PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: December 30, 2023
ACCEPTED: February 2, 202/
PUBLISHED: February 20, 2024

Mixed boundary conditions in AdS,/CFT; from the
coupling with a Kalb-Ramond field

Diego H. Correa, Maximiliano G. Ferro and Victor I. Giraldo-Rivera

Instituto de Fisica La Plata - CONICET

& Departamento de Fisica, Universidad Nacional de La Plata,

C.C. 67, 1900, La Plata, Argentina

E-mail: correa@fisica.unlp.edu.ar, mgferro.vl@gmail.com,
vigirald@gmail.com

ABSTRACT: The open string dual to a 1/6 BPS Wilson line in the N' = 6 super Chern-Simons-
matter theory is coupled to a flat Kalb-Ramond field. We show that the resulting boundary
term imposes mixed boundary conditions on the fields that describe the fluctuations on the
world-sheet. These boundary conditions fix a combination of the derivatives of the fluctuations,
parallel and transverse to the boundary. We holographically compute the correlation functions
of insertions on the Wilson line in terms of world-sheet Witten diagrams. We observe that
their functional dependence is consistent with the conformal symmetry on the line.

KEYWORDS: AdS-CFT Correspondence, Scale and Conformal Symmetries, Wilson, 't Hooft
and Polyakov loops

ARXI1v EPRINT: 2312.13258

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP02(2024)141


https://orcid.org/0000-0001-6439-7260
mailto:correa@fisica.unlp.edu.ar
mailto:mgferro.vl@gmail.com
mailto:vigirald@gmail.com
https://arxiv.org/abs/2312.13258
https://doi.org/10.1007/JHEP02(2024)141

Contents

1 Introduction 1
2 Open strings in AdS4 x CP3 2
2.1 Dirichlet, Neumann and mixed boundary conditions 4
2.2 AdSs propagators for mixed boundary conditions 6
3 Correlators on the line from Witten diagrams on AdS» 8
3.1 2-point functions 8
3.2 4-point functions 10
4 Discussion 17
A Self-energy corrections to the propagator 18

1 Introduction

The dynamics of fields propagating within Anti-de Sitter (AdS) space is known to encode the
set of correlation functions of certain conformal field theories (CFTs) [1-3]. The presence of
a boundary in AdS implies that different boundary conditions for fields give rise to diverse
behaviors and properties in the corresponding dual CFT. For massive scalar fields, there
exists a range of masses for which two different scaling dimensions are admissible for the dual
primary operators, associated with either imposing the so-called regular or alternate boundary
conditions [4]. Additionally, within the same mass range, it is also possible to impose certain
mixed boundary conditions that are related to field theory operators interpolating between
primaries of different scaling dimensions. These mixed boundary conditions are interpreted
in terms of flows of the renormalization group [5-8].

For massless scalar fields in AdSs, a different type of boundary conditions that mix
longitudinal and transverse derivatives was considered in [9]. Since the mixing parameter
is dimensionless in that case, one might expect these boundary conditions to be associated
with a marginal deformation rather than with a flow of the renormalization group. However,
determining whether these boundary conditions correspond to a conformal theory on the line
or not, is not straightforward, as this will depend on the actual details of the AdS,/CFT;
realization.

Massless scalar fields in AdSs typically arise when studying the fluctuations on an open
string world-sheet dual to line operators in various d-dimensional CFTs. An interesting
case is that of the Wilson loops in the ABJ(M) model, a prototypical example of the
AdS/CFT correspondence where the N/ = 6 super Chern-Simons theory with gauge group
U(N) x U(N)_y, is conjectured to be equivalent to type ITA string theory in AdS, x CP3 [10].

This model admits a simple and interesting generalization [11], in which the gauge group
in the Chern-Simons theory is taken to be U(N + £); x U(N)_g. In this case, the dual
string theory description includes an additional flat Kalb-Ramond field, having a non-trivial



holonomy on the non-contractible CP! ¢ CP?. Being the Kalb-Ramond field flat, its coupling
to the open string only leads to a boundary term. As we will see in this article, the boundary
term from the coupling with the Kalb-Ramond field is responsible for the materialization
of the aforementioned kind of mixed boundary conditions when we study the open string
dual to the 1/6 BPS bosonic Wilson line [12-14].

The analysis of Witten diagrams for the fluctuations on an AdSy world-sheet enables
the holographic computation of the correlation functions of some operators O(t) on a line.
These line correlators are related to the expectation values of local operator insertions along
a Wilson line [15, 16],

(O(t1) -+ O(t))) = (6P [O(t1) - Oltn) Wiyg)) (1.1)

This effective theory on a line can preserve conformal symmetry at the quantum level or
not, which should be reflected in the functional dependence of the correlation functions
of excitations.

The main objective of our work is to test perturbatively, in inverse powers of the 't Hooft
coupling, the conformal covariance of the theory on the line dual to the open string with
mixed boundary conditions. In order to do that, we will analyze the functional dependence
of holographic 4-point functions. For example, conformal symmetry on the line would require
that the 4-point correlator of a primary field of weight A has to be of the form

G(u) for w— (t1 —t2)(t3 — t4)
(ta —t1)?2(ts — t3)22 7 (i —t3)(ta —ta)
(1.2)

((O(t1)O(t2)O(t3)O(t))) =

We will consider this for the concrete setup that corresponds to insertions in the 1/6 BPS
bosonic Wilson line in the ABJ(M) model.

The paper is organized as follows. In section 2 we introduce the open string setup dual to
Wilson loops in the ABJ(M) model and the possible boundary conditions on the world-sheet
excitations. We show that the coupling with a flat Kalb-Ramond field leads to boundary
conditions combining longitudinal and transverse derivatives and determine the propagators
corresponding to them. Section 3 is dedicated to the holographic computation of 2-point
and 4-point correlation functions using Witten diagrams and the propagators associated
with mixed boundary conditions. Finally, in section 4 we conclude with a discussion of our
results. In the appendix A we provide details about the self-energy diagrams contributing
to the 1-loop correction of the propagators.

2 Open strings in AdS, x CP?
We shall consider open strings embedded in AdS, x CP?, whose metric can be written as

ds® = L2 (dsz’AdS4 + 4ds%P3) : (2.1)

where L is the AdS, radius. The type ITA fields supporting this geometry are

2L
e = = = %kLZVOI(AdS4), F® = %dA, (2:2)



where k is an integer identified with the Chern-Simons level in the dual field theory, which
has gauge group U(N); x U(N)_j, [10]. Defining the 't Hooft coupling as A\ = 272N /k, its
relation to the AdS, radius is L? = v/A«/.! The 2-form dA is proportional to the Kéhler
form of the CP?. In angular coordinates one has

1 X . 2 X .
dSé]Pg =1 [dxg + cos? 5 (dG% + sin? Hldgpf) + sin? ) (d@% + sin? 92dcp%)

2 X,

+ sin 5

o0s? g (d€ + cos O1dp1 — cos 92d(p2)2:| , (2.3)
with ranges 0 < x, 01,02 < 7, 0 < 1,02 <27 and 0 < ¢ < 47 and
_ 2 X .2 X
A = cos xd€ + 2 cos 5 €08 01dpy + 2sin 5 €08 Badips . (2.4)

In this background we will consider an open string ending along a straight line at the
boundary of AdS,, whose classical world-sheet is AdSy. This gives the holographic dual
description of a supersymmetric straight Wilson line in the A/ = 6 super Chern-Simons
theory. It is convenient to write the (Euclidean) AdSs metric with an explicit (Euclidean)
AdS, foliation [16]

dSA2AdS4 = (25)

2
(1 + iﬂﬂz) (dt2 + dz2> da'dai
z

2 2 2"
1.2 1.2
The metric of the CP? can be parameterized alternatively in terms of 3 complex coordinates

dwg,dw®  dwgw*dwbw
2 b
dS(C[Pﬁ = a 5 a VI (26)

In the static gauge t = 7 and z = o, the Nambu-Goto action becomes

2
NoR (1+122) OOyt A0, e0yw 40, Waw Wb,

SNc;Zg/da det . 59w + 5 Tt wP ) 2
(1 — 1x2> (1 — iaﬂ) (L+[w]?)

(2.7)

where g, is the metric of (Euclidean) AdSs
2 2
dsiqs, = dt%d’z. (2.8)

Expanding (2.7) in powers of x¢ and w?, one gets the action for 2 real scalars of mass
m? = 2/L? and 3 complex massless scalars respectively [18]. The dual gauge theory admits a
variety of supersymmetric Wilson loops. There is a 1/6 BPS Wilson loop that involves only
bosonic fields [12-14], a 1/2 BPS one [19] and even a family that interpolates between them [20—
23] (see [24] for a review). These Wilson loops differ not only in the amount of supersymmetry

L2 _

2ra’ T 27

which will facilitate the comparison with the N'=4 SYM results of [17] in the limit of Neumann boundary
conditions.

!This is not the most usual convention in ABJM, but it leads to an effective string tension T =



preserved but also in their bosonic R-symmetries. For example, the symmetries of the 1/2
BPS and the 1/6 BPS bosonic Wilson loops are SU(3) and SU(2) x SU(2) respectively. In
the open string theory description, this translates into different boundary conditions on the
CP? coordinates. To describe the 1/2 BPS Wilson line, Dirichlet boundary conditions must
be imposed on all CP? coordinates. However, to describe the 1 /6 BPS bosonic Wilson line,
the string has to be uniformly smeared over a CP* ¢ CP? [12], which can be achieved by
imposing Neumann boundary conditions on 2 of the CP? coordinates and Dirichlet on the rest.
With this in mind, we will focus on the coordinates along a particular CP' ¢ CP?, which,
for the sake of definiteness, is taken to be the one given by y = 0, i.e. the one parametrized
by 61 and ;. We can also use embedding {Y4}, with A = 1,2, 3, to describe the CP' as a
surface in R? imposing 648Y4 Y = 1. Ignoring all the other transverse fluctuations, we
obtain the following action for the CP! embedding coordinates

Scpt = \2/75 / dQJ\/det (g + 0,YA0,Y4). (2.9)

The CP! fluctuations can be taken around a fix position n”. In terms of the orthogonal

YA =nd/1-C2+¢4, (2.10)

with n4 - ¢4 = 0 [17]. Thus, for small (4 = ﬁyA

part to it, one has

VAd=nt 4+ oyt — —yPnt + 0(4), (2.11)

and replacing in (2.9), we obtain

T T
Scpt = /dQU\/§ [éﬁuyA(?“yA + —ﬁyAyBﬁuyAa“yB + 74ﬁ(8MyA8“yA)2
T Aaqup, B Aqv, B 1
Wi Wy Ot y” 0,y 0"y + O(3)] - (2.12)

This quartic action gives the vertices that play an important role in the holographic
computation of 4-point correlation functions of excitations along the dual line.

2.1 Dirichlet, Neumann and mixed boundary conditions

Before to proceed, let us make a few comments about the boundary conditions used to specify
the AdS, propagators and their relation to the variational problem. The on-shell variation
of the action (2.12) is, up to quadratic order, a boundary term
9 [e.e]
R /_ dt oyt . (2.13)
whose vanishing would require to set Dirichlet boundary conditions, i.e. 5yA|Z:0 = 0. The

imposition of Neumann boundary conditions would be required when another boundary
term is added to the quadratic action

52, = 5@, + L dt 0.y |, (2.14)



so that its on-shell variation becomes
&(2) > Ay, A
5S(CIP’1 = Lw dt (5(8zy )y |Z=0’ (215)

whose vanishing would be achieved by demanding 5(8ZyA)|Z:0 =0.

In the ABJ generalization, the gauge group is U(N + ) x U(N)_g. This difference in
the ranks of the gauge group factors is accounted, in the dual string theory, by incorporating
a flat Kalb-Ramond field with a non-trivial holonomy on a CP' [11] .2

1 l B

— | B®=C BY = ~dA. 2.16

27 Jop! k’ 2 ( )
Unitarity requires that [¢| < k [11].

Since the Kalb-Ramond field is flat, its coupling to the open string adds just a boundary
term. While the equations of motion remain unaffected, the boundary conditions on the
CP? coordinates can change. To analyze this effect let us consider the expansion of the
Kalb-Ramond term

1V

igBuyﬁaﬁaaX'uaﬁXV ==

VA

o

_ _RABC <nAaZyBatyC _

BeABCY A5 v By, YC

20y B 0 (2.17)

VA

2T 21
——=n%YyPoyPy0.y" — =

7 v 00" + O(D) :

Thus, up to quadratic order
Seer = / o (Vg30uy" 0"y — BePnA0.y oy ) | (2.18)
whose on-shell variation becomes
082 = — /_ O:O dt (D.y™ + BeAPnP o) oyt . (2.19)

Thus, the boundary term from the coupling to the Kalb-Ramond field does not change
the boundary conditions in this case, as still (FyA|Z:0 = 0 is required. However, when
the same term is added to the quadratic action which originally had Neumann boundary
conditions, we get

55’8121 = / dt é (GZyA — BEABCnBatyC) yA}z:o . (2.20)

Therefore, in this other case the boundary conditions do get modified to

5 (0.9 — BN nP o) | 0. (2.21)

2=0

As seen in (2.17), the coupling with the Kalb-Ramond field also gives rise to terms
of quartic order in the orthogonal fluctuations, which will be central in the holographic

2This CP! is not the one specified before by y = 0 but the non-contractible 2-cycle of the CP3.



computation of the 4-point functions. Using the orthogonality condition ndy? = 0, it is
not difficult to show that these quartic terms are

KR@ — BeABC (%nAyQazyBatyC +nCyDatyDyAazyB +nByAyDazyDatyC)
= —BeABC%nAyQ(?ZyB@tC. (2.22)
Finally, and after a few successive integrations by parts, we obtain
(4) B ABC,_A 2 B C ABC_A 2 B C
KR :—§(6z<e ny“y” Oy )—6t(e n“yy” oy )) (2.23)
2.2 AdSs propagators for mixed boundary conditions
We would like to address the problem of quadratic fluctuations with specific mixed boundary

conditions (2.21),

Oyt =0, <8ZyA — BeABCnB&yC)’ = JA®), (2.24)

by using a suitable propagator. The free propagator for massless scalar fields in AdSs is
given in terms of a Green’s function

(W (o) (0")om = —G*P(0,0"), (2.25)
which is a solution of
OGAB = (648 — n nBYo(t — t)o(2 — 2/). (2.26)

The additional sub-index 7 in (2.25) serves to emphasize that the propagator depends on the
values n* chosen to compute the fluctuations. These boundary conditions are proposed to
describe the string dual to the 1/6 BPS bosonic Wilson line, which is uniformly smeared over
a CP!. Thus, we would have to average over the possible values of n* eventually.

To determine the Green’s function suitable for the boundary conditions (2.21), we can
use the Green’s third identity

o
VA ) = / at (GAB (2,1, 2, 1004 (2,1) = 0.GAB (5,1, 2/ )P ()| _ - (227)
—00 z=
and rewrite it by adding the integral of a t-derivative. We get
Aoy [T AB I B  R.BCD,_Cs. D
y (2, t) = dt S G*2(z,t,2',t") (0,y7 (2,t) — Be”~ " n~ 0y
—00
— (0:G"P (2,1, 2, ) + BAG (2,1, 2, ¢)PPnC) y P} . (2:28)
z=
Thus, imposing the following boundary condition for the Green’s function
(0:G"P (21,2 ¥) + BAGP (2,1, 2/, #)ePPnC) | =0, (2.29)
2=
we can easily write a solution to the problem (2.24) as
o0
yA(Z ) = / dt [KAB(t, 2t (8ZyB(z,t) - BGBCDnCOtyD)} (2.30)
— oo z=0




where we have introduced the bulk-to-boundary propagator, obtained in this case as

KAB(t, 2/ 1) = liH(l) GAB(z,t,2,1). (2.31)

z—r

At certain point, we will also consider the boundary-to-boundary propagator,

DAB(t,¢') = lim lim GAB(z,t,2/,1). (2.32)

z2—02'—0

To proceed, we need a Green’s function that satisfies (2.26) and (2.29). It is convenient

GAB

to split into symmetric and antisymmetric parts as

CAB(g,0") = (648 — nnP)C(0,0") + PN G, (0,0) . (2.33)

The antisymmetric term in the propagator of the string coordinates arises from coupling
the open string with the Kalb-Ramond field [25-27].
It is not difficult to see that the Green’s function suitable for our problem is given by

Ge(0,0') = 1_7162(}]\,(0, o) — fQBQGD(a, o), (2.34)
Ca(0,0") = T2 Colo, ), (2.35)

where
Grlo, o)) = i (log (£ =) + (= 2 +log (t— )2 + (= + %)) . (2.36)
Gp(o,0') = i (log (t = )2 + (= #)2) —log ((t— )2 + (= + %)) . (23)
Golo, o) = —% fan! (i - Z) | (2.38)

As expected, in the limit B — 0, we recover the Green’s function corresponding to
Neumann boundary conditions. For the bulk-to-boundary propagator we have

1
KAB(z,t:t') = T (648 — nnBYKy (2, t;t') + %EABCnCKO(z, t:t'), (2.39)
with
Ky (2 1) = - log ((t — )2 + 22) | (2.40)
27
1 t—t
Ko(z, t;t) = —=t —1< ) 2.41
0(2, ) ) T an P ( )
Notice that
oKy = —-0,Kp, (2.42)
and the following boundary conditions are satisfied
. N Y . Y — Y
lg%]azKN(z,t,t) =0(t—1), ll_r)r})@tKo(z,t,t) It—t). (2.43)



3 Correlators on the line from Witten diagrams on AdS,

The embedding coordinates Y4 can be put in correspondence with scalar operators inserted
along the Wilson line. These scalar operators should be arranged in a triplet of the SU(2) C
SU(4). Such triplet can be constructed using bilinears of scalars fields of the ABJ(M) theory
and they are non-protected: while their scaling dimension is 1 at zero coupling, it diminishes to
zero in the leading strong coupling limit. In the following, we will study correlations functions
of the operators dual to embedding coordinates Y4. We will begin with 2-point functions to
read from them 1/ VA corrections to the vanishing scaling dimension. Then, we will study
4-point functions to evaluate the conformal symmetry of the theory defined by this line defect.

3.1 2-point functions

The 1-dimensional conformal symmetry should fix the form of the 2-point correlator of
embedding coordinates to be

A B C’YCSAB AB 2
YA @)Y (1) = (5 m = Cvd [1-ALp+ia2d+], (31
where
Lij = log <(tz — tj)Q) . (32)

The scaling dimension A and normalization Cy can be expanded at strong coupling as

S

Thus,

5AB
<YA (tl) YB (t2)> = (5ABC() + W (Cl — dlng)
5AB

+ BN (CQ — (coda + c1d1)Lyg + %Cod%Li) + O()ﬁ%) . (3.4)
The successive orders ¢; and d; can be derived from the strong coupling expansion of this
2-point function. Using the expansion of the embedding coordinates into fluctuations around
a fixed n? (2.11), the leading order of the correlation function between two embedding
coordinates becomes

A () Y2 (1) = () + % (s 00y 1)), + O (35)

Omitting the sub-index n in the brackets means that we are also averaging over n. Some
useful averages are the following,

(n) =0, (nhn?) = 261%, (3.6)
1
<nAanC> 0, <nAanan> = (5A350D+5A053D +5AD5(JB) (3.7)



Figure 1. Contribution order % to (YA(t1)YB(ts)).

> (O 25
1 1 1
\ 7 \ 7 \ 7

(a) (b) (c)
Figure 2. Contributions order + to (Y4(t1)Y P (t,)).

Using that the propagator (2.25) in the boundary-to-boundary limit becomes

1 1 1 B
DAB(ty,t) = 1B (642 —nnP)log (( 1—t2) >+§1_7826ABC nsign(ty —t1), (3.8)
we get
2
(YA () YP (t2)) = *5AB 1 - S8 Bg log ((tl - t2)2) + O(i)] : (3.9)
From this we can read that d; = ﬁ, co = % and c¢; = 0. In other words,
2 1 1 1

To proceed beyond, we need to evaluate the 2-point function of embedding coordinates
keeping track of terms order % For this we have to go further in the expansion into fluctuations
around n“ (2.11) and also to include 1-loop corrections to the propagators,

YA (1) Y2 (1)) zéaAB - }1 g log (11 - tg)Q)] (3.11)
77-2 T
2y () )y )P o+ 2 (5057 (12)), + Ol

The Witten diagrams representing the terms of the second line of (3.11) are depicted in
figure 2. The first term is represented by the diagram 2(a) and its computation is rather

straightforward. Before averaging over n4

2(a), =2 % 7;2nAnB<yC(tl)yD(t2)>0,n<yC(tl)yD(t2)>0,n

1 1
XnAnB(l P (L%Q + 7r282) . (3.12)

Diagrams 2(b) and 2(c) come from the 1-loop corrections to the propagator

2(b), +2(c), = 5w 1)y )10 (313)



It is possible to argue (see appendix A) that these 1-loop corrections will be of the form

w0y (t2))10 = (347 —n*n®) (fo + Ailie + foL.3)
+e*B%nCsign(t) — t2) (9o + g1L12) (3.14)
for some constant coefficients fy, f1, f2, go, g1. Then, after averaging over n, these 3 diagrams
give rise to

2(a) +2(b) +2(c) = 154012 (3.15)

The comparison with (3.4) indicates that

1 d2
—doliio + fIL2 . (316)

= Co —
q12 2 3 6 12

In order to know the precise values of do and ¢y one would need to compute the 1-loop
corrections mentioned before. However, as we will see in the next section, these precise values
would not be necessary for testing the conformal covariance of the 4-point function. For the
coefficient in front of L%, to be the one indicated in (3.16),

1

fo= m, (3.17)

is needed.

3.2 4-point functions

As stated in the Introduction, the primary goal of our article is to ascertain whether the dual
theory on the line, defined by fluctuations in AdSy with mixed boundary conditions (2.24),
exhibits conformal behaviour. Expressing the 4-point function of embedding coordinates as

N 5 . b C2 GABCD
YO () Y7 () Y™ (t3) Y™ (t4)) = , 3.18
(YA 0¥ (1) Y (1) Y (1) = o oangy s (3.18)
conformal symmetry would require that
GABCD _ GABOD () 4y (3.19)

where u is the unique independent cross-ratio

(1 — to)(ts — ta)
‘o (ti —ti)(tz—ti)' (3.20)

GABCD

Following [17] we can split into singlet, symmetric traceless and antisymmetric tensors

GABCD _ GS&AB(SCD + GT((SAC(SBD + 5AD(SBC o %5AB§C’D)

+ GA(04C 8D — gAD§BCY (3.21)

,10,
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nB Q »p nB y «——F y

(a) (b)
Figure 3. Diagrams contributing to Q1.

and concentrate on the singlet, as the other tensors can be related to g using crossing
transformations. For SO(3), which is the case of interest to us, one has [17]

Grlu) = 25 Gs(u) + o0 (w2Gs(15) + (157 Gs(125)) (3.22)
Galu) = 2 (w2Gs(r1y) — (1) Gs(1%5)) (3.23)

To compute the singlet, we just need to consider
9CZGs (A, u)

(t2 _ t1)2A(t4 _ t3)2A
QW Q¥ Q¥

YA () YA (1) Y (t3) Y (1)) =

=1+ 7 - ) + W +O0(52)- (3.24)
We can expand
RC U I
Gs_1+ﬁ+(ﬁ)2+(ﬁ)3+0(;2), (3.25)

and, if each successive order is a function of the cross-ratio u, this can be regarded as an

)

one needs to compute the successive Q) and for this one has to use once again the expansion

indication of the conformal symmetry of the theory on the line. To obtain the successive G(Si

V2T ™

Order 1/v/X. Replacing (3.3) and (3.25) in (3.24), and keeping the order 1/+v/), we obtain
Gy = QW +dy (Lyg + Lay) - (3.27)

The diagrams contributing to Q™) come from (y* (t1)y“ (t2)n®nB)o and (n4n4y B (t3)y" (t4))o,
depicted in figure 3

1 2Lpo 1 2Lsy

3(a) = LB 3(b) = LB (3.28)
Other diagrams with just one propagator are vanishing. For example
(ny(t2)y® (t3)n”) = 0. (3.29)
because nyd = 0. As a consequence,
QW = —dy (L +Lg) = GI=o0. (3.30)

— 11 —



(@) (b)

Figure 5. Some diagrams contributing to ng).

Order 1/A. Proceeding with the order 1/, we obtain

2

d
G(SZ) = Q® —6ey + dy (Lyg + Lag) — ?1 (Li2 + Lga)*

= Q® — 3¢19 — 3¢34 — d?LoLay, (3.31)

where we have used the notation ¢;; introduced in (3.16).
Let us then analyze all the diagrams contributing to Q. We can organize them

according to the number of insertion points containing just a vector n*

, represented with a
white dot in the diagrams. With n* inserted in 2 out of the 4 points we have diagrams with
either a double propagator or 1 propagator with 1-loop corrections. The diagrams in figure 4
are entirely analogous to those computing the order 1/\ in the 2-point function. Thus

4(a) +4(b) +4(c) +4(d) + 4(e) + 4(f) = ;(Chz + q34) - (3.32)

For diagrams of this sort, when contracting other pairs than 12 and 34, only the ones
with the double propagator - represented in figure 5 - are non-vanishing. Putting all the
diagrams in figure 4 and figure 5 together we obtain

2 1
Qg = 3(q13+q3a) + m (L%zl + L%S + L%B + L%4 + 47-(282) . (3.33)

A

Non-vanishing diagrams with just one insertion of the type n* are shown in figure 6.

Their total contribution is

2
QP = “a-py (L14L13 + LosLag + LigLos + LisLog)
212 B2
-5 (814513 4 S23824 + S14S23 + S13524) (3.34)
where
Sij = Sign(ti — tj) . (335)

The last contribution to this order comes from diagrams with y* in the 4 insertion
points, as represented in figure 7. They give

1
Q¥ = aFy (4L12L34 + 2L14Lo3 + 20282814803 + 2L13Loy + 27r282813824) . (3.36)

— 12 —



(a) (b) () (d)
Figure 6. Diagrams contributing to ng).

Figure 7. Diagrams contributing to Q(()Z).

Now, we can combine all the contributions to Q). Note that the terms proportional

to qi2, q34 and LiaL34 in the r.h.s. of (3.31) cancel with some of the contributions to Q3.
(2)

As a result, we obtain the following expression for Gg

o _ 1 (Lig + Log — Lis — L )2+7”232 (S14 4 Sa3 — S13 — Sau)?,  (3.37)
s T 1B 14 23 13 24 1 -8 14 23 13 24)" 5 .
which can be re-expressed as a function of the cross-ratio
(2, — 4 2 2132

where © is the Heaviside step function. The fact that the first non-trivial contribution to Gs
is indeed just a function of the cross-ratio serves as evidence for the conformal covariance of
the 4-point function. Another interesting observation about this result is that it verifies

G (w) =GP (34, (3.39)

a crossing symmetry relation from the exchange t3 +— 4.

It is worth noting that, at this order, all contributions arise from reducible diagrams
originated from quadratic terms in the action of fluctuations. A more robust confirmation
of conformal covariance would be obtained exploring the next order, which incorporates
contributions from connected Witten diagrams involving quartic terms.

Order 1/(v/A)3. Expanding eq. (3.24) to order ﬁ, we obtain

3

G§3) =Q® —6c3 + (ds + 6dico + d1Gé2)) (L12 + Laa) — dida (Liz + Laa)® + % (Lig + Laa)*.

(3.40)

At this order we will have to include irreducible diagrams from the quartic terms of

the action contributing to Q®), like the one depicted in figure 8. There are 4 different
types of quartic vertices

Vi = =y yBaytory® Vs

VA
2V

T
= m(aﬂyAauyA)Q’ (3.41)
1
uyAauyBauyAauyB’ V= m 7B€ABCnAy28zyBatyC. (3.42)

= TVAVE
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Figure 8. Irreducible diagrams contributing to Q).

All these diagrams involve a spacetime integration of products of bulk-to-boundary
propagators. The diagram with Vi will be more intricate, as two propagators, appearing
without derivatives, introduce logarithmic or arc tangent factors. To avoid this complication,
we can compute O, O, O, 0, <YA(tl)YA(tg)YB(tg)YB(t4)>. Therefore, instead of (3.40), we

will consider
01,00,01, 0, G = 00,01, 01,01, Q%) + 10y, 01,00,01, (G (Lz + L) )
d3
— 210201, 01,00, 01, (LizLisa) + 7 01, 00,0, 00, (L%2L34 + L12L§4) . (3.43)

It is straightforward to check that, acting with the four derivatives on a function of
the cross-ratio, we obtain?®

F(u)
(t1 — t2)2(t3 — t4)2 (3.44)

Therefore, we have to check whether the r.h.s. of (3.43) is of this form.
Let us begin by computing the irreducible contact diagrams. For the vertex V; we

at18t28t38t4F(u) =

have to compute
000,013 01, QL) gy = — 4 / d*0\/(0,y" O,y 01, y" 0,y Py yP Oy 0y P)o . (3.45)

This can be explicitly computed and the result is

2 ) 9
2 42 @  8u*[u(u—2)+2]log(u) = 8u?log(l—u) Su
1015404, 01, 01,08, Qe = — - B2(1— u)? B ey rwrn
320545 ( I ) 1638, ( 1 )
(1= B2 \tiatistoa  tratiztia (1—B2)* "2 \tiatast3,  tiotistd,

16 1B o s ( L )
(1-B2)* 12734 tigtigtas  tigtostss  tiotastas  tiotistia tistestd, )’
(3.46)

One comment is in order about this result. As we have assumed that all ¢; are different to
perform the integrals, we have lost track of contact-like terms in the form of Dirac deltas
or derivatives of them. We know this type of terms appear in the reducible diagrams, from
derivatives acting on the sign functions present in the boundary-to-boundary propagators.

3Where

Fu) =’ [u®(u— 1D2FW (u) + qu(u — 1)(2u — 1) F® (u) 4 (2 4 14u(u — 1)) F” (u) + 2u*(2u — DF'(u)] .

— 14 —



(a) (b) (© (@ (© (f)

Figure 9. Diagrams contributing to 8t18t28t33t462£?;)d}0.

In relation with our motivation for the study of this 4-point function, we should notice the
appearance of terms that are not functions of the cross-ratio. Similar anomalous contributions
appear in the vertex originated from the coupling with the Kalb-Ramond field

irred,d —

8t16t28t38t462(3) = 47T3BnCeCDE/d%’(@tlyAatzyA8t3y38t4yByFyFOZyDatyE>o. (3.47)

The remaining irreducible contributions are not anomalous, i.e. t35t%,0;, Oy, 01,0k, ng)nedg and

t%2t§40t18t28t38t462£§2 cd,3 are just functions of the cross-ratio.

Collecting all the irreducible diagrams we have

2,9 @  8(4—8u+T7u? —3ud+2u?)  16(2 — u+u?)log(l — u)
11963401, 01, 0300, Qg = (1= B)2(1 —u)? =B
B 16u*(3 — 3u + u?) log(u)

(1 —BP—u)

163513, ( 3 3 2 2 2
B B + 2 - 2 - 2
(1 —B2)3 \tiatest3y  tiotistd,  tiot3stos  tiotigtia  tistostd,
1 1 1 1
LI _ - ). (3.48)
t13t53t34  tigtaslsa  Tiofistia  tol23fos

It is worth noting that the coefficient in front of the anomalous terms becomes (1 —B2)~3
after collecting all irreducible diagrams. This is in principle a good sign, as other contributions
that can potentially cancel these anomalous terms could only come from reducible diagrams
with just three propagators.

We now turn to reducible diagrams contributing to Q®). We can distinguish two kinds
of reducible contributions: diagrams with just 3 free propagators and diagrams with 2
propagators, one of them being 1-loop corrected. These diagrams are represented in figure 9
and figure 10 respectively.*

Summing diagrams with 3 propagators we find

16 1 1 1 1 1
01, 01,0101, QP = P _ _
P T Wred 0 (1 — B2)3 tiotostdy  tiat3gtia thhtostia  tiotistd,  tiatistos

1 4 1 1 1 1 1

t2otigtas 1313, tostiatd,  tistoaldy  tostiytsa  tdgtiatss  tistdstas
1 1 ( 1 1 2 >

- - + + (L12 + L34)} : (3.49)
t%3t24t34 2 t§3t%4 t%3t%4 t%2t§4

4There are more diagrams of these types. In figure 9 and figure 10 we show only those non-vanishing after
taking the derivatives with respect to the position of the insertion points.
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(a) (b) () (d) () (f) (8) (h)
Figure 10. Diagrams contributing to 8t18t26t38t4Q£?;)d’1.

For the diagrams in figure 10, with one of propagators corrected at the 1-loop level, we
can use the 2-point function (3.14) used in section 3.1. We obtain

: 327 1 1 2
01,01, 01, 0r, QL) :—[ —4 ( )
OO0 Qrear =~y |- Y g, T, A

s (L23 + Ly Lis+ Loy  2Lgo+ 2L34>}
t53t14 tistss t1at3

(3.50)

We will use, as we have argued in section 3.1, that fo = m, but the coefficient f;
will remain indeterminate.

Having computed all the diagrammatic contributions enclosed in 8t18t28t38t4Q(3), it
remains to consider the last three terms in (3.43), which give

32 1 1 1 1
d1 04,04, 01,04 c¥ Lig+L34) ) = [— - -
tee 4( s ( )) (1-B2)3 | tiotist?,  tiotestdy tiotistisa  tiytistia
1 1 1 1 1
tiotdstia - t3ytogtia  tioti3ts,  tiatostd,  tiatigtos
1 1 1 1 1
t3yt1atos  t1otiqtos  tigtostos  trstosts,  tostiatd,
1 1 1 1 1
2 2 2 2 2
t13t24t3, T14f24l3,  T13053€34  73tostss  tostistsa
1 1 1 1 1
12 2 - 2 T2 )
t53t14t34  T13154034 14854834  tigtoatss  ti4t24l34
1 1 1
ot o ) (LyatLay) | 3.51
2 (g ) (o) (351
16ds 1
2d1d20p, O, 01,0, (L1oLlizy) = ——c —5—5—, (3.52)
OO (1-B%) 8,23,
d3 128 1 32 (Lia+Lag)
—L0,,0,,0,,0,, (L2, Las+L1oL2,) =— . 3.53
3 060 (ke Lald) =~ (g g, (3:59)

We are in a position to collect all the contributions to 0, 0,0, 8t4Gg3) and analyze its
dependence on ty, ts, t3 and t3. The final result can be simply expressed as follows:

3913400, 0, 01,0, GE” =P(u) + P (5% | (3.54)
where
8u? 8
P(u) =— =B [4 + log(u2)} + e {2 +u+ 2u® + (% -1+ (13:;)3) log(uZ)}
8 2
T |[—da + 327 f1 (14 0] . (3.55)
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As anticipated and in accordance with the conformal symmetry of the line, we observe that
the anomalous terms cancel and this is a function of the cross-ratio. Furthermore, crossing
symmetry resulting from the exchange between t3 and t4 is evident in (3.54) as well.

It is noteworthy to mention the appearance of indeterminate coefficients, such as those
in (3.50) and (3.52). In fact, in the case of fa, the use of the specific value given in section 3.1
is crucial for arranging L;; terms into a function of u. Conversely, the terms with f; and do
lead to functions of the cross-ratio for any value of these coefficients.

4 Discussion

The type ITA background for the dual description of the ABJ(M) model - AdS, x CP3
- includes a flat Kalb-Ramond field that couples to the string through a boundary term.
Therefore, this can affect the boundary conditions of an open string dual to a Wilson loop in
the gauge theory. For the case of a straight Wilson line, the dual open string has an AdSs
world-sheet ending along a line at the boundary of AdSy. In accordance with the symmetries
of 1/6 BPS bosonic Wilson line, the dual open string satisfies certain boundary condition
that delocalizes it around a CP' ¢ CP? [12]. One of the main observations of our work is that
the fluctuations on the open string dual to the 1/6 BPS bosonic Wilson line in the ABJ(M)
model satisfy some boundary conditions mixing longitudinal and transverse derivatives, where
the mixing parameter comes from the Kalb-Ramond field. Thus, the Neumann boundary
condition - the vanishing of the derivative transverse to the boundary - proposed to describe
the smearing of the dual string over a CP! ¢ CP? [28] would be appropriate for the ABJM
model, when the two gauge group factors of the Chern-Simons theory has equal ranks. In
the ABJ(M) generalization, when the two gauge group factors are different, the open string
dual to 1/6 BPS bosonic Wilson loops becomes delocalized around a CP' ¢ CP? using
mixed boundary conditions instead. This constitutes another concrete realization of the
supersymmetric mixed boundary conditions (invariant under 4 supercharges) proposed in [9].

Using scalar fields with these mixed boundary conditions in the AdSs world-sheet, we
have holographically computed correlation functions of excitations along the 1/6 BPS bosonic
Wilson line in the ABJ(M) model. As evidenced by the fact that the quantity (3.54) is a
function of the cross-ratio, a 1/6 BPS bosonic Wilson line with local operator insertions in
the ABJ(M) model constitutes a CFT;. This result is significant because, being the theory on
the line a CFTy, it would be possible to use analytic bootstrap techniques to investigate its
correlation functions, extending the analysis conducted in [18]. An important difference in the
present case is that, despite the supersymmetry of the Wilson loop, some of the fluctuations are
not part of protected multiplets and receive corrections to their scaling dimensions. Bootstrap
techniques have been shown to be powerful when used in combination with integrability
to study Wilson loops in N/ = 4 super Yang-Mills [29-33]. In the present realization of
the AdS/CFT correspondence, integrability has been observed for 1/2 BPS Wilson loops
in the ABJM setup [34]. It would be therefore interesting to explore the integrability for
1/6 BPS Wilson loops in the ABJ(M) model, bearing in mind that the coupling with the
Kalb-Ramond field breaks the parity symmetry in the dual line. Some results of integrability
in ABJ theories for closed spin chains can be found for example in [35] and references therein.
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The mixing boundary conditions we discussed in this article resemble a type of boundary
conditions discussed in [36]. More concretely, the boundary conditions here are similar to the
t-derivative of the boundary conditions there. However, in that case, as presented in [36],
the 4-point function does not have the form expected for a conformal field theory. In the
current case, a key difference is the fact that the boundary conditions describe a smeared
string configuration. This has prompted us to consider orthogonal fluctuations to embedding
coordinates. As a result, additional reducible diagram contributions have to be included,
which are ultimately the ones cancelling the anomalous terms originated from quartic vertices
irreducible diagrams. It is important to emphasize that, while the boundary conditions
considered in [9] and [36] were regarded as candidates for the dual string to the interpolating
family of Wilson loops [20-23], in this current article the boundary conditions we discuss
account for the 1/6 BPS bosonic Wilson loops in the ABJ(M) generalization of the model.

Another interesting problem for the future would be the inclusion of Green-Schwarz
fermions in the world-sheet, to determine their boundary conditions and to compute fermionic
1-loop Witten diagrams. This would enable a thorough derivation of the 1-loop correction to
the propagator in a detailed fashion. This would be important to validate the form we have
proposed in (3.14) and ascertain the value for the coefficient fs in (3.17), which was crucial
for the conformal covariance of both, the 2-point and the 4-point function. Furthermore, one
would be able to explicitly determine the coefficients f; and do that appear in the 4-point
function and give the anomalous dimension to the next perturbative order.
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A Self-energy corrections to the propagator

Previously, we have used that the 1-loop correction to the 2-point function takes the form,
Wy (t)y” (t2))1n = <5AB - nAnB) (fo + fili2 + fQL%2) +ePnC815 (g0 + 1 la2) - (A1)

It is possible to study loop diagram contributions to determine whether (A.1) is a
reasonable assumption or not. There are two types of diagrams contributing to the 1-loop
correction of the propagator, as shown in figure 11. We will briefly analyze the functions
obtained from diagrams of the self-energy type represented by figure 11 (b), but diagrams 11
(a), corresponding to fermionic loops (and harder to compute), will not be considered in this
appendix. Therefore, this analysis will be focused on verifying the type of functions appearing
in (A.1) rather than determining the values of the coefficients fy, fi1, f2, go and g;.

Let us then concentrate on self-energy diagrams like the one in 11(b),

1), = - [ @oys (' 0V (rop (n)
= (647 = nnP) (t1z) + 4P n E(t1g) , (A.2)
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Figure 11. Contributions to (y*(t1)y®(t2))1.n

where V(T, o) represents all the quartic terms in the expansion of the Nambu-Goto-Kalb-
Ramond action (3.41)—(3.42). The different contributions from each type of vertex depend
on which fields are contracted into a tadpole. This will lead to propagators evaluated at
coincident points, which have to be regularized to remove UV divergences from them. To
this end we can deform Gs with a covariant UV cutoff

N "2 ne , 2 11+58° / "2
GS(U,U)—Elog((t—t) F(z—2)2+e zz)+4—ﬁl (€=t + (=427,
(A.3)
and from this

lim Gs(o, )—il (2¢) + ! 1 (A.4)

R Toop BT T T 85 '

1 1
| _ . A.
alglaaG( ) 271'2:1—[32 ( 5>

The dependence with the cutoff € should cancel once the fermionic loop contribution is
included [17]. The double-derivative of Gs in the coincidence limit is a bit more subtle, as
it typically depends on the regularization scheme [37]. A natural choice is to use a scheme
that preserves the symmetries of the background [38]. In the case of Neumann boundary
conditions propagator, this choice leads to [17]

lim 0, M Gy(o,0') = 4— lim 0, o {log ((t —t')? 4+ (2 — z')2> + log ((t —t)? + (2 + z')Qﬂ

o' —o T o'—0o

1
=——. A6
5 (A.6)
The second term in this limit is regular and limy_,, 9,0" log ((t — ') + (2 + 2/)?) = —1.

This means that the choice made in (A.6) implies that limy_,, 8,0" log ((t — /)% + (2 — 2)?)
= —1. This, in turn, leads to
1 1

hm@@“(}( o) =—

o'—o % 1 - 82 ' (A.7>

Let us present, with some detail, the following contribution from V7,

d? NN 2 1 Lo
\/771 / WOy 0 Py ()P (1)) = Val-B? / log 20, KT OMKEE
f(l—ll32) |:<5AB —nn > L + BEABC CIQ:| (AS)
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where we have omitted the loge term. The integrals I; and Iy, up to constants and IR

divergences, are’

d?o | 1B
L = / - log z ((%KN(U)@“KN(Q) + BQ(%KO(tl)@“KO(tQ)) _ (877) (log 16115 — L%Q)
(A.9)

d?o 1

From this single contribution, we already observe the appearance of terms of the form
presented in (A.1). Since we will not consider the fermionic loop contributions here, keeping
track of all the self-energy contributions with plenty of details would not be particularly
illuminating. Nonetheless, considering the conformal covariance verification we perform in
this article depends on the actual value of the coefficient fs, it might be worthwhile to collect
all the contributions of the form LZ,.

In addition to the one from (A.8)—(A.9), other contributions from this vertex to II arise
with the coincidence-limit factors (A.5), (A.7) and (A.11)

- N L B
(,I}LngatGa("’U )= 5 1B (A.11)
Collecting all of them
1 2 615 I 2B%I;
I, =— — — A.12
1 ﬁ<(1—82)3+(1—82)3 (1= B2 <1—B2>3>’ (A12)
where now
d? 1+ B2
Iy = [ 7 (Kn (00K () + B*Ko(01)0.Ko(t2) = (&F)L%z, (A.13)
d? 1+ B2
L= / 2 (Kn(t)Kn(t2) + B*Ko(t)Ko(t2) ) = (477) (L +4L), (A1)
d*o 1 5
Iy = / C7 K (0)aKo(ta) — Ko(t1)AKn (t2)) = T (A.15)

These contributions come from different Wick contractions of the vertex V;. The I3 and

1 \ 1 \ 1 ? — \
I5 terms comes from ((yCyP,yC 0 yP )y (t1)y® (t2)) and (y“yP0,yC 0" yP )y (t1)yP (t2)),

5. Jolpa ool
while the I; term comes from (y”(t1)y? (t2)(y“yP 0,y  9"yP)).
Finally, we find

1 1 (1+8? s, 1 B 5
M= er-pp (20Dl ol
“mopErt (4.16)

where the ellipsis represents the omission of Lis and constant terms.
We shall not discuss in detail the contributions to II from vertices V5 and V3 with 4
derivatives, nor from vertices 0z'0z'dy“dy°, as it is straightforward to check that they

5In the following, Kpyo(ts) stands for Ky o(z,t;t:).
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contribute to the Lis but not to the L3, dependence. Other contributions to IT could
arise from Vjy, originated from the coupling with the Kalb-Ramond field. For these other
contributions, in addition to (A.4) and (A.5), we will also need the following propagators
in the coincidence limit

1 B

S 000Gl 0) = 51 g (A.17)
lim 9,Ga(0,0") = —— B (A.18)

e TS I 2 '

The different Wick contractions of V4 give rise to
1 B%I, 28215 28213 4821
Iy =— - Al

: ﬁ<(1—52)3+(1—32)3 iy taopp) G

where
1
IG = /d2alogz (8zKN(t1)atKo(t2) — aZKo(tl)atKNOfg)) = 87 (log 16L12 — L%g) . (A.QO)

In (A.19), the terms proportional to Iy, [I5, I3 and Is come from

[ — I IR \
nCeCDE<%A( )y (tg)(yFyFazyDaty ), nCePE((y YT 0.yP 0y" )y ()" (¢2)),
1 N e e
nCeCDE (yA 1)y (1) (yy " 0.yP 0y ) and nCeCPE{(yFyT 0, yP dyP)y" (1) (t2)) respec-
tively. Evaluating (A.1 ) we get
B? 1 1
H“:\ﬁﬂm((HBzH (1+82)—2>L12+ =0+, (A.21)

5AB

Thus, the total contribution to the term proportional to ( nAnP)L2, is

1

Therefore, the expected value of the coefficient fo (3.17) seems to originate from self-energy
diagrams exclusively. The same was observed in the case of Neumann boundary conditions [17].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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