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Abstract: Assuming that Quantum Mechanics is universal and that it can be applied over
all scales, then the Universe is allowed to be in a quantum superposition of states, where
each of them can correspond to a different space-time geometry. How can one then describe
the emergence of the classical, well-defined geometry that we observe? Considering that the
decoherence-driven quantum-to-classical transition relies on external physical entities, this
process cannot account for the emergence of the classical behaviour of the Universe. Here, we
show how models of spontaneous collapse of the wavefunction can offer a viable mechanism for
explaining such an emergence. We apply it to a simple General Relativity dynamical model for
gravity and a perfect fluid. We show that, by starting from a general quantum superposition
of different geometries, the collapse dynamics leads to a single geometry, thus providing a
possible mechanism for the quantum-to-classical transition of the Universe. Similarly, when
applying our dynamics to the physically-equivalent Parametrised Unimodular gravity model,
we obtain a collapse on the basis of the cosmological constant, where eventually one precise
value is selected, thus providing also a viable explanation for the cosmological constant
problem. Our formalism can be easily applied to other quantum cosmological models where
we can choose a well-defined clock variable.
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1 Introduction

The common understanding is that Quantum Mechanics (QM) is a universal theory, being
able to describe phenomena at all scales (from micro to macroscale). In this view, classical
mechanics is just a macroscopic limit of QM, where a system’s dynamics becomes classical
due to the interaction with an external environment. The latter acts as a measurer and makes
the system decohere (it loses quantum coherences) and the classical dynamics is restored.
However, the environment is also made of quantum particles and it should obey the rules
of QM, thus making clear that we face a fundamental conundrum. John Bell stated this
problem in simple terms [1]: “What exactly qualifies some physical systems to play the
role of measurer?”. Indeed, there is no prescription in where to draw a line between the
measurers (also made of microscopic, quantum-mechanical particles) and the system being
measured; such a division is purely arbitrary [2]. This is the basis of the well-known —
for all practical purposes neglected — quantum measurement problem and, consequently,
the quantum-to-classical transition, which are subjects of an active and growing research
field [3–7]. The problem is exacerbated in the context of cosmology [8]: if quantum theory
is universal, the Universe should also be quantum. In particular, not only matter fields
should be quantum, but also space-time itself, although what we observe is fully in line
with classical General Relativity (GR). To make an example, the fluctuations of the field of
the Cosmic Microwave Background (CMB), whose origin — according to frameworks such
as inflationary cosmology [9] or with bouncing scenarios [10] — are quantum, still deceive
measurements. Here, we focus on the quantumness of space-time, rather than that of matter
fields. Now, assuming that at its beginning the Universe is quantum and knowing that all
what we observe is in line with classical predictions, then a quantum-to-classical transition
must have taken place before the CMB photon emission, which is the oldest observable
signal in the Universe and it can be described using classical matter fields on a classical
geometry. Moreover, conversely to other systems, the Universe has no external physical
entity that can act as a measurer, and thus the collapse due to a measurement cannot be the
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mechanism leading to its quantum-to-classical transition.1 For this reason, the Copenhagen
interpretation of QM is not appropriate to describe such a transition. Indeed, one would still
require the interaction with an external entity (for example an environment) that measures
the system, and that is then averaged out.

Here, we focus on a solution that can be more suitable and comes from models of
spontaneous wavefunction collapse [12, 13] (or simply collapse models). These models
consistently describe the breakdown of quantum properties of a system, through the collapse
of its wavefunction. Such a collapse is a scale-dependent phenomenon (the larger the system,
the stronger the collapse), and it is implemented via non-linear and stochastic modifications
of the Schrödinger equation. Notably, it is the fundamental dynamical equation of Nature
which is modified to embed the collapse mechanism, and there is no need of external entities
to make the system decohere or collapse. Below, we will describe an application of collapse
models in the field of quantum cosmology. We will show how such models can lead to the
emergence of a classical Universe with a well-defined space-time geometry starting from a
quantum Universe, whose state can be in a superposition of various geometries. Our approach
is well different from previous ones, which focused on the quantum-to-classical transition of
fields evolving on a well-defined classical background geometry. While our model does not
predict deviations from a classical model of cosmology after the CMB photon emission, it
allows for bridging the gap between a quantum theory of cosmology for earlier stages and
a fully classical treatment for later ones.

Before dwelling in our model, we introduce the basis of our analysis. We use the
(−,+,+,+) convention for the metric, and we set the speed of light c = 1 and κ = 8πG = 1.
For the sake of simplicity, we restrict the discussion to a flat Friedmann-Lemaître-Robertson-
Walker (FLRW) Universe being maximally symmetric, homogeneous and isotropic (satisfying
the cosmological principle). The corresponding metric is described by d s2 = −N2(τ) d τ2 +
a2(τ)hij dxi dxj , where hij is a flat Euclidean 3-metric called the spatial metric, and a is
the scale factor. Here, the lapse function N represents the freedom of choosing a different
time (τ) coordinate: for example, N = 1 corresponds to the standard cosmological time,
whereas N = a2 to the conformal time. The corresponding topology is M = R× Σ, where Σ
is the flat spatial manifold. Thus, the space-time is foliated in a collection of hypersurfaces
connected by a time-like direction [14]. To avoid divergences, we restrict to finite volumes∫

Σ d3 x
√
h = V0 < ∞, where Σ is usually assumed to be a flat three dimensional torus. In

such a way the metric is fixed.

2 General Relativity with perfect fluid

In the context of GR, we will consider the dynamical evolution of gravity and a matter field,
where the latter is modelled as a perfect fluid. Their total action reads

SGR = V0

∫
R

d τ
(
−3ȧ2a

N
−N

m

a3w
+mχ̇

)
, (2.1)

1We must mention that there are models, such as brane cosmology [11], where an external physical entity
is considered.
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GR canonical transf. PUM transf.
v = 4

√
V0/3a3(1−w)/2/(1 − w) v = 2

√
V0/3a3

πv = πaa
(3w−1)/2/

√
12V0 πv = πa/(a2√12V0)

t = χ/V0 t = T ′/V0

λ = mV0 λ = ΛV0

Table 1. Change of variables to derive eq. (2.2). Left column: GR canonical transformation; right
column PUM transformation. Here we also use πa = −6V0ȧa/N .

where w defines the equation of state of the perfect fluid p = wρ, with p and ρ(n) = ρ0n
1+w

being respectively the pressure and the density of the fluid and n the particle number density.
Here, m corresponds to the energy density and relates to n via na3 = (m/ρ0)1/(1+w), and
χ is a Lagrangian multiplier being the conjugate coordinate to m. One can write eq. (2.1)
in the Hamiltonian formalism, with the corresponding Hamiltonian reading

H = N̄
(
−π2

v + λ
)
, (2.2)

where N̄ = Na−3w and one applies the GR canonical transformation presented in table 1.
As already mentioned, the lapse function N (and thus N̄) encodes the time reparametri-

sation freedom of our model (for example, one can take N = 1 or N = a2). However, since GR
is a diffeomorphism invariant theory, i.e. it is invariant under changes of coordinates, choosing
an expression for N merely corresponds to choosing a gauge. Then, N is a free parameter of
our theory and enters eq. (2.1) as a Lagrange multiplier, which leads to the following

C = −π2
v + λ = 0 . (2.3)

This is the classical Hamiltonian constraint, which is also the starting point for our discussion.
Both λ and πv are constants of motion of the classical trajectories, and whose values are
related to each other via eq. (2.3) which imposes λ = π2

v . In turn, this implies that λ
cannot take negative values, in full agreement with having λ proportional to the energy
density of the perfect fluid. We remark that the Hamiltonian constraint in eq. (2.3) does
not contain any time parameter.

3 Parametrised Unimodular gravity

The same expressions for the Hamiltonian in eq. (2.2) and the classical constraint in eq. (2.3)
can be derived in the context of Parametrised Unimodular gravity (PUM), which has the
same metric and an action reading

SPUM =
∫
R

d τ
(
πaȧ+ ΛṪ ′ −N

[
− 1

12
π2

a

V0a
+ V0a

3Λ
])

, (3.1)

where πa is the conjugate momentum to a, T ′ = T/V0 with T defines
√
−g = ∂aT

a and Λ
is a dynamical field whose equation of motion is ∂aΛ = 0. Physically, PUM is a theory of
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gravity in which, instead of having diffeomorphism invariance as in GR, we restrict ourselves
to transformations that leave the determinant of the metric

√
−g fixed [15, 16]. It is possible

to recover full diffeomorphism invariance with the addition of extra fields [17], thus the
cosmological constant Λ appears very naturally as a constant of motion (∂aΛ = 0) with its
canonically conjugate coordinate being T ′. Classically, there is no quantitative difference
between GR+perfect fluid and PUM, except from the different treatment of the cosmological
constant. In the former Λ is a fixed constant of Nature, whereas in the latter is a canonical
variable. At the quantum level, PUM addresses the so-called problem of time (see below and
in appendix) of Quantum Gravity by having introduced a natural clock variable.

A common point of these two models is that we have two canonically conjugated pairs
of variables

{v, πv} = 1, {t, λ} = 1. (3.2)

The physical interpretation of the first pair is common to both models, v is related to the
scale factor a and πv is its conjugate momentum. The physical interpretation of the second
pair instead depends on the model. In GR, λ is related to the perfect fluid degree of freedom,
while in PUM it encodes the unimodular cosmological constant. Despite coming from two
different points of view, the mathematical structure of both descriptions (GR+perfect fluid
and PUM) is equivalent. In the following, λ may refer to the perfect fluid energy density
or the cosmological constant, however, none of the results is affected by the interpretation
of this variable.

Now, we proceed to quantise the model. We upgrade the classical constraint C in eq. (2.3)
to a quantum operator Ĉ that will be applied to the wavefunction |Ψ⟩ of the Universe and
gives Ĉ |Ψ⟩ = 0. Namely, in the (v, t) representation this becomes the Wheeler-DeWitt
(WDW) equation, which reads (

∂2

∂v2 − i
∂

∂t

)
Ψ(v, t) = 0, (3.3)

where the partial derivatives are obtained with the mapping π̂v → −i∂/∂v and λ̂→ −i∂/∂t,
and we set ℏ = 1. As neither t nor v are external parameters of the theory, eq. (3.3) is
timeless. This is the so-called problem of time in quantum gravity [18]. To address this
issue, one considers an internal dynamical variable as relational clock, and thus allows the
Universe to have a non-trivial dynamics. Therefore, by identifying t as the temporal variable

— the choice of a clock is a fundamental point of our approach — eq. (3.3) has the same
structure of a Schrödinger equation with effective Hamiltonian Ĥ = −π̂2

v . The same clock
choice has been considered in also previously [19].

4 The model

The fundamental point for our discussion is that the wavefunction of the Universe is governed
by the WDW equation (3.3), which allows and preserves superpositions in the four variables
displayed in eq. (3.2). Indeed, the WDW equation is linear and there are no external factors
that can decohere or collapse the wavefunction. In particular, the Universe can be in a
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superposition of different values of λ, which is related to the energy density m (for GR) or to
the cosmological constant Λ (for PUM), and thus of different space-time geometries.

Now we will show that, by suitably modifying the WDW equation and including the
collapse terms, we are able to make the Universe collapse in a specific eigeinstate of λ̂
corresponding to a given space-time geometry. Following the standard prescriptions of
collapse models, which are reported in the appendix, we modify the WDW equation (3.3)
by adding stochastic and non-linear terms. This gives[

Ĥ + i
(
Â− ⟨Â⟩t

) dWt

d t − i

2
(
Â− ⟨Â⟩t

)2
− i

∂

∂t

]
Ψ(v, t) = 0, (4.1)

where Â is the yet to be chosen collapse operator, ⟨Â⟩t = ⟨Ψt|Â|Ψt⟩, and Wt represents a
Wiener process in t. How to fix the collapse operator Â depends on the basis in which one
wants to observe the collapse of the wavefunction. The standard choice in non-relativistic
collapse models such as the Continuous Spontaneous Localisation (CSL) [20, 21] or the
Diósi-Penrose (DP) [22, 23] models falls on the mass density, i.e. a function of the position
operator x̂, so that eventually macroscopic systems have a well-localised position as described
by classical mechanics. A more complex situation arises when moving to a relativistic
framework [24], although some proposals have been suggested [25]. Here, we consider the
choice of Â = ϵĤ, where ϵ encodes the rate of collapse and quantifies the coupling between
the collapse noise and the wavefunction of the Universe. Finally, Ĥ is its Hamiltonian, being
a natural (although not unique) relativistic generalisation of the non-relativistic mass density.
In particular, Ĥ is related to the operator λ̂ via the quantum version of the classical constraint
in eq. (2.3), i.e. Ĥ = −π̂2

v = −λ̂. This implies that such a choice for the collapse operator
Â imposes a localisation in λ. From eq. (4.1) we can derive the dynamics of the mean ⟨λ̂⟩t

and its variance σ2
λ,t = ⟨λ̂2⟩t − ⟨λ̂⟩2

t , which respectively read

d ⟨λ̂⟩t = −2ϵσ2
λ,t dWt, (4.2a)

dσ2
λ,t = −4ϵ2(σ2

λ,t)2 d t− 2ϵΣ(3)
t dWt, (4.2b)

where Σ(3)
t = (⟨λ̂3⟩t − 3 ⟨λ̂⟩t ⟨λ̂2⟩t + 2 ⟨λ̂⟩3

t ). Notably, the solution for the mean critically
depends on the history of the variance σ2

λ,t, namely ⟨λ̂⟩t = ⟨λ̂⟩t0
−2ϵ

∫ t
t0
σ2

λ,s dWs. Thus, when
the collapse process localises the wavefunction in λ, i.e. after a time t∗ we have σ2

λ,t>t∗ ∼ 0,
the corresponding mean becomes fixed and does not change ⟨λ̂⟩t>t∗ = ⟨λ̂⟩∞. Physically, the
collapse dynamics in eq. (4.1) is driving an arbitrary initial state Ψ, which can also be in a
superposition of λ with σ2

λ,t0
̸= 0, into a eigenstate of the operator λ̂ with σ2

λ,t>t∗ ∼ 0. Thus,
at the end of the collapse process, one obtains a Universe with a well-defined space-time
geometry with a fixed value for m or Λ respectively in the case of GR or PUM. Notably,
such a localisation is triggered for any realisation of the noise Wt, and one does not need to
average over different realisations to observe the effect. A schematic representation of the
effects of the introduction of the collapse terms in the WDW equation is shown in figure 1.

The dynamics of the variance can be analytically solved under the assumption of the
Gaussianity of the state. In such a case, the second term in eq. (4.2b) vanishes (i.e., Σ(3)

t = 0)
and we find σ2

λ,t = σ2
λ,t0

/(1 + 4ϵ2(t− t0)σ2
λ,t0

). To provide an explicit example, in figure 2 we
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Figure 1. (Left panel) According to quantum mechanics, an initial superposition of the Universe
Ψ = Ψλ1 + Ψλ2 + Ψλ3 + Ψλ4 at time t0 is conserved under the unitary dynamics of the Schrödinger
equation. The state of the Universe never collapses in one eigeinstate of λ̂ for any later time t1. (Right
panel) The introduction of collapse terms in the Wheeler-DeWitt equation allows for the collapse of
the wavefunction from the initial superposition at time t0 into a single eigenstate of λ̂ (e.g., Ψ = Ψλ2)
at a time t1.

show the evolution of the mean ⟨λ̂⟩t for different realisations of the noise Wt starting from
an initial Gaussian state |Ψ⟩t0

=
∫∞

0 dλQ(λ) |λ⟩ such that Q(λ) ∝ e−(λ−λ0)2/4σ2
0 . From the

numerical simulations we can notice that ⟨λ̂⟩t does not fully localise to a fixed value within
the time-scale of the simulation. This is due to the slow decay of σ2

λ,t ∼ (t − t0)−1, which
implies that the localisation process runs on a long time-scale. Beyond the Gaussian regime,
one needs to employ perturbative approaches. These are discussed in the appendix.

5 Discussion

Our model describes how a classical, well-defined space-time geometry (a localised state in
λ, that can be related to a classical Universe) can naturally emerge from any initial state,
such as a quantum superposition in λ. Moreover, we remark that this value of λ in general
differs from the quantum expectation value of λ̂ at an initial time. Thus, the inclusion
of collapse terms into the WDW equation offers a suitable mechanism for the description
of the quantum-to-classical transition in the cosmological context. This mechanism does
not invoke nor require the presence of an external physical entity acting as a measurer to
collapse the Universe’s state. We remark that by choosing the collapse operator as being
proportional to the Hamiltonian of the system allows a wide application of the model. This
comprises non-relativistic scenarios, where its action reduces to that of the CSL model, as
well as configurations where matter fields can be included. Even though the WDW equation
can be considered as a specific toy model, we want to stress that our main result does not
depend on the details of the model we used. Other quantum cosmology models, where for
example one considers different definitions of the time variable, will provide similar results.
We underline that our approach for the quantum-to-classical transition in cosmology differs
from previous proposals [26, 27]. There, the aim was to tackle the problem of time and they
do it by introducing a collapse dynamics with respect to the gauge coordinate τ . Conversely,
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Figure 2. Mean ⟨λ̂⟩t for 1000 different realisations of the noise field Wt, with ϵ = 0.05 and an initial
state with Q(λ) ∝ e−(λ−λ0)2/4σ2

0 with λ0 = 10 and σ2
0 = 4. The red line highlights the initial value of

⟨λ̂⟩t0
, while the black line shows the evolution of σλ,t under the Gaussian assumption. The inset show

a single realisation of the noise: in black ⟨λ̂⟩t, in orange ⟨λ̂⟩t ±
√
σ2

λ,t.

we introduce a new dynamical variable t (not a mere gauge coordinate), which can be used to
determine a physical dynamics of the system and with respect to which a quantum-to-classical
transition is governed. In appendix, we provide further comparison of our approach with
respect to the existing literature.

We underline that eq. (4.1) does not necessarily solve the problem of time in Quantum
Gravity. Indeed, we are already assuming the variable t to play the distinguished role of clock
and we are building the collapse dynamics over that structure. In such a way collapse terms
cannot come as a solution to the problem of time, but are just related to the clock choice.
Nevertheless, we underline that having made a clock choice is fundamental to make any
claim on the collapse having taken place or not. It is not clear if a collapse dynamics can be
implemented in a context where there is no clock variable. We leave this for future research.

An interesting aspect of our approach, which comes as a byproduct of the model, is that
it provides an alternative explanation for the cosmological constant problem. Conventionally,
a classical ensemble of Universes in a multiverse, each with a different cosmological constant,
is assumed to exist, and then the anthropic principle explains why we observe a specific value
of the cosmological constant. Here, we do not need such a construct. We just have a quantum
superposition of different cosmological constants at very early stages of the Universe, which
later collapses to the observed value of the cosmological constant.
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Notably, there is an important difference between the studied context and a typical
experimental situation. In the latter, one can repeat the experiment several times, where
at each realisation the collapse noise acts differently and makes the system’s wavefunction
collapse on a possibly different eigenvalue of the collapse operator. Averaging over these
realisations, one can compute the predicted deviations of collapse model with respect to QM.
Conversely, in the context of cosmology, the experiment — being the Universe — can be ran
only once. Then, one has a unique realisation of the collapse noise, which leads to the collapse
to a specific geometry, and observables (such as the cosmological constant Λ) take specific
values. Therefore, one cannot distinguish a quantum Universe with a collapse as described by
our model from a classical Universe. In general, to confirm or falsify the existence of collapse
models, one will have to restrain to repeatable experiments, which is not the focus of our
work. However, in principle one could restrict the possible values of the collapse rate ϵ by
requiring the emergence of a well-defined geometry before the CMB photon emission.

Finally, we underline that our results are very general and would hold for any valid
approach to quantum cosmology where a suitable clock is defined, not only GR+perfect fluid
or PUM. Examples are models where the dust time, the scale factor, the axion field or the
dilaton field are used as a clock. Our approach can also be generalised to Loop Quantum
Cosmology, where the clock is usually the scalar matter field.
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A Detailed calculations and discussion

Solution of the WDW equation in GR and PUM. The solution to the WDW equation
shown in eq. (6) of the main text can be found via separation of variables and yields the
general form

Ψ(v, t) =
∫ ∞

−∞
d k eik2t

(
A(k)eikv +B(k)e−ikv

)
+
∫ ∞

−∞
dκ e−iκ2t (C(κ)eκv +D(κ)e−κv) ,

(A.1)
where A(k), B(k), C(κ), and D(κ) are functions to be determined. Positive values of k may
be directly associated to

√
λ. To make such states evolve, one needs a notion of time. In the

absence of an absolute external parameter, both dynamical fields v and t are equally good
candidates to play this role. Here, we choose t as the time variable so that the WDW equation
can be seen as a Schrödinger equation. Nevertheless, we want to stress that v is an equally
valid choice. This embarrassment of riches is known as the problem of choice. It has been seen
that different clock choices lead to different descriptions of the quantum theory. For example,
by choosing t as the time one obtains the Schrödinger equation, while choosing v leads to the
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Klein-Gordon equation [28]. In this work, we focus in how to obtain a classical universe from
a quantum wavefunction rather than trying to find a definitive solution to this issue.

The clock choice comes with an inner product — or equivalently a Hilbert space —
specification. In our case, as the WDW equation is a Schrödinger equation in t, the inner
product is defined as

⟨Φ|Ψ⟩ =
∫ ∞

0
d vΦ∗(v)Ψ(v), (A.2)

where Φ∗ denotes the complex conjugate of Φ. Note that the v integration range goes from 0
to ∞. Indeed, classically, v is only defined to be non-negative (it is a positive power of the
scale factor). Before introducing the collapse terms, we want our wavefunctions to evolve
unitarily according to QM, meaning that the Hamiltonian term ∂2/∂v2 must be self-adjoint.
To ensure that, one must impose the following additional condition [29]

γΨ(0, t) − ∂

∂v
Ψ(0, t) = 0, (A.3)

where γ ∈ R∪ {∞} is a free parameter. The condition in eq. (A.3) can be seen as a reflection
around v = 0, whose requirement is motivated as follows. We want our solutions to have
a well preserved norm, but v is only defined on the half-line. Thus, we must ensure that
there is no probability flow at v = 0, and eq. (A.3) guarantees that this is the case. The
parameter γ represents the freedom in how states are reflected. In a nutshell, the only
solutions of eq. (6) of the main text that evolve unitarly (when no collapse is considered)
are those satisfying eq. (A.3). Their explicit form reads

Ψ(v, t) =
∫ ∞

0

dλ√
2π

Q(λ)eiλtψλ,γ(v) , (A.4)

where
ψλ,γ(v) = 1√

2
√
λ

(
e−i

√
λv + i

√
λ+ γ

i
√
λ− γ

ei
√

λv

)
. (A.5)

Here, λ is assumed to be positive or zero and the functions ψλ,γ(v) are Dirac delta normalised:∫∞
0 d vψ∗

λ1,γ(v)ψλ2,γ(v) = 2πδ(λ1 −λ2), while the weight Q(λ) characterises the superposition
of different values of λ, with

∫∞
0 dλ|Q(λ)|2 = 1.

Note that, in order to obtain numerical results, the value of γ needs to be fixed, where
each value of γ corresponds to a specific reflection around v = 0. Whilst different choices
of γ imply different eigenstates ψλ,γ = ⟨v|λ⟩, the addition of collapse terms to the WDW
equation always ensures that the Universe transitions from a superposition in λ to a localised
state. So, this would not have altered the conclusions of our approach. In this work, we have
taken the standard choice of γ = ∞ (another typical choice is γ = 0), but any value of γ
would also be valid. Then, ψλ,∞(v) takes a very simple form, namely:

⟨v|λ⟩ = ψλ,∞(v) = −
√

2i
λ1/4 sin

(√
λv
)
, (A.6)

which can be seen as a superposition of plane waves incoming to the classical singularity
and outgoing from it.
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Without the addition of collapse terms, the universe will never localise in λ. Indeed,
given a generic state, one has

⟨λ̂⟩t =
∫ ∞

0
dλ|Q(λ)|2λ ,

σ2
λ,t =

[∫ ∞

0
dλ|Q(λ)|2λ

]2
−
∫ ∞

0
dλ|Q(λ)|2λ2 .

(A.7)

Both of these expressions are time independent; if the Universe starts with a certain expec-
tation value ⟨λ̂⟩0 and spread σ2

λ,0, it will remain that way throughout the evolution. In the
main text, we focused in Gaussian states, Q(λ) ∝ e−(λ−λ0)2/4σ2

0 , which gives

⟨λ̂⟩t = λ0 +

√
2
πσ0e

−
λ2

0
2σ2

0

erf
(

λ0√
2σ0

)
+ 1

,

σ2
λ,t = σ0

2

1 − 2e−
λ0

2

σ02

π
(
erf
(

λ0√
2σ0

)
+ 1

)2

+

√
2
πλ0σ0e

− λ0
2

2σ02

erfc
(

λ0√
2σ0

)
− 2

,

(A.8)

which, we remark, are time-independent expressions. Conversely, with the addition of collapse
terms, we are not only able to make σ2

λ,t go to zero, but the value of λ after the collapse
can be different from the initial one, which corresponds to ⟨λ̂⟩0.

General structure of collapse models dynamics. Collapse models are modifications of
the standard quantum theory, where the Schrödinger equation is phenomenologically modified
to include a spontaneous collapse of the wavefunction [4, 12, 13, 30]. Such modifications
involve non-linear and stochastic terms, whose structure — under fairly general requirements

— is fixed. The requirements are i) the occurrence of the collapse (or localisation) of the
wavefunction in one of the eigenstates of a chosen collapse operator, with a probability
following the Born rule, and ii) not to violate the causality principle. The former requirement
is provided by the non-linear structure of the collapse equation, which is necessary for having
an actual collapse and not only a decoherence-like process (where the coherences are lost).
The later requirement is satisfied by the stochastic nature of the modifications, which prevent
superluminal signalling to occur. The general structure of the collapse models equation
for the wavefunction |Ψt⟩ reads

d |Ψt⟩ =
(
−iĤ d t+

∫
d x ÂN(x)ξt(x) d t− 1

2

∫
d x

∫
d yG(x,y)ÂN(x)ÂN(y) d t

)
|Ψt⟩ ,

(A.9)
where Ĥ is the Hamiltonian of the system, and ÂN(x) = (Â(x) − ⟨Â(x)⟩t), with Â(x) being
the collapse operator defined in space x, and ⟨Â(x)⟩t = ⟨Ψt|Â(x)|Ψt⟩. The noise field ξt(x)
has vanishing mean E[ξt(x)] = 0, and correlation given by

E[ξt(x)ξt′(x′)] = G(x,y)δ(t− t′). (A.10)

Different choices of Â(x) and G(x,y) determine different specific models, such as the Diósi-
Penrose [22, 23] (DP), the Continuous Spontaneous Localization [20, 21] (CSL) models
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Model Â(x) G(x,y)
CSL √

γM̂(x)/m0 exp
[
−(x − y)2/4r2

C

]
/(4πr2

C)3/2

DP M̂(x) G/|x − y|
Main ϵĤδ(x − x0) 1

Table 2. Choices for collapse operators Â(x) and G(x,y) for the Diósi-Penrose (DP) [22, 23], the
Continuous Spontaneous Localization (CSL) [20, 21] and the model introduced in the main text.
Here, M̂(x) is the mass density operator, Ĥ is the Wheeler-DeWitt Hamiltonian; γ, rC and ϵ are free
collapse parameters, while G is the gravitational constant.

(being the two most studied and tested collapse models), or the model introduced in the
main text. Table 2 summarises the specific choices for Â(x) and G(x − y) required to
construct these models.

Another important feature for a good collapse model is to be endowed with an am-
plification mechanism, which ensures that the collapse action is negligible on microscopic
systems (which are found in quantum superpositions), while becoming strong and effective
as a growing function of the mass of the system. For this reason, one typically employs a
collapse operator related to the mass of the system (for example, the mass density operator
or the Hamiltonian operator — as a relativistic extension of the mass density operator).

It is important to remark that, in contrast to the different interpretations of QM, collapse
models are falsifiable theories. Indeed, there are qualitative differences between the predictions
of collapse models and standard quantum theory, that can be used to test and constrain
the phenomenological collapse parameters [4].

Perturbative approach for the dynamics. Here, we show how to tackle eq. (7) of the
main text via a perturbative approach. We start by assuming the following perturbative
ansatz for the solution |Ψt⟩, expressed as a Taylor expansion up to the second order in ϵ.
This can be written in the {|λ⟩} basis as

|Ψt⟩ =
∫ ∞

0
dλQ(λ)

( 2∑
j=0

ϵjKj,t(λ)
)

exp [i(t− t0)λ] |λ⟩ , (A.11)

where Q(λ) determines the superposition of the initial state |Ψt0⟩ =
∫∞

0 dλQ(λ) |λ⟩ with the
normalisation constraint reading

∫∞
0 dλ |Q(λ)|2 = 1. By inserting such an ansatz in eq. (7)

of the main text, we can derive the explicit expression of the Kj,t(λ) functions. In particular,
we find K0,t(λ) = 1, K1,t(λ) = (⟨λ̂⟩t0

− λ)(Wt −Wt0) and

K2,t(λ) = (t− t0)
[
σ2

t0(λ̂) − (λ− ⟨λ̂⟩t0
)2
]

+ 1
2(Wt −Wt0)2

[
(λ− ⟨λ̂⟩t0

)2 − 2σ2
t0(λ̂)

]
, (A.12)

where ⟨λ̂⟩t0
and σ2

λ,t0
are respectively the mean and the variance of λ̂ at time t0. Once the

explicit expressions for Kj,t(λ) are plugged in eq. (A.11), we can derive the corresponding
expressions for the mean ⟨λ̂⟩per,t and the variance σ2

per,t, where the label “per” indicates
the perturbative derivation. They read

⟨λ̂⟩per,t = ⟨λ̂⟩t0
−2ϵ(Wt−Wt0)σ2

λ,t0
−2ϵ2

[
(t−t0)−(Wt−Wt0)2]⟨λ̂[(λ̂−⟨λ̂⟩t0

)2−σλ,t0 ]⟩
t0
,

(A.13a)
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and

σ2
per,t =σ2

λ,t0−2ϵ(Wt−Wt0)
[
⟨λ̂3⟩t0

−⟨λ̂⟩t0
(⟨λ̂2⟩t0

−2σ2
λ,t0)

]
−4ϵ2(Wt−Wt0)2(σ2

λ,t0)2

−2ϵ2
[
(t−t0)−(Wt−Wt0)2

][
⟨λ̂4⟩t0

−4⟨λ̂⟩t0

(
⟨λ̂3⟩t0

+⟨λ̂⟩3
t0
−2⟨λ̂2⟩t0

⟨λ̂⟩t0

)
−⟨λ̂2⟩2

t0

]
.

(A.13b)
Notably, these expressions depend on higher momentum expectation values ⟨λ̂3⟩t0

and ⟨λ̂4⟩t0
,

which can be simply computed given the initial state.
To quantify the goodness of the perturbative approach, we consider the evolution under

the assumption of an initial Gaussian distribution, which is taken to be equal as the one in
the main text, i.e. Q(λ) ∝ e−(λ−λ0)2/4σ2

0 . This allows for a one-to-one comparison with the
exact solution reported in the main text. In particular, since the expressions in eq. (A.13)
depend on the expectation values with respect to the initial state only, one can approximate2

the following terms by imposing the Gaussianity assumption: ⟨λ̂3⟩t0
= λ3

0 + 3λ0σ
2
0 and

⟨λ̂4⟩t0
= λ4

0 + 6λ2
0σ

2
0 + 3(σ2

0)2. This leads to a strong simplification of the expressions for
the mean and variance, which read

⟨λ̂⟩Gauss,t = λ0 − 2ϵ(Wt −Wt0)σ2
λ,t0 , (A.14a)

σ2
Gauss,t = σ2

0

[
1 − 4ϵ2(t− t0)σ2

0

]
. (A.14b)

Now, we can directly compare these expressions with those derived from the exact, non-
perturbative approach in the main text under the Gaussian assumption, which are

⟨λ̂⟩t = λ0 − 2ϵ
∫ t

t0
σ2

λ,s dWs, (A.15a)

σ2
λ,t = σ2

0
(1 + 4ϵ2(t− t0)σ2

0)
. (A.15b)

We can then straightforwardly identify eq. (A.14b) as the short-time expansion of eq. (A.15b),
which is valid as long as (t− t0) ≪ 1/(4ϵ2σ2

0). On the other hand, by substituting eq. (A.14b)
in eq. (A.15a), one obtains eq. (A.14a) at the second order in ϵ. A comparison of the two
dynamics is shown in figure 3, but limited to times t such that σ2

Gauss,t remains positive.

State of the art on quantum-to-classical transition in cosmology. Within quantum
cosmology, the term quantum-to-classical transition can account for two different contexts.
Thus, it is essential for our discussion to clarify the differences between them.

- Quantum cosmological perturbations in a classical space-time.– The starting point is a
curved but fixed classical geometry within which fields evolve. Building on such a structure,
one studies the quantum-to-classical transition of perturbations to these fields. Their
origin can be quantum, but their observations are in line with a classical description.

An example of this kind of transition is that of the perturbations of the inflaton field,
that can be described in terms of the Mukhanov-Sasaki variable. What we measure
2Indeed, the distribution is Gaussian, but only defined for positive values of λ. Thus, there will be

corrections to the expectations values that can be made arbitrary small by suitably choosing the values of λ0

and σ2
0 . To be quantitative, by setting λ0 = 10 and σ2

0 = 4 as in the numerical simulations, one has a relative
error at the level of the 10−7 and 10−5 level respectively for the mean and the variance.
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Figure 3. Comparison of the solutions ⟨λ̂⟩t as expressed respectively in eq. (A.14a) and eq. (A.15a).
The insets report the corresponding variances σ2

t [cf. eq. (A.14b) and eq. (A.15b)]. The perturbative
solution (left panel) is associated to a fast decaying variance, while the exact solution (right panel) is
localised on a much longer time-scale.

today are the temperature fluctuations of the CMB, which can be described as classical
stochastic processes. However, within the cosmological inflation theory, such perturbations
are initially of quantum origin. In this context, it was pointed out that there is not a
completely satisfactory description of this transition [31], and phenomenological models
leading to the collapse of the inflaton field and its perturbations were proposed as a
possible solution [32, 33]. It was later suggested [34] that collapse models can offer an
explanation of the emergence of a single outcome of the observed CMB map. At the same
time, they lead to deviations from QM that can be confronted with observations. Indeed,
some consider the modifications due to the collapse dynamics to the power spectrum of
the Mukhanov-Sasaki variable [35, 36]. The resulting corrections allow to constrain the
phenomenological collapse parameters.

Finally, we also mention that the CMB spectrum has also been motivated from a De
Broglie-Bohm perspective [37]. Within this framework, one can derive a guidance equation
for the Mukhanov-Sasaki variable, which differs from that of the standard cosmology by a
quantum force being negligible in the classical limit.

- Emergence of a classical space-time.– Space-time cannot be a classical entity if the
gravitational field is fundamentally quantum. Therefore, there must be a mechanism to
explain the classical appearance of space-time at large scales that is consistent with our
observations. As in this case the quantum system under study is the whole structure of
space-time, then the system is a truly closed quantum system. This means that there is
nothing physically exterior to this system that could potentially lead to a collapse.

The incorporation of collapse models to modify the WDW equation was previously
suggested as a solution to the problem of time [26, 27]. To the extent of our understanding,
their approach consists in writing down a Schrödinger evolution with respect to the time
coordinate τ associated with a specific space-time foliation, and to add a Hamiltonian
encoding the effects of collapse models. In this way, wavefunctions which satisfy the WDW
constraint will now possess a non-trivial evolution with respect to τ . However, due to the
time reparameterisation invariance of GR, the time coordinate τ is still only a classical
gauge degree of freedom, and thus does not fully account for the dynamics.
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In contrast, in our work, we do not focus on the problem of time but on the quantum-
to-classical transition of space-time, which has not been previously developed. We use
one of the canonically conjugated variables of the WDW equation as a clock. Thus, in
our approach, such a clock is a physical quantity, a dynamical variable that can account
for the dynamics. This approach also opens the possibility of choosing different canonical
variables as clocks. Once a clock variable is fixed, our model describes the emergence of a
well-defined geometry starting with a Universe in a superposition of different geometries.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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