' Me;, Y™ = _gipyim (3.6)
Tensor-vector multiplet. The Lagrangian (3.3) is supersymmetric under (3.2) and the
standard off-shell susy transformation rules (3.6) for the vector multiplet. The gauging
should be accompanied by kinetic terms for the vector multiplet, however the pure Yang-
Mills action is not conformally invariant in six dimensions. To achieve conformal invariance
a compensating supermultiplet is needed. This role can be played by a collection of tensor
multiplets and the corresponding model has been constructed in [4]. The field content of
this conformal tensor-vector model is given by a set of nr tensor multiplets {¢’, B{w, x'}
and ny vector multiplets { A}, A", ng}’ labeled by indices I and r, respectively. In addition,
the model in its most general form requires the introduction of the non-propagating 3-
form potentials C,,,,. The vectors A™ gauging the HKC isometries, cf. (2.10), and its
superpartners will be identified with a subset of these fields below. To begin with, we
shall recall the superconformal invariant interactions of these multiplets that admit an
action formulation (modulo the standard subtleties of actions for self-dual tensor fields), as
constructed in [4] to which we refer for details. We shall then discuss the superconformal
invariance of the total action which also includes the hypermultiplets.

For vector and two-form tensor fields, the full covariant non-abelian field strengths are
given by
Fiw = 28[MA;] - fstTAZAf, +h"; BE

pv o

I — I I r s s g1 r
Hlyp = 3DyBL +6d! s AT 0,45 — 2fy5°dl s AT, AD A

» 2 + 1" Crpr (3.7)

]

“By a rescaling of the vector multiplet (A™, A™",V;7) (and associated gauge parameters A™) one may

introduce an explicit coupling constant.



in terms of the antisymmetric structure constants fs" = fi4)", a symmetric d-symbol
dl,s = dl (rs)» and the tensor h"; inducing general Stiickelberg-type couplings among
forms of different degree. Indices I,.J are raised and lowered with a constant symmet-
ric tensor n7y. The covariant derivatives are defined as D, = J, — A} X,. The field
strengths (3.7) are defined such that they transform covariantly under the set of non-
abelian gauge transformations

r T T I
SAL = DA — BT AL,
I _ 1 1 r TS rl
ABL, = 2Dy AL —2d! N FS, — BT A,

W IAC pr = W' <3D[“A,,p]r +6dprs Fy AL+ 241 ML, AS> , (3.8)

where we have used the compact notation
I _ spl I
AB,, = 0B, —2d" ;s fu 5Af,] ,

ACyuwpr = 6Chupr — 6dirs Bl 0A% — 4dpps d'pg A7, ADSA?

ol (1 (3.9)

|
This tensor/vector gauge system is completely defined by the choice of the constant tensors
h'r,dl s, frs'. Consistency of the tensor hierarchy, i.e. covariance of the field strengths (3.7)
requires that the gauge group generators in the various representations are given by

(XT)St = (Xry)st - frst + ht] dlrs )
(XT)IJ (X;F)[J = 2d]7"shsl - 2hSJdIsr, (310)

in terms of the constant tensors parametrizing the system. Further constraints on these
tensors follow from closure of the algebra (or generalized Jacobi identities)

[XraXs] = *(Xr)st Xt (3.11)

and gauge invariance of the tensor d ., see [4] for the explicit form of these constraints. The
‘action’ describing the superconformal invariant couplings of the non-abelian tensor/vector
system is given by

1 g - 1 1
Lyt = Sdirs @ (Fp P =AY Y% 4 8N DAY) = SD"61 Do’ — 23 Py
1 1 prp 1 I Nr. puvpys 1 T NS uv T ryis, g1
- %HMV’DIH[ - ﬂdlrsﬂuyp)\ Y A° = §dlrs (}:u,l/)\ X = 4)/1] A X )
- 1
+ (dysrh®s = Adiseh® ) TN X + Jdirsh” 00k 8670
1 I Nr py\uys v 1
= gllinsdiy, Ny NN YA = Lo (3.12)

where the topological term Ly, is given by integrating

AVOLiop = 6 {2d1s 6ATNF A H! = ABIA (W HD — dpyoF A F*) = W ACAHT |
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with H® defined in (3.23) below. Finally, it is important to note that for the tensor
multiplet, this action has to be supplemented with the first-order self-duality equation

My = —dE N YupA® (3.13)

to be imposed after having derived the second-order equations of motion. This is due to
the well known fact that p-form potentials with self-dual field strengths do not admit a
manifestly Lorentz covariant action formulation. Moreover, it has been observed in [4] that
the metric nr; defining the kinetic terms in the tensor sector is necessarily of indefinite
signature, i.e. a priori the spectrum of the Lagrangian (3.12) contains ghosts whose fate
will require a more extensive analysis.

The action of the above Lagrangian is invariant under the following supersymmetry

transformations
0A), = —ep\",
SNT — %,Y,uuf-;uei - %Yijrej n % Wele
Syur — 7g(ilp)\j)r + 2R g(ixj)f7
so! =ex',
5! = 41787;11/,3 ’wapei i %lﬂqblei i %dlrsj\ir,y,u)\js,yuej ’
AB, =&y’
W IACupr = =20 1dgrs (€070 - (3.14)

Next, we turn to the description of the full action describing the superconformal couplings
of the hypermultiplets to the non-abelian tensor/vector system.

The full Lagrangian. To put together the actions for the hypermultiplet and the ten-
sor/vector system, we need to identify the vectors AJ} used to gauge the HKC isometries, cf.
(2.10), as well as its superpartners, as a subset of the the vectors AL and their superpartners
according to

A" = AT0,.™ A" =\"0,"™ Y =Y50.", (3.15)

with the constant embedding tensor 6,.™. For consistency, the embedding of the vector
fields (3.15) has to be supplemented with the following constraints on the embedding tensor:

hTI erm =0 ) frst etm = ern 93’J fnpm . (3-16)

The first condition guarantees that the modification of the susy transformations (3.14)
does not affect the variation of the hypermultiplet action. Whereas the second condition
guarantees that the embedding is homomorphic. The full Lagrangian is given by the sum

1
L= Lyt + aﬁhyp . (3.17)
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where we introduced a relative (dimensionless) coupling constant A\. Both Lagrangians are
separately supersymmetric so that A is a free parameter.

The fact that both actions are separately supersymmetric requires the first of the
conditions in (3.16). Note also that while the field equations of the tensor multiplets do
not involve the hypermultiplet, those of the vector- and hypermultiplets evidently mix.
The invariance of the total action guaranties the fact that all the field equation transform
into each other under supersymmetry. Nonetheless, given the fact that the field equation
for the auxiliary field Y} contains a contribution coming from the moment map of the
hypermultiplet sector, it is instructive to examine how the vector multiplet field equations
behave under supersymmetry. These field equations take the form

i ij 1 1]

§Y/ €+ 55 0"y = 0, (3.18)
r 7 2 a i

SN E1 4 5 0" X fit b = 0, (3.19)
r 1 fe% a 7

0A}, : Eur + 5y 00" (Duq X(m)a = t(m) b¢a7u¢b> =0, (3.20)

where £ ,EL and Eur represent the contributions from the Lagrangian Lyt to the field
equations of the vector multiplet. These contributions are established to transform into
each other in [4], and one can check that the supersymmetry variation of the contributions
multiplying the embedding tensor 6,™ also transform into each other, as expected.

Higher p-forms and duality equations. It has been shown in [4] that the ten-
sor/vector system described by (3.12) can be extended on-shell to include higher order
p-forms that are related by first-order duality equations to the physical fields. Let us
briefly discuss how this extension is modified in the presence of hypermultiplets.

The p-form field content of (3.12) is given by vector and tensor fields 4," and B!
and the three-form potentials C),,,, which however only appear under projection with the
tensor A" . In a first step, the model may be extended to the full set of three-forms C,,,,,
as well as four-form potentials Cﬁ,)pgm. Supersymmetry and gauge transformations of the
former are given by

ACM”PT = _2dJrs (€7uupAS¢J) ’

A =0, Ny, (3.21)

ACuypr = 3Dy )y + 6dprs Ffy Ay + 2d1s M

respectively. Here, ,™ is the embedding tensor of (3.15) and A, m is the gauge parameter
of the four-form potentials. Closing the supersymmetry algebra on the three-form poten-
tials leads to the field equations (3.18). The hypermultiplet contribution of (3.18) is now
absorbed into the resulting Stiickelberg transformation A, ,m on the three-form potential
which explains the appearance of the embedding tensor 6,™ in (3.21). Furthermore, closure
of the supersymmetry algebra implies the first-order duality equation

_ 1
21y (Fi0! —2X7ux" ) = 11 Ervrpar HBApoT (3.22)
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where the field strength 7—[,(«4) is defined as
1
HY = DC, + 6, O — 24, (f% B' — 5 h*yB'AB’ (3.23)
1 I s rq 1 q 31 s P u v
+§dqu AnK —i—%fuv d’ pg AN APA AN A ,
with K" being the Chern-Simons form. In turn, it satisfies the Bianchi identity

DHW = —2dy,s F A H + 6, HY | (3.24)

with ”HS,? ) denoting the field strength of the four-form potentials 0&4). Equation (3.22) is
the non-abelian first-order duality equation that relates the three-form potentials C),,,, to
the vector fields and unlike the field equations (3.18)—(3.20) has no contributions from the
hypermultiplet. Nevertheless, its derivative is precisely compatible with the second-order
Yang-Mills equation (3.20), provided the field strength 7-[1(115 ) in turn satisfies the first-order
duality equation

1 VPAOT — s \u v
ggul/p)\O'T Grm /HS) r = [(XT)IJ (¢IDM¢J - 2XI'7/LXJ) +4(X7“)u dlsv QZ)I)‘ 7/1A ]

2 _
+ 0" (X(m)a Dut® = Vo vt s zpb) : (3.25)

relating the four-form potentials 0&4) to the scalar fields of the model (including hypers).
Accordingly, the supersymmetry transformation rule for the 4-form potentials in presence
of hypermultiplets is modified to

2 .
ermAC;wpom = (XT)IJ ¢[I E"Y,w/pchJ] - X Hrm Xgin)fma Ei’)/,uupcrq/)a ) (3'26)
combining contributions from tensor and hypermultiplets.

Superconformal symmetries. We conclude with a presentation of the supercon-
formal symmetry transformations [35]. Denoting the fields in the theory by ® =
(¢!, Blil,, X7, AL, Y4 X", Cpupr), the conformal transformations are given by

oc® = f{q) + ApQd, (3.27)

where L¢ is the Lie derivative with respect to the conformal Killing vector defined by
9y = Oy, which also defines (2, and Ap are the Weyl weight for ® given by
(2,0,5/2,0,2,3/2,0). The Lie derivative for the fermionic fields ¥ = (%, x!, \"), in par-
ticular, takes the form LU = {10,V + i@ugl/y“"\ll. On the other hand, the hypermultiplet
fields transform as

dcq™ = Leq® +40x7,
5
dou® = Lt + 700" — Oxwas ¥, (3.28)

with the homothetic Killing vector and spin connection from (2.3) and (3.1), respectively.
The conformal supersymmetry transformations, on the other hand, involve conformal
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Killing spinors, consisting of a pair (n4,n—) that satisfy 0,n; — %7#77, = 0. The su-
perconformal transformations take the form of supersymmetry transformations in which
the constant supersymmetry parameter € is replaced by 74, and the parameter n_ arises
only in 4, ! = —%(ﬁl 7n—. Note that the bosonic conformal transformation together with
supersymmetry ensures the full superconformal symmetry since the commutator of confor-
mal boost with supersymmetry yields the special supersymmetry generator [43].

4 Eliminating auxiliary fields

In the previous sections we have coupled the hypermultiplet Lagrangian of [19] to the
tensor/vector system of [4]. The non-trivial interactions between vector-, tensor- and hy-
permultiplets are reflected in equation (3.18)
y 1 g o

dl TS ¢I Yve — ﬁ ermﬂgﬂ) =2 dI TS )\S(ZXJ)I ) (41)
for the auxiliary fields Y% ¢ of the Yang-Mills multiplet. In particular, eliminating the
auxiliary fields will introduce non-trivial couplings between tensor- and hypermultiplets of
the model.

In this section, we will further analyze the form and the consequences of equation (4.1)
and derive the couplings induced by elimination of the auxiliary fields. The explicit form
of (4.1) depends on the field content of the model and the particular choice of the constant
tensors dy.s, 0™, parametrizing the model. As discussed above, these constant tensors
are subject to a number of algebraic constraints derived from (3.11). A general class of
solutions to these constraints has been constructed in [17] based on a semi-simple Lie
algebra g under which all fields transform in non-trivial representations. Explicitly, w.r.t.
this algebra the vector and tensor multiplets split into

A= (AR By) N = (A ) v = (5. 25)
By, = (Bl Cuva) X' = (M) o' = (0% pa) .  (42)

where indices m and A refer to the adjoint and an arbitrary fixed representation R of g,
respectively. The model thus combines ny = dim g + dim R vector multiplets and nt =
2dim R tensor multiplets. The non-vanishing components of the gauge invariant constant
tensors that define the model (referred to as Type III in [17]) are

na® =nPs = 6%, hBp = 6%,
1
fmAB = _§(Tm)AB ) fmnp )
1
dPma = §(Tm)ABa daBc = d(aBC) dABm = d(AB)m » damn - (4.3)

Here, fun®, and (Tj)A® denote the structure constants and representation matrices of g,
respectively, and dapc), d(AB)m: dAmn, are g-invariant tensors with the indicated symmetry

— 14 —



properties, which obviously exist only for particular choice of g and R. In particular, the
cubic scalar potential of (3.12) is exclusively triggered by the constant tensor dapc :

Lot o dapc ¢ oPsC . (4.4)

For the hypermultiplet couplings, we choose the embedding tensor 6,™ as
On" = Om" , A" =0, (4.5)

such that only the vector fields A} participate in the gauging, and the algebra g is identified
with the algebra of gauged isometries (2.8) in the hyper-sector. In contrast, the vector fields
BI’} as well as the tensors C),, o can be eliminated from the Lagrangian by field redefinition
(see [17] for details).

As we have discussed in the introduction, a particularly interesting class of models is
supposed to describe a field content that can be regrouped into multiplets of (2,0) super-
symmetry. In particular, this requires that tensor- and hypermultiplets arise in the same
representation (i.e. ng = nr), such that they may recombine into (2,0) tensor multiplets.
The algebra g is embedded into the orthogonal group SO(nr) via the generators (Xm)rs
from (3.10). Correspondingly, in this case its action in the hypermultiplet sector is realized
via the embedding (2.19) (with B = 0) into the SO(nt) subalgebra of isometries on the
flat target space of hypermultiplets. Indeed, with this realization it follows that part of the
structures such as the supersymmetry variation (3.26) combining tensor- and hyper-scalars
can be embedded into the manifest (2,0) form

AC,quam - (Xm)IJ (bij’I Ei’Y;wpUX}] y (46)

with Sp(2) R-symmetry indices 4,7 = 1,...,4, and the five scalar fields ¢!/} combining the
tensor- and hyper-scalars. Truncating the (2,0) susy parameter as € — (€',&) — (¢%,0),
equation (4.6) indeed reduces to (3.26).

In the context of the M5-brane dynamics, the most interesting models describe tensor
multiplets in the adjoint representation of the gauge group, i.e. correspond to the choice
R = Adjy. For the rest of this section, we will study a slightly more general class corre-
sponding to choosing R = Adj; & 1. The role of the extra singlet will become clear in the
following. Explicitly thus, tensor multiplets split into

(B;Tyv Xm) ¢m) ) (Bgyv Xoa ¢0) 5 (C;wma Cmv Som) ) (Cule) <05 QOO) . (47)

Furthermore, for the constants in (4.3), we choose the non-vanishing g-invariant tensors

1 0mn for A=0,
damn :

0 otherwise ,

. { 2 0mn  for (A,;B) = (0,n) or (A,B) = (n,0), (4.8)

0 otherwise |
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and set to zero all components of d spc) . In particular, absence of d(apc) implies that there
is no (unstable) cubic potential (4.4) for the tensor scalars. The part of the total Lagrangian
containing the auxiliary fields then takes the form (suppressing R-symmetry indices)

2
Ly = Tr|Y[Z,¢] — c16°Y? = 2c2¢°Y Z + XMY
—2Y {7, C} 4 2Z{N, ¢} + 4 Y I + 4oV oy + 4200 |, (4.9)

where all the fields are matrix valued and in the adjoint representation of g. The resulting
field equations (4.1) for the auxiliary fields can be written as

Y, o] 4+ 220"V = J, (4.10)
2,61 - 28%@Y + 2 2) + o = K, (4.11)

where J and K are bilinear in fermions which can be easily read off from (4.9). The form of
these equations shows that for generic values of the parameters c; 2, the auxiliary fields Y
and Z are uniquely determined and can be eliminated from the Lagrangian. On the other
hand, for ¢12 = 0 only part of Y and Z is determined which implies constraints on the
sources J and K. To make this explicit, it is convenient to consider the Lie algebra com-
mutators in the Cartan-Weyl basis, in which the generators are denoted by (ﬁ ,EY E79).
Furthermore let us take the field ¢ to lie in the Cartan subalgebra as

o=@ H . (4.12)

The non-vanishing commutators are
. 2 .
[H,E**) = +ad E** | [E*,EP] = NogE*™P, [EY,E~% = ol a-H, (4.13)

where @ is the root vector and N,z are numbers associated with the specific Lie algebra.
Thus, expanding

Y=Y H+4Y,E*4+Y_oE~®, idem Z,J, K, (4.14)
from (4.10) it readily follows that®

1 - - Jo B J_oE¢
Y=— _J-H+ -+ S
2290 20000 +d- @ 2020 — - P

(4.15)

Solving (4.11) similarly and substituting the solution for ¥~ we then find

1 . - 2 - 1 2c10%J, 2
~ A Rioee i) g — 1 (g 299Ya 2 ) pa
QC2¢0< +2a0 A“) 2@¢0—07-<5< T 1 a5 ale

1 2¢10°J_q 2 _
- (K 4+ —=% T .)E“. 4.1
202¢°+62~s5< +202¢>0—&-<ﬁ A ) (4.16)

5The fields (Y, Z, J, K, 1) are understood to be rotated by the similarity transformation that puts the
scalar field ¢ in the Cartan subalgebra in the Cartan-Weyl basis.
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For generic values of the constants cq,co the auxiliary fields are thus fully determined
and can be eliminated from the Lagrangian. Let us note that due to the form of the
couplings (4.8), elimination of the auxiliary fields Y, Z does not introduce any bosonic
potential for the hyperscalars (unlike for the standard YM-hyper couplings [19] where
elimination of the auxiliary fields introduces a potential quadratic in the hyper-Kéhler
moment maps f;;) . The resulting moduli space for the scalars thus is not constrained by
any potential.

On the other hand, if ¢o = 0, the auxiliary fields in the Cartan subalgebra re-
main undetermined and we find the constraints J = 0 and K = 2fi/\. In this case,
using the expansions (4.14) with Y and Z as undetermined entries, and the remain-
ing components from (4.15) and (4.16), and finally setting ¢; = 0 for simplicity, the
Lagrangian (4.9) becomes

AM

2 2 2
T Keg — =t | —Jo | Ko — = pta . 4.1
T G O R G O

This exhibits the role of the undetermined auxiliary fields as Lagrange multipliers. In par-

L (L 2 I
[,Y:—Y~<K—_’)+Z'J

ticular the constraint ji = %K modifies the hyper-Kéhler geometry and eliminates degrees
of freedom from the hyper-sector. What we have shown in the above is that such constraints
can precisely be avoided by introducing abelian factors among the tensor multiplets with
the specific couplings (4.8). Let us finally note, that in the Lagrangian (3.12), the choice
of (4.8) in particular gives rise to interaction terms of the form

1
Lyr = ~5C1 mn ¢ F " FHn (4.18)

and thus to exactly those interactions that were taken into account for the anomaly can-
celation conditions in [23]. This led to the selection of ADE gauge groups. Here, we have
seen that such couplings are naturally present in the theory.

5 Conclusions

In this paper, we have constructed six-dimensional superconformal models with non-abelian
tensor and hypermultiplets. They comprise the field content of (2,0) theories, coupled to
(1,0) vector multiplets. The hypermultiplets are described by gauged nonlinear sigma
models with a hyper-Kéhler cone target space and minimal coupling to the superconformal
tensor/vector models of [4]. Elimination of the auxiliary fields from the vector multiplets
then further induces non-trivial couplings between hyper and tensor multiplets. We have
shown that proper elimination of the auxiliary fields requires abelian factors among the
tensor multiplets but unlike standard YM-hyper couplings does not give rise to a scalar
potential. Furthermore, elimination of the auxiliary fields provides couplings (4.18) that
were previously considered for anomaly cancellations with abelian tensor multiplets and
resulted in the selection of ADE gauge groups. We have shown that on the level of the
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equations of motion, the system may be extended to include non-propagating three- and
four-forms, related by a set of non-abelian first-order duality equations to the physical fields.

It remains an intriguing open question, how much of the presented structures can be
carried over to (2,0) supersymmetric theories. Whereas the tensor and hyper multiplets
combine into the field content of (2,0) tensor multiplets and exhibit some unifying struc-
tures such as (4.6), it is clear that the dynamical degrees of freedom from the propagating
vector multiplets will have to be eliminated upon such a supersymmetry enhancement.

The other main open question is of course the quantization of the models, and the
fate of the conformal symmetry at the quantum level. For superconformal hypermultiplet
actions with and without higher derivative terms such questions have been addressed in [44,
45]. For the models presented here at the classical level, a key issue will be whether the
ghost states resulting from the tensor sector of (3.12) can be decoupled with the help of the
large extended tensor gauge symmetry. This may require to set up a proper Hamiltonian
formalism for the self-dual tensor fields along the lines of [46, 47]. Last but not least, the
study of anomalies in the generalized gauge symmetries of the models we have presented
here will be of great interest.
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A Conventions

Indices. In the main text different kind of indices appear which are collect in table 1.
The vector representation of Sp(1) is usually denoted by an arrow (occasionally indices
i,j =1,2,3 are used), or given in the bi-spinor notation,

ali=idl 7, 2V =kl = (@) =gt = oy, (A1)
with ¢’ Ejk = 5;- and 2 =¢15 = 1.

Spinors. We work with a flat world-volume metric of signature (— + + + ++) and Levi-
Civita tensor €g12345 = 1, {fyu,’y,,} = 21, and 77 1= 7012345. The spinor chiralities are
given by

7 ei — ei . v )\ir — )\ir R Xi[ — _Xil R ¢a _ _wa ) (AQ)
For Sp(1) indices we use standard standard northwest-southeast conventions according to
€ = e, ¢; = lej;, etc., and analogously for the Sp(n) indices, i.e. 1) = Q% y, ¥, =
¥ Qpe. All spinors satisfy a symplectic Majorana condition,

=6 C=(N)iy", ai=vlC=(a)in’, (A3)

,18,



Label Range Comment

Ly Vs 0,...,5 world-volume Lorentz indices

a, B,... 1,...4n real target space coordinates

a, b,... 1,...,2n Sp(n) indices, complex coordinates
Uy 1,2 Sp(1) indices

m,a,... | 1,... ,dim(é) isometries of Q4(,_1)

m,n,... | 1,...,dim(G) | gauged isometries of Q4,1

I,J, ... 1,...,nT tensor multiplets

T8, ... 1,...,nv vector multiplets

Table 1. Conventions for the various indices.

where the charge conjugation matrix satisfy 'yg = —C’yMC’_l. Note that indices are exclu-
sively raised /lowered with the symplectic forms, i.e. € = —(¢;)7i7° etc.. The same relations
hold for A" and x*/. We refer to the appendix of [4] for further useful relations.

B Target space geometry

We collect here some basic relations for the geometrical quantities of the HK target space.
Many of the following relations are the six-dimensional versions of the ones given in [20].

Vielbeine. The Sp(n) vielbeine and connection are defined in (3.1), such that metric
takes the flat form (2.17). Thus for the special case of a flat target space, i.e. go5 = dag,

Q —iQ

1| [falafa2a]

the explicit form of the vielbeine is given by (k% = i),
k| —Q
" [ ! (B.1)

flaa B i R
el V2 V2 | =i 1

Besides the metric also the hypercomplex structure and Kéhler forms (2.1) can be

expressed in terms of the vielbeine:
wily =200 fOa [0 JPg=—i G [, (B.2)

where for the constant flat space vielbeine the first relation reduces to the expression given
in (2.17). With this the orthogonality of the vielbeine can be written as,

. , . 1/ e
fmafajb:(szjéab , fajafwﬂ: 5 ((5Zj(5a5—|—za jJ 5) R (B3)

and they satisfy the pseudo reality condition (f*,)* = &;; Qap f7°,. With the definition of
the connection (2.17) this gives,

waab = Q% wadc Qap = —(waba)* = (Qwa )[ab] =0. (B.4)

Hence the connection coefficients are Sp(n) matrices (2.14).
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Curvatures. The curvatures of the Levi-Civita and Sp(n) connection are given by
R = 2 (%%5 n rﬁalergw) C R%as =2 (Gawy® +watews)  (BS)

The integrability condition of the vielbein postulate (3.1) implies that these curvature are
related in the following way,

Rs0p = fia P R%as » 8" R%ap = ' 255 R 50 - (B.6)
The symmetries of the Riemann tensor and the first Bianchi identity further imply,
FiafP v f ke fa Raprs = €ij € Waveds  F kef°ta Rabrs = —€ke Wabed » (B.7)

where Waped = Wiapeay 1s the totally symmetric curvature tensor, with reality property
(Wapeq)* = W that appears in the Lagrangian (3.3). Sp(n) indices are raised/lowered
as described in appendix A. From the second Bianchi identity it follows that

V[OLRﬁ’Y](SE =0 = [%%DaWpeae = fai(a DaWbcde) ) (B8)
where D,, is the covariant derivative w.r.t. the Sp(n) connection.

Isometries. The vielbeine introduced here are adjusted to the Hgp(1) ® Pgp(y,) structure
of the tangent space (3.1). They therefore relate the coordinate basis to vector fields of the
form,

€ia =0; @ e, = fai(zaa s (Bg)

with an analogous relation for the dual basis with the inverse vielbein. The Lie derivative
of these vector fields along a vector field X is then given by,

gX Ciq = (5ji(Xa wabb — tba) — 5 lod jit ba €jb t ba = 5 flba(V5Xa)fﬁw, (BlO)

where t ®, was introduced below (3.4) and t?, = fﬁaﬁfba(V5Xa). For diffeomorphism
or isometries that commute Sp(1) isometries (2.4), and thus preserve the Hg,(1) ® Pgyn)
structure, the latter matrices vanish. In that case one has,

Dxea=(Xw" —t'0) ey, = LxWa=X"DW,+t". W, etc. (B.11)
In the case that X is also an isometry, V(,Xg) = 0 one finds,
Qtl Qa =t = —(t")" = () =0, (B.12)
These relations are the same as for the Sp(n) connection (B.4). In the case that the
isometries X () obey [ Xm), X = —fun® X(p) one also finds,

Do tm)*s = R%ap X(ﬁm) s [ty s twy 1% = fon® )% + R%ap X(‘L)X{i) : (B.13)
We finally mention the equivariance condition for the moment maps of triholomorphic
isometries X(y) (2.7). The identity §X () X ()] W= [i”x(m),iX(“) ] @ implies for triholomor-

phic isometries,
L oy fin = Bag X () X () = = fran i + const., (B.14)

where superconformal symmetry fixes the constant to be zero.
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