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ABSTRACT: In the Bulk Randall-Sundrum model, the Kaluza-Klein excitations of the gauge
bosons are the primary signatures. In particular, the search for the Kaluza-Klein (KK)
excitation of the gluon at hadron colliders is of great importance in testing this model. At
the leading order in QCD, the production of this KK-gluon proceeds only via gg-initial
states. We study the production of KK-gluons from gluon initial states at next-to-leading
order in QCD. We find that, even after including the sub-dominant KK-gluon loops at this
order, the next-to-leading order (NLO) cross-section is tiny compared to the leading order
cross-section and unlikely to impact the searches for this resonance at hardon colliders.
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1 Introduction

The Randall-Sundrum (RS) model [1] is a 5-dimensional model with the fifth dimension, a
slice of anti-de Sitter spacetime with strong curvature, compactified (to a size comparable to
the Planck length) on a S'/Z, orbifold. Two branes are located at the orbifold fixed points
¢ = 0, m, the Planck brane and the TeV brane, respectively. The Standard Model fields
are localised on the TeV brane while gravitons exist in the full five-dimensional spacetime.
The five-dimensional spacetime metric is of the form

ds? = e FRefp  datda” + R2d¢?; (1.1)



k is a mass scale related to the curvature; exp(—kR.¢) is the warp factor which rescales
masses of fields localised on the TeV-brane. The electroweak hierarchy 1\]/}2 I\DN ~ 10" can
be generated by an exponent of order 30 and thus the model provides a solution to the
hierarchy problem. For this to work, the compactification radius R. should be stabilised
against quantum fluctuations. This can be done by introducing a bulk scalar field which
generates a potential that allows for the stabilisation [2, 3]. The RS model predicts a dis-
crete spectrum of Kaluza-Klein (KK) excitations of the graviton and these couple to the
Standard Model fields with a coupling that is enhanced by the warp factor to be of the
order of electroweak strength. Several collider implications of these graviton resonances
have been studied in the literature [4-7].

Since the original RS model is a model of gravity in AdS spacetime it is possible to
relate it using the AdS/CFT correspondence [8] to a dual theory — a strongly coupled
gauge theory in four dimensions [9, 10]. In this description, it turns out that the fields
localised on the TeV brane are TeV-scale composites of the strongly interacting theory
making the RS model dual to a composite SM. Such a composite theory is unviable: the
simplest possibility is to modify the model so that only the Higgs field is localised on the
TeV brane while the rest of the SM fields are in the bulk [11, 12].

In constructing such variants of the RS model, it is not an easy task to avoid the
constraints coming from flavour hierarchy, electroweak precision tests and flavour-changing
neutral currents [13—18]. In particular, in order to avoid an unacceptably large contribution
to the electroweak 7" parameter an enhanced symmetry in the bulk like SU(2)z, x SU(2)r x
U(l)( B—r) may be required. The heavier fermions need to be closer to the TeV brane so as
to acquire a large Yukawa coupling through a larger overlap with the Higgs wavefunction.
In other words, the profiles of the heavier fermions need to be peaked closer to the TeV-
brane. Conversely, the fermions close to the Planck brane will have small Yukawa couplings.
However, while the large Yukawa of the top demands proximity to the TeV brane, the left-
handed electroweak doublet, (¢,b)r,, cannot be close to the TeV brane because that induces
non-universal couplings of the by, to the Z. Such couplings are strongly constrained by Ry,
the measured branching ratio of Z — bb. So the doublet needs to be as far away from
the TeV brane as allowed by Rp, whereas the tg needs to be localised close to the TeV
brane to account for the large Yukawa of the top. Even with this choice of profiles the
bounds on the masses of the KK gauge bosons, coming from Z — bb are found to be in the
region of 5TeV. A custodial symmetry can be invoked to relax this constraint and it also
allows other choices of profiles for the tp and (¢,0)r,. With this custodial symmetry and
for appropriate choices of the profiles for the tp and (¢,0)r it is found that gauge boson
masses as low as 2-3TeV can be consistent with the constraint from Z — bb [14-18]. A
review of the literature on this subject can be found in reference [19].

The tg localised close to the TeV brane has an enhanced coupling to the first KK
excitation of the gluon in the bulk and as a result we expect that gxx — ¢t (where gk
represents the first KK excitation of the gluon) will be a significant decay mode from a dis-
covery perspective. The decay also lends itself to identification via spin determination, since
the enhanced coupling to tr over ¢;, means the top quarks from KK gluon decays will be po-
larised [20]. There will be additional challenges for identification of the ¢t pairs because they



will be highly boosted in the lab frame, but this channel remains a promising search channel.

From a hadron collider perspective, we are interested in the production process pp —
gxkk- The subprocess q¢ — gxk has already been investigated in some detail for the
LHC [20, 21}, as well as for the Tevatron [22], but because in many models the light
quarks have a relatively suppressed coupling to the gkxk, it is worth also considering the
process gg — gkk, even though this process is one-loop at leading order. It is this process
that we consider in this paper. (Other, tree-level, processes, involving gg fusion to gxk in
association with additional top quark production, have also been considered previously [23].
A preliminary study of gg — gkk has already been performed [24], from which our analysis
differs by the consideration of an additional channel.)

It might appear prima facie that an extension of Yang’s theorem [25] should forbid
the on-shell production of a KK gluon from two on-shell Standard Model gluons. However,
to apply an extension of the theorem to deduce that an amplitude involving three spin-one
particles is zero would require the following conditions to be met:

e The three particles must be on-shell;
e Two of the particles must be massless;
e The amplitude must be symmetric under interchange of the massless particles.

The final condition is not met in the case of our process gg — gkk, because the SU(3)
structure of the problem means that the amplitude can contain terms that are antisym-
metric under interchange of the Standard Model gluons. More explicitly, an amplitude
involving three coloured gauge particles can always be decomposed into two parts: one
proportional to fup. and the other proportional to dgp.. Since the dg.’s are symmetric
this part of the amplitude goes to zero due to the usual Yang’s theorem arguments. The
antisymmetry of the f,;. means that this part of the amplitude picks up an extra sign and
survives the restrictions of the Yang’s theorem. Therefore, Yang’s theorem does not forbid
the process gg — gkK.

1.1 Theoretical strategy

In section 2, an argument regarding the general form that must be taken by the amplitude,
similar to those of references [26, 27], shows that it is then sufficient to consider a small sub-
set of possible diagrams in order to derive the overall amplitude. Consideration of the Feyn-
man rules in section 3 will show that our one-loop process can obtain contributions from a
large number of diagrams, with loops from fermions, KK excitations of fermions, and KK
excitations of gluons, as well as in principle requiring renormalization. In section 4, we show
that it is possible to evade renormalization by considering a particular subset of diagrams,
suggested by the general form argument. KK excitations of gluons above the first will be
mass-suppressed in the loop, and we therefore neglect diagrams containing such excitations.

In addition, it is in principle possible to add a Chern-Simons term to the Lagrangian
of the five-dimensional theory. This term is gauge-dependent, and a particular five-
dimensional gauge choice is required to ensure anomaly cancellation in the four-dimensional



effective theory in which we are working. We start by considering a gauge that is simpler
for the loop calculation, and show a posteriori in section 5 that the change of gauge re-
quired for anomaly cancellation does not alter any of the diagrams already considered, and
produces only one more diagram (containing a scalar line). This additional diagram does
not alter the square of the on-shell matrix element. We finally estimate the cross-section
for on-shell KK gluon production in section 6, before concluding in section 7. Technical
information is relegated to appendices: in appendix A, we list the tensors satisfying the
general form argument, whereas in appendix B, we evaluate a Feynman parameter integral
analytically. We provide a recipe for how our results may be adapted to calculate the
off-shell KK gluon amplitude in appendix C.

1.2 Notation

We shall define the incoming gluon momenta to be p and ¢, with corresponding polarisa-
tion tensors e (p) and €”(q) respectively. The outgoing KK gluon momentum is r, with
corresponding polarisation tensor f,, (7). The polarisation tensors satisfy

e (p)pu =0, 1.2
e'(¢9)qn =0, 1
el (r)rp =0. (1.4)

The momenta satisfy the on-shell conditions

where Mgy is the mass of the first Kaluza-Klein excitation of the gluon, given approxi-
mately by the solution of [11]

M
Jo < II:Kech”> =0, (1.7)

with Jy the Bessel function of the first kind of order zero, R, the radius of compactification
of the extra dimension, and k the fixed parameter in the warp factor of order the Planck
scale. Four-momentum conservation (r = p + ¢) yields the on-shell gk identity

Finally, we factor out the polarisation vectors to define the tensor Fj,,(p,q) in terms of
the matrix element M(p, q):

M(p,q) = egi, (Nt (p)e” (@) Fuwp (p, ) - (1.9)
2 General form of the amplitude

We may simplify the calculation by deriving a general form that must be taken by the
amplitude we are calculating.



QCD current conservation, implied by gauge invariance, results in the properties

P! Fup =0, (2.1)
¢ Fu,=0. (2.2)
Since there are no tree-level diagrams, we may express F),,, in terms of an expansion in p

and ¢. (For more details on the conditions for validity of such an expansion — which are
met here — see reference [26].) Expanding first in p, we may write

0 1
FW/P = ,Z;Lup(q) +palz;tupa (pa Q) . (23)
(We note that this is still a completely general expansion without truncation, because ’Z;?Vp
and 7,1, are functions of ¢ and of p and ¢, respectively.) Since equation (2.1) must be

npa
satisfied for all p with |po| < Mkxk in the centre of mass frame and p? = 0 (i.e. all physical

p), we can deduce that

0 _
pr =0 (2.4)
and
1 1
’];Wpa = —TWW. (2.5)

We may therefore write the amplitude as
— P* v « fet 1
M = el (1 (@) (e (P)p® — €*(P)P") Lpar - (2.6)

We next expand in ¢, writing

ﬁupa - t?wpa (p) + qﬁt;lwpaﬁ (p7 Q) : (27)

Similarly to the previous expansion, we note that since equation (2.2) must be satisfied for
all ¢ with |qo| < Mgk in the centre of mass frame and ¢? = 0, we can deduce that

tpe =0 (2.8)
and
1 o 1
tuwpas = ~Luspa - (2.9)

We may therefore write the amplitude as

M= (N(E (@)’ =2 (@)a") ()™ = (D)D) pas (P ) (2.10)

1

wpaf has the following properties:

where t
e Does not contain gg, g, ;
e Does not contain pa, py;

e Antisymmetric under a <

e Antisymmetric under g < v;



e We may exchange p, <+ —¢, in any term.

There are 27 different combinations of p, ¢, the metric tensor 7, and the Levi-Civita tensor €
that have these properties. The combinations are listed in appendix A. Having constructed
such terms, we can consider the contribution to F},,, that each will provide. We note that,
by construction, contraction according to equation (2.10) is equivalent to contraction of
the contribution to t}w pog With b (17 (q) g% (p)p®, and we may therefore contract each
contribution according to the equation

Frp =10ty pos - (2.11)
Such a contraction yields four different forms that may contribute to F},,,, namely

(P - 4 — Qupv) Pp »
)
6W76PPYC] Pp
DD 4 — €uprsD 4 Dy

)
€wpyd'D 4 — €upysD ¢ Qu -

We may therefore write

Fuvp = A(Muwpd - 4 — 4upv) Pp + Beunsp @’ pp+
+C <€,uup'ypﬂ/p q — Eup'yépﬂ/qépu) +D (E,uup'yqﬂ/p q— Eup'yép,yqéqlt> ) (2'16)

where A, B, C' and D are constants. The problem of calculating the amplitude reduces to
the problem of calculating A, B, C' and D, and where two terms have the same coefficient,
it suffices to evaluate the coefficient for one of them. This last observation will prove

important later for simplifying the calculation.

3 Feynman rules applicable to the calculation

Many of the vertices and propagators applicable to the calculation are ones that appear in
the Standard Model; however, it is necessary to add to the Feynman rules for those vertices
and propagators rules for the KK gluon propagator and for its interactions.

Following references [11, 28], we recall that the KK gluon arises from a mode expansion
of the components in the usual four dimensions of the five-dimensional gluon field into fields
depending upon the standard four-dimensional coordinates (Afln) (z#)) and fields depend-
ing upon the extra-dimensional coordinate (x,(¢)). That is (following the conventions of
reference [28]),

(¢)

P (3.1)

o0
X
Aua%.6) = 3 AP )
n=0
where ¢ = z*/R.. The particle to which we refer as the “KK gluon” is the first excited
mode AE}) — there are further excited modes, which we neglect as being suppressed by their

higher masses. The mode decomposition leaves open in principle the possibility of a scalar



gluon Ay, corresponding to the extra-dimensional component of the five-dimensional gluon.
We shall eventually be constrained in our choice of gauge for A4 by the requirement that the
four-dimensional effective theory be anomaly-free'. However, we may begin by making the
gauge choice A4 = 0 for calculational convenience. Whilst the subsequent change of gauge
affects some Feynman rules already used, the effects are loop-suppressed, so that their
consideration is only necessary at two-loop level, and may be neglected at the one-loop
level. Oscillations between KK modes are prevented by the orthonormality condition

™
/ do XmXxn = 6"". (3.2)
—T
It is, however, notable that since there need be no momentum conservation in the extra
dimension (there is not translational invariance), there is no a priori reason why there
should not be interaction vertices between the Standard Model gluon and the KK gluon.
We may obtain the couplings at the interaction vertices (and, in particular, determine
whether the couplings are non-zero) by integrating out the extra-dimensional wavefunctions
Xn that appear in the interaction terms. Reference [28] derives values for the wavefunc-

tions of
1
= ; 3.3
X0 Vo (3.3)
kRe|¢l M, M,
_ ¢ KK kR|¢| KK kRc|¢|
= J Y] 3.4
X1 N, [ 1( I e + a1¥y k e ) (3.4)

where N7 is a normalisation constant, «q is a constant and J; and Y7 are Bessel func-
tions of order 1. (The derivation is for an Abelian theory but holds in the non-Abelian
case.) The couplings are determined by substituting equation (3.1) into the interacting part
of the action (viz. —(1/4)F, (x*,¢)F" (z*,¢)) and integrating out the fifth dimensional
component of the action x4 = R.¢.

For the Standard Model three-point coupling, this procedure gives us

3

T Xo g5
p— d p— 5 3-5
9=95 /7r ¢\/Rc V27 R, (3:5)

which we use to determine the relationship between the five-dimensional coupling g5 and
the Standard Model coupling g.
For the gggkk coupling, we note that all relevant terms in the action will yield the

T 2

XoX1 395 X0X1

3 d - —0, 3.6
w | = | (35)

where we have used equations (3.3) and (3.2) respectively for the two equalities. So, as

integral
™

de

already known, there is no gggixk vertex. By a similar argument, there is no ggggkk vertex.

!The five-dimensional theory is gauge-variant and consequently UV-divergent [29], but we can impose
upon the four-dimensional theory a condition of gauge-invariance (or equivalently freedom from gauge
anomalies) by our choice of five-dimensional gauge.



For the ggxk gk coupling, the relevant terms in the action will yield the integral

s 2 3
dp X1 % _3g, (3.7)

s 2
XoX1 _ 395
3 d = =
P / ¢ VR, 2rR,

—7 \/Rc B \/27T —7

where we have used equations (3.3), (3.2) and (3.5) respectively in the equalities. Noting
that the symmetry factor for the ggxk gxk vertex is 2! rather than the 3! of the ggg vertex,
we see that the two vertices have the same coupling.

The integral is very similar for the gggxk gk coupling: we obtain

™ 2.2 3! 2 s 2 3! 2
31(g5)? / ap 01 = 35) / apXd =SS g (3.8)

again using equations (3.3), (3.2) and (3.5) respectively in the equalities. Noting that the
symmetry factor for the gggxk gk vertex is 2! - 2! rather than the 4! of the gggg vertex,

we see that the two vertices have the same coupling.

The remaining gluon interaction vertices that we shall need are the gxxgxkgxk and
JIKKIKKIKK vertices (the four-point gk gkkgkKgKK vertex is not required). To obtain
these two vertices requires integrating x3, which, given (3.4), is non-trivial. The approxi-
mations given in reference [28] are sufficient to allow a numerical integration [30, 31|, which
shows the couplings to be non-zero and of the same orders of magnitude as their Standard
Model counterparts (with kR. = 11, there is an enhancement of approximately 2.5 times).
Since again the symmetry factors and Lagrangian multiplicities balance between the ver-
tices and their Standard Model counterparts, we may write the couplings as ¢g('' for the
9gKKIKKIKK coupling, and gg) for the ggkk gkkgkk coupling, where g(!')
the geometry of the extra dimension, but is approximately 2.5g when kR, = 11.

depends upon

The KK gluon propagator has the same structure as the Standard Model gluon prop-
agator, but with a mass term. (We choose the Feynman gauge throughout.)

A one-loop calculation in Feynman gauge in principle can contain ghosts in diagrams.
In order to provide the appropriate cancellations the ghosts must have a mode expansion in
which the extra-dimensional component of the expansion is equal to that of the gluon com-
ponent, i.e. x,. This means that the values of the couplings of the ghost modes match the
values of the couplings of the corresponding gluon modes. The propagator for the KK ghost
has the same structure as the Standard Model ghost propagator, but with a mass term.

Finally, we shall need to consider the couplings between quarks and the KK gluon.
These couplings vary with the bulk profiles of the quarks and with their handedness; we
write the magnitude of the coupling as ¢(!%) in each case and include a chiral projector in
the Feynman rule.

The Feynman rules are summarized in figure 1. f%¢ are the SU(3) anti-symmetric
structure constants where a, b, c, ... are adjoint SU(3) indices. t* are SU(3) generators and
A, B, C denote fundamental SU(3) indices.
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Figure 1. Feynman rules required to evaluate the diagrams relevant for the gg — gxk process.
The KK gluon is denoted by a double gluon line, and the KK ghost is denoted by lines of circles.

4 Diagrams

4.1 Quark loop diagrams

Figure 2 contains diagrams for the process that have a quark in the loop. We may write

the contributions to the amplitude from the individual diagrams as
. 1.
F'L(qu/pa) = - 1929(1q)fadb6deTr(tcte) [nua(p + T)l/ + nau(_r - Q),u + nuu(q - p)a] X

2
ap 1 / d* Tr [’Yﬂ(l —mg)p(L£7°)(] +¢ — mq)] (4.1)

e emt @m0 -my

,10,
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Figure 2. Feynman diagrams for the process that involve a quark in the loop.
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)

denoting the contribution from quark loop diagram a by F!E,q,:; , etc. These contributions

are applicable to KK quarks as well, with appropriate modification of couplings.

4.2 Kaluza-Klein gluon (and ghost) loop diagrams
There are no diagrams with a gluon in the loop, since there is no vertex containing gluons

and a single KK gluon. However, there are diagrams with KK gluons (and KK ghosts) in
the loop. These diagrams are shown in figures 3 and 4.

We may write the contributions to the amplitude from the KK gluon diagrams as

Fgs) = —ig?g My ped gl pehagtesI98M (p — q)amu + (@ + P)utva + (=7 = P)utlual
< [ { (4 B -
X [(2r + D¢npy + (=20 = 1) gnye + (1= 7)ymgc] ¥
X [(=r + )snep + (=20 — 1) pes + (1 + 27“)677p5]} . (4.6)
Fgh — —ig?g(MH) peod el fPhasae 51957 [(—r — p)amou + (0 = @) pMlua + (@ + 7)ullpa) X
4
" —1% ”aﬁ"w”d/ <2w>4{ (1~ — MéKHP - M
X [(=2q + D¢npy + (g = 20)gn¢ + (14 @)ynpe] X

X [(q + l)éneu + (q - 21)117765 + (l - 2‘1)&71/5]} 5

(4.7)
Fge) = —ig?g(1Hh) pebd peli pahagde 510 504 (1 — q) oy, + (g — D) piva + (B + 7)unpal X
1 d4l 1
af ) v8 . €eC
X nrntn / X
p? — My (2m) { [(I = p)? = Mgg][12 — Mgy]

X [(=2p + D) enpy + (p — 20) gnye + (L + p)ynpe) ¥

X [P+ Donep + (p = 20) unes + (1 — 2p)ema]} :
(4.8)
: - 1 « al €
Fﬁﬂ,fl) = —1929(111) T277 '67775]0 bd [(p - Q)an,uzx + (C] + T)unl/a + (—T - p)unua] 5de5fox

x [f“’gf”““f “(Mysp — Nptya) + L2 LI (Maymsp — MpsTine)+

zef rxgce d4l 1
+f f (7755777[) - nﬁpnvé)] (27T)4 12— M}Q{K 5

- 12 —



Figure 3. Feynman diagrams for the process that involve a Kaluza-Klein gluon in the loop.
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(2m)* [(1 = @)? = Mg [1? — Miy] ’
F;Szg/}f) — _ig2g(1) pafegde 5fa 0B, 00
X [f”df’”bg (MpvTas — MpaTver + L7 7 (Mo Mas — Npanius)+
£ (s — npanm)] X
/ d*l (¢ +p)ﬁ77;w + (- QZ);ﬂHﬁ + (1 - 2p)v775u]
(2m)* [(1 = p)? = My Jl1? — Migy] ’
F}Sgg) — _,L-QZg(lll)fadifcfefbhg(sde5f95hi7704677'y6775C %

y / d4l 1 y
2m)* [(1 4 p)? — Mgg][( = q)? = MEg[12 — My
X [(2p + 1) ¢Nap + (=21 = p)uac + (1 = P)amuc] X
X [(=r+1=q)gnpy + (¢ — 2L = p)pnpy + (L +p + 7)ymps] X
x [(q+ Dsnew + (=2 + @)unes + (I — 2¢)enus) »

denoting the contribution from KK gluon loop diagram a by Fﬁi;ﬁ‘)

contributions to the amplitude from the KK ghost diagrams as
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B £ (=1 — )t + (0 — @) pMpar + (4 +7) uNpa) X

(4.10)

aﬁnﬂ/éfd)d [(—7“ - Q)anpu + (q - p)pnua + (p + T)unpa] X

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

, etc. We may write the
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Figure 4. Feynman diagrams for the process that involve a Kaluza-Klein ghost in the loop.
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1 d*l la(l+q)
aﬁ [e% v
X n / s 417

q> — My (2m)4 12 — Mg ]I+ @) — M (4.17)

F}Slg/};)c) 1929(111 fbeCfdiffagh5d66fg5hi[(q _ p)pnﬁu (p + T)l/nﬁp + (—’I“ o Q)ﬁnpl/] «

1 d*l la(l+p)
af v
% n / , 4.18
-] @ - MR+ ) - MR 1
F;,(L%};) d) _ 1929(111 faidfceffbgh5d65f95hz
d*l (L4 p)u(l = q)ply
x , 419
/ (2m)* [(1+p)? = Mg [(1 = q)? — Mg [1? — Mgy (419)

denoting the contribution from KK ghost loop diagram a by F,Sgh a), etc.

4.3 Counterterm diagrams

If we are to use bare parameters in the expressions for the diagrams given so far, then
diagrams containing counterterms will appear to balance the divergences from the previous
diagrams. However, we shall see that it is possible to avoid considering such diagrams,
and so we shall not detail them in full here. It suffices to observe that there are four
counterterm diagrams (their appearance is that of the KK ghost loop diagrams in figure 4,
with each KK ghost loop replaced by a counterterm), and that the Lorentz structure of
the counterterms is derived from consideration of the underlying Lagrangian term. In
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particular, each term in the three-point counterterm vertex has one momentum factor
carrying a Lorentz index (the other two being carried by a metric factor), and the two-point
counterterm vertex has the sum of a term where the metric carries both external Lorentz
indices and a term where there are two momentum terms each carrying an external Lorentz
index. We note that this latter term always contains a momentum factor that contracts
with an external polarisation vector to give zero. It is therefore the case that none of the
counterterm diagrams contains a term where there is more than one momentum factor
carrying an external Lorentz index. (There is also no term with a Levi-Civita tensor

carrying an external Lorentz index.)

5 Calculation of the amplitude

5.1 Simplification of the calculation

Before proceeding to calculate the gg — gk amplitude, we note that we can simplify
our calculation significantly by using the general form derived in equation (2.16) to justify
disregarding many diagrams.

Firstly, we note that the only diagrams capable of producing a Levi-Civita tensor are
those containing a trace of a 7°, i.e. the diagrams with quark loops. Of the diagrams with
quark loops, we note that the loop integrals for diagrams (a), (b) and (c) only contain the
loop momentum and one other momentum, and have as a maximum two factors of the
momentum on the numerator (both of which contract with a trace of gamma matrices).
This means that, even taking reparametrisation of the integrand into account, the only
possible terms in the numerator contain either

e Two identical momenta contracted with a Levi-Civita tensor, which gives zero since
the Levi-Civita tensor is antisymmetric, or

e One loop momentum and one other momentum contracted with a Levi-Civita ten-
sor, which gives zero since such a term is odd in the loop momentum and the loop
momentum integral is over all of space-time, or

e No loop momenta, but such a term does not yield a Levi-Civita tensor, since the
trace involving a +°® term contains only two other gamma matrices, and this is zero.

So the only contributions to amplitude coefficients B, C' and D come from F, L(“q/:/;i) and F, !S,que).

Secondly, we note that in evaluating the contribution to amplitude coefficient A, we
may sum the coefficients of either the term 7,,p - qp, or the term —q,p,p,. We choose the
latter term.

We have already noted that no counterterm diagram contains more than one loop
momentum carrying an external Lorentz index, so no counterterm diagram provides a
contribution we need to evaluate.

In the quark loop sector, it initially appears that we can obtain a contribution we
need to evaluate from each diagram, it being possible to obtain terms with three external
momenta carrying external Lorentz indices in each case. However, we note that considering
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the loop momentum integral, in the case of diagram (a) such a term would have to contain
a factor of r,, which contracts with the external polarisation vector to give zero, and
similarly such a term in diagram (b) would have to contain a factor of g, and such a term
in diagram (c) would have to contain a factor of p,, both of which contract with external
polarisation vectors to give zero. So the only contributions to amplitude coefficient A from
the quark loop sector that we need to evaluate come from F,S?fg) and F,S%).

Similarly, whilst in the KK gluon loop sector, it initially appears that we can obtain
a contribution we need to evaluate from diagrams (a), (b), (c¢) and (j), we note that the
terms with three external momenta carrying external Lorentz indices in diagrams (a), (b)
and (c) contain factors of r,, ¢, and p, respectively, all of which contract with external
polarisation vectors to give zero. So the only contribution to amplitude coefficient A from
the KK gluon loop sector that we need to evaluate comes from F, lslg,:pj).

The behaviour of the KK ghost loop sector is similar to that of the quark loop sector,
and the only contribution to the amplitude coefficient A from the KK ghost loop sector
that we need to evaluate comes from F,S%};;d).

We have therefore reduced the calculations required to derive the amplitude to those
required to deduce the coefficients of single Levi-Civita tensors and of the term —q,p,p,

in F!E,q,:g) + Fﬁ?f;), and of the term —q,p,p, in F!E%) + Fls,g,};:d).

5.2 Contribution from diagrams with quark loops

We have established that we only need to consider diagrams (d) and (e) in the quark loop
sector, and noting the similarities in their structure we begin by attempting to sum the
diagrams without evaluating them.

Firstly, we note that we can apply recursively the identity

t4? = é(sabIg + ;(i fobe 4 dabeyee (5.1)
along with the property that the t* are traceless, to deduce that
Tr(t2%¢) = i(if“bc + d) . (5.2)
Next, we note that we can apply the charge conjugation relations
CTIgrC = —#T,  C7liySC = (%) (5.3)

along with the cyclic property of the trace and the trace reversal property of the transpose,
to obtain

/ dl Tr ['Yu(l —q4— mq)'Yp(l + ’75)(1 +p— mq)'ﬁt(l - mq)]
(

)t [ R mEll ) - R 2
_ / dl T [(=] = ma) (=) (=] = p = mg)rp(=1 £ ) (=] + ¢ = mg)(=w)] _
(2m)4 (1 = q)? = m2][(I + p)? — mZ][I* — m2]
_ / a4l Tr [(l - mq)%(l —p—mg)p(lF V) + /. mq)%] (5.4)
(2m)* [(1+q)% — mg][(l —p)?— mg][l2 — mg] ’ '
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where we have taken [ — —[ in the final line.
Substituting equations (5.2) and (5.4) into equations (4.4) and (4.5), we obtain

Flad) o plae) — 1 P (1q facb/ (d4l Tr [Vﬂ(l —p- mq)Vp(l +4q— mq)vw ([ _mq)]

2 (= p) =m0+ @ = m) 2 w3

1y gy e [ A T [0 = p = mg)yn® (L + ¢ = mg)w ([ —myg)]
F 492 (1 )d b/ (2t lf(l P2 mg][[zl +q)? - mg][p _ mg]
(5.5)

Applying a Feynman parametrisation and integral redefinition

/ d*l f() _
@m* [T = p)? = m2[(I + ) = m2|[I> = m2]
d*l f+zp—yq)
d .

/ w/ / l2+2:cyp q—mg]*’ 50
where we have used equation (1.5) (p? = ¢*> = 0) to simplify the final denominator, and
keeping from the first integral of equation (5.5) only the terms parallel to —g,p,p, and from
the second integral of the equation only the terms parallel to euw(;pvq‘spp, eum(gpvq‘sp,,, and

eym(;pvq‘squ (these are the only terms required to evaluate the coefficients A, B, C' and D
in equation (2.16)), we obtain [32]

d e
F(q )+ F}Sgp)

relevant
terms

1—
. - d*l pugurylpe(1 — 2x) + qp(2y — 1)]
_ 1q) pabc o p P
=2ig°"" /dx/ / 12+ 2zyp-q—m2]3 -

1
+ 229 g (19) dabc d.%' & d l xy Eup'yép q pl/ - Eup'yép q Q,u) . (5.7)
(12 +2xyp-q—m2]?

The momentum integrals may be evaluated by standard techniques to obtain

Flad) 4 plae)

W/P nrp Eelevant
erms
9 glq f””bc/dgc/1 7 putuylp (1 — 22) +qp(2y — 1]
mZ —2ryp-q
2 (lq)dabc 1—z
g9 ) 5 Ty
:l: i - ¢y Y d d =
(4m)2 (€uproP 4Py — €upysp™q qu)/o fﬂ/o Yim2 — 20y p- g
2929(1q) fabc ng(lq) Jabe
= quPvPp I(mqa AIKK)i (E,upfyépﬂ/q&pu_eupwépfyq&qM) K(mq7 MKK) >
(4m)? (4m)?
(5.8)
where
11—z
(1-—z-—
I(mg, Mk) = /dx/ xy v j’) (5.9)
— wyMiy
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and

K (mg, M, d . 5.10
So each quark loop contributes a total of —2925(7;:1)); r (mg, Mkk) to the coefficient A

in equation (2.16), a total of ;929(jj;§“ch(mq,MKK) to the coefficient C' and a total of

+9 g(iq;glach (mg, Mkk) to the coefficient D, where the sign of the contribution varies as
the quark is right- or left-handed. (We shall evaluate the integral I(mg, Mkk) later; it will

turn out that we shall not need the integral K (mg, Mkxk).)

5.3 Contribution from diagrams with Kaluza-Klein gluon (or ghost) loops

We have established that we only need to consider diagram (j) in the KK gluon loop sector
and diagram (d) from the KK ghost loop. It is useful first to derive an identity for the
SU(3) structure constants contained in the expressions for these diagrams.

The structure constants f° satisfy the identity

(T")pe = —if*, (5.11)

where the T% are in the adjoint representation of SU(3) and satisfy the same algebra as

the fundamental representation. It therefore follows that
fadhfcfdfbhf _ _i(Ta)dh(Tc)fd(Tb)hf _
= —iTe(T°T°T°) =
_ jl(fabc — ety (5.12)
using equation (5.2).

We may now apply a Feynman parametrisation and integral redefinition to equa-
tions (4.15) and (4.19) and evaluate the numerators [32], obtaining

d*l zy(l—z—y)
Flod) — 9 24100 (j pabe | qabey, /d / /
Hrp ( f qﬂp Pp X l2 + nyp q— M}%K]s )
(5.13)

: d*l zy(l —x —y)
F(gh.d) (111) abc dabc y / d / / )
o 49 g (if )qupup, | da 2 4 2myp- g — M2 JP

(5.14)
The momentum integrals may be evaluated by standard techniques to obtain
9 g2g(11) ‘
F;S?//g) - 4 (471')2 (fabc - Zdabe)Qupupp I(MKKa MKK) ; (515)
1 g2g11)
F;Ezg/}; D = 8 (472 (f%¢ —id™)q,pyp, I( Mgk, Mkk) (5.16)

where (Mg, Mkk) is defined in equation (5.9).
We therefore obtain a contribution of 177 9(111) (fobe — id®™e)I( Mgk, Mxk) to the co-
efficient A in equation (2.16) from the KK gluon and KK ghost loops.
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5.4 Overall amplitude before anomaly cancellation
Summing the contributions from the quark loop diagrams and the KK gluon and KK ghost
loop diagrams, we derive that the amplitude for the process g9 — gxk, neglecting higher
order excitations of the KK gluon and KK ghost, satisfies

Flp, = A (mwp q— quu)pp+

+C <€Mupyp,yp tq — euupﬂ/q,yp tq — E,upwép,yqépu + Eup'yzSp,yq&qM) ) (5'17)

where
17 2g(1y) . 202 (1q) fabc
A= g(ir)z (fob = id™) I (Mkk, Mkx) — Y g (9477)2f I(mg, Mkk),  (5.18)
qL,4R
2 (lq)dabc 2 (lq)dabc
) g°g
C = (471')2 K(’I’I’Lq, MKK) (47‘(’)2 K(mq, MKK) s (519)
drR qar

the expressions for the integrals I and K are given in equations (5.9) and (5.10), respec-
tively, and we emphasise that the left- and right-handed quark states must be treated as
separate particles in the sum for A.

At this stage, we note that the amplitude as calculated so far contains an anomaly
in the current associated with the outgoing KK gluon (that is, the on-shell Ward identity
r?F,, = 0 is not satisfied). This is because we have taken the gauge A, = 0, which
we do not have the freedom to do in a five-dimensional non-Abelian theory with chiral
delocalised quarks if we desire anomaly cancellation [29]. We must therefore now apply a
gauge transformation that leaves the four-dimensional theory anomaly-free. We note that
from the perspective of our current calculation, this is a technical requirement that does
not affect the final result of the on-shell calculation. However, it does have the potential
to affect the result for F,,,.

5.5 Cancellation of the anomaly

It is possible to add to the five-dimensional Lagrangian for this theory the Chern-Simons
term [33]

Los = e/ WXYZmy <AV8WAX8yAZ - ?;ZAVAWAXGYAZ - gAVAWAXAyAZ> :

(5.20)
where Ay = A{t%, etc and V,W, X, ... are 5-dimensional space-time indices. Of inter-
est to us are the three-point gggkk interaction vertices that result from this Lagrangian
term (the other vertices will only feature in higher-order corrections). Without making a
specific gauge choice, but keeping the form of the extra-dimensional wavefunctions noted
in section 6.3 (which we shall justify momentarily), we obtain from the four-dimensional
perspective two types of interaction term, depending upon whether the index for the extra
dimension attaches to a gauge field or to a derivative. The terms are the four-dimensional
Chern-Simons-like term

Losy = Cl6uup’ydabcAl(LO)aaﬂyA(VO)baAlAgl)c (521)
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Figure 5. Additional relevant non-zero Feynman rules for gauges with A4 # 0.
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Figure 6. Additional Feynman diagram for the process gg — gk for gauges with A4 # 0.

(we note that the 04 can only act on the KK mode as the extra-dimensional wavefunctions
of the zero modes are flat, and all other possible terms can be obtained by using symmetry
or antisymmetry arguments from the one given), and the three-point “axion” term

Lax = cae ™12 (9, AQ0, ALAG + 2450, ALD, A5 (5.22)

The constants ¢; and ¢y may be chosen separately, since we inherit two degrees of freedom
from the five-dimensional theory, one from the coefficient of the five-dimensional Chern-
Simons term, and one from the gauge choice. We choose ¢; = 0, and shall choose ¢y so as
to provide the requisite anomaly cancellation.

The A4 field also enters into the kinetic gauge term of the Lagrangian, allowing oscil-
lation between the scalar axion and the four-dimensional gauge modes.

The additional Feynman rules resulting from the change of gauge and the addition of
the extra Lagrangian term are shown in figure 5.

These rules give rise to one extra diagram, shown in figure 6.
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The extra diagram gives a contribution to the amplitude of

: 1
Fﬁ’;lon) = —cod™° 2 e“,,,y(gp“’q‘srp , (5.23)

and we can choose the constant cs so that this contribution is equal on-shell to
Ceuu'y(spfyqérp ) (524)

where C'is as given in equation (5.19). This addition means that the amplitude now satisfies
the Ward identity r?F},,, = 0, without disturbing the other Ward identities?. Since the
term r, in the additional contribution is projected out by the KK polarisation tensor, it is
clear that this contribution makes no difference to the square of the final on-shell matrix
element. (We recall that the on-shell gxk amplitude is given by contracting F,,, with the
external polarisation vectors.)

Before finishing this technical aside, we note that making a gauge choice other than
Ay = 0 alters the form of the five-dimensional Yang-Mills equation [11, 28], and in particular
this has the potential to break the derivation of the extra-dimensional wavefunction y(?) as
constant. However, this alteration may be viewed as a loop-level correction to the equation,
so that the effects of this alteration upon all the diagrams we have considered so far are two-
loop level. This alteration does have the potential to produce a tree diagram for gg — gk
fusion, but the structure of such a diagram is such that it may be absorbed into the three-
point counterterm diagram and neglected from the perspective of a separate contribution.

6 Calculation of the production cross-section

Our first step in obtaining the production cross-section is to obtain the square of the matrix
element. For this we may use the polarisation sum formulae

e (p)e* (p) = =™ + QM (6.1)
6”((])6”/*((]) - _,,7111/ + Qm/ : (62)
o p¥ ot o
Cokk (T)egKK(T) = M2 mes (6.3)
KK

where QU = (p'q" + p"¢")/(p - q) and Q" = (¢"p”" + ¢"'p")/(p- q). The square of the
matrix element satisfies

M2 = 2 () (@) () Fpwpe* (D) (@)ebpe (1) Erryr (6.4)

IKK IKK Iz
and substituting for the polarisation sum formulae and using equation (5.17), we obtain [32]

My

2 _
IMI™ = 32

SlAP, (6.5)

2To prove the Ward identity fully it is also necessary to note that the term A(Muvp - ¢ — qupv)pp Was
derived by applying the KK polarisation tensor to the term (A/2)(nuwp - ¢ — qupy)(Pp — o).
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with A as given in equation (5.18), and where we have averaged over incoming polarisation
states. We note that the coefficient C' has cancelled and we therefore do not need to eval-
uate the integrals K that feature in the equation for coefficient C' and not in the equation
for coefficient A.

We may evaluate |A|?, incorporating averaging over incoming colour states and sum-
ming over outgoing colour states to obtain

M g*| 4046 2 5
MF = (25)4 1e3ga? (M, M)l —

oL (19)

~ 9569 Zg [[ (Mg, Mgx)I(mg, Mkx)]+

qL,9R

3 2

T 64 Zg(lq)f(mq,MKK)] ; (6.6)

qdL,4R

where we have combined the expressions resulting from the real and imaginary parts of the
matrix element to obtain this last expression.
Writing
Mg
(4m)*

we can write an expression for the cross-section for the production of on-shell KK gluons

M = M2, (6.7)

from the gluon-initiated states as

2 92

= M}gias /dyxlga(xlaMI%K)xQQb(x%MI%K)’M‘Q? (6'8)

where 715 = /7e*Y, with /7 = Mkk/+/s, y being the rapidity of the KK gluon and /s
being the total centre of mass energy of the pp system.

We have used this expression to calculate the cross-section for the KK gluon from
the gg-initial state and compared it with the leading order ¢g result (using the LO cross-
section presented in ref. [22]) at the Large Hadron Collider (LHC), assuming a centre-of-
mass energy of 14 TeV. The ratio is plotted for some typical values of the KK gluon mass
in figure 7. The cross-section from the gg NLO subprocesses turns out to be less than a
thousandth of the LO cross section. This is, in turn, due to appearance of the large KK
gluon mass squared in the denominators of the integral I which have been analytically
studied in appendix B to provide some intuitive basis for these numerical results.

In principle, to complete the full calculation of the KK gluon cross-section at NLO
one needs to calculate the gg-initiated diagrams at NLO. But given that the gg-initiated
contribution is tiny, it is expected that the qg-initiated contribution will be even smaller
due to the suppressed couplings of valence quarks and the calculation is, therefore, not of
much interest.

7 Discussion

As expected, the most significant contribution to the gg — gkk production process comes
from the tg loop, which has the strongest coupling to the gk and interferes constructively
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Figure 7. The ratio of the gluon-initiated NLO and the ¢g -initiated LO cross-sections for the
production of a KK gluon at the LHC with 14TeV centre of mass energy.

with other loop particles. Other loops not involving tr contribute non-negligibly to the
process however, owing partly to the number of different additional loops. We note that our
final result disagrees with a preliminary result obtained as part of ref. [24]. Like ref. [24],
we also find that the gg-initiated contribution is negligibly small.

It has been suggested [24] that the decay width for gxx — t£/bb is sufficiently large
to suggest that the narrow width approximation would be an inaccurate approximation to
the total matrix element. In this case, off-shell gxk effects would be non-negligible and
one would like to generalise our calculation to the off-shell case. In appendix C, we have
provided a recipe to modify the amplitudes presented here to the case where the ggk is
off-shell. However, we should remember that this alone is not enough for a full study of
the off-shell effects for such a study would have to include the interference effects with the
Standard Model. The full calculation of the interference effects is, however, not of much
interest given the diminutiveness of the effects in the on-shell case.
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A Tensors satisfying the general form of section 2

The following combinations of p, ¢, the metric tensor 7, and the Levi-Civita tensor e, satisfy
vpag 8 defined by
equation (2.10). Degenerate combinations have been removed (so, for example, terms with

the conditions given in section 2 that must be satisfied by the tensor t;lj/

a g, are replaced by terms with —p,, and terms with more than one € tensor are removed
in favour of metric tensors). Each term may have a scalar coefficient.

NaBPvquPp — MupPrdaPp — NowPBAuPp + NuvPB9aPp (A1
NaBMuwPp — NupNavPp (A.2

NasMupPr — MupMopPr — NowNupPs + NuwNapPs (A3
MBaMvplu — MvatlBpdn — NeuTlveda + NupNgpda (A4
€waBlp (A5

CuvpaPB — €uBpalr (A.6

CavpBlda — Cavppdn (A7

€ppyP ' P3da — €avpyD PBdun — €uspyP Prda + €asoyP Pulu (A8
€uvpyd PBla — €avpyd ' PAGu — €uppyd Prlda + €aBpyd Pudp (A9

=)

—_
M O Y N N N N~ N N Y N N~ N T N~ N Y Y~ ~—

€pvpyD Mo = €avpyD Mup = €uppyP Mva + €apoyP Top (
€uvpryd Map — €avpyd s — €uppyd Mva + €appyq Mo (
€pvarP PpPB = €uar P Pl (
€uard PpPp — €upard’ PpPu (
€uvarD MpB — €pBaryP Mpv (
€waryd pp = €ppord Nov (
€uvpyD Ppla — €avpyP Ppdy (
€y d " Ppla — €avpyd Ppiy (
€uvByP Mpa — EavByD Mo (

€y d Moo = € pyq Moy (A.19
€D CDpdaDs — €avysD CDpauDs — €upyoP @ Pplaly + €aprs? P Pp@upy  (
€D CPplap — €avysP P Ppus — €uprsP @ Pollaw + €aprsD CDptur (
€punsP 0 NpaPs — €avyoD Coups — €upraP” @ Mpaly + €apysD ¢ Moy (
€D CTpB%a — €arnsD Cp0u — €uprs? @ Novla + €aprsP @ Ny (
€pprsD v e — €p15P" @ Nav @y — EpnsP CNupda + €pysp @ Napdy (
€paroD @ N3Py — €ppursD CNaPy — €parsP @ NupDs + €pursD @ Muabs (
€ans? @ NpBPy — €ayns? oD (
€060 CTlpaty — €D ¢ Npuda (

,25,



B Analytic evaluation of the Feynman parameter integral used in the
calculation

In the calculation we arrive at the integral (equation (5.9))

1—x
(1—z—
I(mg, Mix) = /dx/ xy v Zy). (B.1)
— xy My

We note that in the integration region the expression zy has a maximum value of 1/4,
so for Standard Model quarks (where Mgk > 2m,) we may approximate the integral by
I(0, Mkk), which gives us

1

I(mq,MKK) ] _GMI%K .

(B.2)

We also obtain the integral I(Mgxk, Mkxk). This may be evaluated as follows:
(1—xz—
/ I / wy(l—x 2y) _
m2 — zyMg
l—2z—y
d dy( -1 =
MIQ(K/ m/ ylx+y—1)+ 1~ 2y

1—2x
dm/ (2x —1) , B.3
MKK/ 1—xy (B.3)

since the integration region is symmetrical about the line z = y so we may interchange x
and y in any term in the integrand. We may evaluate this to obtain

1 1 [ T2z-1 y=l-e
- O S /dx [( z—1) log(1 — :cy)} =
6Mgx Mgk Jo €T y=0

! + ! /1dx 2—1 log(z? —2 4 1) =
T eM2, M2 S, 2 ) %8 -
1 1 1 1 1 1
=— P /dm(Z— ) log [ z — —z'\/?) +log | x — +i\/3 =
6M2 M2y Jo T 2 2 2 2
__ b2 (2+ )
6MI2(K MIQ(K V3
1 /1 1 x T
— dr |log|1-— +log | 1— =
Mgy Jo fﬂ[ ( §+z‘é‘°’> ( 5+N§’>]
1| 1 1
1 -3 1 3
MKK: —i—z‘/ 2—Z\é
1 2 25 1 1 3 3
= <7T— )+ . |Lis V) e (L2 | -
Mz, \V3 6 M2y 2 "9 2 2
1 |72 1 V3 1 V3
—1lo 1 j =
>+M§<K 6 g(z 2>°g<2+12>]
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where we have used a number of standard properties of the dilogarithm function (see,
e.g. appendix E.2 of reference [34]).

A similar approach may be used to obtain a full analytic solution to the integral

I(mg, Mxxk), although because the dilogarithms do not simplify as usefully in that case the
utility of the overall solution is comparatively smaller.

C Generalisation of our results to off-shell KK gluon production

We note that the argument of section 2 only assumes that the KK gluon is on-shell in
allowing the replacement p, <+ —q,, so the argument still holds with the exception that we
obtain additional possible terms in the general form of the amplitude, which correspond to
replacing p, with ¢, in equations (2.12) and (2.13). The symmetry of the diagrams means
we know that the terms we shall obtain will replace p, with (p, — g,)/2, although when
calculating the diagrams we also have to avoid making the replacements 2p-q = r? = MI%K
In addition, because we cannot use the polarisation tensor ef, . (r) when deriving the general
form of the amplitude, we would have to include the term derived in equation (5.24).
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