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ABSTRACT: We present the analytic expressions for the two-loop form factors for the pro-
duction or decay of pseudo-scalar quarkonia, in a scheme where the quarks are produced

at threshold. We consider the two-loop amplitude for the process vy < 1S [1], that was
previously known only numerically, as well as for the processes gg > 15’([)1], Yg 15’([)8] and

gg < 1588], which have not been computed before. The two-loop corrections to gg <+ 1551]

are the last missing ingredients for a full NNLO calculation of g hadro-production. We
discuss how the singularity structure of the amplitudes is affected by the threshold kine-
matics, which in particular introduces Coulomb singularities. In this context, we first
show how the usual structure of the infrared singularities degenerates at threshold kine-
matics, and then extract the anomalous dimensions governing the Coulomb singularities
for colour-singlet and octet channels, the latter being presented here for the first time.
We give high-precision numerical results for the hard functions, which can be used for

phenomenological studies of ng production and decay at NNLO.
KEYWORDS: Higher-Order Perturbative Calculations, Scattering Amplitudes, Quarkonium

ARX1v EPRINT: 2211.08838

OPEN AccESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP02(2023)250


mailto:samuel.abreu@cern.ch
mailto:matteo.becchetti@unito.it
mailto:cduhr@uni-bonn.de
mailto:melih.ozcelik@ijclab.in2p3.fr
https://arxiv.org/abs/2211.08838
https://doi.org/10.1007/JHEP02(2023)250

Contents

1 Introduction 1
2 Computational setup 3
3 The bare amplitude and UV renormalisation 6
3.1 Bare form factors 6
3.2 UV renormalisation 8
4 Infrared singularities 11
4.1 General structure of IR singularities 12
4.2  Coulomb singularity 16
5 Form factors 16
5.1 Form factor coefficients 19
5.2 4y« LS 20
5.3 gg < LSHY 20
54 g & 15’([)8] 21
5.5 gg <+ 15([)8] 22
6 Conclusions 23
A Bare amplitude structure 24
B Renormalised amplitude structure 28
C Renormalisation coefficients 31
D IR singularities 33
E Form factors: analytic expressions 33
1 Introduction

The high-luminosity program of the Large Hadron Collider (LHC), which will take place

during the second part of this decade, will enable us to study the fundamental interactions

among particles at an unprecedented level of precision and to measure a large number

of physical observables at the percent level. A lot of effort has to be put into improving

theoretical predictions to reach this level of precision in order to make the most of the LHC

physics program.



The production and decay of quarkonium bound states play an important role within
the context of this program. Indeed, quarkonium physics can be used as a probe to
study several aspects of QCD, such as the interplay between the perturbative and non-
perturbative regimes of QCD [1-5] or the analysis of the gluon Parton Distribution Func-
tion (PDF) of the proton [6-10]. Specifically, charmonium production can be used to set
constraints on the PDFs at energy scales on the order of the charm quark mass. Quarko-
nium physics also provides a way to test the convergence of the perturbative expansion in
QCD, since the strong coupling «a; is not so small at the relevant energy scales (see for
instance refs. [10, 11]).

In this paper we focus on the production and decay of a pseudo-scalar quarkonium
state 7, which is a bound state of a quark-antiquark pair QQ, where the massive quark Q
can be either a ¢ or b quark. The state-of-the-art for this process are next-to-leading order
(NLO) QCD corrections [12-15]. An interesting feature of NLO corrections to pseudo-
scalar quarkonium hadro-production is the appearance of negative cross sections, whose
origin can be traced back to an over-subtraction of the initial-state collinear divergences
inside the PDFs in the MS-scheme [10]. While it is possible to devise a prescription of
how to avoid the appearance of negative cross sections at NLO [10, 16], most likely only
a complete next-to-next-to-leading order (NNLO) computation can provide reliable phe-
nomenological predictions for this process. The NNLO corrections require the knowledge
of the two-loop contributions for the production of a quarkonium state, which are currently
unavailable in the literature.

One of the main goals of this paper is to close this gap and to present for the first
time the two-loop QCD corrections to the amplitudes for both colour-singlet and colour-
octet configurations, in the channels vy, vg and gg. More precisely, we will consider the
processes Yy <> 1S([)1], gg < 15([)1}, vg IS([)& and gg < 15([)8}. The computation is carried
out within the framework of Non-Relativistic QCD (NRQCD) [17], where the production
mechanism of the quarkonium state assumes the factorisation into a perturbative part,
which describes the high-energy physics of the process, and a non-perturbative part, which
takes into account the low-energy physics. While the two-loop corrections to the decay
of the colour-singlet state into two photons have already been calculated numerically [18,
19], the corrections to the other three processes have not been calculated before and are
presented here for the first time.! Moreover, the two-loop QCD corrections to the colour-
singlet configuration in the gg channel are the last missing ingredients for a full NNLO
computation for pseudo-scalar quarkonium hadro-production.

The computation of these processes is performed by decomposing the amplitudes into
form factors. Using Integration-By-Parts (IBP) identities [21, 22], the form factors can
be written in terms of a basis of scalar Feynman integrals, the so-called master integrals.
The evaluation of the set of master integrals required for these amplitudes was discussed in
ref. [23], where we provided both analytic results and high-precision numerical evaluations.

!The hadronic decay width of g has been computed up to NNLO in pure numerical form in ref. [20]
using the optical theorem and transforming phase-space integrations into loop integrals. The results for
the two-loop virtual contributions have, however, not been given, so the results presented in that reference
cannot be used for NNLO pseudo-scalar quarkonium hadro-production.



Here we simply note that these integrals involve multiple polylogarithms (MPLs) [24] but
also elliptic multiple polylogarithms (eMPLs) [25-27] (and the related iterated integrals of
Eisenstein series [28, 29]). While MPLs are well understood and their analytic manipula-
tion and numerical evaluation is under good control, the same is not true for their elliptic
generalisation. In particular, the high-precision numerical evaluations of the integrals in-
volving elliptic functions are not obtained from their analytic representations, but rather by
numerically solving the differential equations they satisfy with tools such as AMFlow [30-32]
and diffexp [33].

The paper is structured as follows. In section 2 we present the general setup of the
computation and we discuss the decomposition of the amplitudes in terms of form factors.
Section 3 is dedicated to the description of the general structure of the bare form factors
and the UV renormalisation procedure. In section 4 we analyse the IR pole structure,
including the Coulomb singularities. Finally, in section 5 we present our results for the
finite remainder of the form factors for the different processes. Our conclusions and outlook
are given in section 6.

2 Computational setup

Within the framework of NRQCD [17], the production of a quarkonium state can be fac-
torised into a perturbative part that describes the production of a heavy-quark pair QQ
at a hard scale u ~ mg, and a non-perturbative part that describes the hadronisation of
the QQ pair to the bound state Q at a much lower scale uy < mg. This factorisation can
be expressed at the partonic level as

doan(Q+ {k}) = > o, (QQIn] + {})(02) (21)

where a and b are the initial-state particles, and dé (Q@[n] + {k}) describes the short-

distance production of a Q@ pair in a given quantum configuration n with additional
partons in the final state represented by {k}. The quantum configuration n of the QQ

2S+1L51’8], where S is the total spin of

state can be expressed in spectroscopic notation as
the QQ pair, L is the orbital angular momentum and J is the total angular momentum.
The superscript [1, 8] indicates that the QQ pair is in either a colour-singlet or colour-octet
state. The hadronisation of the QQ[n] state into the quarkonium state Q is encoded in the
non-perturbative Long-Distance Matrix Element (LDME) (O%).

While the sum in the factorisation formula eq. (2.1) proceeds over all quantum config-
urations n, in this paper only a few contributions will be relevant. Indeed, the factorisation
formula admits an expansion in both the strong coupling «, and the relative velocity v
between the QQ pair in the rest frame of the quarkonium. We consider only pseudo-scalar

]

cally, the colour-singlet state IS([)” is the leading term in the v-expansion of 7g production

S-wave states in both colour-singlet and colour-octet configurations, 15([)1’8 . More specifi-

and corresponds to the colour-singlet model [34-36]. We will also consider the final-state

QQ pair to be in the colour-octet state 15([)8}. For the (short-distance) perturbative correc-

tions, we will always work at leading order in v, that is, we set v = 0 at the integrand level.



Since we are primarily interested in 7g production, we will briefly discuss the LDME
and its dominant contribution in the 13[[)1] channel. It can be expressed in terms of the

total wave function g at the origin [15, 17],

Rl

15[1]
(Ong’ ) = Ithol* = =~ (2.2)

where we have also given the relation to the more commonly used radial wave function at
the origin Ry and the spherical harmonic Yyg = 1/v/47. Due to heavy-quark spin symmetry,
the radial wave function Ry is the same for both ng and J/ up to higher-order corrections
in the v-expansion. Ry can be computed via the Schréodinger equation, and its value can
also be extracted from the leptonic decay width of the J/v [14, 37].2

The main focus of this paper are the perturbative corrections to eq. (2.1), described
by the short-distance interaction

a(k1)b(k2) — Q(p1)Q(p2) (2.3)

(1.8]

where in our case a and b represent either gluons or photons. For the 'Sj state, we

consider the final-state heavy quarks at threshold kinematics. This corresponds to
1 ) 1
k2 = k3 =0, p2:§k1-k2:m2Q, with p:p1:p2:§(k1+k2), (2.4)
where the Mandelstam variables are given by
§=(ki+hk)?=My=dmg, it=(ki—p)’=-my, d=(ke—p)°=-my. (2.5)

This effectively reduces the kinematics underlying the process in eq. (2.3) to those of a
three-point process.

In this paper we are only interested in the two-loop contributions to the production or
decay of a quarkonium bound state. Specifically, we consider the two-loop amplitudes for
the channels vy « 15’([)1], gg < 15'([)1], vg < 15’([)8] and gg < 15’([)8}

indicate that we consider both production and decay. Indeed, the channels with a light
(1,8]

, where the double-arrows
quark pair in the initial/final state, g7 ++ 1Sp"", are loop-induced and only contribute
at NNLO as the product of one-loop amplitudes. This contribution vanishes in d = 4
dimensions.

To compute the required amplitudes, we first generate the Feynman diagrams with a
QQ pair in the final state using the FeynArts package [39]. We then need to project the
QQ pair onto the 15’([)1’8] state. All colour and Lorentz algebra manipulations are performed
with FeynCalc [40]. As the amplitude has two fermions in the final state, it contains the
product of spinors @, v with matrices T involving Dirac v matrices. As this product is a
number, we can convert it to a trace and write

u(p, s1)Tv(p, s2) = Tr [u(p, s1)Tv(p, s2)] = Tr[To(p, s2)u(p, s1)]- (2.6)

2There are different models that yield different numerical values for the radial wave function. For
=1 GeV? and

instance, in refs. [10, 38], the numerical values used for the S-wave functions were |Ro|
|Rol2, = 7.5 GeV?.

2
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The projection of the final Q@ pair onto a pseudo-scalar state 1.5
of the replacement [15, 41-44] 3

([)1’8} can be done by means

_ 1 [1,8]
v(p, s2)u(p, s1) = —\/Tm—Q% (]1’4‘ mQ) Pij . (2.7)
The colour-projection operators are

Pl _ dij/v/Ne colour-singlet [1], (2.8)
“ V2 te; colour-octet [8],

where we denote by t® the generators of the fundamental representation of the SU(N,)
gauge group, and ¢;; is the Kronecker delta. The traces involve a «5 matrix, which requires
a careful treatment when working with dimensional regularisation. We employ the 't Hooft-
Veltman scheme [45].%

The Lorentz structure of the amplitude for the production of a pseudo-scalar state is

independent of the channel and can be written as®

Ape = Ap e et(k1)e” (k2) = Ap,c €uvpo 5“(161)5”(1432)]‘3%5- (2.9)

where p indicates the channel (p = gg, vg, 77), and ¢ denotes the colour state (¢ = [1], [8]).
The scalar form factor /Nlp,c is obtained with the projection operator

1 -
1 etre k?ljplk‘gpl, (210)

PW:4(d—3)(d—2)mQ

where the overall normalisation is fixed by requiring that

pr D,C UV Ap,c- (2-11)

The (bare) scalar form factor A, . can be expanded into powers of the (bare) strong cou-
pling a. We define the normalised bare form factor Fp.c and its perturbative expansion as

0 af\* al 1 AN 2 B\3
Fpe = p,c/A§,2=<7j> 1+<;)5§,3+(;> FR+o(el)|, (212

where A(?c) is given by

4722

A;?g -V 5>2[C,§?cl' Cor™ €uvpo € (k1)e” (ko) kTS | (2.13)

m
Q

3The relative normalisation of the LDME and the short-distance part can be chosen freely. We follow
the conventions of ref. [15].

“However, we observe that, since there is only a single «5 in the trace, there is no difference when
employing naive dimensional regularisation versus the 't Hooft-Veltman scheme.

5The polarisation vectors of the gluons and photons must be complex conjugated in the amplitudes
depending on whether they correspond to the production or decay channels.



and ¢ = 0 for A,y 1), ¢ = % for A,y g, and ¢ = 1 for Ay and Agg 5. The channel-
dependent factors Cz‘jf’cl' and C;3'P are given by

VN, vy & 18, eQQem /T vy 18,

e N A VR A R B 99 05 (2.14)
,C \/ETF ot g < 1S([)S]v e €QV Qem [T Vg < 1558]7
ﬂTFdabc/Q gg<—>15[8], 1 QQHIS[S},

where e denotes the electric charge of the heavy quark and we defined the usual quantities
1
Tt = Tpo®, Te[t*t't] = Tp (b +ife) . (2.15)

In our conventions, we set Tr = 1/2.

The two-loop scalar form factors F}g?c) can be decomposed into a basis of two-loop
Feynman integrals. In order to do so, however, we must first account for partial-fraction
relations that arise because of the degenerate kinematics of egs. (2.4) and (2.5). For this
we use the package Apart [46]. Details and consequences of this procedure are given in our
companion paper [23]. Having defined a set of linearly-independent propagators, we employ
standard packages such as FIRE [47] or KIRA [48] to decompose the form factors into a basis
of 76 master integrals. In ref. [23], we computed them both analytically and numerically.

Within this setup, we compute the two-loop form factors ]—"15,22 for vy + 1S([]l], qg <
1S([)l], vg < 1S([)g] and gg < 1S([)g]. While the first one had already been computed numeri-
cally [18, 19], the last three are obtained here for the first time. In particular, .7:;;?[1} is the

last missing ingredient for a full NNLO computation of 7g hadro-production.

3 The bare amplitude and UV renormalisation

We perform our calculations in the framework of dimensional regularisation, where the
ultraviolet (UV) and infrared (IR) singularities appear as poles in the dimensional regulator
€. In this section we first discuss the pole structure of the bare form factors up to two loops,
and we then outline the renormalisation procedure which removes the UV singularities.

3.1 Bare form factors

One-loop form factors have poles of up to second order in the dimensional regulator €. We
write

R =5 (mt) " X AR 5

k>—2

where S = (47)° e “7E. With this choice of normalisation, the m% dependence is fully

factorised and the coeflicients fé}g’“) are simply numbers. They can be decomposed in

terms of the colour factors as

TR = CaFy i+ CrF (3.2)

)
p,c p,c;F



where C'4 and Cr are the usual Casimir invariants of SU(N,),

N2

lktk_] CF 51] 2N

5ij and fecdfbed — 0,69 = N, 59 (3.3)

The coeflicients of the poles in € are particularly simple. Indeed, the poles proportional to
Cr are identically zero for all form factors

AL =FlV =0, (3.4)

while the poles proportional to C'4 are form-factor-dependent and read

Foiiia =0 T =0 (35)
Fayita= 3 Fih =5 +1og2, (36)

=1 {Sa =1 + 382, 7)
Fii = —% : = %T - % +log2. (3.8)

The two-loop form factors have poles up to order e . We write the form factor as

Yo FFEEN. (3.9)

k>—4

—2e

P =2 ()

We find it convenient to classify the different contributions that appear in the two-loop am-
plitude. First, we distinguish terms that survive in the limit C4y — 0, which we call abelian
contributions, and terms that vanish. Second, we distinguish sets of gauge-invariant contri-
butions: the reqular two-loop contributions, coming from diagrams without closed fermion
loops, the light-by-light scattering contributions, coming from diagrams with fermion loops
connected to the external bosons, and the vacuum polarisation contributions, coming from
diagrams with closed fermion loops in gluon propagators and with triple gluon vertices.
Representative diagrams for each contribution can be found in figure 1. We can express
the bare two-loop amplitude as

flg?ék) = ]:Ig [ rzeg + ]:( ,C; ll))l + fp@clf/)acv (310)

where
]:;gcr)eg CF]:pEchF)‘F+CFC’A]:(2I€)A+CA]:(QC]2A, (311)
]'—,Ei’:%l CrpTrnp F| cl;h a1 T+ CrTriy F cF)z 1bl (3.12)

+ CyTrny, .7:( P Xh a1 T CaTrmy ]:( c,gl bl 3

F2M. . = CeTpny F, ( cF)’h oo + CrTEm F cF)’l vac (3.13)
+ CATFnh‘F(cfzhvac + CaTprny ]:( k)

p,c;Al;vac ?

where ny, and n; are the number of heavy and light quarks respectively. For the light-by-
light contributions, we have to define the quantity 7n; that takes into account the QED
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Figure 1. Two-loop diagrams for the form factor vy < 15([)1] with (a) regular contributions, (b)
light-by-light contributions and (¢) vacuum polarisation contributions.

coupling between the external photons and the fermion flavour inside the loop. This quan-

tity reads
Sie?/ eé for 4y channel,
n; = Z;” eifeq for vg channel, (3.14)
ny for gg channel.

We further note that the light-by-light contributions are finite in four dimensions and are
thus not affected by the procedure of UV renormalisation. In appendix A, we give, in
addition to the analytic expressions for the poles, also the numerical values for the finite
part for the contributions given in egs. (3.11)—(3.13). We observe that, while the two-loop
form factor F, (2)[

(1]
starting at the quadruple pole.

has poles of at most second order, the other form factors have poles

It is clear that abelian contributions should be very similar across different channels.
Indeed, they are only different in the light-by-light contributions, where colour-singlet
channels differ from colour-octet channels by a factor of 2 coming from the different colour
algebra. Because the light-by-light contributions are finite, we find that the abelian con-
tributions to the pole structure of all channels is the same. Verifying that these relations
hold provides a stringent check of our calculations. We also note that in the limit C4 — 0,
Cr — 1 and Tr — 1 the colour-singlet contributions should reproduce the two-loop contri-
butions to para-positronium production or decay obtained numerically in ref. [49], which
provides another important check.

3.2 UV renormalisation

Having explained how we obtained the bare two-loop form factors F, ., we now discuss
how to compute their renormalised counterparts. We work in the on-shell renormalisation
scheme for the heavy-quark wave function, for the heavy-quark mass and for the gluon wave
function. As for the strong coupling o, we employ the MS-scheme. The renormalisation is
performed with multiplicative factors Z,, with k = @, m, g, a, respectively. For instance,
the bare coupling is related to the renormalised coupling o, by

of = 7 % Za 0", (3.15)



where we take into account ny = n; + ny flavours in the running of the coupling. The Z,
factors admit an expansion in the renormalised coupling with n; flavours as

o) o) 2
Zoe=1+ ( = ) zW 4 ( = ) z® +O(a§), (3.16)

and the Z,(f) are collected in appendix C. It is more common to express the results in terms

of a coupling agnl) where we only consider the light-quark flavours in the running of the

coupling. In order to convert from one coupling to the other, we apply the decoupling
identity [50]
almtnn) — ¢ o) (3.17)

where (,, admits an expansion in the strong coupling similar to eq. (3.16), but with n;
flavours in the running of the coupling. The coeflicients for (,, are also given in appendix C.

As done for the other bare quantities, the renormalisation of the heavy-quark mass
mgq could in principle be implemented through a simple replacement mg = Zmmq in the
amplitude. However, given the degenerate kinematics underlying our process (cf. egs. (2.4)
and (2.5)), we have evaluated the integrals at § = 4m22. Hence the threshold value of § is
related to the on-shell mass mg of the heavy quarks, while the propagators involve the bare
mass mQ Since we did not distinguish between the bare and on-shell masses at the time of
the diagram generation, it is not possible to simply substitute mQ by its renormalised value.
Instead, we compute counterterms that are added to the bare amplitude to implement the
heavy-quark mass renormalisation. This involves computing one-loop amplitudes with
doubled propagators, which we do using the same standard approach described above for
the calculation of the bare amplitudes.

We write the renormalised form factors, expanded in powers of agnl) , as

(N T (Y 50 (0 0 oo
fp,c—< - ) 1+( . )fp,c+< . ) Fpo+0(alm)7|, (3.18)

where the n-loop renormalised form factors can be written as

f}(:c) 2neS nf( )+ ]:(n CT) +f(n decouphng) (319)
The contribution of all renormalisation factors is collected in Fp, (m, CT). Both ]-}(,,nc) and
]—“,S" 1) are computed as an expansion in ag ) and FISZ decoupling) translates the result to

("z)'

an expansion in ag
At one-loop level, the counterterm contribution in eq. (3.19) gives

FUCeT) _ (Zén I Zélg)) + 28 —z7V. (3.20)

p,C m

We note that 7)) = ZT(,L), and the renormalised form factor FEW 0 (for which ¢ = 0)

equals its bare counterpart. As will be discussed below, this form factor exhibits neither



soft nor collinear singularities and is thus finite, which agrees with our results, see egs. (3.4)
and (3.5). At two-loop level, the counterterm contribution in eq. (3.19) reads

JT_~(2,CT) S 1u26F( ) { ngl) + (1 +q) Z(l) + Z(l)] o Zr(r})fzg’lc,mass CT)

p7c

+ 280 (a20 + 25 = 20) + 422 + 2P + 92V (25 - 210)  (3.21)

1 2 1 2
Zalg — (1) (1) @) _ 2 _ )70 2 (7(1)
+54(g—1) [(Zas> +(2) } +25) =2 - 2025 + 5 (20)
where Fp ¢ (Lmass CT) 5o sbtained by considering the one-loop amplitude with all possible ways
of squaring the massive-quark propagator (see, e.g., refs. [49, 51]). These must be computed
to O(€) because Zr(n) has a simple pole in €. As for the decoupling contribution in eq. (3.19),
we have

fpg}édecoupling) — qC(gls), (322)

1 2 __ )
Sa(a=1) () + (g + 1) ¢ (Fpo — Flludocownline)) - (3.23)

J—_-(Q,decoupling) _ QC&QS) + 5

p7c
The renormalised form factors ?}(:C) are free of UV singularities, but still exhibit IR
singularities in €, which will be discussed in the next section. We write the renormalised
one-loop form factors as
—=(1
Fl = S FFND, (3.24)
E>—2
where we have expanded out all factors depending on €. As the renormalisation procedure
introduces a Trn; term, the colour decomposition now involves

Fol) = AT+ Cr Foh + T FLY. (3.25)

p,C
As for the bare amplitudes, in all channels, there are no poles proportional to Cr. For the
C'4 contributions, we have that

Fra =0 Fria=0.
Foitia =50 Fostia =" +1082~ 5~ glun;
R o
7219:[_8?; = _% ’ 7219:[_8%;)14 = _%r - g +log2 — %l/m ,
where we used the shorthand notation
l,, = log :;Q . (3.27)

Finally, for the Trn; contributions the poles are
1

7( 772) o 7(1771) —
]: V[ T 0, }—7%[1};1 -
—=(1,-2) —=(1,-1) _
Fogma =0 Fognp =3

(3.28)

—=(1,-2) —=(1,-1)
]:vg 8 — =0, '7:79,[8]'1
1,-2)

( 7(17_1)
Foon =00 Fogisp

oa\r—mew\H =

~10 -



The two-loop form factors can be similarly written as

FE = 3 FFEY, (3.29)

k>—4

where the .f;i’:k) can be decomposed into the different sets as

T = P + Fpeibn + Fpenne (3.30)
where
Fyiwes = C Fpatr + CrCa Fpospa + C4 Fiitha (3.31)
‘F;EJQCICI{)I CrTpny, ]:( C; 1)?11 b1 + CrTrny f( s 1)w bl (3.32)
+ CaTrny, ]—"( p f)lh 1 + CaTriy ]:; o ,le bl 5 |
Fihe = CrTrmn Fottneae + CPTrm F o (3.33)

+CATFnhF(c)lhvac+CATFnl"r(c/)llvac—i_Tl% Fj(ocl)l

The last term proportional to TI% is a new colour structure that arises through the renor-

=(2,0)

malisation factors. Since the light-by-light contributions are finite, we have that J, .y, =

]-"15720’3])31. As done for the bare form factors, we have collected the singular parts and the
finite piece of the renormalised form factors in appendix B. For most channels we find that
the pole structure is what would be expected for a two-loop amplitude involving external
massless particles, that is we find poles up to order O(e _4). The exception is the form
factor ]-" ~,[1], Which has a much simpler pole structure, namely a simple pole with contri-
butions proportlonal to C’F and C'4Cp. This pole has a special interpretation that will be

discussed in the next section.

4 Infrared singularities

The pole structure of renormalised amplitudes in NRQCD is more involved than that of
amplitudes in full QCD. Indeed, in NRQCD a new type of singularity arises, the so-called
Coulomb singularity, see, e.g., refs. [18, 19, 52-54]. It appears as a consequence of the fact
that we have expanded the amplitude with respect to the relative velocity v between the
heavy quarks. Taking this fact into account, we define a finite remainder Fg‘é as

fin — 1=
]:P»C = ZCCI)ul.ZIR1 J:P,C: (41)

where Zcoyl. is the factor that removes the Coulomb singularity, while Zig subtracts the
standard infrared (IR) poles. They are in general matrices in colour space.

The Z, factors above admit an expansion in powers of agnl), similarly to the renor-
malisation factors discussed in the previous section. However, while the strong coupling in
the renormalisation factors is evaluated at the renormalisation scale, ug, the coupling ex-

pansion in the Zig and Zgou. factors proceeds at different scales, namely the factorisation
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scale, pur, and the NRQCD scale, ua, respectively. In order to match the coupling expan-
sions, we will therefore first need to evolve all couplings to the same scale, for instance the
renormalisation scale, pp. Starting from the evolution equation for the strong coupling in
d = 4 — 2¢ dimensions,

Oag = s ntl
M2 832 = ,8(045) — €0y = —0O; L;O Bn (Zﬂ') ] — €0, (4'2)

and using the short-hand notation és = as(ji) and as = as(u), we can evolve the coupling

from the scale i to the scale p in d = 4 — 2¢ dimensions with

3 2 € S/B 2 €
) b2 ()

Expanding eq. (4.1) in powers of agnl) and using the scale evolution of the couplings in

eq. (4.3), we then find that

(o) e ()
Hr
() - 2 2
) () () )
AN A AN
- (é) <ZIR - (ZIR) ) - <M§§> ZCoul.]}

+0(alts),

+0(ad). (4.3)

(4)

where the quantities Zy’ correspond to the coefficients of Z, expanded around the coupling
at the respective scales, pr and py. In addition, we used the fact that Z( ) ou. = 018,19, 54].
(4)

In this section we will discuss how to determine the Zx’. While some of the ingredients
were known in the literature, some are obtained here for the first time. We will generically
label all scales with u, however, it is implicitly understood that y = pr when discussing

Zr and p = pp when discussing Zicoul. -

4.1 General structure of IR singularities

Let us first focus on Zig, which describes the infrared structure of loop amplitudes in
QCD [55-59]. It satisfies the evolution equation

d
dlog i

Zig = T'Zr, (4.5)

where the soft anomalous dimension I' is a matrix in colour space which admits the per-

(m)\ Ft1
r= Zrk<as ) . (4.6)

turbative expansion
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Solving eq. (4.5) order by order in aﬁ”’), we can express Zig as

(1) /
o\ 1T I‘o}
Z = 1 —_— e
R + ( T ) [462 + 2¢

(n1) 2 /2 / /
(YOI (ry 3 B (ry b B o 2] 47

T 32¢t 83 8 8e? 2 162 4e
+ O(ai’) ,
where we defined 9
I’ = 8log,ur (4.8)

The explicit form of the soft anomalous dimension matrix I', and therefore of the operator
Z1, is known up to two-loop order [56-59]:

= Z 7Cusp10g< >+Z’Y
- Z ’Ycusp ﬂIJ + 27 + ZTI ]’chsp lOg (TIM>

o °l (4.9)
+ Z ifo T?le, %1 (P11, Bk, 51{1)
(I.JK)
+ Z ZZbeCT“T 2f2<ﬁu,10g (m)) +O(a§),
(I.7) & —OIKVT - Pk
and
I = —Yeusp )T} (4.10)

The sums in eq. (4.9) run over colourful initial- and final-state partons, and when summing
over several parton indices we take them to be distinct (that is, for instance, ¢ # j in the
first term of the first line). The lowercase indices i stand for massless partons and the
uppercase indices I for massive ones, which in particular implies that the third line in
eq. (4.9) does not contribute in our case as there are only two massive quark legs. The T¢
are the generators of the Lie algebra of the gauge group SU(V,) in the representation of
parton i. Specifically, we distinguish three different cases. When the parton ¢ is a gluon, we
have (T¢),, = —if%. In the case of an initial-state quark or final-state anti-quark we have
that (T¢) ap = ~lBo- Finally, in the case of the emission of a gluon from an initial-state
anti-quark or final-state quark we have that (T¢) af = tap- These relations equally apply
to massive partons I as heavy (anti-)quarks. It should be kept in mind that the sum over
the different colours in eq. (4.9) is performed implicitly. We have the following properties

T, -T; =T; Ty, (4.11)
{CA if ¢ is a gluon,

Cr if i is a quark or anti-quark,

T —

(2

(4.12)
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and similarly for massive partons I, J. The expressions for the quark and gluon anomalous
dimensions v9, 79 and for the massless cusp anomalous dimension Yeusp are collected in
appendix D. The kinematical dependence in eq. (4.9) is encoded in the quantities (the
indices a and b can denote either massive or massless partons)

Sab = 20apPapp + 107, (4.13)

with o4 = +1 if both partons a and b are both incoming/outgoing and o,, = —1 otherwise.
The cusp anomalous dimension depends on the angle 5r, related to the invariants sy by
cosh Br; = —sr5/ (2mrmy), and vy is defined as pr/my.

Equation (4.9) is the general expression for the soft anomalous dimension for any
number of external legs up to two loops in full QCD. In our case we can simplify this
expression further. First we note that, as already mentioned, the third line does not
contribute, and neither does the fourth line. Second, the kinematical variables only depend
on the mass of the partons and are the same for all form factors, that is

Sij = 4m% +407", S1g = 2m2Q +i07, S1j = —Qm% +i07, (4.14)
yielding
2
1
10g< K ):lu—QlogQ—l—iW, 1og<mm> = 1, —log2. (4.15)

We can then write

I‘:Z Z2 jVCuSp(lu_210g2+’[/7r)+Z,yz

1
—Tqo TgYeusp (ﬂQQ) +299+(To+ Tg)- Z T Yeusp <2lu —log 2)
K3

(4.16)
T;-T; . i
= Z —5 " eusp (lu—210g2+z7r)+27
(4,9) @
Lo Q, 1me 2 2 1
- iTQ'Ycusp (ﬁQ@) + 297+ 5 (TQ + T@) VYcusp (ﬁQ@) - TQ’Ycusp §lu —log2 ),
where in the last line we introduced the total colour charge Tg = Tg + T5 = —>_; T; of
the quarkonium bound state. We have that
T2 _ 0  if Q is in colour-singlet state [1], (4.17)
C4 if Q is in colour-octet state [8].

At this point we have to address two issues: first, we see that eq. (4.16) depends
explicitly on the colour charges T2Q and TZ of the constituent quarks. However, from
colour coherence we expect that the structure of the IR divergences is such that the soft
gluons do not resolve the short-distance physics, in this case the individual constituent
quarks. Instead, the IR structure should only depend on the colour charge TQQ of the
quarkonium bound state. Second, and more strikingly, we work in a NRQCD framework

— 14 —



where the heavy quarks are produced at threshold at zero relative velocity, v = 0. The
velocity v is related to the cusp angle 5@@ through

14w
== —1 1 .
ﬁQQ i+ og;1

(4.18)

Expanding the cusp anomalous dimension around v = 0, we find

2

; (n1) (n1) 2
T | s o 0 ~
Yeusp(Bry) = 9 [ — ( - ) Ca (1 — 12)] — 279 + O(ag’,vl) , (4.19)

s

where 79 = CinyQ is the heavy-quark anomalous dimension with the Casimir scaled out.
We see that the cusp anomalous dimension diverges at v = 0, which corresponds to the
Coulomb singularity of the amplitude. In our NRQCD framework, we put v = 0 at the
integrand level, and the Coulomb divergence manifests itself as poles in the dimensional
regulator, captured by the factor Zcey. in eq. (4.1). The formula for the soft anomalous
dimension in eq. (4.9), however, is valid in a framework where v is not put to zero from
the start. We should therefore start from a variant of eq. (4.9) with ~eusp(B1.7) replaced by

a constant ~ythres

cusp - 10 the following we argue what the correct form of the soft anomalous

thres

dimension in our framework is, and we determine ~ygusp

through two loops.

To understand this point, let us first discuss the process vy < 15[[)1}. Given that
the external particles are either photons or massive quarks, there cannot be any collinear
divergences in this channel. In addition, since the heavy quarks are in a colour-singlet
state, colour-coherence implies that there are no IR divergences. We must then have that

1g[1]
F{?,O = 0. From eq. (4.9) with veusp(Br.s) — yggggs, however, we find that

1¢l1]
02 T,20 = Cpyihes 4 90392 4+ 0(ad), (4.20)

cusp

where we used Z(I,J) T; - Ty = —QT%Q with Té = T% = Cp, and so we find

Yo = —279 4+ 0(ad). (4.21)
We note that eq. (4.21) is equivalent to eq. (4.19), when simply removing the poles in v,
as is customary within the NRQCD framework [17]. Inserting this relation into eq. (4.16),
we find

T..T. » ' ~ 1
L= =5 Yousp (fp = 2log 2 im) + 37" + T3 ~ Toreusp < 5ln —log 2) - (422)
(4,9) i

Equation (4.22) is the soft anomalous dimension matrix that describes the IR singularities
of quarkonium production and decay at two loops. Note in particular that eq. (4.22) only
depends on the colour charges of the massless external legs and the quarkonium bound
state, as expected from colour coherence.
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4.2 Coulomb singularity

We now turn to the second type of singularities that remain in the renormalised amplitudes,
namely the Coulomb singularities that are related to the bound state of the heavy quarks
and are governed by Zcou.. We work in the MS-scheme and we define:

2
1 (™ 3
ZCoul. =1+ @ ( T ’y%(fulomb + O(as> ) (423)
where %5 1o, 1S the anomalous dimension for the Coulomb singularity. Note that a
priori the value of the anomalous dimension may depend on the channel p and the colour

]

c. The Coulomb singularity for the colour-singlet form factor yvy <« 15’([)1 was already

known [18, 19, 54],
s a2 (cr 4 toge 4.24
YCoulomb — 7 Pt 9 FrLUA) - ( . )

The other anomalous dimensions have not been considered before and will be presented
for the first time in this section. We note nevertheless that the authors of ref. [20] give
compelling evidence for the fact that the Coulomb singularity in gg <> 15([)1] is the same as
in yy < 15'([)1].

For all form factors we have considered, we find that

-1 o™\ 1 e 0 3
Zidl Fpe = ( > ) 2o oy + O (", 02) (4.25)

For the case (p,c) = (77,15([)1]) we reproduce eq. (4.24). For (p,c) = (gg,lS([)l}), we find
the same result as in eq. (4.24), i.e., we find that the anomalous dimension only depends
on the colour, but not on the channel:

15[1] ,Y,les([)l] gg,ls([)l]

/yCo(lJllomb = YCoulomb = YCoulomb * (426)
This is in agreement with refs. [18, 19, 54] and confirms the observation made in ref. [20].
For the colour-octet form factors we find
15[8] - ,yg’ls[S] gg,l 5[8] 9 2 1
/}/Co?llomb = IVCoulo?nb = ’yCoulo?nb =-—-m (CF - 20FCA> : (427)
We observe that the Coulomb singularity for the colour-octet states differs only in the sign
of the non-abelian coefficient C'rC4 from the colour-singlet case. We remark that in the
QED limit, Cr — 1, C4 — 0, Tr — 1, we reproduce the Coulomb singularity encountered
in the para-positronium decay to two photons [23, 49].
To conclude, we find that all our results have the expected IR and Coulomb singularity
structure. This is a very strong check of the correctness of our results.

5 Form factors

In this section we present our results for the finite remainder of the form factors for the

(1] (1] ]

processes y7y <> 15’0 , gg < 1S0 , Vg < 1S([)S] and gg <> 15([)8 . We write the one-loop and

~16 —



two-loop corrections in the following form:

() @ (n1) () \ 2
Foo= <oz5 | ) 1+ (O‘S | )ffﬂ’(” + (as | ) Fpe?
’ ™ T ’ ™ ’

where .7-“32’(1) is the one-loop correction and f,ﬁ%’m

+0(ad), (5.1)

is the two-loop correction. In the
following we will separate the terms that depend on the renormalisation scale ug, the
factorisation scale pup and the NRQCD scale py from the scale-independent terms. Our
results can be found in a set of ancillary files which can be obtained from ref. [60].

At one-loop level, we can express the finite remainder as

Fin) = Find) + ) 4+ cl) (5.2)
where C;(Ll) encapsulates the p-scale dependence at one-loop and is given by
Cs) = 1Bl (5.3)
) =~ 1500, — 5 (B+ k) s 5.0
where, for convenience, we have defined the quantity
[5’:—4chlog2+T29—m(T2Q—2ch), (5.5)

and ¢ is defined below eq. (2.13).

The situation is more involved at two loops. We can express .7-"57 2’(2)

in terms of their

different contributions as

n n fin, (2 n, n,
F = 7+ P 4 ) ) (000 +)

p,csvac p,cireg

peree = p " (5.6)
2+ Cf2+ ¢ + DR L)
where the scale-dependent terms are given by
DY) = i (14 ) Bolug (5.7)
€)= 550 (1+0) BB 2 + 750 B 59)
c?) = 3%&03 I+ %Gq Ca (B + é (2 + 3q) ﬁ0> 3.
a5 (B a0+ 0) 5+ (1420) 6o B 8aCanll,) 2, (5.9)
+ (’yéiip (q Calog2 + %m (T2Q —2¢q CA)> + %TQQ FQ:1) 4 qv““) Lip
R = %moulomb iy - (5.10)

The expressions for yé}lép, 79 (1) and 321 refer to the coefficients of the (’)(ag) terms given
in appendix D.
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In eq. (5.6), f&%{ﬁ?& is the regular contribution, while .7-";17 Icll(sl) represents the light-by-

light contributions and f;ré‘(,iz; is the contribution due to vacuum polarisation diagrams.

These contributions can be further decomposed as

2 2 2
fiﬁ;gé = C’% aéyg;FF + CrCy a,(,,(lFA + Ci a;z;AA , (5.11)
Fin@) — CpTen, b2 L+ CeTrig b2 o+ CaTeng b2, + CaTeiy b2 5.12
p,c;1bl FLET p,c;Fh + Crlpmny p,c; Fl + CalFng p,c;Ah +Calrmny p,c; Al ( : )

fﬁn’(Z) = C’FTFnh C;Efz;Fh + CFTFTLl C;Efz;Fl + CATFnh C;g(f():;Ah + CATFTLZ C;?;Al . (5.13)

p,c;vac

The definition to the quantity 7; can be found in eq. (3.14). The purely abelian contribu-
tions at one-loop and two-loop level for the regular and vacuum polarisation corrections
are identical for all form factors considered, which is a strong check of the calculation. As
mentioned earlier, the abelian contribution for the light-by-light contributions depends on
the colour state of the bound state, but is independent of the initial-state partons. Its
value differs only by a factor of two between colour-singlet and colour-octet states and
comes from the different colour algebra. Similarly, for the non-abelian light-by-light con-
tributions, we can reconstruct the contributions to the colour-octet form factors using the
results obtained in the colour-singlet case by simple colour algebra and we find again full
agreement, which is another strong check of the calculation.

For phenomenological applications we are interested in the hard functions obtained by
squaring the form factors we obtain in this paper. More explicitly, the hard function H is
defined as

i 2
Z Oégnl) fin, (1)
HP,C = T fp,c7 )

=0

() (n)\
_ 24(0 Qs 1 s 2 3
e (40 )t (1) 2+ 0(ad).

where we have that 7—[1(9?2 = 1 due to the normalisation of .7-";1, ¢

(5.14)

© — 1. In the following

subsections, we present our results for H for the different channels we consider in this paper.

Before doing so, however, we close this introductory discussion by noting that by taking
the QED limit, Cr — 1, Ca — 0, Tr — 1, of a colour-singlet form factor, and setting n; = 0
we reproduce the form factor of the para-positronium decay into two photons [49] which
we have already presented in our companion paper [23]. The form factors can also be used
to describe the para-muonium and para-tauonium decay into two photons up to NNLO
accuracy. In this case, one again takes the QED limit but now retains the n; term. Indeed,
in addition to the light fermions (e for muonium and e, p for tauonium), one now also has
to take into account light quarks and their relative charge. We will denote generically the
relative charge of leptons and quarks that form the bound state as ey. If we wish to compute

the NNLO QED corrections to quarkonium or leptonium decay into two photons, we would
1bl,QED vac,QED

need to make the following replacements ag — efcaem, . — n, , =y , with
ng ny
n}bLQED = Z e?/e‘} , n;’ac’QED = Z e%/efc . (5.15)

K3 3
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For the leptonium bound states, one would consider also the non-perturbative effects from
the bound state, including the removal of the Coulomb singularity, similarly to what was
done for the para-positronium case in refs. [23, 49].

5.1 Form factor coefficients

In this subsection we present the set of independent coefficients that appear in the differ-
ent form factors. Since the analytical expressions are rather lengthy, we have collected the
complete analytical expressions for all coefficients expressible in terms of multiple poly-
logarithms, elliptic multiple polylogarithms and iterated integrals of Eisenstein series in
appendix E and in a set of ancillary files that can be obtained from ref. [60]. We also
have available high-precision numerical evaluations up to more than 1000 digits. In the
following, we will show only the first 20 digits of the numerical evaluations.
For the one-loop coefficients, we define the following coefficients,

(1) ™ 5
af = 5 — 5 = ~1.2662994498638301726, (5.16)
2
1
ag) =L + =~ —log?2 +imlog?2
6 ' 2
= 1.66448105293002501181 + i 2.17758609030360213050, (5.17)
2
3
al) = 1—8 +242 log2 — = log 2 = 1.0619638416769002469. (5.18)

At two-loop level, we define

af? =a®) | pp = —21.10789796731067145661, (5.19)
a5” = a) | pa = —4.79298000108431445013, (5.20)
af?) = afg)m; o4 = —1.63396444740133643183 — i 2.75747606818258018891,  (5.21)
of? = a®)  p s = 11.4964197929416576889, (5.22)
af? =al) | 14 = —4.16141057462231200330 + i 12.74963942099565970837,  (5.23)
oY =al 14 = 1.1674088877410300335, (5.24)
af? = a4 = —0.47052470943276749673 + i 3.76949207800965060010,  (5.25)
b =0 |y = 0.64696557211233073992 + 1 2.07357555846158085167, (5.26)
o) =01 |\ ) = 0.73128459201956765416 — i 1.79084590261634204461, (5.27)
o) = b2, = 0.17355457403625922073 +  0.27096443988081661998, (5.28)
b = b2 = —0.27562418279938901511 + 7 0.56534858757600288424, (5.29)
P =2 || by, = 0.22367201327357266787, (5.30)
o) =2 ) g = —0.56481511444874563705, (5.31)
) = 4 = —0.19435982593932209621 — i 0.26424642484869050250, (5.32)
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=@ = —0.1068025969267476488, (5.33)

Cyg.[8;Ah =
o) = e 4 = 0.20360900095614056680 — 7 2.96547152392125649208, (5.34)
@_ @  _
e = ¢2 ) 4 = —0.5846981879646550889. (5.35)

5.2 v+ 1.5'([)1]

For the form factor Ffin

NI the correction at one-loop accuracy reads

fin,(1) (1)
f’y%[l];reg — CF a1 . (536)

At two-loop level, the individual coefficients in egs. (5.11)—(5.13) read

2 2 2 2 2

=0y el =’ 0l =0,
(2) _ 32 2) A 2) _ 2) _

b’v%[l];Fh =0, bw,[l];Fl =07, bw,[l};Ah =0, bw,[l};Al =0, (5.37)
() _ .2 (2) _ .2 () _ ) _

Cyy[iliFn = €1 CyylFr T %2 Cytian = 0 Cytjsar = 0

As mentioned before, the coefficients for the regular and vacuum insertion contributions
have been computed in numerical form for the first time in ref. [18]. The light-by-light
contribution has been considered in ref. [19] where all coefficients have been evaluated at
an improved numerical precision of 10 digits. We find full agreement for all the coefficients
presented in both references.

Using the results for this form factor, we can compute the hard function that can be
used for the decay width into two photons. We obtain

H') 1) = —3.37679853297021379372, (5.38)
HP || = —109.3826016955304736674 — 9.2861959656680879327 I,
— 37.28517218189313256001,,, — 0.7530868192649941827 n; (5.39)

+0.5627997554950356323 ny 1, , + 0.97504612269275687222 71;.

For charmonium decay, we set n; = 3 and in the bottomonium case n; = 4. The light-by-
light contributions which have been omitted in ref. [18] contain the term 7; which turns
out to be quite large for the bottomonium state

) i ¢ 3/2 for c, (5.40)
n; = S = 7 ‘
~ ¢ |10 for bb.

5.3 gg < 15([,1]

In this subsection, we present for the first time the form factor .7-";;[1]. The correction at
one-loop accuracy reads

fin, (1 1 1
fggv[(l];)reg =CF a’(l '+ Cy aé g (5.41)
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The two-loop coefficients read

(2) (2) (2) (2) () (2)

Qgg 1) pF = M1 Qgg,1);pA = 43 Qgg,11;44 = 95
(2) _ (2 (2) _ (2 (2) _ (2 (2) _ (2

bgg,[l];Fh =b", bgg,[l};Fl =by bgg,[l};Ah =by”, bgg,[l};Al =by", (5.42)
(2) _ (2 (2) _ 2 (2) _ (2 (2) _ (2

Cog,1;FR = €1 Cog,1);F1 = C2 99,1140 = €3 Cog,11);41 = G5 -

The hard function, which can be used in collinear or Transverse-Momentum-Dependent
(TMD) factorisation, exhibits the following structure:

Hélg) n= 6.6100877846099362771 + 5.50000000000000000001,, ,,

—1.34111691664032814351,,,, — 1.500000000000000000001, . (5.43)
—0.3333333333333333333 1 (1, — Ly ) »
H) | =—108.32872069182897851535 + 67.28322422303197428616

+22.6875000000000000000 liR —15.249454970920794334911,, .
—11.8456969740765133031 lfLF +4.76167537496049221524 le
+1.1250000000000000000 lf;F —11.06421456228270718381,,, 1, -
—12.37500000000000000001,,, liF —37.28517218189313256001,,,
+0.0059137578980173446n; — 4.88837722563830147189n;1,,
—2.7500000000000000000n; ZZR +2.7479948883357910787ny 1 4.
—0.6004653819334700598 n; liF —0.66666666666666666667 1, lf&p
+3.42055845832016407175n; 1, 1,4 +0.75000000000000000000 72 { 12

MR pfp
+0.08333333333333333333n7 (L1, — 1y )2

(5.44)

We note that the size of the coefficient multiplying the logarithm of the NRQCD scale is
rather large and has an important effect on the numerical value of the hard function.

5.4 ~g < 1S

As for the colour-octet states, we first consider the form factor ]-"%‘ i8]" At one-loop accuracy,
the correction is given by

ﬁn, 1 1 1
7. 79,[(813reg = Cray’ + Caay’. (5.45)

At two-loop order, the coefficients read,

(2) (2) (2 (2) (2 (2)

Aygl8;FF = @1 Qogigra = % Qg iglaa = %6 s
) 572 (2) EC) B _ 3@ Lo _ 3.2
brgsirn =201 D =207 b an =700 b =70, (5.46)
(2) _ @ 2) _ @ (2) _® (2) )
Cyg,l8;Fh = €1 Crg 8P = €2 Cg,l81;An = G4 Cyg,[8;41 = %6
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The hard function for the colour-octet state in the channel vg takes the form
7-[%) 8] = 2.9949845170911876879 + 2.75000000000000000001,,,
— 2.1705584583201640717[,,,, — 0.75000000000000000000 1, _ (5.47)
—0.166666666666666666671; (1., — L4y ),

H?) ) = 40.4242880521358345950 + 22.84741484400153228336 L,

+ 7.56250000000000000000 lZR — 14.8215925690621966374 1, ,.

+ 0.75699232806869328971 le + 3.0029188437401230538 le

-+ 0.2812500000000000000 lﬁF —11.93807152076090239462 1, , 1,,.

— 4.12500000000000000001,, , liF +2.193245422464301915301,,

— 2.5071813831589594496 n; — 1.78999483903039589596 n; 1, ,

— 0.9166666666666666667 n; liR +1.18814689958143744113 ny 1, .

— 0.5634729479133743513 g liF — 0.20833333333333333333 n; le
+1.64018615277338802392 ny 1, , 4. + 0.2500000000000000000 12 1, ,, ZZF
+ 0.02777TITITITTITITITS le (Lug — lw)2 + 0.30470191334148652257 1;.

(5.48)

The variable 7; vanishes for charmonium states and takes a negative value for bottomonium
states

e, 0 for ce,
[T ° 5.49
Z {—2 for bb. ( )

55 gg < 188

For the second colour-octet form factor f?;[g], the relative correction at one-loop level is

ﬁl’l, 1 1 1 1 1
]:ggy[é];)reg = Crai’ +Cu <2ag '+ aj )> ’ (5.50)

At two-loop order the coefficients read,
(2) (2) (2) e

(2) (2) 2) (2)

Qog [8FF = 91 Qgg[8FA = "5 02 T 503" Tas"s  ggrgan =77,
borstirn = 201 b2 o =205,
-
cgﬁgm =, Cé?[s];m =,

;29),[8];Ah = % C§2) + 0512)7 C_f]f]),[S];Al = % Cg) + CéQ)‘
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The hard function for the second colour-octet state in the gg-channel is given by

Y | = 7.9884276758812627233 + 5.50000000000000000001,,,

99,(8
— 2.8411169166403281435 ,,,. — 1.5000000000000000000017. (5.52)
— 0.3333333333333333333 (I, — Lpuyo)

7—[;3[8] = 47.92683141521562851467 + 78.65452832602041746721,,,,
+ 22.6875000000000000000 liR —34.2091378115074325464 1.
— 8.7140314360230107571 liF + 7.01167537496049221524 liF
4+ 1.1250000000000000000 lf;F — 23.4392145622827071838 I, 111
— 12.3750000000000000000 1, , liF + 2.193245422464301915301,,,
— 2.3105022425823455994 n; — 5.5775471712739646950 n; [, ,
— 2.7500000000000000000 7 liR + 3.62410818542623322740 1 1, .
— 1.2254653819334700598 n; ZZF —0.66666666666666666667 1, liF
+4.1705584583201640717 ny 1, 1,4 + 0.75000000000000000000 7 1 12

MR PR
+0.08333333333333333333 17 (L, — Lup)” -

(5.53)

Comparing the size of the coefficient of the NRQCD scale dependence of the colour-octet
states with the situation in the colour-singlet case, we can conclude that the hard function
is not as sensitive to the NRQCD scale as it is in the colour-singlet case.

6 Conclusions

In this paper we have computed analytically the complete two-loop QCD corrections to
the form factors relevant for ng production and decay. In particular, we have considered
the processes vy < 15’51], gg < 15([)1], vg > 15([)8}, gg < 15([)8]. We have also obtained high-
precision numerics up to 1000 digits for all form factors, which makes our results readily
usable for phenomenological studies. The form factors presented also allow us to consider
the two-loop QED corrections to leptonium bound states.

The form factor vy < IS([]” has been computed before only in purely numerical
form [18, 19]. Our result is in agreement with those references, which serves as a cross-check
of our calculation. The form factor gg <> 15([)1] is new and is the last missing ingredient for
a full NNLO calculation of ng hadro-production in either collinear or TMD factorisation.
We also computed the form factors to produce a pseudo-scalar state in a colour-octet con-

figuration 15([)8}, which corresponds to higher terms in the v-expansion of the LDME. For

instance, the pseudo-scalar state 15([)8] turns out to be one of the leading contributions to
the pseudo-vector particle hg, the other being the state 1P1m. It also appears in the higher
terms in the v-expansion for the vector particles J/¢ and Y.

The two-loop bare form factors can be expressed in terms of 76 master integrals,
which we have already discussed in our companion paper [23]. After UV renormalisation,
the renormalised amplitude still contains IR as well as Coulomb singularities. By imposing

that the result has the expected IR pole structure, we were able to reproduce the Coulomb
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singularity of the colour-singlet state 1S([)l]. This serves as a cross-check of our approach.

This singularity is independent of the initial-state particles and depends only on the bound-
state colour configuration. In addition, we obtain for the first time the Coulomb singularity
for the colour-octet state 1558]. It differs only in the non-abelian part from the one in the

colour-singlet case.

We have presented the finite remainders for the form factors in section 5. The complete
analytical expressions to the coefficients can be found in appendix E and in a set of ancillary
files [60]. In addition to this, we have presented the hard function for all processes including
the dependence on the renormalisation scale pg, the factorisation scale pr and the NRQCD
scale pp. These hard functions can now be directly used for phenomenology, e.g., when
computing the NNLO corrections to ng hadro-production. We leave this for future work.
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A Bare amplitude structure

In this appendix, we give the structure of the bare amplitude for each form factor at one-
loop level up to O(€?) and at two-loop level up to the finite piece O(e"). The decomposition
of the bare amplitude follows the notation in section 3.1.

For the one-loop amplitude, we furnish the analytic expressions up to O(el), while for
the highest order term we give its numerical value. In the case of the two-loop amplitude, we
provide the analytic expressions for the pole structure, while for the finite piece we furnish
the numerical value. For convenience, we display only the first 5 digits after the decimal.

— 24 —



At one-loop order we have the following results for the different form factors:

1
vy 18y
vy, [1] | €72 et €° et €2
FH oo 0 =3 ~1+in2+4log2+ ¢ | 5.52395
FUolo 0 0 0 0
1
g9 154"
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Folo 0 =5 —1+ 1721 4log2+ ¢y 5.52395
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A 2 log2 2708 ) g7 08273 08 - 1i2.39994
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At two-loop level we find the following structures for the bare amplitudes:

vy < 18"

L et e €’ ! e
_7:1(?2% 0 0 2 -39 _r —|— 3 log2 —9.58245
has) 0 0 0 —205_ g—G 1.56657
FOooloo o 0 0 0

) e |0 0 -1 o —2.25015
Filwe |0 |0 0 i_z ~3.11684
Pl |0 |0 0 0 :
Pl |0 |0 o 0 0

1
gg < 154"
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Fih oy = (0.64697 + i 2.07358) CpTimy, + (0.73128 — i 1.79085) CrTpiny

+ (0.17355 + i 0.27096) CoTrny + (—0.27562 + i 0.56535) CoTriy

— 96 —



v9,[8] 4 3 2 1 0
J"ff} 0 0 2 —3 T+ 3]og2 —9.58245
199 | 572 77
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B Renormalised amplitude structure

In this appendix, we give the structure of the renormalised amplitude for each form factor at
one-loop level up to O(e?) and at two-loop level up to the finite piece O(e"). We proceed
in a similar fashion as done in appendix A. The decomposition follows the notation in
section 3.2. From the finite piece on, we give for convenience the coeflicients evaluated at
the scale p = mg.

At one-loop order, we have the following results for the different form factors:

—2 —1 0 1 2
'7’)/; [1] € € € p=me € p=mq H=mgqg
—(1
72 o 0 Ly —14ir24dlog2+1¢ | 552395
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-2 -1 1 2
99, 18] ¢ € n=mq w=mq Clu=mq
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1452y 5T g+ 15T —
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A 2 log2—11,, 7 2. | slog?2—lirlog®2+ +i2.39994
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Similarly, at two-loop order we find the following structure for renormalised amplitudes.

(2,0)

Since the light-by-light contributions are finite in four dimensions, we have that fp,;;lbl =

(2,0)
‘Fp,c;lb

, and the corresponding values can be found in appendix A.
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C Renormalisation coefficients

In this appendix, we give the expressions for the renormalisation coefficients Z used to re-
move the UV singularities. We apply for the gluon wavefunction Z,, the heavy-quark wave-
function Zg and for the renormalisation of the heavy-quark mass Z,, the on-shell renormal-
isation scheme, while for the coupling renormalisation Z,, we adopt the MS-scheme [61—
64]. In the following, the expansion in the strong coupling involves the coupling with n; =
n;+ny, flavours. In order to get to the conventional coupling where only n; massless flavours
are absorbed, we need to apply the decoupling relation given in ref. [50], which reads:

aﬁ"f) = (asag”) , (C.1)
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The renormalisation factors read
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D IR singularities

In this appendix, we give the coefficients that appear in the anomalous dimension matrix
T which is needed to construct the IR singularity structure Zig for the amplitude. The
expansion in the coupling is done with n; light flavours inside the running. Apart from
the coeflicient fyg{;ggS, which we have computed in the main text, the remaining coefficients

have been computed in refs. [57, 58, 65-69]. The coefficients read

67 w2\ 5 3
’Ycusp—< ) ( ) [ <36—12>—9TF7H —|—O(as), (D.1)
M\ 8, () 173 172 1
g_ _ ~0 -
" <7r)4 <7r> [C“< 708 T 28 T8¢
C AT Loor O(a D.2
+AFnl277_5+4FFnl+<)a (D.2)

+0(ad). (D.3)
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()T () o (o) e
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E Form factors: analytic expressions

In this appendix, we collect the analytical expressions for the individual coefficients in the
form-factor decomposition defined in section 5. We also make them available in electronic
form in ref. [60]. These coefficients can be expressed in terms of master integrals that we
have computed in our companion paper [23]. In the case where these are expressible in terms
of multiple polylogarithms, we will write them out explicitly. For the integrals that involve
functions in the class of elliptic multiple polylogarithms and iterated integrals of modular
forms, as these are rather lengthy, we will keep the master integral notation. The master in-
tegrals will be expanded in the dimensional regulator € as done in our companion paper [23]

Fr=>Y Fr®. (E.1)
k

(k

The complete analytical expressions for the F; ) terms can be found in ref. [70].

In the following we define some non-trivial constants that appear in the coefficients
and that have not yet been defined previously in our companion paper [23]. The Catalan
constant C' is defined as

o0 TL

Z = 0.915966.. . . (E.2)
- 2n + )

whereas the polygamma function ¢ (z) is given by

dm+1
VM (z) = o log (D(2) (E-3)
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with T'(z) being the gamma function. The function HPLI (0, —, +, —) can be expressed in
terms of multiple polylogarithms as
HPLI(0,—,+,—) = G(0,—1,—-1,—1;7) + G(0,—1,—1,1;4) — G(0,—1,1, —1;4)
- G(0,-1,1,1;4) + G(0,1,—1,—1;4) + G(0,1, -1, 1;4) (E.4)
—G(0,1,1,-1;4) — G(0,1,1,1;4).
Having defined the constants above, we now turn to the individual form-factor coefficients.

We first collect the coefficients a§2) needed for the regular contributions,
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We now collect the coefficients b;” needed for the light-by-light contributions,
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In the following, we list the ¢;” coefficients needed for the vaccuum polarisation con-

tributions,
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