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1 Introduction

In a previous article [1] we advocated the study of external-field quantum electrodynamics
(QED) with N charged particle flavors of the same mass m and charge e in the large N
limit. We emphasized that this deformation of standard QED constitutes a very interesting
theoretical laboratory allowing to assess the impact of high-order loop corrections on the
physics predictions of a quantum field theory under extreme conditions, and detailed the
structure of the associated Heisenberg-Euler effective action I'yg governing the dynamics of
prescribed macroscopic electromagnetic fields in the quantum vacuum [2-4]; see refs. [5, 6] for
reviews. The explicit results of that work mainly assumed the possibility of a perturbative
expansion of I'yg in powers of the fine-structure constant o = e?/(4r), or equivalently, the
numbers of loops of its constituting Feynman diagrams. Note that an ¢-loop contribution to
I'ug scales as of~!. In our notation, a = a(u? = m?) and e = e(u? = m?) are the low-energy
values of the fine-structure constant and charge evaluated at the momentum scale u set by
the mass m of the charged particles, respectively.

The starting point of our present work is the explicit expression for I'yg derived in ref. [1],
which is a functional of both the gauge potential of the prescribed external electromagnetic
field A* and an auxiliary, infrared (IR) divergent vector field j#. By extremization for j*
this in principle allows to determine the full result for FHE[/_l] for large N QED in the ’t
Hooft limit [7], characterized by sending N — oo while keeping N and eA* fixed. We in
particular show that the extremization of the associated constant-field Lagrangian [IHE| Nesoo
for j# can be traded for the much simpler extremization for four constant scalar coefficients.
Remarkably, the resulting expression for Lyg| Nosoo 18 fully determined by the renowned one-

loop Lagrangian Ellig) P originally derived by Heisenberg and Euler [2]. It can be represented

entirely in terms of a parameter integral involving Ellﬂlao °P and its two lowest-order derivatives
for the field strength tensor F* = 9* AY —9” A*. In the special case of electric- and magnetic-
like field configurations characterized by the vanishing of one of the secular invariants of the
electromagnetic field the situation becomes especially simple and an extremization for just
two scalar parameters is required. Because our approach does not resort to any perturbative
expansion, it genuinely grants access to the fully nonperturbative parameter regime. This
is in particular relevant because, though being of genuine theoretical interest, a controlled

exploration of this regime is currently out of reach for ordinary one-flavor QED and has not



been studied so far. Its study will hence facilitate unprecedented insights, and — because of
sharing important aspects with standard N = 1 QED — will also provide some guidance about
the strong-field behavior to be expected for physically realized external-field QED with N = 1.

Our article is organized as follows: in section 2 we construct an explicit expression for the
full Heisenberg-Euler effective Lagrangian in the large N limit that, apart from the constant
external electromagnetic field F*, depends on an auxiliary, IR divergent vector field j# which
is supposed to extremize this Lagrangian. We show that the problem can be reformulated
in a way allowing to trade the rather complicated extremization for j# for an extremization
with respect to four constant scalar coefficients. In section 3 we then focus on the special
case of electric- and magnetic-like field configurations. In this limit, additional simplifications
are possible and an extremization of the effective Lagrangian for just two scalar constant
coefficients is needed. We perform two independent consistency checks of our result for the
effective Lagrangian in an electric- or magnetic-like external field, namely reproduce (A)
the all-loop expression previously obtained in ref. [8], and (B) the perturbative result up to
O(a?) [1]. Finally, we end with conclusions and a brief outlook in section 4.

2 Towards the effective Lagrangian in constant fields

Our starting point is the formal mean-field expression of I'yg for N-flavor QED given in
eq. (3.6) of ref. [1],

FHE[AHN%OO = 4/F,u1/F'u +S¢A+] / ]u .71/: (2'1)

where Sy[A] = —iN Indet(—iP[A] + m), (D~1)* is the free inverse photon propagator and
the auxiliary field j* is implicitly defined in terms of A* by the condition

(SjMFHE ]|N_>OO =0. (2.2)
Throughout this work, we use the shorthand notations [, = [d%z and = [d*p/(2m)* for
integrations over position and momentum space, respectively, and | for integrations that
can be performed either in position or momentum space.

Presuming that both Na and eA* scale as ~ NV, this result neglects corrections of
O(1/N) and thus becomes exact for N — oo; see ref. [1] for the details. It should be noted
that the combination eA* amounts to a renormalization group (RG) invariant and thus can
be evaluated at any RG scale y. We emphasize that egs. (2.1) and (2.2) hold for completely
generic, i.e., also manifestly inhomogeneous, electromagnetic fields. Also note that they
immediately imply that j* can be formally represented as [1]

= Dwz = [N (23)

where D, denotes the free photon propagator, which in momentum space scales as D,,,(p) ~
1/p?, and we made use of the definition

0" Sy[A]

) i N 2.4
5Ag, ... 0A,, 24)

(Sy 1A =



In the remainder of this work we exclusively focus on constant electromagnetic fields, F* =
const. < O*FH = 0. In this case, we have Sy[A] = [ L 1OOP( F) and the associated
Lagrangian is given by [2—4]

. - 1 edT - (ecyT)(ec_T) (ecyT)? — (ec_T)?
LilP(F) = —— | — mT( * —1- ) 2.5
e (F) snzfy T3 ° tanh(ecyT) tan(ec_T') 3 » (25)

where
1- - |
o= (VP +G@£F), with F= R, F" and G=F,F".  (26)

In turn, in constant fields eq. (2.4) in momentum space can be compactly represented as

(SSTAD T (p, . ) = (ij) H (pj 8;,1] ’

+O)) ERE(F) . (27

with O(pj) ~ p?‘pjﬁ p] denoting a contribution cubic in pj [9]. Our conventions for the Fourier
transform are A¥(x) = [, eP* A*(p). Accounting for the fact that [(D~ Duv i, has to vanish
identically when considered as an individual object because constant fields cannot supply
momentum to charged-particle loops and that in momentum space fp p*j#(p) = finite [9)],
the above expressions immediately constrain the momentum dependence of j* to be of
the form j*(p) ~ f(|p|) 8(p) p*/p*. Here, f(|p|) denotes a function even in p# that fulfills
f(lepl) = f(|p]) for ¢ € R and thus remains finite for p* — 0. Hence, in this case we have

[ Jseayme o e [ (p+zpj)napj (pil), (28)
p1 n

where we made use of the fact that f(|p|) p®p®/p?> — f(|p|) is again an even function of p#
with the above property. Subsequently performing n — 1 out of the n momentum integrations
in eq. (2.8), for n > 1 we find

~ P OP [ 6+ 661 ()

I~

~ o [F(O)]" 6(0) £ (18] (2.9)

with f(0) = fp(27r)45(p) f(Ip|)- On the other hand, for n = 0 we infer (SS)[A])U ~ p”(p).

Equation (2.9) implies that in each summand that couples n factors of j# on the right

hand side of eq. (2.3) only the momentum dependence f(|p|) of one factor is inherited by the

j* on its left hand side. Therefore, with regard to momentum transfer the right hand side of
eq. (2.3) effectively appears as linear in j#(p). Hence, schematically we have

3u(®) = Dys ) (Go(p) + TR)i(p)) (2.10)

where j§ = (Sq(;)[;l])a, and the 'polarization tensor’ IT*" implicitly accounts for all the other
couplings to j* that do not exchange momentum with the charged particle loop from the



outset, i.e., contribute a factor of f(0) in eq. (2.9). Equation (2.10) can be readily solved
for j*(p), yielding

= _ —1 ~o
@) = (D7 ) - 1m) ] ). (2.11)
Moreover, in constant fields we clearly have Lipe® (F) = Ly (F,G) [see eq. (2.5)], which
immediately implies that [cf. eq. (2.7)]
0 s,

Jg (p) = i(2m)*6(p) pu <FU08.7: + *F““8g>£§}§°P(F, g). (2.12)

To be precise, L'Ilﬂlf °P(F,G) is invariant under parity transformations and thus even in G,

which transforms as a pseudoscalar. Because of g** = PJ” + P/ with transverse P” and
longitudinal P projectors, and Py = p#p”/p? in momentum space, eq. (2.12) allows us to
infer that (Pf, jo)* = 0 and thus j§' = (Prjo)*. In turn, eq. (2.11) can also be expressed as

Ju®) = [(Pr(D7 () = 1) ] T (). (2.13)
Note that IT*” has to be quadratic in the momentum transfer II*(p) ~ p®p” in order for
eq. (2.11) to be compatible with the momentum structure of j* established above, which is
substantially more involved than originally foreseen in ref. [1]; cf. in particular the discussion
in context of eq. (3.16) therein.
The Ward identity p,II*(p) = II"”(p)p, = 0 immediately constrains the relevant
contribution to IT*”(p) quadratic in p® to be of the following form [10],

1" (p) = mrp* PpY + wpp(DE) (pF)” + mpup (0*F )" (0°F)
+ mpp [(PF) (pF)” + (pF)*(p'F)"] (2.14)
where the coefficients 7, with p € {T, FF,*F*F *FF} are functions of both F and G. We

emphasize that parity invariance of QED implies the scalars nr, 75z, 755 to be even and
m5f to be odd in G. Upon introducing the four-vectors

p (P F)* F ez (pF)*
) =
I/ ]

, (2.15)

we define Pﬁ“j = vl’rvﬁ/vﬁ, Pﬁw = v o], P = (Pp— Py — PL)" as well as Q" = vfer”_ +
vﬁvﬁ [11]. It is easy to verify that for G > 0 the tensors PJ", P”“ “ and P{" are mutually

orthogonal projectors. With these definitions eq. (2.14) can alternatively be represented as

1" (p) = T P + HHPﬁ‘” + II, P 4+ mqQM (2.16)

where
2
o = pnr,
2 2 2 2
I = (cZ7pp + A upup — 204 C-Tupp V)| + T1p”

2 2 2 2
II, = (C+7l'pp + C Tafoxfr + 26+C_7T*FF)UJ_ + Trp”,



and g = (2 — 2 )mpp — cre_(Tpp — Tapap). Also note that (PrIl(p))" = II*(p) and
(PrD~Y(p))" = p?PL”. In turn, we can write

[Pr(D™}(p) = TI(p))]"" = (b — o) P} + (p* =TI P
+(p* = L) PP — mQH . (2.17)

The analogous result for G < 0 can be represented in the same form; it actually only requires
setting cyc_ — —cyc_ in the above expressions.

In a next step, we aim at the inversion of eq. (2.17) which constitutes an important input
to eq. (2.13). This expression is clearly of the structure

MM = aP§” + bP[" + cP" +dQ" (2.18)

which can be readily inverted, yielding

(M—hy = %Pé‘” + w P+ ng” - gQ’“’ : (2.19)

Let us now make use of the above insights into the structure of j* in constant fields in
the effective action I'yg as given in eq. (2.1). The basic idea is that upon parametrizing j* in
terms of the unknown scalars 7, with p € {T, FF *F*F *FF} the extremization of I'y for j*
in eq. (2.2) can be traded for the much simpler extremization with respect to the four scalar
components 7,. In contrast to the four-vector field j# that scales as j#(cp) ~ d(cp)/c with
¢ € R [cf. above eq. (2.8)] and thus is infrared divergent, the associated field strength tensor
JH = QMY — Q¥ j* is manifestly IR finite. Hence, in general we find it more convenient to
work with it. Resorting to eq. (2.13) this field strength tensor can be expressed as

T (@) = (9”97 ~ g™ g"") / P p,|(Pr(D7 p) - 1) | ). (220

Equation (2.20) clearly fulfills 9%.J*(x) = 0, such that the field strength tensor (F + J)* of
the combined field (A + j)* amounts to that of a constant field. In turn, for F** = const.
we can write

. Lo O Y
TiglA),_,_ = —Z/zFWF“u/xc};E P(F 4+ ) — Z/IJWJH , (2.21)

which can also be represented as

1 R 1- loo 8£1 loop
- _ uv p “~HE \~/ = TV
1 /IF“”F * / £u / aFW / T
00 1 B 9 n—2 32,61 loop(F) _
+ — (g2 ) Jop ZZHE ") quv 2.22
/xn; nl < OFvo DFeBFm (222)

where the derivatives for the field strength tensor F* act exclusively on L 10Op(F ) and
not on JW = JH(z).

Performing the integration over space-time in the last line of eq. (2.22) the exponential
factors encoding the space-time dependence of each factor of J* combine to a momentum



conserving Dirac delta function. In line with the discussion in the context of egs. (2.8) and (2.9)
above, this immediately implies that n — 2 out of n factors of J** that are effectively coupled
together do not exchange any momentum with the charged particle loop from the outset.
Correspondingly, the expression in the last line of eq. (2.22) can be cast in the following form

il(j"”@) 0 )n_Q/IJ ﬂwi"”, (2.23)

2l OFr OFeBpFm

where J#(0) is obviously given by eq. (2.20) with e* — 1. In a next step, we note that
the quantity 2L (F)/OF*POFH evaluated in the combined field (F + .J(0))" can be
expressed as

2 pl-loop / 1 n a2 pl-loop/

— — p _— po — — —
OFaBoFu ‘F_>F+J(0) HZZO n! < oOFro OFBoFm '

the structure of which — apart from a factor of (n 4+ 1)(n + 2) in each summand — closely
resembles the infinite sum occurring in eq. (2.23). Making use of the following identity

1 K 1 1
/ dK/ dr K" = —_—, (2.25)
0 0

n+1ln+2

this mismatch can, however, be eliminated and allows us to establish that

1 loop
/ dK / d/<a (F)
8F“58FW

F—F+xJ(0)
n o2 pl-loop/
—/dK/ dl-i (Jpa()?)é?GHE _(F)
OFro OFaBOFm
n—2 a2 pl-loop/
*Z ( ? ) O Ly _F) (2.26)
8FP" OFBoF 1

which upon contraction with J% J# and integration over space-time agrees with eq. (2.23).
In turn, the effective action (2.21) can be alternatively represented as

1- loop

. o OLY;
sl == [ B+ [ i)+ [ 00
82£1 Ioop( )
dK [ di [ JOP| = gaugs, — —=HE =
/ / ﬁ/ l Jondp = "p FasyFuv

which now is to be extremized for m, with p € {T, FF,*F*F,*FF'}. Equation (2.27) depends
on the latter via J*(0) and J*(x); cf. eq. (2.20). Also note that [, J* = V@ J#(0) with
four dimensional space-time volume V®* due to [, b e f(p)d(p) = VW (2m)4 L, f(p)é(p).
Because of £17 lOOp(F ) = Li; IOOP(}" G) in constant fields, cf. above eq. (2.12), we moreover have

] JH L (2.27)
F—F+kJ(0)

8£11_I-]1§0p(ﬁ1) _ 1/~ 0 * T d 1-loop
. (F”Vé?}" + F‘“’ag)ﬁ (F,9)



and

P2LEP(FY 1 o d 92 L 92
% = 1| Gousr = Govgpu) 57 + Cuap g + FapFuu 5= + "Fag Fuv 62
82

P i 1-1
+ (FopFuw + Fop™Fuv) 9FIG Lig P (F.G), (2.28)
where we explicitly accounted for the (anti)symmetry of the latter expression with regard
to its indices [10].

With the definitions
1 — = v
Fr = Z(F +rJ(0)),,, (F + £J(0))",

Gr =1 (P4 (0)),,(F + &J(0)™ (2.29)
fulfilling Fo = F and Gy = G, the Lagrangian associated with eq. (2.27) is thus given by
1/_ 851 loop (]:- g) B a[’l-loop (f g) B
1-loop = HE ’ %
Lug(F, Q)!N%o —F+Lyg C(F,G) + 5 (F’“’af + F“”—ag >J (0)
Lo (K OLim " (Fu, Gi) DL (Frer Gr)
A [ i {2gug (1- T T O
P ooy L (Fa )
— (F—l—/fJ(O))aB(F—i—F;J(O))W HE@J__,%
* I T *( I 7 azﬁlli_gop(}—mgn)
—XF+ KJJ(O))aﬁ (F+ HJ(O))W 352
*( I T n 7 82£11{_]15)0p(fnagn)
=2+ ) (F + £ (0)),, e
1 T 17
X m/ JoO g (2.30)

The relevant expressions for J#(0) and [, J*’JH entering eq. (2.30) can be obtained from
egs. (2.12) and (2.20). They read

] e OLIE ™ (F,G) | \po OLEE™(F,G)
0z — (ATH PV _ TV P po HE ’ * PO HE ’
JH(0) = (979" —g™"g )(F — 57 TF 5 )

< [ pee[(Pr(D7 ) -1 ] (200 (2.31)
and
ﬁ /w jaﬁj,uu — (gnageﬁ o gnﬁgea) <gT,ug<p1/ _ ng/ggo,u)

2% ) * Y0 )
X (F —8}' +F —69 )

B Bﬁl_IOOp(f g) B aﬁl 100P(J’_‘ g)
po HE ) *Tp0
- (F or T oG )

x/z)pnpa{(PT(D_l(p)—H(p)))1LW

X pepo| (Pr(D () = TH(p)) '] | (27)15(p). (2:32)



Clearly, the only nontrivial task in evaluating egs. (2.31) and (2.32) is to perform the
manifestly finite momentum integrals.

3 Magnetic- and electric-like fields

In the remainder of this work we focus exclusively on the specific situation where G = 0
and only F is nonvanishing; Lyg(F) = Lur(F,G = 0). This provides access to magnetic-
like (F > 0) and electric-like (F < 0) field configurations, that can be mapped on purely
magnetic and electric fields, respectively, by Lorentz transformations. Without loss of
generality, here we focus on the case where F > 0. The complementary regime where
F < 0 is accessible therefrom by an analytic continuation v2F — —iy/—2F; cf., e.g., ref. [1].
Correspondingly, egs. (2.6) and (2.15) imply that for F > 0 as considered here we have
¢y =V2F, c. =0 and v"f = (pF)*/V2F as well as v/ = (pF)*/V/2F. Especially because
the dependence of E%I_E)Op(]:, G) on G is even, i.e., in terms of G2, in this case the expression
for Lyg in eq. (2.30) simplifies significantly. Besides, many terms vanish due to the identity
FHoxp v, = *Fre R v, = Gg" — 0. Based on these insights it is straightforward to see that

for G = 0 eq. (2.31) reduces to the much more compact expression

aLl—loOp(]_-) (p}_;ﬂ),upu _ (pF_’)”p“
Hg]-" /p (1 — mp)p? — map(pF)? (2m)*6(p),

where we already inserted the explicit result for the inverse of eq. (2.17) specialized to G = 0.

JH(0) = (3.1)

Finally, we aim at carrying out the momentum integration in eq. (3.1). Achieving this
requires several steps (i)—(iii):

(i) We note the following identity [12]

Ol ...p02n (o102 40304 . .. ,02n—102n)
[ nyta) = L (32)
p

(p?)" dld+2)(d+4)---(d+2n—2)’
in d space-time dimensions, where g| 5,0, """ 91, 00100, With g(‘“’ ) = g denotes a
normalized symmetrization.

(i) We account for the fact that in a reference system where 2F = B2 ie., is purely
magnetic, we have (pF)%|g—o = 2Fp,p,¢"", with the metric g/ singling out the d — 2
spatial components perpendicular to the magnetic field B. Together (i) and (ii) imply

- (XY emtoe = C2F 33
/p p2>g07r Pr=nr '
(iii) We rewrite eq. (3.1) as
iy LOLEEP(F) 1 &1 (e \"
TH0) =5 Hg}' 1—7rT;]n+1(1—F§T>
d d (pF)2\" !
X (8}% _ 8FW) /p < > ) gzo(zw)zx(;(p) (3.4)

_ L (F) 1 i 1 (2]:7TFF>RFWZ§X+IH(1—X)Fvuu

oF l—an:On—i—Z 1—mp X2



with .
-100

OLEE™(F) 1 0 P
oF 1—mp 1—mp

¢ = (3.5)

Equation (3.4) immediately implies that for G = 0 also G, = 0. On the other hand, in this
limit the explicit expression for F,; is given by

2
Fo= [1+/~cg"+h;f21_><) F. (3.6)

Besides, along the same lines as in eq. (3.4) one can show that

/ T _2§2X+((1_)1)n(21_ Y or (3.7)
and 1 212y +2(1—x)In(1 —x)
708 Tuv —X"+2x+2(1 —x)In(1 —x

@ / JOBJ FogFyy = 462 (e (2F)2. (3.8)

Using these results in eq. (2.30) we finally arrive at a rather compact expression for the
effective Lagrangian in field configurations where G = 0, namely

o 8£1 loop F
LHe(F)|y o= f+£11 p(f)+2}'£a]__()f1(x)
1 loop(F ) 82L1-100P (f )
—_9F dK | d 1— 75 —2F, Z ZHE \Y K/ .
@ [larc [aw ] (1- 22 ) iy o, T
(3.9)
Here, we introduced the shorthand notations
+In(1 —
fily) = XHRCZ0)
X
X+ 1 =x)In(1 —x)
f2(x) = ;
2X) (1=x)x*
2
—Xx"+2x+2(1 —x)In(1 —x)
= ) 3.10
and the relevant Heisenberg-Euler effective Lagrangian at one loop (2.5) is now given by
N [eodT V2FT V2FT)?
Elli-llé)op(]_—) S —_ (136_sz< ev2F 1 (evV2FT) ) ‘ (3.11)
< Jo T tanh(evV2FT) 3

Equation (3.6), which can also be recast as F, = [1 + k{fi (X)]Q]-", implies the identity
Fi Or, = FOr to hold, where we introduced the shorthand notations dr := 9/0F and
Or, := 0/0F,. Extremizing eq. (3.9) for 7y and 75 is equivalent to an extremization for
¢ and x. Recall that F, = F.(§, x) is a function of these parameters. We emphasize that
the only step still required to be implemented in order to arrive at the full Heisenberg-Fuler
effective Lagrangian at large N is to extremize eq. (3.9) for the two scalar parameters &
and . The structure of eq. (3.9) suggests that as the one-loop Lagrangian (3.11) can be
evaluated numerically for arbitrary values of F [13, 14], the same should hold true for the full
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Figure 1. (A): infinite set of bubble-chain diagrams constituting Lyg(F )‘ Noseo T F up to quadratic
order in 35 . The diagrams explicitly depicted here represent the perturbative result up to O(a?).
(B): perturbative result at O(a?). The second diagram is cubic in jf.

Heisenberg-Euler effective Lagrangian at large N. The parameter integral over 7" in eq. (3.11)
can even be performed explicitly resulting in a closed-form representation of El loop (F) in
terms of the Hurwitz zeta function [15]. See also refs. [10, 16] for analogous closed-form
representations of the first and second derivatives of El ooP (F) for F entering eq. (3.9) .
In particular note that for kK = 0 we have F, — F, such that when setting x = 0 in its
integrand eq. (3.9) becomes just quadratic in £. This immediately implies that the condition
0/ Lug(F)| Nosoo = 0 can be readily solved for ¢ in this specific case. Also note that as

is obvious from egs. (2.20) and (2.27), a contribution to Lyg(F) that couples n > 3

_ ’N—)oo
factors of jl' scales at least as a™. Hence, aiming at the extraction of the perturbative result

n—2

for Lyg(F) up to order " it is sufficient to account only for contributions up to s

|N~>oo
with n > 2 in the integrand of the k integral.
As nontrivial consistency checks of eq. (3.9) we aim at reproducing (A) the all-order

expression obtained when accounting for all possible contributions to Lyg(F up to

- )‘N—ﬂ)o
quadratic order in j} in a direct calculation [1, 12], and (B) the perturbative result up to
O(a?). The latter also comprises a contribution cubic in j{. See figure 1 for an illustration

of the relevant Feynman diagrams.

(A) Truncating the Heisenberg-Euler effective Lagrangian at quadratic order in j§ amounts
to setting x = 0 in the integrand of eq. (3.9). Correspondingly, we have F, — F and
fol dK fOK dk — 1/2, such that the Lagrangian up to quadratic order in 35 can be expressed as

- 1-loo
Lue(FISR), = F 4 cher(F) + 27 22 F) g
aLl-loop 82[,1 loop
- e (1- ) g —or P ] gy

Solving 0/0¢ Lyg(F) 0(30220 = 0 for ¢ and plugging this result into 9/9x Lug(F) OUs) _ 0,

N— N—00
the latter equation can be solved for y. An explicit solution is found to be given by

 2F OELEP(F)
1 ORLyE P (F)

=1Xo0 - (313)

Because Lj; OOP(f) is a function of €2 F ~ NV only [cf. eq. (3.11)], we clearly have dr L 1OOp(]—") ~
FO:Ly 10Op(.7:) ~ o and 0%L}; loolD(]—") ~ a?. Upon inserting eq. (3.13) into eq. (3.12), we

,10,



obtain

1 (07 Lz (F))* (1 L (- XO)> ,

@) =2 -100
Lan(F)C98) — _Fy LiPP(F) — 2 g2 £Hoop (1) X0
FLug

N—oo

(3.14)

which matches the corresponding expression determined by a direct calculation in ref. [12].
Making use of the series expansion of In(1 — yg) about x¢ = 0, yielding 1 + In(1 — x¢)/x0 =
—> o1 X0/ (n+ 1), it is easy to see that the last term in eq. (3.14) contributes from order
a, i.e., two loops, onwards. In particular, with

Lloor(7) = 62.7-"5717111<e QF) {1—1—0(1111(67‘{1227))], (3.15)

m2

where 31 = N/(37), and accounting only for the leading strong-field ev/2F > m? behavior
at any given order in a perturbative expansion in «, eq. (3.14) reduces to [8]

£HE(.7:) oG _—.7:+62ff;_1n(6 .F) |:1+2a1-100p(6\/ﬁ)511n(6 2?)]

N—o0 m?2 m
x [1 + O(ln—l (ﬁ)ﬂ , (3.16)

with
al—loop (MZ _ o

1 afy 1n(#722) .

For completeness, we also note here that because in electric-like fields the solution (3.13)

(3.17)

becomes complex, in this case the Heisenberg-Euler effective Lagrangian features an imaginary
part. The physical reason for this is the possibility of electron-positron pair creation induced
by a non-vanishing electric field component. The associated vacuum decay rate is given by
w=2Im{Lugr} [2, 4]; cf. also refs. [5, 17, 18] and references therein. For a purely electric
field, eq. (3.16) recovers the corresponding result obtained in ref. [8].

(B) Aiming at extracting the perturbative result for Lug(F)|, . up to O(c®) we first
recall that because this receives contributions from diagrams that are at most cubic in jj
for its determination it is sufficient to truncate the integrand of the x integral in eq. (3.9)
at linear order in x. Noting that

O2LLIP(F) x +In(1 — x)
OF? X2

OLi ™ (F) _ 0Ly ™ (F)

2
OF. OF k+ O(K%) (3.18)

+2F¢

and using this expression in eq. (3.9), up to linear order in x we obtain

0Ly ™ (F)
OF?

O(a?)
N—o0

Lyg(F) f2(x)

N—o0

3 2
— Lup(F)|[Q9) 4+ 37€ [}“

fi00 +0(@h). (3.19)

PLig™(F) | o a%%ﬁ;"p(f)) )

2 (f 9F? 0F3
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Next, we divide by a factor of F, define £ := L’Ilﬂlao °P(F)/a and represent eq. (3.19) as

Cup(F)|9 ) JF = =1+ a(L/F) +20£(07L) (1)
—&{[1 - a(07L)| folx) - 20(FORL) f5(0) |

- %@{Mfa;ﬁ) F2(x) + 20 (FORL) + (F203L)| f300) } A1 ()
+ 0(a®), (3.20)

where (£/F) ~ (05L) ~ (FO%L) ~ (F20%L) ~ a°. Recalling the definition of the pa-
rameters £ and x in eq. (3.5) and formally expanding these in powers of the fine-structure

constant as

&= Z ™ and x = Z X(n) " (3.21)
n=1 n=1

we then extremize eq. (3.20) at each order in « for the expansion coefficients §(n) and

X(n) this order depends on. The corresponding conditions arising from the terms written

explicitly in eq. (3.20) fully determine the coefficients £y = —(97L), X(1) = 2(FO%L) and

§2) = —(87:&)2. Upon plugging these values back into eq. (3.20) we can extract the explicit

expression for Lyg(F up to cubic order in o.. Apart from the Maxwell term and the

‘N—>
one-loop Lagrangian, —F + L7 IOOP(]—" ), this yields

N—o0

(07 1 -100
Lus(F)yh = 5 F 0L (P

N—oo

OC2 1 -100 -100 00
Lue(FIF = S 0r L (P (O Ly (F) + GFORLEEN(F) )

N—o0

Las(FTL = ;ﬂafc;;:sow([afc;goow o[ FORLHE ()
+ a LR (F) [BLFO2LEP (F) + 4F20%L1; 1°°p(f)}). (3.22)

As a consistency check we have verified that up to O(a?) exactly the same expressions are
obtained when expanding eq. (3.14) in powers of the fine-structure constant making use of
the scalings inferred in between egs. (3.13) and (3.14). On the other hand, upon subtracting
the O(a?) contribution of eq. (3.14) from that in eq. (3.22), we obtain

N—oo

(e} 1 -100 (e]0) 00
Al (P = L P orLhr () <782 L£oop () 4 4 F Ll p(f)), (3.23)

which should correspond to the expression for the second diagram in figure 1 (B).
From egs. (3.14) and (3.15) of ref. [1] it is clear that the contribution of this diagram

to £HE(]:)|N—>OO can be represented as
s /- / (A1) 7% Do, (S5 [A])" Doy (5, [4]) " Doy (5, 14])”
_8 /e oy VPP _OLyg™(F)9Lyg™ (F) 0Ly (F) 0Ly ™ (F)
3 (p?)?  OFroQFBOFr  OF7, OFT, OF,,
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which for G = 0 simplifies to
. 1 2 1-loop 3 2 rl-loop 3 pl-loop

and thus indeed agrees with eq. (3.23). This completes our consistency check in the pertur-
bative domain. It is interesting to see how in conjunction with a perturbative expansion
the above extremization allows to efficiently determine higher-order contributions to the
Heisenberg-Euler effective Lagrangian at large N without the need to work out explicitly
any higher-order Feynman diagrams.

4 Conclusions and outlook

In the present work, we provided an explicit expression for the full constant-field Heisenberg-
Euler effective Lagrangian Lyg(F)| Nosoo i the 't Hooft limit receiving contributions from
arbitrary loop orders. Our starting point was the formal expression for the effective action (2.1)
originally derived in ref. [1], which is a functional of the external field A* and an auxiliary, IR
divergent vector field j#. The latter is supposed to extremize this effective action and thus is
implicitly also defined in terms of A*. In a first step, we analyzed the momentum structure
of the vector field j# and showed that in generic constant fields it can be parameterized
by four constant scalar coefficients m, with p € {T, FF,*F*F *FF}. Making use of this
fact, the extremization of the effective action for j* can be traded for the much simpler
extremization for these four scalars. We then demonstrated that upon introducing the field
strength tensor of the auxiliary field J*”, in constant fields the effective action (2.1) can be
cast into the form of eq. (2.27). This expression is fully determined by the renowned one-loop
Lagrangian £%Hl§ °P(F). Using that in constant fields Ellﬂlgo °P(F) depends on F*¥ only via the
scalar invariants of the field F and G, further simplifications are possible and the associated

full effective Lagrangian Lyg(F,G can be expressed in the form of eq. (2.30). By

)|N—>oo
extremizing this Lagrangian for the four scalar coefficients 7, its superficial dependence on
these unknowns can be completely eliminated. Subsequently, we focused on the special case
where G = 0 and arrived at the rather compact expression (3.9) for Lyg(F)|, . in this
limit. This effective Lagrangian is characterized by just two scalar unknowns & and x to be
eliminated by an extremization. Finally, as consistency checks we explicitly demonstrated
that our expression (3.9) for Lug(F)|, _, . correctly reproduces (A) the all-order strong field

limit studied in ref. [1], and (B) the perturbative result for Lyg(F)|y_,_ up to O(a?).

As a natural continuation of the present work, in the future we in particular plan to
numerically extremize the effective Lagrangian (3.9) for both scalars £ and x. This will
allow us to study the fate of the full Heisenberg-Euler Lagrangian at large N as a function
of F up to arbitrarily large values of this parameter. Because the Feynman diagrams that
dominate the all-loop strong field limit [8] of standard N = 1 flavor QED are precisely those
surviving in the large N limit studied in the present work, we expect this study to provide
also important guidance for the strong-field behavior of standard external-field QED.
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