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1 Introduction

An important class of conformal field theories is the class CFTs possessing Wy (N > 2)
symmetry, the generators of which are N — 1 holomorphic fields of spin 2, ..., N. The simplest
case, N = 2, corresponds to the conformal field theory with Virasoro symmetry, where the
generator is the spin-2 energy-momentum tensor. Examples of conformal field theories
with Wy symmetry include the sl quantum Toda field theory, which is a generalization
of Liouville field theory, corresponding to N = 2 and arising in the description of two-
dimensional quantum gravity. Thus, the sly quantum Toda field theory is relevant for
higher-spin generalizations of two-dimensional quantum gravity.

The correlation functions of primary fields in conformal field theories can generally be
expressed in terms of model-independent building blocks, known as conformal blocks (CBs).
Apart from the direct application within the CFT frame, CBs play an essential role in
different contexts, in particular they have dual interpretations in AdS/CFT correspondence,



as geodesic networks, see, e.g., [1-15], or specific Wilson line configurations, see, e.g., [16-35].
CBs also appear in the context of solvable lattice models [36] through the connection of the
braiding matrices with the Boltzmann weights of interaction-round-the-face lattice models
(see, e.g., [36, 37]).

In this work, we describe the CBs of the correlation functions of primary fields in
conformal field theories with Wy (Virasoro) and W3 symmetries in the large central charge
limit, using the so-called shadow formalism [38—41]. This method allows us to express the
CBs in integral representations involving the so-called conformal partial waves. In the case
of Virasoro CFT, this method has been well-studied in both spherical and torus topologies.
Our goal is to generalize this method to the W3 CFT, particularly on the torus, where no
exact expressions for the blocks are known.

The main object of our study is the one-point CB on the torus in the large central charge
limit. The one-point correlation function of a primary field ¢ ALA, with holomorphic and

antiholomorphic conformal dimensions Aq, A; on the torus is defined as!

= HAED (qLoqEO(Z)AhAl (zlyzl)) = Z CAA1A|f(A17A7Q)A‘2 ; (11)
AeD

(Dn, 4, (21,21)),,

where Tr 3 denotes the trace taken over a module of the symmetry algebra A associated with
the primary field ¢ AA in the intermediate OPE channel, D is the domain of primary fields of
the corresponding conformal field theory, ¢ is the elliptic parameter of the torus ¢ = e?™7, and
L is the generator of the algebra satisfying L0|A> = A|A> Here, F(Aq, A, q)A is the one-
point holomorphic torus CB (for more details, see, e.g., [42-44]). In the case of the Virasoro
algebra and generic central charge ¢, an exact expression for F(Aq, A, q) 4 is unknown. When
one restricts the analysis to the large central charge limit, exact expressions are known for the
sly global one-point? torus CBs. Global conformal blocks are defined as the contribution of
CBs coming from the sly subalgebra of the Wy algebra. For other Wy (N > 3) conformal
field theories, no exact expressions are currently known. In [48], a perturbative expression
was presented for W5 CFT in the large central charge limit. In this work, we derive the exact
expression for the sl3 global one-point CBs, which is the main result of this paper.

We consider the light operators relevant for the global CBs, whose conformal dimensions
scale as A ~ o(1) as ¢ — oco. This behavior allows to restrict the set of generators of W, and Ws
to those of sl and sl algebras, respectively, and leads to a significant simplification of the CBs.

Wy primary fields ¢;(z, Z) are labeled by a vector j belonging to the root space of sls,

J = rwy + swe, (1.2)

where w1, wy are sly fundamental weights. Unlike W5, in W3 CF'T, the CBs are not fully
determined by the symmetry algebra due to the presence of multiplicities in the OPE of
primary fields. In the language of sl3 representation, this translates into multiplicities in
the tensor product of sl3 representations. Therefore, below, we will restrict our discussion
to a class of CBs for which the problem of multiplicities is absent [49], with a number of

!Throughout this paper, we omit the factor (q(j)fﬁ7 which can be easily restored.
2For global multi-point blocks, some expressions are known in specific channels, see [45-47].



external fields fulfilling the following condition

W165(0,0) [0) = L 165(0,0)[0) (13)
J
Here Aj, g; are the conformal dimension and W3 charge of ¢;, respectively.

The paper is organized as follows. In section 2, we briefly review some basic concepts of
Virasoro CFT. In section 2.1, we explain the fundamental elements of the shadow formalism
in the sl case. We introduce a shadow operator that allows us to express CBs in terms of
conformal partial waves. We discuss this construction for the sphere topology in section 2.2
and for the torus topology in section 2.3. In section 3, we recall the basic facts about Ws
CFT, define the sl3 global one-point torus block and provide its perturbative expression.
Section 4 is devoted to generalizing the shadow formalism to the sls case. In section 4.1, we
introduce preliminary concepts related to the sls invariant functions theory. In section 4.2,
we generalize the shadow formalism to the sl3 case. In section 4.3, we apply the constructed
formalism to the computation of the sl3 global four-point sphere CB, and in section 4.4,
we apply the formalism to compute the sl3 global one-point torus CB. In section 5, we
present our conclusions. Appendices A and B are included to explain some technical details
of certain integral computations. In appendix C, we present a short review of sl3 fields,
which are introduced in section 4.2.

2 sly global conformal blocks via shadow formalism

The symmetry of the Virasoro CFT is generated by the energy-momentum tensor T(z)? (a
spin-2 current) whose Laurent series expansion reads

o Ln
T(z) = n;w sy (2.1)
The modes L, satisfy the Virasoro algebra
Lo, Lon] = (1 — 1)L pm + 132(713 ) Gnm0 - (2.2)

We denote by ¢, (%, %) the Virasoro primary fields with conformal dimensions A, A. For
simplicity, in what follows, we assume that holomorphic and antiholomorphic conformal
dimensions are equal

A=A, (2.3)
and denote the primary fields
oa(2,2) = pp (2 2). (2.4)

One can show that in the limit ¢ — oo, in order to have finite inner product of states
(A,n|n,A), where |n, A) = L_,,pa(0,0) |0), one needs to restrict the generators L,, to the
set Lg, L1, L_1, which form the sly subalgebra

Ly, L) = (n — m)Ly . (2.5)

3Similar discussion holds for antiholomorhic T(E).



The generators L, satisfy the following commutation relations with the primary fields
[Ln, oa(z,2)] = Lopa(z,2),  Ln = 2"(20. + A(n+1)). (2.6)

The differential operators Lo, L1, L_1 are the generators of sly transformations on primary
fields
Lo=20,+A, L1=2%0,+2zA, L_1=0,. (2.7)

To compute CBs on sphere and torus, one uses the OPE decomposition of the product of
primary fields and the commutation relations (2.6) to compute matrix elements of the type

(A1, N|pa,(2,2) [N, Ag) (2.8)

which arise in the decompositions of the CBs. Here | N, A;) stands for the descendent states
of |A;). On the sphere at large ¢ limit, the CBs get contributions only from sly generators;
thus, the CBs reduce to the global CBs. While on the torus, besides the global blocks,
one also has the so-called light CBs, which contain contributions from the full Virasoro
generators. In this work, we will concentrate only on the global blocks. To compute them,
we use the shadow formalism.

2.1 Basics of sl; shadows formalism

Basic concepts. Let us introduce the shadow operator of the primary field pa(z, z). Taking
into account (2.3), the shadow operator is defined as

~ - 1 2 QOA(’[U,’[Z))
Par(2,2) = /\fA/Wd wma (2.9)

where d?w = dwdw represents integration over the complex plane, and A* is the holomor-
phic and antiholomorphic conformal dimension of the shadow operator (which is also a
primary field)

A*=1-A, (2.10)

and N is a normalization coefficient

_ ,T(2A-1)T(1-24)

2.11
Na ['(2—2A)(2A) (2.11)

Below, we will show that the shadow operator has the property
(Pas(2,2)pa(w, @) = 6°(2 — w), (2.12)

where the two-dimensional delta function §%(z — w) is defined according to [g2 f(2,2)6%(z —
w)d?z = f(w,w). We define the “projector” operator

a = [ d20a(2,2)10) (0] @ (2,2). (2.13)
It satisfies the property

a, A, = Smnlla,, - (2.14)



For the operator

P= ) Ha, (2.15)
A€eD

where D is the domain of admissible conformal dimensions for the considered CF'T, one
can show that

Plh) = |h), where |h) = ¢5,(0,0)|0). (2.16)

This property follows directly from the definition (2.13), (2.15). By writing explicitly (2.15),
we have

Pib =Y [ dpa(.2)10) (0] a2 2)en(0.0)[0). (217)
AeD

Because of (2.12), we have

2(y
<0|¢A*<z,z>goh<o,o>|o>={‘5“5 @, (2.18)
0, otherwise.
Hence
Plh) = Z/ d*2pa (2, %) |0) (8p,a6°(2)) = ©1(0,0) |0) = |h) . (2.19)

AeD

We notice that since pa«(z, z) is a primary field, one could include an extra contribution
to the two-point correlation function

n,00%(2),
(0] ax (2, 2)¢n(0,0) |0) = 6h,lfAmv (2.20)

0, otherwise.

However, this modification does not substantially change (2.19). Indeed, assuming (2.20),

we have
Pib =% [ d2pa(=2)10) (0] @a (2, 2)¢4(0,0) 0
AeD
Z/ d*zpn(2,2) |0) <5hA5 (2) + 61— Ahm> (2.21)
AeD

= [P o) < ) AL a(0,010) = (14 Mo ) ) o 1),

where in the third line we used that ¢ can be expressed in terms of its shadow field pp«.
The result (2.21) is essentially the same as (2.19).

Delta function. The relation (2.12) can be established as follows. By inserting the shadow
operator (2.9) into the L.h.s. of (2.12), and writing it for z; and 22 coordinates, we have

2 {palz: 2)palz1,21)) o
(Pa (22, 2)pa(21,21)) = 77 /d PRV 52(21 — 22). (2.22)



Since (pa(z,2)oa(z1,21)) = m, then (2.22) becomes

1
— | &2
Na / z\z—z2]4(1_A)|z—zl|4A

By using the parametrization hy = 2A, hg =2 — hy = 2(1 — A), eq. (2.23) can be written
more generally as

= 0%(z1 — 2). (2.23)

1 1 1
— [ d® =6%(21 — 2.24
where Ny is expressed in terms of hi, hy as
(1 —h)(1—h
Ny = TEA= )T = hy) (2.25)

[(h1)T(h2)

Let us prove (2.23) and show that Na is given by (2.11) or (2.25). For this purpose, we
write (2.23) in Cartesian coordinates, and use the above parametrization hj, ho, then (2.23)

becomes 1 1
2 52
N /d x(x — ) (z — zg)2h2 0% (z1 — x2). (2.26)
By using the relation
RN 2
:/ dt A 1e~te”, (2.27)
0
we rewrite (2.26) as follows
1
—/dQ:U
_ 2h1 _ 2ho
Na (x :1:1) (x — x2) (2.28)

AN T(HAT(B) d2 / dt1dt thl 1th2 1 7t1(x x1)2—ta(z— xg)
NAF(hl / 1582

After some transformations and integration over x, one can convert this integral to

—/d2x 1
Na (x — x1)?M (x — x9)2h2 2.29)
B W / Aty -1 ypy-1, -2 '
NaT'(h1)T(h2) Jo  t1+1t2

For the exponent, we use the Fourier transform

_ / &2k (e 4a> ik, (2.30)

By multiplying the r.h.s. of (2.26) by eth(@1=22) and performing the two-dimensional integral
over the variable (z; — x2), we obtain 1. Therefore, by multiplying both sides of (2.29)
and integrating over (z; — x2), we must obtain the same result. Applying this reasoning,
we obtain from (2.29)

hi—1 ha—1 —%2
— | atymtew dtgth> e i = 1. 2.31
NAF(hl (ha) / ¢ 1/ © (2:31)



This implies that

72T (1 — hy)T(1 — hg)
NAT(h1)T(ha)

where we used that h; + ho = 2. Hence

T(1 = h)T(1 = ho)
L'(h1)T (he) ’

=1, (2.32)

Na=1Z

(2.33)

in accordance with (2.11) and (2.25).

2.2 Sphere: conformal blocks and partial waves

On the sphere, the four-point correlation function can be decomposed into four-point sphere
CBs F*(Ay, A, z4) as follows?

GA4 Z47Z4 HQOA ZZ7Z’L = Z CAIAQACAA3A4’]:S(A47A7Z4)’27 (234>

AeD
where A, = A1, Ao, ..., Ay, 2, = 21, 22,...,2,. In the large ¢ limit F*(Ay, A,Z4) becomes
the sly global four-point sphere CB F*(Ay, A, z4)s, given by

]'—S(A4, A, Z4)5[2 = l‘A_AI_AQQFl(A — Alg, A + A34, QA, :E), (2.35)

where z is the cross-ratio z = Zgigi and 9F(a,b, c,z) denotes the hypergeometric function.

In the large ¢ limit, one can use the shadow formalism to decompose (2.34) into partial waves.
This is done by inserting the resolution of identity operator P in (2.34) as follows

G, (24,24) = (0, (21,21) A, (22,22) P, (23,23) A, (24,74)) (2.36)

= R2d2z<90A1 (Zlvgl)SDAz (Z27§2)90A(Za2) |0> <0|¢A* (Zv'g)(pﬁs (Z3a23)(pA4 (24724»'

The first factor of the integrand is just the three-point function, generally given by

(pa, (21, 21)@a, (22, 22) 0, (23, 23)) = Caynnnsl Vay.an.as (21, 22, 23)]2, (2.37)

where VA, A, A5 (21, 22, 23) is the coordinate dependence

1
[ZNWNW (21,22, 23) = A1+Ag—Ag A1+A3—As Ag+A3z—Ay’
212 213 %23

(2.38)

where z;; = z; — z;. In the next section, we will prove that the second factor in the
integrand (0] @x. (2, 2)©a,(23, 23)0a, (24, Z4)) is also proportional to the three-point function
Vi_Aazn, (% 23,24)|>. Thus, (2.36) can be written as

G, (z1.71) = 3 B(Ag, A / P2V, o, 221022 2PV g ay o, (o2 202 (2:39)
AeD

“Here, we omit the standard prefactor, which is fixed by the global Ward identities.



where B(Ay, A) is proportional to Cy A,xCia,a,- The object on the r.h.s. of (2.39)

A _
U2 (2, 24) = /RQ P2V, , 5122, 2P V)_& ay a, (2 780 20)]° (2.40)

is termed the four-point sphere conformal partial wave. Equations (2.34), (2.35), (2.39), (2.40)
show the direct relation between sly global four-point sphere CBs and the four-point sphere
partial waves. Indeed, if one computes the integral (2.40) (for details of the computation of
this integral, see appendix A of [50]), one finds that the four-point partial wave is given by
a linear combination of two terms |F*(Ay, A, 24)s1, )2, | F* (A4, 1 — A, 24)g, |2

Similar relationships are observed between partial waves and higher-point CBs in the
comb channels. In these cases, one has (n + 2)-point correlation functions

n+2

(IT eaizi, 7)) (2.41)
i=1

which are decomposed in the comb channel into (n 4 2)-point sphere CBs. Using a decompo-
sition analogous to the one previously discussed, the correlation functions (2.41) can also
be expressed in terms of (n 4 2)-point partial waves, defined as

n—1
A _
\I/AZi (Zn+2,Zn+2) = /Rz(n—n H d2wi|VA1,A2,Al (21722’w1)|2|V~T,A3,AQ (w1, 23, wa)|? ...
=1
X X |VAn71,An+17An+2 (wnfla Zn+1, zn+2)|2' (2'42)

This implies a direct relation between the CBs and the partial waves (for a more detailed
discussion, see [41]).

2.3 Torus

2.3.1 One-point torus conformal blocks via shadow formalism

The one-point torus correlation function is given by (1.1), where in the case of the Virasoro
CFT, CBs F(A1, A, q)4 (where A denotes the Virasoro algebra) receive contributions from
the full Virasoro algebra. We are interested in the contribution from the sl subalgebra. This
contribution is given by the sly global one-point torus block F (A, A, q)sl,, defined as follows:

- 1 g\ mm  ~ _ ~
FALA @y = =—— Y (By')" (Bomla,(z1,20d" Im,A), (243)
AA1TA m=0
where
‘m7 A) = (L—l)m(pﬁ(ov 0) ‘O> ) ngm = <A7m| m, A>7 (2'44)

A
simplicity of writing, we assume that the normalization factor Cx 5 x = 1. We aim to show

and (B?l)mm is the inverse of B7™ Cxx x = (A\ (21,2 )\A> = 272z 80k 4 1.5 For
A o VAAA Ya;\%1, 21 1 1 AALA

that, similar to the spherical case, the block (2.43) can be expressed in terms of one-point
torus partial waves defined in some integral representation. Our discussion here follows [51],

5We notice that the dependence on z; of this matrix element disappears after transforming to cylinder
coordinates.



though the treatment is slightly different. The basic object used to decompose the r.h.s.
of (2.43) into partial waves is the resolution of identity operator P (2.15) constructed in
the previous section. Let us insert P into (2.43)

f<A17A7Q)5[2 - Z (Bgl) <A)m|PQ0A1(Z1721)qLO ‘m7A>

m=0

o 2 )
=3 (B5) " @m (Z [ #zon(2,2)10) 0 sah*(z,z)) o, (21, 7)q™ |m, A)
h
In the factor (A, m|p(z, 2)|0) by utilizing the formulas
(2, 7) = et o1z (0,0)e b
_ oF oL s PA AL (2.46)
px(2,2)]0) = 1T (0,0)e #1721 |0y = Zo Il L2, L% 104(0,0)[0),
n,n=
one obtains
m
(A, m| (2, 2) |0) = (5hA Bmm (2.47)

Taking into account (2.47) and writing ¢+ according to (2.9), (2.45) becomes

d?2d%w Zm - ) 3
Nz — w[4(=3) m! (Ol pa(w, w)pa, (21, 21) [m, A) . (2.48)
A - .

F(AluAuc,I)S[z == Z qA+m

m=0
Using
pa(2q,0 Z : (2.49)

we obtain

(O px (w, w)pa, (21, 21)9A (24, 0) |0)
Nilz — w]i0=4)

F(A1, A, q)s, = qA/dzzd% (2.50)

To write explicitly the integrand, we use (2.37) (for the moment, we write only the coordinate
dependence). Thus, (2.50) becomes

1
F(ALA, q)a, = / Pzd’w i i
( 1 q sl — z Z o ) (1-4A) (2 _ ,U*J)Q(lfA) (’LU _ Zl)Al (’LZ) _ gl)Al
. (2.51)
X A A A
(UJ _ Zq)QA_Al/u_)ZA_Al (Zl _ Zq)Alz 1’
Integrating over w,w and using the formula (A.5), we obtain
]:(Ah A? Q)ﬁlz = CQqA /d2ZVY1_A7A1’A(Z> 21, Zq)Vl_A,AI’A(Z’ 21, 0)3 (252)
where ~ _
Ki93(2 —2A,A1,2A — A
¢, = Tzl i ) (2.53)

Nz



and K123(2—2A, A1, 2A — A}) is according to (A.6). Equation (2.52) is the main formula we
wanted to prove in this section. The r.h.s. of (2.52), up to the factor Cs, is the holomorphic
contribution in the variable ¢ to the one-point torus partial wave. We will discuss it in more
detail below. In order to verify (2.52), we notice first that the L.h.s. is given by

¢* A A
ﬁzFl(AhAl +2A - 1,24, q)
(L—g)=™ (2.54)

_ A<1+(]<1+A1(21A_1)>+...>.

‘F(Al) A) Q)ﬁ[Q -

Now, the r.h.s. of (2.52)

Oy / dQZVkA,AhA(z, 21,2q)V)_x a, A(7,21,0)

_C / d*z
- (2 — 21) 212841 (5 — 2q)1=D1(z) — 2q)2B+01-1(5 — 7)) 28+A1+1(5)1-A
1 (2.55)
X (71)2A+A1-1
qufAl,EfAl d?z

(1—q)2 / (1— Z)A1—2A+121—A1(1 — 2q)?A+A1-1(1 — 7)A1—2A4171-4,

where in the last line, we did a change of variables z — 212,z — Zz1z. Expanding in ¢
the integrand we have

C’qu/dZZVlfAA 5(27217ZQ)V1,AA A(Z, z1,0)
QAZ1 Az 2 2A _A 1 2A—A1-1-A1—1
202 1= e /d (Zq e e (2.56)

x (1— z)zA—AI—lcYT:QA—AlH)

Applying the formula®

o n ~ Tla+n+1)I'(O+1)I(-1—a—0b)
/sz’z’2 S e IR PR s s (257)

and integrating over z,z in (2.56) we obtain

Cog® [ 2V, 50,4651 20V 5 4, 4(5:51,0)

qu Alz Ay A (258)
_CZCSWZFl(Al,A1+2A_1 2A ,q) =21 -7:(A17A q),
where _ _
_ al(ADT(2A — AT(1 - 24) 2.50)
FQ2AT(1— A1 —2A + Ay) '
%For n = 0, this formula can be written as [ d®z|2|**[1 — z|** = W%, where y(z) = F(Fl(f)z).

,10,



The dependence on z, z; disappears when we divide (2.43) by the proper normalization
factor” (A|pa,(21,71) |A) = 27z ™ Cin,A- We check finally that CoC3 = 1, which
confirms the relation (2.52).

To conclude this section, we highlight two observations that will be useful in the following

discussions.

Observation I. Aside from an overall constant factor, the expression in (2.52) could have
been derived more straightforwardly by directly substituting the result of the three-point
correlation function involving the shadow field @+ (z, z). Specifically, employing (2.49) and

(01 @n= (2, 2)on, (21, 21) 0 5 (42,0) [0) = Vi A, A(2, 21, 20) Ve £, A(2,21,0), (2.60)

n (2.45), one can see that the result (2.52) is obtained. This observation is crucial since it
allows, in a simple way, generalizations of (2.52) to higher-point CBs (which will be studied
in the next section) and higher-spin algebras, as sl3 which will be studied in section 3.

Observation II. The one-point CB F(A, A, q)si, can be directly computed from the r.h.s.
of (2.52) by performing a one-dimensional integral over z within a certain integration region.
Namely, by integrating ‘/I_AALA(Z, z1,2q) over z from 0 to 1, the block is recovered, up
to a multiplicative constant cg

B 1
F(A1L, A, q)st, = CoqA/O dzVy_aa, A% 21, 29). (2.61)

This integral is much simpler than the original two-dimensional integral. The justification
of (2.61) is that the integral (2.57) factorizes into a product of two one-dimensional integrals

/d22|z]2“ "1 — 2]? /dzzCH'" - /dz (z-1)° (2.62)

where C is the contour shown in figure 1. The contribution from the integral over z is the
relevant contribution that reproduces the block, while the integration over z gives just an
overall factor. Hence, to compute the one-point CB from (2.52), one does not need to take
the two-dimensional integral but to find the proper integration contour and integrate over it.
These two observations substantially simplify the computation of the CBs from the integral
representation; below, we will use them in the computation for the slg one-point torus block.

2.3.2 Higher-point torus conformal blocks via shadow formalism

Let us introduce the object

Gay(22,Z2,9) = > Y (Ar,mloa,(21,21)0a, (22, 22)4"° Im, As) (2.63)
Alepm:()

which is the holomorphic contribution in g to the two-point torus correlation function

<90A1 (Zl’ Zl)(PAQ (2’2, 22)>torus- (264)

"Before, for simplicity of notations we were assuming that (A|pa, (z1,71) |A) = 1.
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®1+ie

Figure 1. Integration contour C.

Focusing on the sly subsector and using standard techniques of CF'T on the torus, one can
decompose (2.63) in the s-channel (also called the necklace channel) into global two-point
torus CBs ]-"AA; (z2,q). This is achieved by inserting the identity operator (2.65) in (2.63)
between ¢a, and pa,

1=3 3 (B:) ™" 1As,m) (m, Aol (2.65)

AQED m=0

after that, one obtains the decomposition (for details and explicit form of F AAj(Z27 q) see,
e.g., [46, 52])

_ ~ ~ A
Ga,(z2,29,q) = Z A1A1AQCA2A2A1]:A22(Z2"])' (2.66)
AhAzeD

On the other hand, one can decompose (2.63) into two-point torus conformal partial waves.
This can be done in a similar way to (2.52) by inserting twice the identity operator P in
the summand of (2.63):

> (Ar,mloa, (21, 21)0n, (22, 22) g™ Im, Ay)

m=0

_ . (2.67)
= > (A, m|Poa,(21,21)Pon, (22, 22)q™ Im, Ar) .

m=0

Substituting the explicit form of P in the r.h.s. of (2.67), we have

Z <A17m| PA, (217 21)()0A2 (227 22)qLO ‘ma A1>

m=0

=Y 3 S A [ dundius (Buamlon, (wr,0)[0) (0] G (w1, 01)
m=0h1ED A,eD

X o (21,2105, (w2, 2)[0) (0] @55 (w2, W), (22, 22)q™ m, Ay) (2.68)

=y C3(A17A2,A1,A2)QA1/d2w1d2w2V~T,ALAQ(thl,wz)VAI,AhAQ(@l,El,@)
AQGD

X VA§7A2,A1 (w27z2)w1Q)VA§7A2’A1 (@2,52,0),
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where in the fourth and fifth lines we used (2.47), (2.60), and C3(A1,As, A1, Ag) is a
normalization constant similar to Co of the previous section. Thus, (2.63) can be written as

Ga,(2z2,22,q)

= Z 03(A17 AZ» Ala A2)qA1 / dgwldeQVAT,ALAQ (wla 21, w2)VAT,A1,Ag (ﬂ)l, z1, 2212)
AhAQED

X VA;,AQ,Al (wa, 22, wlq)VA;,AQ,Al (we, 22, 0). (2.69)

The factor which arises in (2.68)

qu /dQW1d2w2V~’{,A1,AQ(w17z17w2)VA’1‘,A1,AQ(u_)1’El’wz) (2.70)

X Vas ag.A, (W2, 22, w10) Vs A, A, (02, 22,0)
is the holomorphic contribution in ¢ of the two-point torus partial wave defined as
WAA; (72,22, 4,7) = ¢~ 7™ /d2w1d2w2‘v~’1‘,A1,52(w17Z17w2)|2‘V~S,A2,Al(w27327"UJIQ)|2'
(2.71)
Equations (2.66), (2.69) show the one-to-one correspondence that exists between the two-
point CBs in the s-channel and the two-point torus partial waves. Therefore, we see that
holomorphic two-point CBs can be expressed in terms of the holomorphic two-point conformal
partial waves (see [51]). This statement is the generalization of (2.52).
Further generalization to the relation between higher multi-point CBs in the necklace
channel and partial waves is possible, as discussed in [51]. One can study n-point torus
correlation functions:

<H PA; (Zia 2i)>torus s (272)
=1

and define the n-point torus partial waves
~ _ n
W (20,20, 4:0) = 417 /Rn (H deijA;,A].,Am(wj,zj,ij)2) : (2.73)
j=1
with the identifications An+1 = Al, Wnpt+1 = qwi. By inserting the resolution of identity
operator P n-times between the external fields ¢a, (%, 2;) in the expression for (2.72), in a
similar way to (2.67), we deduce that (2.72) can be expressed as a sum of n-point partial

waves. This leads to the conclusion that these partial waves are related in a nontrivial way
to the n-point torus CBs in the necklace channel.

3 sl3 global conformal blocks

3.1 Preliminaries: W3 conformal field theory

The W3 CFT is an extension of the Virasoro CFT. The symmetry of the W5 CFT is generated
by the energy-momentum tensor T(z) and an additional spin-3 current W(z). The Laurent
series expansion of W(z) reads:
o0
W

n=—oo
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The modes L, and W, generate the W3 algebra, which reads

c
(L, L] = (n — m) Ly + E(ng - n)5n+m,0 )

[Ln7 Wm] = (QTL - m)wn+m )

anmzi 2_1 2_4 n-+m - Anm
(Wi, Win] = o )(n )n5+,0+22+5c(n m)Apim+
+ (n;om) <2m2 +2n% —mn — 8) Lovm,
where
3 2 3
A=Y Lyt 3 Ly, Smt2mts)y & (3.3)
10
p<—2 p=>—1

The Virasoro algebra (2.2) is a subalgebra of W5 algebra. In the limit ¢ — oo these
commutation relations reduce to the ones of the sl3 algebra, generated by

{L,l,LO,Ll,W717W1,WO,W72,W2} 9 (34)
that satisfy

[Ln7 Lm] = (n - m)Ln+m s
[Lin, Win] = (2n — m)Wy i

(W, W, = (1 — m)(115(n Fm42)(n4m+3) - é(n+ 2)(m + 2)>Ln+m .

W3 primary fields. We denote the W5 primary fields characterized by the vector j as

qu('z’z)’ (36)

where j belongs to root space of sl3, generally written in the form (1.2). Alternatively, ¢;(z, 2),
can be characterized by two parameters h;, g; corresponding to the conformal dimension
and Ws charge of ¢;, given by

1 48 P
hj_i(a% 2Q_aj)7 q; =1 22+56g(6i7 Oéj—Q)- (37>

Here @ = (b+ §)(w1 + ws), e; are the weights of the fundamental representation
e =wi, € =wy—w, €3=—wsy, (3.8)
and o is also a vector on the root space of sl3. In the large central charge limit, «; is given by
a; = —bj, (3.9)

for which the conformal dimension and the charge assume the values

i |2
hj = —r —s, qj=3\/;(8—7”) . (3.10)
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The W3 primary fields satisfy (similarly to (2.6)) the commutation relations
[Ln, ¢(2,2)] = 2" (20 + hj(n + 1)) ¢;(2, 2),

- . . 311
(W, (2, 2)] = 2" <C]2](n +2)(n+ 1)+ (n+2)2W_g + z2W_2) iz, 2), (8:11)

where, in contrast to L,,, the commutation relations with W, incorporate two additional
operators, W_1 and W_s [53], which cannot be expressed as differential operators in terms
of the variable z.

A Ws highest-weight vector |j) given by

) = lim 6;(2,2) [0) (3.12)

satisfies the conditions
Lo |7) = hjlj) , Wo lj) =g li) (3.13)
L,|j) =Wy,lj)=0, n>0. (3.14)

The W3 module associated with this highest-weight vector is spanned by a basis of de-
scendant states

L)) =L_s .. Ly, Wi ... W_p |7), T={it,. . imikr, ... kn}, (3.15)

with
1<y < - <ip, 1<k <--<k,. (3.16)

The sum

> otk (3.17)

ig,kp €T

is called level of the state £_;|7). We will focus only on the sl3 module (which is a subspace
of (3.15)) spanned by the basis of states

IN,j) = (W_2)" (W_1)"* (L_1)" [j),  where N = (n1,n2,n3) € L. (3.18)
where we define I as
I = {(n1,n2,n3) : (n1,n2,n3) € non-negative integers}. (3.19)
The level of the states (3.18) is given by
|IN| = n1 + na + 2ns. (3.20)

3.2 sl3 global one-point torus conformal blocks
The holomorphic sl3 global one-point CB F(j1, 1, )si," is defined as
) _\MN
> Y G Ml zd™ ING) (BY) T (321)

<j| ¢]1 (Zl’ <1 |.7 Mel Nel
[M]=|N|

F(j1,4,q9) =

8For further discussions related to the W5 one-point CBs see also [42, 43, 54].
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MN
where the states |N,j) belong to the sl3 module (3.18), and (B;l) is the inverse of
the Shapavalov matrix

MN __ /.- .
By = (j,M|N,j) . (3:22)

Unlike the sl one-point torus block, to date, there is no known exact expression for (3.21).
One reason for this is the lack of a general expression for the matrix elements

(4, M| ¢j, (21,21) N, 5) - (3.23)

In fact, for a general ¢;, (3.23) is not uniquely defined. In this work, we will concentrate on
the case when ¢;, is a degenerate field at the first level, satisfying (1.3). This condition is
fulfilled when j; consists of a single component. In the parameterization

j=rwy + sw, j1=3aw, (3.24)

a perturbative expression of (3.21) up to the second level (up to ¢*) was computed in [48],
and looks as follows

L. 2rs —a?(r+s)—alr+s
‘F(]la]aQ)Slg :1+< ( ) ( ))q+

1 /3a(3a+6)(3a+ 3)(3a —3)
162( s—1 +
| (3a(3a+3) - 18T3§§Cf31‘1) £3) =360 —1) (545
~ 3a(3a +3)(3a(3a +3)(r — 1) + 36(r + 1)) N
(r+1)s

6a(3a + 3)(3a — 3r)(3a + 3r + 3)
(r+1)r(r+s+1) )q2+

The computation of higher-level contributions to (3.25) is a very challenging task, specially
when one computes them directly from (3.23). The expression (3.25) was verified by two
other methods, using the AGT relation and the Wilson lines interpretation of CBs in AdSs.
In this paper, we will provide an exact expression for (3.21) using the Shadow formalism.

4 sl3 conformal blocks via shadow formalism

This section aims to extend the shadow formalism theory from sections (2.1), (2.3) to the
sl3 case, enabling us to compute the sl3 global one-point torus block (3.21). For sl3 global
four-point sphere CBs, a similar approach to the shadow formalism was presented in [55].
We will reformulate this approach using the language of shadow formalism to apply it to
torus topology. We begin by reviewing the theory of sls invariant functions.

4.1 sl3 invariant functions

The sl3 algebra can be represented in the Chevalley basis, which includes two Cartan

elements (h!, h?), along with creation and annihilation generators (e!,e?, e®) and (f!, f2, f3),
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respectively. These elements satisfy the following relations
[flan] _f37 [61762] 2637 [el7f1]:h17
o N O S M N S A N M R (4.1)
[627f3] :f17 [637f1] :_627 [637f2] :617

with all other commutators being zero. The generators in (4.1) can be expressed as linear com-

w
[

binations of the generators in (3.5). The generators (2.7) correspond to the sly transformation
for the variable z (representing the physical coordinates of the fields). To represent the genera-
tors of sl3 in terms of differential operators, we introduce three-component isospin variables Z

Z = (w,z,y). (4.2)

For a given vector j = rw; + swa, the generators (4.1) can be constructed as differential

operators acting on monomials of the form z%y®w® for a + ¢ < r, b < s, as follows

D(jvz)(hl) =220, + 1 — YOy + WOy,
D(j,z)(hQ) = 2y0y + 5 — 20, + WOy,
D(jvz)(el) =220, + 1z + (w — xy)0y + Twoy,
D(jz)(eQ) = y28y + sy — wOy, (4.3)
D(jz)(e?’) = w20y + s(w — xy) + rw + 2wdy + y(w — xY)dy, '
0.z (f1) = —0u,
D 2)(f*) = =0y — 20w,
D(],Z)(f3) = =0y
To construct sl3 invariant functions, we define the following notations:
Ji = rawy + siwe = (14, 8:), 3’ = (si,m4),  Ji = (2= 50,2 —13),
Zi = (wi, 24, Y5),
pij = Yi (x5 — ) — (wi — wj), (4.4)

Xijk = Yiw; — wiy; + yiy; (5 — xj) — yiwi + wiyr+
+ yiyk (T — ®i) — Wiy + yiwe + yiyk (T — xk)

O'ijk: = TiW; — Wily; — LWk + W;Tp — W;Tk + TjWi,

where jI and j;” correspond to the maximal Weyl transformation and Dynkin automorphism
of the spin j;, respectively. An sls invariant n-point function associated with n spins
Ji,J2, .-+, Jn is a function £(j;|Z;) such that

(Z D(ji,Zi)(ta)> €(ji|Z)) =0, for any t* € {h', €', f'}. (4.5)
i=1

The function ¢ will satisfy additional equations if some representations are labeled by only
one fundamental weight:

if for some k  (j,wr) =0, then,

(4.6)
dP)e(jil z:) = o,
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where

dY) =0, +ydy, dY =0, (4.7)

For two spins j; and js, the sl3 invariant two-point function is given by

ry —s o
pa1 ‘P12, for j1 = 3%,

(4.8)
0, otherwise.

£(Jr, 32121, Z2) —{

For general representations ji, jo, j3, the sls invariant three-point function is not uniquely
_ p12p23p31

P21P32P13°
In the case of interest, where one of the representations has only one component, say

determined by (4.5). It can be specified up to a general function g(6123), where 0193

jo = (0, s2), and the others, j; = (r1,s1) and j3 = (73, s3), have two components, the sl3
invariant three-point function £ is given by

L. —J —J- —J— J— J—

§(s g2, Jsl 21, Z2, Z3) = X12{3P21 T g T oy iy (4.9)
where J = (wg — w1) - (j1 + j2 + j3), in our case J = %(81 + 89+ 83— 11 —r3). Two and
three-point sl3 invariant functions (4.8), (4.9) are the analogs of the two-point function
(21 — 22) 722 and three-point function (2.38).

4.2 sl3 shadow formalism

To extend the Shadow formalism to the sl3 algebra, we introduce sl3 fields ®;(Z, Z, g). These
fields depend on isospin variables Z, rather than on the two-dimensional complex coordinates
(z,Z), and are labeled by an element g € SLs and a representation j. Detailed expressions
for these fields are provided in [55] and appendix C. They behave as primary fields under
sls transformations of g, satisfying

;(Z,Z,(1+et")g) = (1 + €Dy 2)(t"))®;(Z, Z, g). (4.10)

where Dy; 7)(t*) are from (4.3). In the large c limit, the correlation functions of primary
fields ¢j,(zi, z;) in sl3 conformal Toda theory become [49]

- -

lim <¢j1 (Zl, Zl) N ¢jn (Zn, En)> = <(I>j1 (271, 51) e (I)jn (En, Zn)>, (411)

c— 00

where we define

<<I)j1 (Zlv Zl) s (I)jn(ZTh Zn)) = I dgq)jl (Zla Zla g) s ®jn (Zna Znag)a (412)
3

2
7= <Z2,z,z> . (4.13)

Clearly, the r.h.s. of (4.12) is invariant under (4.10), hence the “correlation function”

and

(®,(Z1,21) ... @5, (Zny Zn)) (4.14)

is an slg invariant n-point function. This implies that (4.8) is interpreted as the two-point
correlation function of sl3 fields

(©5,(Z1, 21)®j,(Za, Za)) = |£(j1, Jol Z1, Za) | (4.15)
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Similarly for the sl3 three-point function (4.9). Since the integration over the group in (4.12)
does not interfere with the calculation procedure we will apply, we will omit the label g
in ®; and use the following notation

©;(2,2) = %4(2,2,9), (4.16)

keeping in mind that the correlation functions of ®;(Z, Z) are given by (4.12) by definition.
The construction of the shadow formalism for slg starts with the construction of the
shadow field. We define the shadow field as®

®;+(Z,2) :/dQZ’Kj*(Z, VAL TVAVAY (4.17)
where d?Z' = dZ'dZ', and the kernel K;«(Z,Z') is given by the two-point function
Kj(2,2") = (®(Z, )P (Z', Z")) = |€(5%, 51 2, Z') . (4.18)
Analogously to (2.13), (2.15), we define the operators
P = /dQZq)jw(Z, 7)10) (0| ®;+(Z, Z), (4.19)

and
P=> P (4.20)
j

Let us verify that the operator P acts as the identity operator, namely

P(I)jl(Z17Z_1) |0> = cbjl(Zla Zl) ’0> )

. ! (4.21)
(0] @5, (Z1, Z1)P = (0] @5, (Z1, Z1).

This property (4.21) will play an important role, similar to (2.16) in the sly case. Let us
verify (4.21) using two different methods. The first check follows directly. Writing explicitly
P, we have

PO, (21,20)10) = ¥ [ d20,0(2.2)10) 0 @5 (2,2)0, (1, 21) 10). (4:22)
J
By using
(01 @5<(Z, 2)2, (21, 1) |0) = 8= 3 €(G*, 11| Z, Z0) P = 8- jp €(i1. 57| 20, 2) P, (4.23)
(4.22) becomes
PO, (21, 2)10) = [ @ 20;:(2,2)10) €1, 3¢\ 70, 2P = 0521, Z) 0), (124)

where in the last equality we applied the definition (4.17), and the fact that the field
®;, can be written as the shadow of Pj-. The same procedure can be applied to show

9Notice that in (4.17), we set the normalization constant of the type Ma equal to 1. This is just a matter
of convention.
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A more rigorous proof is as follows. If P acts as the

(0| @}, (21, Z21)P = (0| ®;,(Z1, Z1). 7
= (0] (I)jl(Z()?ZO); then

identity operator, namely, (0| ®;, (Zo, Zy)P
(01 @, (Zo, Zo)P®ju(Zs, Z3) |0) = [£(jr, 41| Zo, Z3) 1> = |psol ~>" |pos| ~>*". (4.25)

Let us check (4.25). Writing explicitly P we have

<0| (1).71(207 ZO)Pq)J{U(Z& 23) ‘0>
7 7 > > 4.26
= (010, 20) Y [ @ 21050(20, 20) 0) 0 @520, 2050 (%, Z) ). 420

By inserting ®;+ from (4.17), and denoting the expression by I;,, we have

Ijl = <0| (I)j1 (ZOv ZO)Pq) i1 (Z3’ 23) |0>

— (0| @5, (Zo, Zo) /d 2180 (21, Z1) |0)
(4.27)

< (0] [ mj(zz,Zz>|5<j*,j*wrzl,zz>12¢>j;u<zg,23> 0)
= / d*Z\d* Zo|E (v, 53| Zo, Z10) PIEGTT, 311 210 Z2) P 1€, 30| Za, Z3)

One can show that the last integral is given by the r.h.s. of (4.25). Indeed, by writing this

integral in terms of the components of the isospin variables, we have

I, = /d2zld222|£(j1,ji”\zo,Zﬂﬂf(jﬂjf”!zl,Z2>12|£(j1,ﬁ”\z2,23)\
’72(2751)

S T T N —2
/d wid z1d*y1 d wad  zod“ya|ly1210 — wi0]” M Yoror — wo1|” 7 [y2xe1 — wor

M yawas — was| T2, (4.28)

—92(2—
Y1212 — wia| 727 |ys230 — wso
— wj. Performing the integration over y;, we obtain a

where x;; = x; — v, wi; = w;

delta function
w1y W12 _9
- ) lyozor — wor| =

g1 = C’l/d2w1d2x1d2w2d2$2d2y2|x10|72”|xlg| 2(2 ’"1)62 (
Z10 Z12
|21, (4.29)

X |yawa1 — w21\_2(2_51)\y3:v32 - w32’—2r1 |y2a3 — was

where C; (i = 1,2,3) are constants present in the delta function formula. Performing the

integration over w; and y2, we obtain

= Cg/d2x1d2w2d2m2|x10]*2(”+31*1)\xlg\’z(?’*”’sl | ~21751) g | 251
(4.30)
m )

X [yowon — woz T |ysws — wsa| 67 (mo 23

Performing the integration over wsy, we get
i —Cg/d .Tld x2‘$10‘_2(“+81_1)|I12|_2(3_T1_81)’£L‘03’ 2(—s1—r1+1 ’SL‘ 3’ 2(s14r1—1) (4 31)

|72r1

X Yooz — wos| 2! |y3Tos — wo3
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and then, after integrating over x; and z9, we finally obtain
I, = Clpso| 7" | pos| 7> (4.32)

This proves (4.25) (up to the normalization constant C'). Thus, the above proof shows that
P plays the role of the resolution of the identity operator. Since there is such a resolution
of identity in sl3, one can proceed as in the slo case.

4.3 sl3 global four-point sphere conformal blocks via shadow formalism

In W3 CFT, analogous to (2.34), one can decompose the four-point correlation function
involving external fields free of multiplicities into CBs. On the other hand, one can use
shadow formalism to obtain an integral representation of the conformal block. For this, one
needs to compute the four-point correlation function of sl3 fields

= —

(D5, (21, 21) ), (%2, 22) s (23, Z3) @ (74, Za))- (4.33)
To avoid the problem of multiplicities, one chooses

J1 = (r1,51),J2 = (0,52), j3 = (0,53), ja = (r4, 84). (4.34)
Then, one inserts the resolution of identity operator P as follows

(@5, (21, 21) iy (22, 22) PPy, (23, Z3) 5, (24, 24)
oz oz = - oz o 2 4.35
— (52055 2) Y [ 2050(2,2)10) (01950 (2, 20 (3, 20) 2y, (21, F1)). )
J

The result of this procedure is that one decomposes (4.33) in terms of the following object

-

/dQZ@jl(?h 21) Py (%2, 22)®ju (2, Z) |0) (0| @+ (Z, Z) @y (73, 23) ;s (21, 21))
(4.36)
:/d2Z|§(j17j2,jw\517527Z)|2\§(j*,j3,j4|za53,54)|2-

To simplify the above integral and identify this object with the sl3 global four-point sphere
CB F*(ja,J,24)s1; (Where js = j1, jo, J3,Jja), one needs to find the proper integration contour
Cy, over Z (this is given in appendix B.1 of [55]). After this simplification, one obtains
the CB from (4.36) as follows

fs(j47jaz4)5[3 :~/\/‘s‘/0S ng(jl,jQ,j’gl,EQ,Z)g(j*w,j?,,jzl‘Z,Zg,gzL), (4-37)
sl3

where ANV® is a normalization constant chosen properly to have the correct asymptotic behavior,
and the function &(j1, j2, j3| Z1, Z2, Z3) is given by (4.9). The above result (4.37) reproduces
the known result of the sl3 global four-point CB [55], which has also been obtained from
the AdS3 holographic perspective [56].
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4.4 sl3 global one-point torus conformal blocks via shadow formalism

In this section, we study the sl3 global one-point torus block using the shadow formalism
developed in section 4.2 and provide an expression for the CB. We start by presenting the
result. We have found that the sl3 global one-point torus conformal block (3.21), for j = (7, s)
and j; = (3a,0), is given by the following integral representation and relations

F(jlajv‘]) = A/M/ de ,]1 ,]|Z 2,7 - Q)|zl_>1>
Coy

F(jhja q)5[3 = F(_jh_]:q)a

where the final expression for F'(j1, J,q) is given below by (4.51). N (r, s,a) is a normalization

(4.38)

factor chosen properly so that the expansion in ¢ starts from 1, as in (3.25). £ is from (4.9),
J* = (2 — 1,2 —5),'% dZ = dwdxdy, Cy3 is a proper integration contour defined below
n (4.49), and

Z-q=(¢"w,qz, qy). (4.39)

In the remaining part of this section, we will justify (4.38) along the lines of the sphere
case and compute the r.h.s. of the first line of (4.38). To proceed, we redefine (3.21) in
terms of sl3 fields, namely

F(uga) =Y, > (ByHYMN (G, M| ®u (21, 21)q" N, j). (4.40)
Mel, Nel
|M|=|N|

The external and intermediate fields ®;w (21, 51), (2, Z) are sl fields that depend on isospin
variables. The descendant states are given as follows

‘N,j> = WE%WEELTLHQ)]‘(O, 0) ’O) , N= (nl,ng,ng), ‘N‘ =n1 +no + 2n3. (4.41)

The operators Lo, W_o, L_1, W_; satisfy the algebra (3.5) and are given by a linear com-
bination of differential operators (4.3).
We use the conjectured holomorphic sls operator product expansion

$(2,0)10) =Y " an(j, Z) [N, j) = > B, N)a™y™w"™ N, j) . (4.42)
Nel Nel
From this expansion, we have
(j, M| ®5(Z,0)|0) = 6,5 ar(j, Z)Bj"". (4.43)
Lel

We insert P into (4.40), obtaining

F(jga) = >, > (B YMN(j, M|Pd;u(,21)q"™ N, j) (4.44)
Mel, Nel
|M|=|N|
= Y D o(BHMYY j,M|Z/d2Z<I> (2, 2)0) (0] B350 (Z, Z) @y (21, 21) g™ [N, 5) .
Mel, Nel
|M|=|N]

1071 515, this change is analogous to 1 — A of the conformal dimension A.
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Using (4.43) in the factor (j, M|®;(Z, Z)|0), and ¢ |N, j) = ¢*O+INI|N, j) and after the
cancelation of the matrices B~! and B, we obtain

F(j1,5,9) = / A2 ¢AOHNIB (G, Nz y 2w (0] @ jew (Z, Z)®jw (21, 21) [N, j) . (4.45)
Nel

Since |N| = ny+ng+2n3, we can write gVl = ¢"+72+273  and applying again (4.43), we obtain

F(j1,4,q) = qA(j)/dQZ@\‘i’jW(Z 2)®;u(21,21)®5(Z - ¢,0) |0) . (4.46)

For the coordinate dependence of the three-point correlation function of sl fields, according
to the above discussion, we use the formula

(0| @, (Z1, Z1)®j,(Za, Z2)®j,(Z3, Z3) |0) = |£(j1, Jo, J3| 21, Za, Z3) P, (4.47)

hence

F(j1,4,q) = ¢V / PZE(G 30,512, 21, Z - )€, 5, 5| Z, 71, 0). (4.48)

Equation (4.48) is the direct analog to (2.52). As explained in observation II of section 2.3,
to obtain the CB from (4.48), one needs to find the proper integration contour in order to
simplify the above integral. Furthermore, after replacing z; in (4.48) by using (4.9), we notice
that it is possible to take out z; as an overall factor. Since z; does not play an important
role in our discussion, we set z; = 1. Under this consideration, we found that this contour is

Coy: z€(0,1/2), we (x—1/2,0), ye(w w). (4.49)

' x—1/2
Hence, (4.48) can be simply written as the first line of (4.38), where in the normalization
coefficient N (r,s,a) of (4.38) we absorbed the factor ¢®U). Finally, we compute the first
line of (4.38). Our final result precisely reproduces (3.25), namely, we found the relation
given in the second line of (4.38). The expression we found for F(j1,7,q) from (4.38) is
given by the integral

o 1 3 0 P o W ey o
F(jl’J’Q):/\/'(nS,a)/o d$/xédw/1: 2 dy&(j 3317]\Z>2172'Q)}Z1a1

- ! %d ’ d ﬁd 2
_N(V’,S,a)/o x/$—§ w/z y(qury(x—qm)—w

1
X ( — ¢wy + ¢Pwzy + quy + gy’ (g — x) + qyz1 (21 — qz) — §qu% — w2 +yz (x — 21)

)a+572

2

yz% Z% 2 2 a1 2
+ 2) wta(a—T) - 3 T Pw + 21 (21— qx) — 5 TR (4.50)

a—s

X (—qu + qy(qzr — =) + w)

z1—1
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In appendix B, we explain how we compute this integral; here we present the final result

F(j1,J, Q)
( Z ZZ l+]+k+l+m( )i+k+nf(a+k)F(—a—k—l—l)C’;Cff
J\/ kL0 j=0m=0 FE+1D)I(Gi+r+s—DI(G+n+r+s—1)I(=l+m+n+s)
x CPHs 200 5T (a+j +n)C; " (—a+j—k+l—-m+r)T(a+k—I+m+n+s—1)
xI'a+i—j+k—1l+m+s—1)3F(A,B,C; By, Ba; 1), (4.51)
where
A=—a+j—k+l—m+r, B=—a—-k+l-m—s+2, C=l-m—n—s+1,
Bi=—a—i+j—k+l—-m—s+2, Bs=—a—k+l—-m—n—s+2. (4.52)

and 3F; is the hypergeometric function and C = (;), and

N - [(1—a)T(a)*T(r —a)T(a+s—1))22F(r—al—s,—a—s+21)
B [(s)(T(r+s—1))? '
Equation (4.51) together with (4.38) are our main results.

(4.53)

5 Conclusions

In this work, we have studied global conformal blocks using shadow formalism. Our study
focused on sly and sl3 global CBs, which arise in the large central charge limit of Virasoro
and Wj conformal field theories. In sections 2.2 and 2.3, we examined the representation of
sphere and torus sls global CBs through the shadow formalism. While our primary focus
was on the torus topology, we also discussed the spherical case. For slo, our discussion built
upon ideas from previous works, we introduced an operator (2.15) that acts as a resolution
of identity. This allows us to express the CBs in terms of conformal partial waves. We
showed that the sly global four-point sphere and one-point torus CBs can be computed using
shadow formalism. The construction is quite universal and can be easily generalized to higher
multi-point global torus or spherical conformal blocks.

In section 4, we investigated W3 CF'T and generalized the shadow formalism to this case;
this enables the computation of sl3 global CBs. The formalism was then applied to both
spherical and toroidal CBs in sections 4.3 and 4.4. We verified that this approach yields
the established expression (4.37) for the sl3 global four-point sphere CBs. In section 4.4, we
obtained an integral representation for the sl3 global one-point torus CB (4.38), resulting
in the explicit expression (4.51). This expression is in complete agreement with the known
perturbative expressions (3.25). The expression we obtained for sl3 global one-point torus
CB represents the main result of the present study.

It is interesting to investigate the possibility of constructing sls global higher multi-point
torus CBs involving different OPE channels. In the sly case, (n + 2)-point sphere CBs
correlate with n-point torus CBs. It would be interesting to find out whether a similar
connection exists in the case of sl3. Another direction for generalization is the development
of the shadow formalism for general Wy two-dimensional CFTs or supersymmetric ones. As
demonstrated in the sly and sls cases, such generalization requires the analysis of invariant
functions related to the corresponding algebras.
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A Conformal integrals

We consider the conformal integrals

1 — n - n 1
In:—/denznZ, W (2) = (2 =] —, Al
L an@nE, a@ =15 =I5 O
where
> hi=> hi=2, hi—h;=21. (A.2)
i=1 i=1
For n = 2, the result is known to be
IQ = Ku(—l)hl_ﬁlﬂ(SQ(xl — .%'2), <A3>
where
— 1—-h
Ky = LU= hOTU = he) (A.4)
L'(h1)(R2)
For n = 3, it is known that
I3 = Kool Lol sla gl = sha 1 (A.5)

where

T(1 — hy)T(1 — ha)D(1 — hs)

Kiz3(h1, ha, h3) = T'(h1)T(he)T'(hs)

B sl; integral

Below, we explain some technical details of the computation of the integral (4.50). Let
us denote that integral by I,

1 0 _w
5 e 1 ww W | o
Io:/O dx/ ldw[ﬂ 2dy€(5™, 3131221, Z - q) (B

z1—1

a—Ss

3 0 7 a+s—2
:/2 d:c/ ) dw/zf% dy (q2w+y(x—qx)—w) (—qu—i—qy(q:}:—x)—l—w)
0 T—3 B

1
X (—quy+q2wz1 +qwy-+gy*(gr =) +qyz (21— q2) = Sayt —wa+yan (v —21)

2

2 2
z
+ y;l)—a <w+zl (21 —l‘) _ Z2l> —a+r+s—2 <q2w—|—21 (21 —q:L‘) _ 21) —a—r—s+2

z1—1

After some simplifications, we obtain

1 - q )+~ 2(2w — 23 4 1)t Hs—2

Iy = 88“ —1) = 1)(zy —w) +y)° (B.2)

dx

dw

2
X (2q w — 2qx + 1) T qu e w - xy)“+s_2(qw — qry +w)* "
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Expanding in ¢ we obtain

1 0 e i ((1 _ q)a—2(2w — 2+ 1)—a+r+s—2)
Iy = (—1)_88‘1/2 d:z/ dw/%? dy> >
0 o1 » ko Fa)'(k+ 1)I'(m+1)I(s — a)

X <2Hk(y —D*(a + k)C’;(—1)i_j_m:z:i_jC’la+s*2F(—a +m+s)C; T2

% (2'LU — 22y + y)fafkwa+j+lfmfsqi+j+k+l+m(w _ wy)a+kl+m+52> ) (B3>

k in y. This expansion adds an extra sum

To integrate over y, we expand the factor (y — a)
from 0 to k present in the final result (4.51). The result of the integration over y is given by
a function of w, x which contains a hypergeometric function oF} with the argument 1 — ﬁ

Then, we perform the integration over w. The integration over w has the form

0
/ W (2w — 2z + 1) 72 du, (B.4)
.

2

where « is some power. The result of (B.4) is given by a ratio of gammas functions. Finally,
to compute the integration over x, we expand the above-mentioned hypergeometric function
in 1 — 5= (the sum from this expansion was already considered in (4.51) and produces the
factor 3Fy). Thus, the integration over x has the form

1

/0E 20 (1 - 2133)5 dz, (B.5)

where «, 8 are again some powers. After integrating over y,w,z, the final result is given
in (4.51).

C sl3 fields

In this appendix, we briefly describe the sl3 fields denoted above as ®;(Z, Z, g). For a
more detailed description, see [55]. The fields ®;(Z, Z,q), for g € SL3, are basis functions
on SL3 defined as

®;(Z,7Z,9) = (uZPg_lTPu:§>_ (vzgz%)_ , (C.1)
where
001
Uz = (U), -, 1)7 Vz = (xy —w, Y, 1)7 P=10-10]. (Cz>
100
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The sl3 generators t* can be represented as matrices

100 00 0
Rt=10-10], R =101 0 |, (C.3)
000 00-1
010 000 001
e!=1000], e2=1001], eS=1000], (C.4)
000 000 000
000 000 000
ff=1100], ff=1o000], f=1000]. (C.5)
000 010 100

One can show that the fields (C.1) under sl3 transformation of ¢ transform according to (4.10).
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