
J
H
E
P
0
2
(
2
0
2
3
)
0
4
8

Published for SISSA by Springer

Received: July 17, 2022
Revised: January 16, 2023

Accepted: January 16, 2023
Published: February 6, 2023

QFT approach to dressed particle processes in
preheating and non-perturbative mechanism in
kinematically-forbidden regime

Hidetoshi Tayaa and Yusuke Yamadab
aRIKEN iTHEMS, RIKEN,
Wako 351-0198, Japan
bWaseda Institute for Advanced Study, Waseda University,
1-21-1 Nishi Waseda, Shinjuku, Tokyo 169-0051, Japan

E-mail: hidetoshi.taya@riken.jp, y-yamada@aoni.waseda.jp

Abstract: We provide a quantum-field theoretic formulation of dressed particle dynamics
that systematically includes particle production and scattering/decay processes in the
preheating era. Our approach is based on the so-called perturbation theory in the Furry
picture, in which coherent background fields (i.e., inflaton and the expanding Universe) are
treated non-perturbatively whereas interactions between dressed particles are taken into
account perturbatively. As an application, we consider the instant preheating mechanism
and compute the number of produced particles explicitly. We find a novel non-perturbative
particle-production mechanism, which is kinematically forbidden within the conventional
perturbative calculation and gives the dominant contribution in certain parameter regimes,
e.g., light daughter particles.

Keywords: Non-Equilibrium Field Theory, Nonperturbative Effects

ArXiv ePrint: 2207.03831

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP02(2023)048

mailto:hidetoshi.taya@riken.jp
mailto:y-yamada@aoni.waseda.jp
https://arxiv.org/abs/2207.03831
https://doi.org/10.1007/JHEP02(2023)048


J
H
E
P
0
2
(
2
0
2
3
)
0
4
8

Contents

1 Introduction 1

2 Furry-picture approach to instant preheating 3
2.1 Model 4
2.2 The Furry-picture perturbation theory 5
2.3 Non-perturbative evaluation in slow-field limit 9
2.4 Phenomenological perturbative approach 13
2.5 Kinematically-forbidden particle production 16

3 Application to a realistic model 18
3.1 Kinematically-allowed regime: instant preheating and heavy daughter particle

production 20
3.2 Kinematically-forbidden regime: light daughter particle production 23

4 Summary and outlook 26

1 Introduction

Reheating is of great importance for successful inflation models to realize subsequent
cosmological evolution such as Big Bang Nucleosynthesis. In slow-roll inflation models,
inflation ends when a (coherent) inflaton field falls down into its potential minimum. The
energy of the inflaton field is eventually converted into light elements, which completes
reheating. The very first stage of reheating is known to be dominated by the so-called
preheating [1–6] (see also, e.g. [7–9] for review), where relatively light matter species coupled
directly to the inflaton field are explosively produced from the vacuum during the multiple
oscillations of the inflaton field. Lattice simulations are conveniently employed to analyze
the preheating process [10–13], as the amount of light particles produced during preheating
is huge and hence the backreaction from the produced particles to the inflaton dynamics
becomes important.

Instant preheating [14] is proposed as a mechanism to accelerate the reheating process.
The idea is to produce heavy particles via decay of parent particles produced from the
vacuum in the above-mentioned preheating mechanism. The decay is thought to occur
when the inflaton-dependent mass of the parent particle exceeds the daughter-particle mass
because of the kinematic reason. The decay then becomes the most efficient when the parent
particle’s mass reaches the (local) maximum. Since the amplitude of the inflaton oscillation
decays in time due to the expansion of the Universe, instant preheating may occur only
within the first few oscillations of the inflaton. As the amount of the produced particles
after the first few oscillations is presumably small, the backreaction to the inflaton may
not be large and the lattice simulation is not necessarily required for its description. If the
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inflaton energy decays faster than that of non-relativistic matter, the energy of the heavy
daughter particles eventually dominates the Universe, and thereby it completes reheating.
Instant preheating becomes particularly important, e.g., in quintessential models [14, 15].

From a general viewpoint, preheating is a quantum process driven by a coherent field.
Therefore, it should be formulated in the language of quantum-field theory (QFT) in a
coherent field (or strong field). In the literature, preheating is described as the dynamics
of quantum fields coupled to a coherent field but without interactions between quantum
fields. More generally, we need a theory of interacting quantum fields in order to describe,
e.g., instant preheating, which has not been fully addressed yet. In fact, the existing
formulations of instant preheating were rather phenomenological. They rely on cross
sections derived with usual QFT perturbation theory without coherent fields, and the effects
of coherent fields are included phenomenologically, e.g., via replacing a bare mass with
a field-dependent mass by hand. Such a phenomenological treatment clearly loses the
information of multiple scatterings between coherent fields and particles during scattering
processes. Since the inflaton field is non-perturbatively strong in preheating, it is natural
to expect that multiple-scattering effects become important. The validity of the existing
phenomenological formulations should thus be tested against a rigorous one. As far as
we know, such a rigorous QFT formulation of preheating has not been addressed in the
literature. We here tackle this problem. We shall show how the multiple scatterings with
the inflaton field change the particle production and clarify when the phenomenological
formulations are valid.

To provide a QFT formulation of instant preheating, we notice that there has been
significant progress in the theory and phenomenology of QFT in a coherent field. In
particular, in the context of quantum electrodynamics (QED) and intense-laser physics [16,
17], a perturbation theory of particles dressed by coherent fields, known as the Furry-picture
perturbation theory [18], has been developed. The Furry-picture perturbation theory has
been established as a standard tool to analyze QED processes under coherent electromagnetic
fields, including analogous processes to instant preheating (e.g., photon creation accompanied
by the Schwinger pair production under a strong electric field [19–27], assistance to the
particle production due to multiple-scattering by a strong electromagnetic field in the
Schwinger pair production [28–33] and in the non-linear Breit-Wheeler process [34, 35]).
This fact motivates us to think about the formulation of instant preheating by extending
the Furry-picture perturbation theory in QED (i.e., a single charged fermion on top of an
electromagnetic field in the flat spacetime) to instant preheating (i.e., two types of particles
on top of an inflaton field in the expanding Universe).

The purpose of this paper is to formulate instant preheating based on QFT with the aid
of the Furry-picture perturbation theory, which as far as we know has not been addressed in
the literature. Using the QFT formulation, we first examine the validity of the conventional
phenomenological approach. We show that the phenomenological approach is justified in a
certain parameter regime (called “kinematically-allowed regime”), provided that the inflaton
field is sufficiently slow and weak. We then point out that there exists another particle-
producing parameter regime (called “kinematically-forbidden regime”) which cannot be
described by the conventional approach. We shall show that the particle production in this
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Figure 1. A diagrammatic picture of instant preheating. A pair of χ particles (solid line) are
produced from the vacuum, one of which subsequently decays into a pair of ψ particles (dashed
lines). The parent χ particles couple to the coherent φ field (blobs) in a non-perturbative manner,
while the daughter ψ particles do not.

parameter regime is driven by a novel non-perturbative mechanism assisted by the coherent
inflaton field. We discuss the behavior of the kinematically-forbidden process, which is
far different from a perturbative “decay process” of parent particles without background
coherent fields. It turns out that whether the kinematically-allowed or the kinematically-
forbidden process dominates depends on a parameter region under consideration, which
indicates that our QFT formulation is imperative for a complete description of the history
of the Universe.

This paper is organized as follows: we provide the QFT formulation of instant preheating
based on the Furry-picture perturbation theory in section 2. We present a general analytical
formula for the number density of produced particles, as well as a simpler one by assuming
that the effective masses of dressed particles are sufficiently slow. We also explain how the
conventional perturbative approach is included in our QFT formula and point out the novel
non-perturbative particle-production mechanism in the kinematically-forbidden regime. In
section 3, we consider a specific preheating model and discuss the behaviors of the number
and energy density of daughter particles in more detail. Finally, we give a summary and an
outlook in section 4.

Notation: our spacetime xµ = (t,x) is (1+3) dimensions. We adopt the mostly plus
metric convention, i.e., gµν = diag(−1,+1,+1,+1) in the flat spacetime. We adopt the
natural unit ~ = c = 1.

2 Furry-picture approach to instant preheating

We provide a quantum field-theoretic formulation of instant preheating in the early Universe
based on the Furry-picture perturbation theory [18].

We derive a general formula for the number density of particles interacting with each
other under the presence of a coherent background inflaton field (see figure 1). Assuming
that the inflaton field is sufficiently slow in time, we explicitly evaluate the general formula
to obtain a compact expression for the number of daughter particles. The compact formula
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describes not only the conventional perturbative particle production, which is obtained by
the standard perturbation theory with un-dressed particles, but also the non-perturbative
one in the kinetically-forbidden regime that the conventional approach cannot access.

2.1 Model

For concreteness, we consider a particular cosmological model of preheating (although the
Furry-picture perturbation theory is a general framework that can be applied to a variety
of models that include, e.g., those with fermions and gauge bosons). Our model consists of
two real scalar fields χ and ψ, interacting with each other via a cubic interaction, under the
expanding Universe and a coherent background real scalar field φ, representing an inflaton.
The action S is

S = −
∫

d4x
√
−g

[1
2(∂χ)2 + 1

2m
2
χχ

2 + 1
2ζχ

2φ2 + 1
2(∂ψ)2 + 1

2m
2
ψψ

2 + 1
2λχψ

2
]
, (2.1)

where mχ,ψ, ζ, and λ are constants, representing “bare” masses of χ, ψ fields, couplings
between χ and φ and between χ and ψ, respectively, and g is the determinant of the
Friedmann-Robertson-Walker (FRW) metric ds2 = gµνdxµdxν = −dt2 + a2(t)dx2. We have
implicitly assumed that the backreaction by the dynamical χ, ψ fields onto φ and the metric
gµν (or the scale factor a) are negligible so that they can be treated as non-dynamical
backgrounds. Such a treatment may be justified in the early stage of preheating, if the
work done by the backgrounds φ and a(t) to produce χ, ψ particles are sufficiently small
compared to the energies that the backgrounds originally possess.

It is convenient to redefine the dynamical fields as a−3/2χ → χ and a−3/2ψ → ψ to
express the action (2.1) as

S → 1
2

∫
dtd3x

[
χ̇2 − 1

a2 (∂χ)2 −M2
χχ

2 + ψ̇2 − 1
a2 (∂ψ)2 −M2

ψψ
2 − λa−

3
2χψ2

]
, (2.2)

where •̇ := ∂t• and

M2
χ(t) := m2

χ + ζφ2(t)− 9
4H

2(t)− 3
2Ḣ(t) ,

M2
ψ(t) := m2

ψ −
9
4H

2(t)− 3
2Ḣ(t) ,

(2.3)

are “dressed” masses of χ, ψ fields and H = ȧ/a is the Hubble parameter. The background
field φ is now absorbed into the dressed mass Mχ, while it does not modify Mψ due to the
absence of the coupling between ψ and φ. The role of φ is thus to give time dependence to
the mass of χ particles. This time dependence is the essence of the vacuum pair production
of χ particles and also affects the ψ production through the coupling with χ, as we explain
in detail below.

Note that we assume later to get a simple expression that the bare masses mχ and mψ

are larger than the Hubble scale, so that one may safely neglect the Hubble-induced-mass
contributions to the particle-production processes [see eq. (2.23)]. (Nonetheless, our general
formulation until eq. (2.23) is applicable to arbitrary dressed masses that include the Hubble-
induced contributions.) This assumption is equivalent to treating H ∼ 0, or a ∼ const.,
during a scattering process, and then the dressed masses (2.3) can be approximated as
M2
χ ∼ m2

χ + ζφ2 and M2
ψ ∼ m2

ψ.
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2.2 The Furry-picture perturbation theory

We formulate instant preheating based on the Furry-picture perturbation theory and
derive a general formula for the numbers of χ and ψ particles produced from an initial
vacuum. Note that although we focus on the number of particles throughout this paper, it
is straightforward to extend our formalism to compute other physical quantities such as
energy-momentum tensor.

The idea of the Furry-picture perturbation theory is to treat interactions between
dynamical χ, ψ fields and the backgrounds φ and a(t) non-perturbatively while those among
dynamical fields perturbatively. To achieve this, it is convenient to split the Hamiltonian H
for the action S into two parts:

H(t) = H(0)(t) +Hint(t) , (2.4)

where

H(0) :=
∫

d3x

[
χ̇2 + 1

a2 (∂χ)2 +M2
χχ

2 + ψ̇2 + 1
a2 (∂ψ)2 +M2

ψψ
2
]
,

Hint := λ

∫
d3x a−

3
2χψ2 ,

(2.5)

describing interactions between the dynamical fields and the backgrounds and those among
the dynamical fields, respectively.

We evaluate the dynamical χ, ψ fields non-perturbatively in terms of H(0). The solutions
χ(0) and ψ(0) are not simple free fields but are dressed by the backgrounds φ and a(t). In
other words, the mode functions in the momentum space χ(0)

p and ψ(0)
k such that (note that

we consistently use p and k to label momenta of χ and ψ particles, respectively)

χ(0)(t,x) =
∫ d3p

(2π)
3
2

eip·x
[
χ(0)

p (t)âin
p + χ

(0)∗
−p (t)âin†

−p

]
,

ψ(0)(t,x) =
∫ d3k

(2π)
3
2

eik·x
[
ψ

(0)
k (t)b̂ink + ψ

(0)∗
−k (t)b̂in†−k

]
,

(2.6)

are not usual plane waves but are dressed so that they satisfy the Klein-Gordon equations
with time-dependent mass terms,

0 = χ̈(0)
p + ω2

pχ
(0)
p , 0 = ψ̈

(0)
k + Ω2

kψ
(0)
k , (2.7)

with

ω2
p := M2

χ + p2/a2 , Ω2
k := M2

ψ + k2/a2 . (2.8)

To uniquely fix the mode functions χ(0)
p and ψ(0)

k , one needs to specify the boundary and
normalization conditions. To do so, we formally assume that the backgrounds are turned
off at an initial time t = tin, so that one can naturally identify positive frequency mode at
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the in-state t = tin with the usual plane waves. Thus, we require1

χ(0)
p (t) t→tin−−−→ 1√

2ωp(t)
e−i
∫ t dt′ ωp(t′) ,

ψ
(0)
k (t) t→tin−−−→ 1√

2Ωk(t)
e−i
∫ t dt′ Ωk(t′) .

(2.9)

Note that the lower end of the integral in the exponent can be anything (as long as it
is real), as a different lower end just changes the unimportant overall phase of the mode
function. We here implicitly normalized the mode functions as

1 = −iχ(0)
p

←→
∂t χ

(0)∗
p = −iψ(0)

k

←→
∂t ψ

(0)∗
k , (2.10)

with
←→
∂t :=

−→
∂t −

←−
∂t . The normalization condition (2.10) in turn normalizes the canonical

commutation relations for the annihilation operators âin
p , b̂

in
k as

δ(p− p′) = [âin
p , â

in†
p′ ] , δ(k − k′) = [b̂ink , b̂

in†
k′ ] . (2.11)

Requiring the boundary condition (2.9) is equivalent to requiring that the annihilation
operators âin

k and b̂ink coincide at the in-state t = tin with the usual asymptotic annihila-
tion operators:

âin
p = +i

∫
d3x

(
eip·x

(2π)
3
2
χ(0)

p

)∗←→
∂t χ

(0) = lim
t→tin

(+i)
∫

d3x

 eip·x

(2π)
3
2

e−i
∫ t dt′ ωp(t′)√
2ωp(t)

∗←→∂t χ(0) ,

b̂ink = +i
∫

d3x

(
eik·x

(2π)
3
2
ψ

(0)
k

)∗←→
∂t ψ

(0) = lim
t→tin

(+i)
∫

d3x

 eik·x

(2π)
3
2

e−i
∫ t dt′ Ωk(t′)√
2Ωk(t)

∗←→∂t ψ(0) .

(2.12)

The corresponding vacuum state |0〉in,

0 = âin
p |0〉in = b̂ink |0〉in with 1 = in〈0|0〉in , (2.13)

is thus identical to the usual perturbative vacuum at the in-state t = tin. We remark that
the second equalities in eq. (2.12) hold only for t → tin in the presence of backgrounds
(and/or interactions), since the dressed mode functions χ(0)

p and ψ(0)
k coincide with the plane

waves only at t = tin and positive and negative frequency modes shall be mixed up with
each other during the time evolution. This means that asymptotic annihilation operators at
the out-state t→ +∞ do not coincide with those at the in-state t = tin. As we see shortly
below, this is the essence of particle production from the vacuum.

1Strictly speaking, the right-hand sides of eq. (2.9) are the lowest-order Wentzel-Kramers-Brillouin
(WKB) mode functions and are not the usual plane waves. The lowest-order WKB mode functions and the
usual plane waves exactly agree with each other in the regime where the time dependence of the backgrounds
is turned off. In this paper, therefore, we do not carefully distinguish the lowest-order WKB mode function
and the plane waves in the asymptotically free in- and out-states.
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We turn to include effects of the interactions among the dynamical fields due to Hint. We
formally assume that Hint is turned on adiabatically at the initial time t = tin and since then
perturbatively evolve the field operators χ(0) → χ and ψ(0) → ψ.2 It is convenient to move
to an interaction picture in which the time-translation unitary operator U is constructed
perturbatively with the interaction Hamiltonian Hint = O(λ) as (see e.g. ref. [36]),

U(t, tin) = T exp
(
−i
∫ t

t0
dt′Hint(t′)

)
= 1− i

∫ t

tin
dt′Hint(t′) +O(λ2) . (2.14)

The time evolution of the dynamical χ, ψ fields can be expressed as(
χ(t)
ψ(t)

)
= [U(t, tin)]†

(
χ(0)(t)
ψ(0)(t)

)
U(t, tin) . (2.15)

Inserting eq. (2.14), we get

χ(t,x) =χ(0)(t,x)−iλ2

∫ t

tin
dt′d3x′a−

3
2 (t′)[χ(0)(t,x),χ(0)(t′,x′)]ψ(0)2(t′,x′)+O(λ2) ,

ψ(t,x) =ψ(0)(t,x)−iλ
∫ t

tin
dt′d3x′a−

3
2 (t′)[ψ(0)(t,x),ψ(0)(t′,x′)]χ(0)(t′,x′)ψ(0)(t′,x′)+O(λ2) .

(2.16)

Note that the field renormalization factor is higher order in the coupling λ as Zχ,ψ = 1+O(λ2)
and hence can be neglected safely at the present accuracy.

We wish to compute the numbers of χ, ψ particles at the out-state t→ +∞ produced
from the initial vacuum |0〉in. The phase-space densities at each momentum mode, which
we write nχp and nψk , are defined as

nχp := in〈0|âout†
p âout

p |0〉in
δ3(p = 0) , nψk := in〈0|b̂out†

k b̂out
k |0〉in

δ3(k = 0) , (2.17)

where δ3(p = 0) = δ3(k = 0) =: V/(2π)3 with V the whole spatial volume. The annihilation
operators at the out-state âout

p and b̂out
k are defined in a similar manner as the in-state

operators âin
p and b̂ink (2.12). Namely, we formally assume that the backgrounds and the

interactions are switched off adiabatically at the out-state t→∞. We can then naturally
identify positive-frequency modes at the out-state with the usual plane waves. Thus, we
introduce the annihilation operators at the out-state âout

p and b̂out
k as

âout
p := lim

t→+∞
(+i)

∫
d3x

 eip·x

(2π)
3
2

e−i
∫ t dt′ ωp(t′)√
2ωp(t)

∗←→∂t χ ,
b̂out

k := lim
t→+∞

(+i)
∫

d3x

 eik·x

(2π)
3
2

e−i
∫ t dt′ Ωk(t′)√
2Ωk(t)

∗←→∂t ψ .
(2.18)

The corresponding out-vacuum state |0〉out is defined as a state such that

0 = âout
p |0〉out = b̂out

k |0〉out with 1 = out〈0|0〉out . (2.19)
2A special case of the Furry-picture perturbation theory is common in the calculation of cosmological

correlators. There, the mode functions are non-perturbatively dressed by the de Sitter background, while
interactions among dynamical fields are treated perturbatively [36].
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We emphasize that the out-vacuum |0〉out does not coincide with the in-vacuum 1 6= in〈0|0〉out
due to the interactions in H0 and Hint. The inequivalence |0〉out 6= |0〉in is a consequence
of âout

p 6= âin
p and b̂out

k 6= b̂ink . The relationship between the in- and out-state annihilation
operators can be obtained, by plugging eq. (2.16) into eq. (2.18), as

âout
p =αpâ

in
p +β∗pâ

in†
−p (2.20)

−iλ2

∫ ∞
tin

dt′d3x′a−
3
2 (t′)e−ip·x′

(
αpχ

(0)∗
p (t′)−β∗−pχ

(0)
−p(t′)

)(
ψ(0)(t′,x′)

)2
+O(λ2) ,

b̂out
k = γkb̂

in
k +δ∗kb̂

in†
−k

−iλ
∫ ∞
tin

dt′d3x′a−
3
2 (t′)e−ik·x′

(
γkψ

(0)∗
k (t′)−δ∗−kψ

(0)
−k(t′)

)
ψ(0)(t′,x′)χ(0)(t′,x′)+O(λ2) ,

where 
αp

βp

 = lim
t→+∞

(+i)


e+i
∫ t

dt′ ωp(t′)
√

2ωp(t)

− e−i
∫ t

dt′ ωp(t′)
√

2ωp(t)


←→
∂t χ

(0)
p ,


γk

δk

 = lim
t→+∞

(+i)


e+i
∫ t

dt′ Ωk(t′)
√

2Ωk(t)

− e−i
∫ t

dt′ Ωk(t′)
√

2Ωk(t)


←→
∂t ψ

(0)
k ,

(2.21)

are called Bogoliubov coefficients. Note that the Bogoliubov coefficients satisfy 1 =
|αp|2 − |βp|2 = |γk|2 − |δk|2, which follows directly from the normalization conditions of the
mode functions (2.10). Plugging eq. (2.20) into eq. (2.17), we find for 0 6= p,k that

nχp = [δ3(p = 0)]−1
in〈0|

∣∣∣β∗pâin†
−p

−iλ2

∫ ∞
tin

dt′
∫

d3ka−
3
2 (t′)

(
αpχ

(0)∗
p (t′)−β∗−pχ

(0)
−p(t′)

)
ψ

(0)∗
−k (t′)ψ(0)∗

k−p(t′)b̂in†−kb̂
in†
k−p

+O(λ2)
∣∣∣2|0〉in ,

nψk = [δ3(k = 0)]−1
in〈0|

∣∣∣δ∗kb̂in†−k

−iλ
∫ ∞
tin

dt′
∫

d3pa−
3
2 (t′)

(
γkψ

(0)∗
k (t′)−δ∗−kψ

(0)
−k(t′)

)
χ(0)∗

p (t)ψ(0)∗
−k−p(t′)âin†

p b̂in†−k−p

+O(λ2)
∣∣∣2|0〉in . (2.22)

In the limit of λ→ 0, only the off-diagonal Bogoliubov coefficients βp and δk [i.e., the first
terms in eq. (2.22)] can contribute to the particle production. This physically means that
the particle production is driven by the background φ as well as a(t). For λ 6= 0, particles
can also be produced via scattering/radiation processes among the dynamical χ, ψ fields,
which are described by the contributions from the second terms in eq. (2.22).

Below, we focus on the production of ψ particles, which is of particular interest in
instant preheating. We use the assumption that the Hubble mass terms in the dressed
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masses (2.3) are negligible, so that only the inflaton φ field can affect the dressed mass.
This means that the Bogoliubov coefficients can be non-trivial only for the χ field, as only
the χ field couples to the φ field, i.e.,

αp 6= 1 , βp 6= 0 , γk = 1, δk = 0 . (2.23)

Plugging this expression into nψk (2.17) leads to

nψk = λ2
∫ d3p

(2π)3

∣∣∣∣∫ ∞
tin

dt′a−
3
2 (t′)χ(0)

p (t′)ψ(0)
−k−p(t′)ψ(0)

k (t′) +O(λ)
∣∣∣∣2 . (2.24)

Remark that eq. (2.24) is rather formal at this stage: to calculate the actual number
density (2.24), one needs to (i) know the dressed mode functions χ(0)

p and ψ(0)
k satisfying

the mode equation (2.7); and (ii) carry out the time integral with χ(0)
p and ψ(0)

k . In practice,
the steps (i) and (ii) are not necessarily easy. In fact, for (i), analytical solutions to the
mode equation (2.7) are not available for general backgrounds. Thus, one needs to rely on
numerical methods to solve eq. (2.7) mode-by-mode, which is not necessarily cheap from
a numerical point of view. For (ii), the integrand is a highly oscillating function in time,
which is difficult to be integrated even numerically. To overcome those problems (i) and
(ii), we need some approximation. As we describe in section 2.3, we shall further assume in
this paper that the background φ is also slow in time (but gives a larger contribution than
the Hubble terms to the effective mass that leads to non-trivial effects such as the vacuum
χ particle production). In such a limit, the mode equation (2.7) and also the resulting
integral can be evaluated exactly, and thereby the problems (i) and (ii) can be resolved.

2.3 Non-perturbative evaluation in slow-field limit

To explicitly calculate the number of ψ particles (2.24), we make two further assumptions:
(i) The background φ is varying very slowly, i.e., the typical frequency of φ is much smaller
than the other scales of the problem such as the masses of the particles. (ii) The time when
the production of parent χ particles occurs dominantly, which we write tprod, is sufficiently
later than the initial time tin � tprod, so that one can safely take tin → −∞.

From the assumption (i), it is legitimate to Taylor expand the backgrounds around
the production time t = tprod (cf. in reheating, it is an expansion of the inflaton field φ

around its first minimum, where the energy cost to create a pair is minimized3). Keeping
3Mathematically, vacuum pair production occurs when the Stokes line in the complex time plane crosses

the real axis (see e.g. refs. [37–44]), and the crossing time is identified to be tprod. (Note that the Stokes-line
crossing does not necessarily occur at when the adiabaticity condition is maximally violated. The adiabaticity
condition determines the probability of a production event at a given production time and is in principle
an independent condition to determine the crossing time.) Stokes lines are emanating from the so-called
turning points ttp such that ωp(ttp) = 0. It is natural to expect that the turning points are located close
to where φ, and accordingly ωp, is minimized (i.e., the closest to zero) on the real-time axis. Then, the
associated Stokes-line crossing should also occur at around the minima of φ. Thus, one may estimate tprod

as the time when φ is minimized. Although this is a rough estimate, one can actually analyze the Stokes-line
structure for the model (3.1) to be discussed in section 3.2 and show that the Stokes-line crossings precisely
occur at the minima of φ. Nonetheless, we note in general that for more complex models the production
time could deviate from the minima of φ and the precise determination of which requires a careful analysis
of the Stokes-line structure for each model. This is beyond the scope of the present work.
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up to O(|t − tprod|2) terms of φ2 [while a is treated as a constant, as we have assumed
below eq. (2.3)]

a(t) = a(tprod) , φ2(t) = ζ−1(A(t− tprod))2 , (2.25)

where A is a real constant and we have assumed φ(tprod) = 0 for simplicity.4 The corre-
sponding frequencies ωp and Ωk are, respectively, given by

ω2
p(t) = µ2

p + (A(t− tprod))2 , Ω2
k = k2

a2(tprod) +m2
ψ , (2.26)

where

µ2
p := (Mmin

χ )2 + p2

a2(tprod) := m2
χ + p2

a2(tprod) . (2.27)

The role of the scale factor a(tprod) is now just to rescale the momenta. The dressed
mass of χ particles Mχ(t) =

√
(Mmin

χ )2 + (A(t− tprod))2 takes its minimum Mmin
χ = mχ at

t = tprod and then can grow infinitely large as time goes within our approximation (2.25).
The infinitely large mass may cause unphysical behaviors, e.g., divergence in the total
number

∫
d3k nψk . Such unphysical behaviors are artifacts due to the Taylor expansion. To

remove the artifacts, one needs to introduce a proper cutoff (see section 3).
Under the assumptions (i) and (ii), one can exactly solve the mode equation (2.7) to

obtain the dressed mode functions χ(0)
p and ψ(0)

k . Since Ωk (2.26) is time-independent owing
to the assumption (i), the mode equation (2.7) for ψ(0)

k can be solved trivially to give a
plane wave:

ψ
(0)
k = 1√

2Ωk
e−iΩkt . (2.28)

The mode equation (2.7) for χ(0)
p takes a rather non-trivial form due to the time dependence

of ωp (2.26),

χ̈(0)
p (t) +

(
µ2

p + (A(t− tprod))2
)
χ(0)

p (t) = 0 , (2.29)

but is an analytically solvable equation (Weber equation). Requiring the in-state boundary
condition (2.9) and using the assumption (ii) (i.e., tin → −∞), one finds

χ(0)
p = 1

(2A)
1
4

e−
π
8
µ2

p
A D

i
2
µ2

p
A
− 1

2

(
−e−

iπ
4
√

2A(t− tprod)
)
, (2.30)

where Dν(z) is the parabolic cylinder function.
Having obtained the mode functions χ(0)

p and ψ(0)
k , we turn to evaluate the time integral

in the production-number formula (2.24). Remembering tin → −∞, we arrive at

nψk = λ2 1
4
√

2A

∫ d3p

(2π)3
e−

π
4
µ2

p
A

ΩkΩk+p

∣∣∣∣∣
∫ ∞
−∞

dt e−i(Ωk+Ωk+p)tD
i
2
µ2

p
A
− 1

2

(
−e−

iπ
4
√

2A(t− tprod)
)∣∣∣∣∣

2

= λ2 π

(2A)
3
2

∫ d3p

(2π)3
e−

3π
4
µ2

p
A

ΩkΩk+p

∣∣∣∣∣D i
2
µ2

p
A
− 1

2

(
eiπ/4

√
2
A

(Ωk + Ωk+p)
)∣∣∣∣∣

2

, (2.31)

4This assumption means that the vacuum expectation value of φ is zero. If this is not the case, we would
find a cubic coupling ∼ φχ2 in the effective Lagrangian.
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where we used
∫∞
−∞ dt e−iωtDiλ(−eiπ/4t) = 2

√
πeiπ/4−πλ/2D+iλ(+e+iπ/42ω) to get the second

line. Note that our evaluation here relies on the Taylor expansion (2.25). Therefore,
the integrand is, strictly speaking, valid only in a finite time region [−1/ω, 1/ω], with ω
being the typical frequency of the inflaton φ.5 We have nonetheless approximated the
time integration as [−1/ω, 1/ω] → [−∞,∞], which is justified since the frequency of the
inflaton field ω is assumed to be smaller than the scales relevant to particle production
processes such as the daughter particle energy. The expression (2.31) is exact for the
model (2.25), though the remaining momentum p integration can be carried out either
numerically or approximately using, e.g., the saddle-point method. Note that one may use
the saddle-point method to simplify the integrand of eq. (2.31), which may be useful to
understand the rough parameter dependencies of nψk . Using an integral representation of
the parabolic cylinder function Diν2−1/2(2eiπ/4ω) = exp[−4iω2+πν2/4−iπ/8]

Γ(−iν2+1/2)
∫∞

0 dy y−1/2 e−is(y)

with s(y) := y2/2 + 2ωy + ν2 ln y and applying the saddle-point method to the y integral,
we find

∣∣∣Diν2− 1
2
(2e

iπ
4 ω)

∣∣∣2 ∼ e−
πν2

2
[
1 + e−2πν2

]
√
ν2 − ω2

∣∣∣∣exp
[
πν2F

(
ω

ν

)]∣∣∣∣2 , (2.32)

where

F (x) := −1
π

[
x
√

1− x2 + i ln
[
x+ i

√
1− x2

]]
=


pure imaginary for x > 1

1
2 −

2
π
x+O(x3) for x < 1

. (2.33)

Plugging this expression back into eq. (2.31), we obtain

nψk ∼λ
2 π

4A

∫ d3p

(2π)3

exp
(
−π µ

2
p

A

)[
1+exp

(
−π µ

2
p

A

)]
ΩkΩk+p

√∣∣∣µ2
p−(Ωp+Ωk+p)2

∣∣∣
∣∣∣∣∣exp

[
+π

2
µ2

p

A
F

(
Ωk+Ωk+p

µp

)]∣∣∣∣∣
2

=



λ2 π

4A

∫ d3p

(2π)3
e−π

µ2
p
A

ΩkΩk+p

√
(Ωp+Ωk+p)2−µ2

p

[
1+O

(
e−π

µ2
p
A

)]

for Ωk+Ωk+p>µp

λ2 π

4A

∫ d3p

(2π)3
e−

π
2
µ2

p
A

ΩkΩk+p

√
µ2

p−(Ωp+Ωk+p)2

[
1+O

(
e−π

µ2
p
A ,

Ωk+Ωk+p√
A

)]

for Ωk+Ωk+p<µp

.

(2.34)

This expression is clearly non-perturbative in A, so is in the background field φ. The
non-perturbative dependence originates from the dressing of the mode function χ(0)

p by the
background φ field, which is included exactly by the perturbation theory in the Furry picture.

5The time-derivatives of the inflaon field ∂nt φ scales as φ ∝ Aωn−1. Therefore, the ratio of the leading-
order term in the Taylor expansion (2.25) to the next-leading one is O(ω(t− tprod)), which must be small so
that the Taylor expansion makes sense.
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The exponential suppression in the integrand is halved in the regime Ωk + Ωk+p < µp,
compared to the other one Ωk + Ωk+p > µp. This implies a significant amount of particles
can be produced from the regime Ωk + Ωk+p < µp in some parameters. To clarify this, we
solve Ωk + Ωk+p = µp with respect to |p|. The solution is

|p/a(tprod)|

=
m2
χ

2(k2 sin2 θ/a2(tprod) +m2
ψ)

±Ωk

√√√√1−
4(k2 sin2 θ/a2(tprod) +m2

ψ)
m2
χ

− |k| cos θ


≈

m2
χ

2mψ

√√√√1−
4m2

ψ

m2
χ

, (2.35)

where cos θ = k·p
|k||p| and we take the minus sign if cos θ < 0 so that the right-hand side is

positive. For simplicity, we considered a small k limit such that |k| < mψ in the second
line. Thus, the regime Ωk + Ωp+k < µp (Ωk + Ωp+k > µp) contributes to the integral
when |p/a(tprod)| is below (above) the right-hand side of eq. (2.35). Importantly, the
regime Ωk + Ωp+k > µp can contribute only when p is large. Such large p contributions
are, however, strongly suppressed, as the integrand in eq. (2.34) has an exponential factor
depending on |p|2, or π|p|2

Aa2(tprod) � 1. Thus, in the limit of mχ/mψ →∞, i.e., if the daughter
particle mass mψ is much smaller than the bare mass of the parent particle mχ, the regime
Ωk +Ωp+k > µp can give only a negligible contribution, and the integral is dominated by the
contribution from the other regime Ωk + Ωp+k < µp. On the other hand, if mψ/mχ is not
very large, the contribution from the regime Ωk + Ωp+k > µp is not necessarily negligible,
and hence one needs to take into account both contributions properly.

We emphasize that in the non-perturbative result (2.31), or its asymptotic form (2.34),
the daughter ψ particles can be produced with any momenta k and masses mχ,mψ due
to the non-perturbative dressing by the background φ field. As we clarify in the following
subsections, this is in contrast to the phenomenological perturbative treatment, in which the
decay |χ〉 → |ψψ〉 is restricted by a kinematical condition ωp = Ωk +Ωk+p, and consequently
the production of the daughter ψ particles can be prohibited for some values of k, mχ, and
mψ. Intuitively, in the non-perturbative case χ particles are scattered by the background φ
field infinite times during the decay process which modifies the kinematical condition by
supplying energy, while such a modification is absent in the perturbative case.

To compare the non-perturbative result (2.31) with the phenomenological perturbative
calculation in the next subsection, it is convenient to decompose the number of ψ particles,

nψk = 2
∫ d3p

(2π)3 n
χ
p P

np
k,p(χ→ ψψ) , (2.36)

to estimate the decay probability of χ particles P np
k,p(χ→ ψψ) in the presence of the slow

background φ field. Note that the number 2 is inserted in eq. (2.36) because two ψ particles
are produced per a decay |χ〉 → |ψψ〉. The number of parent χ particles produced from
the vacuum can be obtained straightforwardly by computing the Bogoliubov coefficient
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βp (2.21) from the dressed mode function χ(0)
p (2.30) (see e.g. [6]), which yields

nχp = e−π
µ2

p
A [1 +O(λ)] . (2.37)

Thus, the decay probability can be estimated as

P np
k,p(χ→ ψψ) = λ2 π

2(2A)
3
2

e+π
4
µ2

p
A

ΩkΩk+p

∣∣∣∣∣D i
2
µ2

p
A
− 1

2

(
eiπ/4

√
2
A

(Ωk + Ωk+p)
)∣∣∣∣∣

2

(2.38)

up to O(λ3).

2.4 Phenomenological perturbative approach

We analytically compare the non-perturbative formula (2.31) with the phenomenological
perturbative approach in the slow limit to clarify differences between the two. In particular,
we shall argue that the phenomenological perturbative approach is valid in a weak-field
limit such that the inflaton amplitude is not large and that there exists a parameter regime
(dubbed as “kinematically-forbidden” parameter regime) such that the phenomenological
perturbative approach cannot access.

The idea of the phenomenological perturbative approach is to estimate the number of
daughter ψ particles using the decomposition (2.36), i.e., compute a convolution integral
between the number of parent χ particles nχp and a perturbative decay probability P pert

k,p (χ→
ψψ). This is essentially the same idea that the original work on instant preheating [14]
proposed. Nonetheless, what we describe below can be understood as a sort of generalizations
that includes momentum dependencies and the time-evolution history of the background
φ field.

The number of parent χ particles can naturally be estimated with the Bogoliubov coeffi-
cient βp as nχp = |βp|2[1 +O(λ)], or by the exponential formula (2.37) in the slow-field limit.
Thus, the main task is to compute the perturbative decay probability, which is the origin
of the difference between the non-perturbative formula (2.31) and the phenomenological
perturbative approach as we describe below.

To obtain the perturbative decay probability P pert
k,p (χ → ψψ), we first compute the

corresponding decay probability without any background in the flat spacetime. At the tree
level O(λ2), it reads

P tree
k,p (χ→ ψψ) =

∣∣∣∣∣∣∣∣∣∣∣∣
χ

ψ

ψ

p
−k + p

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

=
∣∣∣∣λ ∫ ∞

−∞
dt′χun∗

p (t′)ψun
−k+p(t′)ψun

k (t′)
∣∣∣∣2

= λ2π

8T
1

ωun
p Ωun

k Ωun
−k+p

δ(ωun
p − Ωun

k − Ωun
−k+p) , (2.39)
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where T is the whole time-interval and χun
p = e−iωun

p t√
2ωun

p
and ψun

k = e−iΩun
k
t√

2Ωun
k

are the un-
dressed mode functions (i.e., plane waves) for χ and ψ particles with frequencies ωun

p and
Ωun

k , respectively.
The perturbative decay probability is then obtained rather phenomenologically by

incorporating background effects to the tree-level decay probability P tree
k,p (χ→ ψψ) (2.39)

with an ad-hoc prescription: replace all the un-dressed quantities with the dressed ones,
i.e., ωun

p ,Ωun
k → ωp(t),Ωk(t) and p,k→ p/a,k/a. The time factor T is also replaced with∫

dt, so that all the time dependencies appeared by the replacement are integrated out.6

The resulting expression is

P tree
k,p (χ→ ψψ)→ λ2π

8

∫
dt 1
ωp(t)Ωk(t)Ω−k+p(t)δ(ωp(t)− Ωk(t)− Ω−k+p(t))

=: P pert
k,p (χ→ ψψ) . (2.40)

Importantly, the perturbative decay probability P pert
k,p (χ → ψψ) (2.40) has a delta-

function factor, which accounts for the kinematics of the decay within the un-dressed
particle states. It indicates that, in the phenomenological perturbative approach, the decay
occurs only if there exists an instant of time such that the energies of the parent χ particle
and the daughter two ψ particles match ωp(t) = Ωk(t)+Ω−k+p(t). This is in contrast to the
non-perturbative formula (2.38): there is no such thresholds due to the non-perturbative
scattering between the background φ field and the parent χ field (i.e., the dressing of the
mode function χ(0)

p ), by which the parent χ particles acquire additional energy and thus
the kinematics is modified. Such a scattering effect is completely dismissed in the ad-hoc
replacement of the phenomenological perturbative approach ωun

p ,Ωun
k → ωp(t),Ωk(t).

Putting everything together, one arrives at the phenomenological perturbative formula
for the number of daughter ψ particles:

nψk = 2
∫ d3p

(2π)3 n
χ
p P

pert
k,p (χ→ ψψ)

= λ2|βp|2
π

4

∫
dt
∫ d3p

(2π)3
1

Ωk(t)Ω−k+p(t)ωp(t)δ (ωp(t)− Ωk(t)− Ω−k+p(t))

= λ2|βp|2
π

4

∫
dt
∫ d3p

(2π)3
1

Ωk(t)Ωk+p(t)ωp(t)δ (ωp(t)− Ωk(t)− Ωk+p(t)) . (2.41)

In the last line, we flipped the sign of p → −p and used β−p = βp, ω−p = ωp, and
Ω−k−p = Ωk+p (which are the manifestations of the parity invariance). Note that eq. (2.41)
includes all the contributions from the time interval

∫
dt, while ref. [14] focuses on those

from particular times at which the background φ field takes its (local) maxima (as the
particle production may presumably be dominated by such times but this is not necessarily
true, e.g., if the background φ field is sufficiently slow and sizable number of particles can
be produced before reaching the maxima). In the slow-field limit (2.25), one may further

6A similar procedure, known as “locally-constant field approximation (LCFA)” has been used to calculate
probabilities of QED processes under coherent electromagnetic fields [45].
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simplify eq. (2.41). Noting

δ (ωp − Ωk − Ωk+p) = Ωk + Ωk+p

A
√

(Ωk + Ωk+p)2 − µ2
p

Θ
(
(Ωk + Ωk+p)2 − µ2

p

)

× δ

t−
√

(Ωk + Ωk+p)2 − µ2
p

A

 , (2.42)

one may explicitly carry out the time integration to find

nψk = λ2 π

4A

∫ d3p

(2π)3
e−π

µ2
p
A

ΩkΩk+p

√
(Ωk + Ωk+p)2 − µ2

p

Θ
(
(Ωk + Ωk+p)2 − µ2

p

)
. (2.43)

The step function in the phenomenological perturbative formula (2.43) defines the
“kinematically-allowed” parameter regime for the daughter ψ particles production. In our
model (2.25), the parent particle χ is produced at the moment t = tprod and since then the
mass of χ, or the frequency ωp, monotonically increases in time. The phenomenological
perturbative formula based on the un-dressed mode functions (2.41) thus indicates that
the daughter particles must be heavy or have sufficiently large momentum to satisfy the
kinematic constraint Ωk + Ωk+p = ωp(t) ≥ µp at some time t > tprod so that they can
be produced. Conversely, daughter ψ particles can never be produced outside of the
kinematically-allowed parameter regime (i.e., Ωk + Ωk+p < µp) within the perturbative
formula (2.41), whereas there is no such prohibition in the non-perturbative formula (2.31)
due to the change of the kinematics by the dressing. We shall discuss more about this particle
production in the kinematically-forbidden parameter regime in the next subsection 2.5.

The phenomenological perturbative formula (2.43) is valid only in the kinematically-
allowed regime and only if the backgrounds are weak. In such a situation, the ad-hoc
replacements to obtain the perturbative decay rate [i.e., ωun

p ,Ωun
k → ωp(t),Ωk(t), p,k →

p/a,k/a, and T →
∫

dt] may work as the system is approximately invariant under the time
translation and hence the plane waves may give good approximations to the dressed mode
functions. In other words, if the parameter A in the slow-field expansion (2.25), which
controls the magnitude of the inflaton oscillation is very small, the dressed mode functions
may reduce to the plane waves and then the phenomenological perturbative approach (2.40)
may work. Indeed, the asymptotic form of the non-perturbative result (2.34) precisely
coincides with the perturbative one (2.43) for (Ωk+Ωk+p)2−µ2

p > 0 (i.e., in the kinematically-
allowed regime) after taking the limit of A→ 0 to drop the error term O(e−

πµp
A )→ 0. One

may also confirm the consistency between the two in another way: by using the asymptotic
form of the parabolic cylinder function Dν(z)

|z|→∞−−−−→ e−z2/4zν , one may directly take the
limit of A→ 0, or

√
2
A(Ωk + Ωk+p)→∞, in eq. (2.31) to find

nψk
A→0−−−→ λ2 π

4A

∫ d3p

(2π)3
e−π

µ2
p
A

ΩkΩk+p(Ωk + Ωk+p) . (2.44)

This reproduces eq. (2.43) provided that (Ωk+Ωk+p)2−µ2
p > 0 and that

√
(Ωk + Ωk+p)2 − µ2

p ∼
Ωk + Ωk+p.
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Figure 2. The number of daughter particles produced nψk at k = 0 as a function of the parameter
A with various values of the minimum of the parent particle mass Mmin

χ =
√
m2
χ + ζφ2(tprod).

The thick and dashed lines show the non-perturbative result in the slow-field limit (2.38) and
the phenomenological perturbative result (2.41), respectively. The other parameters are fixed as
a(tprod) = 1 and λ = 1.

n
k

ψ

0 1 2 3 4
10-12

10-10

10-8

10-6

10-4

A/mψ
2 = 1.0 ,2.0 ,3.0 ,4.0 ,5.0

nonperturbative

perturbative

Mχ
min/mψ

Figure 3. The number of daughter particles produced nψk at k = 0 as a function of the minimum
of the parent particle mass Mmin

χ =
√
m2
χ + ζφ2(tprod) for various values of A. The thick and

dashed lines show the non-perturbative result in the slow-field limit (2.38) and the phenomenological
perturbative result (2.41), respectively. The other parameters are fixed as a(tprod) = 1 and λ = 1.

2.5 Kinematically-forbidden particle production

We have shown in the previous subsections that the non-perturbative formula (2.31) is free
from the kinematic constraint of the phenomenological perturbative approach, and hence
daughter ψ particles can be produced even in the kinematically-forbidden parameter regime.
In this subsection, we take a close look at this kinematically-forbidden particle production
and show that it is crucially important when daughter ψ particles are light and/or parent
χ particles are heavy.

We first discuss whether the kinematically-forbidden process can be understood
within the perturbative decay picture. The naively-defined decay probability (2.38) in
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0.001

Mχ
min = mψ

A/mψ
2 = 1.0 , 2.0 , 3.0 , 4.0 , 5.0
nonperturbative
perturbative

|k|/mψ

n
k

ψ

0.0 0.5 1.0 1.5 2.0 2.5 3.0
10-17

10-15

10-13

10-11

10-9

10-7

10-5

Mχ
min = 3mψ

A/mψ
2 = 1.0 , 2.0 , 3.0 , 4.0 , 5.0

nonperturbative

perturbative

|k|/mψ

Figure 4. The number of daughter particles produced nψk as a function of the momentum k for
Mmin
χ = mψ (left) and Mmin

χ = 3mψ (right) with various values of A. The thick and dashed lines
show the non-perturbative result in the slow-field limit (2.38) and the phenomenological perturbative
result (2.41), respectively. The other parameters are fixed as a(tprod) = 1 and λ = 1.

the kinematically-forbidden process is

P np
k,p(χ→ ψψ) ≈ λ2 π

8A

∫ d3p

(2π)3
e+π

2
µ2

p
A

ΩkΩk+p

√
µ2

p − (Ωp + Ωk+p)2
. (2.45)

This quantity becomes exponentially large when π
2
µ2

p

A > 1, which would violate the unitarity
(i.e., the probability exceeds unity) if we literally interpreted it as the decay probability of
|χ〉 → |ψψ〉. What is wrong here would be the naive perturbative-decay interpretation of the
kinematically-forbidden process. A more suitable interpretation is that the kinematically-
forbidden process is caused by multiple scatterings with the inflaton field, which is fairly
non-perturbative in the coupling to the inflaton. (See also figure 1.) As discussed below
eq. (2.34), for light daughter- and/or heavy parent-particles, the kinematically-forbidden
particle production, which cannot be captured by the phenomenological perturbative
approach, gives the dominant contribution. Therefore the kinematically-forbidden particle
production must be included to correctly estimate the number of daughter particles produced
in a certain parameter regime.

We numerically integrate the integrand nψk,p over the momentum p to discuss the
behavior of nψk in various parameter ranges and the role of the kinematically-forbidden
particle production. As shown in figures 2 and 3, the phenomenological perturbative
formula (2.41) coincides with the non-perturbative result (2.31) when the daughter/parent
particle is sufficiently heavy/light such that Mmin

χ < 2mψ, for which the kinematic condition
is satisfied for any momenta p and k. The coincidence looks almost insensitive to the values
of A considered here (though there appear small deviations for larger values of A and the
deviation becomes larger for larger A). On the other hand, when the daughter/parent particle
gets light/heavyMmin

χ > 2mψ, the phenomenological perturbative formula (2.41) completely
fails to reproduce the non-perturbative result (2.31). This is because the kinematic condition
is not necessarily satisfied for Mmin

χ > 2mψ, and hence the kinematically-forbidden particle
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production becomes crucial. As seen from figure 4, the kinematically-forbidden particle
production is more manifest in the low-momentum region, while high-momentum modes
are consistent with the perturbative results as the kinematic condition is satisfied for
such modes.

3 Application to a realistic model

On the basis of the discussions so far, we consider a more realistic model of preheating
and discuss implications of the kinematically-forbidden particle production. We model the
classical backgrounds as [6]

a(t) =
(
mφt

π

) 2
3
, φ(t) = C

t
sinmφt , (3.1)

where mφ denotes the mass of inflaton φ and C ∼ 2
√

6Mpl/3mφ � 1, with Mpl ∼
2.4 × 1018 GeV being the (reduced) Planck mass, is the initial amplitude of the inflaton
oscillation. The scale factor is normalized so that a(πm−1

φ ) = 1 at which time the inflaton
field φ(t) first crosses the zero 0 = φ(πm−1

φ ). This setup describes the coherent oscillation
of inflaton after the end of inflation, where it behaves as non-relativistic matter component,
and therefore a(t) ∝ t2/3 according to the Friedmann equation. The amplitude of the
inflaton φ decays in time due to the expansion, and hence only the first few oscillations can
be important. We also assume that χ particle is sufficiently heavy so that the χ production
is dominated only by the first oscillation as the parent χ particle production is exponentially
suppressed by the ratio of mχ to the amplitude of the inflaton oscillation [see eq. (3.4)].
More precisely, we assume a scale hierarchy

√
ζCm2

φ ∼
√
ζmφMpl . m2

χ � ζC2m2
φ ∼ ζM2

pl.
Note that the first inequality is “.” here, not “�,” and our discussion below includes either
case of m2

χ/
√
ζCm2

φ ∼ O(1) or m2
χ/
√
ζCm2

φ � 1. We shall not consider light χ particles.
In such a case, the χ production becomes significant in the early phase, which is called the
broad resonance regime [6]. There, the backreaction of the χ-particle production to the
inflaton φ is no longer negligible, which may be dealt with, e.g., lattice simulations [10–13].
We note that the parameter regime we consider in the following differs from the original
work of instant preheating [14], where the authors considered the case of light χ-particles
m2
χ �

√
ζCm2

φ and the daughter particles are fermions. In this parameter regime, the parent
particle χ can be produced more efficiently, for which one has to take into account multiple
vacuum pair production events that occur around φ(t) = 0. In our parameter regime, only
the first pair creation contributes, and we can safely neglect the later events. This simplifies
the analysis of scatterings between parent and daughter particles. Note that the properties
of the vacuum pair production of the parent χ particles is essentially unaffected by the mass
mχ. The mass mχ only affects the probability through the exponential formula (2.37), and
the production time is unchanged and takes place at φ(t) = 0 (see e.g. section 4.3 of [44]
and footnote 3).

To apply the result of section 2, we expand the time-dependent frequencies ωp and Ωk

for χ and ψ particles, respectively, by assuming that the inflaton field φ and the expansion
a(t) are sufficiently slow. As we have assumed that the bare mass of the parent particle mχ is
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Figure 5. A schematic figure of the effective frequency of χ particle ωp(t). The full effective
frequency shows a dumped oscillation, while we focus only around the first minimum mφt ∼ π

(i.e., neglect the shaded region), where the dominant number of parent χ particles are presumably
produced. The perturbative decay |χ〉 → |ψψ〉 is possible if ωmin

p < Ωk + Ωk+p < ωmax
p (namely, if

Ωk +Ωk+p is within the range indicated by a green dotted line). If Ωk +Ωk+p < ωmin
p (i.e. Ωk +Ωk+p

is within the range indicated by a red line), the kinematically-forbidden ψ production occurs.

sufficiently large m2
χ &
√
ζCm2

φ, it is reasonable to take account only of the first oscillation,
which dominates the production events. Thus, one may identify the first minimum as the
production time tprod = πm−1

φ (see figure 5) and finds

ω2
p(t) = p2

a2(t) +m2
χ + ζC2

t2
sin2(mφt) ∼ p2 +m2

χ +
ζC2m4

φ

π2 (t− πm−1
φ )2 ,

Ω2
k(t) = k2

a2(t) +m2
ψ ∼ k2 +m2

ψ .

(3.2)

Note that ωp in eq. (3.2) can grow infinitely large as time goes, which is unphysical and
just an artifact due to the Taylor expansion. One may naturally introduce a cutoff onto
the expanded ωp (3.2), or accordingly to the time t, by remembering that the original ωp

before the expansion has a maximum during the first oscillation ωcut
p = ωmax

p ∼ ωp(3π
2 m

−1
φ )

(see figure 5).

From the expansion (3.2), the parameter A in section 2 can be identified as A =
√
ζCm2

φ

π

in the present model (3.1). Therefore, the number of produced daughter ψ particles can be
estimated with the non-perturbative formula (2.31) as

nψk =λ2π
(π

2

) 3
2
∫ d3p

(2π)3

exp
(
−3π2

4
µ2

p√
ζCm2

φ

)
(√

ζCm2
φ

) 3
2 ΩkΩk+p

∣∣∣∣∣∣D iπ
2

µ2
p√

ζCm2
φ

− 1
2

(
eiπ/4

√
2π√
ζCm2

φ

(Ωk+Ωk+p)
)∣∣∣∣∣∣

2

,

(3.3)

where µ2
p = m2

χ + p2. Note that this formula is valid for both of the kinematically-allowed
and -forbidden regimes. We discuss implications of the production-number formula (3.3) to
the preheating in each parameter regime.
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3.1 Kinematically-allowed regime: instant preheating and heavy daughter par-
ticle production

We discuss the particle production in the kinematically-allowed regime such that ωmin
p <

Ωk + Ωk+p < ωmax
p (see figure 5), for which the kinematic condition ωp = Ωk + Ωk+p is

satisfied at some time during the first oscillation and the perturbative particle production
occurs. For the condition ωmin

p < Ωk + Ωk+p to hold, 2mψ > Mmin
χ = mχ must hold, i.e.,

the kinematically-allowed particle production is a mechanism to produce heavy daughter ψ
particles via decay of relatively light parent χ particles. Note that this is the parameter
regime that the original work on instant preheating [14] considered.7

From the asymptotic form (2.34), the particle-number density in the kinematically-
allowed regime can be approximated as

nψk ∼ λ
2 π2

4
√
ζCm2

φ

∫ d3p

(2π)3

exp
(
−π2 µ2

p√
ζCm2

φ

)
ΩkΩk+p

√
(Ωk + Ωk+p)2 − µ2

p

, (3.4)

where the error term O
(

exp
(
−π µ

2
p

A

))
= O

(
exp

(
−π2 µ2

p√
ζCm2

φ

))
may be dropped as

χ is assumed to be heavy m2
χ &

√
ζCm2

φ. Equation (3.4) is consistent with the phe-
nomenological perturbative formula (2.43). One may further simplify eq. (3.4) by carrying
out the p integration within the saddle-point method. The saddle-point condition is
0 = ∂p

(
−π2 µ2

p√
ζCm2

φ

)
= const.× p, and therefore p = 0 is the saddle point. Carrying out

the saddle-point integration,

nψk ∼
λ2

32π
5
2

(√
ζCm2

φ

) 1
2

Ω2
k

√
4Ω2

k −m2
χ

exp
(
−π2 m2

χ√
ζCm2

φ

)
. (3.5)

Notice that there is a cutoff on the momentum k set by the kinematically-allowed condition
Ωk + Ωk+p < ωmax

p . As p = 0 dominates the particle production, the momentum k shall be
constrained by

0 > (Ωk + Ωk+p − ωmax
p )|p=0 = 2Ωk −Mmax

χ , (3.6)

with

Mmax
χ ∼

√
m2
χ + ζφ2

(3π
2 m−1

φ

)
∼

√
m2
χ +

4ζC2m2
φ

9π2 ∼ 2
√
ζCmφ

3π (3.7)

being the maximal mass of χ during the first oscillation (see figure 5). Solving eq. (3.6)
yields

|k| <

√
(Mmax

χ )2

4 −m2
ψ = kmax , (3.8)

7In the original work on the instant preheating [14], the authors considered a case that daughter
particles are fermions which couple to a parent scalar field, while our daughter particle ψ is scalar. It is a
straightforward task to extend the present formalism to the fermionic case, which we leave for future work.
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which sets the cutoff momentum for the kinematically-allowed particle production. We
comment that the momentum cut-off here is also relevant to the applicability of our
formula (2.31) [see also discussions below eq. (2.31)]. Although we took the time integration
over [−∞,∞] to derive eq. (2.31), the approximation (3.2) is valid only within a finite time
scale O(1/ω) = O(1/mφ). On the other hand, the time at which the kinematic condition is
satisfied is

t− π

mφ
= π

mφ

√√√√(Ωk + Ωk+p√
ζCmφ

)2

−
(

µp√
ζCmφ

)2

. (3.9)

Therefore, the time scale of the decay process is sufficiently smaller than O(1/mφ) provided√(
Ωk+Ωk+p√

ζCmφ

)2
−
(

µp√
ζCmφ

)2
� 1. In such a case, extending the time integration to an

infinite range would be a good approximation, namely eq. (2.31) is valid. On the other

hand, when
(

Ωk+Ωk+p√
ζCmφ

)2
∼ 1, which is the case roughly for k ∼ kmax, taking the time

integration over an infinite range would not be valid. Furthermore, if the kinematic condition
is satisfied near the maximal value of Mχ(t), the actual form of the effective frequency
ω2

p cannot be approximated by the quadratic function of t, and the detailed functional
form is necessary to estimate the correct value of the produced particle number density.
Therefore, evaluating the number density or the energy density with the cut-off k = kmax
may overestimate/underestimate their actual values, but we expect the error does not
change the order of the estimation. A more precise evaluation may be possible e.g. by
developing semi-classical methods, which is beyond the scope of this work.8

Let us discuss the implications of the particle production in the kinematically-allowed
regime (3.5) by estimating the energy density of the produced daughter particles ρψ with
the number-density formula (3.5):

ρψ(t) = a−3(t)
∫ |k|=kmax d3k

(2π)3 Ωkn
ψ
k

∼ λ2

128π 9
2
mψ

(
mφt

π

)−2(√
ζCm2

φ

)1
2

×exp
(
−π2 m2

χ√
ζCm2

φ

)√(Mmax
χ

2mψ

)2
−1−arctan

√(
Mmax
χ

2mψ

)2
−1



∼


λ2

384π 7
2

(√
ζCm2

φ

) 3
2

mφ(mφt)2 exp
(
−π2 m2

χ√
ζCm2

φ

)
for Mmax

χ & 2mψ

λ2

96
√

2π 5
2

mψ

(√
ζCm2

φ

) 1
2

(mφt)2 exp
(
−π2 m2

χ√
ζCm2

φ

)((
1

3π

√
ζCmφ

mψ

)
−1
)3

2 for Mmax
χ ∼ 2mψ

,

(3.10)

where we used
√

4Ω2
k −m2

χ ∼ 2Ωk, as 2mψ > mχ in the kinematically-allowed region, to
get the second line.

8If we evaluate ψ-particle number density with WKB mode functions, one would find that the kinematic
condition corresponds to the saddle point condition of the time integration. Then, we would be able to
estimate the possible error of the integration with the saddle point method, which may improve our estimation.
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We compare the energy density ρψ (3.10) with those of the parent particles ρχ and
the inflaton ρφ at time t ∼ 3π

2 m
−1
φ , where the parent particles may have the largest energy

density and hence it is kinematically reasonable to assume that a significant portion of
the daughter particles is produced. The energy density of the parent particles ρχ can be
estimated as

ρχ

(3π
2 m−1

φ

)
= a−3

(3π
2 m−1

φ

)∫ d3p

(2π)3ω
max
p nχp

∼ 1
27π

11
2

(√
ζCm2

φ

) 5
2

mφ
exp

(
−π2 m2

χ√
ζCm2

φ

)
, (3.11)

where we used ωmax
p ∼ ωp(3π

2 m
−1
φ ) ∼ 2

√
ζCmφ
3π and nχp = exp

(
−π2 m2

χ+p2
√
ζCm2

φ

)
[see eq. (2.37)].

Comparing ρχ with ρψ, we find

ρψ
ρχ

∣∣∣∣
t=

3π
2 m−1

φ

∼λ2 3π
32

mψmφ(√
ζCm2

φ

)2
√(Mmax

χ

2mψ

)2
−1−arctan

√(
Mmax
χ

2mψ

)2
−1



∼


λ2

32
1√

ζCm2
φ

for Mmax
χ & 2mψ

πλ2

8
√

2
mψmφ(√
ζCm2

φ

)2 (( 1
3π

√
ζCmφ

mψ

)
−1
)3

2 for Mmax
χ ∼ 2mψ

. (3.12)

The ratio ρψ/ρχ does not have any non-perturbative dependencies in the inflaton field
∝
√
ζCm2

φ, which is the manifestation of that the decay process is driven by the purely
perturbative mechanism in the kinematically-allowed regime. The ratio approaches zero
with Mmax

χ → 2mψ, meaning that the daughter-particle production is inefficient at around
the kinematic threshold. A significant amount of daughter particles can be produced in the
other regime Mmax

χ & 2mψ. As an example of an order estimate, let us take ζ = 1.0× 10−1,
mφ = 1.0 × 1013 GeV, mχ = 2.5 × 1015 GeV, mψ = 1.0 × 1017 GeV, λ = 5.6 × 1016 GeV
(corresponding to C = 3.9 × 105). The resulting energy ratio is ρψ/ρχ = 0.9. This
means that most energy of χ can be converted to that of ψ immediately within the first
inflaton oscillation if the parameters are properly chosen, as proposed in ref. [14]. Note
that the energy ratio ρψ/ρχ (3.12) is a monotonically increasing function of λ, which
seems to break the energy conservation ρψ/ρχ > 1 eventually. For such large values of
λ, the estimate (3.12) is inapplicable because it is based on our lowest-order treatment
in λ [see figure 1 or the resulting formula (2.31)] and one needs to include higher-order λ
corrections. The estimate (3.12) implies that the lowest-order treatment in λ is justified for
4
√

2
(√

ζCm2
φ

)1/2
& λ when Mmax

χ & 2mψ.
We turn to compare ρψ (3.10) with the inflaton energy density ρφ. At t ∼ 3π

2 m
−1
φ , ρφ

can be estimated as

ρφ

(3π
2 m−1

φ

)
= 1

2
(
φ̇2 +m2

φφ
2
)∣∣∣∣
t= 3π

2 m
−1
φ

∼ 2
9π2C

2m4
φ . (3.13)
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Therefore, the energy fraction released as ψ particles can be estimated as

ρψ
ρφ

∣∣∣∣
t=

3π
2 m−1

φ

∼ ζλ2

64π 5
2

mψ(√
ζCm2

φ

) 3
2

×exp
(
−π2 m2

χ√
ζCm2

φ

)√(Mmax
χ

2mψ

)2
−1−arctan

√(
Mmax
χ

2mψ

)2
−1



∼



ζλ2

192π 7
2

1

mφ

(√
ζCm2

φ

) 1
2

exp
(
−π2 m2

χ√
ζCm2

φ

)
for Mmax

χ & 2mψ

ζλ2

48
√

2π 5
2

mψ(√
ζCm2

φ

) 3
2

((
1

3π

√
ζCmφ

mψ

)
−1
)3

2

×exp
(
−π2 m2

χ√
ζCm2

φ

)
for Mmax

χ ∼ 2mψ

. (3.14)

Note that the energy ratio of the parent χ particles (before decaying into ψ) to the inflaton,
ρχ/ρφ, can be estimated as

ρχ
ρφ

∣∣∣∣∣
t= 3π

2 m
−1
φ

∼ ζ
5
4
√
C

6π
7
2

exp
(
−π2 m2

χ√
ζCm2

φ

)
. (3.15)

For the same parameter set considered below eq. (3.12), the energy fraction released as ψ
is ρψ/ρφ = 6.6× 10−4, while that as χ is ρχ/ρφ = 7.3× 10−4 (remind that ρψ/ρχ = 0.9).
The closeness of the values, ρψ/ρφ and ρχ/ρφ, means that the exponential suppression of

the parent χ particle production nχp ∝ exp
(
−π2 m2

χ√
ζCm2

φ

)
determines the typical magnitude

of the ratios and the other factors only give subleading contributions, as the decay is
perturbative and hence there is no non-perturbative correction from the decay probability.
The smallness of the energy fraction ρψ/ρφ ∼ 0.07 % validates neglecting the backreaction
of the particle production to the inflaton φ. Even though the fraction right after the
production t ∼ 3π

2 m
−1
φ is small, as discussed in refs. [14, 15], the daughter particle ψ may be

able to dominate the Universe if the inflaton energy decays faster than a−3(t), which may
happen when the inflaton potential differs from 1

2m
2
φφ

2. Such a modification would change
some details of our result but not qualitatively. Note that taking lighter mχ increases the
energy fraction, meaning that the energy of the inflaton φ would be converted efficiently to
the heavy daughter ψ particles and thus ψ may dominate the Universe quickly. In such a
case, however, one needs to include the backreaction (i.e., the inflaton field φ should be
treated dynamically rather than as a background) to make a proper estimate, which is
beyond our framework.

3.2 Kinematically-forbidden regime: light daughter particle production

We discuss the kinematically-forbidden particle production, i.e., the production of light
daughter ψ particles from heavy parent χ particles. Namely, we consider a case mχ � 2mψ,
for which the kinematic condition ωp = Ωk + Ωk+p is unsatisfied during the oscillation
for not-large values of k because Ωk + Ωk+p ∼ 2mψ � mχ < ωp [see also the discussions
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below eq. (2.34) and eq. (3.19) for that the kinematic condition can be satisfied when
|k| becomes large |k|/mψ & mχ/(2mψ)]. Thus, the naive perturbative estimation fails
completely. We shall estimate the daughter particle number and its energy density in the
kinematically-forbidden regime and discuss its implication to cosmology.

The asymptotic form of the particle-number density in the kinematically-forbidden
regime reads [see eq. (2.34)]

nψk ∼ λ
2 π2

4
√
ζCm2

φ

∫ d3p

(2π)3

exp
[
−π2 µ2

p√
ζCm2

φ

(
1− F

(Ωk+Ωk+p

µp

))]
ΩkΩk+p

√
µ2

p − (Ωp + Ωk+p)2
, (3.16)

where we dropped exp
(
−2π2 µ2

p√
ζCm2

φ

)
contributions and used F ∈ R for µp > Ωk + Ωk+p.

We apply the saddle point method to the p integration. The saddle condition is

0 = ∂p

[
−π2 µ2

p√
ζCm2

φ

(
1− F

(
Ωk + Ωk+p

µp

))]

= −2π µp√
ζCm2

φ

k + p

Ωk+p

[
1 +O

(
Ωk + Ωk+p

µp

)]
, (3.17)

and thus the saddle point can be identified as p = −k after neglecting O
(Ωk+Ωk+p

µp

)
.

Carrying out the saddle-point integration,

nψk ∼
λ2

32π
(√

ζCm2
φ

) 1
2
√
mψ

µk

exp
[
−π2 µ2

k√
ζCm2

φ

(
1− F

(Ωk+mψ
µk

))]
µkΩk

√
µ2

k − (Ωk +mψ)2
. (3.18)

Note that there is a momentum cutoff on |k| set by the kinematically-forbidden condition
Ωk + Ωk+p ≤ µp, or Ωk +mψ ≤ µk as p ∼ −k gives the dominant contribution. Thus, the
cutoff momentum kmax can be estimated as

|k| < mχ

√√√√( mχ

2mψ

)2

− 1 = kmax , (3.19)

which is effectively infinite kmax →∞ in the limit of mχ/mψ →∞.
Using the number-density formula (3.18), we can estimate the energy density of

ψ produced:

ρψ(t) = a−3(t)
∫ d3k

(2π)3 Ωkn
ψ
k

∼ λ2

32π

(
mφt

π

)−2 (√
ζCm2

φ

) 1
2
∫ d3k

(2π)3

√
mψ

µk

exp
[
−π2 µ2

k√
ζCm2

φ

(
1− F

(Ωk+mψ
µk

))]
µk

√
µ2

k − (Ωk +mψ)2
.

(3.20)
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As the exponent is a function of k2, the saddle point of the k integration can be identified
as k = 0. Thus, carrying out the saddle-point integration,

ρψ(t) ∼ λ2

(4π)4

(
mφt

π

)−2
(
mψ

mχ

)2
(√

ζCm2
φ

)2

m2
χ

exp
(
−π

2

2
m2
χ√

ζCm2
φ

)
, (3.21)

where we have used mχ � 2mψ and extended the |k| integration range from [0, kmax]
to [0,∞].

Let us compare the energy density of ψ with those of χ and φ. Note that we shall not
do this comparison at t ∼ 3π

2 m
−1
φ , unlike in the kinematically-allowed case. The reason is

the following. It was reasonable in the kinematically-allowed regime to assume that the
decay |χ〉 → |ψψ〉 occurs at around t ∼ 3π

2 m
−1
φ , where the parent χ particle has the largest

energy and hence has the largest number of kinematical channels to decay. However, in
the kinematically-forbidden regime, such a kinematic argument may not hold. In fact, ψ
can be produced, even if the kinematics of the decay |χ〉 → |ψψ〉 looks unsatisfied, the
background inflaton φ field can compensate the kinematics through multiply scattering with
the particles. This implies that the ψ production does not necessarily occur at t ∼ 3π

2 m
−1
φ

but can occur at anytime if φ is sufficiently strong. Thus, in principle, one cannot determine
the time when the ψ production occurs the most in the kinematically-forbidden regime.9

For this reason, we do not do the comparison at t ∼ 3π
2 m

−1
φ but rather take it to be the

asymptotic future mφt� 1, where the ratios of the energy densities become invariant under
the time evolution [provided that the matter particles are sufficiently heavy so that they are
non-relativistic and then the energy densities scale as a−3 ∝ t−2 at the asymptotic times]
and hence we can make an unambiguous comparison insensitive to the production time.
Also, considering the asymptotic time is physically motivated, as it is related to the current
observation of the Universe (provided that the backreaction is negligible).

The energy densities of χ and φ for sufficiently large time t are given, respectively, by

ρχ(t) = a−3(t)
∫ d3p

(2π)3ωp(t)nχp

∼ 1
8π

9
2

(
mφt

π

)−2
mχ

(√
ζCm2

φ

) 3
2 exp

(
−π2 m2

χ√
ζCm2

φ

)
, (3.22)

where we used Mχ(t)→ mχ (i.e., the inflaton-dependent mass becomes negligible as the
inflaton amplitude decays at the asymptotic future), and

ρφ(t) = 1
2
(
φ̇2 +m2

φφ
2
)
∼
C2m2

φ

2t2 . (3.23)

Taking the ratios of ρψ to ρχ and to ρφ, we have

ρψ
ρχ
∼ 1

32
√
π

(√
ζCm2

φ

π2m2
χ

) 1
2
(
λ

mχ

)2(
mψ

mχ

)2

exp
(

+π2

2
m2
χ√

ζCm2
φ

)
, (3.24)

9It may be possible to estimate the production time if we perform time-integration e.g. by the saddle
point method. We leave the question of the production time for future work.
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and

ρψ
ρφ
∼ ζ

128π2

(
λ

mχ

)2(
mψ

mχ

)2

exp
(
−π

2

2
m2
χ√

ζCm2
φ

)
. (3.25)

What is crucially important here is that the ratio ρψ/ρχ (3.24) has an exponential factor
with a positive exponent. Such a non-perturbative effect was absent in the kinematically-
allowed case (3.12), where the decay process is purely perturbative, which neglects the
multiple scattering effects by the inflaton field. This exponential enhancement becomes
important when χ becomes very heavy (or

√
ζCm2

φ small) and can overcome the strong
suppression factor of (mψ/mχ)2 � 1. The new particle production process is not confined
to the perturbative constraint ρψ/ρχ < 1 as the process is free from the kinematic constraint,
namely the instantaneous energy conservation due to the energy supply by the inflaton field.

Although the energy ratio between ψ and χ can be exponentially large, this does not
mean that ψ particles immediately dominate the Universe. In fact, the energy ratio between
ψ and φ (3.25) has the exponential factor with a negative exponent and is always suppressed
strongly by the mass mχ. That is, the inflaton energy released as ψ particles must be
small and does not exceed unity, as was the case in the kinematically-allowed case (3.14).
Nonetheless, the exponential suppression in the kinematically-forbidden regime (3.25) is
halved compared to the kinematically-allowed one (3.14). This is the manifestation of the
non-perturbative effect that produces |ψψ〉 through multiple scattering between the inflaton
field and the particles.

A salient feature of the kinematically-forbidden process appears when the coupling
between χ and the inflaton is small or the inflaton amplitude C is not large. A naive
perturbative estimation leads to a negligibly small amount of ψ production in such a case,
but due to the halving of the exponent, a sizable number of ψ can be produced. Let us
show an illustrating example: taking mφ = 1.0 × 1013 GeV, mχ = λ = 1.3 × 1015 GeV,

mψ = 5.0× 1013 GeV, ζ = 1.0× 10−4, we find exp
(

+π2

2
m2
χ√

ζCm2
φ

)
= 4.9× 108, which results

in ρψ/ρχ = 2.0× 103 and ρψ/ρφ = 2.6× 10−19. Note that although the energy-density ratio
ρψ/ρφ seems negligibly small, this amount of ρψ may become compatible with today’s dark
matter density if the reheating temperature is O(109 GeV) [46, 47].10 In this example, the
coupling between the inflaton and the parent particle is very tiny, and the production of χ
is negligibly small. Nevertheless, what is surprising here is that the daughter particle ψ
indirectly coupled to the inflaton is more efficiently produced than χ, and it can produce a
sizable amount of energy density, which may become important in the subsequent evolution
of the Universe.

4 Summary and outlook

We have provided a fully quantum-field theoretic formulation of the particle production
for interacting particles dressed by a background inflaton field in the preheating phase

10Since χ is much heavier than ψ, mχ � mψ, it is kinematically forbidden for ψ to decay perturbatively
into χ. Therefore, the heavy ψ can be a stable dark matter candidate. The loop correction through ζφ2χ2

and λχψ2 may lead to a decay channel |ψψ〉 → |φφ〉 but it would not be large.

– 26 –



J
H
E
P
0
2
(
2
0
2
3
)
0
4
8

based on the Furry-picture perturbation theory. We have obtained the general formula for
the number of parent and daughter particles produced from the vacuum (2.22) and the
compact expression (2.31) for sufficiently slow inflaton field. We have shown that the number
formula (2.31) agrees with the phenomenological perturbative treatment [see eqs. (2.40)
and (2.43)] in the kinematically-allowed parameter regime such that it is kinematically
possible for the parent particles to decay into the daughter particles via the perturbative
mechanism. Meanwhile, we have found a novel particle production mechanism, dubbed as
the kinematically-forbidden particle production, which occurs outside of the kinematically-
allowed regime of the perturbative decay and cannot be captured by the phenomenological
perturbative treatment (see figures 2, 3, and 4). Such a kinematically-forbidden particle
production is possible because the particles are non-perturbatively scattered by the inflaton
field, which compensates the kinematics to assist the production of the daughter particles.
The behavior of the naive “decay probability” in the kinematically-forbidden regime (2.45)
implies that the daughter ψ-particle production is not due to the perturbative decay
process |χ〉 → |ψψ〉; otherwise the unitarity is violated. The kinematically-forbidden
process occurs due to a non-perturbative-scattering effect with the coherent background
field. The kinematically-forbidden process overwhelms the kinematically-allowed one in
a certain parameter regime such as light daughter particles. In such a parameter regime,
the kinematically-forbidden process would play an important role in preheating, and hence
should be taken into account for a complete description of the history of the Universe.

As an outlook, it would be important to consider in more detail the impacts of the
kinematically-forbidden process to cosmology. For example, super-hearvy particles are
ubiquitous in UV theories such as superstring or supergravity. Super-heavy fields are
supposed to be decoupled from the low-energy dynamics as their production would be
exponentially suppressed even at the very beginning of the preheating, and one naively
integrates them out. Our result indicates that a sizable amount of light particles coupled to
super-heavy parent particles can be produced via the kinematically-forbidden production,
even though the production of super-heavy particles themselves is negligible, which would
never be expected within the naive perturbation theory. If it is the case, one cannot
integrate super-heavy fields out naively as it would miss the light particle production.
Thus, the kinematically-forbidden particle production may change the conventional view
of cosmology as the low-energy limit of UV theories. On the other hand, although we
have concentrated on the kinematically-forbidden parameter regime such that the parent
particle is much heavier than the daughter particle (see section 3.2) and this is the only
kinematically-forbidden regime in the slow-field limit, for which the inflaton field goes
infinity as time goes, there in principle exists another kinematically-forbidden regime, e.g.,
for inflaton fields with finite amplitude, such that the daughter particle is much heavier than
the parent particle. Such a production mechanism could produce super-heavy WIMP dark
matter, which is an interesting possibility deserving further investigation (cf. production of
super-heavy dark matter in preheating was also investigated in refs. [46, 47]). Finally, for
a description of more realistic cosmological models, we need to generalize our method to
particles with spins, which would be a straightforward generalization of our analysis in this
work, although some details would change due to, e.g., the quantum statistics.
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Despite the generality of our formalism presented in section 2, the compact formula (2.31)
may be a bit unsatisfactory as the background fields are Taylor expanded up to only the
lowest order ∼ t and hence non-linear effects beyond the linear approximation, which can be
important for non-slow fields, cannot be described. For instance, our treatment cannot be
applied when multiple particle production events equally contribute to particle production,
for which, e.g., quantum interference between different production events occur and the
production number is significantly modified [25, 37–40, 42–44, 48–52]. Such a multiple
particle production would be relevant in the preheating, e.g., if the parent particle is light so
that the exponential suppression in the parent particle-number density is not small enough.
A possible avenue to deal with more general background fields is semi-classical methods.
Indeed, recent developments in the understanding of the WKB method [25, 37, 41–44, 52–56]
would enable us to address the non-perturbative dressed mode function in more general
backgrounds. The semi-classical approach would also help us to develop more physical
understandings of the kinematically-forbidden process (e.g., the production time). We
report a generalization of our approach based on semi-classical methods elsewhere [57].
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