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1 Introduction

The absence of direct signals of physics beyond the Standard Model (SM) at the LHC has
triggered increased activity in the context of indirect precision searches at low energies. The
theoretical tool to systematically calculate low-energy quantum effects of heavy new physics
are effective field theories (EFTs), which allow one to parametrize deviations from the SM, to
combine constraints from different energy regions, and to improve perturbation theory by
resumming large logarithms. At the scale of heavy new physics, the EFT can be matched
to the UV model of choice that describes the underlying new physics.

Under the assumption of linear realization of the electroweak symmetry, the deviations
from the SM in observables above the weak scale are described by the Standard Model
Effective Field Theory (SMEFT) [1, 2], which is invariant under the full SM gauge group,
see ref. [3] for a recent review. For observables below the electroweak scale, the heavy SM
particles should first be integrated out: the top quark, the Higgs boson, as well as the
electroweak gauge bosons. This results in the low-energy effective field theory below the weak
scale (LEFT), which is invariant only under the QCD and QED gauge groups. A complete
and non-redundant on-shell basis for the LEFT operators up to dimension six was worked
out in ref. [4] and later has been extended up to dimension 9 [5–7]. The LEFT generalizes
the well-known Fermi theory of weak interaction, which emerges as a special case if the LEFT
is matched to the pure SM at the weak scale. Going beyond the SM, the complete matching
of the LEFT to the SMEFT at dimension six was first worked out at tree level [4] and later
extended to one loop [8], expressing the renormalized LEFT parameters in terms of SMEFT
parameters. The dependence of the renormalized parameters on the renormalization scale is
described by the renormalization-group equations (RGEs), which at one loop up to dimension
six were calculated for the SMEFT in refs. [9–11] and for the LEFT in ref. [12]. Partial results
for the RGEs were known previously and have been studied to higher loop orders [13–40].

Very strong constraints on the Wilson coefficients in the LEFT can be derived from
precision observables at low energies. Of special interest are observables that are either
forbidden or at least highly suppressed within the SM. One example are electric dipole
moments of elementary or composite particles, which are sensitive probes of CP violation
beyond the SM, a necessary ingredient in explanations of the baryon asymmetry of the
universe [41–44]. CP violation beyond the SM is described in the LEFT in terms of higher-
dimension effective operators that contain explicit factors of γ5 or the Levi-Civita symbol.
The definition of these objects cannot be continued analytically in the number of space-time
dimensions, which leads to the well-known difficulties with dimensional regularization [45].
The only scheme proven to be consistent to all loop orders is the original ’t Hooft-Veltman
(HV) scheme [46, 47]. Typically, this scheme leads to spurious symmetry-breaking terms,
which can be restored by finite renormalizations. This is mandatory in the case of chiral
gauge theories, where the symmetry-breaking terms violate gauge invariance. In vector-like
gauge theories, global chiral symmetry is broken by the regulator: this is less severe, since
symmetry-breaking terms cancel in relations between observables and do not render the
theory inconsistent. However, the Ward identities following from the global symmetry are
broken in the modified minimal subtraction (MS) scheme and are restored only through
finite renormalizations.
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In this paper, we work out the renormalization of the LEFT at one-loop order in the
HV scheme up to dimension six. We extend the physical operator basis by a complete set
of evanescent operators that vanish in four space-time dimensions, but are generated at
one loop in the HV scheme. We compute the finite counterterms to the physical operator
coefficients that compensate both the insertion of evanescent operators in one-loop diagrams,
as well as the spurious symmetry-breaking terms generated by the renormalizable part of the
regularized Lagrangian. In the LEFT, global chiral symmetry is broken explicitly both by
the fermion mass terms as well as higher-dimension effective operators. We disentangle those
physical effects from the spurious symmetry-breaking terms due to the regulator by promoting
mass matrices and Wilson coefficients to spurions with appropriate chiral transformations.
In addition to achieving an effective separation of the physical sector from the unphysical
evanescent sector, our renormalization scheme maintains chiral spurion symmetry in one-loop
calculations in the LEFT and it allows us to avoid spurious chiral-symmetry-breaking terms,
e.g., in one-loop matching calculations, which otherwise only cancel in the final relations
between observables. Therefore, this establishes an HV scheme suitable for calculations at
next-to-leading-log (NLL) accuracy that incorporates chiral invariance and separates the
physical from the evanescent sector.

The article is structured as follows. In section 2, we define the Lagrangian of the
LEFT, discuss power counting, the appearance of redundant or nuisance operators, as well
as the background-field method, which allows us to avoid gauge-variant counterterms. The
explicit list of redundant operators is provided in appendix D.2. In section 3, we define
our chirally invariant renormalization scheme based on the HV scheme. This involves the
complete definition of evanescent operators, provided explicitly in appendix D.3, as well
as the definition of finite renormalizations that compensate the evanescent insertions as
well as spurious symmetry-breaking effects. In section 4, we discuss the renormalization
procedure as well as the non-linear field redefinitions that allow us to remove on-shell
redundant operators. We also discuss the renormalization of the theta terms and check
that our calculation in dimensional regularization correctly reproduces the chiral anomaly.
In section 5, we discuss our results and the cross-checks that we have performed, before
we conclude in section 6. In addition to the operator basis, the appendices summarize our
conventions. The explicit results of our calculations consist of very long expressions that
are provided as supplementary material.

2 LEFT

2.1 Lagrangian and power counting

The Lagrangian of the LEFT is given by1

LLEFT = LQCD+QED + Lν +
∑
d≥5

∑
i

L
(d)
i O

(d)
i , (2.1)

1We denote the operator dimension by d, while D stands for the number of space-time dimensions.
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where the QCD and QED part is defined by

LQCD+QED = −1
4G

A
µνG

Aµν − 1
4FµνF

µν + θQCD
g2

32π2G
A
µνG̃

Aµν + θQED
e2

32π2FµνF̃
µν

+
∑

ψ=u,d,e
ψ
(
i /D −MψPL −M †ψPR

)
ψ , (2.2)

with covariant derivative Dµ = ∂µ+igTAGAµ +ieQAµ, where g and e are the gauge couplings.2
The photon and gluon field-strength tensors are

Fµν = ∂µAν − ∂νAµ , GAµν = ∂µG
A
ν − ∂νGAµ − gfABCGBµGCν (2.3)

and the dual field-strength tensors are defined by

F̃µν = 1
2ϵ

µνλσFλσ , G̃Aµν = 1
2ϵ

µνλσGAλσ (2.4)

with the Levi-Civita symbol normalized to ϵ0123 = +1. We include only left-handed neutrinos
with a lepton-number-violating Majorana mass term3

Lν = ν̄Li/∂νL −
1
2
(
νTLCMννL + ν̄LM

†
νCν̄

T
L

)
. (2.5)

By introducing the Majorana neutrino

νM := νL + Cν̄TL , νM = Cν̄TM , (2.6)

we can rewrite the neutrino Lagrangian as

Lν = 1
2 ν̄M

(
i/∂ −MνPL −M †νPR

)
νM . (2.7)

The LEFT Lagrangian contains an infinite tower of higher-dimension local operators in
addition to the renormalizable Lagrangian of QCD and QED. The complete non-redundant
set of gauge-invariant effective operators at dimension five and six was classified in ref. [4].
For convenience, we reproduce it in appendix D.1. By now, the operator basis is known
up to mass dimension 9 [5–7].

The organization of the LEFT Lagrangian in terms of canonical mass dimensions follows
from the power counting, which is dictated by the expansion parameter p/v or m/v, where
v denotes the electroweak scale, p an external momentum, and m a mass of the degrees of
freedom retained in the theory. A graph with insertions of effective operators of dimension
di ≥ 5 has LEFT dimension

d = 4 +
∑
i

(di − 4) . (2.8)

2The SU(3) generator TA is in the fundamental representation for u- and d-quarks and zero when acting
on the leptons e.

3Since we do not explicitly specify the number of neutrino species, the LEFT also trivially covers the case of
additional right-handed neutrinos [48, 49]: these can be rewritten in terms of νcRp = Cν̄TRp, which are left-chiral
fields and can be included in the flavor vector νL. This only affects the notion of lepton-number violation,
since the charge-conjugated right-handed neutrinos carry lepton number −1. We thank A. V. Manohar for
bringing this to our attention.
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In the present work, we will consider effects up to dimension six in the power counting,
which include single insertions of dimension-six operators, as well as double insertions of
dimension-five operators [12]. If the LEFT is matched to the SMEFT at the electroweak
scale, the SMEFT power counting is inherited, which is an expansion in the small parameter
p/Λ or v/Λ, where Λ is the scale of new physics. At leading-log accuracy, double-insertions of
dimension-five operators are of dimension 8 in the SMEFT power counting, because the tree-
level matching only contributes to the dimension-five dipole-operator coefficients with terms
of O(v/Λ2). Therefore, double insertions of dipole operators in the LEFT are of the order(

v

Λ2

)2
= 1
v2 ×

v4

Λ4 , (2.9)

where the first factor reflects the LEFT dimension 6 and the second factor shows the SMEFT
dimension 8. At NLL, the one-loop matching up to dimension six [8] leads to corrections
to the dipole-operator coefficients of the order O(m/v2) and O(m/Λ2). Therefore, also at
NLL double-dipole insertions are suppressed beyond dimension 6, either in the SMEFT or
the LEFT power counting. In the following we will stay agnostic about the matching at the
weak scale and treat dipole-operator coefficients as O(1/v).

2.2 Nuisance operators

The divergences or finite matching contributions encountered in the calculation of off-shell
Green’s functions do not all have the form of the canonical LEFT operator basis, but they
also contain terms corresponding to operators that vanish by the classical equations of motion
(EOM). These operators can be removed from the basis with appropriate field redefinitions
and hence their contribution to observables are redundant. In general, the renormalization of
effective operators involves three different types of counterterms [50–54]:

I. gauge-invariant operators without ghost fields that do not vanish by the classical EOM,

IIa. gauge-invariant “nuisance operators” without ghost fields that vanish by the classical
EOM,

IIb. additional gauge-variant nuisance operators allowed by the solutions of Ward-Slavnov-
Taylor identities, which can be constructed as BRST variations of operators with ghost
number −1.

The operators of class IIb can be avoided by making use of the background-field method [55, 56],
leaving gauge-invariant EOM operators of class IIa. To linear order in the operator insertions,
nuisance operators proportional to the classical EOM do not contribute to S-matrix elements.
At higher orders in the power counting, multiple insertions of EOM operators can give
non-vanishing contributions. In this case, the class-II operators are still redundant, but they
should be removed by applying field redefinitions, which lead to shifts in the coefficients
of higher-dimension operators.

We choose to work with a redundant set of operators, where the physical LEFT operator
basis is extended by operators with additional covariant derivatives. The complete list is
provided in appendix D.2. The class-IIa nuisance operators correspond to linear combinations
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of these derivative operators and the physical operators given in appendix D.1. With this
choice of the operator basis, the identification of the divergences is more direct, but the
field redefinitions that remove the redundant operators also lead to a shift in the coefficients
of physical operators of the same and even lower mass dimension, as will be discussed in
section 4.2.

2.3 Background-field method

We will derive the one-loop counterterms by calculating diagrammatically the one-particle
irreducible (1PI) off-shell Green’s functions. In order to perform loop calculations in the LEFT,
we need to fix the gauge, which in general only leaves BRST invariance as a residual symmetry
and requires the introduction of class-IIb counterterms. In order to avoid this complication, it
is convenient to employ the background-field method [55, 56]: all fields are split into the sum
of a classical background field F̂ and a quantum field F that is the integration variable in
the functional integral. The gauge of the quantum gluon and photon fields are fixed by [55]

LQCD+QED
GF = − 1

2ξg

(
GA
)2
− 1

2ξγ
(∂µAµ)2 , GA = ∂µGAµ − gfABCĜBµGCµ (2.10)

and the corresponding ghost Lagrangian reads

LQCD
FP = −η̄A

[
□δAB + g

←−
∂ µf

ACB(ĜCµ +GCµ)

− gfACBĜCµ ∂µ + g2fACEfEDBĜCµ (ĜDµ +GDµ)
]
ηB ,

(2.11)

while QED ghosts decouple and can be ignored. Even after fixing the quantum-field gauge, the
Lagrangian remains invariant under gauge transformations of the classical background fields.
The 1PI Green’s functions of background fields are manifestly background-gauge invariant
and allow us to determine the counterterms for all gauge-invariant operators. Gauge-variant
nuisance operators of class IIb are not required for the renormalization of background-field
Green’s functions. In order to arrive at the results in terms of the physical LEFT operator
basis, the redundant operators need to be removed via field redefinitions. It should be noted
that even when using the background-field method off-shell Green’s functions are unphysical
quantities: although class-IIa counterterms correspond to gauge-invariant operators, in general
they can depend on the quantum-gauge parameters.

In practice, employing the background-field gauge in the LEFT merely requires the
modification of the three- and four-gluon vertices as in pure QCD [55]. For the fermion and
photon fields, no distinction between background and quantum fields is necessary since all
vertices are unaltered, including the vertex rules for effective operators.

3 Scheme definition

3.1 Dimensional regularization

We use dimensional regularization in D = 4− 2ε space-time dimensions. The LEFT operator
basis is defined in terms of chiral fermions. The chiral nature of the electroweak interaction
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is imprinted in the Wilson coefficients of higher-dimension operators, which lead to Feynman
rules involving γ5. In addition, the CP -violating three-gluon operator involves the Levi-Civita
tensor ϵµνλσ. Both these symbols are intrinsically four-dimensional objects and their treatment
in dimensional regularization is notoriously difficult, see ref. [45] for a review. The only
scheme that is proven to be mathematically consistent to higher loop orders is the original
scheme by ’t Hooft and Veltman [46, 47]. In connection with minimal subtraction and related
schemes (such as MS), the HV scheme leads to a spurious breaking of chiral symmetry, which
however can be restored by finite renormalizations, as will be discussed in section 3.3.

The HV scheme is defined as follows: the Levi-Civita symbol and γ5 are treated as purely
four-dimensional objects, see appendix A. The metric tensor gµν in D dimensions is split into
a four-dimensional part ḡµν and a part ĝµν projecting onto −2ε dimensions

gµν = ḡµν + ĝµν , (3.1)

which satisfy

ḡµν ḡ
νλ = ḡµλ , ĝµν ĝ

νλ = ĝµλ , ḡµν ĝ
νλ = 0 , ḡµν ḡνµ = 4 , ĝµν ĝνµ = −2ε . (3.2)

Projections of D-dimensional gamma matrices are defined by the contractions

γ̄µ = ḡµνγν , γ̂µ = ĝµνγν , (3.3)

and analogous projections are used for arbitrary Lorentz vectors and tensors.
We define the LEFT Lagrangian in D dimensions as follows. The renormalizable part is

defined by directly promoting eqs. (2.2) and (2.7) to D dimensions. In particular, the kinetic
terms of the gauge fields as well as the fermion gauge-kinetic terms are defined as in eqs. (2.2)
and (2.7) with Lorentz indices running over D dimensions, leading to the standard form for
propagators and gauge vertices in D space-time dimensions. Importantly, the Lagrangian
remains invariant under (background-field) gauge transformations in D dimensions.4 Due
to the contractions with the Levi-Civita tensor, the Lorentz indices in the theta terms only
run over four dimensions.

The higher-dimension operators are defined by keeping the physical operator basis of
ref. [4] strictly in four space-time dimensions.5 In the case of vector-type four-fermion
operators, this convention automatically coincides with the definition of the operators in
terms of chiral fields, since

PRγ
µPL = γ̄µPL . (3.4)

In the case of tensor structures, we define the Lorentz indices in physical operators to run
only over four dimensions, i.e., we replace the symbol σµν = i

2 [γµ, γν ] by its four-dimensional
counterpart σ̄µν = i

2 [γ̄µ, γ̄ν ]. Defining operators with tensorial bilinears in terms of chiral
4A different convention is possible but it would lead to gauge-symmetry-breaking terms in intermediate

steps of the calculation due to a gauge-variant evanescent sector.
5If one would keep all interactions in four space-time dimensions the scheme would have the attractive

feature that factorizable graphs do not contribute to RGEs after subtraction of sub-divergences at any loop
order [57].
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fields and σµν instead of σ̄µν would differ from our convention by evanescent terms. The same
applies to the dimension-six three-gluon operators, where we restrict the summed indices to
run only over four dimensions. Our convention for the basis is explicitly given in appendix D.1.
We use the same convention for the on-shell redundant operators listed in appendix D.2, i.e.,
all Lorentz indices only run over four space-time dimensions, as indicated by bars. Note that
these scheme definitions are a convention and many different choices are possible. The final
result for relations between observables is independent of these choices.

Due to the peculiarities of the HV scheme, we will not work with MS, as we will discuss
in the following. The complete specification of the scheme incorporates the definition of
evanescent operators, which will be given in section 3.2, as well as the definition of additional
finite renormalizations as specified in section 3.3.

3.2 Evanescent operators

When calculating loops in the regularized theory, one encounters divergences that correspond
to evanescent operators, i.e., operators that vanish when the regulator is removed. In the
HV scheme, most of the evanescent operators can be chosen to contain terms explicitly
projected onto the evanescent sub-space, e.g., evanescent Dirac matrices γ̂µ or in general
Lorentz indices summed over −2ε dimensions. The appearance of evanescent terms has two
important consequences. First, their definition is part of the renormalization scheme and
affects the physical sector, starting at one loop for the finite terms and at two loops for
divergent terms. Second, while tree-level matrix elements of evanescent operators vanish in
four space-time dimensions, the insertions of evanescent operators into loop diagrams can
lead to a physical effect: traces of terms of rank −2ε can combine with a 1/ε divergence of a
loop integral to give a finite one-loop contribution. Starting at two loops, the divergent parts
are also affected. It is desirable to avoid the mixing of unphysical coefficients of evanescent
operators into the coefficients of the physical operators. This is achieved by abandoning a
naive pure MS scheme and by performing a finite renormalization of the coefficients of the
physical operators that compensates the insertion of evanescent operators [14, 15, 18].

A term of the form ε×Oi (with Oi a physical operator) is evanescent and can be used to
modify the basis of evanescent operators and therefore the renormalization scheme [18]. This
does not imply that evanescent operators in general are of O(ε) (or O(ℏ) times a physical
operator): since evanescent structures are of rank −2ε, the insertion of two evanescent
operators can still lead to a finite physical one-loop effect. Evanescent operators are generated
not only by renormalization but also in matching calculations (including scheme changes),
where they potentially appear already at tree level [8, 58, 59]. In order to enable a consistent
perturbative treatment of evanescent terms, the coefficients of evanescent operators (but
not the operators themselves) need to be suppressed by a power counting. This can be the
loop expansion or the EFT power counting. In order to be as general as possible and to
cover the cases of evanescent operators generated in a tree-level matching, we will assign the
coefficients of evanescent operators a suppression by the LEFT power counting.
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3.2.1 Bosonic and fermion-bilinear operators

We supplement the LEFT Lagrangian by evanescent operators E(d)
i and label the corresponding

coefficients as

Levan =
∑
d≥4

∑
i

K
(d)
i E

(d)
i . (3.5)

In the case of operators with at most two fermion fields, we provide an exhaustive list of
evanescent operators in tables 5, 6, and 7 in appendix D.3. For the renormalization of the
physical sector of the LEFT, it is most practical to assign a loop order to the coefficients K(d)

i ,
as the evanescent operators only arise as counterterms to loops with insertions of physical
operators. However, having matching calculations in mind that can potentially generate
evanescent operators at tree level, we do not assign a loop order to the coefficients but only
the LEFT power counting, i.e., we assume K(d)

i = O(v4−d). An exception are the evanescent
operators of mass dimension four, listed in table 5. A perturbative treatment requires a
suppression of their coefficient by some power counting. We assign by hand K

(4)
i = O(v−1).

This is compatible with the LEFT renormalization, where the d = 4 evanescent counterterms
are generated only if higher-dimension operators are inserted into loop diagrams. We assume
that also in a matching calculation, the d = 4 evanescent operators are generated only with
the appropriate power-counting suppression.

With this power-counting assignment, we include all effects up to dimension six in
the LEFT expansion, corresponding to O(v−2). We perform a finite renormalization of the
coefficients of physical operators that compensates the finite contribution of loop diagrams with
insertions of evanescent operators, in particular single insertions of dimension-six evanescent
operators as well as single and double insertions of dimension-five and -four evanescent
operators. Due to the large number of operators, this results in very long expressions that
are provided as supplementary material; see appendix B for the conventions.

We note that when taking the physical operator basis as the starting point for the
renormalization of the LEFT, one can assign a loop factor to the evanescent operator
coefficients, hence single insertions of evanescent operators in one-loop diagrams correspond
to a two-loop effect, while double insertions would become relevant only at the three-loop level,
see appendix C. Not all of the operators listed in tables 5, 6, and 7 are required independently
as counterterms to one-loop insertions of physical operators, e.g., no divergences of the form
of Eγ′ or EG′ are generated [60].

3.2.2 Evanescent four-fermion operators and Fierz relations

In loop calculations, we encounter four-fermion structures with higher tensor products of
Dirac matrices, which in four space-time dimensions could be reduced to the physical LEFT
basis. Since the Dirac algebra in D = 4− 2ε dimensions is infinite dimensional, these tensor
products give rise to an infinite set of evanescent operators. The four-fermion structures
encountered in the loop calculation can be decomposed as follows. After the loop integration,
all remaining contractions are between Dirac matrices in the two different Dirac chains.
Dirac matrices in D dimensions are split as γµ = γ̄µ + γ̂µ, such that only contractions
between two four-dimensional or two −2ε-dimensional Dirac matrices remain. Using the
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Clifford algebra, the matrices in each Dirac chain can be ordered identically, with evanescent
matrices preceding the four-dimensional ones. Tensor products with more than two Dirac
matrices belonging to the four-dimensional sub-space can be further simplified by making
use of the Chisholm identity

γ̄µγ̄ν γ̄λ = γ̄µḡνλ − γ̄ν ḡµλ + γ̄λḡµν − iγ̄σγ5ϵµνλσ , (3.6)

which holds in the HV scheme [61]. Therefore, a basis of four-fermion structures is given
by four-dimensional scalar, vector, and σ̄µν-tensor structures, together with the evanescent
structures

ES(n),LL = (PLγ̂µ1 · · · γ̂µnPL)⊗ [PLγ̂µ1 · · · γ̂µnPL] ,
ES(n),LR = (PLγ̂µ1 · · · γ̂µnPL)⊗ [PRγ̂µ1 · · · γ̂µnPR] ,
EV (n),LL = (PRγ̂µ1 · · · γ̂µn γ̄νPL)⊗ [PRγ̂µ1 · · · γ̂µn γ̄νPL] ,
EV (n),LR = (PRγ̂µ1 · · · γ̂µn γ̄νPL)⊗ [PLγ̂µ1 · · · γ̂µn γ̄νPR] ,
ET (n),LL = (PLγ̂µ1 · · · γ̂µn σ̄νλPL)⊗ [PLγ̂µ1 · · · γ̂µn σ̄νλPL] , (3.7)

as well as their parity-conjugated versions. The parentheses and brackets abbreviate Dirac
indices on the fermion bilinears. The evanescent four-fermion LEFT operators can then
be chosen in analogy to the four-dimensional operators given in appendix D.1, with Dirac
structures replaced by the evanescent structures of eq. (3.7).

In the case of baryon-number-violating operators, we do not use eq. (3.7) but instead adopt
the convention of ref. [15], which in addition involves an antisymmetrization of the evanescent
Lorentz indices. Without this antisymmetrization, the projection onto the physical operators
becomes more cumbersome in the B-violating sector, as illustrated by the following relation:

(ψTp Cγ̂µγ̂νψr)(ψ̄sγ̂µγ̂νψt) = −(ψTr Cγ̂µγ̂νψp)(ψ̄sγ̂µγ̂νψt)− 4ε(ψTp Cψr)(ψ̄sψt) , (3.8)

whereas

(ψTp Cγ̂[µγ̂ν]ψr)(ψ̄sγ̂[µγ̂ν]ψt) = −(ψTr Cγ̂[µγ̂ν]ψp)(ψ̄sγ̂[µγ̂ν]ψt) . (3.9)

With an antisymmetrization of the Lorentz indices, the projection onto the physical sector
is simply achieved by dropping structures involving evanescent matrices γ̂µ, while without
antisymmetrization, this procedure is affected by the proper alignment of the B-violating
fermion chains, taking into account eq. (3.8).

In the baryon-number-conserving sector, these complications do not arise and we use
directly the evanescent structures (3.7) for the operator basis, without antisymmetrization
of the evanescent indices. This choice results in a different scheme compared to applying
the convention of ref. [15] also in the B-conserving sector, affecting finite one-loop effects
and divergences at the two-loop level [18].

In the physical LEFT operator basis given in appendix D.1, all redundancies are re-
moved in four space-time dimensions, including Fierz relations between different four-fermion
operators [4]. The Fierz identities are satisfied in four space-time dimensions and in chiral
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notation they read

(PRγµPL)⊗ [PRγµPL] = −(PRγµPL]⊗ [PRγµPL) ,
(PRγµPL)⊗ [PLγµPR] = 2(PR]⊗ [PL) ,

(PLσµνPL)⊗ [PLσµνPL] = 8(PL]⊗ [PL)− 4(PL)⊗ [PL] ,
(PLσµνPL)⊗ [PRσµνPR] = 0


for D = 4 , (3.10)

where the minus sign from anticommuting the fermion fields is not included. Analogous
relations hold for opposite chirality. Away from four space-time dimensions, the Fierz identities
are not valid, even in the HV scheme. An exception is the last relation, which generalizes to

(PLσ̄µνPL)⊗ [PRσ̄µνPR] = 0 , (3.11)

and can be derived using

σ̄µνγ5 = − i2ϵ
µναβσ̄αβ . (3.12)

The other Fierz relations give rise to additional evanescent structures even in the HV scheme.
We define

(PRγµPL)⊗ [PRγµPL] = −(PRγµPL]⊗ [PRγµPL) + E
(F1)
LL ,

(PRγµPL)⊗ [PLγµPR] = 2(PR]⊗ [PL) + E
(F1)
LR ,

(PLσ̄µνPL)⊗ [PLσ̄µνPL] = 8(PL]⊗ [PL)− 4(PL)⊗ [PL] + E
(F2)
LL (3.13)

and analogous relations with opposite chirality. Note that in contrast to the NDR definitions
in ref. [8], all Lorentz indices in eq. (3.13) are restricted to the four-dimensional sub-space,
even for the vector structures without explicit bars due to eq. (3.4).

The appearance of Fierz-evanescent operators in eq. (3.13) might look surprising at first
sight, since the repeated Lorentz indices only run over four dimensions. The reason is that the
Fierz identities rely on a finite-dimensional representation of the Dirac algebra. In D = 4− 2ε
space-time dimensions, the Dirac algebra is infinite dimensional and even in the HV scheme,
the Dirac matrices γ̄µ cannot be represented as 4× 4 matrices, see ref. [54] for an explicit
construction. The fact that the Fierz-evanescent operators in eq. (3.13) do not vanish in
the HV scheme can be verified by calculating their insertions into Green’s functions and
the resulting finite renormalizations of physical operators. We find that these insertions do
not lead to finite counterterms to fermion masses or dipole operators, but they generate a
non-vanishing finite one-loop effect in four-fermion operators.

The explicit list of evanescent four-fermion operators required at one loop is given in
tables 8, 9, 10, and 11 in appendix D.3.

3.3 Chiral symmetry

In four space-time dimensions, the massless QCD and QED Lagrangian (2.2) exhibits a
symmetry under the global chiral transformation

ψL 7→ UψLψL, ψR 7→ UψRψR,

ψ̄L 7→ ψ̄LU
ψ
L
†, ψ̄R 7→ ψ̄RU

ψ
R
†, ψ = u, d, e, (3.14)
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where UψL , U
ψ
R ∈ U(nψ) are unitary nψ × nψ matrices. At the quantum level, the U(1) axial

symmetries are anomalously broken, but the flavor transformations remain a symmetry if the
theta angles are transformed simultaneously to compensate the anomalous shift [62]:

θQCD 7→ θQCD +
∑
ψ=u,d

arg det(UψR
†UψL ) ,

θQED 7→ θQED +
∑
ψ=u,d

2Ncq2
ψ arg det(UψR

†UψL ) + 2q2
e arg det(U eR†U eL) . (3.15)

The kinetic term of the neutrino Lagrangian is invariant under the global U(nν) transformation

νL 7→ UνLνL , ν̄L 7→ ν̄LU
ν
L
† . (3.16)

For non-vanishing mass matrices, chiral symmetry is explicitly broken, but it can be artificially
restored by promoting the mass matrices to spurion fields with the chiral transformation

Mψ 7→ UψRMψU
ψ
L
†, M †ψ 7→ UψLM

†
ψU

ψ
R
†, ψ = u, d, e,

Mν 7→ UνL
∗MνU

ν
L
†, M †ν 7→ UνLM

†
νU

ν
L
T . (3.17)

Similarly, the Lagrangian terms involving higher-dimension operators can be made chi-
rally invariant by also promoting their Wilson coefficients to spurions with appropriate
transformations, e.g.,

Leγ 7→ U eLLeγU
e
R
† ,

LV,LLee
prst

7→ LV,LLee
uvwx

U eL
pu
U e†L
vr

U eL
sw
U e†L
xt

. (3.18)

The combined transformation of the chiral fields, theta terms, and spurions is a symmetry
of the effective theory and is respected by the perturbative expansion: terms that break this
symmetry need to cancel in relations between observables.

Dimensional regularization in the HV scheme leads to a violation of chiral invariance
in D dimensions, as is required by a scheme that reproduces the triangle anomaly. Besides
the hard chiral anomaly, the HV scheme combined with MS renormalization also leads to
spurious anomalies that break chiral symmetry in the spurion sense defined above. Consider
the fermion gauge-kinetic term, written in terms of chiral fields:

ψ̄i /Dψ = ψ̄Li /̄DψL + ψ̄Ri /̄DψR + ψ̄Li /̂DψR + ψ̄Ri /̂DψL . (3.19)

Each term is gauge invariant, but the evanescent contributions ψ̄Li /̂DψR and ψ̄Ri /̂DψL vio-
late chiral symmetry.6 They contribute both to the fermion propagators and the fermion-
gauge-boson vertices, resulting in spurious effects that break chiral symmetry. At one loop,
contractions of evanescent symmetry-breaking terms can be multiplied by a divergence of a
loop integral, resulting in a finite symmetry-breaking contribution. At the two-loop level,
they also affect the 1/ε divergences.

As is well known [46, 47, 54, 60, 63–68], these spurious symmetry-breaking effects can be
cured order by order in the perturbative expansion by the addition of appropriate symmetry-
restoring counterterms: these finite contributions are local as they come from UV-divergent

6In the case of neutrinos, the evanescent kinetic terms also violate lepton number.

– 11 –



J
H
E
P
0
2
(
2
0
2
4
)
0
6
8

parts of loop integrals. This is similar to the procedure in chiral gauge theories, where the
symmetry-breaking terms violate the Slavnov-Taylor and Ward identities that follow from
gauge invariance. There, a restoration of the symmetry is mandatory in order to maintain
consistency of the theory. In the present context, the problem is less severe: despite the
presence of chiral fields, the LEFT is not a chiral gauge theory. The gauge interactions of the
LEFT are the vector-like QCD and QED interactions, i.e., left- and right-chiral fields are in the
same representation of the gauge groups. The regulator does not break gauge invariance but
only affects global chiral spurion symmetry. Therefore, the restoration of the global symmetry
is a pure choice of renormalization scheme and not strictly necessary for a consistent treatment
of the theory, since the symmetry-breaking terms cancel in relations between observables. It
is still desirable to maintain chiral symmetry in intermediate steps of the calculation in order
to avoid an intricate cancellation between matching coefficients, RGEs, and matrix elements.
This can be achieved by finite renormalizations of the coefficients of gauge-invariant operators,
which compensate the symmetry-breaking terms and restore chiral spurion symmetry.

We define our renormalization scheme as follows: we stay as close to MS as possible by
subtracting the pure 1/ε divergences, as well as the following two finite contributions.

1. We perform a finite renormalization of the coefficients of the physical LEFT operators
that cancels the explicit insertion of evanescent operators into loop diagrams, as
explained in section 3.2.

2. We apply an additional finite renormalization of the coefficients of the physical LEFT
operators, which only depends on the physical operator coefficients and exactly cancels
the spurious terms that break chiral symmetry.

The symmetry-breaking terms are determined as follows. We calculate the one-loop con-
tributions to 1PI background-field Green’s functions with physical operator insertions up
to finite O(ε0) terms. We then apply a chiral spurion transformation and extract all non-
invariant terms. This requires to keep the full flavor structure of the mass matrices, in
particular one has to distinguish between Mψ and M †ψ. Since the finite symmetry-breaking
terms arise from the combination of the evanescent part of the fermion gauge-kinetic terms
with a UV divergence, they are local and well-defined even for generic (non-diagonal and
non-Hermitian) mass matrices, which can be treated as mass insertions. To this end, one
can either directly treat the masses as interaction terms, apply a Taylor expansion to the
fermion propagators, or use an exact propagator decomposition. We define the fermion
propagator with generic mass matrices as

Sψ(p) = i
(
/p−MψPL −M †ψPR

)−1
. (3.20)

Denoting the loop momentum by ℓ and an external momentum by p, we use a Taylor
expansion before integration:

Sψ(l + p) = i

[
1−

/ℓ

ℓ2

(
−/p+MψPL +M †ψPR

) ]−1
/ℓ

ℓ2

= i

[∑
k

(
/ℓ

ℓ2

(
−/p+MψPL +M †ψPR

))k ] /ℓ
ℓ2
. (3.21)
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Expanding in both masses and momenta does not affect the UV divergences of loop integrals,
but introduces IR divergences and renders all integrals scaleless. However, at one loop it
is straightforward to distinguish between UV and IR divergences. As an alternative, we
apply the exact propagator decomposition [69, 70]

Sψ(ℓ+ p) = Sm(ℓ)− iSm(ℓ)
(
MψPL +M †ψPR −m− /p

)
Sψ(ℓ+ p) , (3.22)

where

Sm(p) = i
(
/p−m

)−1
=
i(/p+m)
p2 −m2 (3.23)

depends on an artificial common mass parameter m. The decomposition (3.22) and the
corresponding version for gauge-boson propagators can be used to reduce all one-loop integrals
to massive tadpole integrals plus integrals with a smaller degree of divergence, which after
recursive application of the decomposition eventually become finite. This allows one to easily
extract the UV-divergent parts of loop integrals for arbitrary mass matrices. The dependence
on the artificial mass parameter m drops out of the final results. We checked that we obtain
the same results with the Taylor expansion and the tadpole decomposition. When neglecting
UV-finite parts of loop integrals, a subtlety arises with the insertion of Fierz-evanescent
operators, where one needs to be careful to assign identical momentum routing for the two
contributions with different Fierz ordering.

An improved tadpole decomposition and an efficient algorithm based on Taylor expansion
is described ref. [71]. A slightly different version of the tadpole decomposition has been
used in ref. [57].

4 Renormalization and field redefinitions

4.1 Renormalization procedure

We start with the bare LEFT Lagrangian, where we extend the basis to include EOM-
redundant operators Ored

i as well as evanescent operators Ei:

LLEFT = LQCD+QED + Lν +
∑
i

LiOi +
∑
i

Lred
i Ored

i +
∑
i

KiEi . (4.1)

We then compute the off-shell 1PI Green’s functions of the bare background fields. In order
to obtain a finite result, we renormalize the parameters of the Lagrangian

e = µεZee
r = µε(er(µ) + ect) ,

g = µεZgg
r = µε(gr(µ) + gct) ,

Mψ = M r
ψ(µ) +M ct

ψ ,

Xi = µniε(Xr
i (µ) +Xct

i ) , X = L,Lred,K (4.2)

as well as the background fields:

Aµ = Z
1/2
A Arµ , GAµ = Z

1/2
G GA,rµ , ψL = Z

1/2
ψ,Lψ

r
L ψR = Z

1/2
ψ,Rψ

r
R , (4.3)
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where Z1/2
ψ,L and Z1/2

ψ,R are Hermitian matrices in flavor space. The powers ni of the renormal-
ization scale in eq. (4.2) are fixed by requiring that the Wilson coefficients have integer mass
dimension even in D space-time dimensions. Schematically, for a term in the Lagrangian

L ⊃ Xi(ψN
ψ
i A

NA
i

µ ∂N
∂
i MNM

i ) , (4.4)

the coefficient of the operator has mass dimension

[Xi] = D −Nψ
i

D − 1
2 −NA

i

D − 2
2 −N∂

i −NM
i , (4.5)

hence ni = Nψ
i + NA

i − 2. E.g., for the physical operator coefficients up to dimension
six, we have

[Lψγ ] = [LψG] = −1 + ε ,

[LG] = [L
G̃

] = −2 + ε ,

[Lψ4 ] = −2 + 2ε . (4.6)

Since the background-field method preserves gauge invariance, one finds ZeZ1/2
A = 1 and

ZgZ
1/2
G = 1. There is no need to renormalize the quantum fields [55]. At this stage of the

calculation, the 1PI off-shell Green’s functions of renormalized background fields are finite.
As described in sections 3.2 and 3.3, we do not use MS, but apply finite renormalizations that
restore spurion chiral symmetry and compensate the physical effect of evanescent-operator
insertions. In general, the counterterms can be written as

Xct
i =

∞∑
l=1

l∑
n=0

1
εn

1
(16π2)lX

(l,n)
i (er(µ), gr(µ), {M r

ψ(µ)}, {Lrj(µ)}, {Lred,r
j′ (µ)}, {Kr

k(µ)}) , (4.7)

where l denotes the loop order and with n = 0 we include finite renormalizations. In the
following, we will drop the superscript r for simplicity.

Here, we only consider the one-loop counterterms, which we write as

δdiv(Xi) = 1
ε

1
16π2X

(1,1)
i (e, g, {Mψ}, {Lj}, {Lred

j′ }, {Kk}) ,

δχfin(Xi) = 1
16π2X

(1,0)
i,χ (e, g, {Mψ}, {Lj}, {Lred

j′ }, {Kk}) ,

δev
fin(Xi) = 1

16π2X
(1,0)
i,ev (e, g, {Mψ}, {Lj}, {Lred

j′ }, {Kk}) , (4.8)

where the finite renormalizations X
(1,0)
i = X

(1,0)
i,χ + X

(1,0)
i,ev are split into the terms that

restore spurion chiral symmetry and terms that compensate evanescent insertions. Several
comments are in order.

• As will be discussed in section 4.2, the EOM-redundant operators Ored
i can be removed

by appropriate field redefinitions, which shift all the Wilson coefficients and in particular
allow us to set Lred

i = 0. These field redefinitions can be applied order by order in the
loop expansion, hence we do not need to insert EOM-redundant operators into loop
diagrams and we can drop the dependence of the counterterms on Lred

i .
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• The divergent physical counterterms do not depend on the coefficients of evanescent
operators: one-loop insertions of evanescent operators only generate finite physical
effects as well as evanescent divergences. Although these evanescent divergences exist,
we do not calculate them here, as they contribute neither at fixed one-loop nor at NLL
order, see appendix C.

• By definition, the terms δχfin(Xi) that restore chiral symmetry do not depend on
evanescent coefficients, which instead contribute to δev

fin(Xi).

• Finite renormalizations of evanescent operators are possible but not required. This is a
scheme choice that becomes relevant only at higher loop orders [66].

In summary, in the present work we calculate the following LEFT counterterms:

δdiv(Li) = 1
ε

1
16π2L

(1,1)
i ({Lj}) ,

δdiv(Lred
i ) = 1

ε

1
16π2L

red,(1,1)
i ({Lj}) ,

δdiv(Ki)
∣∣∣
{Kk=0}

= 1
ε

1
16π2K

(1,1)
i ({Lj}, {Kk = 0}) ,

δχfin(Li) = 1
16π2L

(1,0)
i,χ ({Lj}) ,

δev
fin(Li) = 1

16π2L
(1,0)
i,ev ({Lj}, {Kk}) ,

δχfin(Lred
i ) = 1

16π2L
red,(1,0)
i,χ ({Lj}) ,

δev
fin(Lred

i ) = 1
16π2L

red,(1,0)
i,ev ({Lj}, {Kk}) , (4.9)

where for simplicity the physical parameters Li collectively denote couplings, mass matrices,
and higher-dimension operator coefficients.

In a final step, we will remove the redundancies in the operator basis by applying
field redefinitions, which will shift Lred

i to zero, but at the same time induce shifts in the
coefficients of the physical and evanescent operators.

4.2 Equations of motion and non-linear field redefinitions

The classical fermion EOM at dimension four are given by [12]

(i /D −MψPL −M †ψPR)ψ = 0 , ψ̄(i
←−
/D +MψPL +M †ψPR) = 0 , ψ = u, d, e, νM , (4.10)

while the gauge-boson EOM read

(DµG
µν)A = gjAν , ∂µF

µν = ejνem , (4.11)

where the currents are

jAµ =
∑
ψ=u,d

ψ̄γµTAψ , jµem =
∑

ψ=u,d,e
qψ ψ̄γµψ , (4.12)

– 15 –



J
H
E
P
0
2
(
2
0
2
4
)
0
6
8

and the covariant derivative in the adjoint representation is given by (DµG
µν)A = ∂µG

Aµν −
gfABCGBµG

Cµν .
In contrast to a renormalizable field theory, the EFT allows non-linear field redefinitions

that respect the power counting. In addition to the linear field redefinitions (4.3) applied
in the renormalization procedure, up to dimension-six effects we can perform the following
redefinition of fermion fields [8]:

ψL,R 7→ ψL,R +AψL,RψL,R +Bψ
L,Ri /̄DψR,L + CψL,R(i /̄D)2ψL,R

+Dψγ
L,Rσ̄

µνFµνψL,R +Dψg
L,Rσ̄

µνGµνψL,R , (4.13)

where AL,R, BL,R, CL,R, and Dγ,g
L,R are generic matrices in flavor space and the term involving

the QCD field-strength tensor is only present for quarks, ψ = u, d. In the case of neutrinos,
the field redefinition reads

νL 7→ νL +AννL +Bνi/̄∂νR + Cν(i/̄∂)2νL +Dνγ σ̄µνFµννL ,

νR 7→ νR + (Aν)∗νR + (Bν)∗i/̄∂νL + (Cν)∗(i/̄∂)2νR − (Dνγ)∗σ̄µνFµννR . (4.14)

The gauge fields can be redefined up to dimension-six effects according to

Aµ 7→ Aµ + bγ ∂νFνµ +
∑

ψ=u,d,e,ν
ψ̄LC

γψ
L γ̄µψL +

∑
ψ=u,d,e

ψ̄RC
γψ
R γ̄µψR ,

GAµ 7→ GAµ + bg (DνGνµ)A +
∑
ψ=u,d

(
ψ̄LC

gψ
L γ̄µT

AψL + ψ̄RC
gψ
R γ̄µT

AψR
)
, (4.15)

where CγψL,R, CgψL,R are matrices in flavor space.
These field redefinitions can be used to remove operators proportional to the classical

EOM from the EFT basis. In addition to setting the coefficients of EOM operators to zero, the
field redefinitions induce changes in the coefficients of operators of even higher dimension. Our
basis of on-shell-redundant operators is given in appendix D.2: we keep only the derivative part
of the EOM in the redundant operators, hence the field redefinitions that set their coefficients
to zero also induce a shift in the physical operators of the same and lower dimensions.

We include only four-dimensional Dirac structures in the field redefinitions (4.13)
and (4.14): additional evanescent field redefinitions could be used to remove EOM redundan-
cies in the set of evanescent operators. However, these redundancies are of no consequence
since the renormalization scheme prevents a mixing of the evanescent sector into the physical
sector. The linear terms AL,R need to be included in eq. (4.13) in order to keep the kinetic
terms canonically normalized.

The coefficients of the field redefinitions start at the one-loop level and their LEFT
power counting is given by{

AψL,R, B
ψ
L,R

}
= O

(1
v

)
,
{
CψL,R, D

ψγ
L,R, D

ψg
L,R, b

γ,g, C
{γ,g}ψ
L,R

}
= O

( 1
v2

)
. (4.16)

The requirement that the field redefinitions shift the coefficients of the redundant operators
to zero does not fix all parameters of the field redefinitions. The combinations

AψL −A
ψ
L
† , AψR −A

ψ
R
† , Bψ

L −B
ψ
R
† , Bψ

R −B
ψ
L
† , CψL − C

ψ
L
† , CψR − C

ψ
R
† (4.17)
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are additional chiral transformations that can be used, e.g., to change to the basis of mass
eigenstates [8, 12, 62]. Here, we work in a basis with generic non-diagonal and non-Hermitian
mass matrices, but one can always perform chiral field redefinitions and change to a basis
with real diagonal mass matrices. Without this basis change, it turns out that even after
removing the EOM redundancies at the one-loop level, the finite counterterms δev

fin(Li) to
dipole operators and mass matrices that compensate evanescent-operator insertions depend
on the quantum gauge parameters ξ and ξg. This dependence is related to the ambiguity
in the basis reflected by the unconstrained chiral transformations (4.17) and drops out of
physical quantities. Therefore, in a final step we perform chiral field redefinitions AψL −A

ψ
L
†

and AψR −A
ψ
R
† that consist of two terms, proportional to ξ− 1 and ξg − 1, respectively, which

allow us to remove all gauge-parameter dependences from the one-loop counterterms. This
final field redefinition vanishes in Feynman gauge, but the calculation with generic gauge
parameters ξ and ξg and the cancellation of the gauge-parameter dependence in the final
results provide a powerful check. It turns out that the field redefinition that removes the
gauge-parameter dependence fulfills

Tr[AψL −A
ψ
L
†] = −Tr[AψR −A

ψ
R
†] , (4.18)

i.e., it contains an axial part that leads to a shift in the theta terms at the two-loop level.
After the field redefinitions, the counterterms that we calculate are reduced to

δdiv(Li) = 1
ε

1
16π2L

(1,1)
i ({Lj}) , δdiv(Ki)

∣∣∣
{Kk=0}

= 1
ε

1
16π2K

(1,1)
i ({Lj}, {Kk = 0}) ,

δχfin(Li) = 1
16π2L

(1,0)
i,χ ({Lj}) ,

δev
fin(Li) = 1

16π2L
(1,0)
i,ev ({Lj}, {Kk}) , (4.19)

where Li again denote couplings, mass matrices, and the coefficients of higher-dimension
physical operators. The expressions for the counterterms are very long and we provide the
explicit results as supplementary material. The divergent counterterms for the physical
parameters are scheme independent and they determine the one-loop RGEs via

L̇i := 16π2 d

d logµLi = 2L(1,1)
i = 32π2ε δdiv(Li) , (4.20)

as discussed in appendix C.

4.3 Theta terms and anomalous axial rotations

Since the theta terms are total derivatives, usually they are do not contribute to perturbative
calculations. While the QED theta term plays a role in the presence of magnetic monopoles [72],
the QCD theta term is of phenomenological interest due to its non-perturbative contribution
to hadronic electric dipole moments (EDMs). The experimental bound on the neutron
EDM [73] implies that the effective QCD theta parameter is tiny, which is commonly referred
to as the strong CP problem.

In the presence of higher-dimension operators, the QCD and QED theta parameters
are renormalized. Even though the theta terms are total derivatives, this renormalization
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can be calculated in perturbation theory. The RGE of the theta terms was calculated in
the SMEFT [9] and LEFT [12]. The theta terms in the LEFT also receive a contribution
from the matching to the SMEFT [8].

We use the method of ref. [74] to calculate the renormalization of the theta terms in
ordinary perturbation theory. To this end, we multiply all sources of CP violation in the
LEFT Lagrangian by an artificial parameter ζ and supplement the Lagrangian by

LLEFT(ζ) 7→ LLEFT(ζ) + ∂LLEFT(ζ)
∂ζ

δζ , (4.21)

where δζ is a scalar dummy field. A change in the CP -violating sources δζ induces a change
in the theta parameters δθ = θ(ζ)δζ. We calculate the ζ-dependent counterterms to these
shifts in the theta parameters

θct
QCD(ζ)δζ g2

32π2G
A
µνG̃

Aµν + θct
QED(ζ)δζ e2

32π2FµνF̃
µν (4.22)

from the gluon-gluon-δζ and photon-photon-δζ three-point functions, which do not vanish
in perturbation theory due to the momentum insertion into the dummy field δζ. Finally,
the counterterms to the theta parameters are obtained from the counterterms to the shifts
δθ via integration:

θct
QCD =

∫ 1

0
dζ θct

QCD(ζ) , θct
QED =

∫ 1

0
dζ θct

QED(ζ) , (4.23)

where the initial condition θ = 0 is provided by the CP -conserving point ζ = 0.
The calculation can be simplified if we notice that CP -even operators do not induce

a theta term: therefore, the same result is obtained if all higher-dimension operators are
multiplied by the parameter ζ and not only the CP -odd sources, as we explicitly verified.
A further simplification is achieved if the CP -odd mass terms are not multiplied by ζ:
dimensional analysis implies that the CP -odd components of the mass matrices enter the
renormalization of the theta parameters only in conjunction with coefficients of higher-
dimension operators. Hence, multiplying only the effective operators by ζ leads to the same
result as multiplying in addition the CP -odd mass term by ζ, because the combinatorial
factor arising from the additional couplings of the dummy field δζ to the mass terms is
compensated by the integral (4.23). Schematically, momentum insertion into k effective
operators leads to k terms that add up to

k ×
∫ 1

0
dζ mnζk−1Li1 · · ·Lik = mnLi1 · · ·Lik , (4.24)

whereas if the dummy field also couples to the mass terms, there are n additional topologies
with momentum insertion into the masses, leading again to

(k + n)×
∫ 1

0
dζ mnζk+n−1Li1 · · ·Lik = mnLi1 · · ·Lik . (4.25)

We checked explicitly that these different methods all lead to the same result for the
renormalization of the theta parameters.
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As is well known, the theta parameters are not invariant under axial fermion-field
redefinitions but shift due to the chiral anomaly [75, 76]. The spurion transformation of the
theta parameters (3.15) compensates this anomalous shift, turning chiral transformations
into a spurion symmetry of the theory. The chiral anomaly is often derived in terms of the
variation of the measure of the path integral [77, 78]. In dimensional regularization, the
determinant of the field redefinition is always trivial and the anomaly is instead reproduced in
terms of evanescent operators [46], see, e.g., refs. [28, 79]. Our calculation of the counterterms
reproduces the anomaly as follows. Under a chiral transformation, the LEFT Lagrangian is
invariant if the mass matrices and Wilson coefficients are assigned the spurion transformations
of section 3.3. If similar spurion transformations are assigned to the coefficients of evanescent
operators, this remains true even in D space-time dimensions, with the exception of the
evanescent fermion kinetic terms (3.19) in the Lagrangian, which induce a shift in the
dimension-4 evanescent operators EψD:

KψD 7→ KψD + UψL
†UψR − 1 . (4.26)

The insertions of the dimension-4 evanescent operators induce a finite contribution to the
theta terms, which is compensated by the finite renormalization

δev
fin(θQED) = 1

2i2Nψq2
ψ

(
Tr[KψD]− Tr[K†ψD]− 1

2Tr[KψDKψD] + 1
2Tr[K†ψDK

†
ψD] + . . .

)
,

δev
fin(θQCD) = 1

2i

(
Tr[KψD]− Tr[K†ψD]− 1

2Tr[KψDKψD] + 1
2Tr[K†ψDK

†
ψD] + . . .

)
, (4.27)

where Nu,d = Nc, Ne = 1, Tr denotes the trace in flavor space, and in our calculation we only
consider single and double insertions of EψD. The shift (4.26) in the evanescent coefficient
therefore induces a shift in the renormalized theta terms

θQED 7→ θQED − 2Nψq2
ψImTr

[
(UψR

†UψL − 1)− 1
2(UψR

†UψL − 1)2 + . . .

]
,

θQCD 7→ θQCD − ImTr
[
(UψR

†UψL − 1)− 1
2(UψR

†UψL − 1)2 + . . .

]
. (4.28)

Due to

arg det(UψR
†UψL ) = ImTr log(UψR

†UψL ) = ImTr
[
(UψR

†UψL − 1)− 1
2(UψR

†UψL − 1)2 + . . .

]
,

(4.29)

this is exactly the anomalous shift that gets compensated by the spurion transformation (3.15).
If we choose a chiral transformation that renders the mass matrices real and diagonal

UψRMψU
ψ
L
† = UψLM

†
ψU

ψ
R
† = Mdiag

ψ , (4.30)

then in this mass basis the theta terms become

θ′QED = θQED + 2Nψq2
ψ arg det(Mψ) ,

θ′QCD = θQCD + arg det(Mψ) , (4.31)

which are the well-known invariant combinations of theta angles and mass phases.
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5 Calculation and results

Our main result is the complete set of one-loop LEFT counterterms as defined in eq. (4.19).
Together with the operator basis in appendix D and the scheme definitions in section 3, this
establishes a chirally invariant HV scheme for the LEFT at one loop and NLL that separates
the physical from the evanescent sector. In particular, S-matrix elements are independent of
the coefficients of evanescent operators, i.e., the physical part of one-loop matrix elements
computed with the LEFT Lagrangian

L =
∑
i

µniεLi(µ)Oi +
∑
i

µmiεKi(µ)Ei + Lct ,

Lct =
∑
i

µniε
[
δdiv(Li) + δχfin(Li) + δev

fin(Li)
]
Oi +

∑
i

µmiεδdiv(Ki)Ei (5.1)

is independent of Ki, where Li and Ki denote renormalized parameters. The same is true for
the two-loop RGEs, see appendix C. Up to dimension six, the counterterms δev

fin(Li) contain
terms either linear or quadratic in Kk, whereas δdiv(Li) and δχfin(Li) are independent of
Kk. Therefore, at fixed one-loop order one would obtain the same physical results when
using the Lagrangian

L′ =
∑
i

µniεLi(µ)Oi + L′ct , L′ct =
∑
i

µniε
[
δdiv(Li) + δχfin(Li)

]
Oi . (5.2)

Although δdiv(Ki)|Kk=0 does not vanish, tree-level insertions of evanescent counterterms do
not contribute to physical one-loop matrix elements, hence we dropped evanescent operators
altogether in eq. (5.2). The renormalized parameters Li(µ) in eq. (5.2) are identical to the
ones in eq. (5.1). When the matching to the LEFT produces tree-level contributions to
evanescent operators, it is best to use eq. (5.1) together with the method of regions [80], as the
naive use of eq. (5.2) with the method of regions would miss the finite renormalization [81].

In order to obtain the results for the counterterms, we made use of several tools that
facilitate the loop calculation: the Feynman diagrams were generated with qgraf [82] and we
evaluated them using our own Mathematica and FORM routines [83, 84]. In some intermediate
steps of the calculation, we were making use of FeynCalc [85–88] and Package X [89, 90].

For the loop calculation, we relied on two independent implementations and we performed
cross-checks of the final results for the counterterms. We were using generic quantum gauge
parameters ξ and ξg: after the appropriate field redefinitions, the final result is gauge-
parameter independent.

We checked that the divergent counterterms for the physical operator coefficients are
consistent with the LEFT RGEs of ref. [12] via the relation (4.20).7 The form of the RGEs
obtained here differs from the result of ref. [12] by a chiral field redefinition (4.17) that involves
double-dipole insertions and only affects the RGEs of the mass matrices. As explained in
section 4.2, here we only perform a minimal field redefinition (4.17) that removes the gauge-
parameter dependence in the finite counterterms, but our choice for the chiral rotations (4.17)
does not contain a divergent part. As in refs. [8, 12], additional field redefinitions can
always be applied.

7Performing these checks, we found some minor mistakes in the results of ref. [12].
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The results are provided as supplementary material: we define the notations and con-
ventions in appendix B. We give the results for the counterterms only for coefficients of
operators listed explicitly in appendix D. The complete basis involves further operators that
are related by Hermitian conjugation to the given operators, as indicated by “ + h.c.” in the
tables. The counterterms for their coefficients directly follow from the requirement that the
Lagrangian be Hermitian and hence they can be easily deduced.

A large part of the expressions for the counterterms results from the contribution of
double insertions of dimension-five operators, which for most phenomenological applications
will be of minor relevance. If double insertions are not needed, the results can be simplified
significantly. For convenience, we also provide explicitly the results for the contribution
of single-operator insertions.

6 Summary and conclusions

In this paper, we have introduced a renormalization scheme for the LEFT at one loop and
NLL that is based on the original HV scheme, but directly implements the restoration of
spurion chiral symmetry, which is broken by the regulator. We have extracted the necessary
finite renormalizations by working with generic mass matrices, which together with the Wilson
coefficients of higher-dimension operators are promoted to spurions with appropriate chiral
transformation. In addition, we have defined a complete set of EOM-redundant operators
used in the intermediate steps of the off-shell renormalization, and we have classified the full
set of one-loop evanescent operators that are generated by the insertion of physical operators.
With the exception of four-fermion operators, we have classified the complete list of evanescent
operators in the HV scheme, including the ones that are not required as one-loop counterterms.

In our renormalization scheme, the physical effect of evanescent operators at one loop is
compensated by finite counterterms, which decouples the unphysical evanescent sector from
the physical one. Furthermore, our scheme has the advantage that spurion chiral symmetry
is preserved even in intermediate steps of calculations and is not only restored in relations
between observables. Therefore, we expect that our scheme leads to similar results as the NDR
scheme in cases where the inconsistencies of the NDR scheme are not visible, differing only by
chirally symmetric finite renormalizations. The symmetry-breaking contributions that arise
in a pure MS HV scheme can induce spurious effects, e.g., in one-loop matching calculations.
It will be interesting to compare in detail the application of our modified HV scheme to NDR
results. We leave this comparison of different schemes for future work. We stress that in
contrast to NDR, our scheme based on the HV definition of γ5 and the Levi-Civita symbol is
algebraically fully consistent. Its application will be of particular interest for calculations
in the CP -odd sector of the theory, e.g., for matching calculations to schemes amenable to
lattice computations in the context of the neutron EDM [28, 81, 91–94]. However, since we
define a scheme for the entire LEFT up to dimension six, we expect that our results are widely
applicable for fixed-order one-loop calculations in the LEFT. In addition, they represent
another step towards the completion of the EFT framework at next-to-leading-log accuracy.
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A Conventions

A.1 Dirac algebra

The matrix γ5 and the chiral projectors are defined by

γ5 := iγ0γ1γ2γ3 = i

4!ϵµνλσγ
µγνγλγσ , PL = 1

2(1− γ5) , PR = 1
2(1 + γ5) , (A.1)

where the Levi-Civita symbol is normalized to ϵ0123 = +1. The matrix γ5 fulfills the following
(anti-)commutation properties:

{γ5, γ̄µ} = 0 , [γ5, γ̂µ] = 0 . (A.2)

The charge-conjugation matrix fulfills

CγµC
−1 = −γTµ , C = C∗ = −C−1 = −C† = −CT , (A.3)

which in 4 space-time dimensions is realized by C = iγ2γ0. We take the relations (A.3) to be
true also in D = 4 − 2ε space-time dimensions [66, 68], in particular we use

Cγ̄µC
−1 = −γ̄Tµ , Cγ̂µC

−1 = −γ̂Tµ . (A.4)

A.2 Color algebra

For SU(3)c, we use Hermitian generators

TA = λA

2 , Tr[TATB] = 1
2δ

AB , (A.5)

where λA are the Gell-Mann matrices. The quadratic Casimir operators in the fundamental
and adjoint representations are

TAαβT
A
βγ = CF δαγ = N2

c − 1
2Nc

δαγ , fABCfABD = CAδ
CD = Ncδ

CD . (A.6)

B Conventions for the supplementary material

The complete results for the divergent and finite counterterms after field redefinitions are
provided as supplementary material, which consists of a Mathematica notebook and a
subdirectory containing the results in the form of pure text files. The notebook allows one
to easily extract selected counterterms. We also provide simplified results restricted to the
contribution of only single-operator insertions.

The results are written in the form of Mathematica replacement rules for the counterterms.
The symbols appearing in the text files are explained in detail in table 1. We are using a
compact notation based on matrices in flavor space. The only indices are the open indices
of the replacement rule, e.g.,
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\[Delta][KdD2LRDag[fm2_, fm1_]] ->
-1/8*(CF*FCHN[{LdGDag, LdGDag}, fm2, fm1])/(EpsilonUV*Pi^2) -
FCHN[{Ld\[Gamma]Dag, Ld\[Gamma]Dag}, fm2, fm1]/(8*EpsilonUV*Pi^2)

translates into

δdiv(KLR
dD2
†)pr = − 1

8π2ε

[
CF (L†dGL

†
dG)pr + (L†dγL

†
dγ)pr

]
. (B.1)

For the Wilson coefficients of Hermitian conjugate operators, we follow the convention of
refs. [8, 12], e.g.,

L†eγ
pr

:=
(
Leγ
rp

)∗
, LS1,RR†

uddu
prst

:=
(
LS1,RR
uddu
rpts

)∗
. (B.2)

Furthermore, in order to use a matrix-style notation that avoids sums over repeated flavor
indices, we denote rank-4 flavor tensors, e.g., by

FFA(LV,LRee )pr FFB(LV,LRee )st := LV,LRee
prst

, (B.3)

where the first two flavor indices are attached to the symbol FFA and the last two indices to the
symbol FFB, which always need to appear together in an expression. Therefore, the notation
\[Delta][LVLLee[fm2_, fm1_, fm4_, fm3_]] ->

(e^2*FCHN[{FFB[LVLLee]}, fm4, fm3]*flTr[FFA[LVLLee]]*kd[e, fm2, fm1]*
q[e]^2)/(96*EpsilonUV*Pi^2) + ...

corresponds in the index notation of ref. [12] to the expression

δdiv(LV,LLee )prst = e2q2
e

96π2ε
LV,LLee
wwst

δpr + . . . . (B.4)

C Renormalization-group equations at two loops

In the present paper, we compute two types of finite counterterms: the counterterms δχfin(Li),
which restore spurion chiral symmetry, and the counterterms δev

fin(Li), which compensate the
insertion of evanescent operators. In order to use our scheme, one has to take into account
these finite renormalizations in NLL calculations, in particular in the finite parts of one-loop
calculations, e.g., in matching calculations or matrix elements. It is well known that the finite
renormalizations also affect NLL calculations through the two-loop RGEs [14, 15, 18, 59, 95].
Here, we review the derivation and the argument why the scheme of refs. [14, 15, 18] avoids
a mixing of the coefficients of evanescent operators into the physical sector. We treat the
generic case of multiple operator insertions and focus on the present situation in the HV
scheme including symmetry-restoring counterterms.

Distinguishing non-evanescent operators Oi from evanescent operators Ei, we write the
Lagrangian in terms of bare parameters schematically as

L =
∑
i

LiOi +
∑
i

KiEi (C.1)
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variable code name explanation

Nc = 3 Nc number of colors
CF CF SU(3)c fundamental Casimir invariant

ne nf[e] number of charged lepton flavors
nu nf[u] number of up-type quark flavors
nd nf[d] number of down-type quark flavors

qe = −1 q[e] electron charge
qu = 2/3 q[u] up-quark charge
qd = −1/3 q[d] down-quark charge

e, g e, g QED and QCD gauge couplings
θQED, θQCD [\Theta]QED, [\Theta]QCD QED and QCD theta parameters

Mν ,M
†
ν M[nu], Mdag[nu] neutrino mass matrix

Me,M
†
e M[e], Mdag[e] charged-lepton mass matrix

Mu,M
†
u M[u], Mdag[u] up-quark mass matrix

Md,M
†
d M[d], Mdag[d] down-quark mass matrix

ε = (4−D)/2 EpsilonUV dimensional regulator

δpr kd[f,p,r] flavor Kronecker delta for fermion type f
Tr[A · · ·B] flTr[A,...,B] trace in flavor space
(A · · ·B)pr FCHN[{A,...,B},p,r] flavor chain: element i, j of a product

of flavor-space matrices
(A)pr(B)st FCHN2[{A},{B},p,r,s,t] product of two flavor chains

δdiv( · ) \[Delta][ · ] divergent counterterms
δχ

fin( · ) \[Delta]\[Chi][ · ] finite symmetry-restoring counterterms
δev

fin( · ) \[Delta]ev[ · ] finite evanescent-compensating counterterms

Leγ Le\[Gamma] Wilson coefficients
LV 8,LR

uu LV8LRuu
. . .

Table 1. LEFT variables appearing in the code with the one-loop counterterm results, provided as
supplementary material.

and as in eq. (4.2) introduce renormalized parameters and counterterms according to

L =
∑
i

µniε(Lri (µ) + Lct
i )Oi +

∑
i

µmiε(Kr
i (µ) +Kct

i )Ei . (C.2)

The counterterms are expanded as in eq. (4.7) into a power series in 1/ε

Xct
i =

∞∑
l=1

l∑
n=0

1
εn

1
(16π2)lX

(l,n)
i ({Lrj(µ)}, {Kr

k(µ)}) , X = L,K , (C.3)

where gauge couplings, masses, and Wilson coefficients are treated on an equal footing. In
loops with insertions of evanescent operators, the Dirac algebra produces either evanescent
structures or physical structures accompanied by a factor ε. In the HV scheme, this factor
can be traced back explicitly to the trace of an evanescent metric tensor ĝµµ = −2ε and it is
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useful to single it out in the calculation by denoting it by ε̂, even though ε̂ = ε. To this end,
we split the counterterm coefficients (with some abuse of notation) as follows:

L
(l,n)
i ({Lrj(µ)}, {Kr

k(µ)}) = L̄
(l,n)
i ({Lrj(µ)}) + ε̂

ε
L̂

(l,n)
i ({Lrj(µ)}, {Kr

k(µ)}) ,

K
(l,n)
i ({Lrj(µ)}, {Kr

k(µ)}) = K̄
(l,n)
i ({Lrj(µ)}) + K̂

(l,n)
i ({Lrj(µ)}, {Kr

k(µ)}) , (C.4)

where

X̄
(l,n)
i ({Lrj(µ)}) = X

(l,n)
i ({Lrj(µ)}, {Kr

k(µ) = 0}) , X = L,K . (C.5)

The strongest singularity of Lct
i at each loop level does not depend on the coefficients of

evanescent operators, L̂(l,l)
i = 0, or ∂L(l,l)

i /∂Kr
j = 0.

The RGEs follow from the fact that the bare parameters do not depend on µ:

dLr
i (µ)

d logµ =−niεL
r
i (µ)−

∞∑
l=1

l∑
n=0

1
εn

1
(16π2)l

niεL
(l,n)
i +

∑
j

[
∂L

(l,n)
i

∂Lr
j

dLr
j(µ)

d logµ + ε̂

ε

∂L̂
(l,n)
i

∂Kr
j

dKr
j (µ)

d logµ

] ,

dKr
i (µ)

d logµ =−miεK
r
i (µ)−

∞∑
l=1

l∑
n=0

1
εn

1
(16π2)l

miεK
(l,n)
i +

∑
j

[
∂K

(l,n)
i

∂Lr
j

dLr
j(µ)

d logµ + ∂K̂
(l,n)
i

∂Kr
j

dKr
j (µ)

d logµ

] .

(C.6)
At one loop accuracy, one obtains

dLri (µ)
d logµ = 1

16π2

−niL(1,1)
i +

∑
j

nj
∂L

(1,1)
i

∂Lrj
Lrj(µ)

+O(2-loop) +O(ε) . (C.7)

For a connected graph, the topological identity

V − I + l = 1 (C.8)

holds, with l the number of loops, I the number of internal lines, and V = ∑
k Vk the

total number of vertices, where Vk is the number of vertices with k legs. The number of
external legs is

E =
∑
k

kVk − 2I =
∑
k

(k − 2)Vk − 2(l − 1) . (C.9)

We determine L(l,n)
i from the l-loop counterterm to 1PI diagrams with E = ni + 2 external

legs. The counterterm is a polynomial in all the Lagrangian parameters,

L
(l,n)
i =

∑
g

a
(l,n)
g,i

∏
j′

(Lrj′)Vg,j′ , (C.10)

where Vg,j′ is the number of insertions of vertex type j′ in graph g. Therefore

−niL(l,n)
i +

∑
j

njL
r
j(µ)∂L

(l,n)
i

∂Lrj
= −niL(l,n)

i +
∑
g

a
(l,n)
g,i

∑
j

njVg,j
∏
j′

(Lrj′)Vg,j′

= −niL(l,n)
i +

∑
g

a
(l,n)
g,i

∑
j

(kj − 2)Vg,j
∏
j′

(Lrj′)Vg,j′

= −niL(l,n)
i + (E + 2(l − 1))

∑
g

a
(l,n)
g,i

∏
j′

(Lrj′)Vg,j′ = 2lL(l,n)
i , (C.11)
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hence the one-loop RGE can be extracted from the ε−1 pole of the counterterms as follows:

dLri (µ)
d logµ = 2× L̄

(1,1)
i

16π2 +O(2-loop) +O(ε) , (C.12)

which is manifestly independent of evanescent coefficients. Similarly, using the same topo-
logical argument, up to two-loop accuracy one obtains the RGE

dLri (µ)
d logµ = 1

16π2 2L(1,1)
i

+ 1
(16π2)2

4L(2,1)
i −

∑
j

2L(1,0)
j

∂L
(1,1)
i

∂Lrj
−
∑
j

2L(1,1)
j

∂L
(1,0)
i

∂Lrj
−
∑
j

2K(1,1)
j

ε̂

ε

∂L̂
(1,0)
i

∂Kr
j


+ 1
ε

1
(16π2)2

4L(2,2)
i −

∑
j

2L(1,1)
j

∂L
(1,1)
i

∂Lrj

+O(3-loop) +O(ε) . (C.13)

Since the RGE needs to be finite, one obtains the consistency condition

L
(2,2)
i = 1

2
∑
j

L
(1,1)
j

∂L
(1,1)
i

∂Lrj
, (C.14)

which follows from the properties of the loop integrals [46, 96]. Therefore, the RGE reads

dLri (µ)
d logµ = 1

16π2 2L(1,1)
i

+ 1
(16π2)2

4L(2,1)
i −

∑
j

2L(1,0)
j

∂L
(1,1)
i

∂Lrj
−
∑
j

2L(1,1)
j

∂L
(1,0)
i

∂Lrj
−
∑
j

2K(1,1)
j

ε̂

ε

∂L̂
(1,0)
i

∂Kr
j


+O(3-loop) +O(ε) . (C.15)

We have not shown all appearances of ε̂: the parts of the counterterm coefficients L(2,1)
i and

L
(1,0)
i that depend on evanescent coefficients contain factors of ε̂/ε.

The requirement that the physical RGEs do not depend on the coefficients Kr
i of the

evanescent operators imposes a constraint on the finite renormalizations L(1,0)
i :

ε̂

ε

∂L̂
(2,1)
i

∂Kr
k

= 1
2
ε̂

ε

[∑
j

∂L̂
(1,0)
j

∂Kr
k

∂L
(1,1)
i

∂Lrj
+
∑
j

L
(1,1)
j

∂2L̂
(1,0)
i

∂Kr
k∂L

r
j

+
∑
j

∂K
(1,1)
j

∂Kr
k

∂L̂
(1,0)
i

∂Kr
j

+
∑
j

K
(1,1)
j

∂2L̂
(1,0)
i

∂Kr
k∂K

r
j

]
. (C.16)

Similarly to eq. (C.14), this follows from the property of the loop integrals [46, 96], which
implies for evanescent insertions

ε̂

ε
L̂

(2,1)
i = 1

2

[∑
j

ε̂

ε
L̂

(1,0)
j

∂L
(1,1)
i

∂Lrj
+
∑
j

L
(1,1)
j

ε̂

ε

∂L̂
(1,0)
i

∂Lrj
+
∑
j

K
(1,1)
j

ε̂

ε

∂L̂
(1,0)
i

∂Kr
j

]
, (C.17)
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provided that the finite renormalization L
(1,0)
i is chosen to cancel the finite one-loop con-

tribution from the insertion of evanescent operators [14, 15, 18]. If eq. (C.16) is not used
as a cross check, the RGEs can be simplified to

dLri (µ)
d logµ = 1

16π2 2L̄(1,1)
i + 1

(16π2)2

[
4L̄(2,1)

i −
∑
j

2L̄(1,0)
j

∂L̄
(1,1)
i

∂Lrj
−
∑
j

2L̄(1,1)
j

∂L̄
(1,0)
i

∂Lrj
(C.18)

−
∑
j

2K̄(1,1)
j

ε̂

ε

∂L̂
(1,0)
i

∂Kr
j

∣∣∣∣
Kk=0

]
+O(3-loop) +O(ε) .

As can be seen in eq. (C.18), the two-loop RGEs of the physical parameters are directly
affected by the divergent counterterms δdiv(Ki) of evanescent operator coefficients, the
finite counterterms δev

fin(Li) of physical operator coefficients that compensate evanescent
insertions, as well as the additional symmetry-restoring finite counterterms δχfin(Li) (or any
other additional finite renormalization that one might choose to perform). Double insertions
of evanescent operators are not relevant for the two-loop RGEs.

D LEFT operator basis

D.1 On-shell basis

The following list of operators up to dimension six in the LEFT is reproduced from [4].
We adapt it to the HV scheme in our convention by keeping all operators strictly in four
space-time dimensions. As explained in section 3, explicit bars over Dirac matrices in vector
bilinears are not needed, since the chiral fields automatically project to four dimensions.
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(νν)X + h.c.

Oνγ (νT
LpCσ̄

µννLr)Fµν

(LR)X + h.c.

Oeγ ēLpσ̄
µνeRr Fµν

Ouγ ūLpσ̄
µνuRr Fµν

Odγ d̄Lpσ̄
µνdRr Fµν

OuG ūLpσ̄
µνTAuRr G

A
µν

OdG d̄Lpσ̄
µνTAdRr G

A
µν

X3

OG fABCGAν
µ GBρ

ν GCµ
ρ

O
G̃
fABCG̃Aν

µ GBρ
ν GCµ

ρ

(LL)(LL)

OV,LL
νν (ν̄Lpγ

µνLr)(ν̄LsγµνLt)

OV,LL
ee (ēLpγ

µeLr)(ēLsγµeLt)

OV,LL
νe (ν̄Lpγ

µνLr)(ēLsγµeLt)

OV,LL
νu (ν̄Lpγ

µνLr)(ūLsγµuLt)

OV,LL
νd (ν̄Lpγ

µνLr)(d̄LsγµdLt)

OV,LL
eu (ēLpγ

µeLr)(ūLsγµuLt)

OV,LL
ed (ēLpγ

µeLr)(d̄LsγµdLt)

OV,LL
νedu (ν̄Lpγ

µeLr)(d̄LsγµuLt) + h.c.

OV,LL
uu (ūLpγ

µuLr)(ūLsγµuLt)

OV,LL
dd (d̄Lpγ

µdLr)(d̄LsγµdLt)

OV 1,LL
ud (ūLpγ

µuLr)(d̄LsγµdLt)

OV 8,LL
ud (ūLpγ

µTAuLr)(d̄LsγµT
AdLt)

(RR)(RR)

OV,RR
ee (ēRpγ

µeRr)(ēRsγµeRt)

OV,RR
eu (ēRpγ

µeRr)(ūRsγµuRt)

OV,RR
ed (ēRpγ

µeRr)(d̄RsγµdRt)

OV,RR
uu (ūRpγ

µuRr)(ūRsγµuRt)

OV,RR
dd (d̄Rpγ

µdRr)(d̄RsγµdRt)

OV 1,RR
ud (ūRpγ

µuRr)(d̄RsγµdRt)

OV 8,RR
ud (ūRpγ

µTAuRr)(d̄RsγµT
AdRt)

(LL)(RR)

OV,LR
νe (ν̄Lpγ

µνLr)(ēRsγµeRt)

OV,LR
ee (ēLpγ

µeLr)(ēRsγµeRt)

OV,LR
νu (ν̄Lpγ

µνLr)(ūRsγµuRt)

OV,LR
νd (ν̄Lpγ

µνLr)(d̄RsγµdRt)

OV,LR
eu (ēLpγ

µeLr)(ūRsγµuRt)

OV,LR
ed (ēLpγ

µeLr)(d̄RsγµdRt)

OV,LR
ue (ūLpγ

µuLr)(ēRsγµeRt)

OV,LR
de (d̄Lpγ

µdLr)(ēRsγµeRt)

OV,LR
νedu (ν̄Lpγ

µeLr)(d̄RsγµuRt) + h.c.

OV 1,LR
uu (ūLpγ

µuLr)(ūRsγµuRt)

OV 8,LR
uu (ūLpγ

µTAuLr)(ūRsγµT
AuRt)

OV 1,LR
ud (ūLpγ

µuLr)(d̄RsγµdRt)

OV 8,LR
ud (ūLpγ

µTAuLr)(d̄RsγµT
AdRt)

OV 1,LR
du (d̄Lpγ

µdLr)(ūRsγµuRt)

OV 8,LR
du (d̄Lpγ

µTAdLr)(ūRsγµT
AuRt)

OV 1,LR
dd (d̄Lpγ

µdLr)(d̄RsγµdRt)

OV 8,LR
dd (d̄Lpγ

µTAdLr)(d̄RsγµT
AdRt)

OV 1,LR
uddu (ūLpγ

µdLr)(d̄RsγµuRt) + h.c.

OV 8,LR
uddu (ūLpγ

µTAdLr)(d̄RsγµT
AuRt) + h.c.

(LR)(LR) + h.c.

OS,RR
ee (ēLpeRr)(ēLseRt)

OS,RR
eu (ēLpeRr)(ūLsuRt)

OT,RR
eu (ēLpσ̄

µνeRr)(ūLsσ̄µνuRt)

OS,RR
ed (ēLpeRr)(d̄LsdRt)

OT,RR
ed (ēLpσ̄

µνeRr)(d̄Lsσ̄µνdRt)

OS,RR
νedu (ν̄LpeRr)(d̄LsuRt)

OT,RR
νedu (ν̄Lpσ̄

µνeRr)(d̄Lsσ̄µνuRt)

OS1,RR
uu (ūLpuRr)(ūLsuRt)

OS8,RR
uu (ūLpT

AuRr)(ūLsT
AuRt)

OS1,RR
ud (ūLpuRr)(d̄LsdRt)

OS8,RR
ud (ūLpT

AuRr)(d̄LsT
AdRt)

OS1,RR
dd (d̄LpdRr)(d̄LsdRt)

OS8,RR
dd (d̄LpT

AdRr)(d̄LsT
AdRt)

OS1,RR
uddu (ūLpdRr)(d̄LsuRt)

OS8,RR
uddu (ūLpT

AdRr)(d̄LsT
AuRt)

(LR)(RL) + h.c.

OS,RL
eu (ēLpeRr)(ūRsuLt)

OS,RL
ed (ēLpeRr)(d̄RsdLt)

OS,RL
νedu (ν̄LpeRr)(d̄RsuLt)

Table 2. LEFT operators of dimension five, as well as LEFT operators of dimension six that conserve
baryon and lepton number.

– 28 –



J
H
E
P
0
2
(
2
0
2
4
)
0
6
8

∆L = 4 + h.c.

OS,LL
νν (νT

LpCνLr)(νT
LsCνLt)

∆L = 2 + h.c.

OS,LL
νe (νT

LpCνLr)(ēRseLt)

OT,LL
νe (νT

LpCσ̄
µννLr)(ēRsσ̄µνeLt)

OS,LR
νe (νT

LpCνLr)(ēLseRt)

OS,LL
νu (νT

LpCνLr)(ūRsuLt)

OT,LL
νu (νT

LpCσ̄
µννLr)(ūRsσ̄µνuLt)

OS,LR
νu (νT

LpCνLr)(ūLsuRt)

OS,LL
νd (νT

LpCνLr)(d̄RsdLt)

OT,LL
νd (νT

LpCσ̄
µννLr)(d̄Rsσ̄µνdLt)

OS,LR
νd (νT

LpCνLr)(d̄LsdRt)

OS,LL
νedu (νT

LpCeLr)(d̄RsuLt)

OT,LL
νedu (νT

LpCσ̄
µνeLr)(d̄Rsσ̄µνuLt)

OS,LR
νedu (νT

LpCeLr)(d̄LsuRt)

OV,RL
νedu (νT

LpCγ
µeRr)(d̄LsγµuLt)

OV,RR
νedu (νT

LpCγ
µeRr)(d̄RsγµuRt)

∆B = ∆L = 1 + h.c.

OS,LL
udd ϵαβγ(uαT

LpCd
β
Lr)(dγT

LsCνLt)

OS,LL
duu ϵαβγ(dαT

LpCu
β
Lr)(uγT

LsCeLt)

OS,LR
uud ϵαβγ(uαT

LpCu
β
Lr)(dγT

RsCeRt)

OS,LR
duu ϵαβγ(dαT

LpCu
β
Lr)(uγT

RsCeRt)

OS,RL
uud ϵαβγ(uαT

RpCu
β
Rr)(dγT

LsCeLt)

OS,RL
duu ϵαβγ(dαT

RpCu
β
Rr)(uγT

LsCeLt)

OS,RL
dud ϵαβγ(dαT

RpCu
β
Rr)(dγT

LsCνLt)

OS,RL
ddu ϵαβγ(dαT

RpCd
β
Rr)(uγT

LsCνLt)

OS,RR
duu ϵαβγ(dαT

RpCu
β
Rr)(uγT

RsCeRt)

∆B = −∆L = 1 + h.c.

OS,LL
ddd ϵαβγ(dαT

LpCd
β
Lr)(ēRsd

γ
Lt)

OS,LR
udd ϵαβγ(uαT

LpCd
β
Lr)(ν̄Lsd

γ
Rt)

OS,LR
ddu ϵαβγ(dαT

LpCd
β
Lr)(ν̄Lsu

γ
Rt)

OS,LR
ddd ϵαβγ(dαT

LpCd
β
Lr)(ēLsd

γ
Rt)

OS,RL
ddd ϵαβγ(dαT

RpCd
β
Rr)(ēRsd

γ
Lt)

OS,RR
udd ϵαβγ(uαT

RpCd
β
Rr)(ν̄Lsd

γ
Rt)

OS,RR
ddd ϵαβγ(dαT

RpCd
β
Rr)(ēLsd

γ
Rt)

Table 3. LEFT operators of dimension six that violate baryon and/or lepton number.
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D.2 On-shell-redundant operators

In table 4, we provide a set of operators that extend the on-shell LEFT basis in appendix D.1
to an off-shell-complete basis. Together with the inclusion of evanescent operators, this
extended operator basis allows us to renormalize all off-shell Green’s functions.

(νν)D2 + h.c.

O(5)
νD νT

LpC(i/̄∂)2νLr

(LR)D2 + h.c.

O(5)
eD ēLp(i /̄D)2eRr

O(5)
uD ūLp(i /̄D)2uRr

O(5)
dD d̄Lp(i /̄D)2dRr

X2D2

OγD (∂µF
µν)(∂λFλν)

OGD (DµG
µν)A(DλGλν)A

(LL)D3

OL
νD ν̄Lp(i/̄∂)3νLr

OL
eD ēLp(i /̄D)3eLr

OL
uD ūLp(i /̄D)3uLr

OL
dD d̄Lp(i /̄D)3dLr

(RR)D3

OR
eD ēRp(i /̄D)3eRr

OR
uD ūRp(i /̄D)3uRr

OR
dD d̄Rp(i /̄D)3dRr

(LL)XD

OL
Dνγ (ν̄Lpi

←−̄
/∂ σ̄µννLr)Fµν

OL
νDγ (ν̄Lpσ̄µνi/̄∂νLr)Fµν

OL
νγD (ν̄Lpγ̄ννLr)(∂̄µF

µν)

OL
Deγ (ēLpi

←−̄
/Dσ̄µνeLr)Fµν

OL
eDγ (ēLpσ̄µνi /̄DeLr)Fµν

OL
eγD (ēLpγ̄νeLr)(∂̄µF

µν)

OL
Duγ (ūLpi

←−̄
/Dσ̄µνuLr)Fµν

OL
uDγ (ūLpσ̄µνi /̄DuLr)Fµν

OL
uγD (ūLpγ̄νuLr)(∂̄µF

µν)

OL
Ddγ (d̄Lpi

←−̄
/Dσ̄µνdLr)Fµν

OL
dDγ (d̄Lpσ̄µνi /̄DdLr)Fµν

OL
dγD (d̄Lpγ̄νdLr)(∂̄µF

µν)

OL
DuG (ūLpi

←−̄
/Dσ̄µνT

AuLr)GAµν

OL
uDG (ūLpσ̄µνT

Ai /̄DuLr)GAµν

OL
uGD (ūLpγ̄νT

AuLr)(D̄µG
µν)A

OL
DdG (d̄Lpi

←−̄
/Dσ̄µνT

AdLr)GAµν

OL
dDG (d̄Lpσ̄µνT

Ai /̄DdLr)GAµν

OL
dGD (d̄Lpγ̄νT

AdLr)(D̄µG
µν)A

(RR)XD

OR
Deγ (ēRpi

←−̄
/Dσ̄µνeRr)Fµν

OR
eDγ (ēRpσ̄µνi /̄DeRr)Fµν

OR
eγD (ēRpγ̄νeRr)(∂̄µF

µν)

OR
Duγ (ūRpi

←−̄
/Dσ̄µνuRr)Fµν

OR
uDγ (ūRpσ̄µνi /̄DuRr)Fµν

OR
uγD (ūRpγ̄νuRr)(∂̄µF

µν)

OR
Ddγ (d̄Rpi

←−̄
/Dσ̄µνdRr)Fµν

OR
dDγ (d̄Rpσ̄µνi /̄DdRr)Fµν

OR
dγD (d̄Rpγ̄νdRr)(∂̄µF

µν)

OR
DuG (ūRpi

←−̄
/Dσ̄µνT

AuRr)GAµν

OR
uDG (ūRpσ̄µνT

Ai /̄DuRr)GAµν

OR
uGD (ūRpγ̄νT

AuRr)(D̄µG
µν)A

OR
DdG (d̄Rpi

←−̄
/Dσ̄µνT

AdRr)GAµν

OR
dDG (d̄Rpσ̄µνT

Ai /̄DdRr)GAµν

OR
dGD (d̄Rpγ̄νT

AdRr)(D̄µG
µν)A

Table 4. Redundant LEFT operators of dimension five and six, which can be removed by field
redefinitions but are required to renormalize off-shell Green’s functions.
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D.3 Evanescent operators

The LEFT Lagrangian is supplemented by evanescent operators and corresponding coefficients

Levan =
∑
i

KiEi . (D.1)

In the case of operators with at most two fermion fields, we provide an exhaustive list of
evanescent operators in tables 5, 6, and 7. Not all of them are required independently as
counterterms to one-loop insertions of physical operators, e.g., the operators Eγ′ and EG′ are
not required for the renormalization of the physical operators at one loop [60]. In the case
of evanescent four-fermion operators, the complete basis contains infinitely many elements
and we only list the operators required as counterterms to one-loop insertions of physical
operators in tables 8 and 10. Fierz-evanescent operators are listed in tables 9 and 11.

(νν)D + h.c.

EνD νT
LpC(i/̂∂)νLr

(LR)D + h.c.

EeD ēLp(i /̂D)eRr

EuD ūLp(i /̂D)uRr

EdD d̄Lp(i /̂D)dRr

X2

Eγ FµνF
µν − FµνF

µν

EG GA
µνG

Aµν −GA
µνG

Aµν

Eγ′ F̂µν F̂
µν

EG′ ĜA
µνĜ

Aµν

Table 5. Evanescent LEFT operators of dimension four in the HV scheme.

(LL)D2

EL
νD ν̄Lp[(i/̂∂), (i/̄∂)]νLr

EL
eD ēLp[(i /̂D), (i /̄D)]eLr

EL
uD ūLp[(i /̂D), (i /̄D)]uLr

EL
dD d̄Lp[(i /̂D), (i /̄D)]dLr

(RR)D2

ER
eD ēRp[(i /̂D), (i /̄D)]eRr

ER
uD ūRp[(i /̂D), (i /̄D)]uRr

ER
dD d̄Rp[(i /̂D), (i /̄D)]dRr

(νν)D2 + h.c.

ERL
νD νT

LpC(i/̂∂)(i/̂∂)νLr

(LR)D2 + h.c.

ELR
eD ēLp(i /̂D)(i /̂D)eRr

ELR
uD ūLp(i /̂D)(i /̂D)uRr

ELR
dD d̄Lp(i /̂D)(i /̂D)dRr

(LL)X

EL
νγ (ν̄Lpiγ̂µγ̄ννLr)Fµν

EL
eγ (ēLpiγ̂µγ̄νeLr)Fµν

EL
uγ (ūLpiγ̂µγ̄νuLr)Fµν

EL
dγ (d̄Lpiγ̂µγ̄νdLr)Fµν

EL
uG (ūLpiγ̂µγ̄νT

AuLr)GAµν

EL
dG (d̄Lpiγ̂µγ̄νT

AdLr)GAµν

(RR)X

ER
eγ (ēRpiγ̂µγ̄νeRr)Fµν

ER
uγ (ūRpiγ̂µγ̄νuRr)Fµν

ER
dγ (d̄Rpiγ̂µγ̄νdRr)Fµν

ER
uG (ūRpiγ̂µγ̄νT

AuRr)GAµν

ER
dG (d̄Rpiγ̂µγ̄νT

AdRr)GAµν

(νν)X + h.c.

ERL
νγ (νT

LpCσ̂µννLr)Fµν

(LR)X + h.c.

ELR
eγ (ēLpσ̂µνeRr)Fµν

ELR
uγ (ūLpσ̂µνuRr)Fµν

ELR
dγ (d̄Lpσ̂µνdRr)Fµν

ELR
uG (ūLpσ̂µνT

AuRr)GAµν

ELR
dG (d̄Lpσ̂µνT

AdRr)GAµν

Table 6. Evanescent LEFT operators of dimension five in the HV scheme.
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(LL)D3

ELνD1 ν̄Lp(i/̂∂)(i/̄∂)(i/̂∂)νLr

ELeD1 ēLp(i /̂D)(i /̄D)(i /̂D)eLr

ELuD1 ūLp(i /̂D)(i /̄D)(i /̂D)uLr

ELdD1 d̄Lp(i /̂D)(i /̄D)(i /̂D)dLr

(RR)D3

EReD1 ēRp(i /̂D)(i /̄D)(i /̂D)eRr

ERuD1 ūRp(i /̂D)(i /̄D)(i /̂D)uRr

ERdD1 d̄Rp(i /̂D)(i /̄D)(i /̂D)dRr

(νν)D3 + h.c.

ERLνD1 νTLpC(i/̄∂)(i/̂∂)(i/̄∂)νLr

ERLνD2 νTLpC(i/̂∂)(i/̂∂)(i/̂∂)νLr

(LR)D3 + h.c.

ELReD1 ēLp(i /̄D)(i /̂D)(i /̄D)eRr

ELReD2 ēLp(i /̂D)(i /̂D)(i /̂D)eRr

ELRuD1 ūLp(i /̄D)(i /̂D)(i /̄D)uRr

ELRuD2 ūLp(i /̂D)(i /̂D)(i /̂D)uRr

ELRdD1 d̄Lp(i /̄D)(i /̂D)(i /̄D)dRr

ELRdD2 d̄Lp(i /̂D)(i /̂D)(i /̂D)dRr

X2D2

EγD1 (∂̂µFµν)(∂λFλν)

EγD2 ĝνσ(∂µFµν)(∂λFλσ)

EγD3 (∂̂µF̂µν)(∂λFλν)

EγD4 (∂̂µFµν)(∂̂λFλν)

EγD5 (∂̂µF̂µν)(∂̂λF̂λν)

EGD1 (D̂µGµν)A(DλGλν)A

EGD2 ĝνσ(DµGµν)A(DλGλσ)A

EGD3 (D̂µĜµν)A(DλGλν)A

EGD4 (D̂µGµν)A(D̂λGλν)A

EGD5 (D̂µĜµν)A(D̂λĜλν)A

(LL)XD

ELDνγ1 (ν̄Lpi
←−̄
/∂ σ̂µννLr)Fµν

ELDνγ2 (ν̄Lpi
←−
/̂∂ iγ̂µγ̄ννLr)Fµν

ELνDγ1 (ν̄Lpσ̂µν i/̄∂νLr)Fµν

ELνDγ2 (ν̄Lpiγ̂µγ̄ν i/̂∂νLr)Fµν

ELνγD (ν̄Lpγ̄ννLr)(∂̂µFµν)

ELDeγ1 (ēLpi
←−̄
/Dσ̂µνeLr)Fµν

ELDeγ2 (ēLpi
←−
/̂Diγ̂µγ̄νeLr)Fµν

ELeDγ1 (ēLpσ̂µν i /̄DeLr)Fµν

ELeDγ2 (ēLpiγ̂µγ̄ν i /̂DeLr)Fµν

ELeγD (ēLpγ̄νeLr)(∂̂µFµν)

ELDuγ1 (ūLpi
←−̄
/Dσ̂µνuLr)Fµν

ELDuγ2 (ūLpi
←−
/̂Diγ̂µγ̄νuLr)Fµν

ELuDγ1 (ūLpσ̂µν i /̄DuLr)Fµν

ELuDγ2 (ūLpiγ̂µγ̄ν i /̂DuLr)Fµν

ELuγD (ūLpγ̄νuLr)(∂̂µFµν)

ELDdγ1 (d̄Lpi
←−̄
/Dσ̂µνdLr)Fµν

ELDdγ2 (d̄Lpi
←−
/̂Diγ̂µγ̄νdLr)Fµν

ELdDγ1 (d̄Lpσ̂µν i /̄DdLr)Fµν

ELdDγ2 (d̄Lpiγ̂µγ̄ν i /̂DdLr)Fµν

ELdγD (d̄Lpγ̄νdLr)(∂̂µFµν)

ELDuG1 (ūLpi
←−̄
/Dσ̂µνTAuLr)GAµν

ELDuG2 (ūLpi
←−
/̂Diγ̂µγ̄νTAuLr)GAµν

ELuDG1 (ūLpσ̂µνTAi /̄DuLr)GAµν

ELuDG2 (ūLpiγ̂µγ̄νTAi /̂DuLr)GAµν

ELuGD (ūLpγ̄νTAuLr)(D̂µGµν)A

ELDdG1 (d̄Lpi
←−̄
/Dσ̂µνTAdLr)GAµν

ELDdG2 (d̄Lpi
←−
/̂Diγ̂µγ̄νTAdLr)GAµν

ELdDG1 (d̄Lpσ̂µνTAi /̄DdLr)GAµν

ELdDG2 (d̄Lpiγ̂µγ̄νTAi /̂DdLr)GAµν

ELdGD (d̄Lpγ̄νTAdLr)(D̂µGµν)A

X3

EG1 ĝρσfABCGAνµ GBνσG
Cµ
ρ

EG2 fABCGAνµ GBρν ĜCµρ

EG3 fABCĜAνµ ĜBρν ĜCµρ

E
G̃

ĝρσfABCG̃Aνµ GBνσG
Cµ
ρ

(RR)XD

ERDeγ1 (ēRpi
←−̄
/Dσ̂µνeRr)Fµν

ERDeγ2 (ēRpi
←−
/̂Diγ̂µγ̄νeRr)Fµν

EReDγ1 (ēRpσ̂µν i /̄DeRr)Fµν

EReDγ2 (ēRpiγ̂µγ̄ν i /̂DeRr)Fµν

EReγD (ēRpγ̄νeRr)(∂̂µFµν)

ERDuγ1 (ūRpi
←−̄
/Dσ̂µνuRr)Fµν

ERDuγ2 (ūRpi
←−
/̂Diγ̂µγ̄νuRr)Fµν

ERuDγ1 (ūRpσ̂µν i /̄DuRr)Fµν

ERuDγ2 (ūRpiγ̂µγ̄ν i /̂DuRr)Fµν

ERuγD (ūRpγ̄νuRr)(∂̂µFµν)

ERDdγ1 (d̄Rpi
←−̄
/Dσ̂µνdRr)Fµν

ERDdγ2 (d̄Rpi
←−
/̂Diγ̂µγ̄νdRr)Fµν

ERdDγ1 (d̄Rpσ̂µν i /̄DdRr)Fµν

ERdDγ2 (d̄Rpiγ̂µγ̄ν i /̂DdRr)Fµν

ERdγD (d̄Rpγ̄νdRr)(∂̂µFµν)

ERDuG1 (ūRpi
←−̄
/Dσ̂µνTAuRr)GAµν

ERDuG2 (ūRpi
←−
/̂Diγ̂µγ̄νTAuRr)GAµν

ERuDG1 (ūRpσ̂µνTAi /̄DuRr)GAµν

ERuDG2 (ūRpiγ̂µγ̄νTAi /̂DuRr)GAµν

ERuGD (ūRpγ̄νTAuRr)(D̂µGµν)A

ERDdG1 (d̄Rpi
←−̄
/Dσ̂µνTAdRr)GAµν

ERDdG2 (d̄Rpi
←−
/̂Diγ̂µγ̄νTAdRr)GAµν

ERdDG1 (d̄Rpσ̂µνTAi /̄DdRr)GAµν

ERdDG2 (d̄Rpiγ̂µγ̄νTAi /̂DdRr)GAµν

ERdGD (d̄Rpγ̄νTAdRr)(D̂µGµν)A

(νν)XD + h.c.

ERLDνγ1 (νTLpCi
←−
/̂∂ σ̄µννLr)Fµν

ERLDνγ2 (νTLpCi
←−
/̂∂ σ̂µννLr)Fµν

ERLDνγ3 (νTLpCi
←−̄
/∂ iγ̂µγ̄ννLr)Fµν

ERLνDγ1 (νTLpCσ̄µν i/̂∂νLr)Fµν

ERLνDγ2 (νTLpCσ̂µν i/̂∂νLr)Fµν

ERLνDγ3 (νTLpCiγ̂µγ̄ν i/̄∂νLr)Fµν

ERLνγD1 (νTLpCγ̂ννLr)(∂µFµν)

ERLνγD2 (νTLpCγ̂ννLr)(∂̂µFµν)

(LR)XD + h.c.

ELRDeγ1 (ēLpi
←−
/̂Dσ̄µνeRr)Fµν

ELRDeγ2 (ēLpi
←−
/̂Dσ̂µνeRr)Fµν

ELRDeγ3 (ēLpi
←−̄
/Diγ̂µγ̄νeRr)Fµν

ELReDγ1 (ēLpσ̄µν i /̂DeRr)Fµν

ELReDγ2 (ēLpσ̂µν i /̂DeRr)Fµν

ELReDγ3 (ēLpiγ̂µγ̄ν i /̄DeRr)Fµν

ELReγD1 (ēLpγ̂νeRr)(∂µFµν)

ELReγD2 (ēLpγ̂νeRr)(∂̂µFµν)

ELRDuγ1 (ūLpi
←−
/̂Dσ̄µνuRr)Fµν

ELRDuγ2 (ūLpi
←−
/̂Dσ̂µνuRr)Fµν

ELRDuγ3 (ūLpi
←−̄
/Diγ̂µγ̄νuRr)Fµν

ELRuDγ1 (ūLpσ̄µν i /̂DuRr)Fµν

ELRuDγ2 (ūLpσ̂µν i /̂DuRr)Fµν

ELRuDγ3 (ūLpiγ̂µγ̄ν i /̄DuRr)Fµν

ELRuγD1 (ūLpγ̂νuRr)(∂µFµν)

ELRuγD2 (ūLpγ̂νuRr)(∂̂µFµν)

ELRDdγ1 (d̄Lpi
←−
/̂Dσ̄µνdRr)Fµν

ELRDdγ2 (d̄Lpi
←−
/̂Dσ̂µνdRr)Fµν

ELRDdγ3 (d̄Lpi
←−̄
/Diγ̂µγ̄νdRr)Fµν

ELRdDγ1 (d̄Lpσ̄µν i /̂DdRr)Fµν

ELRdDγ2 (d̄Lpσ̂µν i /̂DdRr)Fµν

ELRdDγ3 (d̄Lpiγ̂µγ̄ν i /̄DdRr)Fµν

ELRdγD1 (d̄Lpγ̂νdRr)(∂µFµν)

ELRdγD2 (d̄Lpγ̂νdRr)(∂̂µFµν)

ELRDuG1 (ūLpi
←−
/̂Dσ̄µνTAuRr)GAµν

ELRDuG2 (ūLpi
←−
/̂Dσ̂µνTAuRr)GAµν

ELRDuG3 (ūLpi
←−̄
/Diγ̂µγ̄νTAuRr)GAµν

ELRuDG1 (ūLpσ̄µνTAi /̂DuRr)GAµν

ELRuDG2 (ūLpσ̂µνTAi /̂DuRr)GAµν

ELRuDG3 (ūLpiγ̂µγ̄νTAi /̄DuRr)GAµν

ELRuGD1 (ūLpγ̂νTAuRr)(DµGµν)A

ELRuGD2 (ūLpγ̂νTAuRr)(D̂µGµν)A

ELRDdG1 (d̄Lpi
←−
/̂Dσ̄µνTAdRr)GAµν

ELRDdG2 (d̄Lpi
←−
/̂Dσ̂µνTAdRr)GAµν

ELRDdG3 (d̄Lpi
←−̄
/Diγ̂µγ̄νTAdRr)GAµν

ELRdDG1 (d̄Lpσ̄µνTAi /̂DdRr)GAµν

ELRdDG2 (d̄Lpσ̂µνTAi /̂DdRr)GAµν

ELRdDG3 (d̄Lpiγ̂µγ̄νTAi /̄DdRr)GAµν

ELRdGD1 (d̄Lpγ̂νTAdRr)(DµGµν)A

ELRdGD2 (d̄Lpγ̂νTAdRr)(D̂µGµν)A

Table 7. Evanescent LEFT operators of dimension six in the HV scheme containing at most two
fermion fields.
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J
H
E
P
0
2
(
2
0
2
4
)
0
6
8

(LL)(LL)

EV (1),LL
ee (ēLpγ̂

µγ̄νeLr)(ēLsγ̂µγ̄νeLt)

EV (2),LL
ee (ēLpγ̂

µγ̂ν γ̄λeLr)(ēLsγ̂µγ̂ν γ̄λeLt)

EV (1),LL
eu (ēLpγ̂

µγ̄νeLr)(ūLsγ̂µγ̄νuLt)

EV (2),LL
eu (ēLpγ̂

µγ̂ν γ̄λeLr)(ūLsγ̂µγ̂ν γ̄λuLt)

EV (1),LL
ed (ēLpγ̂

µγ̄νeLr)(d̄Lsγ̂µγ̄νdLt)

EV (2),LL
ed (ēLpγ̂

µγ̂ν γ̄λeLr)(d̄Lsγ̂µγ̂ν γ̄λdLt)

EV (1),LL
νedu (ν̄Lpγ̂

µγ̄νeLr)(d̄Lsγ̂µγ̄νuLt) + h.c.

EV (2),LL
νedu (ν̄Lpγ̂

µγ̂ν γ̄λeLr)(d̄Lsγ̂µγ̂ν γ̄λuLt) + h.c.

EV 1(1),LL
uu (ūLpγ̂

µγ̄νuLr)(ūLsγ̂µγ̄νuLt)

EV 8(1),LL
uu (ūLpγ̂

µγ̄νTAuLr)(ūLsγ̂µγ̄νT
AuLt)

EV 1(2),LL
uu (ūLpγ̂

µγ̂ν γ̄λuLr)(ūLsγ̂µγ̂ν γ̄λuLt)

EV 8(2),LL
uu (ūLpγ̂

µγ̂ν γ̄λTAuLr)(ūLsγ̂µγ̂ν γ̄λT
AuLt)

EV 1(1),LL
dd (d̄Lpγ̂

µγ̄νdLr)(d̄Lsγ̂µγ̄νdLt)

EV 8(1),LL
dd (d̄Lpγ̂

µγ̄νTAdLr)(d̄Lsγ̂µγ̄νT
AdLt)

EV 1(2),LL
dd (d̄Lpγ̂

µγ̂ν γ̄λdLr)(d̄Lsγ̂µγ̂ν γ̄λdLt)

EV 8(2),LL
dd (d̄Lpγ̂

µγ̂ν γ̄λTAdLr)(d̄Lsγ̂µγ̂ν γ̄λT
AdLt)

EV 1(1),LL
ud (ūLpγ̂

µγ̄νuLr)(d̄Lsγ̂µγ̄νdLt)

EV 1(2),LL
ud (ūLpγ̂

µγ̂ν γ̄λuLr)(d̄Lsγ̂µγ̂ν γ̄λdLt)

EV 8(1),LL
ud (ūLpγ̂

µγ̄νTAuLr)(d̄Lsγ̂µγ̄νT
AdLt)

EV 8(2),LL
ud (ūLpγ̂

µγ̂ν γ̄λTAuLr)(d̄Lsγ̂µγ̂ν γ̄λT
AdLt)

EV 1(1),LL
uddu (ūLpγ̂

µγ̄νdLr)(d̄Lsγ̂µγ̄νuLt)

EV 8(1),LL
uddu (ūLpγ̂

µγ̄νTAdLr)(d̄Lsγ̂µγ̄νT
AuLt)

(RR)(RR)

EV (1),RR
ee (ēRpγ̂

µγ̄νeRr)(ēRsγ̂µγ̄νeRt)

EV (2),RR
ee (ēRpγ̂

µγ̂ν γ̄λeRr)(ēRsγ̂µγ̂ν γ̄λeRt)

EV (1),RR
eu (ēRpγ̂

µγ̄νeRr)(ūRsγ̂µγ̄νuRt)

EV (2),RR
eu (ēRpγ̂

µγ̂ν γ̄λeRr)(ūRsγ̂µγ̂ν γ̄λuRt)

EV (1),RR
ed (ēRpγ̂

µγ̄νeRr)(d̄Rsγ̂µγ̄νdRt)

EV (2),RR
ed (ēRpγ̂

µγ̂ν γ̄λeRr)(d̄Rsγ̂µγ̂ν γ̄λdRt)

EV 1(1),RR
uu (ūRpγ̂

µγ̄νuRr)(ūRsγ̂µγ̄νuRt)

EV 8(1),RR
uu (ūRpγ̂

µγ̄νTAuRr)(ūRsγ̂µγ̄νT
AuRt)

EV 1(2),RR
uu (ūRpγ̂

µγ̂ν γ̄λuRr)(ūRsγ̂µγ̂ν γ̄λuRt)

EV 8(2),RR
uu (ūRpγ̂

µγ̂ν γ̄λTAuRr)(ūRsγ̂µγ̂ν γ̄λT
AuRt)

EV 1(1),RR
dd (d̄Rpγ̂

µγ̄νdRr)(d̄Rsγ̂µγ̄νdRt)

EV 8(1),RR
dd (d̄Rpγ̂

µγ̄νTAdRr)(d̄Rsγ̂µγ̄νT
AdRt)

EV 1(2),RR
dd (d̄Rpγ̂

µγ̂ν γ̄λdRr)(d̄Rsγ̂µγ̂ν γ̄λdRt)

EV 8(2),RR
dd (d̄Rpγ̂

µγ̂ν γ̄λTAdRr)(d̄Rsγ̂µγ̂ν γ̄λT
AdRt)

EV 1(1),RR
ud (ūRpγ̂

µγ̄νuRr)(d̄Rsγ̂µγ̄νdRt)

EV 1(2),RR
ud (ūRpγ̂

µγ̂ν γ̄λuRr)(d̄Rsγ̂µγ̂ν γ̄λdRt)

EV 8(1),RR
ud (ūRpγ̂

µγ̄νTAuRr)(d̄Rsγ̂µγ̄νT
AdRt)

EV 8(2),RR
ud (ūRpγ̂

µγ̂ν γ̄λTAuRr)(d̄Rsγ̂µγ̂ν γ̄λT
AdRt)

EV 1(1),RR
uddu (ūRpγ̂

µγ̄νdRr)(d̄Rsγ̂µγ̄νuRt)

EV 8(1),RR
uddu (ūRpγ̂

µγ̄νTAdRr)(d̄Rsγ̂µγ̄νT
AuRt)

(LL)(RR)

EV (1),LR
ee (ēLpγ̂

µγ̄νeLr)(ēRsγ̂µγ̄νeRt)

EV (2),LR
ee (ēLpγ̂

µγ̂ν γ̄λeLr)(ēRsγ̂µγ̂ν γ̄λeRt)

EV (1),LR
eu (ēLpγ̂

µγ̄νeLr)(ūRsγ̂µγ̄νuRt)

EV (2),LR
eu (ēLpγ̂

µγ̂ν γ̄λeLr)(ūRsγ̂µγ̂ν γ̄λuRt)

EV (1),LR
ed (ēLpγ̂

µγ̄νeLr)(d̄Rsγ̂µγ̄νdRt)

EV (2),LR
ed (ēLpγ̂

µγ̂ν γ̄λeLr)(d̄Rsγ̂µγ̂ν γ̄λdRt)

EV (1),LR
ue (ūLpγ̂

µγ̄νuLr)(ēRsγ̂µγ̄νeRt)

EV (2),LR
ue (ūLpγ̂

µγ̂ν γ̄λuLr)(ēRsγ̂µγ̂ν γ̄λeRt)

EV (1),LR
de (d̄Lpγ̂

µγ̄νdLr)(ēRsγ̂µγ̄νeRt)

EV (2),LR
de (d̄Lpγ̂

µγ̂ν γ̄λdLr)(ēRsγ̂µγ̂ν γ̄λeRt)

EV (1),LR
νedu (ν̄Lpγ̂

µγ̄νeLr)(d̄Rsγ̂µγ̄νuRt) + h.c.

EV (2),LR
νedu (ν̄Lpγ̂

µγ̂ν γ̄λeLr)(d̄Rsγ̂µγ̂ν γ̄λuRt) + h.c.

EV 1(1),LR
uu (ūLpγ̂

µγ̄νuLr)(ūRsγ̂µγ̄νuRt)

EV 1(2),LR
uu (ūLpγ̂

µγ̂ν γ̄λuLr)(ūRsγ̂µγ̂ν γ̄λuRt)

EV 8(1),LR
uu (ūLpγ̂

µγ̄νTAuLr)(ūRsγ̂µγ̄νT
AuRt)

EV 8(2),LR
uu (ūLpγ̂

µγ̂ν γ̄λTAuLr)(ūRsγ̂µγ̂ν γ̄λT
AuRt)

EV 1(1),LR
ud (ūLpγ̂

µγ̄νuLr)(d̄Rsγ̂µγ̄νdRt)

EV 1(2),LR
ud (ūLpγ̂

µγ̂ν γ̄λuLr)(d̄Rsγ̂µγ̂ν γ̄λdRt)

EV 8(1),LR
ud (ūLpγ̂

µγ̄νTAuLr)(d̄Rsγ̂µγ̄νT
AdRt)

EV 8(2),LR
ud (ūLpγ̂

µγ̂ν γ̄λTAuLr)(d̄Rsγ̂µγ̂ν γ̄λT
AdRt)

EV 1(1),LR
du (d̄Lpγ̂

µγ̄νdLr)(ūRsγ̂µγ̄νuRt)

EV 1(2),LR
du (d̄Lpγ̂

µγ̂ν γ̄λdLr)(ūRsγ̂µγ̂ν γ̄λuRt)

EV 8(1),LR
du (d̄Lpγ̂

µγ̄νTAdLr)(ūRsγ̂µγ̄νT
AuRt)

EV 8(2),LR
du (d̄Lpγ̂

µγ̂ν γ̄λTAdLr)(ūRsγ̂µγ̂ν γ̄λT
AuRt)

EV 1(1),LR
dd (d̄Lpγ̂

µγ̄νdLr)(d̄Rsγ̂µγ̄νdRt)

EV 1(2),LR
dd (d̄Lpγ̂

µγ̂ν γ̄λdLr)(d̄Rsγ̂µγ̂ν γ̄λdRt)

EV 8(1),LR
dd (d̄Lpγ̂

µγ̄νTAdLr)(d̄Rsγ̂µγ̄νT
AdRt)

EV 8(2),LR
dd (d̄Lpγ̂

µγ̂ν γ̄λTAdLr)(d̄Rsγ̂µγ̂ν γ̄λT
AdRt)

EV 1(1),LR
uddu (ūLpγ̂

µγ̄νdLr)(d̄Rsγ̂µγ̄νuRt) + h.c.

EV 1(2),LR
uddu (ūLpγ̂

µγ̂ν γ̄λdLr)(d̄Rsγ̂µγ̂ν γ̄λuRt) + h.c.

EV 8(1),LR
uddu (ūLpγ̂

µγ̄νTAdLr)(d̄Rsγ̂µγ̄νT
AuRt) + h.c.

EV 8(2),LR
uddu (ūLpγ̂

µγ̂ν γ̄λTAdLr)(d̄Rsγ̂µγ̂ν γ̄λT
AuRt) + h.c.

(LR)(RL)

ES(1),RL
ee (ēLpγ̂

µeRr)(ēRsγ̂µeLt)

ES(1),RL
eu (ēLpγ̂

µeRr)(ūRsγ̂µuLt) + h.c.

ES(2),RL
eu (ēLpγ̂

µγ̂νeRr)(ūRsγ̂µγ̂νuLt) + h.c.

ES(1),RL
ed (ēLpγ̂

µeRr)(d̄Rsγ̂µdLt) + h.c.

ES(2),RL
ed (ēLpγ̂

µγ̂νeRr)(d̄Rsγ̂µγ̂νdLt) + h.c.

ES(1),RL
νedu (ν̄Lpγ̂

µeRr)(d̄Rsγ̂µuLt) + h.c.

ES(2),RL
νedu (ν̄Lpγ̂

µγ̂νeRr)(d̄Rsγ̂µγ̂νuLt) + h.c.

ES1(1),RL
uu (ūLpγ̂

µuRr)(ūRsγ̂µuLt)

ES8(1),RL
uu (ūLpγ̂

µTAuRr)(ūRsγ̂µT
AuLt)

ES1(1),RL
ud (ūLpγ̂

µuRr)(d̄Rsγ̂µdLt) + h.c.

ES8(1),RL
ud (ūLpγ̂

µTAuRr)(d̄Rsγ̂µT
AdLt) + h.c.

ES1(1),RL
dd (d̄Lpγ̂

µdRr)(d̄Rsγ̂µdLt)

ES8(1),RL
dd (d̄Lpγ̂

µTAdRr)(d̄Rsγ̂µT
AdLt)

ES1(1),RL
uddu (ūLpγ̂

µdRr)(d̄Rsγ̂µuLt) + h.c.

ES8(1),RL
uddu (ūLpγ̂

µTAdRr)(d̄Rsγ̂µT
AuLt) + h.c.

(LR)(LR) + h.c.

ES(1),RR
ee (ēLpγ̂

µeRr)(ēLsγ̂µeRt)

ES(2),RR
ee (ēLpγ̂

µγ̂νeRr)(ēLsγ̂µγ̂νeRt)

ET (1),RR
ee (ēLpγ̂

µσ̄νλeRr)(ēLsγ̂µσ̄νλeRt)

ET (2),RR
ee (ēLpγ̂

µγ̂ν σ̄λρeRr)(ēLsγ̂µγ̂ν σ̄λρeRt)

ES(1),RR
eu (ēLpγ̂

µeRr)(ūLsγ̂µuRt)

ES(2),RR
eu (ēLpγ̂

µγ̂νeRr)(ūLsγ̂µγ̂νuRt)

ET (1),RR
eu (ēLpγ̂

µσ̄νλeRr)(ūLsγ̂µσ̄νλuRt)

ET (2),RR
eu (ēLpγ̂

µγ̂ν σ̄λρeRr)(ūLsγ̂µγ̂ν σ̄λρuRt)

ES(1),RR
ed (ēLpγ̂

µeRr)(d̄Lsγ̂µdRt)

ES(2),RR
ed (ēLpγ̂

µγ̂νeRr)(d̄Lsγ̂µγ̂νdRt)

ET (1),RR
ed (ēLpγ̂

µσ̄νλeRr)(d̄Lsγ̂µσ̄νλdRt)

ET (2),RR
ed (ēLpγ̂

µγ̂ν σ̄λρeRr)(d̄Lsγ̂µγ̂ν σ̄λρdRt)

ES(1),RR
νedu (ν̄Lpγ̂

µeRr)(d̄Lsγ̂µuRt)

ES(2),RR
νedu (ν̄Lpγ̂

µγ̂νeRr)(d̄Lsγ̂µγ̂νuRt)

ET (1),RR
νedu (ν̄Lpγ̂

µσ̄νλeRr)(d̄Lsγ̂µσ̄νλuRt)

ET (2),RR
νedu (ν̄Lpγ̂

µγ̂ν σ̄λρeRr)(d̄Lsγ̂µγ̂ν σ̄λρuRt)

ES1(1),RR
uu (ūLpγ̂

µuRr)(ūLsγ̂µuRt)

ES1(2),RR
uu (ūLpγ̂

µγ̂νuRr)(ūLsγ̂µγ̂νuRt)

ES8(1),RR
uu (ūLpγ̂

µTAuRr)(ūLsγ̂µT
AuRt)

ES8(2),RR
uu (ūLpγ̂

µγ̂νTAuRr)(ūLsγ̂µγ̂νT
AuRt)

ET 1(1),RR
uu (ūLpγ̂

µσ̄νλuRr)(ūLsγ̂µσ̄νλuRt)

ET 8(1),RR
uu (ūLpγ̂

µσ̄νλTAuRr)(ūLsγ̂µσ̄νλT
AuRt)

ET 1(2),RR
uu (ūLpγ̂

µγ̂ν σ̄λρuRr)(ūLsγ̂µγ̂ν σ̄λρuRt)

ET 8(2),RR
uu (ūLpγ̂

µγ̂ν σ̄λρTAuRr)(ūLsγ̂µγ̂ν σ̄λρT
AuRt)

ES1(1),RR
ud (ūLpγ̂

µuRr)(d̄Lsγ̂µdRt)

ES1(2),RR
ud (ūLpγ̂

µγ̂νuRr)(d̄Lsγ̂µγ̂νdRt)

ES8(1),RR
ud (ūLpγ̂

µTAuRr)(d̄Lsγ̂µT
AdRt)

ES8(2),RR
ud (ūLpγ̂

µγ̂νTAuRr)(d̄Lsγ̂µγ̂νT
AdRt)

ET 1(1),RR
ud (ūLpγ̂

µσ̄νλuRr)(d̄Lsγ̂µσ̄νλdRt)

ET 8(1),RR
ud (ūLpγ̂

µσ̄νλTAuRr)(d̄Lsγ̂µσ̄νλT
AdRt)

ET 1(2),RR
ud (ūLpγ̂

µγ̂ν σ̄λρuRr)(d̄Lsγ̂µγ̂ν σ̄λρdRt)

ET 8(2),RR
ud (ūLpγ̂

µγ̂ν σ̄λρTAuRr)(d̄Lsγ̂µγ̂ν σ̄λρT
AdRt)

ES1(1),RR
dd (d̄Lpγ̂

µdRr)(d̄Lsγ̂µdRt)

ES1(2),RR
dd (d̄Lpγ̂

µγ̂νdRr)(d̄Lsγ̂µγ̂νdRt)

ES8(1),RR
dd (d̄Lpγ̂

µTAdRr)(d̄Lsγ̂µT
AdRt)

ES8(2),RR
dd (d̄Lpγ̂

µγ̂νTAdRr)(d̄Lsγ̂µγ̂νT
AdRt)

ET 1(1),RR
dd (d̄Lpγ̂

µσ̄νλdRr)(d̄Lsγ̂µσ̄νλdRt)

ET 8(1),RR
dd (d̄Lpγ̂

µσ̄νλTAdRr)(d̄Lsγ̂µσ̄νλT
AdRt)

ET 1(2),RR
dd (d̄Lpγ̂

µγ̂ν σ̄λρdRr)(d̄Lsγ̂µγ̂ν σ̄λρdRt)

ET 8(2),RR
dd (d̄Lpγ̂

µγ̂ν σ̄λρTAdRr)(d̄Lsγ̂µγ̂ν σ̄λρT
AdRt)

ES1(1),RR
uddu (ūLpγ̂

µdRr)(d̄Lsγ̂µuRt)

ES1(2),RR
uddu (ūLpγ̂

µγ̂νdRr)(d̄Lsγ̂µγ̂νuRt)

ES8(1),RR
uddu (ūLpγ̂

µTAdRr)(d̄Lsγ̂µT
AuRt)

ES8(2),RR
uddu (ūLpγ̂

µγ̂νTAdRr)(d̄Lsγ̂µγ̂νT
AuRt)

ET 1(1),RR
uddu (ūLpγ̂

µσ̄νλdRr)(d̄Lsγ̂µσ̄νλuRt)

ET 8(1),RR
uddu (ūLpγ̂

µσ̄νλTAdRr)(d̄Lsγ̂µσ̄νλT
AuRt)

Table 8. Evanescent four-fermion LEFT operators other than Fierz-evanescent ones that appear at
one loop in the HV scheme and conserve baryon and lepton number.
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J
H
E
P
0
2
(
2
0
2
4
)
0
6
8

(LL)[LL] − (LL][LL)

E(F 1),LL
ee (ēLpγ

µeLr)(ēLsγµeLt)− (ēLpγ
µeLt)(ēLsγµeLr)

E(F 1),LL
uu (ūLpγ

µuLr)(ūLsγµuLt)− 2(ūLpγ
µTAuLt)(ūLsγµT

AuLr)− 1
Nc

(ūLpγ
µuLt)(ūLsγµuLr)

E(F 1),LL
dd (d̄Lpγ

µdLr)(d̄LsγµdLt)− 2(d̄Lpγ
µTAdLt)(d̄LsγµT

AdLr)− 1
Nc

(d̄Lpγ
µdLt)(d̄LsγµdLr)

E(F 1),LL
ud (ūLpγ

µuLr)(d̄LsγµdLt)− 2(ūLpγ
µTAdLt)(d̄LsγµT

AuLr)− 1
Nc

(ūLpγ
µdLt)(d̄LsγµuLr)

E(F 1),LL
uddu (ūLpγ

µdLr)(d̄LsγµuLt)− 2(ūLpγ
µTAuLt)(d̄LsγµT

AdLr)− 1
Nc

(ūLpγ
µuLt)(d̄LsγµdLr)

(RR)[RR] − (RR][RR)

E(F 1),RR
ee (ēRpγ

µeRr)(ēRsγµeRt)− (ēRpγ
µeRt)(ēRsγµeRr)

E(F 1),RR
uu (ūRpγ

µuRr)(ūRsγµuRt)− 2(ūRpγ
µTAuRt)(ūRsγµT

AuRr)− 1
Nc

(ūRpγ
µuRt)(ūRsγµuRr)

E(F 1),RR
dd (d̄Rpγ

µdRr)(d̄RsγµdRt)− 2(d̄Rpγ
µTAdRt)(d̄RsγµT

AdRr)− 1
Nc

(d̄Rpγ
µdRt)(d̄RsγµdRr)

E(F 1),RR
ud (ūRpγ

µuRr)(d̄RsγµdRt)− 2(ūRpγ
µTAdRt)(d̄RsγµT

AuRr)− 1
Nc

(ūRpγ
µdRt)(d̄RsγµuRr)

E(F 1),RR
uddu (ūRpγ

µdRr)(d̄RsγµuRt)− 2(ūRpγ
µTAuRt)(d̄RsγµT

AdRr)− 1
Nc

(ūRpγ
µuRt)(d̄RsγµdRr)

(LL)[RR] − (LR][RL)

E(F 1),LR
ee (ēLpγ

µeLr)(ēRsγµeRt) + 2(ēLpeRt)(ēRseLr)

E(F 1)1,LR
uu (ūLpγ

µuLr)(ūRsγµuRt) + 4(ūLpT
AuRt)(ūRsT

AuLr) + 2
Nc

(ūLpuRt)(ūRsuLr)

E(F 1)8,LR
uu (ūLpγ

µTAuLr)(ūRsγµT
AuRt)−

2
Nc

(ūLpT
AuRt)(ūRsT

AuLr) + 2CF

Nc
(ūLpuRt)(ūRsuLr)

E(F 1)1,LR
dd (d̄Lpγ

µdLr)(d̄RsγµdRt) + 4(d̄LpT
AdRt)(d̄RsT

AdLr) + 2
Nc

(d̄LpdRt)(d̄RsdLr)

E(F 1)8,LR
dd (d̄Lpγ

µTAdLr)(d̄RsγµT
AdRt)−

2
Nc

(d̄LpT
AdRt)(d̄RsT

AdLr) + 2CF

Nc
(d̄LpdRt)(d̄RsdLr)

E(F 1)1,LR
ud (ūLpγ

µuLr)(d̄RsγµdRt) + 4(ūLpT
AdRt)(d̄RsT

AuLr) + 2
Nc

(ūLpdRt)(d̄RsuLr)

E(F 1)8,LR
ud (ūLpγ

µTAuLr)(d̄RsγµT
AdRt)−

2
Nc

(ūLpT
AdRt)(d̄RsT

AuLr) + 2CF

Nc
(ūLpdRt)(d̄RsuLr)

E(F 1)1,LR
du (d̄Lpγ

µdLr)(ūRsγµuRt) + 4(d̄LpT
AuRt)(ūRsT

AdLr) + 2
Nc

(d̄LpuRt)(ūRsdLr)

E(F 1)8,LR
du (d̄Lpγ

µTAdLr)(ūRsγµT
AuRt)−

2
Nc

(d̄LpT
AuRt)(ūRsT

AdLr) + 2CF

Nc
(d̄LpuRt)(ūRsdLr)

E(F 1)1,LR
uddu (ūLpγ

µdLr)(d̄RsγµuRt) + 4(ūLpT
AuRt)(d̄RsT

AdLr) + 2
Nc

(ūLpuRt)(d̄RsdLr) + h.c.

E(F 1)8,LR
uddu (ūLpγ

µTAdLr)(d̄RsγµT
AuRt)−

2
Nc

(ūLpT
AuRt)(d̄RsT

AdLr) + 2CF

Nc
(ūLpuRt)(d̄RsdLr) + h.c.

(LR)[LR] − (LR][LR) + h.c.

E(F 2),RR
ee (ēLpσ̄

µνeRr)(ēLsσ̄µνeRt) + 4(ēLpeRr)(ēLseRt) + 8(ēLpeRt)(ēLseRr)

E(F 2)1,RR
uu (ūLpσ̄

µνuRr)(ūLsσ̄µνuRt) + 4(ūLpuRr)(ūLsuRt) + 16(ūLpT
AuRt)(ūLsT

AuRr) + 8
Nc

(ūLpuRt)(ūLsuRr)

E(F 2)8,RR
uu (ūLpσ̄

µνTAuRr)(ūLsσ̄µνT
AuRt) + 4(ūLpT

AuRr)(ūLsT
AuRt) + 8CF

Nc
(ūLpuRt)(ūLsuRr)− 8

Nc
(ūLpT

AuRt)(ūLsT
AuRr)

E(F 2)1,RR
dd (d̄Lpσ̄

µνdRr)(d̄Lsσ̄µνdRt) + 4(d̄LpdRr)(d̄LsdRt) + 16(d̄LpT
AdRt)(d̄LsT

AdRr) + 8
Nc

(d̄LpdRt)(d̄LsdRr)

E(F 2)8,RR
dd (d̄Lpσ̄

µνTAdRr)(d̄Lsσ̄µνT
AdRt) + 4(d̄LpT

AdRr)(d̄LsT
AdRt) + 8CF

Nc
(d̄LpdRt)(d̄LsdRr)− 8

Nc
(d̄LpT

AdRt)(d̄LsT
AdRr)

E(F 2)1,RR
ud (ūLpσ̄

µνuRr)(d̄Lsσ̄µνdRt) + 4(ūLpuRr)(d̄LsdRt) + 16(ūLpT
AdRt)(d̄LsT

AuRr) + 8
Nc

(ūLpdRt)(d̄LsuRr)

E(F 2)8,RR
ud (ūLpσ̄

µνTAuRr)(d̄Lsσ̄µνT
AdRt) + 4(ūLpT

AuRr)(d̄LsT
AdRt) + 8CF

Nc
(ūLpdRt)(d̄LsuRr)− 8

Nc
(ūLpT

AdRt)(d̄LsT
AuRr)

E(F 2)1,RR
uddu (ūLpσ̄

µνdRr)(d̄Lsσ̄µνuRt) + 4(ūLpdRr)(d̄LsuRt) + 16(ūLpT
AuRt)(d̄LsT

AdRr) + 8
Nc

(ūLpuRt)(d̄LsdRr)

E(F 2)8,RR
uddu (ūLpσ̄

µνTAdRr)(d̄Lsσ̄µνT
AuRt) + 4(ūLpT

AdRr)(d̄LsT
AuRt) + 8CF

Nc
(ūLpuRt)(d̄LsdRr)− 8

Nc
(ūLpT

AuRt)(d̄LsT
AdRr)

Table 9. Fierz-evanescent LEFT operators that appear at one loop in the HV scheme and conserve
baryon and lepton number. Light gray operators are not needed as divergent counterterms and we do
not insert them into loops, but it is convenient to keep them for the extraction of finite counterterms.
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J
H
E
P
0
2
(
2
0
2
4
)
0
6
8

∆L = 2 + h.c.

ET (1),LL
νe (νT

LpCγ̂
µσ̄νλνLr)(ēRsγ̂µσ̄νλeLt)

ET (1),LL
νu (νT

LpCγ̂
µσ̄νλνLr)(ūRsγ̂µσ̄νλuLt)

ET (1),LL
νd (νT

LpCγ̂
µσ̄νλνLr)(d̄Rsγ̂µσ̄νλdLt)

ES(1),LL
νedu (νT

LpCγ̂
µeLr)(d̄Rsγ̂µuLt)

ES(2),LL
νedu (νT

LpCγ̂
µγ̂νeLr)(d̄Rsγ̂µγ̂νuLt)

ET (1),LL
νedu (νT

LpCγ̂
µσ̄νλeLr)(d̄Rsγ̂µσ̄νλuLt)

ET (2),LL
νedu (νT

LpCγ̂
µγ̂ν σ̄λρeLr)(d̄Rsγ̂µγ̂ν σ̄λρuLt)

ES(1),LR
νedu (νT

LpCγ̂
µeLr)(d̄Lsγ̂µuRt)

ES(2),LR
νedu (νT

LpCγ̂
µγ̂νeLr)(d̄Lsγ̂µγ̂νuRt)

EV (1),RL
νedu (νT

LpCγ̂
µγ̄νeRr)(d̄Lsγ̂µγ̄νuLt)

EV (2),RL
νedu (νT

LpCγ̂
µγ̂ν γ̄λeRr)(d̄Lsγ̂µγ̂ν γ̄λuLt)

EV (1),RR
νedu (νT

LpCγ̂
µγ̄νeRr)(d̄Rsγ̂µγ̄νuRt)

EV (2),RR
νedu (νT

LpCγ̂
µγ̂ν γ̄λeRr)(d̄Rsγ̂µγ̂ν γ̄λuRt)

∆B = ∆L = 1 + h.c.

ES(T ),LL
udd ϵαβγ(uαT

LpCσ̂
µνdβ

Lr)(dγT
LsCσ̂µννLt)

EV (1),LL
udd ϵαβγ(uαT

RpCγ̂
µγ̄νdβ

Lr)(dγT
RsCγ̂µγ̄ννLt)

EV (1),LL
dud ϵαβγ(dαT

RpCγ̂
µγ̄νuβ

Lr)(dγT
RsCγ̂µγ̄ννLt)

ES(T ),LL
duu ϵαβγ(dαT

LpCσ̂
µνuβ

Lr)(uγT
LsCσ̂µνeLt)

EV (1),LL
duu ϵαβγ(dαT

RpCγ̂
µγ̄νuβ

Lr)(uγT
RsCγ̂µγ̄νeLt)

EV (1),LR
uud ϵαβγ(uαT

RpCγ̂
µγ̄νuβ

Lr)(dγT
LsCγ̂µγ̄νeRt)

ES(T ),LR
duu ϵαβγ(dαT

LpCσ̂
µνuβ

Lr)(uγT
RsCσ̂µνeRt)

EV (1),LR
duu ϵαβγ(dαT

RpCγ̂
µγ̄νuβ

Lr)(uγT
LsCγ̂µγ̄νeRt)

EV (1),RL
uud ϵαβγ(uαT

LpCγ̂
µγ̄νuβ

Rr)(dγT
RsCγ̂µγ̄νeLt)

ES(T ),RL
duu ϵαβγ(dαT

RpCσ̂
µνuβ

Rr)(uγT
LsCσ̂µνeLt)

EV (1),RL
duu ϵαβγ(dαT

LpCγ̂
µγ̄νuβ

Rr)(uγT
RsCγ̂µγ̄νeLt)

ES(T ),RL
dud ϵαβγ(dαT

RpCσ̂
µνuβ

Rr)(dγT
LsCσ̂µννLt)

EV (1),RL
ddu ϵαβγ(dαT

LpCγ̂
µγ̄νdβ

Rr)(uγT
RsCγ̂µγ̄ννLt)

ES(T ),RR
duu ϵαβγ(dαT

RpCσ̂
µνuβ

Rr)(uγT
RsCσ̂µνeRt)

EV (1),RR
duu ϵαβγ(dαT

LpCγ̂
µγ̄νuβ

Rr)(uγT
LsCγ̂µγ̄νeRt)

∆B = −∆L = 1 + h.c.

EV (1),LL
ddd ϵαβγ(dαT

RpCγ̂
µγ̄νdβ

Lr)(ēLsγ̂µγ̄νd
γ
Lt)

ES(T ),LR
udd ϵαβγ(uαT

LpCσ̂
µνdβ

Lr)(ν̄Lsσ̂µνd
γ
Rt)

EV (1),LL
udνd ϵαβγ(uαT

RpCγ̂
µγ̄νdβ

Lr)(ν̄Lsγ̂µγ̄νd
γ
Lt)

EV (1),LL
ddu ϵαβγ(dαT

RpCγ̂
µγ̄νdβ

Lr)(ν̄Lsγ̂µγ̄νu
γ
Lt)

EV (1),LR
ddd ϵαβγ(dαT

RpCγ̂
µγ̄νdβ

Lr)(ēRsγ̂µγ̄νd
γ
Rt)

ES(T ),RR
udd ϵαβγ(uαT

RpCσ̂
µνdβ

Rr)(ν̄Lsσ̂µνd
γ
Rt)

EV (1),RL
udνd ϵαβγ(uαT

LpCγ̂
µγ̄νdβ

Rr)(ν̄Lsγ̂µγ̄νd
γ
Lt)

Table 10. Evanescent four-fermion LEFT operators other than Fierz-evanescent ones that appear at
one loop in the HV scheme and violate baryon and/or lepton number.

∆B = ∆L = 1 + h.c.

E(F ),LL
ddu ϵαβγ

[
(dαT

LpCd
β
Lr)(uγT

LsCνLt)− (uαT
Ls Cd

β
Lr)(dγT

LpCνLt) + (uαT
Ls Cd

β
Lp)(dγT

LrCνLt)
]

E(F ),LL
uud ϵαβγ

[
(uαT

LpCu
β
Lr)(dγT

LsCeLt)− (dαT
Ls Cu

β
Lr)(uγT

LpCeLt) + (dαT
Ls Cu

β
Lp)(uγT

LrCeLt)
]

E(F ),RR
uud ϵαβγ

[
(uαT

RpCu
β
Rr)(dγT

RsCeRt)− (dαT
RsCu

β
Rr)(uγT

RpCeRt) + (dαT
RsCu

β
Rp)(uγT

RrCeRt)
]

E(F 2),LL
ddu ϵαβγ

[
(dαT

LpCσ̄
µνdβ

Lr)(uγT
LsCσ̄µννLt)− 4(uαT

Ls Cd
β
Lr)(dγT

LpCνLt)− 4(uαT
Ls Cd

β
Lp)(dγT

LrCνLt)
]

E(F 2),LL
uud ϵαβγ

[
(uαT

LpCσ̄
µνuβ

Lr)(dγT
LsCσ̄µνeLt)− 4(dαT

Ls Cu
β
Lr)(uγT

LpCeLt)− 4(dαT
Ls Cu

β
Lp)(uγT

LrCeLt)
]

E(F 2),RR
uud ϵαβγ

[
(uαT

RpCσ̄
µνuβ

Rr)(dγT
RsCσ̄µνeRt)− 4(dαT

RsCu
β
Rr)(uγT

RpCeRt)− 4(dαT
RsCu

β
Rp)(uγT

RrCeRt)
]

E(F 2),LL
duu ϵαβγ

[
(dαT

LpCσ̄
µνuβ

Lr)(uγT
LsCσ̄µνeLt)− 4(dαT

LpCu
β
Lr)(uγT

LsCeLt) + 8(dαT
LpCu

β
Ls)(uγT

LrCeLt)
]

E(F 2),RR
duu ϵαβγ

[
(dαT

RpCσ̄
µνuβ

Rr)(uγT
RsCσ̄µνeRt)− 4(dαT

RpCu
β
Rr)(uγT

RsCeRt) + 8(dαT
RpCu

β
Rs)(uγT

RrCeRt)
]

E(F 2),LL
udd ϵαβγ

[
(uαT

LpCσ̄
µνdβ

Lr)(dγT
LsCσ̄µννLt)− 4(uαT

LpCd
β
Lr)(dγT

LsCνLt) + 8(uαT
LpCd

β
Ls)(dγT

LrCνLt)
]

∆B = −∆L = 1 + h.c.

E(F ),RR
ddu ϵαβγ

[
(dαT

RpCd
β
Rr)(ν̄Lsu

γ
Rt)− (uαT

Rt Cd
β
Rr)(ν̄Lsd

γ
Rp) + (uαT

Rt Cd
β
Rp)(ν̄Lsd

γ
Rr)
]

E(F ),LL
ddd ϵαβγ

[
(dαT

LpCd
β
Lr)(ēRsd

γ
Lt)− (dαT

Lt Cd
β
Lr)(ēRsd

γ
Lp) + (dαT

Lt Cd
β
Lp)(ēRsd

γ
Lr)
]

E(F ),RR
ddd ϵαβγ

[
(dαT

RpCd
β
Rr)(ēLsd

γ
Rt)− (dαT

Rt Cd
β
Rr)(ēLsd

γ
Rp) + (dαT

Rt Cd
β
Rp)(ēLsd

γ
Rr)
]

E(F 2),RR
ddu ϵαβγ

[
(dαT

RpCσ̄
µνdβ

Rr)(ν̄Lsσ̄µνu
γ
Rt) + 4(uαT

Rt Cd
β
Rr)(ν̄Lsd

γ
Rp) + 4(uαT

Rt Cd
β
Rp)(ν̄Lsd

γ
Rr)
]

E(F 2),LL
ddd ϵαβγ

[
(dαT

LpCσ̄
µνdβ

Lr)(ēRsσ̄µνd
γ
Lt)− 4(dαT

Lr Cd
β
Lt)(ēRsd

γ
Lp)− 4(dαT

LpCd
β
Lt)(ēRsd

γ
Lr)
]

E(F 2),RR
ddd ϵαβγ

[
(dαT

RpCσ̄
µνdβ

Rr)(ēLsσ̄µνd
γ
Rt)− 4(dαT

RrCd
β
Rt)(ēLsd

γ
Rp)− 4(dαT

RpCd
β
Rt)(ēLsd

γ
Rr)
]

E(F 2),RR
udd ϵαβγ

[
(uαT

RpCσ̄
µνdβ

Rr)(ν̄Lsσ̄µνd
γ
Rt) + 4(uαT

RpCd
β
Rr)(ν̄Lsd

γ
Rt)− 8(uαT

RpCd
β
Rt)(ν̄Lsd

γ
Rr)
]

Table 11. Fierz-evanescent LEFT operators that appear at one loop in the HV scheme and violate
baryon and/or lepton number. Light gray operators are not needed as divergent counterterms and we
do not insert them into loops, but it is convenient to keep them for the extraction of finite counterterms.
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