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1 Introduction

Minimal Liouville gravity (MLG) is a model of non-critical string theory [1]. In a series
of papers [2—6] for some correlators in genus zero it was shown that MLG results can also
be obtained from Matrix Models [7] (in the double-scaling limit) provided appropriate
identifications between coupling constants [8, 9]. In the continuous approach an essential
progress has been achieved thanks to discovery of the so-called higher equations of motion
(HEM) in the Liouville conformal field theory [10]. However it was not clear whether
it is possible to develop a method based on HEM for considering higher genus topology.
Even though some numerical checks were performed [11, 12], which gave evidence that the
correspondence between MLG and Matrix Models persists at higher genus, the proof was
not possible because the analytic calculation of the moduli integral in the torus topology
was not available. The purpose of this paper is to describe a method for computing the
amplitudes in MLG for a basic class of physical observables, which are correlation functions
of tachyon vertex operators, in the case of torus topology.



The plan of the paper is as follows. In section 2 we recall some facts about continuous
formulation of MLG, which are relevant for our consideration. In section 3 we consider the
particular examples of the torus one-point correlation numbers. Section 4 is a conclusion in
which we discuss in particular some open questions.

2 Preliminaries

2.1 Generalities of minimal models and Lioville field theory

Liouville CFT. Liouville conformal field theory is a 2-dimensional CFT, which has the
action of the form
o (1 . e, @ 4
Ap = /d 23 (g BuOph + e + R¢) . (2.1)
4 47
Here § is a reference metric with scalar curvature R, introduced to have the theory in a
covariant form. The parameter QQ = b + b~'; the Virasoro central charge of the theory is
then given by ¢, = 1 4+ 6Q?. p is the cosmological constant parameter; the dependence of
the correlation functions on p is fixed, e.g., by noticing that 1 can be set to one by shifting
¢ — ¢ — 55 log pu.
The normal ordered exponential operators V, =: e2?® : are primary fields of the model
of conformal dimension AL = a(Q — a). Operators V, and Vo—a have the same conformal
dimension; they are identified up to a factor Ry (a), which is called the “reflection coefficient”.

The so-called degenerate fields V, , = in the Liouville theory arise for the special

am,n

values of the dimension parameter

(m—1) (n—1)
5 ) 5 (2.2)

Ay = —p !

These are the primary fields (Virasoro highest vectors) with a descendant at level mn in the
corresponding highest weight representation, which itself is a highest vector. In other words,
the corresponding Verma module has a submodule, in CFT such submodules are usually
decoupled by putting its highest vector to zero. Decoupling conditions can be written
as D,(nL, )anm = 0, where D7(nL7 )n is a polynomial of Virasoro generators L_j of degree mn:
Dﬁnlf )n = L™+ .... This condition leads to the fact that only finite number of conformal
families, the so called fusion channels, contribute to the OPE with a degenerate field.

An expression for the sphere three-point functions (or structure constants) of Li-
ouville theory Cf (a1, a2,as) was first proposed by two groups of authors [13] and [14].
It can be motivated e.g. by deriving recursion relations following from conformal boot-
strap/crossing symmetry equations for four-point correlator with degenerate field V; .
A relevant solution of these relations is called Dorn-Otto-Zamolodchikov-Zamolodchikov
(DOZZ) three-point function

(b2)b2—2b2) (@Q-a)/b Tp(b) Tp(2a1)Yp(2a2)Yp(2a3)
Tb(a — Q)Tb(a — 2a1)Tb(a — 2&2)Tb(a — 2&2,% ’3)

Cr(ai,a2,a3) = (W/W



where T(x) is a certain special function, which obey two important properties: first, the
shift relations

Yo(x +b) = v(b)b' 2" Ty(x) , (2.4)
Yoz +b7") =4 (z/0)b* " 1Ty (x), (2.5)
and second is that this function has zeroes for x = —mb — 3 and z = Q + 7+ + nb for

non-negative integers m, n.
The OPE V,, (2)V4,(0) in Liouville CFT is most simply written when a;, az lie in the
so-called “basic domain” defined by

‘gReal +‘C§Rea2 <%. (2.6)
In this case one can write
T dp Q
. AL L —AL AL
Vay (2)Va, (0) = ECL <a1>a27 5 UD) (zm)" Q2P T T Vg nyp(0)],  (2.7)
—00
where [...] stands for the contribution of the Virasoro representation associated with the

corresponding primary field. The operators in the Liouville theory are parametrized by
complex a, but OPE is given in terms of contour integral and fields that appear here are
parametrized by one real number P. This is because only operators with a = % +iP, P € R,
correspond to normalizable, or “physical”, states of the theory. This is why in the OPE the
sum goes over these states only.

When parameters of the correlators are not in this domain, some poles of the structure
constants may cross the integration contour. In order to keep the analyticity in the
parameters in such a case one should either deform the contour of integration over P or
(equivalently) keep the contour unchanged but explicitly add the contributions from these
poles which are referred to as “discrete terms”. In fact, when one of the fused fields is
degenerate, only a finite number of these terms contribute to the OPE (the “continuous”
part becomes zero), as one could expect.

Minimal model. Minimal models (MM) are CFTs in which only finite number of confor-
mal families of operators exist. All primary fields have to be degenerate for consistency, so
that after the fusion of two of them we would also have only a finite number of contributions.
For the special values of the central charge defined by

ey =1-6(871=pB)?, 8= \/g, r < r' — coprime numbers (2.8)

in the lattice of degenerate fields ®,, ,, there is a subset called the Kac table that consists
of fields @, , with 0 < m < r, 0 < n < r/, on which the OPE is closed. There is also
Kac symmetry identification ®,, = ®,_,, ;»—p, which is similar to the reflection property
in the Liouville CFT. A theory that contains only conformal families from such a Kac



table is called a minimal model M, ,,. The conformal dimensions of the primary fields are
parametrized as AM = a(a — 71 4 3) with

_ B =B nf-—mp!
A =~ + 5 . (2.9)

The “kinematical” properties of the minimal model strongly remind of those of the Liouville
theory for imaginary b. For example, the decoupling conditions defining the fusion rules
have the form D%\Q ®,,, , = 0, where operator DM) can be obtained from D) by replacing
b?> — —B?; the recursion relations allowing to obtain the structure constants are also given
by analytic continuation b — —if3, a; — iq;.

Relevant for the minimal model solutions to the recursion relations above are not
analytic continuations of DOZZ structure constants. In fact, they are given by [15]

AT g(a = 2a3 + B)Yg(a — 2a1 + B) Yg(ov — 200 + ) Tg(a + 26 — B

T (Y5 (20 + )20 + 26 — 571))12

Cu(ar, az, a3) =

)

(2.10)
where

_ BT (B (B - )
B Ts(B) '

When specialized to the degenerate values of b and «, (2.10) coincides with the minimal

a=oa1+as+az, A (2.11)

model structure constants whenever they are non-zero, but it does not necessarily conform
with the fusion rules (i.e., it can give a non-zero answer even if the sphere three-point
function (@, P, Pa,) should be zero; most explicit example is that Cps (a1, az,0) can be

M M
non-zero even for Ay, # Ag, ).

2.2 Minimal Liouville gravity

The MLG partition function is combined from the matter (M), Liouville (L) and ghosts
(G) sectors

Znine = Zu - 21 - Za - (2.12)

Ghosts are just a free fermionic system with fields B, C' of conformal dimensions (2, —1)
respectively, with the corresponding antiholomorphic counterparts B, C (its central charge
is equal to —26). All three sectors obey conformal symmetry and the zero total central
charge condition, ¢y + cr, = 26, which follows from the Weyl invariance of the string action
and ensures the nilpotency of the BRST-symmetry charge

0= ]{ dz (C(Ty, + Tar)+ : COCB 2) (2) (2.13)

in MLG (and, similarly, for its antiholomorphic part Q). In this paper we are interested
in Yang-Lee series of minimal models in the matter sector, r = 2,7 = 2p + 1, where p is
positive integer, see (2.8). In this case the central charge balance condition constraints the

Liouville coupling constant to be b = /2/(2p + 1).



We are interested in the physical operators, or BRST cohomologies 15, 5, constructed
by dressing the minimal model primaries ®,,,(z),! with the Liouville (non-degenerate)
primary exponential fields V,(z):

Tonpn = CCUnpns Unn = PrmnVap 0 » (2.14)
where a,,,—,, is the solution of the dimensional constraint
AN+ AL =1. (2.15)

Note that these cohomology classes can be represented either by inserting local operators
T, at some point z, or by integrating the local density U,,, over the surface. Since
the Q, O-variation of Uy, is a total derivative, such an integral is BRST-invariant up to
boundary terms. However, the second option becomes relevant only for higher multipoint
correlators, which are not considered in this paper.?

2.3 Ground ring in MLG and higher equations of motion

Apart from the tachyon physical operators (2.14), there exist a class of ground ring
operators [16], constructed from degenerate Liouville primary fields,

Om,n = Hm,nHm,n q)m,nvam,n .
—_——

=Om,n

(2.16)

Here H,,, are polynomials of degree mn — 1 of Virasoro generators and ghosts B and
C. Unlike the tachyons, the ground ring operators are built of the Virasoro descendants.
The reason for their BRST invariance is that the result of the Q action is proportional

(L)

to the singular descendants in the Liouville theory Dy and in the minimal model

am,n

D%‘Q@mm (which we put to zero):

QO0mn = HmnCDpmnOman, Dmm=DM —(—1)"DL) (2.17)

)

No general form of H,,, is known, but it is easily found case by case when demanding the
requirement above. We cite expressions for H,, , for the particular cases we will need in
the next section (see e.g. [17])

Hip=M_— L, +bCB, (2.18)

Hi 4 = (ghostless part) + 9b*BC(L_5 — M_5)+

15b? 15b° ’B
+dBC <<1264 - 52> L_i— (12()4 + 52> M_1> 49 5 C9b2(4b4 -1),

(2.19)

!For Yang-Lee series m = 1 and Kac symmetry restricts 1 < n < p.
2For constructing an invariant correlation number, it may be necessary to additionally dress T}, ,, with
B-ghosts to provide a covariant correlator transformation, see the beginning of section 3.



where by M we denote Virasoro modes of the minimal model and by L those of the Liouville
theory. The ground ring operators have two important properties: independence of the
correlators on their positions in a BRST-invariant environment and simple OPE with
tachyons. These properties turn out to be useful in calculating MLG correlation numbers
on the sphere [18].

There is an important connection between the MLG gound ring operators and Zamolod-
chikov’s higher equations of motion (HEM) [10], which are a set of operator relations in
Liouville QFT, that we briefly describe below. HEM refers to “logarithmic” operators of
the form ¢e???; such operators can be expressed as

Va/ — 12

2 da

We denote by Vn’%n such a logarithmic operator evaluated at the value of the parameter

V. (2.20)

corresponding to the degenerate dimension a = a;, . The simplest example is a Liouville
field ¢ itself V} ;, which is subject to the ordinary Liouville equation of motion

90p = 99V} | = mhue®® = nbuVi 1 . (2.21)

In general, HEM is the relation between the field, which is obtained by applying the singular
vector creating operator to the corresponding logarithmic field, and the primary field V;,, —,

DDV = B Vi | (2.22)

m,n"mmn’mmn

where the constant ,
Y3 (2am,5)

Yy(2am,—n)
In the minimal Liouville gravity, these equations, together with some additional observations,

Bmm = (WM’Y(b2)b272b2 )n (2-23)

lead to relations that are sometimes called the cohomological version of the HEM [18].
Since Vi, —p, in the r.h.s. of HEM are precisely the dressing operators for the minimal model
primaries ®,, , that appear in the MLG tachyons and these primaries are annihilated by

operators D%V[n) and Eﬁff Tz, one gets
— (L - =
Um7n = me—nq)mm = Bm,lan:)ann,)n Vr:@,nq)mm = Bm,ln,Dm,anm@;n,n ' (2'24)
o

The r.h.s. can be further rewritten using that

D DO = (OHmn — QRimn) (O Himn — QRimn)Onps R =B_1Hpp .
(2.25)
Thus, up to Q-exact terms U,,, can be represented as a derivative of the operator
O;mn = Hmnﬁmn@);nn which is a logarithmic counterpart of the ground ring operator
Omn, €q. (2.16).
Another form of higher equations of motion, which was first found in the context of
super-MLG [19], but is also valid in the bosonic case, reads

T = CCVi, @y = B;,5,Q0(0},.,) - (2.26)

It is easy to derive (2.25) from this equation by applying B_; and commuting it with the
BRST-charge.



2.4 Some properties of CFT correlators on a torus

In this section we collect some additional facts about CFTs on the torus (i.e., about ghosts,
MM and Liouville CFT) relevant to our problem. In what follows 7 is the modular parameter
of the torus and q = exp(2mir).

First, we list the properties that are valid for all of the mentioned above CFTs; most
important are conformal Ward identities, which in particular express the correlators of the
primary field ® A with additional insertions of the stress-energy tensor 7' in terms of the
correlator without these insertions. For single and double stress-tensor insertions they read

(T()0a(@) = [A (PG~ 0)+20) + (= — ) + 2m)d + 2mi | (@a(a)
(2.27)
(T(T ()0 () = 5P (=~ w)(@a)+
2P = w) + 2m) + (C(2 — w) + 2mw)du] (T(w) B @)+
AP = @)+ 2m) + (C(z — 7) + 2ma)0,) (T()@a (@) +
o

—1—27ng< T(w)Pa(x)) . (2.28)

or
Here elliptic ¢(-function and Weierstrass P-function behave as ((z) ~ 1/z and P(z) ~ 1/22
at z = 0 (in this sense they are doubly periodic analogues of the corresponding terms arising
in the conformal Ward identities on the sphere) and 7; is a function of 7 which is given by
the following series expansion

m =

24+Z

The derivation of the identities (2.27) and (2.28), as well as the precise definitions of ((z)
and P(z), which we will not need in this paper, can be found in [20].?

1_q]. (2.29)

Another common feature of the considered CF'Ts is that one-point functions of primary
fields fa(7) = (Pa) - are modular forms of weight A, which means that under transformation
T — 7+ 1 they are invariant and under 7 — —% they transform as

fa (=3) = ()2 falr). (230)

This condition is important for a conformal theory to be consistent on higher genus Riemann
surfaces [21] (for the proof in case of minimal models see [22], where it is also shown that
similar transformation rules take place for Virasoro descendant fields).

Let us now turn to the expressions for specific correlators in the QFTs we are interested
in. In the Hamiltonian formulation torus correlators are represented as traces over the full
set of states representing the spectrum of the theory.

We start with the ghost CFT. As pointed out for instance in [23], BC-system on
the torus is to be quantized with the same boundary conditions as fields in the other

%Note that our normalization of T differs from the one of [20] by a factor of 2.



sectors (i.e. periodic rather than antiperiodic in both directions), because it comes from the
Faddeev-Popov determinant. This means that the fields decompose in integer Fourier modes:
B(z) = Y e*™n2B_, C(z) = Y e¥™"*C_, and the ghost correlator is to be understood
as a trace with the insertion of the fermion parity operator (—1). Operator coefficients
By, Cy, satisty {B;,Cy} = 6l+k,0~

There are two degenerate vacua [1),|}) that form the two-dimensional representation
of the subalgebra of zero modes { By, Co} =1 (e.g. we have Cy [T) = |}), Bo|1) = 0) and are
annihilated by By, C) with positive k. The basis states in the theory are built by applying
to these two vacua modes By, C; with | < 0; they can be labeled by two strictly increasing
Young diagrams Ap, As.

For every basis state B_y,C_), |1) there is a pair B_y,C_j, ||) built from another
vacuum with the same Lo eigenvalue, but different fermion number. In particular, this
implies that (I)y; is zero. The same is valid for the antiholomorphic ghosts B,C. The
simplest nonzero correlator is (B(2)C(w)B(z)C(w)); it is given by

(B(z)C(w)B(Z)C@)) = In(a)[*,  n(a)=q"* [[(1-q"). (2.31)
n=1

In what follows, we will often use its independence from the positions of the ghosts. In the
Lagrangian formulation this is equivalent to the fact that the functional integral over the
ghosts vanishes unless there are insertions to saturate the zero-modes, and there is one-zero
mode for both B and C' (they are just constant functions of z).

Minimal model one-point correlators (we will not need the higher multipoint ones) are
just given by traces over Hilbert space, as mentioned before. Schematically,

(@), = 3 ANH GO (AN X @(2) |A,AX) (2:32)

AN
where A are conformal dimensions and A\, A\ — Young diagrams, labeling Virasoro descen-
dants. The ratio <A, )\,X‘ D(z) ‘A, )\,X> / (Al ®(z) |A) is completely fixed by conformal
symmetry and the series over A\, X for any A in the spectrum sums up to the toric conformal

blocks (see e.g. [24]). Explicitly one gets

(o"t-b)?
2

p
M)m AM _ L
<(b17k> = Z 01(71,()17]@)|Q‘2 Lm =13 |FM(A11\/,Ik7A¥m’q)’2 . (233)
m=1

A similar formula is valid in the Liouville theory:

dP _(1)Q/2+iP, _\_ 2
(Vabr = | -Caiiiap (@ < |FL(Ay A ppipr ). (234)

5

where the “diagonal” structure constant is (it follows from (2.3))

i _op2\—a/b Y (b)Y (2a)Y(2iP)Y(—2iP
Gy (typp2) L2 YRIPVT(2iP)

0,Q/2+iP Y2(a)Y(a +2iP)Y(a — 2iP) " (2.35)

It has four series of poles in P at +2iP = —mb—nb~! —a and +2iP = Q + mb+nb~! —a.
For 0 < a < @ (as for instance for the Liouville fields with a = a; —, which dress the



minimal model primary fields) the integration contour + is just the real line; it “separates”
the four series of poles in this case. For other a (for example, degenerate ones), from the
requirement of analyticity, as in the discussion of OPE, it is necessary to take into account
the residues of the poles that cross the contour under analytic continuation.

3 Calculation of torus one-point numbers

Because of the presence of ghost zero modes, in order to get a nonzero answer for a tachyon
one-point correlator on the torus one needs to insert additional fields B and B together with
Tn.n- Due to the properties described in the previous section, the correlator <Tm7nB§>T is
a modular form of weight (2,2). It follows that we get a well-defined correlation number if
we integrate this correlator over one-punctured torus moduli space, which is a fundamental
domain of the PSL(2,7Z) action on upper half-plane.* Hence our main object is

/d% (BBT1 ), = /d% (BBCCVy _y®1 1) - (3.1)
F F

In this section we illustrate the principal steps of the calculation on the simplest in the
technical sense case (m,n) = (1,2) and then describe how it generalizes to a more difficult
case (m,n) = (1,4), where we need to address additional questions.

3.1 Case of T
3.1.1 Reduction to boundary terms

First, note that the correlator is independent of ghost positions due to (2.31). Correlators
with the number of ghosts B or C less than one are zero, as well as correlators of the form
(0*FB0'C), k or I > 0. Let’s move C' to the same point where V& stands, and move B to
some other point z. Then we can rewrite the tachyon operator dressed by C' ghosts using
HEM in the form (2.26). The explicit expression for the operator H in the considered case
is (2.18).

One can commute the BRST operator with the remaining B-ghosts using {Q, B(z)} =
T(z), where T' =Ty, + Ty + Ty, is the stress-energy tensor of the full theory, and discard
Q-exact terms. This gives

/ 7 (B(2)B(z) Q8 (0},.0))- = / &1 (T(2)T ()0l - (3.2)

The fact that @-exact terms can be ignored can be understood as follows. In the Hamiltonian
formulation, the torus average of BRST-exact operator Q(...) becomes the (super)trace
over the Hilbert space of the form Tr {(—1)FqLquO{Q, e }} Using the cyclic property
of the trace and the fact that Q anticommutes with (—1)¥ and commutes with Virasoro
modes, it formally evaluates to zero. However, using this argument in our case can be
problematic since the action of the logarithmic operators is defined only on an extension of
the MLG Hilbert space. As is known from the consideration of correlators in genus zero,

4Because of this property of the correlator, the correlation number is independent of the choice of the
fundamental domain.



O-descendants of the logarithmic operators do not necessarily give zero in a BRST-invariant
environment. Noticing this subtle point, we nevertheless discard Q-exact terms in (3.2) in
order to move on.

Taking the derivative 0/0a out of the integral over T, we are left with

26a/d2 T(Z) (L1 — M_1 +b0*BC)(...)V,®12)

2 4
2aa /d T(2) b*BCBCV,®, 5) . (3.3)

The omitted terms are zero due to the absence of ghost operators either in the holomorphic
or antiholomorphic sector (there are ghosts in T, but at least one ghost in each term has
a derivative with respect to z). Now we can use Ward identities (2.27) to get rid of T,T
insertions, since other fields in the correlator are primary. This is one of the simplifications
that occurs in the case (1,2). From the Ward identities, we will also discard terms with
derivatives over w and @ on the basis of translational invariance of the one-point function.?
At a = ay 2 the total dimension of the field BCV,® 2 is 0. When differentiating over a,

we either do not differentiate the prefactors coming from the Ward identities, which gives

2
2 BCBCV! ;& 3.4
( ) 87_87_( 1,2 1 2> ( )
or we differentiate the conformal dimension Ag in one of these prefactors, then we get
2 terms
/ 0 1— 0 —
L . _ .
27TAa (7]87' [P + 2771] — Z% [7) + 27]1]) <BCBCV1,2‘I>172>T . (35)

Here 0/07,0/0T act on everything that stands on the right. We note that (3.5) has some
expicit z-dependence, although this dependence was absent in the initial expression.

The listed above terms are given by derivatives on the moduli space, so they can be
reduced to the boundary contributions. The standard representation of the one-punctured
3. 07| > 1} (see
figure 1a). The boundary components at 71 = Re 7 = +1/2 are identified, as well as the

torus moduli space is a region in 7-plane Fy = {Im 7 > 0, |Re 7| <

arcs of the circle |7| = 1, which are symmetric with respect to Re 7 = 0. Therefore,
it is natural to think of the moduli space boundary as a horizontal segment of length 1
at 7o = Im 7 = 4o00. In this limit, most of the terms appearing in Liouville/MM /ghost
correlators die out, being proportional to positive powers of ¢ = exp(2mi7). Thus, we expect
that in order to obtain an exact answer, we need to calculate only a finite number of terms
in the correlator of order ¢°. This is the main motivation for the upcoming calculation.
Let’s address first the z dependency problem in (3.5). The solution is somewhat
surprising: (3.5) is actually zero, because the average (BCBCV; 2®1 2) is independent of
7,7. There are two ways to illustrate this. The first one is algebraic, and consists of the

5For more discussion on this point see section 4.2.
SNote that gluing two arcs on the boundary component |7] = 1 can be done only if the integrand is
modular invariant, which is not the case for O} . This causes an additional contribution, as described below.

~10 -



following chain of relations (and analogous one for 7)

0 — I
27T2'8—<BC'BCV1,2<I>1,2> = (Ward identities) = (T'(2) BCBCV) 2@ 2) = (as discussed before)
T

= (T(2)01%) = ((QB(2)01%) = (Q(B(2)013)) — (B(2)(QO157) =0.

This is an inversion of the argument presented earlier, analogous to the fact that correlators
on the sphere do not depend on the positions of Q-closed operators, if all other operators
are BRST-closed. Another way is to calculate (O12) brute force using explicit expressions
for single point functions (2.33), (2.34) and toric conformal blocks [24]; since we have a
degenerate field in the Liouville sector, only discrete terms contribute to the Liouville
one-point function (continuous contribution vanishes) and the expression for (O;2); is
simple. We checked the independence of ¢ of the correlation function (BCBCV; 2®12), up
to the second order. In particular, this implies an interesting identity for toric conformal
blocks with degenerate dimensions

2
L % Py (8 Mo ayaea)  Fir (A1 A1) = 1. (3.6)
The brute force method is more difficult to adapt to the case of general Oy, but it can
also follow from such non-trivial identities.

Now let’s address the issue of modular non-covariance. As discussed in the previous
section, one-point functions of primaries are modular forms (2.30). For A = 0, as, for
example, for the ground ring operator Oi, this means that the correlator is modular
invariant. For the logarithmic fields like 0’172, however, they transform non-covariantly.
Taking A = BCBCV,®; 2 and differentiating both sides of (2.30) with respect to a and
then setting a such that A(a) =0, we get:

10 1\ 190 10 _
3905 (73) = 330800 + 5 5nd Tog(rT)fa (7). (37)
We will denote the average (O'), = %%fA(T) as F(r,¢), where 7 = ire’?. Then the

equation above can be rewritten as

FQr,~¢) = Flr,¢) + 3 2= AL log(r?) fa(r). (39

With this knowledge, let us rewrite (3.4) as the boundary integral using Gauss theorem:
/ as (¥.4) = / di (7, A). (3.9)
F F

The contribution from the boundary at infinity is

1/2

(2)? / ds i (¥,9)(0) = %(%)2 / dﬁfﬁw@woﬁ... (3.10)
AN

> —-1/2
oToT
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and the integral over the arc segment of the boundary can be rewritten as

/6 1 /6 9 9
_ _ - 2 il . _
Heok // dp S F(r, ) lr1= 7 (2m) 0/ dg |5 F(r) + 5o F (=) s
—7/6

(3.11)
There is no contribution from the vertical parts of the boundary with Re 7 = £1/2 because
the integrand is invariant under 7 — 7 + 1. Differentiating (3.8) with respect to r and then
setting r = 1, we get

) 0 10
= P (r =) lrmi= 5 F () ot 5o AR -2+ fa (7). (3.12)

Therefore, the integral over the arc is defined by the expression

/6
1, 5,10 /

+4(2 ) 2 da AL 2/d90 T=iexp(iyp) (313)

Using the fact that (O 2), does not depend on 7, which we stated earlier, eq. (3.4) can be
finally rewritten as

1/2

1 o 10 .

£(27) //dna<0>w+ 512 5 AL (0). (3.14)
—1/2

3.1.2 Calculation of (O1,2), and <01’2)T, Ty — 00

In this section we will discuss how to calculate (O) and (O'). First, the average in the
minimal model is given as a sum over p conformal families (2.33)

<—1

‘FM(Al 27A11v,[m7q)‘2 (315)

7

p

M 1

@12 = E C 7 m 2A1,m 12+
m=1

)

In the case of ®; 9, the diagonal structure constant C’T(n%g) is only nonzero for m = p,

because @1, and ®1 1 are identified. In this particular case it is equal to

O+ _ < (2 = 26%)7(1 — pb?) )))1/2 _ (3.16)

P(1:2) (1 =0%)y(2 -3 (p+1

The correlator of the ghosts is given by (2.31), it can be written as a series expansion in g,
which starts with |¢|*/%. The Liouville part is given by (2.34).

The normalization of the conformal blocks Fr, and Fjs is such that they start with 1
when expanded into series in g. Let us look at leading terms in the series expansion in ¢ of
the total correlator. Substituting Allvf = All\/[p, we get that it is of order |g|®*/8+2P%) If p
is real, even this leading term tends to zero on the boundary of moduli space. Therefore,
the continuous contribution to the Liouville correlator vanishes. The Liouville structure

constant (2.35) also linearly tends to zero when a — a1 2 = —g. There are, however, discrete
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contributions from the poles of structure constant (which have imaginary P) that cross
the integration contour when a — a1 2. If two of Y-functions in the denominator of the
structure constant become zero when a — a2, the residues do not vanish in the limit.
There are two such poles P = i%a — :F%. Note that for such Liouville momenta both
contributions to correlator from these poles are of order |¢|° in the limit. Moreover, they
are equal, because they are connected via reflection P — —P. We now have an expression
for the correlator

4 M)p+1 _ 27 X 2 L)Q/2+iP
(O12)r3 500 = b" X C;E,(l),g) % TRGSP:mmC(S,q)g/;H}; la=a12 - (3.17)
Let’s see how this consideration is modified for the logarithmic field (O’). We are interested
in the contributions proportional to 79 = Im 7, because in the boundary integral we have to
differentiate with respect to 7. This can only appear when we keep the a-dependence in the

prefactor |g|27*(@)

in discrete terms and differentiate it with respect to a (differentiating the
structure constant would instead give zero when we take the limit, so we leave it untouched).

In our case P(a) = +ia/2 and the differentiation gives

a ., L 10 9 _
5 (Oha)s = Jim |5 e exp (2rmaa/2) (01 +Ola — ar2)| =
b
= 7ra1,2<0172> = —TFZ . 2<0172> . (318)
Now, using

10 .0 Q ([ (k=1by b1 kb _b
26@Aa—2—a—<a—a17k——2>—2+2—4(2p+1+2k‘), (3.19)

the two terms in (3.14) together finally yield

O o 1+ 4)(01) -

3.2 Caseof Ty 4

21)? 4rh
0=

(27)3b
96

(2p —1)(O1,2) . (3.20)

We now want to consider the case when the descendants of the fields V' and ® appear in the
operator H,, , and become relevant, in particular, the case (1,4), see eq. (2.19). We will
use the Ward identities on the torus (2.27) and (2.28), discarding terms with derivatives
over z, as before. To make sure everything goes according to the same scenario as for the
(1,2) case, we need to check the following statements

1. The average of the ground ring operator (O; 4) is 7 and 7 independent. As before,
taking into account that O 4 is BRST-closed, it is enough to prove that the derivative
with respect to 7 (7) can be obtained by inserting Q-exact stress energy tensor:
27T’L'BQT<OL4> = (T(Z)OL4>.

2. Given the first point, we need to prove that for the logarithmic operator

0 — — 9% 0 —
%<T(Z)T(§)H1,4H1,4Va¢1,4> lo=a1 4= (2m)? —(H14H14Va®14) la=ar 4 -

o707 da
(3.21)
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To this end we first consider the average of the form (focusing on the holomorphic sector)
(T(2)H14Va®14) = 9NT(2) BO(L—g— M_3) V@1 4)+

9b%(4b* —1)

+(T'(2)0BCO(#L_1—H#M_1)VoP14)+ 5

(T(2)0*°BCV,®1 4).
(3.22)

Here we dropped the ghostless part in Hy 4, because, as before, the corresponding expectation
value vanishes, since the ghost zero modes are not saturated.

3.2.1 Reduction to boundary terms

Terms with ghost derivatives in H. Let us first consider the second and third terms
in (3.22). Since the two-point ghost function (0¥B C) = 0, for k = 1,2, the contribution
from (17 + Ths)(2) in these terms vanishes because of the ghost sector. However, the
four-point function involving the derivatives of the ghosts (and thus the ghost expectation
values (Tyn(2)0*B C) is non-zero. In fact, from the Ward identity, using the coordinate
invariance of the two-point function without derivatives, we get

Oy {Tyn(2)B(2)C(0)) = 0y |2(P(2 — @) +2m) — (P(2) +2m) + 27ri% (B(x)C(0)) =

=2(=1)*P® (2 — z)(BC). (3.23)

Taking into account these facts, we conclude that the second term in (3.22) vanishes because
of translational invariance (now in MM and Liouville sector) and the third one contributes

9% (46" — 1)P"(2)(BCV, D1 4) . (3.24)

The first term. For the term without ghost derivatives, we represent Virasoro modes as
1

contour integrals of the stress-energy tensor: L o = 5

! d—w<(TL + T+ Tyn)(2) BC(T(w) — T (w)) Va®1,4(0)) (3.25)

omi [ w
Let us first list the terms that do not need Ward identities for double T insertion:

Tgh(TL — TM) : 1(77(2:) + 27]1) + 2

§ %‘]TL(w) and rewrite it as

0 1 (BC(L—3 — M_2)V,®14(0)), (3.26)

I O0Tgn
To(=Th): | AYP() +2m) + 2m;£J (BO(=M_2)Va®14(0)), (3.27)
Ty Ty _A&(P(z) + 2m1) + 27i an] (BCL_3V,®1 4(0)). (3.28)

We denote by partial 7-derivative with a subscript the derivative acting only on the

corresponding factor in the (factorized) one-point correlator. The total derivative is a sum

or = oron + o T oy Now we write one of the remaining 2 terms, the one with double

Ty, insertion, using (2.28)

W 2P (e w) 4 2m) +(C () + 2w) D] ¢

L () (BOVy®y 1) + 7{ @i

12
0 0
X Ag(P(w)+2n1)+27TZiaT :| <BCVa(I)1,4>+ AE(P(Z)+2771)+27”'787_ <BCL,2VGCI)174>.
L L
(3.29)
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Let us carefully extract the terms of order 1/w which contribute to the integral in the
second term of the equation above. Taking into account that P(w) ~ ﬁ, w — 0, we obtain

2(P(z —w) +2m1) + (¢(z — w) + 2mw) Dy [A{;(P(w) +2m) + 27”86;]

=2 (77 +2m — wP'(2) + u;P”(;:)) <2771A +2maa + 35 +. >
w2 w L
+ << + (2m = ((#2)w + 5-¢"(z) - <”’(z)> ( Y )
L
=2(P(2) +2m) (2171A + 2mi ai) 2?" P"(z2). (3.30)

We used that ¢"'(z) = —P"(z). With single-T" insertion Ward identities

<BCL_2Va‘I)174> = (2771AL + 27”8?’) <BCVa(I)1’4> , (3.31)
L

the expression (3.29) can be rewritten as follows:

2AL 9
(ig + 3a> PHBCVabLe) + | (A +2)(P(:) + 2m) + 2mi5 | (BCLaVibra)
L

(3.32)
Similarly, the term coming from T (z)Th(w) gives

2AM 0
M T D () (BOV, Dy 4) + [(A¥4+2)(7>(z)+2m)+2m ] (BO(—M_3)V,®1 4).
12 3 ; oy
(3.33)
Summing all the contributions, we obtain
— 2(AF — AM
9p’ (CL =+ (2, . 1’4)> + b2 (4b* — 1)] P (2)(BCV,y®y 4)+

+ (A% + AY +3) (P(2) + 2m)(BO(L 5 — M_)Vy®14)+

+ 27T’L£<BC(L 09— M_ )VQ(I’1,4> . (334)

or

As expected, the prefactors in the first and second lines vanish at a = a; 4 (for the expectation
value (T'(2)01,4)), leaving only the derivative with respect to the modular parameter. This
proves the 7 and 7-independence of (O 4). To prove it for the logarithmic operator, we use
the following brief notation:

3
(AL +AY, +3) (P(2) +2m) = v(a - ar4). (3.35)

L_ AM
[9[)4 (CL 1—26M n Q(Aa A1,4>> + 9b2(4b4 o 1)1 PH(Z) — ﬁ(a _ CL174),
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We also use analogous notation to describe the antiholomorphic dependence. Then we have
(T(2)T(2)HiaH1,4VaP14) =

o ) _
= ﬁ(a — a174)<TBCH1’4Va<I>1,4> + <27T’La7_ + y(a — a174)> <TH1’4H174VG(I)1’4> —

_ I .0 —
= ﬁ(a — a1,4) {5(@ — a174)<BC’BCVa<IJ174) =+ (—271'187_ =+ W(a — a1’4)> <BCH174Va(I)174> =+

0 0 —
+ <—2m'a7_ +7(a — a1,4)> <27Ti +7(a — a1,4)> (H14H1 4Vo®14)+

or
_ ) —

+ 6(& — a1,4) (27TZ87_ + 'y(a — a1,4)> <H1’4BCVCL(I)L4> . (3.36)
We see that after differentiating with respect to a and substituting a = a; 4 the only nonzero
term” is

10 = — 02 10 — 0?
= —(T()T(Z)H1,4H1,4V,®1,4) = (47 ——(H1 4 H14V,®14) = (472 me
290 L T HaH1aVaia) = W) 500 5y (HatluaVeig = (Un) 50500 (13-4;7)

3.2.2 Calculation of (O1,4); and (O] 4)r, T2 — 00

Similarly to the (1,2) case, here we have 2 contributions to the sum in the matter correlator
(corresponding to m = p ~ p+ 1 and m = p—1 ~ p+ 2) or 4 Liouville discrete terms
(two pairs connected by reflection) with Liouville momenta P = £% and P = £32. When
one multiplies the OPE coming from both sectors, there appear 4 bilinear combinations of
conformal blocks, such that the leading power of ¢ is not necessarily zero. Namely, we have

31b

2
m=p—1: P::I:Z—<...>~]q|b, P::I:T—<...>~|q\0
b 3tb 2
m=p: P::tzf<...>~]q|0, P::I:T7<...>~|q\b

The two contributions which are not of the order ¢° actually vanish, because there is an
additional coefficient coming from L, M Virasoro modes in (2.19). From the conformal
Ward identity (2.27) it follows that

0 0
_ L _ AM (O 0
(L2 = M_2)V14®14) = {2771 (A1,4 A1,4) + 2mi <87‘L aTMﬂ (Via®ra4). (3:38)
Differentiating the leading terms of the four considered contributions with respect to 7
reduces to an additional numeric factor, which depends on m and P. We thus replace the

result of the action of the derivative operators with this numeric factor as follows:

0 0 Cr, — Cpm
— -~ Sor(AM _ AL ) : :
or,  Otm oo ( m Pt 24 (3:39)

Moreover (again, up to leading order in ¢) we have n; ~ i(QW)Q, then in total r.h.s. of (3.38)
can be rewritten in the following way

(2m)? [112 (A%A - All\ﬁ) + (a)_l_b)Q + AN - P2> (1+0(q)(V1,4®1,4) - (3.40)

4

"All other terms either contain higher powers of (a — a1,4), or are zero because the expectation values of
the ground ring elements do not depend on 7.
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It is easy to verify that for the cases (m = p —1,P = £2) and (m = p, P = £32) the
prefactors are zero, and for the other two combinations it simplifies to i(27r)2§. Since
such a factor comes from both holomorphic and antiholomorphic Virasoro modes, the sign
is irrelevant and in the terms of interest we can replace Virasoro modes (L_y — M_5) with
a numeric factor (2#)4%. To calculate the expectation value (O 4) it remains to calculate
the product of the degenerate structure constants corresponding to two remaining choices
of m and p.

An interesting observation is that all 4 nonzero terms (if the Liouville contributions
associated with reflection are taken into account separately) turn out to be equal. The
contributions to the correlator from m = p and m = p — 1 with the corresponding Liouville

discrete terms each give half of (O; 4). This is because we have an identity

(M)p+1 (L)Q/2+iP _ ~(M)p+2 (L)Q/2+4:P
Cp,(l,i) Resp:ib/4ca1,4,Q/2+iP = Cp—l,]ZIA)ReSP:3ib/4Ca174,Q/2+iP . (341)

When considering the logarithmic operator 0’1’4 instead of Oq 4, two pairs of reflection-
related discrete terms after differentiation with respect to a are additionally multiplied by
corresponding Liouville momenta (up to a factor of i/2 they are equal to a; 4 = 7731’ and
arq+b= %b), so we would have

0 1/3b b )
877_2<0/1,4>72—>oo = —-T- 5 <2<Ol,4> + 2<01,4>> = —Z . 4(01,4> . (3.42)

We proved above that the expression in the form (3.14) is also valid in case (1,4). We thus
have the final answer for tachyon one-point function

(2r)? 8
4 8

(O14) = (2;?53[)(229 —3)(014). (3.43)

(Th4) = (22723 Z(Qp +148)(01,4) —

4 Discussion

4.1 General case T} 2, and comparison with matrix model

Building on the observations for the example of O; 4 about the fact that all 4 terms in the
sum for (O) turn out equal, as well as extrapolating formulas (3.42) and (3.18) we conclude
by conjecturing the following generalized formulas

b
(Oran) =2k, (O o) = = - 2k(Orx) = —mbk? (4.1)

Then, if all the steps leading to (3.14) are valid, we would get for even k

2m)3 b
(27;) 720+ 1428) (01

B 2% 01, = B2 24 1) (01 ) ~ k24 1),

(Tk) = 96
(4.2)

This is precisely the matrix model result obtained in [11].
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4.2 Comments on the case Ty with odd k

In our examples, we ignored terms with derivatives over w and w on the basis of translational
invariance of the one-point function. It is known from considering ordinary Liouville EOM
that this can be a subtle issue for logarithmic operators — we have a non-zero average of
operator d0¢ given by derivatives of the Liouville field. However, in that case, zero arising
from the translational invariance cancels with the singularity of the diagonal structure
constant Cp g 24ip,Q/2—ip- There exists a regularisation in which this statement can be
made precise; we describe it in appendix A. We do not have such a singularity in the
expectation value of Vi3, as well as of any Vj o, so we do not expect such problems.
However, for (T} ;) with odd k we have to treat carefully the terms containing derivatives
with respect to the position of the tachyon.

For odd k tachyons, there is also another problem (or another manifestation of the
problem described above). The simplest demonstration can be done for & = 1; in this
case we have Hq; = 1, containing no Virasoro modes nor ghosts. After using HEM and
commuting the BRST-charge with the field B(z), we obtain the following correlator:

(T()T(2)V]121,1) = (T(2)T(2)¢ Ls) (4.3)

It is easy to see that the average in the ghost sector vanishes for this correlator. The
expression we started with is nonzero (in fact, this particular tachyon one-point function
was computed analytically long before with another methods in [25]), which is an obvious
contradiction. However, the Liouville part of this correlator (¢) is in fact infinite (even more
so than the torus partition function (Iy), divergent because of continuity of the spectrum
of the theory). It is likely that the zero from the ghost sector may somehow cancel with
this infinity, but we have not yet found a regularization that would allow to demonstrate
this cancellation explicitly.

Despite the caveats above, the correlation numbers 77 j, with odd % can still be calculated
with the method described in this paper, if before applying HEM we use that tachyons related
by reflection in MLG are idenfitifed: 17 = 17 2p41—. This reflection interchanges even and
odd k, so after using this relation, the problems described above become irrelevant. Note that
the expression obtained with our methods (4.2) evidently respects the reflection symmetry.

4.3 Other choices of fundamental domain

In this subsection we want to check that our construction is consistent with the requirement
of modular symmetry for the tachyon amplitudes (3.1). The partition function is modular
invariant, which can be checked explicitly using the transformation properties of the ghost
correlation function (BBCC) and modular properties of the characters. The correlation
functions with insertions of the vertex operators are modular covariant and transform
according to the transformation law for the vertex operators (see eq. (2.30)). This condition
combined with the dimensional constraint (2.15) leads to the modular invariance of the
amplitude (3.1). The question is whether our regularization procedure used in sections 2
and 3 is consistent with this requirement.

As an example we consider the region F; which is obtained from the fundamental region
Fy by applying S transformation, see figure 1. In fact, one could think that this choice
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Figure 1. Fundamental regions.

even more preferable, because the upper boundary element of Fy maps to point 7 = 0,
while (CZ, a) was considered previously and other two elements (a, 0), (J, 0) are mapped to
each other by certain modular transformation (see below), so that similar consideration
as in section 3, based on the transformation property of the logarithmic field, can be used
to evaluate corresponding contributions explicitly. However, the expression for one-point
amplitude has a singularity at 7 = 0 which requires some care.

Let us illustrate how to come to the formula (3.14) for this choice of fundamental
domain, starting with (3.4). First of all, the contribution of an integral over the arc (@, d)
is given by the same formula (3.13), but with a different sign:

w/6
1 10
- (2 )228 AL 2/d(p T=iexp(ip) (44)

since for a new fundamental domain outward normal direction is different. The two arcs
(0,a) and (0,d) can be parametrized respectively as

T =1re¥ —1, r =1, € (0,7/3
1 1 ‘ 1 @1 € (0,7/3) (4.5)
To =1 —roe %2, ro=1, @9 € (0,7/3)
These two arcs are glued together using a modular transformation
1 1
— — = = 4.6
n=—Tl o pi=@, m=o (16)
under which the correlation function of primaries transforms as
fa () = I+ 1P21a(r). (@)
Then for the logarithmic operator O" we have
(01 )rs1) = (O')r + A log |7+ 1] x (O), . (4.8)
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We integrate over these two arcs the normal derivatives of this correlator (i.e. derivatives
with respect to r1 = |m + 1| and ry, with additional minus sign). Differentiating the
transformation rule above with respect to 71, as before, we get that only the term with A’

survives when we sum the two contributions; it integrates to
1 T

+ —(27)% =

4( ) 3

The two terms (4.4) and (4.9) add to the same answer as in (3.13).
Now let us carefully deal with the singularity at 7 = 0. Let us regularize the boundary

AM(0). (4.9)

adding the arc vy = (13, ¢) of small circle of radius r with the center at 7 = 0. It is easy
to calculate that the length of this arc is [ ~ 72 for r — 0. From modular properties we
know that

<O/>irew = <O/>iei¢’/r - Alc:/ 10g7’(0>7- . (4'10)

For 7 — ico, T & (—iT) = 1 and %(O’) ~ const, Ty — 400, as we discussed in the main
part of the work. Because of that, the considered integral over the arc vy can be rewritten as

T2 7'2
1 2 8 / ) - 1 2 1 8 / 1 2 L/ 1
HeD /dl (—m<o >mw) = ;) O/dl7“2372<0 Jraoo + 7(2)PAL O/dlr<0).
Y0

(4.11)
The second term tends to zero when r — 0; thus, we are left with only the first one, which
reproduces contribution from infinity (3.10) for the original fundamental domain Fjp.

4.4 Comments on generalized minimal gravity

In some contexts it might be interesting to generalize these results to a gravity theory,
in which the matter sector has generic central charge ¢ < 1 (equivalently, non-rational
and negative b?) and the structure constants are analogous to (2.10). There are several
possible definitions of such “generalized minimal models” (GMM). In the original work by
Zamolodchikov [15] this term is used to describe a theory with continuous set of primary
fields ®,, a € C and the structure constants given by (2.10) with additional identification
of fields ®, and ®y-1_;_,. In a more recent work [26] this notion, GMM, is used for a
theory with an irrational central charge, but a discrete set of fields organised as an infinite
Kac table, while the model with the continuous spectrum introduced in [15] is referred to
as “c < 1 Liouville theory”.®

In [26] it is argued that the GMM with the discrete spectrum is ill-defined on higher
genus Riemann surfaces: there is a discrete set of possible correlators and all of them
are either zero, if they do not satisfy the fusion rules, or infinite, similar to the partition
function. On the other hand, in ¢ < 1 Liouville theory the OPE is always continuous and
has no discrete terms, even in the presence of degenerate fields (the analytic structure
constant (2.10) does not obey the fusion rules), which makes the matter sector correlator
difficult to calculate, even if it turns out to be finite. It would be interesting to see if the
answer that we found, being analytic in p, could be continued to the generalized case where
p is non-integer.

$We note that the normalization of the primary fields is different in the references [15] and [26].

—90 —



Acknowledgments

We thank Alexander Belavin, Alexey Litvinov, Mikhail Lashkevich and Sergey Parkhomenko
for useful discussions.

A Equations of motion on the torus in Liouville CFT

Regularisation. EOM in Liouville theory on the torus read

D0p = The**? (A.1)
(we put = 1). Average on the torus of the r.h.s. is given by (see e.g. [12])
1 1
7Tb<62b¢>7 = 2
3/2
1672 |y (q) 273
1
= , 1+q+2¢2+3¢+... ) (14+G+2¢>+3¢°+. .. (A.2)
1677275/2(@)1/24 ( ) ( )

which is obtained using eq. (2.34) and

2

Q/2+ip _ 4P

Cb,Q/Z—i—z‘P = b (A.3)

In this appendix we show how to obtain the same result from the Lh.s. of (A.1). Defining

@ as %% Vo |a=0, we have two problems: 1) the correlator (99¢) seems to vanish due
~~

e2ap
to translation invariance of one-point functions; 2) the structure constant, entering the

expression for the one-point function

CQ/Q-HP _ (W[L’)/(bQ)bQ_sz)_a/b T(b)T(Qa)T(2zP)T(—2zP) ~ 2 (A4)

a.Q/2+iP ~ T2(a)Y(a + 2iP)T(a —2P) ~a’ “

is singular in the limit ¢ — 0 (even more so if we differentiate with respect to a). This
divergence appears due to continuous spectrum of physical states.? To solve these problems,
we need to introduce some regularization. The explicit expression of the correlator

(Va)r = 3 AV HA0-3 (AN 3| Va(2) |40 ) (A.5)
AN

Restricting first the sum to the primary field level, one can rewrite the matrix elements in
terms of the correlators on the sphere with complex coordinate { = e in the following way:

(A3 Vi(¢1) |A) = lim !C!§A3<%(C3)V1(41)V2(C2)>:|Ci2(&ll’fiﬁ?ﬁ3)‘ (A.6)

(3—00,(2—0

We need to transform the coordinates from sphere to cylinder/torus, which leads to
transformation Vi (z) = V1(¢1)|¢1/*21. Then the matrix element on a cylinder

C(a1,az,a3)

(A3 Vi(2) [Ag) = IREE

(A7)

9E.g., for free bosonic string genus 1 partition function we also have this divergence, which is related to
the target space volume.
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is translation invariant (independent of z) if Ag = As. Only such elements appear in the
trace for the torus correlator.

With these observations, we note that introducing the position dependence as well as
regularizing the diagonal structure constant can both be done by replacing the trace with
the following expression

L

= lim Y7 ¢4 A =38 (A(P), A A Va(2) [A(P + ), 0, %) . (A.8)
A)\A

Level zero. First, let us check what happens at level zero A = A = 0. The matrix element
and its derivative are given by

Q/2+iP
a1,Q/2+i(P+e
(AP)|VA(2) [A(P + €)) = %
Q/2+iP
_ a1,Q/2+i(P+e
99 (A(P)| Vi(2) |A(P + ¢)) = 4P2%(1 +O(e))%, (A.9)
with the structure constant
OB () T TOTETRIPITC3(P )
a1,Q/2+i(P+e) Y(a+ie)Y(a—ie)Y(a+ie+2iP)Y(a—ie—2iP)’

(A.10)
We differentiate it w.r.t. a and take the limit a — 0, keeping in mind that only terms
coming from differentiation of Y'(2a) are relevant, otherwise for nonzero € we get zero in
the limit. Taking into account Y/(0) = T(b), we get

—ie/b Y (b)2Y(2iP)Y(—2i(P+e)) 1 4
Y (i)Y (—i€e) Y (ie+2iP)Y(—ie—2iP) ~a
(A.ll)
Now we multiply these results and keep only the finite contribution for ¢ — 0. We obtain
the leading contribution in ¢ for the L.h.s. of (A.1)

10 Q/2+iP 2172—2b2
§%Ca1,Q/2+i(P+e) la=0= (WN’Y(b )b )

<88¢):/Z];><4P2 x (q7) V2P (14, (A.12)

which coincides with the integral for r.h.s. of EOM, taking into account (A.3).

Level one. The matrix elements with descendants can be expressed using the following

commutation relations

[Ln, Va(2)] = (" (0Vy +nAgVa) . (A.13)

For example, on the first level we get

(A| L1 Va(2) L1 |A +8) = 2 (A| VaLo |A + 8) + C(8 + Ag) (A| VaL_y |A + 6) =

=2(A+8) (A Vo |A+6) + 1O — A)C(O+ A) (A Vo |A +6) =
G
“’2"’2@*5 [2(A +6)+ (1 =6 —Au)(Ay —9)] .

- 29 —



Note the same (-dependence as we had for level zero. Again, this dependence disappears
for 6 = 0, as expected from translation invariance property of the torus correlator. This
means that additional differentiation &9 brings out the same factor €2 which cancels 1/¢2
singularity of structure constant’s derivative at a = 0. The kinematic factor in the brackets
is regular and non-zero as a, ¢ — 0; that means that in our limiting procedure we don’t need
to differentiate it with respect to a nor leave e-dependence. With appropriate normalization
(A|L1L_1 |A) = 2A, it gives coefficient 1 for O(q) contribution to the toric conformal block,
as expected from (A.2).

In general, at higher levels we do not get any new subtleties and reasoning analogous
to the original proof of HEM on the sphere [10] (based on the fact that the conformal
properties of 99y and e2*¥ are the same) should work for descendant contributions to the
torus correlators.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
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