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1 Introduction

In recent years, the LHCb collaboration has published several measurements of the rates
and angular distributions of b- to s-quark flavour-changing neutral-current processes [1-5].
The experimental results reveal a pattern of discrepancies with predictions based on the
Standard Model of particle physics (SM). The measurements by the LHCb collaboration
are reinforced by compatible observations performed by the BaBar and Belle experiments
and the ATLAS, CMS and CDF collaborations [6-18]. Global analyses of b- to s-quark
transitions indicate that the measurements form a coherent picture that could be explained
by several proposed extensions of the SM, see for example refs. [19-22].

Thus far, measurements have mainly focused on analyses of B meson decays. It is im-
portant to confirm the discrepancies in other systems. The most convenient choice for this
is through the decay of the Ag baryon, which is the lightest b-baryon and is produced abun-
dantly at the LHC [25]. As of today, the LHCb collaboration has measured the branching
fraction and angular distribution of the A — A(1115)u*p~ decay [26, 27], where the label
A(1115) is used to refer to the weakly decaying ground-state baryon. Measurements of the
AY— A(1115)ptp~ transition have already been considered in global analyses [19, 28] but
larger experimental data sets are needed to understand the compatibility of the measure-
ments with those in B meson systems. The LHCb experiment also observes large signals
of A) — pK~p*u~ decays, which it has used to search for CP violation in the decay [29)]
and to test lepton flavour universality by comparing A) — pK~eTe™ and A} — pK~ptpu~
decays [30]. A unique feature of the p K~ spectrum in these decays is the rich contribution
from different A resonances, whose states cannot easily be separated.!

From the theoretical point of view, the semi-leptonic Ag decay to the ground-state
A(1115) baryon has been studied in detail. There are predictions for the form factors for
the decay from light-cone sum-rule techniques [31, 32] and lattice QCD [33-35]. Dispersive
bounds on the form factors have also been discussed in ref. [36]. The angular distribution
for the decay is known [37], even for the case of polarised AY baryons [38] and the full
basis of new physics operators [39, 40]. Much less is known about the decay via other A
resonances. The form factors for A) to A(1520) transitions have been determined in lattice
QCD [41, 42], in the quark model [43], and studied in HQET [44]. Dispersive bounds
have also been considered in ref. [45]. For other resonances, form-factor predictions are
only available in the context of the quark model [46, 47]. The full angular distribution of
single spin-3 [48, 49] and the spin-3 [50, 51] resonances is known but the distribution of
higher-spin resonances and the more general case of overlapping, interfering, resonances
has not been studied. The aim of this paper is to provide a description of the angular
distribution, including up-to spin—% resonances, and to present a method that can be used
by experiments to perform a model-independent analysis of the Ag — pK (T4~ decay.

The following sections begin with a decomposition of the full A) — pK~—¢*¢~ decay
rate into subsequent two-body decays. The approach used holds for any decay of a spin—%

'n order to avoid confusion, the weakly-decaying ground-state will be labelled A(1115) and the strongly
decaying resonance states will be collectively labelled A resonances when referring to the resonances in
general and a mass in parentheses will be used to refer to a specific state.



baryon to a final state involving a spin—% baryon, a spin-0 meson, and two fermions. The
amplitudes for the two-body decays are calculated in the helicity formalism, as described
in section 3. Section 4 provides an expansion for the full angular distribution in terms
of a set of basis functions. Section 5 introduces the method of moments and explains its
application to the decay rate developed in the first sections. Section 6 provides explicit
expressions for some of the observables appearing in the angular distribution. Section 7
explores the angular distributions of individual A resonances. The angular distribution of
the spin—% A(1820) resonance, and a realistic ensemble of A states, is explored in section 8
together with the possibility of observing modifications of the angular distribution of the
decay in extensions of the SM.

2 Decomposition of the decay rate
The differential decay rate for the full decay chain can be expressed as

— 9

‘M‘ 4
I'=—(2 () 2.1
d 2mAb( ) dPy (2.1)

where M is the invariant amplitude for the decay, m,, is the mass of the Ag baryon and
d®,4 the 4-body differential phase space. The Ag — pK ¢/~ decay is modelled as three
subsequent two-body decays, where the Ag baryon first decays into a A resonance and a
virtual vector boson, labelled below by V. The A resonance then decays strongly into a
proton and a kaon, while the virtual vector boson produces the two leptons. In what follows,
the four momenta of the Ag baryon and the A resonance are denoted p and k, respectively.
The four momentum of the /¢~ system is ¢ = p — k. The four momenta of the proton
and kaon are k; and ks and the four momenta of the /™ and ¢~ are ¢; and ¢g2. We use the
notation p* = (p°, 7’) when referring to the energy and three momentum of the particles.

2.1 Invariant amplitude

—2
The spin-averaged invariant amplitude-squared, |M]|", is obtained by summing over the
possible helicites of the Ag baryon, A\, = j:%, the proton, A, = i%, and the two leptons,
)\1 = :t% and )\2 = :t%,

—2
MIT=D Py D IMaanl’ (2.2)
b A1,A2,0p

The factor Py, corresponds to the relative amount of the Ag spin state A,. The sum of Py,
over the two spin-states is one, i.e. Py10 +P_1/0 = 1.

The amplitude for a given set of initial and final states corresponds to the sum over
all intermediate resonances, A, and their corresponding helicity, Ay,

M)\ba)\pv)\h)\Q = Z Z MQA . (2.3)
W



The helicity indices Ay, Ay, A1, and A2 have been suppressed on the right-hand side of the
expression for readability. Equation (2.3) can be split into two pieces, representing an am-
plitude for the decay to A¢T¢~ and for the subsequent decay of the A resonance to pK —, i.e

M, = M bk (2.4)

Using a naive factorisation approach, after integrating out heavy degrees of freedom,
the effective Lagrangian is

4G
Log=L L 4+ —
F Qcp + LQED /2

where V;; are elements of the Cabibbo-Kobayashi-Maskawa quark-mixing matrix and G is

VasVis > CiOi, (2.5)

the Fermi constant. The C; and O; represent the Wilson coefficients and the corresponding
local operators of the effective theory. The relevant dimension-four operators for b— s¢*¢~
transitions are

€ = 14
07(/) = me(SUMVPR(L)b)FM s
2
e
Oy = 167 Q(S'YuPL(R)b)(K'YHf) (2.6)
2
e
Og0) = T6m —— (57 PrL(r)b) (14" 50)

with the left- and right-handed chiral projection operators P, g = % (1 F75). Four-quark
current-current and QCD penguin operators, usually denoted O;_g, also contribute to
b — s{T{~ transitions. Their impact is discussed in appendix A and included by using
effective Wilson coefficients Cfﬁ. Non-factorisable corrections that can not be expressed in
terms of contributions to C?% are neglected in this paper.

Splitting the operators into A(b] — A and dilepton current results in the expression

A ALt~

M)x - Nl ZC ee’(l)lep z‘ ><A’Oﬁad,i‘A2>g#V (27)
for the Ag — AlT¢~ decay amplitude, where the constants have been absorbed into the
normalisation factor

4G
NG

To simplify the calculations, a projection onto an intermediate vector boson is intro-

N1 = —Vu V. (2.8)

duced by expressing the Minkowski metric as

gur = Y e (A)en(Av)gapay - (2.9)
Av

The virtual vector boson has four polarization states: time-like (Jyy = Ay = 0), longitudinal
(Jv = 1, Ay = 0), and transverse (Jy = 1,\y = £1). In the following, these states will
be labelled by Ay = t,0,+. An explicit form of the polarisation vectors for the different
polarisation states is given in appendix B.



Using equation (2.9), the hadronic and leptonic currents can be separated

Vi
My ngv D {0y 10)p M) CitM O 1AL O), - (2:10)
Vsetie— AOAV
Mive; AAV-O;
_ A
and evaluated in independent reference frames. The amplitudes Mngl oM /\zjvvo , and

MAHP K™ are further discussed in section 3.

2.2 Four-body phase-space

The four-body phase-space for the A) — pK ~¢*¢~ decay can be decomposed into three
two-body phase-space elements as

1 |E| 1 |El| 317.2 1 |Q1| 3192
doy = —— —— —dQ,x - (2m)°dk —dQ 2m)°d
4 4(27.‘_)6 ma, Ag X 4(27’[’)6 /1.2 pK ( 7T) X 4(27’1’) /*q o ( 7T) q
1 R 27 2
= dQ\0dQ, xdQeedk*dg” . 2.11
2002m) 2 my, ViZ g M PRl @1)

Here and throughout this paper, the three-momenta E, El, and ¢ are evaluated in the rest
frame of their respective parent particle.

In the following, we give explicit expressions for the angular phase-space elements
beginning with the Ag decay. We assume that the Ag baryons are produced at a hadron
collider and refer to the centre-of-mass frame of the two colliding beams as the laboratory
frame. The standard convention is to align the beam directions with the 2-axis.

In pp collisions at the LHC, bb pairs are produced primarily by QCD processes (gluon-
gluon fusion, gluon splitting and flavour excitation [52]). Consequently, A) baryons are
expected to have no longitudinal polarisation and only a small transverse polarisation,
measured against the axis 72| = P X Ppeam. Here, p is the Ag direction and Ppeam is the
beam direction in the laboratory frame. This is consistent with the measurement by the
LHCD collaboration in ref. [53] that finds no transverse polarisation in A production. Lon-
gitudinally polarised Ag baryons are produced in Z decays [54] such that a large sample of
polarized Ag baryons could be obtained at the proposed FCC-ee. In this case, the formalism
outlined in this paper remains unchanged but the angular definition must be updated to
reflect the different choice of polarisation axis. The polarisation fraction measured against
the corresponding axis is

7?\0 = P+1/2 - P—1/2 . (212)

The angular phase space element d) A9 is dcos 6pd¢y, where 0, and ¢y, are the polar and
azimuthal angles of the momentum vector of the A resonance in the A)-baryon rest-frame
measured against the polarisation axis. Due to rotational invariance, the amplitude for
the decay is independent of ¢,. Analogously, the angular phase space elements of the A
resonance and dilepton systems are d),x = dcos@,d¢, and d€ly = dcos8,d¢,. Here, 6,
and ¢, correspond to polar and azimuthal angles of the proton in the A-resonance rest-
frame and 6, and ¢, the polar and azimuthal angles of the ¢* in the dilepton rest-frame.



Ag rest frame

010~ rest frame

A rest frame

Figure 1. Illustration of the different angles appearing in the expression for the differential decay
rate when considering transverse polarisation. Three different rest-frames are used, that of the Ag,
the A and the £T¢~ system. A common axis (in blue), given by the normal to the plane containing
the AY direction and the beam direction, is used to define the coordinate systems.

Figure 1 illustrates the angle definitions and appendix C provides explicit expressions for
their calculation. Using this angular convention, and integrating over ¢y, leads to
1 |k k] 1d]

dd, = dcos Bydcos 0,d¢p,dcos Opdppdk>dg? . 2.13
4 @) mn, VIZ /g cos fydcos O,dg,dcos Bedep, q (2.13)

3 Invariant amplitudes in the helicity formalism

To simplify the calculation of the differential decay rate when multiple, interfering, A
resonances contribute, we use the helicity formalism. The Ag — AV decay amplitude,
H, is evaluated in the A helicity frame. The angular structure due to rotating the A
polarization axis into the A helicity frame is described by the Wigner D-matrix element
D}\Z 72)\/\7 Av(¢b’ Oy, —Pp)*. Because this is the only ¢,-dependent component of the ampli-
tude, the complex terms in the Wigner D-matrix element cancel in the invariant amplitude
squared, |[Mx, x, A0 2. This was anticipated in section 2.2 when integrating over ¢;. As
a result, the invariant amplitude for the Ag — AV transition in terms of helicity amplitude

and rotation reads

AV AV A0; 9\ 41/2
Mo, = AN, (mre, ) (00) (3.1)

with the real-valued Wigner d-matrix element. The helicity amplitude depends on the p K~
invariant mass mpygx = VE? and the dilepton invariant mass squared ¢°.

The amplitude for the decay of a A-resonance with spin Jj to a proton and a kaon,
h, is calculated in the proton helicity frame. Combined with a rotation from the A to the
proton helicity frame, the amplitude for the A decay is

AspK— 1 J *
MYP :,/JA+5hQMP(mpK)DAQ’AP(%,ep,—¢p) . (3.2)



A spin-dependent factor is introduced to compensate for the normalisation of the Wigner
D-matrix elements.

The lepton system amplitude, A, is calculated in the helicity frame of the positively
charged lepton. After the rotation of the quantization axis from the lepton system helicity
frame to the ¢ helicity frame, the amplitude is

+ 7O Jv X
My\jélg h)q >\2V( )D)\V A1—A2 (¢ﬁ? 057 _¢Z) . (33)

Note, that the spin of the virtual vector boson, Jy, is implicitly contained in its polarization
Av =1t,0, +.
Combining equations (3.1)—(3.3), with the results of section 2,

d'r 1 N? |’<3Hk‘||Q\ /
== 3 26(2;-) : 1ZP Z ZZ It 5 Zg/\vkv

2
dq dmpKdQ mA >\b )\1,A27Ap

XHAA Av(q mPK)dA{,,)\A—)\V(Gb) (3.4)
X B (@)D 5, (61,00, —0)*

J, *
X hé\\A,Ap (mpK)D,\f\,Ap(Cbm Op, —¢p)

I

where () = (cos by, cos by, ¢p, cosby, ¢g). It is convenient to replace the sum over the Ag
helicities, Ay, by the spin-density matrix

1/2
PXy=Av XN =X, = Z'P,\bd)é’/\/\_)\v (gb)d)\é Ny — fv(ab)
Ab

1 {1+ PAS cos 6y, PAg sin 6y, (3.5)

2 Rg sinf, 1-— R(b) cos Oy

where Ro is the A) polarisation defined in equation (2.12) and the upper-left (lower-right)
element corresponds to py1/2 11 /2(p_1 /2,-1 /2) and the off-diagonal elements correspond to

P+1/2,F71/2-
3.1 Helicity amplitudes for the Ag — AV decay

Separate amplitudes need to be considered for hadronic operators with different Lorentz
structures, O | . = s P, gb. The relevant amplitudes for this paper are

eff
A7O) _2my Cooy s o (AT ATS

HAA v (q mPK) @2 2 € (HXA)\V + HAAuAV) ’

A A,90) ng) ion ( AV ghA 3.6
Ay (€K ) = 5 € v TH ) (3.6)
A100) , 9 _ C10<'> oi0A AA

H/\A7)\V (q ’mpK) - 9 (HAA awv T H/\A7)\V) ’

The labels V, A, T and T'5 refer to vector, axialvector, tensor and axialtensor currents
with the Lorentz structures I'* = v*, v#~5, 10’ q, and io"’v5q,, respectively. A common



complex phase, d,, arises from QCD separately for each A resonance. The amplitudes,
A,TH
Ay aTe

Hy'y, = en(Av)(AIST#B|AD) . (3.7)

Note, the polarization vectors for the vector-boson used in this paper are defined in the
opposite direction to those of ref. [50].

The current (A[ST#b|AJ) can be decomposed in terms of its underlying Lorentz struc-
ture. One choice is to expand the currents in terms of 4* and the A and A 4-velocities,
vp and vy. This approach is taken in ref. [46], where the currents for Jy = % are

(AJST#B|AD) = a(k, M) [Xri(@)7" + Xra(q?)oh + Xrs(@)vh] up, M), (3.8)

for Jp = % are

(ASTBIAY) = tia (K, An) [v (X1 (a2 + Xra(a?) ol + Xra(a®)of ) + Xra(a®)g™ | u(p, M)
(3.9)
and for Jy = % are

(AJSTb|AG) =g (kA0 ) [0 (X1 (27" + Xra(02)uli4 X (42)0f ) + Xra(a?)g™ [ ulp. ).
(3.10)
In the notation of refs. [46, 47, the form-factors Xt; are Xv; = F;, Xa; = Gy, Xp; = F
and X735 = GT. Reference [46] provides predictions for these form factors for most A) — A
transitions in a quark model. Predictions for some of the states are available from lattice
QCD [33, 41]. The lattice predictions use an alternative expansion of the currents. A
translation between the two expansions is provided in appendix D. For A states with
Jp = %, the A spinors u(k, Ay) are the standard Dirac spinors. For A states with higher
spin, the A spinors uy (k, Ay) and uqg(k, Ap) are Rarita-Schwinger objects constructed from
coupling an integer-spin tensor-object of order Jy — % and a standard Dirac spinor [55].
This is described further in appendix B.
The amplitudes in equation (3.7) are calculated by evaluating the spinor products in
equations (3.8)—(3.10). The time-like (Jy = 0 and Ay = t) helicity amplitudes for natural
parity states, with Py = (—1)‘]/\7%, are

0_ 2

V(T) S+ | ™ (171 5= L 0 (T) 0 (T) [ MA9 — 9
H = Nj./— |F — + + F. + F. — 3.11
+1/2;t I @ | ! <|Q\ 5t q > 2 4 3 ( Myt > (3.11)

T [ 0, |~ 515+
+Fy (q +’q,2m>1 ,

0_ 2

A(T5) S— | A (12 [5+ 0 (T) o (T) [ MA 9 — 4
H =+Nj\/— — - - —= - 12
+1/2,t a2 Gy (‘qws +Q> Gy ¢ =Gy ( Mo > (3.12)

T L, S—+s
-Gy <qo+lql2 T;)] :



where sy = (my, £ mpx)* — ¢>. The longitudinally polarised (Jy = 1,A\y = 0) helicity
amplitudes for natural parity states are

(\q+q,/ >+FT“1+F<T>(”‘“H) (3.13)
+ m
_+s
F = 05 +
o (5 )|
A(T5) /S— (T [~ [ S+ (T)) - (1) [ MA, | =
H:I:l/Q,O_j:NJA ? G (’(JI"’_QO 8_) —G2 |q|_G3 (Tnp[b(|q‘> (314)

oD 17+ 5T 5
Gy <!q!+q 2@)]

The transverse (Jy = 1, \yy = 1) polarised helicity amplitudes for natural parity states are

v(T) _
Hﬂ/zo* NJA

V(T T T)MA,MpK
YD 1y = =Ny /2o [FD - DT (3.15)
T5 T TYMA,MpK
Hj:§/2):tl TN V254 |G -GS )7f;+p : (3.16)
v(T 3/2MA,MpK T
H{§T) oy = Ny N3Pl gl (3.17)
A(T') 3/2 MA, MpK ~(T)
H FNy N} "———Gy . 3.18
+3/2,41 — A N 4 ( )

These share the same structure for all A-resonance spins and only differ by spin-dependent
normalisation factors V. 3/2 =6, N, 3/2 _ =2, and

3/2 = 5/2
5_s 1 s_s ? 1
—S+ —S+
Nijp=1, Nyjg=|—— | —, Ny/y = . 3.19
1/2 3/2 <mAbmpK> 7 5/2 (mAbmpK> Wili (3.19)
The amplitudes for unnatural parity states are obtained by swapping vector and axi-
(T) (T)

alvector (or tensor and axialtensor) amplitudes and swapping F; "’ <— G, ’. For example,

the time-like amplitudes for unnatural parity are

m
HS = Ny [ (’CJ|\/>+C]>+G @ +aNnd —2 Ab (3.20)
T L S—+s
+6i )< i H)]

& — ¢

V(T) - T) 0 (ryma, g9 — 49
H ==£N, -Fy 21
+1/2,t J [ <| \/>+CI> - (3.21)

L S—+s
-F;" <q0+ 715 —— f;ﬂ :

3.2 Helicity amplitudes for the A-resonance decay

The helicity amplitudes for a natural-partity A resonance decay are given by

g _
(ki AU (B Ay 3.22
(e — ) — g (g R (k1 Ap)vsU (K, Ap) (3.22)

A
h,\A,,\,, (mpr) =



and for unnatural parity states by

g ——ii(ky, \p)U (K, An) | (3.23)

hé\\ A (mpK) = - =
m K~ m?\) - impKF(mpK§k{x7kl

2
(m;

where a Breit-Wigner line shape is used to model the m,x dependence, m, is the pole-mass
of the resonance, and g is the strong coupling constant. The spinor objects respresenting
the A resonance are

u(k, Ap) IA =3
Uk, An) = 4 K, (k, M) Iy=13, (3.24)
KR w (ko Ay) Jy =3
and I is the mass dependent width
- ma Lo 9 |E1| 21+1
T (mpic; b, Fy) = FAmpK (Bl(kl, i )) (II%AI> . (3.25)

Here, T"y is the total width of the A resonance, [ is the orbital angular-momentum in the
proton-kaon system, B is a Blatt-Weisskopf form factor [56] and /2{X is the momentum of the
proton evaluated at the A-resonance pole-mass. An explicit form of the Blatt-Weisskopf
form-factors is given in appendix E. Our definition of the width is consistent with ref. [57]
and fulfils the narrow-width approximation

/OO ! d T (3.26)
. ————dm,x = . .
0 (m% — mZK) — impr D (mprc; k2 k1) P mal'p

The strong coupling constant can be expressed in terms of the partial width as [58]

g2 (QJA)' ’I?’LpK

A IR (Ty = P2 (K] F )[R 2

Fpartial ; (327)

where the —(+) in the denominator appears for a natural (unnatural) parity state and
the partial width to pK~ can be expressed in terms of the mass-dependent decay width,
I'(mpK; IZ{\, k1), and the branching fraction, By, of the A resonance decay to pK ~

Fpartial = F(mpK§ E{\, EI) By . (328)

Inserting the strong coupling constant and the spinor product into the amplitude yields

=

1 p(mpr) = (—1)77 3B mﬁgm’\ "  partsl e (3.29)

il (mpge —m3) — imprD(mpr; ki, k1)

The momentum /z{\ is not defined for resonances with a pole mass below the pK ™~
threshold. A common solution is to replace the Breit-Wigner shape by a Flatté model (see
for example the description of the A(1405) state by the LHCD collaboration in refs. [59, 60]).
In the Flatté model, the total width is expressed as the sum of partial widths for the decays
A — Y77~ and A — pK~. Identical widths are assumed for both decays, up-to phase-
space factors. When evaluating the partial widths, Ef is replaced by the momentum of the

~10 -



7~ at the pole-mass of the resonance. Equation (3.29) only includes the contribution from
the decay to pK~ in I'partial. This approach is also used for the A(1405) state in this work.
The amplitude with the opposite proton helicity, hQA,—l /Q(mpK), is given by parity
conservation
A I+17 A
h)\A,fl/Z(mPK) = Py(-1)"F h,\A,l/z(mpK) ) (3.30)

where P, is the parity of the A resonance.

3.3 Helicity amplitudes for the leptonic current

The lepton amplitudes are the projections of the lepton currents onto polarization vectors
e, and have the general form

Y s, = eu(M = A2)(gz, M) o(qr, M) (3.31)
where \; — A2 = 0 with Jy = 0 (Jy = 1) corresponds to the time-like (longitudinal)
polarization. Explicit expressions for the polarisation vectors are given in appendix B. The
lepton amplitudes are calculated in the positively-charged lepton helicity-frame. There are
two relevant Lorentz structures, corresponding to vector (I'* = v#) and axialvector (I'* =
y*v5) currents. The vector current appears with Wilson coefficients C,() and Cq() and the
axialvector current with C, ). Inserting the Lorentz structures into the amplitudes yields

7V,0 _ 7 A0 .

h+1/2,+1/2 =0, h+1/2,+1/2 = 2my,

PV _ S A1 -

hii o g1y = 2 hiogie =0,

V1 - A1 (3.32)
) — 2 ) i 2

h+1/2,—1/2 =V 2¢*, h+1/2,_1/2 =14/2q Béa
7V, Jv _ _iViy 7 A Jv _7AJv
h*>\1,*>\2 - h+>\1,+)\2 ) h*>\1,*/\2 - h+>\17+>\2 )

where V' and A refer to (axial)vector and [, is the lepton velocity in the dilepton rest
frame, i.e.

|1 4m

Be=—g =1/1——5. (3.33)
1

Q

4 Angular distribution

Expanding the expression for the differential decay rate and performing sums over all of
the relevant helicities and A resonances up-to Jy = % yields

3272 d'T 178 -
> = Kz 2,77’L 3 Q). 4.1
3 42 dmyre A0 ; (q”s mpic) fi(€2) (4.1)

The K; are bilinear combinations of products of the amplitudes for the Ag and A decays and
will be examined in more detail in section 6. We simplify the expansion of the differential
decay rate by noting that the helicity of the A resonance can take any value within [Ay| < Jy
and that the helicity combinations are constrained by |Ay — Ay| = J. A = % As a result,

only helicities of i% and :l:% are allowed for the A resonance, regardless of its spin.

- 11 -



There is no unique choice of basis for the functions fz(ﬁ) In this paper, we choose
to group terms using orthogonal functions. The expansion of the differential decay rate
involves products of Wigner-D matrices,

DIV (66,00, —60) DY (60,00, —00) DI (6, By —6p) Dt (s Oy )
’ vl 2 AsAp AP
(4.2)
which can be written in terms of products of associated Legendre polynomials [61, 62].

In the unpolarised case our angular basis functions are

e 8 m o ,m m m
F(€5 heps Ihaa, Im|) = \/;nllepnlhad P)lep' (cos Hg)Pl'haC'1 (cos b))

sin(|m|(¢e + ¢p)) m <O (4.3)

1 _
X 7 m=0,

cos(|m|(¢e + ¢p)) m >0

where P/"(cos @) are the associated Legendre polynomials with the normalisation

m 20+ 1)(I —m)!
= \/ 20+m) (44)

liep is in the range 0 to 2Jy (i.e. 0 to 2), lhaq is in the range 0 to 2Jy, |m| < lhaq and
|m| < liep. This results in 46 different angular basis functions that are independent of the
angle ¢, and are either independent of ¢, and ¢, or depend only on the angle between the
A-resonance and dilepton-system decay-planes, ¢ = ¢, + ¢,. The angular functions arising
in the unpolarised case are given in table 1. In order to reduce the number of arguments,
the basis functions are labelled fz(ﬁ) with an index ranging from i =1-46.

In the polarised case, there are 46 additional terms that are proportional to cos #, but
otherwise have the same dependence on the remaining angles as the 46 terms appearing in
the unpolarised case. The cos 8, dependent basis functions can be obtained by multiplying
the unpolarised ones in eq. (4.3) with v/3cos#, and the corresponding observables by
%Rg. An additional 86 terms also arise proportional to sin#,. The dependence on 8 is
evident from the structure of the Ag spin-density matrix, see equation (3.5), arising from
the rotation from the initial frame to the A helicity frame. The sin 8, dependent terms are
accompanied by basis functions

F(€; hep Ihad, Miep, Mhad) = QTLZZI:F'H?Z:;C' Plz:)lepl(cos Hg)P)}::“dl(cos 6p) (4.5)
y {Sin(\mlep|¢z + |[Mpad|Pp)  Miep < 0 and mpaq < 0

)
COS(|m1ep|¢€ + ’mhad|¢p) Miep >0 and mpaq > 0
where |mjep — Muad| = 1. The angular terms proportional to sin @, are given in table 2.

The origin of the numerical factors appearing in eq. (4.3), eq. (4.5) and the v/3 in front of
the cos 6, terms is discussed in section 5.
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i fi(@) | i i)
1 %Pg (cos 0,) P (cos 0y) 24 %\/3133 (cos 0,) Pj(cos 0;) cos ¢
2 P{(cos 8,) PY(cos b;) 25 $ P} (cos 6,,) P (cos 0y) cos ¢
3 \/gP(? (cos 0,) PY(cos 0y) 26 %Pj (cos 0,) P} (cos 0;) cos ¢
4 PY(cos 6,) P (cos b;) 27 % %Pg(cosﬁ )P} (cos 0y) cos ¢
5 V3P (cos 6,) P (cos 0;) 28 3P (cos 0,) P} (cos 0;) cos ¢
6 V5P (cos 6,) PY(cos 0;) 29 2 P{ (cos 6,,) P3 (cos 0y) sin ¢
7 \/gPQO (cos 0,) P (cos 0y) 30 3 P} (cos 0,) P} (cos 0;) sin ¢
8 V5P (cos 6,) P (cos 6;) 31 37\5/6P21 (cos 0,) Ps (cos 0;) sin ¢
9 %PQO (cos 0,) PY(cos 0y) 32 2 P} (cos 6,) P} (cos 0y) sin ¢
10 \@Pg (cos 6,) P{(cos 0y) 33 % 3—35P31 (cos 8,) P3(cos 0y) sin ¢
11 VTP (cos 6,) P (cos 0;) 34 31/ £ P} (cos 6,,) P} (cos 6;) sin ¢
12 35 P (cos 0,) P§(cos 0) 35 3 P{ (cos 0,)P3 (cos 0;) sin ¢
13 V3P (cos 0,) P{(cos 6;) 36 %P (cos B,) P} (cos 0;) sin ¢
14 3P (cos 0,) P (cos 0p) 37 1/X Pl (cosb,)P; (cosby)sin ¢
15 V15P)(cos 0,) PY(cos 0;) 38 3P (cos 6,) P{ (cos 0;) sin ¢
16 2 PY(cos 6,) P{(cos by) 39 %ﬁpg(cos 0,) P$(cos 6;) cos 2¢
17 V11PY(cos 0,) PP (cos 0;) 40 354/ ZP3(cos by) P (cos by) cos 2¢
18 55 PY(cos 0,) P§) (cos 0) 41 ﬁPE(COS 0,) P3(cos 6;) cos 2¢
19 2P (cosb,)Pj(cosby)cos ¢ | 42 151/ %2 P2(cos b)) P3(cos b;) cos 2¢
20 3P}l (cos )P} (cos ;) cos ¢ | 43 TE’GPQQ (cos 0,) P3(cos 0;) sin 2¢
21 37\5/6]321 (cosB,)P3(cosbp)cosg | 44 351/ EP3(cos b)) P3(cos 0y) sin 2¢
22 2 P3(cos0y) P (cos 0y) cos ¢ | 45 T{/ﬁpﬂ? (cos 0,) P3(cos 0;) sin 2¢
23 é 3—35P31 (cosB,)P3(cosfp)cos ¢ | 46 51/ 35P2(cos 0,) P3(cos 0y) sin 2¢

Table 1. Orthogonal basis functions for the angular terms f1(€2 ) fa6(Q ) that arise in the unpo-
larised case, where P)™(cos ) are associated Legendre polynomials and ¢ = ¢, + ¢y.
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sm@b Y (cos,) PiL(costy) cos(dy)
> sindy, Py (cosf),) Py (costy) cos(¢y)
3sin), Py (cosb),) Pl (costy) cos(¢r)
55 in, PY(cosb,) Py (cosby) cos(dy)
35in, PY(cosb,) PL (cosby) cos(dy)

2 sinf, P3 (costy) Py (costy) cos

\/gsinang (cosB,) Pl (cosfy)cos

> > D
%) n 9!
Q Q Q
o O O

7sind, P#(cosf),) Ps (cosby)cos

V/5sind, Pl (cost),) P (cosby)cos

sindy, Py (cosf),) P (cosby)cos
sindy, Py (cosf),) P (cosby)cos

V11sin6, P} (cosb),) P#(costy)cos

sm 0, P} (cosf,) PY(cost)cos(¢p)

1
93
94
95
96
97
98
9

1n9bP11 (cosB,) P (cosby)cos(¢p)

< Syt

L sindy, P} (cosf,) PY(cosby) cos(¢p)

1n9bP21 (cosBy,) P{(cosbp)cos(¢yp)

sind, Py (cosb,) P (costy)cos(ep)

2

sin 0, P3 (cosf,) PY(cost)cos(¢p)

sinQbP31 (cosBy,) P (cosbp)cos(¢p)

f51n9bP3} (cosB,) P (cosby)cos(¢p)

9

sm 0, Pf (cosf,) PP (cost)cos(¢p)
2 3 sin6y, P} (cosf),) PY(costy) cos(¢y)

5

2\[ sind, Py (cos,) P (cosy)cos(p) | 124

,/ sindy, Ps (cos,) PY(costy)cos(d,) | 123

1
2

3,2
oS —=H & ™
o o o O
- = = -

104
105
106

sm 0, P (cosf,) PY(cost)cos(¢p)
1n0bP51 (cosB,) P (cosby)cos(¢p)

U sindy, PI (cosb,) PY(cosby) cos(¢y)

el

107
108
109
110
111

sind, P§ (cosb,) P3 (costy) cos(dy)
3sin), Py (cosby) P (costy) cos(¢y)
sme 2 (cosb,) Py (cosfy) cos(ey)
s1n9b 2 (cosb,) Pl (cosby) cos(¢y)

ﬁ@ 5,

AR AR
I - -
> D > D
g g9 9 9
e e o € € okt €
¥
A it = >,
171 lil lil
0 © M~ 0 O O —=H N 0 © I~ 0 O O —H A oM
< = —~ —~ —~ N [a\ BN AN AN AN NN MmN
A i i i i A i A A A A A i i i i i
—
S
=
S~

2

Table 2. Orthogonal basis functions fg3(2)—f135(f2) necessary to describe the angular distribution

of polarised A decays with cos(|mnad|¢p + [Miep|de) dependence, where P/™(cos ) are associated
Legendre polynomials. The remaining functions, numbered 136178 can be obtained by replacing

COS(|mhad|¢p + |m1ep|¢i) with Sin(|mhad|¢p + |mlep|¢€)-

The lepton and hadron sides of the decay are fully independent of each other and can

generally be considered separately. Integrating over all of the angles except for 0, yields

K3

V3

16

K749

K16> cos 0,

V33

K10 + 15

N

16

4

_ VI
4

d’r
dg? dmp dcos 0,

3

—K;—3
+<2 4
+<3
+<5

K13> cos? Op

V3

8
V33
8

K7;—45

V15
4

K16> cos® Op

63v/33

Ko —35

V21
4

105v/3

5
K6 cos” 0, .

16

K5 cos? 0, +

16

_l’_
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The higher powers of cosf), are associated with higher spin combinations. Each state
individually contributes to powers of cos 8, up-to 2.J,. If interfering resonances have spins
Jy and J}, their interference can contribute to powers up-to Jy + Jj. The odd powers of
cos 0, result from interference between states with different parities. Integrating over all of
the angles except 6, instead yields

d3r V3

3 V15
="K+ -Kycosly + ——K3(3cos> 0, — 1). 4.7
dg? dmyk dcos 0, g 1T gfecostrt Ty 3(3cos” 0 —1) (47)

The observable Ky generates the lepton-side forward-backward asymmetry that is a feature
of b— sfT¢~ transitions that arises from interference between the vector and axialvector

leptonic currents [63].

5 Method of moments

The coefficients K; can be determined experimentally using the method-of-moments [61],
with a set of weighting functions, w;(2), that are orthogonal to the angular terms, i.e.
32m?

Sl (5.1)

/ Fi @y () = =

The moments can be extracted using an integral over the differential decay rate,

= d'T = 3 = N
w~Q—qu:—/w-Q Ki(mpr, @) f;(Q)dQ = K;(myk, ¢%) . (5.2
R e = )3 ) (38 = Kooy ). (652
The moments corresponding to the basis functions proportional to cosfp, with indices
47-92, can be obtained from the moments for unpolarized Ag baryons, with indices 1-46,
by multiplication with %Rg, due to the structure of the spin density matrix, see eq. (3.5),
and choosing orthogonal basis functions with the normalisation given in eq. (5.1). As a

result of choosing fl(ﬁ) = %, the first moment corresponds to the decay rate

d’r
dg? dmpk

=V3K;. (5.3)

It is convenient to define a set of angular observables that are independent of the total rate

d2r K;

K, =K; = . 5.4
/dq2dmpK V3K (5:4)

In a sample with Ngat, data points in a given bin of myx and ¢?, the average value of K,

Gﬂ%m:iAmKﬂfdeWAAmJ@ﬁdfwmﬁ, (5.5)
can be obtained using Monté-Carlo integration as

- \data 3
<K7‘>bin - Ndata Z wz(Qn) (56)

n=1
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The method of moments guarantees a Gaussian likelihood for the observables regardless
of sample size. Because of our choice of basis functions, fi(ﬁ), the weighting functions
are simply w; (2 ) fi(Q ) The numerical factors appearing in the basis functions in sec-
tion 4 are chosen to ensure that eq. (5.1) is fulfilled. Beyond this convenient detail, the
use of orthogonal functions has the advantage that the correlations between the different
observables are minimised in the measurement of the moments.

6 Explicit expressions for the angular coefficients

The angular coefficients, K;, involve bilinear combinations of amplitudes that arise from
taking the product of M and its complex conjugate. In what follows below, we label the
indices appearing in M with primes. Allowing for even and odd parity as well as spins up
to g results in complex and long expressions. The structure of the different coefficients is
summarised in table 3. The left-most columns of the table summarise the appearing state
combinations, the right-most columns give details about the structure of the coefficients and
the interfering amplitudes. The fifth column indicates whether the coefficient takes the real
or imaginary part of the amplitude product. A check mark in the sixth column indicates
that the coefficient arises due to vector and axialvector interference of the leptonic currents.
The last column explains which helicity combinations contribute to the coefficient. When a
basis function is independent of ¢, the two amplitudes in a product have the same helicity
combination (Ay = Aj,, Ap = X). Basis functions that depend on cos ¢ or cos2¢ (sin ¢ or
sin 2¢) appear with the real (imaginary) part of a bilinear combination of amplitudes.

In order to have a compact notation for the coefficients, the lepton-side helicity ampli-
tudes, iLi‘I’ A, are inserted under the assumption that 4m§ < ¢%. The hadron-side helicity
amplitudes with negative proton helicity, h _1/2> ATe replaced using the parity conserva-
tion requirement given in equation (3.30). To further simplify the expressions we introduce
the symbols

ALYV —
)\A )\V NZ Z H}\A )\V )\A,I/Q’
A =70 9()

QA
)‘A:)‘V NZ Z H)\A,)\V AA, 1/27
A =100

(6.1)

where the sum runs over resonances with the quantum numbers (). The reader is reminded
that the indices need to satisfy [A\yv — Ax| = |[M, — Ny| = 3 to conserve helicity. The
normalisation coefficient

N} |1 ]|
m?\b26(27r)7 \/q2

contains the phase-space factors, the normalisation of the weak b — s transition and a

N =

2¢2 (6.2)

common factor of 2¢ stemming from the lepton-side amplitudes, ﬁi‘l’ A\
The coefficient K is proportional to the total decay rate and equals the sum of all
helicity amplitudes squared

Z > <“’4>\A>\V’ +V<—>A>- (6.3)

Q ANAV
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i confl?izgion Jr+J) 1 /S;ngl;} /S;atc; /2 Re/Im  V/A helicity combinations Eq

1 same >1 v v v Re JA:JII\,()\A,Av):()\A,/\Vy (6.3)
2 same >1 v v v Re v JA:JA,)\vio, ()\A,/\v):(k/\,)\v)’ (6.4)
3 same >1 v v v Re JA:J//\,()\A,Av):()\A,)\v)/ (6.5)
4 opposite >1 Re AasAv) =, Av) (6.7)
5 opposite >1 Re v Av #0, Aa, Av) =(a, Av) (F.1)
6 opposite >1 Re AasAv) =, Av) (F.2)
7 same >2 v v Re An, Av) = (A, Av) (F.3)
8 same 22 v v Re v Avfo, ()\A7>\V):()\A7/\V)/ (F4)
9 same 22 v v Re (AA,Av):()\A,Av)/ (F5)
10 opposite >3 Re AasAv) =, Av) (F.6)
11 opposite >3 Re v Av £0, (M, Av) = ()\A,/\v)/ (F.7)
12 opposite >3 Re Aa,Av) = (A, v) (F.8)
13 same >4 v Re Aa,Av) = (A, v)’ (F.9)
14 same >4 v Re v Av £0, Aa, Av) =(Aa, Av) (F.10)
15 same >4 v Re AasAv) =, Av) (F.11)
16 opposite >5 Re Aa, Av) = (A, Av) (F.12)
17 opposite >5 Re v Av #0, A, Av) = (Aa,Av)’ (F.13)
18 opposite >5 Re An, Av) =, Av) (F.14)
19 opposite >1 Re (F.15)
20 opposite >1 Re v (F.16)
21 same >2 v v Re (F.17)
22 same >2 v v Re v (F.18)
2| e 2 DT
25 same >4 v Re (F.21)
26 same >4 v Re v (F.22)
27 opposite >5 Re (F.23)
28 opposite >5 Re v (F.24)
29 opposite >1 Im (F.25)
30 opposite >1 Im v (F.26)
31 same >2 v v Im (F.27)
32 same >2 v v Im v (6.8)
5| e 2 o) | 52
35 same >4 v Im (F.30)
36 same >4 v Im v (F.31)
37 opposite >5 Im (F.32)
38 opposite >5 Im v (F.33)
39 same >2 v v Re (F.34)
40 opposite >3 Re (F.35)
41 same >4 v Re (F.36)
42 opposite >5 Re , F.37
43 same >2 v v Im ‘/\i/)l =1 A =H1/2,X0 = F3/2 EFSS;
44 opposite >3 Im (F.39)
45 same >4 v Im (F.40)
46 opposite >5 Im (F.41)

Table 3. Amplitude combinations appearing in the coefficient K;. The parity combination and
allowed spins indicate which states interfere. Checkmarks in the three columns labelled single states
indicate whether the coefficient appears in the single resonance case for spin Jy =
coefficients take the real part (Re) others the imaginary part (Im) of the amplitude products. A
checkmark in the column V/A shows that a coefficient arises from vector-axialvector interference.

13
2727

The right-most column indicates the equation defining the observable K.
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The coeflicient

_ Q,Ax Q Ax
Q A==1
generates the lepton-side forward-backward asymmetry, AFB = 72. The coeflicient K3 is
the asymmetry in the amplitudes squared between the amplitudes with [Ay| = 1 and Ay = 0
TR Y (’Am ‘Am ~2|43), >+VHA. (6.5)
Q A==£1

A unique feature of K1—K3 is that they arise purely due to self-interaction terms and inter-
ference between states with the same quantum numbers. As such, the first three coefficients
are non-zero even for single resonances regardless of their spin.

Due to parity conservation in the strong decay of the A resonance, the cos 6, distribu-
tion must be symmetric for spectra where all states have the same parity. Once states with
different parities can interfere, a hadron system forward-backward asymmetry is introduced

with
3 V21 V33
A%B = §K4 - ? 0+ WKH; (6.6)
One of the three contributing coefficients is
1 Tve 1TV ye 17y
K4_ﬁ Re|:+)\<+35 1)\0 A%)\,O +35 %/\)\ ./4.%)\7)\
A==+1
3Ty 3T ys 37V 3T ye 37y
2 7 2 2 2 2
—|—21A3)\/\ ‘A%A,)\ +7A%A70 A%,\,o +7A%/\,>\ A%/\,A
+ — 5+ E— 5+ 5 —
5TV 5 .V 3 Vs 5V 5 ,Vx 5V
+3A1A0 A +3,4%M A +9A%M Aw> 61
+ 3= 3=
V* n: v n: v
+84 3>\)\ g +70\f 1>\o % ,0 70[ 1,\,\ %)\,/\
N
2 b
+42f 1>\0 uo +42‘[ 1>\)\ %,\,,\

+ (V<= A)+(Py — —Py),

which accompanies the basis function f4(ﬁ) = cos 0. Note that interference between % and
% states does not contribute to K4 and many other observables (see appendix F). Another
illustrative coefficient is

3+A
K3y = — Z {+4\f 1” 2 +7\f ’

1)\0 g,\,A
)\ +1
5+,A
<3\f 1)\0 3,\,\+\f 1,\0 gm)
3t v 5T A 3 5
2 _ _
+5)\( 1o ;,\A+<2<—>2>> (6.8)
51 4 tA 5 1
+7f< 1A0 E;A ,\+‘f’41,\o 2)\,)\_<2<—>2>>
3%t A 1t vs 3% 4 3 1
+7/\<fA1AO AL (e g)]
27

+(V(—>A)+(PA—>—PA).
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This coefficient contains terms arising from interference between states with identical quan-
tum numbers and hence exists in the single-state case for Jy > % However, unless the
different helicity amplitudes of the A have independent complex phases, the product of two
amplitudes of the same state is always real and K3 is zero. This is the case in naive factori-
sation. Even allowing for large phase differences, the magnitude of K39 will remain small
for a single state due to the relative suppression of the amplitudes with helicity [Ap| = %
compared to amplitudes with [Ay| = % In a spectrum with several interfering resonances,
the global QCD phase difference between the states can lead to sizeable imaginary terms.
Moreover, if there is interference between states with different spins, terms with \)\(,)\ = %
appear, resulting in large values of K3s. The remaining angular coefficients in the unpo-
larised case are summarised in appendix F. The additional coefficients appearing in the

polarised case are provided in a note book as supplementary material.

7 Angular distributions for the decay of unpolarized A} baryons to in-
dividual states

When considering only a single strongly decaying spin—% resonance, all but the first three
angular coefficients vanish and the angular distribution depends only on cos 6,

3272 d'T 1 V15
T = —K; — V5 —— K3+ Kycosp + —Kg cos® 0. (7.1)
3 dg2dmyrdQ V3 2V/3

This reproduces the distribution given in the literature in ref. [48] as well as refs. [37, 38]

in the case of parity conservation.
For a single spin—% state, in addition to K23,

Kr=+—— (|A¥ ,42’ 2P
7_+,/15(‘ 11‘ ‘ ’+‘ %,0’
v 2 Q,V 3V 2
Az ol 2| —‘A_S_l‘)+(V<—>A),
27 2
b ’ §7A E’V §7A* S?V §7A* S)V
Ks = +\[Re [A2 Az —Ai% . i%_l A;l A;l +.A§71 A;l ,
2 ;V 2 §V2
J— 27 27 2
K9—+—10\/§ (\All‘ + Afé,fl‘ 2\,4%’0‘
3112 3 2
_2,42110‘ _‘Agﬂ - BV | >+(V<—>A),
-2 bR bR
1 I 3 * T
Ky = ——Re [A2") " A3 Ai’l ,43;_ + (Ve A), (7.2)
5 L 270 ,0 ]_
K =+LR A%’V*A3 __sz 3.4 v A
22 € 1o 1 ,lo _3 1 +( — )7
5 27 2 2
1 [ §7V* ) ’ |
Kz = +Im | AT A2 A210A2 1 +(V+— A),
5 | = 31 =307 —5—
1 R
K3y = ———I ¥ AQ’ AQ’ V+— A,
32 N miAL, + R )
2 [ 3 * 3
K39=\5[Re Ai’Y.A 5 +A AQ’ ]+(V<—>A),
L 2’ 27
2 [ 3 3 3 3
K43:—£Im AE’Y*AZ’QV 1+A§’Y*A2’lv 1} +(V+— A,
5 L 27 _2,— 3 _2,_
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can be non-zero. The angular distribution reproduces the result of ref. [50]. A translation
of the coefficients L; used in ref. [50] and the K; observables used in this paper is given in
appendix G.

For a single spin—% particle, the angular distribution receives contributions from K;—Kj,

o= o (T

+4sz ’+\A ’+’A1‘2>+(V<—>A),

2 ’ ’ §7A V 7 7 Q»A ézv
Ks = ——=R A2 A2 L ATA +4A2 A2 L AATTARY
1 5 5y 5
—_ 27 27 o 27
K9—35\/g<4\ i ] +4]A_l_ 8‘ 0 ]
2
~saby | ’Ai’_l‘)—i—(VHA),
Ky = — (2’ ‘ +2‘A2’ ] +2’ ‘
7V3
3y E,V 2
o aby [ sl —3\,43%’*1( >+(V<—>A),
1 2 Ax , A , 3 Ax BV 2V
Ky = ?Re {—3A2 714437 T 2A2 Afi . 2./4;1 ;1 + 3A3 1 3 E
Svi2 5v 5 (7.3)
N 27 2 _ 2
Kis = 14f (2‘A | +2‘A_%_ \ 4\«4; ]
5y 2
4 Ai’lo‘ 3]A V[ -alaly )+(V<—>A),
24/6 3 vk
Koy =~ 2V0p [ 37 AQ’ ,42’ |+ (Ve ),
35 3.0
2\/6 2 Vx SV« 2 A
Koy = =“=Re | AY’ A?’ oA +(V+— 4),
22 7\/5 e|: %’0 27 7% 1 ( )
2v/6 Ve 2V Bys By
2 /6 Svs 3 A Syx 54
K32_—? 5Im|: 270 §,1 +Ai%70./43%7_1 +(V<—>A),
6v/3 Vs SV Vs BV
K39 = —gRe 271 i%,—l + %}1 Ai;’_1:| + (V «— A) N
6v3 Syx B 51 5
Ky3 = —ilm [ i’v f’évf + A;’V Af’fi +(V+— A),
35 2’1 27 2’1 27 1
and Kos, Kog, K35, K3g, K41, and Ky5. These are trivially related to the other Kj,
5 5
Kos = +——Ko1, Kog=+——Ko, K K3,
25 NG 21 26 NG 22 35 = 2\[ 31 -
5) b )
K3 =+

2 Ky, Kp=-——Ksg, Ki5=——=Kis.
2\/632 41 6\/339 45 6\/543
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The remaining coefficients vanish. The relationships in eq. (7.4) only hold for either a
spin—% particle in isolation or for cases where there are only contributions of spin—% states
with the same quantum numbers.

In the notation of refs. [37, 50], the angular distribution of the decay via a spin—%

resonance can be expressed as

8m d°r
3 dmykdg?d cos 0,d cos Ode

= cos> o) (LlC €08 0p 4+ L1ce cos® 0y + Lygs sin’ 0@) (7.5)

+ sin? 0, (Lgc cos Oy + Loce cos? Op + Logs sin? 9g)

+ sin? Op sin? 0, (Lgss cos? ¢ + Lysssin ¢ cos qﬁ)

+ sin 6, cos O, (Lss sin 0y cos ¢ + L. sin 0 cos Oy cos ¢)

+ sin 6, cos 0, (Les sin 6y sin ¢ + Le. sin O cos 0 sin ¢)

+ cos? 0, (L7C cosp + Lree cos? Op + Lrss sin? Gg)

+ cos? 0, sin? 0, sin? 0y (Lgss cos? ¢ + Lgss sin ¢ cos (b)

+ cos® 6y sin 6, (L1os sin 6y cos ¢ + Ligse sin O cos b, cos ¢)

+ cos? psinb, (L11ssinfysin ¢ + Ly1gcsin by cospsin @) .

For both spin—% and spin—g resonances, the structure of the coefficients with the same
dependency on 0y, K1713, Kog14, K39.15, K21,2531,35, K22,2632.36 and K39 41,4345, differ
only in the numerical factor appearing in front of the amplitudes with [Ay| = % Due to
the relative suppression of this amplitude compared to amplitudes with |A\pz| = %, these
coeflicients in each set are numerically similar to each other and share the same features. All
of the coefficients depending on the imaginary part of bilinear combinations of amplitudes
are zero if there are no relative phases between the different helicity amplitudes as is the
case in naive QCD factorisation. The impact of small corrections to this naive factorisation

assumption is considered in section 8.

8 Predictions for the SM and modified theories

Predictions for the angular observables for the weakly decaying spin—% A(1115) resonance
and the strongly decaying spin—% A(1520) resonance have been studied previously. In this
section we give numerical predictions for the cases that have not been investigated before:
the case of the lowest-lying known spin—g resonance, the A(1820), and the more general
case of an ensemble of different resonances. The predictions are made for SM-like values
of the Wilson coefficients [64] and for values of Cg and Cyo that are consistent with recent
global analyses of mesonic b— s¢*¢~ transitions [20]. The values of the Wilson coefficients
used in the two secenarios are given in table 5 in appendix A. Four additional non-SM

scenarios are considered
1) Cyg = —CM 2) Cro = —C! 3) Cy = C3M 4) Cip = C3. (8.1)

These are extreme scenarios, which are used to highlight the sensitivity of the observables to
different types of current. Each of the scenarios is tested with unpolarized Ag baryons, i.e.
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resonance | my [GeV/c? | T [GeV/e2] 2Jy Py B(A— NK)
A(1405) 1.405 0.051 1 - 0.50

A(1520) 1.519 0.016 3 — 0.45

A(1600) 1.600 0.200 1 + 0.15-0.30
A(1670) 1.674 0.030 1 — 0.20 - 0.30
A(1690) 1.690 0.070 3 — 0.20 - 0.30
A(1800) 1.800 0.200 1 — 0.25 - 0.40
A(1810) 1.790 0.110 1+ 005035
A(1820) 1.820 0.080 ) + 0.55 — 0.65
A(1890) 1.890 0.120 3 + 0.24 - 0.36
A(2110) 2.090 0.250 5 + 0.05-0.25

Table 4. Resonance parameters used in the predictions presented in this paper. The parameters
of the resonances are taken from ref. [65]. The branching fraction of the A resonance to pK ~ is cal-
culated from the centre of the range and scaled according to isospin considerations. The branching
fraction of A(1405) — NK assumes equal partial widths for A(1405) — NK and A(1405) — 7.

with 73\2 = 0. The predictions for the different angular observables are obtained numerically
by generating large ensembles that are sampled according to the differential decay rate.
The value of the observable is then determined by evaluating the corresponding moment
on the sample as described in section 5. The properties of the A resonances are taken
from ref. [65] and summarised in table 4. Only established states with the available quark-
model form-factor predictions in ref. [47] are considered. As outlined in section 3.2, the
sub-threshold A(1405) resonance is described using the Flatté model.

8.1 Predictions for the spin—g A(1820) resonance

Figure 2 shows the predicted differential branching fraction for the A) — A(1820)u™u~
decay as a function of m,x and ¢? for the six different scenarios. The SM and Cjg = —C;}!
scenarios yield identical predictions for the differential branching fraction as its value only
depends on |C1p|?. The gray band in figure 2 represents an estimate of the theoretical un-
certainty on the SM prediction. This is determined by varying the magnitude of each form
factor, Xr,, according to a normal distribution with a width of 10%. Moreover, there can be
non-factorisable corrections to the decay amplitudes (which cannot be expressed in terms of
local form-factors and Wilson coefficients). Such contributions can introduce relative phases
between the amplitudes for a single decay. This can make observables that depend on the
imaginary part of bilinear combinations of amplitudes, like K32, non-zero. To estimate the
uncertainty due to these non-factorisable corrections, each amplitude is varied according to

H— (1+a)H, (8:2)

where a is uniformly distributed inside a circle of radius 0.1 in the complex plane. This
is similar to the approach used for B — K*0¢*¢~ decays in ref. [66]. To propagate these
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Figure 2. Differential branching fraction in m,x and q? for a single A(1820) resonance assuming the
SM (black line) and different NP scenarios (coloured lines). The SM and Cjp = —C{}! scenarios yield
identical predictions for the differential branching fraction. The uncertainty on the SM prediction
is represented by the gray band.

variations to the observables, 200 different SM ensembles are produced and the moments
extracted. The standard deviation of the resulting moments is taken as the uncertainty on
the prediction.

Figure 3 shows the angular observables as defined in equation (5.4) that are accom-
panied by basis functions that are independent of ¢. In order to obtain continuous curves
for the predictions, the values of the moments are evaluated in fine bins of ¢ and their
values are smoothed using Gaussian kernels. Some residual numerical variation can be
seen in the figures when the values of the observables are small, for example in the high ¢
region of K1415. The increase in the SM uncertainty band at high ¢? is due to the reduced
phase-space, and resulting small sample size, in this region. The ¢ range in the figures
is restricted to the allowed range at the pole mass myx = 1.82 GeV/ c?. The observables
associated with the angular function PY(cos6y), K814, are highly sensitive to modifica-
tions of the Wilson coefficients in particular to changes in the left-handed currents. This
is similar to what is seen in the forward-backward asymmetry of other b— s/~ decays.
The observables accompanying the basis function P20(cos 6¢), F3’9715, only differ from the
SM for changes in the left-handed vector currents. The differences here are largest for
small ¢%, where Co—Cy interference is important. Finally, due to the very similar structures
of K1 7,13, as discussed section 6, the values of ?7713 are almost identical for the different
scenarios considered in this section. In the single resonance case, these observables serve
as a useful check of the form-factor description. In general, as the order of the 6, basis
function increases (0, 2,4 for the top, mid, and bottom row of figure 3) the magnitude of
the corresponding observable decreases.

Figure 4 shows the angular observables that accompany the basis functions with cos ¢
or cos 2¢ dependency. Mathematically, these observables depend on the real part of prod-
ucts of different A helicity amplitudes. The observables K91 and K39 are sensitive to the
introduction of right-handed currents. The observable Ko is also sensitive to changes in
the left-handed vector current. Even in these extreme scenarios, the changes from the SM
prediction only exceed the estimated uncertainty on the predictions for the observable K.
Like F278’14, this observable is sensitive to vector-axialvector interference.
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Figure 3. Angular observables Ko_15, as a function of ¢2 for the spin—g A(1820) resonance assuming
the SM (black line) and different non-SM scenarios (using the same colour code as in figure 2). The
uncertainty on the SM prediction is represented by the gray band.
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Figure 4. Angular observables K1, K92, and K39, which accompany basis functions with a cos ¢
or cos2¢ dependence, for the spin—g A(1820) resonance as a function of ¢2. The different curves
correspond to the same scenarios as labelled in figure 2.

The remaining observables, f31732743, depend on the imaginary part of bilinear com-
binations of amplitudes and are associated with sin ¢ or sin 2¢ basis functions. These ob-
servables are vanishingly small for an individual state because of the small phase-difference
between the helicity amplitudes. They can be used to test the assumption of QCD factori-
sation in the SM.

8.2 Predictions for an ensemble of different A resonances

Predictions are also obtained for the ensemble of different A resonances given in table 4. In
this case, relative QCD phases between the different states need to be chosen. By default
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Figure 5. Differential branching fraction as a function of m,x and ¢* for an ensemble of A reso-
nances in the SM (black line) and different non-SM scenarios (coloured lines). The possible values
given the unknown phases, d,, is represented by the lighter gray band and the other uncertainties by
the darker gray band. For ¢% > 12.4 GeV? /c*, the available phase-space suppresses the contribution
from higher-mass A resonances.

the phase at the pole of each resonance is set to 5, i.e. d4 = 0. The effect of varying the un-
known phase-difference between the different resonances in the range [—m, +7] is tested and
shown in the figures as a separate uncertainty band. In this case, 200 different ensembles
are produced to estimate the uncertainty. Note, unlike the form-factor uncertainties, the
uncertainty band corresponds to the full range of the allowed phase-variations. For many
observables, the variation of the SM predictions due to the phases is larger than the vari-
ation between the different scenarios and it will be necessary to understand the phases to
interpret the data from experiments. Due to the available phase-space the composition of A
resonances changes with ¢2. At low ¢, all of the resonances in table 4 contribute. The com-
position of the contributing states varies rapidly as g% approaches its maximum value as the
contribution from heavier states becomes suppressed. For example, for ¢> > 16.8 GeV?/c?,
the ensemble is dominated by the contribution from the A(1405) resonance.

Figure 5 shows the predicted differential branching fraction for the ensemble of reso-
nances. The angular observables K3 3432 are shown in figure 6. Similarly to the single-
resonance case considered before, the lepton-forward backward asymmetry (proportional
to Ks) is very sensitive to changes in the left-handed currents while K3 is sensitive to
C7—Cy interference. Varying the phases between the resonances affects the observables
K3 only slightly, because the overlapping resonances typically have different spin-parity
and their interference does not contribute to these observables. Conversely, varying the
phases completely changes the behaviour of K4. The observable K, generates a hadron-
side forward-backward asymmetry and only arises due to interference between states with
different quantum numbers (see eq. (6.7)) and vanishes for a single state. Like K4, all of the
other observables that are independent of cos 6y, and arise purely from interference between
different resonances, show little dependence on the different non-SM scenarios. These ob-
servables can be used to understand the contribution from the different resonances without
being significantly effected by the presence (or not) of new particles that can modify the
Wilson coefficients. As discusssed in section 6, the observable K3 includes combinations
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Figure 6. Observables K 3 4 32 as a function of ¢* for an ensemble of A resonances in the SM (black
line) and different non-SM scenarios (coloured lines using the same colour code as in figure 5.). The
possible values given the unknown phase, d,, is represented by the lighter gray band and the theory
uncertainty by the darker gray band. For ¢ > 12.4 GeV2/ c*, the available phase-space suppresses
the contribution from higher-mass A resonances.

of amplitudes that are present for a single resonance but also terms that only appear due
to interference between states with different spins. If the phases can be measured Kao
exhibits interesting sensitivity to the different non-SM scenarios. Interestingly, different
choices of QCD phase give different sensitivities to the different non-SM scenarios. This is
illustrated in figure 7, which shows the observables K4 and K33 after changing the phase
of all resonances with spin—% to m, 01520 = O1600 = d1890 = m, but leaving the others at
zero. With d, = 0, the global-fit values for the Wilson coefficients give rise to observables
that are compatible with the SM (figure 6). However, after modifying the phases larger
differences are seen in K32 between the two scenarios (figure 7).

9 Conclusion

This paper presents a first expression for the angular distribution of A) — pK~¢T¢~ decays
comprising a mixture of A resonances with spin < % Considering interference terms gives
rise to a complex angular structure and a large number of observables. The resulting
distribution contains 46 (178) angular terms for unpolarised (polarised) AP baryons that
can be measured. In this paper, we explore the form of the angular observables and their
sensitivity to modifications of the Wilson coefficients. A focus is given to observables
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Figure 7. Phase-dependent observables K, and K35 as a function of ¢? when setting the phases of
the spin—% resonances to , d1520 = 01690 = 01890 = 7, while keeping all other phases at zero. The
lines and bands carry the same meaning as in previous figures. For ¢2 > 12.4 GeV?/¢*, the available
phase space suppresses the contribution from higher-mass A resonances.

appearing in the unpolarised case, as the Ag baryon polarisation at existing experiments
is known to be small. A particular challenge in interpreting the experimental data on
Ag — pK 474~ decays will be the unknown QCD phases between the different resonances.
Some of the observables explored in this paper only provide useful sensitivity to non-SM
scenarios once the phases have been measured. Others, including the well known lepton
forward-backward asymmetry are almost independent of the choice of phase and offer
excellent sensitivity to different scenarios. There is also a set of observables that arise
purely due to interference of different A resonances. These are virtually independent of
the values of the Wilson coefficients and can be used to measure the phases and to give
valuable input into the validity of form-factor predictions. The choice of orthogonal basis
functions for the angular distribution made in this paper is such that all of the angular
observable can be readily extracted from data using a moment analysis using the same set
of functions at existing or future experiments.
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A  Effective Wilson coefficients

In b— sfT¢~ transitions, tensor-like currents O7, vector-currents Oy and axialvector cur-
rents (O1g contribute at leading order. Their magnitude is given by the corresponding
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Wilson coefficients, C;. However at higher orders, diquark loops represented by four-quark

current-current, O 2, and QCD penguin, O3_g, operators become relevant. Including lead-
ing logarithms, the tensor and vector-current coefficients become [67, 68]

1

v — §(4C3 4+ 12C4 — C5 — 306) ,

2

Cs™(q%) = Co + 9

colq

2

+ c1(me, q2) (3C1 +C2 4+ 3C3 + C4 + 3C5 + Cs)

2
- 01(7"2“1) (4C5 + 4C4 + 3C5 + Cs) -

The factor co(¢q?) appearing with the tensor and axial-tensor QCD penguin operators for

light ¢q pairs, Oéﬁd’s), is

e =¢

(3C3 4+ C4 + 3C5 + C)
2

~—

(Cs3 + 3Ca) (4.1)

8 4 ¢ 4
2 .
=——=1 — —qTr. A2
The situation for the heavy diquark contributions is slightly different above and below the

qq threshold and these contribute with a factor

8 m 8 16m;
2 q q
— Clog ()42 424
c1(mg, q°) 9 Og(mb> NETRE
2 ) 2arctan(|v|™!) ,¢* < 4m (A-3)
—§<3—'U )"U’ X 1+]v| . 2 2
g (£2h)) im0 2 am]
where v is the velocity of the quark in the dilepton rest frame
2
m
v =1-4—2  |v]=/|]v?. (A.4)

2
q
The only relevant current-current operators involve the charm quark. Note that any long-

distance contributions from ¢g resonances are neglected. Table 5 provides the SM values
for the Wilson coefficients used in this paper.

B Polarisation vector and Rarita-Schwinger representations

In this appendix, we discuss the details of the representation of Dirac spinors, Rarita-
Schwinger objects and polarisation vectors. A spin—% particle with mass m and four-

momentum
p* = (p°, |p] cos psin b, |p] sin ¢ sin 0, | ] cos 6) (B.1)

is represented by the following Dirac spinors for positive and negative helicity [69]

vp? + mcos g —/p? + msin ge*id’

u( +1) _ x/p0+msingei¢ " <p 1) _ \/po—l—mcosg
2 VY — mcos% Vp — msin ge*“z’
Vp? — msin gew’ —\/po—mcosg

(B.2)
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Standard Model global fit
C —0.2632
Cs 1.0111
Cs —0.0055
Cy —0.0806
Cs 0.0004
Ce 0.0009
Cr —0.3120 —0.3120
Cy 4.0749 2.9949
Cio —4.3085 —4.1585
Cr 0.0000 0.0000
Cy 0.0000 0.1600
Cior 0.0000 —0.1800

Table 5. Wilson coefficients used in the generator assuming the SM [64] and a global fit to mesonic
b— sft{~ measurements [20].

The spin—% Rarita-Schwinger objects are constructed from the Dirac spinors, u(k, :I:%), and
spin-1 polarisation vectors for a massive particle as described in ref. [55]. For Jy = %,
1 1/2 spin-1 vector
1 3 —_——
b d) = 3 Y (Whgad5) c) ok d) (B.3)
Ai=—1 Ag=—1/2 D
Clebsch-Gordan 1rac-spinor
and for Jy = %,
1/2 spin-2 tensor
]_ 5 P
o (ks Ap) = Z > (2M g A3 M) eash) ulkAa) (B.4)

Ai=—2N=—1/2 . .
Clebsch-Gordan Dirac-spinor

where A, is the A helicity and the spin-2 tensor is constructed from polarisation vectors as

Z Z (1A, 12022) e*(M)e? (M) T . (B.5)
—_———

A1=—1Ay=-1
Clebsch-Gordan

The Rarita-Schwinger objects satisfy
k%uqg =0, go‘ﬁuag =0, (Yky —m)uag =0, (B.6)
Y*uqs =0, UaB = UBq - '

In the A rest frame, the four-momenta of the AY, the A resonance and the dilepton system
are

P=(ma, 0,0,0), k= (ma, =" 0,0, F), ¢ =(¢"0,0,~[F). (BT
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The polarisation vectors used to construct the Rarita-Schwinger objects for the A reso-

nances are given by
1

o 1 .
ea(o) = My <|q|7 07 07 mp, — qO) 9 €a(:|:1) = ﬁ (07 :Flv —1, 0) . (BS)
P

In the Ag rest frame, the spin-1 polarisation-vectors representing the vector-boson polari-

sations are

eﬂ(t) = \/1q7 (qov 07 Oa _|(T‘) )
£14(0) = jqu (171, 0. 0, =¢°) . (B.9)
o (4) = ;5 (0, +1, —i, 0) .

Note, the relative sign differences w.r.t. equation (B.8) arise because the dilepton system
flies in negative z-direction in the Ag rest frame. The corresponding spin-1 polarisation
objects in the dilepton rest frame (used to calculate the lepton helicity amplitudes) are

() = (1,0,0,0),  £0)=(0,0,0,-1),  e*(£) = — (0, £1, —i, 0) . (B.10)

V2
C Definition of the angles

The main body of this document defines p, k, ¢, k1 and ¢; as the four momentum of the Ag
baryon, the A baryon, the dilepton system, the proton, and the positively charged lepton,
respectively. Throughout this paper, unless specified otherwise, the four momentum of the
AY baryon is in the laboratory frame and all other momenta are in their respective parent
rest frames. The decay angles are defined by unit vectors in the direction of the particle
three-momentum: p, 12:, q, ]2;1, q1-
The polarization angle 8, is the angle between the polarisation axis and the A momen-
tum in the AY rest frame
cosly = - k. (C.1)

Two common choices for the polarisation axis definition are ;| = P X Ppeam and ﬁH = P,
corresponding to resolving transverse and longitudinal polarisation, respectively.

The proton (lepton) helicity angle, 6, (6;), is the angle between the proton (¢1) mo-
mentum in the A (dilepton) rest frame and the A (dilepton) momentum in the AY rest

frame, i.e.
cos 0, = -k and cosly=q-q. (C.2)
The proton and lepton azimuthal angles are
_ kly _ 1y
¢p = sgn (ki) arctan | — and ¢¢ = sgn(qi,) arctan | —2 | | (C.3)
kl:): qlx

where k14,1, and qi,,1,4 are the x,y components of El and ¢1 given in the coordinate system
where the z-axis is parallel to 7 and the z-axis coincides with k and g respectively as illus-
trated using the coordinate systems associated with the A (dilepton) decay plane in figure 1.
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D Translation between lattice and quark-model form factors

This appendix provides a translation between the form factor parameterisation used in the
quark-model prediction by Mott and Roberts in refs. [46, 47] and those used in the lattice
predictions. The lattice calculations typically use a helicity based definition of the form
factors that follows from ref. [70], whereas the quark-model uses a different expansion as
discussed below.

D.1 Translation for = to = transitions

In the quark-model parameterisation of the form factors, the amplitudes for the hadronic
transition between a %Jr AY baryon and a %Jr A baryon are expanded in the general param-
eterisation

(A[59#b|A9) = a(k, \n) | Fiv* + Fovls + Fyof| u(p, \p)

(A[5y"y5b|AD

(
u(k,Ap) |G1y" + Govly + vak} Y5
(
u(

[

[
(A|5io™ q,b|AY [Fl Y+ Fy vy + Fy vk] u(p, Ap)
4

u(k, Ap

) = )
) )
) )
(A[sio"" v5¢,b]AY) )

k, Ap Y+ Gyl + G:;Fvﬂ Ys5u

Here, u(p, \p) is a Dirac spinor, Fl(g and, Gng)g are functions of ¢, and v, = p/my,
and v, = k/Vk? are the 4-velocities of the AY and the A baryons. In the lattice QCD
parameterisation of ref. [33], the vector current is instead expanded in terms of longitudinal
and transverse polarisation states as

(A2#9A8) = k) | fo- (m, — )

mp, +ma g
4y PRI (e —nd) ) (D2)
S+ q
+ fi- ( —2mA - m/\bk“)]u(%)\b),
S+
where sy = (my, = my)? — ¢>. Comparing terms in the expressions,
=fi, (D.3)
ma, (ma, —m 2mam mp, (ma, +m (m2 —m2)
B A Y A)_fJ_ AT, ap(ma, +ma) (1 i
q S+ S+ q
2 2
ma(ma, — my 2mpmp mp(my, +mp (my, —mj})
F3=—fo ( 172 )—fi L+ fy ( b ) 1+ b2 .
q S+ S+ q

The axialvector current is

w
(A7 5b|AD) = —a(k, An)s [go<mA,, +ma) %

mA, — M "
gy T (= (o}, ) ) (D)

+g1 <7 +2-+ A 2?k“>}u(p,kb).
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Comparing terms in the expressions,

Gl =491, (D5)
2 2
mp, (mp, +mp 2mp, ma ma, (mp, —m (my —m3)
Gy = g0 o . )_gL A A, (Ma, —my) (1_ Ab2 Al
q S_ S_ q
2 2
mp (ma, +my 2mpamp mp(ma, —ma (mj, —my)
Gs = go ( 5 )+9L L — g4 (ma, )<1+”2
q S_ S— q
Note, there is no relative sign between GG; and g, because y#75 = —7y5v*. The tensor

current is given by

2 H
(Afsia" a,bIA5) = =k ) o (4 = (md, = m) T ) (D.6)

2 2
+hy(ma, +my) ('y“ = A e T k‘")} u(p, \p)
S+ 8+

where h should not be confused with the hadron helicity amplitudes. Comparing terms in
the two expressions,

Fir - _hL(m/\b + mA) P
T g mAbq2 1_ (mib - m?x) Y h, 2mamp, (ma, +ma)
? " S+ g S+ 7 (D.7)
° " S+ ¢ S+ .
The axialtensor current is given by
=i UV 0 ~ 7 q2 i o 2 2 qN
(Alsic™ quysb|Ay) = —u(k, An)7s hy — PP A - (m3y, — mA)qﬁ (D-8)

5 ) 2
+h(ma, —my) (v“ + :Mp“ - k”)] u(p, Np)

where A should not be confused with the hadron helicity amplitudes. Comparing terms in
the two expressions,

Grlf = BL(mAb - mA) )

mAbq2 <1 7 (mib - m%)) iy 2mp, mp(mp, —ma)

Gy =—h
s q? S_ ’ (D.9)

- 2 m3 —m> ) _
GI = _j, (1 N (m3, i A)) LR mamy, (ma, —my)
5_ q 5_

Note that at the kinematic end-points, where either the dilepton or the dihadron system
are at rest in the Ag rest-frame, additional symmetries apply

f0(0) = £4(0), 91 (0% max) = 94 (¢ max) »

=g
= h+(q2max) .

D.
gO(O) = g+(0) ’ hl(q2max) ( 10)
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Furthermore there are inexact relationships resulting from Heavy Quark Effective The-
ory [71] that imply [72]

fo(@®) = g4(¢*) = hi(¢®) = hi(q?) (D.11)

and
90(¢*) = f+(¢*) = hy(q®) = ho(q®) (D.12)
for small ¢°.

D.2 Translation for %+ to %_ transitions

For %+ to %7 transitions two different labelling conventions appear for the helicity based

definitions of the form-factors. The form-factors fp and f in ref. [33] are referred to as f;
and fo in refs. [37, 50], respectively. Using the notation of ref. [46], the vector current is

(A[39"D|AD) = o (k, Ap) {va (Flfy“ + Foot + ng'“) + F4g““] u(p, Ap) - (D.13)

The expression in ref. [50] is

m

(A[577b[AY) = aa<k,AA>{pa (@) s, =mn) (D.14)

M, +ma "
) (02 A (= S g, ) )

ma ma
+fl/(q2) <’Y# —QZ}?“ —-2—* k“)}

S+
o o kH mapt +mpy, k*
+f;/(q2) {9 u+mA% (’Y“—zmA‘f‘zAerAb)} }U(Pa)\b)-

Comparing terms in the two expressions,

ma
Py =my, (fl/JrngS) ;

2 2
_ vy, (ma, —my) v ma, (ma, +ma) My, — Ty
F2 - mAb t D) 0 1-— — 5
q S+ q
B J‘_/ZmAbmA n V2mAbmi
S+ I osesy )7 (D.15)
2 2
ma(mp, —m ma(mp, +m miy —m
Fy=my, (~fY A Ab2 A)+f(§/ Almy, A) 14+ M i A
q S+ q
_ V2mAbmA i V2mA (mAbmA _ 1))
L s I s St ’
Fy=f).

The axial-vector current in the quark-model prediction is

<A]§fy“*y5b]A2> = Uq(k, Ap) {va (Glfy“ + Gov* + va’“) + G4ga"] Ysu(p, Ap) - (D.16)
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The corresponding expression in ref. [50] is

I

(A57A7b|AD) = — da (k, Am‘S{pa F ) ma, +ma) L (D.17)

M, — MA "
G R (b = T, ) )

+ () <v“ + 2?19“ - 2—”:“ kﬂ)}

(e}

o kH mapt — mp, kH
+ fgfl(QQ) {9 - mAfTr (’Y“ + 27717/\ - QASAbﬂ }U(pa Ab) -

Comparing terms in the two expressions,

Gr=ma, (1= 1)

95,

2 2
_ AmAb (mAb + mA) AmAb (mAb - mA) 1 mAb - mA
Go = myp, | —f e —Jo S -

2

A2mamy, A2mimy,

—JL - fg )
S_ S4S—

(D.18)

2 2
_ AmA(mAb +mp) AmA(mAb —mp) My, — My
G3 - mAb t q2 - JO S 1 +

2mp, mp 2mp ma, MA
rA A
L s_b fg S (1 b >> ’

Gyi=—f].

The tensor current in the quark-model is
(A[Sio g, b|AY) = Tia(k, Ay) {Ua (FIT b+ FToh 4 F@/ﬂ) + ngau} u(p, ). (D.19)
The corresponding expression in ref. [50] is

2 7
sigMv ” fe% q q
(A[5ic™q,b|AD) = —uaac,AA){p [foT @)L ( k= L, - mi>) (D.20)
+ ff(q2)(mAb + mA) (fy“ — 2@1)# _ 2%]{#)]
St St

p° ke mapt 4 my, K
+ ng(<12) {gau A (’Y“ - QWTA + 2Tb

}u(p, Ap) -

~ 34—



Comparing terms in the two expressions,

ma
FlT =My, <_ff(m/\b +mA) - gTS> >

2 2 _ 2 2
ma,q my, — My 2mpamp 2mimp
F2T:m/\b<_g : (1_ bq2 >+ff(m/\b+m1\) b_fT A )

Sy Sy s sy

2 2 02
m m m
FL = my, (— T S"f <1+ Abq2 A) (D.21)

2mp, ma 2mp A, TN
+ f1(ma, +my) . + £ Pl Gl ;
+ —

Ff=—fT.
The axialtensor current in the quark-model is
(A[5ic" 150, bIAY) = Ta (k, Ay) [ (G? A+ G+ G v’”) e ga“] ysu(p, ) . (D.22)

The corresponding expression in ref. [50] is

75, C (g2 D.23
2 b :
fo’(q )8 P+ p (mj, —my) ( )

(A|5io""°q,b|AD) = —tia(k, /\A)’YB{pa

o o kP mapHt —mp, k*
+ng5((12) [9 “—mAfTr (’7”4'2%—281))} }U(P,)\b)-

m m
T @) =) (42 -2 )|

Comparing terms in the two expressions,

m
Gl =my, <ff5(mAb —my) — ng‘r’A) ,

54
2 2 2
ma,q My, — My
T = my, <_fg’5 b (1_ - )
S— q
2mam 2m3m
T ATTA T ATTUA
- L5(mAb - mA)Sib —Jg sssb> )
, - , +o- (D.24)
2 _
maq My, — My
ngmAb<_oT5 <1+ b2 )
S— q
2mp, mp 2mp ma, MA
T3y, — ) 2 2 (. T )

T _ /T
Gy =—f,".
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E Blatt-Weisskopf form factors
The Blatt-Weisskopf form-factor parametrization follows ref. [56], i.e.

By(z,20) =1
1(

/1
B Zaz(]): 11?7

9+3z0+z§

94324 22"

Ba(z.70) = 225 + 4520 + 623 + 2§ (E.1)
BV N 905 1452 1622+ 23
B >_¢

(
(2,2 11025 + 157529 + 13522 + 1023 + 23
414 <0 11025 + 15752 + 13522 + 1023 + 24

Bs(z. ) 893025 + 9922520 + 630022 + 31523 + 1528 + 2§
Z4 2 =
P A0 893025 + 99225z + 630022 + 31523 + 1524 + 25

BQ(Za ZO) =

where z(g) = \ggA)|2r2 and r parametrises the size of the parent baryon. A standard value
for A resonances is 5, = 3.0 GeV~'c. The momentum EgA) is the proton momentum in the

pK ™~ rest frame (at the pole mass).

F  Full set of angular coefficients

The full set of angular observables for a mixture of states up-to spin—% are available as
a notebook in the supplemental material of this paper. Expressions for the observables
assuming unpolarized AJ baryons in terms of the amplitudes, A defined in section 6, are
given below:

2 1 2t ax 5TV 3t Ax 3TV
- = 7 2 3 3 > 3
5 5\@;;[11% {+14 (9 Bax AL H3AL AR
§+7 Q*’V §+,A* 37,‘/
213 AR T A
1A L7y
3543, Azm)
1 LG St ax 3V (5 3
o (3\/§A§M A3y VA Al Y (2 R 2)
1T ax 37V 1 3
2 2
545 AT 4 (2 — 2)”
+ (Py — —P4) (F.1)
1 Vi éi:V §+,V* iiv
" 30V5 A21Re{+3\/§ <\/§A§“ A +\/§A§M Aba
St v 5TV 3 5
VAL )+ ()
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37y _V
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§+V* 1=y 3ty 17y 5 1
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G Translation between the L; and Kj; basis

The angular observables in the L; basis can be expressed in terms of the K; observables

with

81 V5 9

Lie = Ky + V5Kg — g ey Loe =Ky — - Kg+ oKy

1
Lice = ﬁ (8K1 + 8\/5K3 + 8\/5K7 + 40Kg9 — 81 K43 — 81\/5K15) s
Liss = 1o f (16K — 8v5K5 + 16v5K7 — 40Ky

—162K 13 + 81V K 5 — 105\/61(41) ,

1
Loce = 8\[ (8K1 +8V5K3 — 4V/5K7 — 40Kg + 9K13 + 9\fK15) ;
Lags = 16[ (16K — 8V5IKs — 8v/5K7 + 20K, (G.1)

118K 3 — 9VBK 5 — 30vV2K 39 + 15\/61(41) :
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Lass = 4\*; (2K39 — VBKw1) ,  Lags = ig (2K — V3Kas) |
Lss = i\/ 5 (2V6K — 9Ka) ,  Lose = Z (26K — 9K»s)
Lgs = i\/ 5 (2V6Ks — 9Ks3) ,  Lese = Z (26K - 9Ks5)
Ly = % 3 (Kis + V5Kis)

Lrss = 351‘6[ (2K15 — VBK15 + V6K ) -

The remaining observables are directly related, with

105 105 105
Lie=—Ku,  Lsss=——=Kus, Loss=——=Kus,
Tc S 14 8ss 4\/§ 41 9ss 4\/5 45
215 105 21v/5 105 (6-2)
Ligs = TK%’ Ligse = TKQE” Ly = TK?)(S» Li1se = TK&%-

Note that for the spin—% case, the coefficients L; with an index larger than six are zero. On

top, only the K indicated in table 3 are non-zero for a Spin—% state.
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