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ABSTRACT: The Spi framework provides a 4-dimensional approach to investigate the asymp-
totic properties of gravitational fields as one recedes from isolated systems in any space-like
direction, without reference to a Cauchy surface [1]. It is well suited to unify descriptions
at null and spatial infinity because .# arises as the null cone of ¢°. The goal of this work
is to complete this task by introducing a natural extension of the asymptotic conditions at
null and spatial infinity of [2], by ‘gluing’ the two descriptions appropriately. Space-times
satisfying these conditions are asymptotically flat in both regimes and thus represent isolated
gravitating systems. They will be said to be Asymptotically Minkowskian at i°. We show that
in these space-times the Spi group & as well as the BMS group B naturally reduce to a single
Poincaré group, denoted by p;o to highlight the fact that it arises from the gluing procedure
at ¢°. The asymptotic conditions are sufficiently weak to allow for the possibility that the
Newman-Penrose component W9 diverges in the distant past along .#*. This can occur in
astrophysical sources that are not asymptotically stationary in the past, e.g. in scattering
situations. Nonetheless, as we show in the companion paper [5], the energy momentum
and angular momentum defined at i° equals the sum of that defined at a cross-section C
of #* and corresponding flux across .# " to the past of C, when the quantities refer to
the preferred Poincaré subgroup pje.
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1 Introduction

Isolated gravitating systems in general relativity are represented by asymptotically flat space-
times. In these space-times, curvature falls off as one recedes from sources either along null
or space-like directions. Receding in null directions is especially convenient in the analysis of
the radiative aspects of the gravitational (and other zero rest mass) fields. This analysis was
carried out by Bondi, Sachs et al. [6, 7] and was recast in a more geometric setting using
a conformal completion by Penrose [8]. The framework brought out a surprising fact that,
in presence of gravitational waves, the asymptotic symmetry group at null infinity is not
the Poincaré group, as one might expect at first, but an infinite dimensional generalization
thereof, the Bondi-Metzner-Sachs (BMS) group 8. The BMS group does admit a canonical
4-dimensional normal subgroup 7 of translations, whence there is a well-defined notion
of Bondi-Sachs 4-momentum PPS[C] at a retarded instant of time represented by a cross-
section C' of .# 7. However, whereas the Poincaré group admits only a 4-parameter family
of Lorentz subgroups, the BMS group admits an infinite parameter family, labelled by a
general (conformally weighted) function on a 2-sphere. As a result, the notion of angular
momentum at null infinity acquires a supertranslation ambiguity. However, it has been known
for quite some time [3, 4] that by imposing an additional — but rather tame — boundary
condition on the “magnetic part” of Weyl curvature as one approaches i° along .# ", one
can extract a canonical Poincaré subgroup pEomS of the BMS group B (which, in Minkowski



space, coincides with its isometry group).! Thus, by supplementing asymptotic conditions
as one approaches i° in null directions, one can remove the supertranslation ambiguity and
arrive at a definition angular momentum at .# " as in special relativity. Since this reduction
refers to i°, it is the appropriate framework for comparison with the total angular momentum
defined by approaching i° in space-like directions [1, 2].

The asymptotic structure of the gravitational field as one recedes from sources in
space-like directions was first analyzed by Arnowitt, Deser and Misner (ADM) in the 3-
dimensional setting, by focusing on the behavior of initial data on (partial) Cauchy surfaces
¥ (for a summary, see, e.g., [9]). Later, Geroch [10] analyzed this structure using a conformal
completion of . This reformulation brought out the fact that there is again a supertranslation
freedom that had been largely ignored in the earlier treatments. However, subsequently it was
shown that this freedom can also be removed by imposing an additional, mild fall-off condition
on the spatial curvature of the 3-metric of the 341 setting [11]. This condition is the restriction
to the 341 framework of a condition, again on the “magnetic part” of the Weyl tensor but
now along spatial directions [1, 2]. For this class of initial data, the asymptotic symmetry
group on Cauchy slice reduces to the Fuclidean group and the notion of angular momentum
at spatial infinity is free of the supertranslation ambiguity. Its expression agrees with the
one given in the ADM framework, provided of-course, one uses the rotational symmetries
that belong to the preferred Euclidean subgroup of the asymptotic symmetry group. For
descriptions of spatial infinity by itself from a 4-dimensional perspective, see, e.g., [12, 13] for
approaches that use asymptotic field equations and [14, 15] for a more recent framework based
on 341 Hamiltonian methods that discusses the BMS group in the context of spatial infinity.

To relate physics at null infinity to that at spatial infinity, one needs a 4-dimensional
generalization of the ADM framework that also includes .#*. Basic ideas necessary for this
unification were introduced in [1] and the final conceptual framework appeared in [2]. This
paper is a continuation of those two investigations. We will follow the treatment given in [2]
because it brings to forefront the causal structure, the conformal metric, and its torsion-free
connection, that are more directly useful in extracting physics from asymptotic geometry.>
Now .#% arise as the future and the past light cone of i® of the conformally completed space-
time. However, since the immediate goal of that analysis was to construct a 4-d generalization
of the ADM framework, it focused on the approach to i® only in space-like directions. In this
setting the asymptotic symmetry group — called the ‘Spi group’ [1, 2] and denoted here by
G — is again an infinite dimensional generalization of the Poincaré group as in the BMS
case. However, supertranslations are now labelled by functions on the 3-dimensional unit
hyperboloid H in the tangent space at ¢°. One can again impose an additional asymptotic
condition on the “magnetic part” of the Weyl tensor — now in the approach to i° in arbitrary
space-like directions — and reduce & to a canonical Poincaré subgroup piopi. Then the total
relativistic angular momentum of the system can again be defined without supertranslation

!Electric and magnetic parts of the Weyl tensor normally refer to a decomposition using time-like normals
to space-like hypersurfaces. At null infinity, one uses instead the null normal to .#* and at spatial infinity the
space-like normal to the unit (time-like) hyperboloid at i°. Hence, the use of quotes in the phrase “magnetic
part”.

2For a PDE/geometric analysis perspective on this unification, see in particular [16-18], and for more
recent works that use conceptually different frameworks, see [19-21].



ambiguities. Thus, the overall situation at null infinity .#* and at spatial infinity ¢° is similar.

Therefore, a question naturally arises: is there a natural geometric ‘gluing’ of the
boundary conditions used along space-like and null approach to ¢° that lead to the Poincaré
reductions of both 6 and & in one stroke? It is important of course that the gluing conditions
should not rule out physically interesting situations. In this paper we will answer this
question in the affirmative.

As noted above, the emphasis in [1, 2] was on the asymptotic behavior of fields as
one approaches ¢° along space-like directions. We will extend that analysis by including
natural continuity requirements on the approach to i° along space-like and null directions.
Space-times satisfying these conditions will be referred to as being Asymptotically Minkowsian
(AM). We will find that, in these space-times, the condition (and the subsequent procedure)
used at .# T is in fact just a continuous extension of the condition used in space-like directions.
Thus, as one would intuitively expect, asymptotic symmetries in AM space-times constitute
a (single) Poincaré group p;o. Restriction of these symmetries to . yields the subgroup
phIms of B, and restriction to spatial infinity yield the Poincaré subgroup p3? " of &. Given
a generator £ of p;o the standard framework at null infinity provides a charge Q¢[C] for
cach cross-section C' of #* and the one at spatial infinity provides a charge Q¢[:°]. In the
companion paper we will show that the physically expected relation holds: Q¢[i°] is sum
of Q¢[C] and the flux F¢[i°, C] across the portion of .# to the past of C. This will follow
from the definition of AM space-time alone. Our gluing procedure has some similarities
with [19, 20] but, as our discussion of sections 3 and 4 shows, there are also key conceptual
and technical differences. These are discussed further in section 4 of [5].

The material is organized as follows. To make the discussion reasonably self-contained,
in section 2 we recall the structures at null and spatial infinity that are essential to our
analysis in this paper and its follow-up [5]. In particular, we explain why — although the
bms

Poincaré reduction p;3

the BMS group B has been known for a long time [3] — it is not
used in the literature that focuses on null infinity alone. In section 3 we introduce the notion
of AM space-times by introducing conditions that ‘glue’ the behavior of various fields in
the approach to i° along space-like directions and along .# . In section 4 we show that
the asymptotic symmetry group for these space-times is just a single Poincaré group p;o
whose restriction to the two regimes coincides with the Poincaré subgroups p?éns of %5 and
poy " of & that were isolated separately. In section 5 we summarize the results and put them
in a broader context. In particular, we explain why, although the Poincaré group pjo is
the appropriate symmetry group for isolated systems in classical general relativity, this fact
does not reduce the significance of the BMS group which has important applications in

both classical and quantum gravity.

Our conventions are the following. The underlying space-time is 4-dimensional. The
physical metric is denoted by g, and the conformal metric by g.,. We use -,+,4,+ signature.
The torsion-free derivative operator of g, is denoted by V and curvature tensors are defined
via: 2v[avb] ke = Rape%kg, Rae = Rape?, and R = g“bRab. In case of an ambiguity, will use
the equality = to emphasize that equality that holds only at .#* or 4°.



2 Structures at null and spatial infinity

In this section we recall the asymptotic structures and fields using the framework that will
be used in our analysis. This discussion will also enable us to fix the notation. For further
details, see, e.g., review articles [9, 15, 22-25].

2.1 Null infinity .7+

Let us begin with the notion of asymptotic flatness at null infinity [26] that is most suitable
for the purposes of this paper. For concreteness, we will focus on 7.

Definition 1: a physical space-time (M , Gap) Will be said to be asymptotically flat at null
infinity if there exists a manifold M with boundary .# T equipped with a C* metric g4, and a
diffeomorphism from M onto M \ .#* (with which we identify M and M \ #1) such that:

i) there exists a smooth function Q on M with g,, = Q2 o on M; Q=0on .#;
and n, := V,Q is nowhere vanishing on .#;

ii) #* is topologically S? x R; and,
iii) gqp satisfies vacuum Einstein’s equations f%ab - %fzgab = 0 in a neighborhood of .# .

The first condition ensures that the boundary .#% is at infinity with respect to the
physical metric g, and the conformal factor falls-off at an appropriate rate (~ “1/r”). Since
Va2 # 0 on £, Q can be used as a coordinate on M; we can perform Taylor expansions
in Q to capture the degree of fall-off of physical fields (reflecting the “1/r expansion” in the
physical space-time). The topological restriction on .#+ captures the idea that one can move
away from the isolated system along null rays in any angular direction. The last condition
can be weakened to allow matter fields in a neighborhood of .#T: the standard results go
through if Q27 has a C2 limit to .# . However, we will assume condition iii) for simplicity.
Finally, while we assume C* differentiability on g4, in the main body of the paper to simplify
the discussion, as discussed in section 5, main results go through under weaker conditions.

Conditions i) and iii) immediately imply that .# " is necessarily a null, 3-dimensional
manifold; n% = V4 is null at .#* (but not on M ). Thus, .#7 is ruled by the integral curves
of n®, which we will refer to as the generators of #+. Condition ii) implies that the space S of
generators is topologically S?. We will denote the pull-back of the conformally rescaled metric
to # by qup; it has signature 0,4+,+ and is the lift to .# T of a positive definite metric gqp on S.

Next, note that there is freedom to perform conformal rescalings: if §2 is a permissible
conformal factor for a physical space-time (M y Gab), 80 18 ' = w where w is smooth on M and
nowhere vanishing on .# . Using this freedom, one can always choose a conformal completion
such that n? is divergence-free on .#+. This turns out to be an extremely convenient choice
in the discussion of null infinity by itself. We will denote the conformal factors that make
T divergence-free by Q, the corresponding conformally rescaled metric by g, (so that
Jab = 02 Jab), and the 1-form Va2 by 7q. (The remaining restricted conformal freedom is
given by O = i} ) where Lift = 0on #1.) Field equations imply that V,ny, is proportional
to gap at £ in any conformal frame, whence in our divergence-free conformal frames we have

Vaip = VoV = 0 (2.1)



where, as noted before, = denotes equality at points of .# . Eq. (2.1) implies that the
torsion-free derivative operator Va compatible with g, induces a torsion-free derivative
operator D defined intrinsically on the 3-manifold .#* satisfying (2.1)

o

Dadp =0, and Dy’ =0. (2.2)

Although ¢, constrains ﬁ, it does not determine D because it is degenerate. In particular,
under ) — ﬁQ on M, D changes even when =1+ O f because V is sensitive to the first
order change in Q away from .# . Therefore, one is led to consider an equivalence class {D}
of intrinsic connections D on .#+ where two are regarded as being equivalent if they arise
from this trivial change in the conformal factor with p=1 on .#. This implies that D~ D
if and only if, for any 1-form K, on £, (Dfl — lc)a)Kb = f dun°K, for some function f.
Bondi news Ny is encoded in the curvature of {D} [4, 27].

Finally, Definition 1 implies that the Weyl tensor é’abcd of §ap vanishes on .# . Therefore,
the tensor field

o

Kabcd = Qil C()(abcd (23)

has a smooth limit to .#; it represents the leading order Weyl curvature at #+. The
equivalence class of intrinsic derivative operators {D} on .#7 suffices [4, 27] to determine
the “magnetic part”

o o 1 o
ob od __ ° ob od
*Kac = *Kabcd nn = §€abmn mned TV T (24)

of K, abed, Where the “magnetic part” is defined using the null normal to .# .3 The Schouten
tensor Sgp = Rgp — %Réab serves as a potential of *K ,.:

Kb = 2 Emaca ™™ DS (2.5)

This property will be useful in section 3. The Bondi News tensor N is the “conformally
invariant part” of the trace-free portion of Sy [22]. One can show that if *K,. =0 then
Nap 20 [29]. All connections in the equivalence class {D} have the same *K 4. and Ny
Finally, in the Newman-Penrose notation, the 5 components of *K ge correspond to W3, W3
and Im U§. They carry only the “radiative information” in the asymptotic curvature but not
the “Coulombic information” which is carried, e.g., in Re U5 and ¥{. Thus, Ko =0 implies
absence of gravitational radiation; in particular the equality holds in stationary space-times.

Remarks:

1. In the discussion of black holes, it is important to ensure that .# T is complete in the
sense that the null normal n* is a complete vector field [30]. (If it is complete in one
divergence-free conformal frame, then it is complete in any other divergence-free frame.)

3In contrast to references [4, 22, 27, 28], we will relate limits of fields in the approach to i° along null and
space-like directions. Therefore, in this paper we regard tensor fields defined at points of # T as living on the
4-manifold M, rather than being defined intrinsically on the 3-manifold .#*. Thus, indices are raised and
lowered using the 4-metric g, rather than the intrinsic metric on B e.g., *f(ac = GabJed K7



In the discussion of the relation between structures at .# ™ with those at i° it suffices
to require that n* be past complete, i.e., that the affine parameter @ of n* (defined
by RODgt = 1) extends to —oo in the distant past along .#*. There are examples
of boost-symmetric space-times [31, 32] in which .#% is past complete but not future
complete. (Note also that although to have a well-defined action of the BMS group, it
is necessary that .# ™ be both past and future complete, in the discussion of the BMS
Lie algebra it is not.)

2. Given a null tetrad a la Newman and Penrose [8, 33], the five complex functions

1, - .- ¥g capture the 10 components of Ko at #T. The ‘peeling’ property of these

5 NP scalars is a straightforward consequence of the continuity of Io(abcd at T and the

relation between the null tetrads defined by §up and Gap. If Gap is C* at £+, then Iofabcd

is O there. In the space of vacuum solutions to Einstein’s equations, there exists a

neighborhood of Minkowski space-time in which this condition holds, obtained by a

suitable choice of initial data [34]. If differentiability at .#* is weaker as, e.g., in [35]

and [36], one has peeling only for U§, U and ¥5. As noted above, the assumption in

Definition 1 that §gp is C* is made only to simplify the discussion; it is not essential
for our results.

2.2 The BMS group and its Poincaré reduction

We will first briefly recall the structure of the BMS group and then summarize a construction
that leads to its Poincaré reduction in space-times in which the intrinsic connection Don s+
tends to a “classical vacuum” in the distant past, i.e., for which K ab — 0 as & — —oo. This
additional condition is quite weak for isolated gravitating systems of astrophysical interest.

The BMS group B is the group of diffeomorphisms on .# " that preserves the universal
structure it carries — i.e., the common structure it inherits from all space-times satisfying
Definition 1. From the summary presented in the last subsection, it follows that this universal
structure consists of the S? x R topology of #1, together with the collection of pairs of
fields (ap, 2?) such that: (i) up is a degenerate metric of signature 0,+,+ with gn® = 0
and L e = 0; and, (ii) any two pairs (gup, n*) and (¢.,,7’*) in the collection are related
by a conformal rescaling,

Q= /24w and A= 0t (2.6)
where L1 = 0. Note that, because 2-spheres carry a unique conformal structure, every gqp
in this collection is conformal to a unit 2-sphere metric.

At the infinitesimal level, elements of the Lie algebra b of B can be naturally represented by
vector fields £€% on .# T, motions along which preserve the universal structure, i.e., that satisfy:

E{éab = 2& Gy, and [ffla = —a&n® (27)

for some function & on 7 satisfying £; & = 0. In particular, the vector fields £% = fna
with L f = 0 satisfy this condition, where f is a function with conformal weight 1 (see the
rescaling property of n® in (2.6)). Furthermore, the subspace s they form in the Lie algebra
B of B is a Lie ideal in the sense that [¢, fn“} € s for all €% € b and all fﬁa € 5. This is the



Lie ideal of BMS supertranslations. Next, eq. (2.7) implies that each BMS vector field £ can
be unambiguously projected to a vector field €% on the 2-sphere S of generators of £+ which
is a conformal Killing field of the metric Gap thereon. Because ¢ is conformal to the unit
2-sphere metric, it follows that the Lie algebra of the projected vector fields €% is isomorphic
to the Lorentz Lie algebra [. Therefore, B is a semi-direct sum of the Abelian Lie algebra
of supertranslations and the Lorentz Lie algebra. Returning to finite diffeomorphisms, we
conclude that 9 is the semi-direct product, 8 =S x £, of the group S of supertranslations
with the Lorentz group £. Now, because the space of generators of .#7 is topologically S?,
one can show that B also admits a unique normal, 4-dimensional Abelian subgroup 7 [37].
This is a subgroup of § and in Minkowski space-time it coincides with the group of space-time
translations. Nonetheless, while the Poincaré group admits only a 4-parameter family of
Lorentz subgroups, the BMS group admits an infinite parameter family, any two being related
by a supertranslation. In the standard treatments, this then leads to the supertranslation
ambiguity in the definition of angular momentum.

A natural avenue to reduce this ambiguity is to extract a preferred Poincaré subgroup of
the BMS group B by imposing physically reasonable boundary conditions as one approaches
i® along .#T. As before, let us denote by @ any affine parameter of 2% so that as one
approaches i° along .1, 7 — —oo. For definiteness and simplicity, in this paper we will
specify fall-offs along . using O(1/4") conditions and assume furthermore that if a field F'
is O(1/4™) — i.e., if @"F admits a finite & — —oo limit — then ((£;)™ F) is O(1/4™+").4
Then the additional condition is:

Condition 1: one restricts oneself to space-times (M, Jap) satisfying Definition 1
in which, in addition, *K o, is O(1/4) as @ — —oo along #+.

If Condition 1 is satisfied in any one divergence-free conformal frame, it is satisfied in all.
The fall-off requirement is mild because K «b contains only the radiative information that is
encoded in the connection D. In particular, Condition 1 is automatically satisfied if curvature
becomes stationary as one approaches i° along .# 7 (see, e.g., [38, 39]) as is generally assumed
in the post-Newtonian literature on compact binary mergers [40]. For the class of space-times
satisfying Condition 1, one can introduce additional structures on .#*. Then the requirement
that these be preserved (in addition to the universal structure) reduces the BMS group
B to a canonical Poincaré subgroup p?oms. As we now summarize, this procedure can be
carried out in two equivalent ways.

bms

The first way to select p;

bms ephasizes connections {D} [4]. Fix a divergence-free
conformal frame ({qp, 7%) on £ and consider derivative operators D satisfying (2.2). We
will denote by {@} the equivalence classes of connections for which *K g =0 (so that their
news tensor N, also vanishes identically [29]). Let us make a small detour to note a key
property of these {@} They carry no dynamical information: their action {f)a}Kb on any

1-form K3 on . is completely determined by ¢up.° In this sense their curvature is trivial.

“We use O(1/4™) fall-off because it is tailored to the ‘radial-angular’ interplay in the notion of C!
differentiability imposed along space-like directions. It is possible to replace it with a weaker 1/4™ 1€ fall-off.
But the intermediate equations become less transparent because of factors of e.

SRecall that {9,} K} denotes the equivalence class of tensor fields {9,Kp + fdap 7K.}, where D is any
connection in {9} and f an arbitrary function on &%,



Borrowing terminology from Yang-Mills theory, {@} is referred to as a ‘classical vacuum’.
Let us now recall the interplay between classical vacua and the action of the BMS group.
Consider a BMS supertranslation £*. Then in eq. (2.7) we have & = 0, i.e., the action of £°
preserves the conformal frame (Gq, n*). However, generically it does not preserve a given
{”}D}, it does so if and only if £€* is a BMS translation. Passing from Lie algebras to the Lie
groups, while (ggp,n®) is left invariant by the entire supertranslation group S, any given
classical vacuum {’D} is left invariant only by its translation subgroup. Next, if we pass to
another divergence-free conformal frame via Q— ,uQ in M, we have

dab = @y = [P0 and % - i/ = i1A% (2.8)
on .#+, while {9} transforms into the classical vacuum {®'} in the ({.,, 7'*) conformal

frame, given by
(Do} Ky — {DL Ky = {Da} Ky — 207 K (D fi . (2.9)

Now, under a general BMS transformation, the conformal frame changes via (2.8) for some
fi. Therefore, it is natural to seek the subgroup of the BMS group which sends {9} to {®'}
via (2.9). This is precisely a Poincaré subgroup pl%ms of B (determined by the given vacuum
{D1). The space of all vacua is naturally isomorphic with the quotient S/7 of the BMS
supertranslation group by its translation subgroup [4].

Let us now return to a physical space-time (M , Gap) for which *K «b vanishes in the
distant past of £, as in our Condition 1. Then, the {D} induced on .#T by V in any
divergence-free conformal completion tends to a unique classical vacuum {@} in the distant
past. That is, there exists a {©} such that for any (smooth and uniformly bounded) 1-form

V, on T, we have

ﬁgrfloo ({Da} - {éa})% =0, (2'10)
and under the conformal rescalings  — €2, the vacuum {®} transforms via (2.9). Therefore,
if we demand that the ‘past vacuum’ should also be preserved, in addition to the universal
structure, the asymptotic symmetry group of the given space-time (M , Oap) Teduces from B
to phs [4, 24]. By construction, this reduction is associated with the limit of structures on
# 7T as one approaches i°; it is not a property of £ by itself.

bms

The second way to select this p;

;o> uses the extra structure associated with the Newman-
Penrose formalism. Let us make a small detour to fix the notation used in that framework.
One starts with the observation that one can always further restrict the conformal freedom
on . by demanding that the metric on any of its 2-sphere cross-sections be the unit, round
2-sphere metric. This is always possible and such metrics g, are said to constitute Bondi
conformal frames. In these frames, the vector field n* represents a BMS time-translation
(rather than a general supertranslation). One fixes an affine parameter 4 of n% and introduces
three other null vectors using the @ = const cross-sections: /% which is normal to these
cross-sections and 7hm®, m® which are tangential to them, such that they constitute a null
tetrad; i.e., the only non-zero scalar products are éaﬁa = —1 and rhah® = 1. The intrinsic

metric on the @ = const cross-sections is given by {,, = 2ﬁ1(aﬁlb) and the shear of these



cross-section is given by 6% (g“cgbd — Qab°0d) D.i,. The five components of *K 4 then
correspond to two complex and one real Newman-Penrose scalars:

UG = Kypog DO, U5 = Kapeg nmPa%0%,  and  2ImUS = Kapeq n20mcme. (2.11)

Thanks to Einstein’s equations (and Bianchi identities) that relate these Newman-Penrose
scalars to the shear and its derivatives, our Condition 1 on * oab implies that the shear
a )(9 qf)) + ..., where the leading term (% (6, ¢) is “purely electric”, i.e. of the form
M b Do Dy f (or, 0% f) for a real function f [3, 39, 41]. Einstein’s equations and the Bianchi
1dent1ties then imply that the Bondi News N, and ¥§ fall off as 1/4%, and U3 as 1/43.
(These fall off conditions ensure the total fluxes of BMS momenta from @ = —oo until any
cross-section C' of . are all finite [28].)

With these preliminaries out of the way, we can summarize the second way [3, 42] to

& = Garn®n® of the @ = const foliation has asymptotic behavior &(,6,$) = (6, ¢) +
1
U

mq

extract a preferred Poincaré group of the BMS group 3. Since the asymptotic shear &(0)(9, ®)
is purely electric, it can be transformed away by applying a super-translation to the initial
family @ = const of cross-sections. The supertranslation does not change the conformal
frame (Gqup, 1) at £ T; it just yields another affine parameter @’ of n%. The resulting family
@' = const cross-sections has the property that their shear vanishes in the limit @ — —o0.
The family is not unique, but the only freedom is that of making a BMS translation which
results in another family with the same property. Thus, if *Kq is O(1/4) on £+, one
obtains a preferred 4-parameter family of cross-sections on . completely characterized
by the property that their shear has the asymptotic form &(u, 0, ¢) = %0(1)(9, @) +...as
1 — —o0. The subgroup of the BMS group 5 that preserves this family is again a Poincaré

bms

subgroup In fact, it is precisely the p;™® obtained using the preferred classical vacuum

Do (see appendix A of [4]).
Remarks:

1. Let us begin by listing three simplifications that occur in Bondi frames which will be
used in section 3 as well as in the accompanying paper [5].

(i) A BMS supertranslation £ = f 7% is a translation if and only if DyDpf o Gab.
This is equivalent to asking that f be a linear combination of the first four spherical
harmonics, f fo Y0.0(6, ¢) + Zm_,l fm Y1.m (6, ¢) for some real constants fo, fo,.

(ii) In a Bondi conformal frame, the Y;,, also feature in the expression of gen-
erators of the Lorentz subgroup that leaves a # = const cross-section invari-
ant. On the cross-section, the generators of rotations are linear combinations

C °ab

) -

DyY1 m, where C, and C,, are real constants and €% Gup the alternating tensor

ce=sm=t o é"“bDbYLm and boosts are linear combinations ¢ =

m=—1 m=

and the metric on the cross-section.
(iii) Finally, in a Bondi conformal frame, the News tensor Ny is just the trace-free
part, TF (Sab), of the pull-back of the Schouten tensor S, to .#+.

2. The shear-free cross-sections of the second method can be extracted from the classical
vacuum {®} of the first method as follows. Let (dap, 7*) be a Bondi conformal frame.



The action baKb of any D on ‘horizontal’ K is universal, determined by ¢4, (where,
K}, is horizontal if it is a lift to #T of 1-forms K, on the 2-sphere of the integral curves
of n%). Thus, D is completely determined by its action on any one ‘transversal’ 1-form
A satisfying nl, = —1. Therefore, one might expect that this action should be trivial
in an appropriate sense for vacuum connections {CD} This is indeed the case: given any
vacuum {®}, there is a unique © € {9} and an associated (unique) 1-parameter family
of cross-sections, 4 = const, such that gb = —@bﬂ satisfies @afb = 0 (where, as usual, @
is an affine parameter of n%). Hence, these cross-sections are shear-free w.r.t. 9. Next,
since the shear &, of any cross-section is trace-free, it then follows that the shear of any
cross-section 1 = const vanishes w.r.t. any other connection in {@} Furthermore, if we
shift this cross-section by a BMS translation @ — @' =@+ fo + >, fmY1,m (0, ¢), then
the shear of the new family of cross-sections again vanishes (because ’;Daio)bYl,m X Gab)-
Finally, if we make a conformal transformation to a general divergence-free frame, 4
just rescales by the conformal factor and hence continues to vanish. Thus, any given
vacuum {CD} determines a 4-parameter family of cross-sections of .#* that are related
by BMS translations which are shear-free in any divergence-free frame.5 Therefore, the
bms

subgroup p;a"° of B that leaves the given vacuum invariant also leaves the 4-parameter
family of shear-free cross-sections invariant and vice-versa. To summarize, the Poincaré

subgroups of 9B selected by the two methods agree. (For details, see appendix A in [4].)

3. Note however, that one can also carry out a similar reduction using 7™ in place of i°

and pi™ and p?f‘s are generically distinct Poincaré subgroups of the BMS group;

they agree if and only of the total gravitational memory vanishes. This is why p?oms is

not routinely used in the discussions involving asymptotic flatness only at null infinity.
Nonetheless, pEomS is the one that features in the comparison of structures at null
and spatial infinity. For comparison with timelike infinity, such as in [21], using the
p?fls would be more appropriate. See [42] for how the two groups and their charges are
related at null infinity. However, as we discuss in section 5, this does not mean that

bms bms

we can abandon the BMS group on .# and work just with p;z™° or p{*® in the study

of gravitational waves; both B and pll?oms are important to the discussion of isolated
systems and the context, i.e., the issue under discussion, decides which is the relevant

one.

2.3 Spatial infinity 2°

We will now recall the structure of the gravitational field at spatial infinity. Let us begin
with the definition of asymptotic flatness at spatial infinity tailored to the 4-dimensional
setting without a 341 split, introduced in [2].

Definition 2: a physical space-time (M , 0ap) 1s said to be asymptotically flat at spatial
infinity if there exists a space-time (M, gqp) with a preferred point i°, and an embedding
of M into M with Gab = %Gap o0 M such that:

SHowever, in a non-Bondi conformal frame, the vector field % is not a BMS translation. Therefore, the
preferred 4-parameter family of cross-sections is not left invariant by the action of n®. Reciprocally, in a
non-Bondi frame, the 1-parameter family of cross-sections @ = const does not belong to the preferred family
for any choice of affine parameter @ of n*.
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i) J(i°) = M \ M, where J(i°) is the closure of the region in M causally related to °;

ii) Q and g, are C3 on M \ i°, while gq, is C>° at i°, where Q@ = 0 V,Q = 0 and
vavbQ = 29ab;

iii) gqp satisfies Einstein’s equations Rab — %Rgab = 0 in a neighborhood of °.

The point i° represents spatial infinity because in the conformal completion it is space-like
w.r.t. all points on the physical space-time manifold M. In section 3 we will see that the
null cones of i° serve as #*. However, in this section we will focus only on asymptotic
flatness in space-like directions.

The role of these conditions is as follows. Condition i) requires that the set of points
in M that are space-like related to ¢° is precisely the physical space-time manifold M ; thus
i° represents the point at spatial infinity of the physical space-time. Condition on £ in ii)
ensure that the conformal factor 2 falls off as ~ “1/r2”, just as it does at i° of Minkowski
space-time. (In Minkowski space, in terms of coordinates ,d, é, ¢?, the conformal factor
Q) falls off as 1/4d. As one approaches i° along space-like lines, we have Q ~ 1/#2 while,
since #* are approached along @& = const and ¢ = const surfaces respectively, we have
Q ~ 1/9 ~ 1/# as one approaches £+ and Q ~ 1/4 ~ 1/# as one approaches .#~.) The
C3 differentiability on M \ i® enables us to use Bianchi identities in M while exploring the
implications of field equations in the limit to i°.” Finally, condition iii) can be weakened to
allow for matter fields in a neighborhood of i° so long as the physical stress-energy tensor
1., admits a (possibly) direction dependent limit to °.

The C>Y differentiability of g, at i° is rather peculiar, and this subtlety was responsible
for a substantial delay in the exploration of the structure of i°. The awkward differentiability
is unavoidable because the ADM mass is encoded in the radial discontinuities of the connection
V at i° [25]; it vanishes if g, is C! at i°, and ceases to be well-defined if g, is only C°
there! The notion of C>Y differentiability is introduced in detail in appendix A of [1]. We
will only summarize the properties that we will need. In essence, a metric gy is C=0 if it is
continuous and, in addition, the connection V — or the Christoffel symbols in appropriate (i.e.
C>1) charts — have only finite radial discontinuities at i°. They admit direction dependent
limits at i° which are regular in the sense that: (i) the limits are smooth with respect to
the direction of approach, i.e. w.r.t. the (hyperboloidal) angles defined by the directions
of approach to i°; and, (ii) the operation of taking the angular derivatives and limit to
1° commute. Given a physical space-time (M , Jap) satisfying Definition 2, it is natural to
consider space-like hypersurfaces ¥ in M that pass through i° and are C>! there. Then
the initial data induced by the physical metric g, on X\ i° satisfy the standard ADM fall
off conditions (see appendix A in [11]).

To spell out the key implications of ‘regular direction dependent limits’ let us consider
the approach to i° along curves to which n® := Ve is tangential. Thanks to the conditions
of Definition 2, we have n®n,=1 at i°. If a tensor field Tt ; admits a regular direction
dependent limit at i°, the limit T2-P, 4 (n) can be regarded as a field on the hyperboloid

"In Definition 1 we required gq, to be C* because in the discussion of balance laws of BMS momenta one
has to use the Bianchi identity on Kapeqa = im Q  Capea at £ . In the discussion of i® C® differentiability
suffices because one only needs the Bianchi identity on Cgaped-
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‘H of unit space-like vectors 7 in the tangent space Tjo of ¢°. In general this field will have
components tangential as well as orthogonal to H and their projections provide a set of fields
defined intrinsically on #H. Let us denote the intrinsic metric on H by hgy(n) = im0 (gap —
Namp). If the limit T2-P . 4(n) of a C>0 field is tangential to H then lim_,;o Q3 VTt 4=
D Ta'“bc._.d(n), where D is the derivative operator on H compatible with hg,.®

Note that there is freedom in the choice of the conformal factor: Q — Q' = w Q provides
another permissible conformal factor if w is C>? at i® and C? elsewhere, and satisfies w =1
at ¢°. Since V,w admits regular direction-dependent limits to ¢°, it follows that w = 1+ Q%a,
where a admits a regular direction-dependent limit a(n) at i°. Thus, all metrics gq, agree at
i° and their leading order difference is registered in the function a(n) on H. Two metrics
gap and g/, are said to be equivalent if the relative a(n) vanishes. Each equivalence class
is referred to as a ripple on the asymptotic metric. Now, derivative operators V! and V,
compatible with g,, and ¢/, are related by

Vol = VoI, — 2071 (80, Viyw — Vw gp) K (2.12)
and since w = 1 + Q%a, we have

grlfc} Vaw = a(n) e + Daax(n) . (2.13)
Therefore, V/, and V, agree asymptotically if and only if a(n)=0, i.e., g}, and gq, belong
to the same ripple. Using just the available asymptotic structure one cannot distinguish
between two metrics in the same ripple. The point i°, the metric g, there, and the collection
of associated ripples constitutes the universal structure at spatial infinity — the structure
that is common to all space-times that are asymptotically flat at spatial infinity in the
sense of Definition 2 [2]. As discussed below, the asymptotic symmetry group & at spatial
infinity preserves this structure.

Next, the asymptotic curvature of g, also provides us with asymptotic fields that
carry invariantly defined information about physical properties of the isolated system under
consideration, and thus vary from one space-time to another. Since g4 is C~Y, it follows that
Q2 Rapeq admits a regular direction dependent limit Rgpeq(n) at i°. The asymptotic Weyl
curvature is conveniently encoded in two smooth fields tangential to H,

E.,. = Cabcd(n) 77b 77d and Bac = *Cabcd(n) 77b 77d ’ (214)

defined intrinsically on H. They can be thought of as “electric and magnetic parts” of the
asymptotic Weyl curvature, but now defined using space-like unit vectors n® at ¢° rather than
unit time-like normals to a Cauchy surface. The Bianchi identity satisfied by the curvature
of the physical metric g, implies that they satisfy the following field equations:

D[aEb}c =0 and D[aBb]c =0. (215)

8This is the precise meaning of condition ii) above on commutativity of the operations of taking angular
derivatives and limits to i° because the left side provides the ‘angular derivatives in a Cartesian chart’ around
1°, before taking the limit.
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As at Z, the Ricci part — or rather the Schouten tensor S,; — of the asymptotic curvature
of gup provides potentials E = Sabnanb and K, = h,hy?S,.; — Ehy, for the asymptotic
Weyl curvature through the Bianchi identity. We have

1
Eab = DaD(,E + E hab and Bab = _Z GmnaDmKnb (2.16)
where, as explained above, hy;, is the intrinsic metric on ‘H, and D and €4, are the derivative
operator and the alternating tensor h,; defines on H. These potentials will be useful in the
Poincaré reduction of the asymptotic symmetry group &. (Note that the potential K is
unrelated to the asymptotic Weyl curvature * (b Of sections 2.1 and 2.2.)

Remarks:

1. The Kerr metric satisfies the asymptotic conditions of Definition 2 [1, 43]. The boost
theorem of [44, 45] implies that one can specify vacuum initial data on a Cauchy
surface such that the asymptotic conditions are preserved on surfaces obtained by any
pre-specified finite boost. In these space-times, the asymptotic conditions at i° are
satisfied on large but finite ‘wedges’ There is also a physical space-time description
of our asymptotic conditions without reference to a completion [12] that supports the
existence of a large class of solutions to Einstein’s equations satisfying Definition 2.
Similarly, in terms of conformal completions, results of [17] also indicate that there is a
large class of examples.

2. Given a conformal completion satisfying Definition 2, there exists a 4-parameter family
of other completions in which the differential structure at ¢° is inequivalent to that
used in the first completion [46, 47]. This freedom corresponds to that of performing
logarithmic translations in the physical space-time, first pointed our by Bergmann [48].
It turns out that this inequivalence is physically harmless in the sense that it does
not change the leading order physical fields E,; and B, and the conserved quantities
associated with the given isolated system. They also leave the potential K, of By
untouched [25] but transform the potential E of E,;. As a consequence, this freedom
can be eliminated by requiring an additional condition on the permissible conformal
completion: demand that the function E on H be reflection symmetric [46]. We will
make this assumption just to simplify the discussion.

2.4 The Spi group and its Poincaré reduction

As we noted above, the universal structure at spatial infinity consists of the point i°, the
metric g, there, and the collection of ripples on this asymptotic metric, encoded in the
compatible connections V, (the difference between any two being captured in the function
a(n) on H). The asymptotic symmetry group & at i° is then the quotient Diff /Diff, of
the group Diff of diffeomorphisms on M that preserves this structure by the subgroup Diff,
that leaves it untouched. We will now summarize its structure which was spelled out in [2].
At the infinitesimal level, generators £ of Diff are vector fields that are C>° at i° and C3

elsewhere. Since symmetries must leave i°® and the metric at ° invariant and preserve the
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set of ripples, £€* must satisfy the following equations at i°:
€20, lmVi& =0 and  lm (VaVeso — 2AVad)ge) =0 (217)

for some C>° function ¢ that vanishes at °. While a specific metric g, has been used
in (2.17), these conditions on £ are independent of this choice. Since ¢% is C>Y at i® and
vanishes there, it has the form &% = Q3 ¢* where (* admits a regular direction dependent
limit {(n) at i°. The condition lim_;o V(,&,) = 0 implies only that (%(n) is tangential to H
and a Killing field of the metric hg; thereon. Since H is the unit hyperboloid in Tjo, it follows
that the Lie algebra generated by these (* is the Lorentz Lie algebra [.

If ¢*(n) =0, i.e., if im_,0 03 &% vanishes, the diffeomorphism generated by £ leaves not
only ° but also the tangent space T;o invariant and only reshuffles the ripples, changing V,
at i° via the infinitesimal version of (2.12), with ¢ in (2.17) serving as the infinitesimal change
in the conformal factor w. These symmetry vector fields £ represent spi-supertranslations,
each characterized by a direction-dependent vector ¢,(n) := lim_,;0 V¢ at i°, or equivalently,
by the smooth function f(n) := n%¢,(n) on H. They constitute an infinite dimensional
Abelian subalgebra s;o of the spi-symmetry algebra g. The 4-dimensional subspace t;o of
s;o spanned by f(n) satisfying

(DD + hap) £(1) = 0 (2.18)

constitutes the translation sub-Lie algebra of s;o. In Minkowski space-time, this is precisely
the standard translation subgroup and, in stationary space-times satisfying Definition 2,
the time-translation Killing field belongs to t,o [11]. The asymptotic translations £* are
also characterized by the fact that ¢, is a direction independent (i.e. continuous) 1-form
at i°. Note that solutions f to (2.18) are linear combinations of the first four “hyperboloid
harmonics”, defined using the Laplacian of the 3-metric hg, (which is of constant curvature).
Thus, there is close analogy with the characterization of the translation sub Lie algebra
of the BMS Lie algebra at .#* (in Bondi conformal frames). Finally, as in the BMS case,
the Spi Lie algebra g is a semi-direct sum of the supertranslation Lie algebra s;o and the
Lorentz Lie algebra [. In terms of groups, then, & = § x £ is the semi-direct product of
the group s;o of supertranslations with the Lorentz group. Thus, in their structure, % and
G are very similar; the main difference is that while BMS supertranslations are labelled by
functions f(6, ) of conformal weight 1 on a 2-sphere, Spi supertranslations are labelled by
function f(n) on the 3-dimensional hyperboloid .

As shown in [1], one can carry out a Poincaré reduction of the Spi group & by a well-
motivated strengthening of the boundary conditions. In retrospect, the strategy is closely
related to the one used for the Poincaré reduction of 96 in section 2.2. The additional
condition is again imposed on the “magnetic part” of the asymptotic Weyl curvature, which
is now encoded in Bg:

Condition 2: one restricts oneself to space-times (M, Jap) satisfying Definition 1
in which Bgap = 0, where, as in eq. (2.14), By, = lim_;0 Q3 NN *Clcpa-

If this condition is met in one completion satisfying Definition 2, it is also satisfied in any other.
The additional condition on B, is quite natural from several independent considerations.
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First, it is automatically satisfied if the physical space-time (M , Jap) 1s either stationary or
axisymmetric [49]. Second, it is used crucially in refs. [12, 50] to solve vacuum Einstein’s
equations near spatial infinity, order by order in powers of 1/p of a radial coordinate in the
physical space-time (that corresponds to our Q%) Modulo the important issue of convergence
of the series, this analysis establishes the existence of a large class of asymptotically flat
solutions without any symmetry in which the condition is satisfied. Third, By, = 0 is precisely
the condition needed in twistor theory to introduce a global twistor space at spatial infinity,
which can then be used to explore the total energy-momentum and angular momentum of a
gravitating system [51]. Finally, this condition is also used at .# of asymptotically anti-de
Sitter space-time to extract anti-de Sitter group as the asymptotic group of symmetries and
the corresponding definition of anti-de Sitter charges [52, 53] resolves a tension (concerning
the first law of black hole mechanics) related to the definition of angular momentum of
Kerr-anti de Sitter solutions [54].

For the subclass of space-times that satisfies Condition 2, one can restrict the conformal
freedom by imposing a new asymptotic restriction, and the requirement that it also be
preserved (in addition to the universal structure) reduces the Spi group & to p3¥ !, One begins
with the observation that when Condition 2 is satisfied, one can always choose a conformal
metric gqp satisfying Definition 2 for which the tensor potential of B, vanishes, i.e., K, =0
on H [1]. For brevity, let us call a conformal metric g, admissible if it satisfies Kq, = 0.
Now, given any two completions g, and g/, = w? gap satisfying Definition 2, their potential
K and K/, can both vanish if and only if w is C! at i°. (Recall that for two generic metrics
satisfying only Definition 2, the relative conformal factor is only C>Y). Thus, the restriction
K., = 0 selects a subfamily of conformal metrics g, each of which is only C=? at i° but for
which the relative conformal factor w is in fact C'. That is, it selects a specific 4-parameter
family of ripples, any two being related by Vw |;o.

What happens under the action of an infinitesimal supertranslation £%7 g, undergoes an
infinitesimal conformal rescaling by ¢ which is, in general, direction-dependent whence K, of
the rescaled metric no longer vanishes. It is only when &% is a translation that ¢ is C! at 7°
and the condition K, = 0 is preserved. Consequently, the diffeomorphism generated by £¢
preserves the preferred 4-family of ripples if and only if this supertranslation is a translation.
Returning to the full Spi group &, it then follows that the preferred subfamily of ripples
is preserved precisely by a single Poincaré group pls-opi of G.

Remarks:

1. A detailed examination reveals that the above Poincaré reduction can be achieved
under a slightly weaker condition than K., = 0: it suffices to demand that TF K, =
TFh," hy" S,,, = 0, where TF stands for ‘trace-free part of’. This weaker condition
already selects the preferred class of gq; related by a C! conformal factor w. We will
use this fact in section 3

2. Recall that ripples on the asymptotic metric are in 1-1 correspondence with the
asymptotic connections V at i°. The group S;o of spi-supertranslations acts on the
ripples — and hence on the space of asymptotic connections — simply and transitively.
Let us denote by {V;o} the equivalence classes of asymptotic connections selected by
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admissible metrics gqp. Thus, for two connections in {V;o}, the V,w that relates them
via eq. (2.12) is CY at i°. Each of these equivalence classes is (trivially) left invariant
by spi-translations and the quotient S;o/%;o acts on the space of equivalence classes
{Vio} simply and transitively.

3. Thus, the situation is completely analogous to that at .# . The equivalence classes {Vo }
are analogous to the ‘classical vacua’ {D} on . *; under allowable conformal rescalings,
they transform via (2.12) and (2.9) respectively. The group 7 of 9B translations leaves
each {CD} invariant and the quotient §/7 acts simply and transitively on the space
of classical vacua. If lim;_,_ o, *K,p vanishes on &, {@} on .# T tends to a classical

bms

vacuum {Do} and the Poincaré subgroup p;»

o> is obtained by restricting ourselves to

the subgroup of B that preserves this {9}. Similarly, at i°, if the magnetic part B (1)
of the asymptotic Weyl curvature vanishes, we can select a preferred equivalence class
of ripples {V;o } and the Poincaré group p:> " is obtained by restricting ourselves to the
subgroup of the Spi group & that preserves this {V; }.

3 Matching of structures at .# and 2°

This section is divided into two parts. In the first we discuss the relation between conformal
completions that provide divergence-free frames at .# ", and those in which i° serves as the
vertex of the light cone .#. In the second we present the definition of AM space-times by
strengthening Definition 2 through ‘gluing conditions’ on the behavior of geometric fields
as one approaches i° along space-like directions and along .

3.1 Conformal frames

In section 2, we considered asymptotic flatness in null and spatial directions separately. In this
section we wish to consider space-times that are asymptotically flat in both regimes in a manner
that ties .#* to i® appropriately. Let us begin by recalling (essentially from [2]) the notion of
space-times that are asymptotically empty and flat at null and spatial infinity (AEFANSI).

Definition 3: a physical space-time (M ,Gab) is said to be AEFANSI if there exists a
conformal completion (M, gq,) with a preferred point i°, and an embedding of M into M ,
such that gu = Q%§a on M; and,

i) J(i°) = M \ M, where J(i°) is the closure of the region in M causally related to °;

ii) Q and ggp are C* on M\ i° and C? and C>°, respectively, at i®. On the boundary J(i°)
of J(i°) in M they satisfy:

(a) Q20; (b) on (J \ i°), VaQ # 0; and, (c) at i°, V,Q=0, V,VQ=2g,; and,

iii) In a neighborhood N of J(i°), M is strongly causal and time orientable in N and the
physical metric g, satisfies Einstein’s vacuum equations in A/ N M.

The causality and time-orientability requirements imply that (J(i°) \ i°) has two discon-
nected components, one to the future of i® and the other to the past, that serve as £+ of the
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physical space-time. Thus, null infinity is introduced here in a way that is quite different from
that in the Bondi-Sachs [6, 7] or Penrose [8] frameworks: there is no reference to the outgoing
null surfaces u = const in the physical space-time introduced in the Bondi-Sachs expansions
of the physical metric, nor to the null geodesics used in Penrose’s notion of asymptotic
simplicity. Nonetheless, rather surprisingly, #* has all the properties that are normally used
in the analysis of gravitational waves, including those summarized in section 2.1. In particular,
if we restrict ourselves only to the part M U (J1(i°) \ i°) of M, we obtain a manifold with
boundary that serves as the conformal completion of (M , Gab) satisfying Definition 1, with
I+t = (J*(°) \ i°). Similarly, if we focus only on the conditions that Q and g, satisfy at i°,
we recover Definition 2 of section 2.3, from which the standard ADM [9] and Geroch [10] 3+1
description follows by choosing space-like sub-manifolds ¥ of M that are C>! at i° [11]. Thus,
Definition 3 serves to unify the disparate notions of asymptotic flatness in null and spatial
regimes. Note that, being C>° at i® the metric gy is in particular continuous, irrespective
of whether one approaches i° along space-like directions or null.

There is however a key difference relative to our discussion of null infinity in sections 2.1
and 2.2. In that discussion we used the conformal freedom to make £+ divergence-free,
i.e., to set V,n® = 0, which via Einstein’s equations, then implied V,7;,=0 at .# . While
this restriction was not essential, it simplified the subsequent discussion of null infinity
considerably. However, this restriction on conformal frames is incompatible with the strategy
of representing £ as the future null cone of i° since the generators of null cones have
non-zero expansion (already in Minkowski space-time). But one can easily change the
requirement on €2 to adapt to the null cone structure of .#* and ask that the vector field
n® := V*Q have constant, positive divergence, on £ . If we set V,n® = 4®, Einstein’s
equations then imply Von, = ® gu on £ 7. In view of the condition V,V,Q = 2g, at
i°, in this section we will restrict ourselves to conformal factors € for which ® =2 on #*
in a neighborhood of ° [55], so that

Vanp := Vo V) = 294 on £ in this neighborhood . (3.1)

Given an AEFANSI space-time (M , Gab), We can always choose such a conformal completion;
there is no loss of generality.

How are these constant divergence conformal frames related to the divergence-free frames
of sections 2.1 and 2.2 that are normally used in the literature on null infinity? Let us begin
with a conformal completion of Definition 1 that endows £+ with a Bondi conformal frame,
i.e. a conformal factor €2 for which ﬁaﬁbﬁo and ¢g, is a unit 2-sphere metric. Let €2 be
a conformal factor for which V,n, = 2g,, on £ to the past of some cross-section (i.e. in
a neighborhood of i°). Then these two are conformal completions are related by Q = &)
where & is C* everywhere except at i°, vanishes at i° and is C~° there. The condition on
divergence of 7% and n® is satisfied if and only if Lsw ™' = —2 on the portion of .#+ under
consideration. Thus, @ = —1/(2w) is an affine parameter of n%. Since cross-sections % = const
have unit area radius in the Bondi-frame (g,p, %), & has the geometrical interpretation as
the (time changing) area-radius of these cross-sections with respect to gup = ©2dap. An affine
—lﬁa

parameter u of the null normal n® = @ of the given constant divergence conformal frame

U

is given by e™2* = —#i. (Here we have chosen the integration constants so that u and

are constant on the 2-spheres w = constant.)
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To summarize, the divergence-free and the diverging conformal frames are related by:
Jab = O2Gap,  with @7l = (=24) = 27 (3.2)

where %, u are affine parameters of n, n?, respectively, which are constant on the & = const
cross-sections of .#T. Both n® and w vanish at i°, and @ and u tend to —oo there. This
construction can be carried out starting with any divergence-free frame; we used a Bondi
conformal frame because: (i) w has the geometrical interpretation as area radius w.r.t. gap
only if g, is a Bondi frames; and, (ii) the Newman Penrose framework is tied to these
conformal frames.

To further probe the relation between the divergence-free and constant divergence
conformal frames provided by Gu and gop = @%das, let us examine the relation between
various fields in the two conformal frames. Consider a generic covector field f, on £+ that
admits a non-vanishing direction dependent limit to i° (i.e., its components in any C>° chart
admit non-vanishing direction dependent limits as one approaches i° along # ). Since g
is C>9 at i°, f* = g% f, also admits a direction-dependent limit. On the other hand, since
G% = &%g%, setting f“ = % f, we find that f“ must vanish as &% ~ 1/42 in the approach to
i°. Now, 1hg, Ta, éa := D,1 is a null co-triad on .# T that is adapted to G, in the sense that
the only non-vanishing inner product between them is §**1hqr, = 1. A corresponding co-triad
adapted to g.p that admits non-zero limits to i° is m, = Wihg, Mg = Mg, Wa = Da®. Since
f® admits a non-zero direction dependent limit to ¢°, so do its components f*m,, f*mn, and
f%q. On the other hand, since & = —1/(24) it follows that the three components of f¢ in
the triad adapted to g, have different behaviors: generically faéa admits a non-zero limit
(that equals half the limit of f*D,w), while fe, vanishes as 1 /. The relation between
more general fields f”a.._b and f, p, adapted to the divergence-free and constant divergence
frames, can be readily derived from that for 1-forms. We will see that, in AM space-times,
this relation naturally leads to the 1/u™-type falls-off conditions on * ; b and the news tensor
N, that are normally assumed at ., in addition to Definition 1.

3.2 Asymptotically Minkowski space-times

To arrive at the notion of AM space-times, we need to impose compatibility conditions
between limits of appropriate fields as one approaches i° along space-like directions and along
# 7. But there is a technical difficulty that requires us to make a small detour. Recall from
section 2.3 and 2.4 that, in the discussion of spatial infinity, fields T, ;"% of physical interest

admit regular direction dependent limits Tambc“'d(

n) at i°, where n® is unit vector in the
tangent space of Tjo of i°, tangential to the space-like curve used to take the limit. On the
other hand, along .# T one approaches i° following the integral curves of its null normal n®
which vanishes at i°. Therefore, n® cannot serve as the label of the direction of approach.
One might imagine simply rescaling n® appropriately and using instead n’®* = f(u)n® that has
a non-zero (direction-dependent) limit to i°. However, even this n’® cannot be the limit of a
1-parameter family of ‘boosted’ n® since gqapn®n® = 1 for the entire family, while gqpn’*n’® =0
(and g, is continuous at i°). Consequently, we cannot use it to specify the sense in which the
limit T, “%(n) of a field T, ;¢ on M is to be compatible with the limit taken along .# 7.

c...d(
n)
can be naturally thought of as living on the unit time-like hyperboloid H in the tangent space

A possible strategy to take the limit is to first note that the limiting fields T,
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Figure 1. Tangent space T;o: the (gray) cones are the future and past light cones of i° in T;o, and
(the blue) S(.) is (a portion of) the 3-sphere spanned by vectors that are unit w.r.t. the Euclidean
4-metric ey, constructed by using the preferred timelike direction along the ADM 4-momentum P¢.

S(; o) (in red) is the 2-sphere intersection of S(.) with the future null cone. C'(A) describes a curve in

the euclidean 3-sphere S(.) that approaches the 2-sphere S(; ¢) 38 A — 1. The dashed line H is the
hyperboloid of unit spacelike directions with respect to the Lorentzian metric gqp.

of i° and ‘H becomes asymptotically tangential to the future null cone at ° in the distant
future. Therefore, one can envisage making another conformal completion, now of H, and
identifying the future-directed null directions in 7 with points on the future boundary of
this completion (see, e.g. [19]). This would correspond to the intuitive idea of arriving the
null directions by performing infinite boosts on space-like ones. However, the additional
conformal completion of H makes the procedure rather cumbersome and one also has to
check that the final results are independent of the choice of that completion. We will avoid
these complications by using the following alternate strategy.

Recall, first, that the ADM 4-momentum PaADM is a time-like vector in the tangent space

PAPM and introduce an

T7 of i°. Denote by 7, the unit covector, 7, = PaADM /mapmM, along
invariantly defined positive definite — or, Euclidean — metric ey, on Tio: eqp := Gap + 2TaTp-

Consider the unit 3-sphere S, defined by e in 77, and denote by St . the 2-sphere

(g:€)
intersections of the null cone of g4, with S(.). Then each null generator of .# + defines points
n* on S(ig ey while each space-like tangent vector at i° defines a point in the open region

of S, bounded by S(ig’e). We will denote by c(\) smooth curves on the 3-sphere S(.) such
that, for A € (—1, 1) the point ¢(\) defines a space-like direction 7, and for A = +1 null
directions n* (where space-like and null refer to gqp). See figure 1 for an illustration. Thus,
each curve ¢()\) defines a 1-parameter family of space-like directions 1n(\) approaching °
that tend, in the limit A — 1, to a null direction n* approaching to i® along .# . Therefore,
each tensor field T, 3% on M that admits a regular direction dependent limit to ¢° now
provides us with a I-parameter family of tensors T, ;%~%()\) for A € (—1,1). Similarly, the
limit to i° of T, ;% along .# provides us with a tensor T, %% |a=1 at i° (which, a priori,
could diverge). The idea is to tie the limits along space-like directions to those along null
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directions by imposing a continuity requirement as A\ — 1 for appropriately chosen fields. In
what follows this auxiliary structure stemming from the Euclidean metric ey, is used only
to specify the topology in the space of directions in Tje in a concrete fashion to make the
notion of “continuous families of space-like directions approaching null directions” explicit.”
With this structure at hand, let return to the problem of ‘gluing’ structures at spatial and
null infinity appropriately. Since the metric g, is C>0 at i°, its limit along the space-like
directions is the same as that along null directions. Furthermore, in AEFANSI space-times,
the connection V — or, alternatively, the Christoffel symbols it defines in C>! charts — is
required to admit regular direction limit along space-like directions. We will now extend
that condition to include null directions by introducing a

Strengthening of the C>Y requirements on the metric:

we will require that as one approaches i® along .# T, the first derivatives of the
components of the metric in any C>! chart in a neighborhood of i° should admit
direction dependent limits that are smooth in angles (6, ¢). This provides fields
that are smooth on the 2-sphere S(Z,e)' Since derivatives of the metric components
already admit regular direction dependent limits along space-like directions in
all AEFANSI space-times, we also have smooth fields in the open region of the

3-sphere S, corresponding to space-like directions in Tjo. Our ‘gluing’ requirement

+

is that these fields be continuous at S(g .

) along any smooth curve C'(\) on Se.

Thus, in any C>! chart, not only do the Christoffel symbols — and hence the connection
V — admit regular direction limit along space-like directions, but they also admit direction-
dependent limits as one approaches i° along .#* that are smooth in angles (0, ¢), and
continuous at the 2-sphere Sy ). (To impose this condition, we have to strengthen the C>!
charts on the manifold in the obvious manner: the coordinate derivatives of the transition maps
now have direction dependent limits along spacelike and null directions, and are continuous
on S('; ’e).) Note, however, that since we only require continuity of V, this condition does not
constrain the behavior of curvature tensors in the limit A — 1 along curves c()), i.e., as a
family of space-like directions approaches a null direction. By contrast, the C>° requirement
on ¢gu in the approach to ¢° along space-like directions does imply that Q2 Rapeq admits
regular direction dependent limits along those directions. Thus, our strengthening of the C'>°
condition on the metric does not require that “g., be C=0 in space-like and null directions”.

Next, let us consider the set 7 of tensor fields T, ;%% on M, that are: (i) constructed
from the conformal factor €2, the metric g,5, and the connection V; (ii) admit regular
direction dependent limits, T, ;% %(n), as one approaches i° along space-like directions;
and, (iii) are C! in a neighborhood of .#*. Simplest examples of elements of T are g, and

9 Alternatively, following the procedure used in [56, section 11.1] to explain the notion of C>™ structures in
the space-like approach to i°, one can first choose C~! coordinates z® in a neighborhood of i° and, regarding
them as ‘Cartesian’ coordinates in a 4-d Euclidean space, introduce ‘angular’ coordinates (0, ¢, x). Then
(6, ,x) can then be used, in place of our 3-sphere S(e), to specify how a family of space-like directions
approaches a null direction. We chose a more streamlined procedure: S(e) is constructed using the Euclidean
metric eq at ¢° which is defined invariantly in any given space-time, even though the ADM 4-momentum

varies from one space-time to another.
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g% (VQQ%) (VbQ%).lo To bring out the non-triviality of the conditions that define T, let
us list a few simple candidates that fail to belong to 7. Note first that Q™ Cypeq VPQVIQ
is C' at T, it does not belong to T because it does not satisfy condition (ii). Similarly,
although VaQ% and Q2 beaVPQVIQ admit regular direction dependent limits to i°, they
do not belong 7 because they do not satisfy (iii). Also, 7 does not contain fields that refer
to additional structures such as the @ relating the divergence-free conformal frames to those
that are well-behaved at ¢°. Thus, the set T is quite small, whence the continuity condition
we now introduce is quite weak. In essence, it is the “weakest matching condition” one needs
to relate the two Poincaré groups pb““' and p:b " in this paper and the associated charges
and fluxes in the companion paper [5].

The second ‘gluing condition’ will be on tensor fields in 7.

Continuilty requirement:

fields in 7~ should admit a limit T, ;“%(n*) as one approaches i® along .#* and,
furthermore, given any of our curves ¢(\) on the 3-sphere S(e) the one parameter
family of tensors Ty ;% ¢(\) must satisfy: limy_,; Tq. % 4(\) = crd |y,

Thus, the condition requires the elements of 7 to admit direction-dependent limits as one
approaches i° along # ", and further asks that limits to i® along a l1-parameter family of
space-lime directions should converge to the limit along the null direction to which the
space-like directions converge.

The last asymptotic condition we will impose is the same as the one that led us to the
reduction of the Spi group to the Poincaré group in section 2.4:  lim_,;0 Q2 *Capean’n® =0
as one approaches i° along space-like directions, or, equivalently, Bae = *Cypeq 7°n® should
admit a regular direction dependent limit as one approaches i° in space-like directions. We
will rewrite this requirement using tensor fields that belong to T

Fall-off of the magnetic part of the Weyl tensor:

the field * K, := Q7 *Clpe VPQ V4 should admit a regular direction dependent
limit to i° along space-like directions. (Using the fact that n® = lim_,;o VQQ%, it
follows that the limit is 4 8,.(n).)

Together, the three gluing conditions, discussed above, lead us to the notion of Asymptotically
Minkowski space-times:

Definition 4: an AEFANSI space-time (]\Zf , Gab) Will be said to be Asymptotically Minkows-
kian (AM) if there exists a completion in which the above three requirements are met: the
metric g, satisfies the strengthened C>° condition; (ii) fields in 7 satisfy the continuity
requirement; and, (iii) the magnetic part of the Weyl tensor satisfies the stronger fall-off
as one approaches ¢° along space-like directions.

0Tn addition, elements of 7 also include integrals over, e.g., 2-spheres S in a continuous family that
converges to smooth cross-sections in the limit to .#*, and shrink to a single point in the approach to i° (the
2-sphere integrals being performed using the volume element induced by gqp). A simple example is provided
by functions fs €ab = fs d2V where €4 is the volume 2-form on the 2-spheres S induced by Gab-
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Remarks:

1. It is instructive to examine the continuity requirement using various fields in 7. Consider
first f := g VGQ% VbQ%. As one approaches i° along any C>! space-like curve, f — 1.
As we approach #t, we have f= lim ,+ (1/4Q) g? V,Q V,Q, which is finite since the
numerator goes to zero as €. (Thus, although VaQ% diverges in the limit at .7,
its norm is well-defined.) We can use the L’Hopital rule to evaluate the limit as one
approaches i° along .# T. Using the equality V,VQ = 2g, at i°, one finds that the limit
is again f — 1. Therefore, along any of our curves ¢(\), we have limy_1 f(A) = f|r=1.
Thus, the continuity requirement is not an additional restriction for this simple element
of T it holds already in AEFANSI space-time.

2. The situation is different for *K . = Q71 *Cyp.? VPQ V4, which is also in 7 (thanks
to the third requirement in Definition 4 on the magnetic part of the Weyl tensor). The
continuity condition implies that this field must admit direction dependent limit to ¢°
also along .#* (which is smooth in angles 6, ). This condition is not automatically
met in AEFANSI space-times; it is a genuine restriction imposed in the passage to AM
space-times.

3. Let us return to the field Q2 FEypg = 03 abed VOV Q) we mentioned while introducing
the set T of fields that are subject to the continuity requirement. We can rewrite it
as O3 K apeqn®n, whence it is continuous at .#* and vanishes identically there. In
particular, then, its limit to i° along .# " also vanishes. Along space-like approach
to ¢°, the field admits a regular direction dependent limit, %Ebd, which is a smooth
field on the hyperboloid H in the tangent space Tjo of i°, satisfying a deterministic
evolution equation. However, a detailed examination of its asymptotic behavior shows
the limit of Epg diverges along a general 1-parameter family of space-like directions
that continuously converges to a null direction! This is a concrete example of a field
which has good behavior as we approach ° along both in null and space-like directions
separately, but the two sets of limits do not match harmoniously: there is an infinite
discontinuity in the limit in which space-like directions approach null directions. Note
that there is no inconsistency with our continuity requirement because 03 Epq is not
in 7 it is C° at £ but not C'. This illustrates the necessity of C! regularity at .#%;
we could not have broadened 7 by asking only continuity condition near #*! It also
shows that the gluing procedure is rather delicate because there can be unforeseen,
subtle constraints.

4. Since the main results of this paper refer to the relation between .#* and i°, we left out
a discussion of the approach to i°® along .# ~. But it is clear from the above discussion
(and the discussion that will follow), that all our considerations can be extended in a
straightforward manner to .# ~. Note, however, that the relevant Weyl curvature on
I s Koped = Q7 Caped, which is not in our collection 7~ because it does not admit
direction dependent limits to i° in space-like directions. Therefore, our assumptions
do not imply that the past limit of Kyp.q along .# " and future limit along .# ~ exist
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and are continuous, as is sometimes assumed in the literature. Indeed, in generic AM
space-times the limits diverge.

4 The Poincaré reduction in AM space-times

This section is divided into 3 parts. In the first, we show that in any AM space, *K ab and Nab
are guaranteed to have the fall-off properties that are normally imposed at .#* in addition
to Definition 1. In the second and third parts we show that the asymptotic symmetry group
of AM space-times is a Poincaré group p;o that coincides with the preferred subgroup pbms
of B discussed in section 2.2, and with the preferred subgroup pl-o. of & of section 2.4. In
the companion paper [5] we will show that in these space-times the physically expected
relation between angular momentum at .# ™ and i° holds for generators of p;o without further

assumptions, e.g., on the limits of fields that enter their integrands.

4.1 Curvature fall-off in the approach to i° along .7t

Conditions (ii) and (iii) in the Definition 4 of AM space-times ensure that
*Koe = Q1 *Cpe?nbng admits direction dependent limits *Kae(n™) as one approaches
i® along . Let us translate this property to a divergence-free conformal frame o, =
W 2g.p. Because Q = @ Sol, Kope® = Q10w ?, and Cyp? is conformally invariant, we have
*Kpe = 0 *Kge. Since & = —1/24, this implies that *K e falls-off (at least as fast) as 1/,
in the limit & — —oo in divergence-free conformal frames. As we saw in section 2.2, this is
precisely the condition that led to the reduction of the BMS group 2 to the Poincaré group
pz?oms in [4]. Thus, the continuity requirement together with the assumption on fall-off of
the magnetic part of the Weyl curvature in space-like directions implies that the necessary
condition for the Poincaré reduction at null infinity by itself is automatically satisfied.

Let us translate these considerations to the Newman-Penrose notation. As we discussed
at the end of section 3.1, since cfj_l*f(ac admits a limit, so does &=*K*. Since this *K"°
is tangential to £ (i.e., K" P =0), it suffices to restrict oneself to its components in the
triad fa, TMa, e and examine their fall-offs as one approaches i° along .# . Using the relation
between these triad co-vectors and w, = D,w, my, M, that have well-defined, non-vanishing
limits to i°, one concludes that K. = O~ mws, 0*2*10(“5&5% = 20, and
O3 K grhe = 03 Ug also admit well-defined, direction dependent limits as one approaches
i° along # . Hence, in the divergence-free conformal frames we have Im¥§ ~ O(1/4),
TS ~ O(1/42), and ¥§ ~ O(1/43). The fall-off of ImV$ is precisely the one used in [3] to
arrive at a Poincaré reduction of the BMS group.

Remark: 1nterest1ngly, the relation between the Bondi news and V3, ¥§ immediately 1mphes
that N = Nac @1n¢ falls off as 1/ @2. As we saw in section 2.3, the fall-off condition of N is
precisely the one that are normally imposed by hand, invoking physical considerations such
as finiteness of the flux of energy momentum and angular momentum across .# *. The fact
that this fall-off is automatically satisfied in AM space-times provides non-trivial evidence
that, although the strengthening of the AEFANSI conditions in Definition 3 was motivated
primarily by geometrical considerations, it automatically captures correct physics. Finally,
we would like to clarify a conceptual issue. In the community working on asymptotics, it
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is often implicitly assumed that Definition 1, together with the requirement that the limit
of By, should vanish as one approaches i° in space-like directions automatically ensures
these fall-off conditions on Im¥3, ¥§ and ¥§ as u — —oo on #+. This is not the case.
One needs, in addition, the continuity condition (ii) in the Definition 4 of Asymptotically
Minkowski space-times.

To summarize, the necessary conditions that are normally imposed to arrive at Poincaré
reductions of the BMS and Spi group are satisfied in AM space-times. Therefore, we can use
the procedure outlined in section 2.2 to reduce the BMS group to its Poincaré subgroup p??ls,
and that outlined in 2.4 to reduce the Spi group to its Poincaré subgroup pi> ! The question
is: do we have a single asymptotic symmetry group p;o that coincides with p})oms at T and

with ps-pi at 1°? Put differently, if we have a vector field £¢ in the physical space-time that

el
belongs to the Lie algebra of p;? i, does it automatically belong to the Lie-algebra of p?oms?
We will now show that the answer is in the affirmative. For convenience of the reader, as in
section 2.2, we will provide two arguments. The first, based on connections {D} on £, is
intrinsic and more direct in the sense that it does not involve additional structures such as

null tetrads. The second is based on the asymptotically shear-free cross-sections used in [3].

4.2 Poincaré reduction using connections

Let us begin by recalling the reduction of the Spi group & to its Poincaré subgroup p:> g
Thanks to our condition on the magnetic part of the Weyl tensor in Definition 3, one can
select a preferred subfamily of conformal completions g5, where any two metrics g, and g/,
are related by ¢/, = w2ga, where w=1 at i° and V4w admits a continuous limit to i°. Recall
that these preferred conformal completions and the corresponding metrics are referred to as
admissible. Two admissible metrics are said to be equivalent if and only if V,w =0 at :°, and
each equivalence class {gq} is called a ‘ripple’ at i°. Thus, the difference between any two
ripples in the preferred family is completely characterized by the covector V,w at ¢°.

Next, recall from Remark 3 at the end of section 2.4 that each ripple {gu} is in turn
characterized by the equivalence class {V;o} of asymptotic connections, where Vo is the
derivative operator of an admissible metric in that ripple. p3> ! is the subgroup of & that
preserves the preferred family of ripples {gq} or, equivalently, maps any {V;o } in the preferred
family to another {V/.} in the preferred family via (2.12).

Now, thanks to our strengthening of the C>Y requirement, in an AM space-time, the
connection V compatible with any admissible metric g4 is well-defined also on .# . Therefore,
if we make a conformal transformation §u, = & 2gap to pass to a divergence-free frame on .# 7+,
the connection V of an admissible g,; provides an equivalence class of intrinsic connections
{D} on .#* such that the * K, defined by {D} vanishes in the distant past (i.e., as @& — —o0).
Therefore, past limit of { D} provides us with a vacuum {®} on .# , which transforms via (2.9)
under further conformal rescalings g, = [i2Gap to another divergence-free frame. Thus, the
family of preferred {V;o} obtained from admissible completions — and therefore preserved
under the action of pi ' induces a unique family of vacua {9} on .#* in divergence-free
completions. (V transforms via (2.12) as we move from one admissible metric to another,
while {@} transforms via (2.9) as we move from one the divergence-free conformal frame
to another.) Now, since AM space-times satisfy, in particular, Definitions 1 and 2, every
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element of its symmetry group belongs to & as well as B. If it belongs to p;> i, it preserves

in addition the family {V;c} and hence by above reasoning, also the family {@} But the

subgroup of 9B that preserves this family is precisely p?gns. Thus, in AM space-times, there
is a single Poincaré group p;o whose action coincides with that of p3'

ZO
and with pb™ at null infinity.

at spatial infinity

This completes our first argument, one based on connections.

4.3 Poincaré reduction using shear-free cross-sections

For the second argument, let us first recall (from Remark 1 at the end of section 2.4) that
to reduce the Spi group & to piopi one restricts oneself to conformal completions such that
TF h," hy"S,,,, = 0, where TF stands for ‘trace-free part of’, S,,, = lim_.;o Oz Sap (with
Sap, the Schouten tensor of gq), and hy, = lim_y;0 hyp (With hgp the intrinsic metric on the
2 = const 3-manifolds). These are the admissible conformal completions that select the
preferred set of ripples discussed above. The subgroup of & that preserves the family of
admissible completions is precisely the Poincaré subgroup p:> " of the Spi group 6.

Let us denote by S,; the pull-back of Sy to the 2 = const 3-surfaces. Then, a completion
is admissible if and only if TF S, admits a regular direction dependent limit as one approaches
1° along space-like directions. Our continuity condition in Definition 4 implies that, in any
admissible completion, TF S,;, also admits a direction dependent limit as we approach 3°
along .# 7. The question then is whether this condition also selects a Poincaré subgroup of

bms

the BMS group on £, and whether that group is precisely the p!

2% of section 2.2 (selected
by the family of asymptotically shear-free cross-sections). We will now show that the answers
to these questions are in the affirmative.

Fix a physical space-time (M , Gap) and a conformal completion (M, gqp) thereof, satisfying
Definition 4 and providing us with an admissible completion, for which V,nj, = 2ga, on £+
(in a neighborhood of i°). Let gq, = fﬂﬁab be a conformal completion satisfying Definition
1 which endows . with a Bondi conformal frame, i.e., in which @aﬁb = 0 and ¢y is a
unit 2-sphere metric. The admissible metric g, is conformally related to the metric gqp via
Gab = 2 Gap, and our discussion in section 3.1 implies that & provides an affine parameter
@ for n® via & = —1/(2w). Since g4y and gqp are conformally related, we can compute the
relation between their Schouten tensors. It is straightforward to verify that their pull-backs

Su and S, to £ are related by (see e.g., [19])

TFS,, = TFS,, + 2TF &D,Dy™' = TFS,, — 24 " TF (D, 6) (4.1)
where l?a = —Baﬁ is the covariant normal to the @& = const cross-sections of #*, with
normalization 7%, = —1. Now, because g, provides an admissible conformal completion and

satisfies the continuity requirement of Definition 4, the left side of (4.1) admits a direction
dependent limit as we approach i° along .# . By eq. (4.1), then, the right side must have
the same property. Since the right side is trace-free and transverse to n%, only its projection

b is non-trivial. We can now repeat our discussion on the behavior of *K,; in the

by m%m
distant past to conclude that this projection must falloff as 1/4% as % — oo. Thus, the fact
that the left-hand side of (4.1) admits direction dependent limits at i° implies that the right

side must fall off as 1/4? in a Bondi conformal frame.
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Let us analyze the implications of this fact for the two terms on the right side. Since
Gup is a Bondi conformal frame, TF Sab is the Bondi news Nab, while TF (Da éb) is the shear
Gap Of the &t = const cross-sections in the Bondi frame §,,. Now, as shown above, in AM
space-times, Nyt is guaranteed to fall-off as 1/42. Therefore, the second term should
also fall-off as 1/42. Since the term has only 1/% as coefficient of &, we conclude that the
shear & = G4 m? of the 1-parameter family of cross-sections @ = const must fall off as 1/4.
To summarize, the fact that the left side of (4.1) admits direction dependent limits as we
approach i° along .+ implies that the foliation of # provided by @ = const cross-sections
is asymptotically shear-free. Here # is an affine parameter of the n® in the given Bondi frame.

What happens if we keep g fixed but change the Bondi conformal frame §q, — 4,7
Since the above reasoning only assumed that we are in a Bondi conformal frame, the foliation
@' = const is again asymptotically shear-free in the distant past. Since each Bondi frame
ghy is related to a fiducial gqp, by a boost, there is a 3-parameter set of Bondi frames. Thus,
we obtain 3-parameter worth of foliations that become asymptotically shear-free in the
distant past. (Within each foliation, cross-sections are related by a BMS time translation).
The transformation property of shear under conformal rescaling implies that these cross-
sections become asymptotically shear-free in every Bondi frame. Finally, let us change the
admissible metric from gq;, to g, related to the initial metric Jab in the Bondi frame via

g

Zab
become asymptotically shear-free in the Bondi frame (gup,n%), where 1 is again an affine

= &%§ap. Then we again obtain a l-parameter family of cross-sections @ = const that

parameter of n®. Therefore, the two families & = const and 1 = const are related by a
supertranslation. Now the transformation property of shear under supertranslation implies
that the asymptotic shear can vanish for the two families if and only if the supertranslation
is a BMS translation. Thus, the family i = const of asymptotically shear-free cross-sections
obtained from g, is already contained in the set of cross-sections we obtained by varying
Jab, keeping gqp fixed.

To summarize, if a space-time is AM then £ is naturally endowed with a 4-parameter set
of cross-sections that are asymptotically shear-free in any Bondi conformal frame. Therefore,
spi

this set must be left invariant by each element of p;s

completions. Recall that this is precisely the condition that arises in the Newman-Penrose

that preserves the set of admissible

approach [3] to the selection of a canonical Poincaré subgroup of B. Thus, the symmetry

group of AM space-times is a Poincaré group p;o that coincides with p}? i

in the spatial

regime and with pbms

o ° in the null.

Remark: at first sight, arguments presented in sections 4.2 and 4.3 may appear to be
rather different from one another because they use quite different structures/tools. But,
at a conceptual level, in both cases one simply translates the implications of admissibility
of conformal completions at i°, to structures in divergence-free conformal completions used
in the discussion .#* by itself.

In section 4.2 the emphasis is on the fact that, thanks to the ‘gluing conditions’, the
space-time connection V of any admissible completion at i° induces a unique equivalence
class {D} of intrinsic connections given any given divergence-free conformal frame (s, %) on
J+. In AM space-times, each {D} tends to a classical vacuum {®} on .#*. Thus, given an
admissible conformal completion, we obtain a classical vacuum at .#. As we saw in section 2.4,
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the subgroup of the Spi group & that preserves the set of admissible asymptotic completions
is the Poincaré group p;> . Thanks to the gluing conditions, this subgroup automatically
preserves the corresponding set of classical vacua {@} (in addition to the universal structure
at #1). Therefore, each element of this group is also an element of phms.

In section 4.3 the emphasis is on shear-free cross-sections in Bondi conformal frames.
Now, Remark 2 at the end of section 2.2 summarizes how the asymptotically shear-free
cross-section used in the Newman-Penrose approach [3] can be extracted, in an invariant
manner, starting from classical vacua {@} Therefore, the group that preserves the set of
classical vacua {@} that arise from all divergence-free completions of (M , Gab) also preserves
the set of asymptotically shear-free cross-sections on .# ™ a la Newman-Penrose. Thus, the
Poincaré reduction of section 4.3 could have been obtained directly from that of section 4.2.
In particular, the restriction to the Bondi conformal frames of section 4.3 is not necessary;
indeed, as we pointed out earlier, conformal transformation property of shear implies that the
Newman-Penrose family of cross-sections is asymptotically shear free in any divergence-free
conformal frame. Our discussion of section 4.3 provides a self-contained argument in the

spirit of [3] that does not refer to the intrinsic connections {D}.

5 Discussion

We will begin with a summary and then make several remarks that put our results in a
broader context and suggest directions for future work.

The notion of asymptotic flatness was first formulated using outgoing null surfaces in
the physical space-times [6, 7], and recast soon thereafter using the notion of (weak) asymp-
totic simplicity that uses null geodesics and conformal completions [8]. This reformulation
made it possible to analyze asymptotic structures — especially properties of gravitational
waves — using local differential geometry at the boundary .#+. It was later realized that
the entire analysis can be carried out, again using a conformal completion, but without
invoking either outgoing null surfaces or geodesics [22]. In the spatial regime, analysis of
the asymptotic properties of the gravitational field was first carried out using a 3+1 de-
composition [9, 10] and was then extended to a 4-dimensional setting using several different
but related approaches [1, 2, 12, 13]. In section 2 we summarized the understanding that
emerged from these frameworks. In each regime the asymptotic symmetry group is infinite
dimensional, because of the enlargement of the translation subgroup of the Poincaré group
to a supertranslation group. This enlargement introduces a supertranslation ambiguity
in the definition of angular momentum in each regime. However, both groups, B and &,
can be reduced to canonical Poincaré subgroups p?oms and pb i by introducing additional
assumptions on the behavior of the “magnetic part” of Weyl curvature as one approaches
i® along .# T, and along space-like directions, respectively. The two reductions are carried
out separately, each in its own regime without reference to the other. Therefore, to relate
the notion of angular momentum j 7+ at null infinity with Jio at spatial infinity, one needs
to bring together the two disparate descriptions.

The notion of AEFANSI Space-times, as introduced and analyzed in [2], is well suited
to unify results that were obtained separately in the two regimes. We used it as the point
of departure. In section 3.1 we first discussed the relation between AEFANSI conformal
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completions that are well-behaved both at .# T and i°, and the divergence-free conformal
completions, normally used in the gravitational radiation theory, which are well-behaved
only at .# . In section 3.2 we supplemented the boundary conditions satisfied by AEFANSI
space-times with three additional requirements to arrive at the key notion of Asymptotically
Minkowski (AM) space-times. The first two requirements serve to appropriately ‘glue’ %+
to i°. In AEFANSI space-times, the metric gq;, is assumed to be C°, and its connection —
or Christoffel symbols — are assumed to admit regular direction dependent limits (only)
in the space-like approach to i°. We extended this notion by requiring that the Christoffel
symbols should admit direction dependent limits also as one approaches i° along .# . These
limits are assumed to be smooth in angles (0, ¢) but only continuous in the ‘boost’ direction.
Therefore, the extension of the C>Y differentiability is quite weak: it does not have direct
implications on the behavior of curvature as one approaches i° along null directions. The
second gluing condition imposes a continuity requirement on the class T of tensor fields
T, %% that are constructed only from the conformal factor € and the metric g, admit

¢4 in gpace-like approach to i°, and are C! in a

regular direction dependent limits T
neighborhood of .#.!! Consider a one parameter family of space-like directions 7(\) in the
tangent space 77, that tend continuously to a null direction n* along #*, as A — 1. The
continuity requirement asks that if T, % is in T, then the limit of T, 5% to i° along the
generator of .#T defined by nt should agree with limy_; T, %(\). Again, this is only
a continuity requirement; there is no condition on derivative w.r.t. A. In the literature, it
is often assumed that fields that enter the integrand of charge integrals admit limits as one
approaches i° along .#*. This is not necessarily the case in AM space-times. The third
and the last condition is not new: it was already introduced to remove the supertranslation
ambiguity in the spatial regime [1]. It asks that the “magnetic part” of the Weyl tensor
fall-off faster by one power of “1/r” as one approaches i° along space-like directions, than
what is guaranteed in AEFANSI space-times. As discussed towards the end of section 2.4,
this condition is natural from several different perspectives.

In section 4 we first showed that the fall-off conditions on Bondi news and the “magnetic
part” of the Weyl tensor — or ¥g, ¥3, Im¥§ — that are normally imposed in divergence-free
conformal frames the null regime, in addition to Definition 1, are automatically satisfied in
AM space-times. This property illustrates the fact that, although the new ‘gluing’ conditions
were motivated using geometrical considerations, they naturally incorporate the physically
expected behavior. We then established the desired result that the asymptotic symmetry
group of these space-times is a single Poincaré group p;o that coincides with p?oms and p3Y Uin
the respective regimes. (The subscript i° in p;o is a reminder that the continuity conditions
that lead to this Poincaré group refer to i°, rather than ii). In the companion paper [5]
we discuss the asymptotic properties that a vector field £% in M must have to generate
a symmetry that belongs to p;o, and then show that charges at null and spatial infinity

associated with these generators are related in the expected way. In general this agreement

1 As discussed in section 3.2, T is a rather small set. For example, Cupeq is C2 in a neighborhood of .7+,
but does not belong to T because it does not admit regular direction-dependent limits to i° along space-like
directions. Similarly, F,. := Q32 Clabed VPQ2 VIQE and E = Q%de VP02 VIQ2 admit regular direction
dependent limits to i° along space-like directions but do not belong to T because they are not C! at 7.
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will not hold if, e.g., one were to define angular momentum at .#* using another Poincaré
subgroup of the BMS group 93, obtained by supertranslating pl?oms.

The geometric framework presented in this article is suitable for description of compact
gravitating systems that include bound binaries as well as those that scatter off one another.
Its main merit is that it captures the intuitive idea of asymptotic flatness in both null and
space-like regimes in a single stroke. As pointed out at the end of section 2.2, the framework
is sufficiently general to allow situations in which there Newman-Penrose scalar ¥§ (in a
Bondi conformal frame) diverges as one approaches i° along .#. This incorporates binaries

that scatter off one another.
Remarks:

1. Isolated systems in classical general relativity are asymptotically flat both in null and
spatial regimes. The main result of this paper is that, if the asymptotic conditions
that have been used separately in the two regimes are glued in a natural fashion, one
arrives at the notion of AM space-times, and the asymptotic symmetry group of these
space-times is just the Poincaré group. From the viewpoint of .#* alone, this Poincaré
reduction of the BMS group is unnatural because one can also select a Poincaré subgroup
p?f‘s of B by requiring that * Cab go to zero as we approach i™ along .# . Generically,
this group would a different Poincaré subgroup of 9B; it would be the same as ph™s if
and only if the gravitational memory vanishes in the given space-time.

However, for physically interesting isolated systems, such as stars and black holes, we
have asymptotic flatness only at i°; not at i*! Therefore, it is natural to exploit the
available structure and reduce the asymptotic symmetry groups B and & in the two
regimes in a single stroke to arrive at p;o. As mentioned above, p;o plays a crucial role
in relating the physical charges defined separately in the null and spatial regimes. Note
also that in the post-Newtonian (PN) calculations, one does have a single Poincaré
group that plays important roles, e.g., in providing notions of energy-momentum and
angular momentum and balance laws associated with them that heavily used in the
PN analysis of compact binary coalescence [40]. From a viewpoint that focuses on .%
alone, the important role played by this group in the PN analysis seems puzzling. From
the present perspective it is not: p;o can be thought of as the natural generalization
to AM space-times in full general relativity of the PN Poincaré group. Indeed, in AM
space-times, the asymptotic conditions normally used on the initial data on Cauchy
surface Y automatically follow under the natural condition that ¥ extend to i° as a
C>' sub-manifold. And in this case, the definitions of energy-momentum and angular
momentum defined on ¥ using Cauchy data agree with those associated to p;o. The
situation is completely analogous with respect to post-Minkowskian approximation.

Note however, that these considerations do not imply that one can just forgo the full
BMS group B and work exclusively with p;o at .# 7. The supermomenta that B provides
are physically interesting observables, and so are the associated gravitational memory
and soft charges. These observables have been used in classical general relativity, e.g.,
to compare and improve candidate waveforms [57, 58], and in quantum gravity to
understand the origin of infrared issues at a non-perturbative level [27, 59, 60], and to
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explore the relation between the BMS group and soft theorems of perturbative quantum
gravity [61]. However, it is equally true that these successes do not imply that p;o is
physically unimportant or will not exist in physically interesting situations. Indeed, it
is often present also in the analyses aimed at uncovering relation between fields on .# T
and .#~ that emphasize the role of the BMS group (see, e.g., [19, 21, 62]). It’s just
that the fact that a preferred Poincaré subgroup exists when one joins .# " and %~
through ¢° is either not noticed or not emphasized.

. Let us expand on this point by discussing the relation between our approach and
these investigations. The primary goal of these investigations is to explore the relation
between charges at .# T and .# ~, and spatial infinity features only as an intermediate
step. By contrast our analysis focuses on the relation between null and spatial infinity
and charges refer to the Poincaré group p;o that naturally emerges at the interface of
the two regimes [5]. In our approach these Poincaré charges on .#* are related simply
because each of them equals the total charge at ¢ minus the flux between i° and any
given cross-sections of .#*,

In [19, 20], spatial infinity is treated using the AEFANSI framework of [2], as in our
approach. However, in addition, the unit hyperboloid H in the tangent space at ¢°
is conformally compactified using a second conformal factor. The future and past
boundaries of this compactified hyperboloid corresponds to the null directions defined
by the future and the past light cones at i°. The second conformal factor features in
the conditions that relate the limits of various fields as one approaches i° along .# T,
and the result of first taking limits to i° along space-like directions and then taking a
second, infinite boost limit. Conditions imposed on the Schouten tensor in [19] are the
same as in our treatment, whence there is a Poincaré subgroup p3> " of & as well as a
Poincaré subgroup pEomS of B. However, the presence of these groups and their use is
somewhat implicit. In [21, 62], one works in the physical space-time rather than in its
conformal completion. Conditions at .# and ¢° are replaced by the assumption that the
physical metric admits a Bondi-Sachs expansion [6, 7] as one recedes from sources in
null directions, and a Beig-Schmidt expansion [12] as one recedes in space-like directions.
One then uses techniques from matched asymptotic expansions. The Beig-Schmidt
expansion implies in particular that the asymptotic symmetry group at spatial infinity
is p;o, but its presence is essentially ignored.

Our approach is more closely related to [19, 20] because both use conformal completions.
However, there are also some important differences. First, our approach does not
require a conformal completion of H. Instead, the infinite boost limit is taken using the
topology on the space of space-like and null directions which we specify in a concrete
fashion using an invariantly defined Euclidean metric in the tangent space T;o of 7°.
Thanks to this strategy, we avoid the conceptual issues associated with uniqueness of
the second compactification and technical complications in the subsequent equations.
Second, our ‘gluing conditions’ are weaker in the following sense. In [20] the continuity
condition is assumed also for some rescaled components of the Weyl tensor that appear
in the integrands of charge integrals. These conditions then immediately imply the
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desired relations between supermomenta of spatial and null regimes. Our conditions in
Definition 4 of AM spacetimes do not imply these relations between the components
of the Weyl tensor. In particular, in AM space-times, the integrands can diverge in
the infinite boost limit, but the charge integrals remain finite, as in [19]. Finally, the
asymptotic conditions used in [19, 20] are strong enough to relate charges associated with
all BMS symmetries on .#*, while in AM space-times this result holds only for charges
associated with symmetries in p;o; there is no assurance that there is conservation of
supermomentum between .#*. This difference and its relation to the issue of existence
of solutions to full Einstein’s equations — beyond perturbation theory — satisfying
the boundary conditions necessary for supermomentum conservation are discussed in
section 4 of [5]. Our understanding of results to date [18] is that these conditions would
be violated in generic scattering processes.

. What is the status of existence of solutions satisfying the AM boundary conditions?
The post-Newtonian part of the standard analysis of compact binaries assumes that
the system is stationary in the distant past [40]. This implies that our condition on
the magnetic part of the Weyl curvature is met. It should not be difficult to explicitly
establish that our continuity condition that glues spatial and null regimes appropriately
is also satisfied in this approximation. Similarly, numerical simulations of these systems
suggest that this framework is realized in full general relativity. In particular, the
notions of 4-momentum and angular momentum used in those analyses bear out
the balance laws both for linear and angular momentum associated with p;o [57, 58].
As for analytical results, as we mentioned in section 2.4, our boundary condition
on the “magnetic part” of the Weyl tensor is automatically satisfied in stationary
or axisymmetric space-times. Using the multipolar expansion that is available near
infinity in stationary space-times, it should be possible to show that the continuity
condition is also automatically satisfied. In dynamical space-times, on the other hand,
there are relatively few results on global existence in full general relativity. Rigorous
analysis to date refers to electrovac solutions [18, 34-36, 63] or solutions with null
fluids as sources [64] on R?*. Precise fall-offs deduced from these analyses are sometimes
assumed to hold also for compact binaries. However, strictly speaking, the assumptions
underlying rigorous results to date preclude compact binary systems; for these systems
the issue of existence of asymptotically flat solutions satisfying remains open in full
general relativity.

. Nonetheless, these global results are clearly valuable in their own right, and they also
provide intuition on the viability of proposals for boundary conditions that systems
of more direct physical interest should satisfy, particularly at .# . For example, there
is considerable literature on the viability of the C* differentiability assumption that
leads to the Newman Penrose peeling behavior at .# 7 (see, e.g., [34-36, 65]). While
there is a large class of initial data whose evolution leads to space-times in which
gap is C* [34], there is larger class whose evolution yields lower differentiability at
4 (see, in particular [35]). However, even with this lower differentiability, Ko is
well-defined at .#*, i.e. the Newman-Penrose scalars ¥, U3 and ImP$ are continuous
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on .# . Therefore, our notion of AM space-times can be weakened to allow this lower
differentiability; an examination of our Poincaré reduction procedure shows that it will
continue to go through.

. We will conclude with a clarification. There are two closely related notions of AEFANSI
space-times in the literature each with its Spi framework. The essential differences
are as follows. The first [1] starts with a weakly asymptotically simple space-time and
then introduces i° as the ‘vertex’ of .#. Motivated by the fact that, in these space-
times, points of .# represent end points of null geodesics in the physical space-time,
one considers curves in the completed space-time that are C>1 at i® and space-like
geodesics of the physical metric §qp, with tangent vectors n® that are unit w.r.t. g, at
1°. This n® captures the first order behavior of the curve at i°. A careful examination
shows that, while the component of the acceleration of this curve w.r.t. g, that is
orthogonal to n® is fixed, its component along the curve is free and labels the ‘second
order’ behavior of these curves. One then considers a 4-dimensional fiber bundle B over
the unit hyperboloid H spanned by the n* in Tjo, where the 1-dimensional fibers are
labeled by the tangential acceleration of the curves. The Spi group & is the group of
automorphisms of B. Now, given any one conformal completion, one can compute the
tangential acceleration and introduce ‘horizontal’ cross-sections of the bundle. Since
each is naturally isomorphic to H, one can lift the action of the Lorentz group £ on
H to B. However, under allowed conformal transformations, g, — ¢/, = w? g where
w =1+ Q2a, these cross-sections are shifted by an amount a(7n) = lim a. These shifts
correspond to supertranslations, and we acquire as many Lorentz subgroups of the
symmetry group as there are supertranslations. Hence, & has the structure of the
semi-direct product & x £.

The second formulation of the Spi framework [2] moves away from the emphasis on
geodesics both in the null and spatial regimes. One first introduces i° — without any
reference to .# — as the point in the completion M that is space-like related to all
points in the physical space-time M. .# is then identified as the null cone of ° using
the causality and time orientability conditions of Definition 3. The first order structure
consists of i° and the metric gqp |;o. The second order structure is now encoded in the
‘ripples’ — equivalence classes of asymptotic connections V where two are equivalent
if their action agrees at i° (on all C>? tensor fields). As we discussed in section 3.1
this formulation is better suited for ‘gluing’ together asymptotic flatness in null and
spatial directions because it avoids the introduction of the 4-dimensional bundle B. In
this approach, the structures at forefront are the point ¢, the metric there, and the
equivalence classes of asymptotic connections. Structures at forefront in the analysis of
null infinity are the manifold .# T, the intrinsic metric there and equivalence classes of
connections. This similarity makes the framework well tailored for the unified treatment.
That is why we used it in the main text.
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