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Abstract: Motivated by questions about quantum information and classification of quan-
tum field theories, we consider Conformal Field Theories (CFTs) in spacetime dimension
d ≥ 5 with a conformally-invariant spatial boundary (BCFTs) or 4-dimensional conformal
defect (DCFTs). We determine the boundary or defect contribution to the Weyl anomaly
using the standard algorithm, which includes imposing Wess-Zumino consistency and fixing
finite counterterms. These boundary/defect contributions are built from the intrinsic and
extrinsic curvatures, as well as the pullback of the ambient CFT’s Weyl tensor. For a
co-dimension one boundary or defect (i.e. d = 5), we reproduce the 9 parity-even terms
found by Astaneh and Solodukhin, and we discover 3 parity-odd terms. For larger co-
dimension, we find 23 parity-even terms and 6 parity-odd terms. The coefficient of each term
defines a “central charge” that characterizes the BCFT or DCFT. We show how several
of the parity-even central charges enter physical observables, namely the displacement
operator two-point function, the stress-tensor one-point function, and the universal part
of the entanglement entropy. We compute several parity-even central charges in tractable
examples: monodromy and conical defects of free, massless scalars and Dirac fermions in
d = 6; probe branes in Anti-de Sitter (AdS) space dual to defects in CFTs with d ≥ 6; and
Takayanagi’s AdS/BCFT with d = 5. We demonstrate that several of our examples obey
the boundary/defect a-theorem, as expected.
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1 Introduction

What information characterizes a Quantum Field Theory (QFT) uniquely? Can we use this
information to classify QFTs, or map the space of QFTs? Can we prove that this information
must obey constraints, thus eliminating regions in the space of QFTs? These questions
are vitally important for many areas of physics. For example, in condensed matter physics,
topological states can be classified by the discrete symmetries of QFTs. In particle physics,
constraints on QFTs, such as anomaly matching, are essential in the search for extensions
of the Standard Model. In string/M-theory, a classification scheme for QFTs translates to
a classification of internal manifolds when compactifying from 10 or 11 dimensions.

Symmetries are essential tools for characterizing and classifying QFTs. In particular,
in any local, reflection positive QFT in d Euclidean dimensions, Noether’s theorem for the
Euclidean group, i.e. translations and rotations of Rd, requires the existence of a symmetric,
conserved stress tensor, Tµν = T νµ and ∂µTµν = 0, with µ, ν = 1, 2, . . . , d. In this sense,
Tµν is universal : we can always characterize a local Euclidean-invariant QFT, in part, via
correlations of Tµν with itself and other operators.

Conformal symmetry is also an essential tool for characterizing and classifying QFTs.
Indeed, Conformal Field Theories (CFTs) are natural starting points for such an analysis
because they are fixed points of renormalization group (RG) flows. Moreover, in a local,
reflection-positive CFT, conformal symmetry fixes the correlation functions of all local
operators in terms of the two- and three-point functions of conformal primary operators,
thus dramatically simplifying the problems of characterization and classification for CFTs,
and the QFTs connected to them via RG flows.

Conserved currents in d-dimensional CFTs are conformal primaries, including in partic-
ular Tµν .1 Conformal symmetry completely fixes the 2- and 3-point functions of Tµν up to
a set of dimensionless coefficients. In even d, these coefficients are fixed (in part) by Weyl
anomaly coefficients. While conformal symmetry requires tracelessness of the stress tensor
classically, Tµµ = 0, for a CFT defined on a non-trivially curved background, quantum
effects can break conformal symmetry, leading to Tµµ 6= 0. This is the Weyl anomaly,
which is in fact non-vanishing only in even d. In d = 2, the Weyl anomaly has a single
term, proportional to the Ricci scalar of the background manifold. This term’s coefficient
defines the central charge, c(2d), which actually fixes all of Tµν ’s self-correlators [1]. In
d = 4, and with parity symmetry, the Weyl anomaly has two terms, proportional to the
Euler density and Weyl tensor squared [2]. Their coefficients define the central charges a(4d)

1Although in d = 2, Tµν is not a Virasoro primary.
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and c(4d) respectively.2 Reflection positivity also imposes positivity constraints on central
charges [5, 6], where c(4d) fixes Tµν ’s two-point function, and a(4d) and c(4d) are two of the
three coefficients that fix Tµν ’s three-point function [7, 8].

Furthermore, so-called c-theorems require some central charges to decrease along RG
flows between CFTs. Specifically, in d = 2 and d = 4, the c-theorem [9–12] and a-theorem [12–
18] state that c(2d) and a(4d), respectively, must be smaller in the infrared (IR) CFT than in
the ultraviolet (UV) CFT.3 c-theorems rely only on generic principles, like locality, Euclidean
invariance, and reflection positivity, making them powerful non-perturbative constraints on
QFTs. The decreasing quantities provide a measure of the number of degrees of freedom of
a QFT, which we expect to decrease along an RG flow, as massive modes decouple. Most
importantly for characterization and classification, c-theorems impose irreversibility along
RG flows, providing a hierarchical order among QFTs.

Another essential ingredient for characterizing and classifying QFTs are extended
operators, a.k.a. defects [20]. For example, in gauge theories, Wilson, ’t Hooft, and other
line operators are crucial for classifying vacua as Higgs, Coulomb, confining, etc., and for
distinguishing gauge theories with the same gauge algebras but different gauge groups [21].
Similarly, higher-dimensional defects can be crucial for classifying vacua, for example by
providing order parameters that can detect whether higher-dimensional objects, such as
strings, have condensed. Co-dimension 1 defects, also known as interfaces or domain
walls, can provide natural maps between QFTs related by dualities, RG flows, and other
transformations. A boundary of a QFT can be considered as a special case of an interface
between a QFT and a trivial or topological QFT.

We can define a defect supported on a submanifold in different ways. One approach is
to prescribe conditions on the behavior of the ambient fields near the defect, conditions that
may allow for coupling with degrees of freedom supported only on the submanifold. Another
possible method is to integrate a local operator over a submanifold, an approach used for
example in the construction of a Wilson line. We will denote the defect submanifold’s
dimension as 0 < p < d, and hence the co-dimension as q ≡ d− p. These extended objects
are in contrast with local operators, which have p = 0 and q = d.

A defect necessarily breaks translational symmetry in directions normal to the sub-
manifold on which it is supported, so that Tµν is no longer conserved. Indeed, now
∂µT

µi = δ(q)Di, where δ(q) is a delta function that localizes to the defect in the q directions
normal to the defect, and Di is the displacement operator. The displacement operator is
a defect-localized scalar, and is a vector in the normal directions, labeled by the index
i = 1, 2, . . . , q. In correlation functions, the insertion of Di acts as a local geometric defor-
mation of the defect, which “displaces” a point on the defect in a normal direction, hence

2The term “central charge” is typically reserved for the coefficient of a central extension term of some
algebra. Indeed, c(2d) appears in the coefficient of the central extension term of the Virasoro algebra.
However, generically the Weyl anomaly coeffcients of d > 2 CFTs, like a(4d) and c(4d), and those of defects or
boundaries, are not coefficients of central extension terms of any algebra. Nevertheless, in analogy with c(2d),
we will follow the standard convention (see for example refs. [3, 4]) of calling all Weyl anomaly coefficients
“central charges”.

3In d = 3, the F -theorem [18, 19] states that the CFT partition function on a sphere, called F , must
decrease along an RG flow to an IR fixed point.
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its name. Since it descends from the stress tensor of the ambient theory, the displacement
operator is itself universal in the defect spectrum: we can always characterize a local QFT
with a defect, in part, via correlations of Di with itself and other operators.

A CFT with a defect or boundary that preserves scale invariance and special conformal
transformations about points in the submanifold is called a Defect CFT (DCFT) or Boundary
CFT (BCFT), respectively. As is the case with ordinary CFTs, DCFTs and BCFTs are
natural starting points for characterizing and classifying defects. In particular, they sit at
the endpoints of RG flows, including those localized to the defect or boundary, and those of
the ambient QFT. Local correlators in a BCFT or DCFT are completely determined by
(1) the ambient CFT data, i.e. the spectrum of primaries, (2) the spectrum of defect or
boundary primaries, whose 2- and 3-point correlators with one another are fixed by the
defect or boundary conformal symmetry up to a set of dimensionless coefficients, and (3),
the mixed 2-point functions of ambient and defect/boundary primaries. This latter class
includes ambient one-point functions, when the defect/boundary primary is the identity.

In a DCFT or BCFT, the conformal symmetry preserved by the defect or boundary
requires Tµµ = 0. Much like CFTs, a DCFT or BCFT in flat space can exhibit a Weyl
anomaly in curved space and/or when the defect or boundary is curved. In contrast to the
Weyl anomaly in CFTs, now Tµµ 6= 0 generically consists of contributions from both the
ambient CFT, when d is even, and from defect or boundary localized terms. The latter can
potentially be non-vanishing for both even and odd p because a submanifold has intrinsic
and extrinsic curvatures, which provides a larger basis of conformal invariants that can
contribute to the anomaly. To date, defect and boundary contributions to the Weyl anomaly
have been determined only for defects/boundaries in d = 2 CFTs (p = 1 in d = 2) [22],
surface defects (p = 2 in d ≥ 3) [23–30] and co-dimension 1 defects in d = 4 [31, 32] and
d = 5 [33].

The coefficients of defect/boundary Weyl anomalies define defect/boundary central
charges that are crucial for characterization and classification. However, relatively little is
known about them, compared to CFT central charges. For instance, they should determine
many correlation functions involving Tµν and Di, but exactly how has been determined only
for a subset of them, in the cases p = 2 in d ≥ 3, and q = 1 in d = 4 [31, 32, 34, 35]. These
results subsequently imply some positivity constraints for defect central charges [30, 32].
Defect/boundary c-theorem for arbitrary p and d has been proposed ref. [36], for RG flows
localized to the defect/boundary. Rigorous proofs of these c-theorems have appeared for
p = 2 [37, 38] and p = 4 [39], because in these cases the Weyl anomaly includes an Euler
density term intrinsic to the defect/boundary, allowing the proofs of refs. [12, 17] to be
suitably adapted.4 In section 2 we review the state of the art of defect and boundary Weyl
anomalies, central charges, and the constraints they obey.

In this paper we determine the contribution to the Weyl anomaly of a defect with
p = 4 in d ≥ 6. Our motivation comes primarily from d = 6 CFTs, which occupy privileged
positions in the space of QFTs, and have various p = 4 defects that encode key information.

4When p = 1, the defect or boundary’s contribution to F must decrease under defect/boundary RG
flows [40–43]. See footnote 3.
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For CFTs in d > 4, power counting forbids any interacting local Lagrangian, so naïvely
we expect the only local, reflection-positive d = 6 CFTs to be free, massless fields, namely
scalars, fermions, self-dual three-forms, and combinations thereof. However, string theory
has revealed that intrinsically strongly-interacting supersymmetric (SUSY) CFTs (SCFTs)
exist in d = 6. This is in fact the highest d where superconformal symmetry can exist [44],
the only options being N = (1, 0) or N = (2, 0) SUSY. These SCFT’s degrees of freedom
are tensionless strings, giving rise to a tensor supermultiplet, including a two-form gauge
field with self-dual three-form field strength. Despite lacking a Lagrangian description, all
evidence to date suggests these SCFTs are local. These special properties suggest d = 6
SCFTs may be “parent theories” that, upon compactification and (super)symmetry breaking,
give rise to many (if not all) QFTs in lower d [45]. Moreover, d = 6 SCFTs have been
classified [46–52], making them an especially promising starting point for classifying QFTs.

In fact, these SCFTs arise from M-theory constructions, hence they may also encode
important information about the nature of quantum gravity. The most prominent example
is the maximally SUSY d = 6 N = (2, 0) SCFT, which for the gauge algebra AN−1 arises
as the low-energy worldvolume theory of N coincident M5-branes. This SCFT is especially
challenging to study, being an isolated, strongly-interacting fixed point, and having no free
parameter besides N . To date, most progress has come from holography [53], the conformal
bootstrap [54], and chiral algebra methods [55].

The prospect of elucidating the N = (2, 0) theory through its p = 4 defects in part
motivates this work. The d = 5 superconformal group is not a subgroup of the d = 6
superconformal group. Hence a d = 6 SCFT cannot have superconformal boundary
conditions. More generally, chiral anomalies may forbid a spatial boundary [56, 57],
which could obviate the study of d = 6 SUSY BCFTs. However, these SCFTs admit
various superconformal defects of higher co-dimension. For example, from the M5-brane
construction, the N = (2, 0) SCFT admits a superconformal p = 4 defect, which arises from
the 1/2-BPS intersection with a second stack of M5-branes. These defects not only probe
the M5-brane theory, and hence M-theory, but also, upon compactification, determine many
properties of QFTs in lower d. For instance, wrapping the N = (2, 0) theory on a Riemann
surface, depending on how many of the defect’s directions wrap the surface, the defect
can reduce to defects with p = 2, 3, or 4, the last case being hypermultiplets [58], in class
S theories.

Among d = 6 CFTs more generally, with or without SUSY, many other p = 4 defects are
possible. For example, various monodromy and twist defects exist, including in particular
the universal twist defect that appears in calculations of entanglement entropy (EE) via the
replica trick [59–61]. In general, EE depends on the UV cutoff, but in even d, EE includes
a contribution logarithmic in the cutoff whose coefficient is cutoff-independent, and hence
physical. When d = 4, this universal coefficient has precisely the same form as a p = 2
defect Weyl anomaly, but now with defect central charges determined by the ambient CFT’s
central charges [28, 62]. However, for EE in d = 6, so far the relation between the universal
log coefficient and a putative p = 4 defect Weyl anomaly has been determined for a replica
twist defect only in special cases, without extrinsic curvature [63] or with only extrinsic
curvature, i.e. a curved defect in flat space [64].

– 4 –



J
H
E
P
0
2
(
2
0
2
2
)
1
6
6

In short, a p = 4 defect’s contribution to the Weyl anomaly is essential for understanding
QFTs and defects with various d and p, respectively. To determine the form of a p = 4
defect’s Weyl anomaly, upon allowing both space and the defect’s submanifold to be curved,
we follow a standard three-step algorithm:

1. Find all curvature invariants whose scaling dimension, plus that of δ(q), is the same as
Tµµ. These curvature invariants will be built from the defect submanifold’s intrinsic
Riemann tensor, the second fundamental form, and the pullback of the ambient Weyl
tensor. Many such invariants are related by Gauss, Codazzi, Ricci, and other relations,
which must be accounted for to identify a linearly-independent basis of invariants.

2. Impose Wess-Zumino (WZ) consistency. This is the statement that the Weyl anomaly
must reflect the fact that Weyl transformations are Abelian, i.e. two successive Weyl
transformations commute. Although trivial in principle, in practice WZ consistency
can place non-trivial constraints on curvature invariants, and generically can eliminate
some of them.

3. Fix renormalization scheme dependence by adjusting local counterterms to eliminate
as many curvature invariants as possible.

The defect central charges are then the coefficients of the remaining WZ-consistent, scheme-
independent curvature invariants, up to signs and other conventions.

A corollary of WZ consistency is that the integral of the Weyl anomaly over all of
space must be Weyl-invariant. That can happen in two ways, giving rise to two types of
terms: A-type and B-type [65]. Under a Weyl transformation, A-type terms transform by
a total derivative that cannot be eliminated with counterterms, while B-type terms are
simply invariant, or vary into total derivatives that can be removed with local counterterms.
All known A-type terms are in fact the Euler densities, whose coefficients generically obey
c-theorems, as mentioned above.

To our knowledge, the only existing results for p = 4 defect Weyl anomalies appear in
refs. [63, 64] for the special case of the entanglement twist field and for specific geometries
only, as mentioned above, and in ref. [33] for a generic BCFT in d = 5. In particular,
in ref. [33], Astaneh and Solodukhin allowed arbitrary curvature of both the space and
the p = 4 boundary, and imposed parity symmetry. In the boundary contribution to the
Weyl anomaly, they found 8 terms, including those familiar from a d = 4 CFT, namely the
intrinsic Euler density and the square of the pullback of the Weyl tensor. They computed
all 8 central charges in one example, namely a conformally coupled free massless scalar.

Our case of a generic p = 4 defect in d ≥ 6 is a significant extension of these previous
results, and in particular we generalize them in two non-trivial ways. First, we generalize to
co-dimension > 1, where a larger basis of curvature invariants is available for step 1, leading
to many more terms in the final result. Second, we allow for parity symmetry to be broken,
which allows for still more curvature invariants. Ultimately, at the end of the algorithm, in
the Weyl anomaly of a p = 4 defect in a CFT with d ≥ 6, we find 23 parity-even terms.
The number of parity-odd terms depends on the co-dimension, q, with 6 for any q, plus an
additional 1 when q = 2, or an additional 6 when q = 4. The parity-even terms include the
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intrinsic Euler density, which is the only A-type term, and the square of the pullback of the
Weyl tensor, while the parity-odd terms include the submanifold Pontryagin density, as
expected. Our main result for the anomaly appears in eq. (3.1) for the case with any q, with
the additional parity-odd terms for q = 2 and q = 4 in eqs. (3.8) and (3.9), respectively.

The status of parity-odd contributions to the Weyl anomaly remains unclear. To our
knowledge, only three examples are known. First is a d = 4 CFT with parity broken,
where the Weyl anomaly can include a parity-odd term, the Pontryagin density [66]. In
free field CFTs, the associated parity-odd central charge can be non-zero only for fields
in complex representations of the Lorentz group [66–69]. However, even in the simple
example of a free Weyl fermion, no consensus has emerged on whether this central charge is
non-zero: see refs. [70–82]. The second example is a p = 2 defect in a d = 4 CFT with parity
broken, where the defect’s Weyl anomaly can include 2 terms odd under parity along the
defect [29, 30]. However, in all known examples of this case, the corresponding parity-odd
defect central charges vanish [30]. The third example is a q = 1 defect/boundary in a d = 4
CFT, whose B-type terms are parity odd under reflection in the normal direction, and
which generically are non-zero [31, 32]. Our results provide a new class of examples useful
for studying the many open questions about parity-odd Weyl anomalies.

As mentioned above, in section 2 we review the state of the art of defect/boundary
Weyl anomalies. In section 3 we determine the form of a p = 4 defect’s Weyl anomaly, with
our main result being eq. (3.1). In section 4 we show how some of the p = 4 defect central
charges appear in observables, namely the two-point function of Di and the one-point
function of Tµν . Using the latter, we show how two of the defect central charges appear
in the universal contribution to EE of a spherical region centered on the defect [30, 36],
and how the Average Null Energy Condition (ANEC) constrains the sign of one defect
central charge.

These results provide methods for computing p = 4 defect/boundary central charges
without computing Tµµ directly. Indeed, in section 5 we use the results of sections 3 and 4
to compute several defect central charges in two classes of examples. First are monodromy
defects of free, massless scalars our Dirac fermions in d = 6, which also provide non-trivial
tests of the defect a-theorem [39]. We also use the results for monodromy defects in free
field theories to find defect central charges for conical defects and orbifolds. Second, we
consider defects described holographically by five-dimensional probe branes in d ≥ 7 Anti-de
Sitter (AdS) space, AdSd≥7, where we use recent results from Graham and Reichert [83].
This serves as a highly non-trivial check of our result for the defect Weyl anomaly.

In section 6, we compute boundary central charges for two examples of d = 5 BCFTs
in holography. First is five-dimensional probe branes in AdS6, where we compute all 8
boundary central charges, which provides another non-trivial check of the p = 4 boundary
Weyl anomaly. Second is Takayanagi’s AdS/BCFT [84, 85], where we compute the A-type
and several linear combinations of B-type boundary central charges.

In section 7 we conclude with a summary and discussion of many open questions about
defect and boundary Weyl anomalies, for p = 4 and beyond.

We collect various technical results in several appendices, and in a supplementary
Mathematica notebook.
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Note. We use Euclidean signature throughout, with only two exceptions: our discussions of
the ANEC, which requires Lorentzian signature to define null directions, and our discussions
of EE, which requires a Cauchy surface to define a QFT Hilbert space.

2 Review and conventions

In this section, we review some concepts necessary for defect Weyl anomalies. In subsec-
tion 2.1 we fix our conventions for geometric quantities of the ambient space and the defect,
in subsection 2.2 we review known results for CFT Weyl anomalies, and in subsection 2.3
we review the known results for defect Weyl anomalies. We present no new results in this
section. Readers familiar with these topics may skip to section 3.

2.1 Geometry for defects and boundaries

LetMd be a smooth d-dimensional (pseudo-)Riemannian manifold. Md is the background
geometry into which we will embed a defect, or introduce a boundary. We refer to this
background as the ambient space. In this section we take d ≥ 2, however in all later
sections we take d ≥ 5, unless stated otherwise. Let xµ be the coordinates onMd, where
µ = 1, . . . , d, and let gµν be the metric onMd. Our ambient metric will have Euclidean
signature, except when we discuss the ANEC and EE, which require Lorentzian signature.

Throughout this paper, D will denote the Levi-Civita connection onMd, and Γρµν the
Christoffel symbols. The symbol R will generically denote the associated curvature tensors,
i.e. Rµνρσ is the Riemann tensor, Rµν is the Ricci tensor, and R is the Ricci scalar onMd.
We also need several other tensors related to R. The ambient Schouten tensor is

Pµν ≡
1

d− 2

(
Rµν −

1
2(d− 1)Rgµν

)
. (2.1)

Using Pµν , we define the Weyl tensor,

Wµνρτ ≡ Rµνρτ − Pµρgντ + Pνρgµτ − Pντgµρ + Pµτgνρ , (2.2)

and the Cotton tensor,
Cµνρ ≡ DρPµν −DνPµρ . (2.3)

Lastly, the Bach tensor is
Bµν ≡ DρCµνρ − P ρτWµρντ . (2.4)

For even d, the Euler density ofMd is

Ed = 1
2d/2

δ
µ1ν1...µd/2νd/2
ρ1σ1...ρd/2σd/2 R

ρ1σ1
µ1ν1 R

ρ2σ2
µ2ν2 . . . R

ρd/2σd/2
µd/2νd/2 , (2.5)

where δµ1ν1...
ρ1σ1... is the generalized Kronecker delta.

The defects that we will study are supported on a p-dimensional embedded submanifold,
Σp ↪→Md. For the purposes of this review, we will take 1 ≤ p ≤ d, but in the following
sections, we will set p = 4, unless stated otherwise. Let ya be coordinates on Σp, where
a = 1, . . . , p. We will sometimes also write these coordinates as the vector y. The
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embedding induces various intrinsic geometric quantities on Σp that we distinguish from
their counterparts onMd with a bar. In particular, let gab = eµae

ν
b gµν denote the induced

metric, where eµa = ∂aX
µ, and Xµ(ya) are the embedding functions. The matrix eµa acts

to pull back ambient tensors onto Σp, e.g. the pullback of the ambient Ricci tensor is
Rab = eµae

ν
bRµν .

On Σp we denote the induced Levi-Civita connection as D, with its connection coeffi-
cients being the Christoffel symbols Γabc built out of gab. We further introduce a covariant
derivative that acts on tensors with mixed indices. We will abuse notation and also refer to
it as Da, e.g. Daw

µ
b = ∂aw

µ
b + Γµνawνb − Γcabwµc for a mixed tensor wµb , where Γµνa = eρaΓµνρ.

From Da, we define the second fundamental form, IIµab ≡ Dae
µ
b , and its traceless version,

I̊Iµab ≡ IIµab −
1
pgabII

µ, with IIµ ≡ gcdIIµcd.
We denote the defect co-dimension as q ≡ d− p. Let xi⊥ denote the normal directions

to Σp, where i = 1, . . . , q. The embedding Σp ↪→Md splits the ambient space’s tangent
bundle TMd ' TΣp ⊕NΣp into a sum of the defect submanifold’s tangent bundle, TΣp,
and the normal bundle, NΣp. The structure group of the normal bundle depends both on
the co-dimension q and the details of the embedding.

The important geometric features of the normal bundle NΣp derive from the totally
antisymmetric normal tensor,

nµ1...µq = 1
p!ε

a1...apεν1...νpµ1...µqe
ν1
a1 · · · e

νp
ap , (2.6)

where εa1...ap and εµ1...µd are Levi-Civita tensors on Σp andMd respectively. From nµ1...µq ,
we define a projector onto NΣp,

Nµν ≡
1

(q − 1)!nµσ2...σqnν
σ2...σq . (2.7)

We can similarly define a projector onto TΣp, also called the first fundamental form,
hµν ≡ gµν −Nµν . Note that hµν = EaµE

b
νgab, where Eaµ is a matrix which obeys Eaµe

µ
b = δab .

When q = 1, i.e. for a boundary or interface, NΣp is a trivial bundle. In that case,
the normal projector becomes Nµν = nµnν , where nµ is the outward pointing unit normal
co-vector. Moreover, hµν reduces to the usual hypersurface metric, hµν = gµν − nµnν . We
define the extrinsic curvature as Kµν ≡ 1

2Lnhµν , where Ln is the Lie derivative along nµ,
satisfies nµKµν = 0, and is related to the second fundamental form by Kab = −nµIIµab, where
Kab = eµae

ν
bKµν . We define the traceless version K̊ab ≡ Kab − 1

pgabK, with K ≡ gabKab.
Furthermore, we define two notions of parity. By “parity along the defect”, we mean

simultaneous orientation reversal of the submanifold and the ambient space, such that
εa1...ap → −εa1...ap and εµ1...µd → −εµ1...µd , such that nµ1...µq , as defined by eq. (2.6), is
invariant. Intuitively, this corresponds to reversing parity in the directions parallel to the
defect. By “parity in the normal bundle” we mean orientation reversal of the ambient
space alone. Under this transformation, εµ1...µd → −εµ1...µd while εa1...ap is invariant, such
that nµ1...µq → −nµ1...µq . This corresponds to reversing parity in the directions normal to
the defect.

In general, a defect will break the conformal symmetry group of the ambient CFT
to a subgroup. In flat d-dimensional Euclidean space, Md = Rd, the conformal group is
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SO(d+ 1, 1), whose generators are rotations, translations, dilatations, and special conformal
transformations. The maximal subgroup that a p-dimensional defect or boundary can
preserve is SO(p+ 1, 1)×SO(q)N , where SO(q)N is the structure group of the normal bundle
NΣp. This subgroup is preserved by either a flat or spherical defect that is rotationally
symmetric in the normal directions. For example, a flat defect preserves rotations and
translations along the defect, dilatations, and special conformal transformations involving
inversions about points in the defect, producing the SO(p+ 1, 1) factor, plus rotations in the
normal directions, producing the SO(q)N factor. In what follows, for CFTs in flat space we
will always assume the defect or boundary is flat, and so preserves this maximal subgroup,
unless stated otherwise.

2.2 Weyl anomalies of CFTs

To provide context and background for the following sections, in this subsection we review
some facts about the Weyl anomaly of CFTs, and in the next subsection we review the
current state of the art of defect and boundary Weyl anomalies.

Consider a QFT on an arbitrary background Md with Euclidean metric gµν . The
effective action is W = − logZ, where Z is the QFT’s partition function. In a curved
background, the stress tensor is defined as the infinitesimal metric variation of the path
integral. In our conventions, the stress tensor one-point function is

〈Tµν〉 = − 2
√
g

δW
δgµν

. (2.8)

Consider an infinitesimal local Weyl rescaling of gµν with Weyl parameter δω, i.e. δωgµν =
2gµν δω. In any correlator, a Weyl variation brings down an insertion of the trace of the
stress tensor, Tµµ. In paticular, a Weyl variation of the effective action gives

δωW = −
∫
Md

ddx
√
g δω 〈Tµµ〉 . (2.9)

In addition, a non-trivial Tµµ implies that the effective action includes a contribution that
is logarithmically divergent in the UV cutoff ε. The coefficient of log ε in the effective action
has the form

W|log ε =
∫
ddx
√
g 〈Tµµ〉 . (2.10)

In a CFT, the Weyl anomaly Tµµ 6= 0 must be built out of external sources, such as gµν .
Diffeomorphism invariance and invariance under the SO(d) structure group of the frame
bundle imply that Tµµ can only contain scalars (singlets) of the appropriate dimension. If
gµν is the only external source, then these scalars can only be constructed out of curvature
tensors and an even number of derivatives. Since curvature tensors contain two derivatives
of the metric, no Weyl anomaly is possible when d is odd. When d is even, WZ consistency
implies that the anomaly takes the schematic form

Tµµ = 1
(4π)

d
2

(
(−)

d
2−1a(dim)

M Ed +
∑
n

c(dim)
n In

)
, (2.11)
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where we omitted any scheme-dependent contributions. Ed is the d-dimensional Euler
density and In are a set of conformal invariants that are generally expressed as rank- d2
scalar monomials built from contractions of Weyl tensors and their derivatives. Since Ed is
a topological density, it transforms as a total derivative under Weyl transformation, whereas
the In are invariant or vary into total derivatives that can be removed by local counterterms.
This leads to the distinguishing nomenclature of “A-type” anomalies for the former and
“B-type” for the latter [65]. Since we will discuss central charges of CFTs and defects of
various dimensions, we use the superscript (dim) to distinguish the dimension in which the
central charges are defined, and the subscripts on aM and aΣ to distinguish the ambient
CFT and intrinsic defect/boundary A-type central charges, respectively.

The Weyl anomaly of a d = 2 CFT is

Tµµ = c(2d)

24π R , (2.12)

where, c(2d) is the CFT’s central charge, defined from the coefficient of the central extension
term in the Virasoro algebra. For a reflection-positive d = 2 CFT with normalisable vacuum,
c is positive semi-definite and obeys the c-theorem [9]: along an RG flow from a UV CFT
to an IR CFT, a so-called c-function exists, built from correlators of Tµν , that decreases
monotonically along the flow, and agrees with the values of c of the CFTs at the fixed points.
This implies that c(2d)

UV ≥ c
(2d)
IR . Additionally, by WZ consistency, A-type anomalies such as

c(2d) are independent of marginal couplings [16]. The central charge c(2d) determines many
physical observables: all self-correlators of the stress tensor [1], the universal contribution
to the EE of an interval [60], the thermal entropy [86, 87], and more. The central charge
c(2d) is thus essential for characterising and classifying d = 2 CFTs and QFTs.

The Weyl anomaly of a d = 4 CFT is

Tµµ = 1
16π2

(
− a(4d)
M E4 + c(4d)WµνρσW

µνρσ + c̃(4d) εµνρλRµνσωR
σω

ρλ

)
, (2.13)

where the final term in eq. (2.13) is the d = 4 Pontryagin density. In eq. (2.13), WZ
consistency allows for a scheme-dependent term ∝ �R [88], whose coefficient we have set to
zero using a local counterterm. For reflection-positive, local d = 4 CFTs, the A-type central
charge a(4d)

M obeys the a-theorem: a(4d)
UV ≥ a(4d)

IR [12–14, 17]. Like all A-type CFT central
charges, a(4d) is independent of marginal couplings. Explicit examples are known in which
the parity-even B-type central charge, c(4d), can decrease or increase along an RG flow [3, 10].
In d = 4 CFTs holographically dual to Einstein gravity in AdS5, a(4d) = c(4d) [89, 90]. Unlike
d = 2 CFTs, no single central charge determines all of Tµν ’s self-correlators. Instead, the
B-type anomaly c(4d) fixes Tµν ’s two-point function, while a(4d)

M and c(4d) are two of the
three numbers that fix Tµν ’s three-point function [7, 8]. Reflection positivity then requires
c(4d) ≥ 0. If Tµν is the unique conserved spin-2 operator, then the conformal bootstrap and
other CFT “first principles” bound the ratio a(4d)

M /c(4d) [5, 6], so that in particular a(4d)
M ≥ 0.

Somewhat like a d = 2 CFT, the d = 4 central charges determine the universal contribution
to EE [62]. In contrast to a(4d)

M and c(4d)
M , little is known about the parity-odd B-type central

charge, c̃(4d): for the state of the art, see refs. [70–82].
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The Weyl anomaly of a d = 6 CFT is

Tµ µ = 1
(4π)3

(
a(6d)
M E6 + c(6d)

1 I1 + c(6d)
2 I2 + c(6d)

3 I3
)
, (2.14)

where the B-type Weyl invariants are

I1 = WµλρνW
λστρWσ

µν
τ , (2.15a)

I2 = Wµν
λρWλρ

στWστ
µν , (2.15b)

I3 = Wµνλρ

(
D2 δνσ −

6
5Rδ

ν
σ + 4Rνσ

)
W σνλρ, (2.15c)

where we have set total derivative terms to zero using local counterterms [91]. For d = 6
SCFT tensor branch RG flows, a c-theorem has been proven for a(6d)

M [92]. However, whether
a(6d)
M obeys a c-theorem more generally remains an open question: for the state of the

art, see refs. [93–98] and references therein. N = (1, 0) SUSY imposes a linear relation
on the B-type central charges, so that only two are independent, while N = (2, 0) SUSY
imposes a second linear relation, so that only one is independent [99]. For CFTs in d = 6
holographically dual to Einstein-Hilbert gravity, all four central charges are linearly related,
so that only one is independent [89, 90]. The central charge a(6d)

M appears in Tµν ’s 4-point
function, c(6d)

1 and c(6d)
2 are related to the two free parameters in Tµν ’s 3-point function, and

c(6d)
3 fixes Tµν ’s 2-point function [7, 8, 100]. Reflection positivity then requires c(6d)

3 ≥ 0. As
in lower d, the d = 6 central charges determine the universal contribution to EE [63, 64].

2.3 Weyl anomalies of defects and boundaries

Now consider a p-dimensional defect or boundary of a d-dimensional CFT. In particular,
consider a first-order variation of the effective action, W , with respect to the metric, gµν , and
the defect or boundary’s embedding functions, Xµ(ya). This variation picks up contributions
from terms that are localized to the defect or boundary submanifold, Σ,

δW =−1
2

∫
Md

ddx
√
g δgµν〈Tµν |Md

〉− 1
2

∫
Σp
dpy
√
g
(
δgµν〈Tµν |Σp〉+2δX i(ya)〈Di〉

)
, (2.16)

where Tµν |Md
and Tµν |Σp denote the contributions to the stress tensor from the ambient

CFT and the boundary/defect, respectively. δX i(ya) is the variation of the embedding
functions in the directions transverse to Σ, and Di is the displacement operator defined
from the broken Ward identities for translations normal to the defect,

DµT
µi = δ(q)(x⊥)Di . (2.17)

We emphasize that generically the defect/boundary does not have its own intrinsically
defined, conserved stress tensor. However, the components of the ambient stress tensor
along Σp are conserved everywhere onMd, including Σp, i.e. DµT

µa = 0.
If we instead consider an infinitesimal Weyl rescaling without affecting the

defect/boundary’s embedding, then the Weyl anomaly picks up a contribution localized
to Σp,

Tµµ = Tµµ
∣∣
Md

+ δ(q)(x⊥)Tµµ
∣∣
Σp . (2.18)
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Here we indicate by Tµµ
∣∣
Md

the contributions to the Weyl anomaly purely from the
ambient CFT, and by Tµµ

∣∣
Σp we denote the defect/boundary Weyl anomaly, which will be

the primary focus of the following sections. Importantly, Tµµ
∣∣
Σp is built out of structures

that involve (derivatives of) the metric gµν and the embedding functions Xµ(ya). This leads
to a much richer basis for conformal invariants, and hence novel defect/boundary anomalies.

As mentioned in section 1, the defect/boundary Weyl anomaly has been determined in
four cases: p = 1 in d = 2 [22], p = 2 in d ≥ 3 [23–30], p = 3 in d = 4 [31, 32], and p = 4 in
d = 5 [33]. In the rest of this section we will review the first three cases, and in the next
section we will review the fourth case.

The Weyl anomaly of a p = 1 defect in a d = 2 CFT is [22]

Tµµ|Σ1 = c(2d)

12π K. (2.19)

A defect with odd p has no intrinsic Euler density. However, if the ambient CFT has even
d, and the defect has co-dimension q = 1, then the restriction of the ambient Euler density
to the defect will appear in the defect’s Weyl anomaly. Moreover, WZ consistency fixes the
associated coefficient in terms of the ambient CFT’s A-type central charge [22]. We see
both of these features in eq. (2.19), and we will see them again for p = 3 in d = 4, eq. (2.25).
For p = 1 in a d > 2 CFT, the defect Weyl anomaly vanishes.

The Weyl anomaly of a p = 2 defect in a d ≥ 3 CFT is [23–30]

Tµµ|Σ2 = 1
24π

(
a(2d)

Σ R+d(2d)
1 I̊I2+d(2d)

2 W ab
ab

)
+ δq,2

2π ε
abnij

(
d̃(2d)

1 I̊IiacI̊I
j
b
c+d̃(2d)

2 Wa
i
b
j
)
, (2.20)

where δq,2 is a Kronecker delta. Within the first set of parentheses, the first term is an
A-type central charge, while the remaining two are B-type. The term d(2d)

2 W ab
ab does not

exist for q = 1 because the ambient Weyl tensor W vanishes identically when d = 3. In
that term, the trace over the indices is performed with the induced metric gab, hence W ab

ab

is generically non-vanishing when d ≥ 4. In the second set of parentheses, both terms exist
only when q = 2, are B-type, and are odd under parity along the defect and separately
under parity in the normal bundle. The indices i, j, . . . are valued in the normal bundle.
We often use them instead of µ, ν . . . to denote projection onto the normal bundle. Note
that even if d is odd, and hence the ambient CFT has no Weyl anomaly, the defect Weyl
anomaly in eq. (2.20) still exists.

Like their CFT counterparts, the defect/boundary central charges should appear in a
number of observables, besides Tµµ itself. We will review what is known to date. The central
charge d(2d)

1 controls Di’s two-point function. For example, in d = 4 flat space [101, 102]

〈Di(y)Dj(0)〉 = 4
3π2

d(2d)
1
|y|6 . (2.21)

Reflection positivity then requires d(2d)
1 ≥ 0. When q > 1, the central charge d(2d)

2 controls
Tµν ’s one-point function, which is allowed to be non-zero by the conformal symmetry
preserved by the defect: in flat space, the non-zero components are [103, 104]

〈T ab〉 = −h(q − 1)δab

|x⊥|d
, 〈T ij〉 = h

(d− q + 1)δij − dx
i
⊥x

j
⊥

|x⊥|2

|x⊥|d
. (2.22)
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In other words, the symmetries completely determine the form of Tµν ’s one-point function,
up to the single number, h. As shown in refs. [30, 101, 102], h is determined by d(2d)

2 ,

h = − 1
6π(d− 1)vol(Sd−3) d

(2d)
2 , (2.23)

where vol(Sd) is the volume of a unit d-sphere. If we Wick-rotate to Lorentzian signature,
then applying the ANEC to eq. (2.22) implies d(2d)

2 ≤ 0 [30].5 A linear combination of a(2d)
Σ

and d(2d)
2 determines the defect contribution to the universal part of the EE for a spherical

region A of radius L centered on the defect, with UV cutoff ε [30, 36],

SA,Σ2 = 1
3

(
a(2d)

Σ + d− 3
d− 1d

(2d)
2

)
log

(
L

ε

)
. (2.24)

The A-type defect central charge, a(2d)
Σ , shares a few key features with the d = 2

CFT central charge, c(2d). For instance, under a defect RG flow, a(2d)
Σ obeys a c-theorem:

a(2d)
Σ,UV ≥ a

(2d)
Σ,IR [37, 38]. Furthermore, WZ consistency implies that a(2d)

Σ is independent of
defect marginal couplings. However, the similarities seem to end there. For example, a(2d)

Σ
can depend on marginal couplings present in the ambient CFT [108–110]. Also, even in
reflection-positive theories, a(2d)

Σ is not necessarily positive semi-definite. In particular, a free,
massless scalar with Dirichlet boundary conditions in d = 3 has a(2d)

Σ < 0 [37, 111, 112]. This
raises the question of in what sense a(2d)

Σ is counting defect/boundary degrees of freedom.
More generally, what bounds a(2d)

Σ obeys, if any, remains an open question.
In a d = 4 SCFT, a p = 2 defect that preserves at least N = (2, 0) two-dimensional

SUSY has d1 = d2, which is conjectured to extend to p = 2 defects in d > 4 SCFTs as
well [113]. Furthermore, for such defects in a SCFT with d ≥ 3, a(2d)

Σ is fixed by an ’t Hooft
anomaly [114], hence the IR defect R-symmetry can be identified by extremizing a trial
a(2d)

Σ , similar to a-maximization [4] or c-extremization [115, 116].
The Weyl anomaly of the p = 3 boundary in a d = 4 CFT is [31, 32]

Tµµ
∣∣
Σ3

= 1
16π2

(
a(4d)
M E4|∂M + b(3d)

1 K̊3 + b(3d)
2 K̊abW c

acb

)
. (2.25)

As anticipated below eq. (2.19), the first term in the parentheses in eq. (2.25) is the
restriction of the bulk A-type anomaly to the boundary,

E4|∂M = δabcdef

(
2Kd

aR
ef
bc + 8

3K
d
aK

e
bK

f
c

)
, (2.26)

with a coefficient determined entirely by the ambient CFT’s A-type central charge, a(4d)
M ,

as required by WZ consistency of the ambient CFT’s Weyl anomaly in the presence of
the boundary. The boundary thus has only two new central charges, b(3d)

1 and b(3d)
2 , which

are both B-type and parity odd in the normal bundle. In free field CFTs, heat kernel
methods fix b(3d)

2 in terms of the ambient CFT’s B-type central charge, c(4d), specifically,
5The proofs of the ANEC in refs. [105–107] have not yet been extended to include defects. Nevertheless,

in unitary DCFTs we expect the ANEC to hold for defects, because physically a defect should not change
the fact that the total energy measured by a null observer should be non-negative.
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b(3d)
2 = −8c(4d), independent of the boundary conditions [117–119]. However, ref. [34] showed
that the same is not true in interacting CFTs. The other boundary central charge, b(3d)

1 ,
does depend on boundary conditions, even for free fields [120, 121].

Similarly to the p = 2 defect/boundary, the B-type central charges b(3d)
1 and b(3d)

2
determine correlation functions of the boundary displacement operator, D. In particular,
b(3d)
2 control’s D’s two-point function [32, 34]: in flat space,

〈D(y)D(0)〉 = − 15
2π4

b(3d)
2
|y|8 . (2.27)

Reflection positivity then requires b(3d)
2 ≤ 0. Further, b(3d)

1 controls D’s three-point func-
tion [32]: in flat space

〈D(y1)D(y2)D(0)〉 = − 35
2π6

b(3d)
1

|y1|4|y2|4|y1 − y2|4
. (2.28)

3 Defect Weyl anomaly

In this section we present our results for the Weyl anomaly of a p = 4 conformal defect
of arbitrary co-dimension q ≥ 1. For co-dimension q ≥ 2 our results are novel. For q = 1,
which includes the case of a conformal boundary of a d = 5 BCFT, the parity-even part of
the Weyl anomaly was reported in ref. [33]. We reproduce their results, and find three new
terms that break parity along the boundary.

We determine the anomaly through the three-step algorithm mentioned in section 1,
which we outline in detail in section 3.1. Applying the algorithm is computationally involved,
so we do not present all the details here. Many details can be found in appendix A, and we
refer readers wishing to reproduce our results to our supplementary Mathematica notebook.
To illustrate the algorithm, in appendix B we review the simple example of a p = 2 defect
in a d = 4 CFT, reproducing the known result in eq. (2.20). Our result for the p = 4 defect
Weyl anomaly for general q is presented in section 3.2, and specifically in eq. (3.1), which is
the main result of this paper. In section 3.3 we set q = 1 and present the full anomaly of a
p = 4 conformal boundary or interface, including the parity-odd contributions.

3.1 Algorithm for defect Weyl anomalies

Starting from the effective action W, the most general form of the defect Weyl anomaly
δωW =

∫
Σp(. . .)δω can be determined algorithmically by following three steps:6

1. Find a basis of terms for the anomaly δωW. This amounts to enumerating all possible
terms that may appear in δωW to linear order in the Weyl transformation parameter δω.

6For a co-dimension q = 1 defect embedded in an even dimensional CFT there is an additional step.
As explained below eq. (2.26), the Euler density Ed in the presence of a boundary or interface contains a
boundary term. It ensures that the ambient part of the Weyl anomaly is Wess-Zumino consistent, and its
coefficient is fixed in terms of the ambient CFT’s A-type central charge. These boundary terms are known
for all even d [31]. In the following sections, however, we will only consider conformal defects of dimension
p = 4 for which no such extra boundary contribution can arise from the bulk d = 5 CFT.
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We insist that the terms appearing in δωW are local, diffeomorphism and Lorentz invari-
ant, both in the ambient space and on the defect. Moreover, we require that these terms
have vanishing mass-dimension, since Weyl transformations amount to a rescaling of
lengths by a dimensionless scalar. Accounting for the measure of integration over the
p-dimensional defect requires that each term contains p derivatives acting on the metric
gµν , the pullbacks eµa , or the Weyl variation parameter δω. These conditions put strong
constraints on the terms that can appear in the anomaly, and imply that they must be
finite in number. However, not all of these terms are linearly independent. The second
Bianchi identity can be combined with the Gauss-Codazzi-Ricci equations, summarized
in appendix C, to produce geometric relations. These can be further adorned with
additional derivatives. These linear relations between curvature invariants allow some
terms to be expressed as a sum of others. Imposing these relations on the anomaly basis
ensures that the remaining terms are linearly independent. Each of the linearly inde-
pendent basis elements are then included in the integrand of δωW , with free coefficients.

2. Impose Wess-Zumino (WZ) consistency. Since Weyl transformations are Abelian, the
WZ consistency condition forces the anti-symmetrization of two independent Weyl
variations of W to vanish, i.e., [δω1 , δω2 ]W = 0. Solving WZ consistency sets to zero
some of the coefficients of the linearly independent anomaly basis. Moreover, it can
fix some coefficients in terms of others, which leads to linear combinations of terms
with a single unfixed coefficient.

3. Determine which terms in the Weyl anomaly are scheme-independent. To do so, we
introduce in the effective action W all possible local, diffeomorphism and Lorentz
invariant counterterms with p derivatives acting on gµν and eµa . Including each of
these terms with their own free coefficient builds up the counterterm action, WCT .
Taking an infinitesimal Weyl transformation of WCT , one can shift the anomaly
δωW 7→ δωW + δωWCT . Since the coefficients in WCT are free, one can then tune
them so as to cancel terms appearing in δωW . The WZ consistent terms that cannot
be (partially) removed by any choice of counterterms are the scheme-independent
contribution to the Weyl anomaly.

This algorithm can be computationally intensive. Typically, the algorithm grows more
difficult to implement as the defect’s dimension, p, increases. In particular, the number of
diffeomorphism and Lorentz invariant terms with p derivatives increases sharply with p.
Moreover, ensuring that the terms are linearly independent becomes increasingly involved,
because geometric relations can be adorned with derivatives in numerous ways.

In appendix B, we illustrate the algorithm with the simple example of a p = 2 defect in
a d = 4 ambient CFT. For such a surface defect, there are 10 terms in step 1. After step 2
there are 7 terms, of which 5 are scheme-independent and remain in the end. By contrast,
for a defect of dimension p = 4, those numbers are larger by an order of magnitude, as
we explain in the following subsections and in appendix A. We employ the xAct package
for Mathematica [122] to facilitate dealing with these large numbers of terms. In our
supplementary Mathematica notebook, we also derive many intricate geometric relations
that ensure that our basis is linearly independent.
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3.2 Defect Weyl anomaly for d ≥ 6

Following the above algorithm for arbitrary q, in step 1 we find a 101-dimensional basis
of terms. We report this basis of terms in appendix A.1. Step 2, WZ consistency, selects
linear combinations of these terms with 61 unfixed coefficients. In step 3, we find that of
these 61 contributions, 29 are scheme independent, and thus make up the Weyl anomaly of
a p = 4 conformal defect.

These 29 terms comprise the expected A-type anomaly of the induced connection on
the defect, E4, as well as 28 B-type terms. The Weyl variation of E4 is a total derivative
that cannot be removed by a counterterm, whereas the Weyl variations of the B-type terms
are either exactly zero or a total derivative that can be removed by a counterterm.7 Of
the 28 B-type terms, 22 are of even parity. The remaining 6 break parity along the defect
because they contain a defect Levi-Civita tensor εabcd.

All of the terms mentioned above are admissible in any co-dimension q. The case q = 1,
however, is special as the symmetry properties of curvature tensors cause many terms to
vanish identically. Moreover, terms that are distinct for general q may reduce to the same
term when q = 1. The 22 parity-even terms in general q reduce to 8 different terms when
q = 1, and of the 6 parity-odd terms, only 3 are non-zero when q = 1.

In addition to the terms that exist for any co-dimension q ≥ 2, for special values of
q certain additional terms may appear that contain the totally anti-symmetric tensor in
the normal bundle, nµ1...µq . As explained in section 2.1, we refer to these terms as being
parity-odd in the normal bundle. We find that for q = 2, there is 1 additional such term,
and for q = 4 there are 8. For q = 3 and q ≥ 5, the index structure is too restrictive, and
effectively rules out the existence of such terms.

We now present the full Weyl anomaly of a p = 4 defect. For clarity, and since we will
only be considering p = 4 defects and boundaries, from this point forward we will drop the
(4d) superscript label on all anomaly coefficients. After implementing the algorithm outlined
above, and using the same normalisation as in eq. (2.13), we arrive at

Tµµ|Σ4
= 1

(4π)2

(
− aΣE4 + d1J1 + d2J2 + d3WabcdW

abcd + d4(Wab
ab)2

+ d5WaibjW
aibj + d6W

b
iabWc

iac + d7WijklW
ijkl + d8WaijkW

aijk

+ d9WabjkW
abjk + d10WiabcW

iabc + d11W
c
acbWd

adb + d12W
a
iajW

ibj
b

+ d13Wab
abI̊IicdI̊I

cd
i + d14W

a
bij I̊I

i
acI̊I

jbc + d15W
a
ibj I̊I

i
acI̊I

jbc

+ d16W
abcdI̊IiacI̊Iibd + d17Wa

bacI̊IibdI̊Iicd + d18W
c
icj I̊I

i
abI̊I

jab

+ d19Tr I̊IiI̊IiI̊I
j I̊Ij + d20Tr I̊IiI̊Ij I̊IiI̊Ij + d21(Tr I̊IiI̊Ii)2 + d22(Tr I̊IiI̊Ij)(Tr I̊IiI̊Ij)

+ d̃1WabcdW
ab
efε

cdef + d̃2WijabW
ij
cdε

abcd + d̃3DaI̊I
i
bfDcI̊Iidfεabcd

+ d̃4WabcdI̊I
ia
eI̊I

b
ifε

cdef + d̃5WijabI̊I
ie
c I̊Ijdeεabcd + d̃6I̊IiaeI̊I

j
beI̊Iicf I̊Ijdfεabcd

)
. (3.1)

The only A-type term is the first term, involving the intrinsic Euler density, whose
coefficient defines aΣ. The next 22 terms, with coefficients (d1, . . . , d22), are B-type and

7We have checked this statement explicitly for the non-trivial conformal invariants I in eq. (3.10) and J1

in eq. (3.1). However, we have not confirmed that this is true for J2.
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parity even. The final 6 terms, with coefficients (d̃1, . . . , d̃6), are B-type and parity odd
along the defect.

In what follows, for B-type central charges, d or d̃ with subscripts denote defect central
charges, as in eq. (3.1) above, and b or b̃ with subscripts denote boundary central charges,
as in eq. (3.10) below. A handy mnemonic device is then “d for defect and b for boundary”.

As we noted above, solving WZ consistency can sometimes relate the coefficients of the
linearly independent terms in our basis to one another, which leads to non-trivial conformal
invariants built out of a linear combination of basis elements. For a p = 4 defect, there are
indeed two such WZ consistent non-trivial conformal invariants, J1 and J2, which appear
in the first line of eq. (3.1), with coefficients d1 and d2, and take the form

J1 = 1
d− 1RI̊IiabI̊I

ab
i −

1
d− 2N

µνRµν I̊IiabI̊I
ab
i −

2
d− 2R

a
bI̊I

i
acI̊I

bc
i −

1
2W

c
acbIIiI̊I

iab

+ 4
9W

c
icaD

bI̊Iiab + I̊IiabDiW
c
acb −

1
2IIiTr I̊IiI̊I

j I̊Ij + 1
16IIiIIiTr I̊Ij I̊Ij

+ 2
9D

bI̊IiabD
cI̊Iica ,

(3.2)

J2 = d− 4
d− 2Wab

abNµνRµν −
d− 4
d− 1RWab

ab + 4(d− 5)
3(d− 2)RabWc

acb

− 5(d− 4)
48 Wab

abIIiIIi + 2(d− 5)
3 W c

icaD
bI̊Iiab + 4(d+ 1)

9 I̊IiabDiW
c
acb

− 1
3Wic

acDaIIi −
2(d− 5)

3 IIiTr I̊IiI̊I
j I̊Ij + (d− 10)

12 IIiDiWab
ab + 1

3D
iDiWab

ab ,

(3.3)

where for example DiDiWab
ab = NµνhρτhσκDµDνWρστκ.

Also as noted above, even though our basis elements for the defect Weyl anomaly are
linearly independent, the basis is not unique. To illustrate this, consider the square of the
intrinsic Weyl tensor W abcdW

abcd. The Gauss eq. (C.4a) and its index contractions imply

W abcdW
abcd = WabcdW

abcd + 1
3(Wab

ab)2 − 2W c
acbWd

adb − 2
3Wab

abI̊IicdI̊I
cd
i

+ 4W abcdI̊IiacI̊Iibd + 4Wa
bacI̊IibdI̊Iicd − 2Tr I̊IiI̊IiI̊I

j I̊Ij − 2Tr I̊IiI̊Ij I̊IiI̊Ij

+ 1
3(Tr I̊IiI̊Ii)2 + 2(Tr I̊IiI̊Ij)(Tr I̊IiI̊Ij) .

(3.4)

Thus, in eq. (3.1), replacing any of the terms that appear on the right-hand side in eq. (3.4)
with W abcdW

abcd yields an equally admissible basis. One could also consider replacing
the intrinsic Euler density E4 with the scheme-independent part of the defect’s intrinsic
four-dimensional Q-curvature [123], which can be written as8∫

Qδω = 1
4

∫ (
E4 −W abcdW

abcd
)
δω , (3.5)

8The full form of Branson’s Q-curvature in d = 4 contains a total derivative,

Q = 1
6(R2 − 3RµνRµν −�R) .

The �R term linearises the Weyl variation, and ensures that δQ is a total derivative linear in δω, with all
terms at higher order in δω vanishing identically. Since the Weyl transformation of Q is a total derivative,∫
Q is Weyl invariant. In eq. (3.5), we consider the Q-curvature of a p = 4 submanifold obtained by

replacing R→ R and �→ �. The �R term plays no role in our discussion as it can be removed by a local
counterterm on the defect.
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where we have put a bar on Q to emphasise that it is constructed with intrinsic curvatures of
the submanifold. In eq. (3.1), the effect of replacing E4 with Q-curvature and using eq. (3.4)
amounts to scaling the A-type coefficient by a factor of 4 and shifting several B-type anomaly
coefficients. Specifically, replacing E4 with Q in eq. (3.1) shifts

d3 → d3 + aΣ , d4 → d4 + 1
3aΣ , d11 → d11 − 2aΣ , d13 → d13 −

2
3aΣ ,

d16 → d16 + 4aΣ , d17 → d17 + 4aΣ , d19 → d19 − 2aΣ , d20 → d20 − 2aΣ ,

d21 → d21 + 1
3aΣ , d22 → d22 + 2aΣ .

(3.6)

Note that a number of coefficients are unaffected by the change to Q-curvature. Further,
several linear combinations of dn in eq. (3.6) are invariant under the change to Q-curvature,
many of which we will find manifest in the AdS/BCFT computation in section 6.2.

In eq. (3.1), we emphasise the presence of the non-trivial parity-odd anomalies, with
coefficients (d̃1, . . . , d̃6). The term whose coefficient is d̃3 can be written as a linear combi-
nation of a total derivative plus the terms whose coefficients are d̃4 and d̃5. The anomalous
variation of W, however, includes an additional factor of δω. The d̃3 term is not a total
derivative in δW because the derivative does not act on δω. If one were to try to absorb the
d̃3 term into a shift of the d̃4 and d̃5 terms via partial integration, one would be left with a
parity-odd Weyl invariant in δωW with derivatives acting on the Weyl variation parameter
δω. Concretely, that term is D41 in eq. (A.3). This term is also WZ consistent and cannot
be removed by a counterterm. So, we find it convenient to write the anomaly with the d̃3
term instead of D41.

Just as in the case for the parity even anomalies, the basis of independent terms for
the parity odd defect anomalies is not unique. To illustrate this, we could use the form of
the intrinsic Pontrjagin density, which can be expressed as

RabcdR
ab
efε

cdef = WabcdW
ab
efε

cdef + 4WabcdI̊I
ia
eI̊I

b
ifε

cdef − 4I̊IiaeI̊I
j
beI̊Iicf I̊Ijdfεabcd , (3.7)

to rewrite the parity odd part of eq. (3.1). The net effect would again to be to shift and
possibly rescale d̃1, d̃4, and d̃6, depending on the term in eq. (3.1) that we replace.

As mentioned in section 1, additional parity-odd terms may appear in the defect Weyl
anomaly, for special values of the co-dimension q. More specifically, using our definitions of
parity in section 2.1, these terms are parity-odd in the normal bundle, and their existence
depends on q by construction, because the totally antisymmetric normal tensor has q indices.
The requirement that each term has p = 4 derivatives, and the symmetry properties of the
curvature tensors are so restrictive, that only when q = 2 and q = 4 can eq. (3.1) pick up
such parity odd contributions. When q = 2, in step 1 we find 41 parity-odd terms in the
normal bundle. We list them in appendix A.2. However, only one of these is WZ consistent
and scheme-independent:

Tµµ|Σ4
⊃ δq,2

(4π)2 d̃7Wajbk I̊I
ac
i I̊Icbjnik . (3.8)
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When q = 4, in step 1 the basis of parity-odd terms in the normal bundle is 6-dimensional.
All 6 terms are WZ consistent and scheme-independent. They are

Tµµ|Σ4
⊃ δq,4

(4π)2

(
d̃8ε

abcdnijk`WabijWcdk` + d̃9n
ijk`WabijW

ab
k`

+ d̃10n
ijk`WmirjW

m
k
r
` + d̃11n

ijk`WaimjW
a
k
m
`

+ d̃12nijk`εabcdW
abij I̊If ck I̊I

fd` + d̃13nijk`W
abij I̊IkacI̊Ibc`

)
.

(3.9)

To date, little to nothing is known about the p = 4 defect central charges we have
found in eqs. (3.1), (3.8), and (3.9). The one exception is the A-type central charge, aΣ. In
ref. [39], Wang showed that aΣ obeys an a-theorem, for RG flows localized to the defect,
and furthermore, if the defect preserves at least N = 1 four-dimensional SUSY, then aΣ
obeys a defect version of a-maximization.

3.3 Boundary Weyl anomaly for d = 5

Here we employ the algorithm outlined above to construct the most general expression for
the boundary Weyl anomaly in d = 5. In doing so, we will recover the expression for the
parity even anomalies found in ref. [33].9 We also identify three previously unknown parity
odd anomalies, whose coefficients we denote (b̃1, b̃2, b̃3). The full anomaly is

Tµµ|Σ4
= 1

(4π)2

(
− aΣE4 + b1I + b2(Tr K̊2)2 + b3Tr K̊4 + b4WabcdW

abcd

+ b5WanbnW
a
n
b
n + b6WabcdK̊

acK̊bd + b7WanbnK̊
a
cK̊

cb

+ b8WnabcWn
abc + b̃1DaK̊b

eDcK̊deε
abcd

+ b̃2Wab
efWcdefε

abcd + b̃3WabcdK̊
a
eK̊

b
fε
cdef

)
,

(3.10)

where Wanbn = eµan
νeρbn

σWµνρσ, and similarly for Wnabc. The conformal invariant I is

I = −2
3RabK̊

a
cK̊

cb + 1
4R Tr K̊2 − 1

3RnnTr K̊2 + 1
2WanbnKK̊

ab + 1
16K

2 Tr K̊2

+ K̊abDnWanbn −
1
2K Tr K̊3 + 2

9D
a
K̊abDcK̊

bc ,
(3.11)

where DnWanbn = nτeµan
νeρbn

σDτWµνρσ.
One can also deduce the form of eq. (3.10) from eq. (3.1) by setting q → 1. Most

of the terms in eq. (3.1) do not have analogous q = 1 structures: they vanish due to
various symmetry properties of the curvature tensors. Further, some of the q > 1 structures
have identical q = 1 analogues, and so a linear combination of their coefficients end up
determining the q = 1 anomaly coefficients. The exact dictionary for mapping the B-type
central charges is as follows, where → indicates taking q → 1:

d1→ b1 , d21+d22→ b2 , d19+d20→ b3 , d3→ b4 , d5+d11→ b5 ,

d16→ b6 , d15−d17→ b7 , d10→ b8 , d̃3→ b̃1 , d̃1→ b̃2 , d̃4→ b̃3 ,
(3.12)

with all other q > 1 terms vanishing when q = 1.
9The dictionary between our central charges and those in ref. [33] is (Here → There): −aΣ→ a/5760,

b1→ c8/5760, b2→
(
c1− 1

3 c8
)
/5760, b3→ (c2+c8)/5760, bi→ ci−1/5760 for i= 4, . . . ,6, b7→ (c6+c8)/5760,

and b8→ c7/5760. Note the different sign convention for the A-type anomaly, where here the aΣ-theorem
goes the usual way, aΣ,UV≥ aΣ,IR.
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4 Defect central charges from observables

In this section, we connect some of the coefficients that appear in the defect Weyl anomaly
in eq. (3.1) to various physical quantities. In subsection 4.1 we will find a relation between
the coefficient of the two-point function of the displacement operator, 〈DD〉, and the defect
central charge d1. In a reflection-positive DCFT, we will then argue that d1 is a negative
semi-definite c-number, by reflection positivity of 〈DD〉. In subsection 4.2 we will relate the
coefficient, h, in the 1-point function of the stress tensor in the presence of a co-dimension
q > 1 defect, 〈Tµν〉 in eq. (2.22), to the defect central charge d2. Assuming that the
defect ANEC is true, we then argue that d2 must be negative semi-definite. Further, we
will be able to show that since h ∝ −d2, the defect contribution to the universal part
of EE for a spherical region centered on the defect, as computed in ref. [36], contains a
linear combination of aΣ and d2, similar to the p = 2 result in eq. (2.24) [30]. Finally, in
subsection 4.2.2, for d = 5 BCFTs we compute 〈Tµν〉 for a flat boundary of an ambient
space with non-trivial curvature, and relate the coefficients of the first two leading divergent
terms to linear combinations of the boundary central charges in eq. (3.10).

4.1 Displacement operator two-point function

In this subsection, we connect the anomalous scale dependence in the displacement two-point
function to a particular term in the Weyl anomaly. For a flat defect, conformal invariance
on the defect determines the 2- and 3-point functions of defect primaries up to constants.
In particular, the displacement 2-point function takes the form

〈Di(y1)Dj(0)〉 = δij
cDD
|y|2p+2 , (4.1)

with constant cDD. There are a variety of techniques for isolating the scale dependence of
the correlator in eq. (4.1), and hence matching to the Weyl anomaly in eq. (3.1) or eq. (3.10).
In subsection 4.1.1 we use some of them to fix cDD in terms of the defect central charge d1
in eq. (3.1), or boundary central charge b1 in eq. (3.10). In subsection 4.1.2 we check our
result in the case of the free scalar BCFT in d = 5. In subsection 4.1.3 we comment on
other correlators of Di and their possible relation to defect/boundary central charges.

4.1.1 Relating cDD to d1 and b1

Here we consider an infinitesimal shape perturbation of the flat defect, δX i(y). In this
subsection we will keep p generic, and at the end set p = 4. Up to second order in the shape
perturbation, the variation of the effective action reads

δXW = −1
2

∫
Σp
dpy1 d

py2 〈Di(y1)Dj(y2)〉δX i(y1)δXj(y2) +O(δX3) , (4.2)

where by translational invariance along the flat defect, 〈Di〉 = 0. To isolate the logarithmic
divergence we first define s ≡ y1 − y2 and substitute eq. (4.1) into eq. (4.2) obtaining

δXW = −cDD2

∫
Σp
dpy

∫
Σp
dps

1
s2p+2 δX

i(y)δX i(y− s) +O(δX3)

⊃ −cDD2

∫
Σp
dpy

∫
Σp
dps

1
s2p+2

sa1 . . . sap+2

(p+ 2)! δX i(y)∂a1 . . . ∂ap+2δX
i(y) ,

(4.3)
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where we are summing over the repeated i indices. In the second line, we Taylor expanded
δX i(y− s) up to order p+ 2 in s, and only kept the highest order to isolate the logarithmic
part. For even p, the integral over s can be computed using the identity∫

dps
1

s2p+2 s
a1 . . . sap+2 = vol(Sp−1)(p− 2)!!

(2p)!!

∫ L

ε
ds

1
s

[δa1a2 . . . δap+1ap+2 + perm] , (4.4)

where ε and L are UV and IR cutoffs, respectively, and perm stands for permutations of
indices excluding pairwise exchange on each δab. For odd p, the integral over s vanishes
identically, so we will assume that p is even for the remainder of this computation. Using
the fact that the number of permutations is (p+ 1)!!, we obtain for the coefficient of log

(
ε
L

)
δXW|log ε = (−1)p/2+1 2−(p+2)π

p
2

p!Γ(p2 +2) cDD
∫

Σp
dpy∂a1 . . .∂ap/2+1δX i∂a1 . . .∂ap/2+1δX

i , (4.5)

where we have used vol(Sp−1) = 2π
p
2 /Γ

(p
2
)
. Let us rewrite the above equation in terms of

the second fundamental form. At leading order we have δIIiab = ∂a∂bδX
i. We thus find

δXW|log ε = (−1)p/2+1 2−(p+2)π
p
2

p!Γ(p2 + 2)cDD
∫

Σp
dpy ∂a1 . . . ∂ap/2−1δIIicd∂a1 . . . ∂ap/2−1δII

i
cd .

(4.6)
Taking p = 4, we find for the logarithmically divergent part of δXW,

δXW|log ε = 1
2
π2

4608cDD
∫

Σp
dpy δIIicd�δIIicd . (4.7)

The numerical prefactor can equivalently be obtained in the following two ways. The first is
to Fourier transform eq. (4.1) along the defect. Setting p = 4, and introducing a UV cut-off
ε as a regulator, we find∫

Σ4
d4y〈Di(y)Dj(0)〉eik·y = δij

4π2cDD
|k|

∫ ∞
ε

dr

r8 J1(|k|r) (4.8)

= δijπ2cDD
( 1

3ε6 −
|k|2

16ε4 + |k|4

192ε2 + |k|
6

4608 log (ε|k|) + . . .
)
,

with k and r the momentum and radial coordinate along the defect, respectively. The
power law divergences in ε can be cancelled by counterterms, while the coefficient of the
logarithm is the regulator-independent scale anomaly. The second, equivalent, approach
is differential regularization [124]. We replace the large inverse powers of distance with
derivatives and an energy scale µ:

〈Di(y)Dj(0)〉 = −δij cDD36864�
4 logµ2|y|2

|y|2
. (4.9)

Taking a logarithmic derivative with respect to the scale µ then yields

µ∂µ〈Di(y)Dj(0)〉 = −δij cDD18432�
4 1
|y|2 = δij

cDDπ
2

4608 �
3
δ(4)(y) , (4.10)

which of course agrees with the methods above.
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The next step is to relate cDD to the coefficients in the defect or boundary Weyl
anomaly, eq. (3.1) or (3.10), respectively. By eq. (2.10), the logarithmic divergence in the
effective action needs to match the anomaly, so we compute to second order the shape
deformation of eq. (3.1) around the configuration of a flat defect embedded in a flat ambient
space. Among all of the terms in the defect anomaly, only J1 contains an appropriate
structure to contribute at second order in the variation, which reads

δX

∫
Σ4
d4y〈Tµµ〉 = d1

72π2

∫
Σ4
d4y ∂bδI̊Iiab∂cδI̊I

a
ic +O

(
δII3

)
= d1

72π2

∫
Σ4
d4y

9
16∂

a∂b∂cδX i∂a∂b∂cδX
i +O

(
δX3

)
.

(4.11)

Comparing eq. (4.11) to (4.5) then gives our main result of this subsection,

cDD = −72
π4 d1 . (4.12)

Performing an identical computation in the boundary case using eq. (3.10), we find

cDD = −72
π4 b1 . (4.13)

As a check of our methods, let us consider p = 2. In that case, eq. (4.6) reduces to

δXW|log ε = π

64cDD
∫

Σ2
d2y δIIicdδIIicd , (4.14)

and by direct comparison to the defect Weyl anomaly in eq. (2.20) we obtain d
(2d)
1 =

3π4cDD/4, reproducing the known result for d = 4 in eq. (2.21). In fact, our calculation
shows that eq. (2.21) is valid for any d.

4.1.2 Check of the result for the free scalar BCFT in d = 5

We can check our result for the boundary case, eq. (4.13), using a free, massless scalar in
d = 5, in the presence of a boundary. On the one hand, b1 = − 1

256 was computed in ref. [33]
using heat kernel methods. This answer is in fact independent of the boundary conditions,
Robin or Dirichlet. On the other hand, we can compute the displacement operator two-point
function in flat space using Wick’s theorem. The displacement operator in the q = 1 case
can be identified with the boundary limit of the Tnn component of the stress tensor. For a
conformally coupled scalar, the improved stress tensor takes the form

Tµν = (∂µφ)(∂νφ)− 1
2δ

µν(∂ρφ)(∂ρφ)− d− 2
4(d− 1)(∂µ∂ν − δµν�)φ2 .

Using the scalar’s equation of motion, the displacement operator follows from the boundary
limit of Tnn:

DD = 1
2(∂nφ)(∂nφ) , DN = −1

2(∂aφ)(∂aφ) + d− 2
4(d− 1)∂a∂

aφ2 , (4.15)
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with subscript D for Dirichlet and N for Neumann. (Note the general Robin boundary
condition reduces to Neumann in the flat space limit.) If we normalize the two point
function of the scalar to take the form

〈φ(x⊥,y)φ(0,0)〉 = κ

(
1

(x2
⊥ + y2)(d−2)/2 ±

1
(x2
⊥ + y2)(d−2)/2

)
,

with a plus sign for Neumann and minus sign for Dirichlet, then Wick’s Theorem yields

〈D(y)D(0)〉 = 2(d− 2)2κ2

|y|2d , (4.16)

in both cases. The standard normalization, κ−1 = (d− 2)vol(Sd−1), with d = 5 then gives
cDD = 9

32π4 . Plugging this into eq. (4.13) then gives us b1 = − 1
256 , in agreement with the

heat kernel result, as expected.

4.1.3 Comments on other correlators of the displacement operator

Having successfully established a relationship between cDD and the Weyl anomaly for p = 4
defects, it is natural to wonder if additional relationships can be established between the
Weyl anomaly and other displacement operator correlation functions. One natural candidate
is the displacement operator three-point function,

〈D(y1)D(y2)D(y3)〉 = cDDD
|y1 − y2|5|y2 − y3|5|y1 − y3|5

, (4.17)

with constant cDDD. In the d = 4 case with p = 3 dimensional boundary, such a correlation
function determines the coefficient of the Tr K̊3 term in the Weyl anomaly [32], as shown in
eq. (2.28). However, in our p = 4 case, an odd number of derivatives is required to produce
a δ(y1 − y2)δ(y1 − y3) type contact term with the correct dimensionality. No such term
exists in the Weyl anomaly eq. (3.1), precluding the displacement 3-point function from
determining a piece of the Weyl anomaly.

Another obvious correlation function to investigate is 〈Tµν(x)D(y)〉, which is also
determined by conformal symmetry, up to a constant [104]. In fact, the constant is cDD,
making it unlikely that further information can be obtained, while the tensor structures
involved make the analysis more complicated. After some work in the q = 1 case, we were
able to check that the scale anomaly in 〈Tµν(x)D(y)〉 is consistent with the coefficients of
the K̊abDnWanbn and Da

K̊abDcK̊
bc terms in eq. (3.11), as we show in appendix D.

Other correlation functions involving the stress tensor and displacement operator tend
to involve undetermined functions of a cross ratio, as well as sums over tensor structures.
We have not found useful candidates to explore, except for 〈Tµν〉, which we turn to next.

4.2 Stress-tensor one-point function

In this subsection, we compute the one-point function of the stress tensor, 〈Tµν〉, in two
cases. First, in subsection 4.2.1, we consider 〈Tµν〉 for a flat p = 4 defect in a d ≥ 6
ambient CFT. Our results will be similar to those for a p = 2 defect in d > 3, reviewed
in section 2.3. By applying the method of ref. [101] (see also ref. [102]), we will show that
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the coefficient h in eq. (2.22) and the defect Weyl anomaly coefficient d2 in eq. (3.1) are
related as h ∝ −d2. Using this result, we will then Wick-rotate to Lorentzian signature and
assume the ANEC applies in the presence of a defect to argue that d2 ≤ 0. By combining
the relation between h and d2 with a result of ref. [36], we will also show that the defect
contribution to the universal part of the EE of a region centered on the defect is a linear
combination of aΣ and d2. Second, in subsection 4.2.2, we will consider 〈Tµν〉 in a d = 5
BCFT with a curved boundary. In that case the near-boundary expansion of 〈Tµν〉 has
a number of free coefficients [125, 126], which we determine in terms of some boundary
central charges from eq. (3.10).

4.2.1 Relating h to d2 for a flat defect in flat space

In the context of computing Rényi entropies, where the defect is the co-dimension q = 2
twist defect, the authors of ref. [101] consider the relation between 〈Tµν〉 and the anomaly
term �W ij

ij when d = 6.10 Here we repeat their analysis, now keeping the co-dimension of
the defect arbitrary, provided q > 1. We will focus on J2 in eq. (3.1), the only term in the
anomaly that contains �W ij

ij ,

Tµµ ⊃
d2

16π2
1
3D

iDiW
ab
ab δ

(q)(x⊥) +O(R2) , (4.18)

where we used tracelessness of Wµνρσ to swap freely between W ij
ij and W ab

ab. In eq. (4.18),
the O(R2) stands for terms at least quadratic in the curvatures, which will not be important
to establish that h ∝ −d2.

The starting point for the computation is the ambient CFT onMd = Rd with metric
δµν and a flat defect wrapping Σ = R4 ↪→ Rd. We then perturb the flat ambient metric so
that δµν → gµν = δµν + δgµν . To first order in the metric perturbation, the effective action
changes as

δgW = −1
2

∫
ddx 〈Tµν〉 δgµν . (4.19)

Crucially, since we have assumed that the perturbation is about both a flat background
and flat defect, we can employ the form of the stress tensor given in eq. (2.22).

Since in curved space the Weyl anomaly is generically non-trivial, we expect that
eq. (4.19) will contain a logarithmic divergence of the form in eq. (2.10). In particular,
consistency between eq. (4.19) and eq. (2.10) implies

δg

∫
ddx
√
g 〈Tµµ〉 = −1

2

∫
ddx 〈Tµν〉 δgµν

∣∣∣∣
log ε

. (4.20)

In the anomaly eq. (3.1), J2 is the only conformal invariant that contains terms at most
linear in both the Weyl tensor and I̊Iiab. The term in eq. (4.18) is the only one that
contributes to the first-order perturbation about the flat configuration.

10See also ref. [63], which considered EE in a d = 6 dimensional CFT, but which has an error in the
analysis of the contribution to the anomaly containing the �W ij

ij term. Specifically, in the third line of
eq. (2.28) of ref. [63], the variation of the term I3 = Wµρστ (�δµν + 4Rµν − 6

5Rδ
µ
ν)W νρστ in the ambient

Weyl anomaly does not result in a conformally invariant term along the entangling surface. Indeed, a further
Weyl variation vanishes up to terms that are total derivatives in the normal directions, but which cannot be
dropped in the integral over the entangling surface’s directions.
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Let us analyze the expressions on either side of eq. (4.20) separately, starting with
the left-hand side. The first order variation of the integral of eq. (4.18) over the defect’s
submanifold Σ4 may be written as

δg

∫
Σ4
d4y
√
γ 〈Tµµ|Σ4

〉 = d2
16π2

∫
Σ4
d4y

1
3∂

k∂kδW
ab
ab , (4.21)

where we dropped terms that are higher order in curvature, or subleading in the perturbation.
This short computation gives us all of the information that we will need about the left-hand
side of eq. (4.20).

The evaluation of the right-hand side of eq. (4.20) is bit more involved. Using the form
of 〈Tµµ〉 in eq. (2.22), we can write the right-hand side of eq. (4.20) as

∫
ddx〈Tµν〉δgµν =h

∫
ddx

[
(d−q+1)
|x⊥|d

δijδgij−
(q−1)
|x⊥|d

δabδgab−
dxj⊥x

i
⊥

|x⊥|d+2 δgij

]
. (4.22)

The perturbed metric gµν = δµν + δgµν admits an expansion near the defect of the form in
eq. (2.16) of ref. [127]. We observe that log-divergent contributions in eq. (4.22) can only
arise from terms with near-defect behavior like 1/|x⊥|d. Since d = q + 4, we will need the
fourth order in the perturbed metric’s near-defect expansion, which has

δgij ⊃ −
1
20 ∂r∂sδRikjl|Σ4

xr⊥x
s
⊥x

k
⊥x

l
⊥ , (4.23)

where δRikjl|Σ4
is the Riemann tensor of the metric perturbed around flat space, gµν , and

evaluated on the defect. Note that terms of the form O(R2) in the near defect expansion
of the metric vanish for a first order perturbation around flat space. Since the orthogonal
and transverse directions are independent, for computational ease we can simply match
terms that have only transverse components. Plugging eq. (4.23) into eq. (4.22) and using
the anti-symmetry of the Riemann tensor to eliminate the xi⊥x

j
⊥δgij term, we then adopt

cylindrical coordinates (ρ, θi) around the defect, located at ρ = 0, to write∫
ddx 〈Tµν〉 δgµν ⊃−

h

4

∫
Σ4
d4y ∂r∂s δRikil|Σ4

∫ L

ε
dρ

1
ρ

∫
dΩq−1 x̂

rx̂sx̂kx̂l , (4.24)

where we defined x̂i ≡ xi⊥/|x⊥|. We also introduced a UV cutoff ε and an IR cutoff L to
regulate the ρ-integral around the location of the defect. The angular integral can easily be
computed using the following relation,∫

dΩq−1 x̂
i1 . . . x̂in = (q + n− 2)!!

(q − 2)!! vol(Sq−1)(δi1i2 . . . δin−1in + perm) , (4.25)

where perm denotes pairwise permutations in the in indices. Performing the angular integral
in eq. (4.24) then allows us to compute the ρ-integral easily, which produces a logarithmic
divergence in ε. The totally transverse part of the coefficient of log ε is∫

ddx 〈Tµν〉 δgµν
∣∣∣∣
log ε,⊥

= h

4
vol(Sq−1)
q(q + 2)

∫
Σ4
d4y

[
∂2δRikik + 2∂k∂lδRikil

]
. (4.26)
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Moreover, one can easily show that at first-order in the perturbation

2∂k∂lδRikil = ∂2δRikik , (4.27)

so that eq. (4.26) becomes∫
ddx 〈Tµν〉 δgµν

∣∣∣∣
log ε,⊥

= h

2 q(q + 2)vol(S
q−1)

∫
Σ4
d4y ∂2δRikik . (4.28)

In order to compare eq. (4.28) to eq. (4.21), we use the explicit form of the Weyl tensor
in eq. (2.2) to find that at first order in the metric perturbation,

δW ab
ab

∣∣∣
⊥

= 12
6 + 5q + q2 δRijij , (4.29)

where we have used the fact that we are perturbing around flat space, and we have only kept
terms that solely have transverse components. Finally, by plugging eq. (4.29) into eq. (4.21),
and comparing to eq. (4.28) through the relation eq. (4.20), we arrive at the generic relation
between the coefficient h that fixes 〈Tµµ〉 and the defect Weyl anomaly coefficient d2, for a
co-dimension q conformal defect in a d = q + 4 CFT:

h = −
Γ
( q

2 + 1
)

π
q
2 +2 (q + 3)

d2 . (4.30)

For the special case of q = 2, which will be useful for the monodromy defects considered in
section 5.1, eq. (4.30) becomes

h = − 1
5π3d2 . (4.31)

Upon taking into account the different conventions, this agrees with ref. [101].
Following the example of a p = 2 defect in d > 3, reviewed in section 2.2, we can use

our result in eq. (4.30) to show that d2 ≤ 0, if we assume that the ANEC holds in the
presence of the defect. Wick-rotating to Lorentzian signature, the ANEC states∫ ∞

−∞
du〈Tµν〉vµvν ≥ 0 , (4.32)

where vµ is the tangent vector to a null geodesic with affine parameter u. Take Σ4 to be
a flat, static defect in d ≥ 6-dimensional Minkowski space. We consider a null geodesic
passing at a minimal distance ` away from Σ4 and oriented at an angle ψ out of the plane,
as in figure 1. We take the following family of null geodesics parametrized as

t = `u , x1 = `u cosψ , x5 = `u sinψ , x6 = ` , (4.33)

while all the other components are set to zero. Here t, x1 are coordinates parallel to the
defect and x5, x6 are orthogonal. By plugging eq. (4.33) and eq. (2.22) into the ANEC and
using eq. (4.30), we obtain

∫ ∞
−∞

du〈Tµν〉vµvν = −d2
q Γ
(
d+1

2

)
Γ
( q

2
)

(q + 3)Γ
(
d
2

)
π
q+3

2 `d−2
|sinψ| ≥ 0 , (4.34)

and hence d2 ≤ 0, as advertised.
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Figure 1. Configuration for the null geodesic vµ described in eq. (4.33). The null geodesic (blue)
passes by the defect (orange, labelled Σ) at an angle ψ in the x1− x5 plane and at a distance ` away
in the x6 direction.

Also following the example of a p = 2 defect in d > 3, we can use our result in eq. (4.30),
combined with a result of ref. [36], to show that d2 contributes to the universal part of the
EE of a spherical region centered on the defect. Wick-rotating to Lorentzian signature and
fixing the time, we consider a compact, spherical entangling region A of radius L that is
co-original with Σ4, such that the intersection ∂A ∩ Σ4 is an equatorial S2. The general
expression for the universal part of the defect EE for a p-dimensional conformal defect is [36]

SA,Σp
∣∣
univ. = −FΣp −

2(d− p− 1)π
d
2 +1

sin
(p

2π
)

Γ
(p

2 + 1
)

Γ
(
d−p

2

)h , (4.35)

where

FΣp = − log
ZΣp [L]
Z0[L] , (4.36)

is the defect free energy derived from the Euclidean partition function on an Sd of radius
L in the presence of a defect, ZΣp [L], normalized by the partition function on the same
background without a defect, Z0[L]. The second term in eq. (4.35) follows from the defect
Killing energy for the time translation Killing vector. Importantly, the pole for even p, due
to choosing a dimensional regularization scheme, maps to a logarithmic divergence in the
UV-cutoff ε in a short distance expansion around the intersection ∂A ∩ Σ. In particular,
for p = 4, the universal part of the defect EE is

SA,Σ4 = −4

aΣ −
(d− 5)πd/2

2 Γ
(
d
2 − 2

) h
 log

(
L

ε

)
, (4.37)
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where we used that FΣ4 = 4aΣ log
(
L
ε

)
. Using our result in eq. (4.30), we thus find, for the

universal part of the EE,

SA,Σ4 = −4
[
aΣ + 1

4
(d− 5)(d− 4)

d− 1 d(4d)
2

]
log

(
L

ε

)
. (4.38)

This result highlights the key fact that the universal part of the defect EE is not necessarily
monotonic under defect RG flows. That is, in spite of the c-theorem for aΣ proven in ref. [39],
and since no c-theorems are known for B-type anomalies, the presence of d2 means eq. (4.38)
is not necessarily monotonic under defect RG flows. Indeed, the p = 2 result for EE in
eq. (2.24) was explicitly shown in ref. [128] not to be monotonic for holographic examples of
certain defect RG flows. We conclude the discussion about the defect EE by mentioning the
possibility that additional central charges may appear in the coefficient of the logarithmic
divergence if one considers entangling regions with a generic shape intersecting the defect,
as discussed in refs. [129, 130] in the d = 4 case with a boundary. We leave the study of
this more general case to future work.

4.2.2 Boundary Weyl anomalies and 〈T µν〉 with curved boundaries

In this subsection, we consider a d = 5 dimensional ambient CFT on a curved background
M5 with a boundary, ∂M5 6= ∅. Since we assume that M5 is not flat, the stress-tensor
picks up a non-trivial one-point function in the near-boundary expansion. We will thus find
a relation between some of the boundary central charges in eq. (3.10) and the coefficients in
the leading divergences of 〈Tµν〉.

Generically, when a CFT is defined on a background with a curved boundary, the
near-boundary expansion of 〈Tµν〉 has divergences of the form [125, 126]

〈Tµν〉 = T
(d)
µν

xd⊥
+ T

(d−1)
µν

xd−1
⊥

+ T
(d−2)
µν

xd−2
⊥

+ . . . , (4.39)

where x⊥ is the geodesic distance from the boundary located at x⊥ = 0. The first three
divergences can be computed simply by requiring that Tµν is conserved and traceless [125].

The residual conformal symmetry at the boundary is enough to constrain the leading
1/xd⊥ divergence to vanish identically, T (d)

µν = 0. The subleading divergences, however, have
much richer structures determined by the Weyl and extrinsic curvatures:

(4π)2T (d−1)
µν = AT K̊µν , (4.40)

and11

(4π)2T (d−2)
µν = AT

d−2

(
nµnν−

hµν
d−1

)
trK̊2−2 AT

d−1n(µh
ρ
ν)DρK−

2AT
d−2n(µRν)n

−2AT K̊ρ
(µKν)ρ+β1Wµρνσn

ρnσ+β2KK̊µν+β3

(
K2
µν−

hµν
d−1trK

2
)
,

(4.41)

11In ref. [126] the authors allowed for a term of the form R̄µν−1/4 R̄ ḡµν , which is argued to be inconsistent
with conformal symmetry in ref. [125]. In addition, in ref. [126], they found that this term is absent both
when d = 3 and d = 4. The presence or absence of this term does not affect the calculation here.
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where parentheses indicate symmetrization over the enclosed indices. In ref. [126], the
authors related the coefficients AT , β1, β2 and β3 to the boundary central charges for
dimensions d = 3 and 4. Below, we will find such relations for the case d = 5.

To relate the near-boundary data (AT , β1, β2, β3) to the coefficients in eq. (3.10),
we again employ eq. (4.20). We begin by evaluating the left-hand side of eq. (4.20),
which requires a first-order metric variation of the integrated Weyl anomaly. For ease of
computation, and to facilitate matching with the right-hand side, we write the background
metric in Gaussian normal coordinates,

ds2 = dx2
⊥ + gab(x⊥, y)dyadyb. (4.42)

We next write the near-boundary expansion of the components gab(x⊥, y) in eq. (4.42) up
to third order in the geodesic distance x⊥ from the boundary,

ds2 = dx2
⊥ +

[
ḡab − 2Kabx⊥ + (K2

ab −Ranbn)x2
⊥+

− 1
3 (∂nRanbn −RancnKc

b −RcnbnKc
a)x3

⊥ +O(x4
⊥)
]
dyadyb.

(4.43)

On the right-hand side, the variations δKab and δḡab around the background eq. (4.43)
would contribute to the logarithmic divergence also at the orders O

(
1/x2

⊥
)
and O (1/x⊥),

respectively, corresponding to T (2)
µν and T

(1)
µν . However, since the form of the one-point

function of the stress tensor is only known up to order O
(
1/x3

⊥
)
, we need to restrict to

metric perturbations that obey δKab = δḡab = 0, allowing only the variations δRanbn and
δ∂nRanbn to be non-trivial. To simplify the computation further, we assume without loss of
generality that the boundary metric is flat, ḡab = δab. With these assumptions, the left-hand
side, i.e. the variation of the anomaly, gives

δg

∫
d5x
√
g 〈Tµµ〉 = 1

(4π)2

∫
∂M5

d4y

{
−b1

2
3K̊

abδ∂nRanbn +
[2

3(b6 + b7 − 2b1)KacKb
c

+ 1
12 (b6 + b7)K2δab + 1

6 (3b1 − 2b6 − 2b7)KKab

−1
6 (b1 + b6 + b7) trK2δab + 4

3(2b4 + b5)W anbn
]
δRanbn

}
.

(4.44)

On the right-hand side of eq. (4.20), we need the log-divergent part of the integral of
eq. (4.39) in the near-boundary expansion of the metric in eq. (4.43). A straightforward
computation as in the previous subsection yields the same structure as in eq. (4.44), with
the identifications

AT = 4b1, β1 = −8
3 (2b4 + b5) , β2 = 2

3 (b6 + b7) + 13
3 b1 β3 = −4

3 (2b1 + b6 + b7) .

(4.45)

Our results in eq. (4.45) will play a crucial role in the holographic computations
in section 6.2. One interesting point to note about the relations in eq. (4.45) is that they
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are all invariant under the change of basis that replaces the intrinsic Euler density with
Q-curvature. That is, the relations in eq. (4.45) are invariant under the shifts in eq. (3.6),
after using the map from defect to boundary central charges in eq. (3.12). Specifically, under
these shifts b1 and b8 are invariant, while all other boundary central charges are shifted non-
trivially by multiples of aΣ. This raises the question of whether the invariance of eq. (4.45)
under this change of basis is universal to all orders, or if it is spoiled at fourth-order by
contributions due to δKab and δḡab. We leave this question for future research.

5 Defect central charges in d ≥ 6

In this section we use the results of section 4 to compute some defect central charges in ex-
amples of p = 4 conformal defects in d ≥ 6 CFTs. In subsection 5.1, we consider monodromy
defects in d = 6 free field theories. Specifically, we consider free, massless complex scalars
and free, massless Dirac fermions, and compute the defect central charges aΣ, d1 and d2.
We further consider the closely related n-fold cover and orbifold defects. In subsection 5.2,
we consider the bottom-up holographic example of an AdS5 probe brane in AdSd+1 with
d ≥ 6. In this case we compute all defect central charges in terms of the brane tension.

5.1 Monodromy defects in d = 6 free field theories

In this subsection, we compute the defect central charges aΣ, d1, and d2 for monodromy
defects in d = 6 free field CFTs. Generally, one can think of monodromy defects as surface
(q = 2) defects on which a topological q = 1 defect that implements a flavor symmetry
rotation can end. The authors of ref. [131] used holographic techniques for monodromy
defects in the large N limit of the interacting O(N) symmetric scalar theory, mapped to
S1 times hyperbolic space, to compute correlation functions such as 〈Tµν |Σ〉. Separately,
in ref. [132] monodromy defects were analyzed using defect Operator Product Expansion
(OPE) and free field techniques in Rd. In particular, in d = 4 ref. [132] related the one-point
function of the U(1) flavor current, 〈Jµ〉, as well as 〈DiDj〉 and 〈Tµν |Σ2〉, to the defect
central charges a(2d)

Σ , d(2d)
1 , and d(2d)

2 , respectively. In a similar fashion, we will use the form
of the defect Weyl anomaly in eq. (3.1) and the relations of its coefficients to correlation
functions in eqs. (4.13) and (4.31), as well as 〈Jµ〉, to compute aΣ, d1, and d2 for monodromy
defects in d = 6 theories of single free, massless complex scalars and Dirac fermions.

To begin, our ambient geometry is flat space in Euclidean signature, M6 = R6, with
metric ds2 = gµνdx

µdxν , which we write as

ds2 = γabdy
adyb + dρ2 + ρ2dθ2 = dτ2 + d~y2 + dρ2 + ρ2dθ2 . (5.1)

Here we have adopted polar coordinates in the {ρ, θ}-plane normal to the defect, which we
take to be embedded along ya = {τ, ~y}, at ρ = 0. In the computation of 〈DiDj〉 below, we
will find it more convenient to use the complex coordinate z = ρeiθ in the normal directions.

On this background we will place a free field CFT and turn on a non-trivial monodromy
around the surface ρ = 0. That is, we will start with the Euclidean action for a free,

– 30 –



J
H
E
P
0
2
(
2
0
2
2
)
1
6
6

massless, conformally coupled complex scalar ϕ,

Iscalar =
∫
d6x
√
g

(
D̂µϕ(D̂µϕ)† + 1

5R|ϕ|
2
)
, (5.2)

where, anticipating the introduction of a background gauge field for the U(1) flavor symmetry,
D̂µ denotes a gauge covariant derivative, i.e. D̂µϕ = ∂µϕ− iAµϕ, with ϕ having unit flavor
charge. We will also consider a free, massless Dirac fermion ψ, with action

Ifermion = −
∫
d6x|e|ψ̄D̂/ ψ , (5.3)

where |e| is the determinant of the components of frame fields, eA,

e0 = dτ , e1 = dρ , e2 = ρ dθ , eβ = dyβ , (5.4)

and β = 3, . . . , d runs over the indices for the defect’s spatial directions. We also denote
the gauge covariant Dirac operator D̂/ = Γµ(∂µ + Ωµ − iAµ), with Ωµ = 1

8ωµ
AB[ΓA,ΓB],

Γµ = eAµΓA denoting the d = 6 gamma matrices obeying the usual Clifford algebra
{Γµ, Γν} = 2gµν16, and ωAB being the spin connection.

We construct a monodromy defect by turning on a constant background gauge field
for the U(1) flavor symmetry, where for free Dirac fermions we explicitly choose the
non-anomalous vector U(1)V flavor symmetry,

A = αdθ , (5.5)

and minimally coupling to ϕ or ψ with unit charge. In what follows, we set α ∈ [0, 1)
for both free scalars and free Dirac fermions. Turning on A is equivalent to prescribing a
non-trivial monodromy, ϕ→ e−iαθϕ, and similarly for ψ, if we gauge away the singular (at
ρ = 0) background gauge field. The conserved current Jµ sourced by Aµ has a non-trivial
one-point function, whose form is fixed up to a function of α,

〈Jθ(x)〉 = CJ(α)
ρd

. (5.6)

If we consider a spherical monodromy defect, then ref. [132] showed that, for d even, CJ (α)
is related to the defect A-type anomaly coefficient by

dA
dα

= (−1)
d
2

4π
d
2

Γ(d2)
CJ(α) , (5.7)

where A =
∫ √

g〈Tµµ〉 is the integrated Weyl anomaly. On the sphere the only part of A
that is non-vanishing is the integrated Euler density. In our case, eq. (5.7) implies

aΣ(α) = π3

2

∫
dαCJ(α) . (5.8)

For a monodromy defect, eq. (5.8) thus gives us another observable, in addition to those in
section 4, to obtain a defect central charge, namely aΣ.

– 31 –



J
H
E
P
0
2
(
2
0
2
2
)
1
6
6

Ref. [132] provides the details for the solutions of the free fields’ equations of motion,
using a mode expansion that exploits the defect’s cylindrical symmetry, followed by the
computation of the propagators, and then the calculation of 〈Jµ〉, 〈DiDj〉, and 〈Tµν |Σ〉.

Importantly, however, the choice of α does not uniquely specify the monodromy defect.
There is a possibility of having two different defect operators with the same transverse spin
that both appear in the defect OPE of a free field. The free field equations of motion do put
strong constraints on the defect OPE [132, 134]. For co-dimension 2 defects, a free scalar
can only couple to defect scalars Ô±s of dimension ∆±(s) = d−2

2 ± |s|, while a free fermion
couples to defect fermions of dimension ∆±(s) = d−1

2 ± |s|, where s is the transverse spin
of the defect operator. While the plus sign is possible for any s, defect unitarity restricts
the choice of the minus sign to cases where |s| < 1. The monodromy boundary condition
means further that s ∈ Z − α. Further information about spin s = −α and s = 1 − α
defect operators must be specified to define the monodromy defect. In the case of the
scalar, we use the two free constants ξ, ξ̃ ∈ [0, 1] to parametrize the admixture of the Ô−−α
and Ô−1−α operators in the defect OPE of the bulk scalar. We also note that these two
primary operators correspond to the defect limit of singular modes with a mild divergence,
i.e. modes with divergences softer than ρ−1 as ρ→ 0.

The analysis of the Dirac fermions has an additional wrinkle. In this case, consistent
solutions to the equations of motion in the presence of a monodromy defect required at
least one of two singular modes, which in the conventions of ref. [132] are contained in some
components of the defect spinors ψ̂α and ψ̂−α. It is enough then to introduce only one
constant ξ ∈ [0, 1] to fix the defect OPE of the bulk fermion.

5.1.1 〈Tµν〉 for monodromy defects in d = 6

Using the relations in eqs. (2.22) and (4.31), we can use free field methods to derive d2 from
the one-point function of the stress tensor for both free scalars and free Dirac fermions.
Starting with the theory of free scalars in eq. (5.2) and the definition of the stress-tensor,

Tµν ≡
2
√
g

δIscalar

δgµν
, (5.9)

we find

Tµν = D̂µϕ(D̂νϕ)† + (D̂µϕ)†D̂νϕ−
2
5

[
DµDν + 1

4gµν�−Rµν
]
|ϕ|2 . (5.10)

To fix the coefficient of the one-point function of the stress tensor we can analyze the
ρρ-component, which takes the form [132]

〈Tρρ〉 = −α(1− α2)(2− α)
360π3

(
α(1− α) + 6α2ξ

2− α + 6(1− α)2ξ̃

1 + α

)
1
ρ6 ,

⇒ h = α(1− α2)(2− α)
360π3

(
α(1− α) + 6α2ξ

2− α + 6(1− α)2ξ̃

1 + α

)
.

(5.11)

Using eq. (4.31), we can then easily read off the value of the defect central charge,

d2 = −α(1− α2)(2− α)
72

(
α(1− α) + 6α2ξ

2− α + 6(1− α)2ξ̃

1 + α

)
. (5.12)
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For free Dirac fermions, we start from eq. (5.3) and vary with respect to the frame
fields to find,

Tµν = 1
2
(
ψ̄Γ(µ∂ν)ψ − ∂(µψ̄Γν)ψ − ψ̄(Ω(µΓν) − iA(µΓν))ψ

)
, (5.13)

where parenthesis denotes symmetrization across indices. In this case, the ρρ-component of
the one-point function of the stress tensor takes the form [132]

〈Tρρ〉 = −α(1− α2)(2− α)
90π3

(
α(α+ 2) + 3(1− 2α)ξ

) 1
ρ6 ,

⇒ h = α(1− α2)(2− α)
90π3

(
α(α+ 2) + 3(1− 2α)ξ

)
.

(5.14)

Using eq. (4.31), we read off the value of the defect central charge,

d2 = −α(1− α2)(2− α)
18

(
α(α+ 2) + 3(1− 2α)ξ

)
. (5.15)

Note that d2 for monodromy defects in theories of both free scalars and free Dirac
fermions in eqs. (5.12) and (5.15), respectively, are negative semi-definite. That is, for any
value of ξ, ξ̃ ∈ [0, 1], or ξ ∈ [0, 1] and α ∈ [0, 1), d2 ≤ 0, in accord with the defect ANEC
argument in subsection 4.2.1.

5.1.2 〈DD〉 for monodromy defects in d = 6

By virtue of the simple nature of the construction of the monodromy defect, the stress-tensor
of a field coupled to the A in eq. (5.5) obeys

DµTµν = JµFµν , (5.16)

where Fµν is the curvature of A, which has non-vanishing θρ-components proportional
to δ(ρ). Comparing to eq. (2.17), we can see that the current J is proportional to the
displacement operator D. Explicitly, adopting complex coordinates z = ρeiθ and z̄ = ρe−iθ,
the relation between the D and J , when ξ = ξ̃ = 0, is

Dz = −2πiαJz|z,z̄=0 , Dz̄ = 2πiαJz̄|z,z̄=0 . (5.17)

For generic values of ξ, ξ̃ 6= 0 we need the defect OPE, which was computed in ref. [132].
For the theory of free scalars in eq. (5.2), a computation of the defect OPE coefficients

that determine cDD appears in section 3.2.4 of ref. [132]. Sparing the details, the displacement
operator two-point function for a single free complex scalar in the presence of a monodromy
defect in d = 6 takes the form

〈Dz(y)Dz̄(0)〉 = 2α(1− α2)(2− α)
π4

(
α(1− α) + 6α2ξ

2− α + 6(1− α)2ξ̃

1 + α

)
1
|ya|10 . (5.18)

Using the relation between cDD and d1 in eq. (4.13), we find that a generic monodromy
defect in a theory of free scalars in d = 6 is given by

d1 = −α(1− α2)(2− α)
36

(
α(1− α) + 6α2ξ

2− α + 6(1− α)2ξ̃

1 + α

)
. (5.19)
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Figure 2. Behavior of d1 as a function of α for a monodromy defect in a theory of a single
conformally coupled complex scalar in d = 6, from eq. (5.19). The solid lines have fixed ξ̃ = 0 and
varying ξ, while the dashed lines have fixed ξ = 0 and varying ξ̃.

In figure 2 we plot d1 as a function of α for the monodromy defect in the theory of free
complex scalars, for various values of ξ, ξ̃.

For the theory of free Dirac fermions in d = 6 in eq. (5.3), a similar analysis using the
defect OPE for D was carried out in section 4.2.3 of ref. [132]. Again sparing the details,
the displacement operator two-point function for free Dirac fermions in the presence of a
monodromy defect with singular modes turned on, with generic 0 < ξ < 1, takes the form

〈Dz(y)Dz̄(0)〉 = 8α(1− α2)(2− α)
π4

(
α(2 + α) + 3(1− 2α)ξ

) 1
|ya|10 . (5.20)

Using the same relation between cDD and d1 in eq. (4.13), we find

d1 = −α(1− α2)(2− α)
9

(
α(2 + α) + 3(1− 2α)ξ

)
. (5.21)

We plot this d1 in figure 3.
Monodromy defects in free field theories obey the following relation between h and

cDD, originally conjectured for superconformal defects in ref. [102]

cDD = 2dd
π
d−3

2
Γ
(
d+ 1

2

)
h ⇒ d1 = 2d2 . (5.22)

Comparing eqs. (5.12) and (5.19) for free scalars, and eqs. (5.15) and (5.21) for free Dirac
fermions, we find precisely d1 = 2d2 in both cases. Note also that in both cases, d1 ≤ 0 for
all α ∈ [0, 1) and ξ, ξ̃ ∈ [0, 1], as expected from reflection positivity for 〈DD〉.

5.1.3 〈J〉 for monodromy defects in d = 6

Starting with the theory of free scalars in eq. (5.2), the conserved U(1) current is given by

Jµ = 1
√
g

δIscalar

δAµ
= −iϕDµϕ

† + iDµϕϕ
† + 2Aµ|ϕ|2 . (5.23)

– 34 –



J
H
E
P
0
2
(
2
0
2
2
)
1
6
6

������

0.2 0.4 0.6 0.8 1.0

-0.10

-0.08

-0.06

-0.04

-0.02

Figure 3. Behavior of d1 as a function of α for a monodromy defect in a theory of a single free
Dirac fermion in d = 6 for various values of ξ, from eq. (5.21). Note that when α = 1/2, d1 is
independent of ξ.

A brief computation of the non-vanishing components of Jµ using the mode expansion for
ϕ with arbitrary ξ, ξ̃ yields [132]

〈Jθ〉 = α(1− α2)(2− α)
120π3

(
1− 2α+ 10αξ

2− α −
10(1− α)ξ̃

1 + α

)
1
ρ4 . (5.24)

From eq. (5.24) we can compute aΣ using eq. (5.8). The integral generates an undetermined,
α-independent constant, c, that can be fixed by imposing the boundary conditions that
aΣ = 0 for α = 0 with ξ̃ = 0, and for α = 1 with ξ = 0. Computing the integral with the
appropriate boundary conditions, c(ξ, ξ̃) = ξ̃/15, then gives

aΣ(α,ξ, ξ̃) = α2

720(1−α)2(3+α−α2)+ α3

360(5−3α2)ξ− (1−α)3

360 (3α2−6α−2)ξ̃ . (5.25)

We plot this aΣ in figure 4.
With an explicit expression for aΣ, we can test the p = 4 defect c-theorem of ref. [39]

by studying a simple defect RG flow. Suppose only the ∆ = 2− |α| mode, Ô−−α, is present
in the defect OPE, i.e. ξ̃ = 0. We can then build a defect-relevant quadratic deformation

λ

∫
d4y Ô−−α(y)Ô†−−α(y) , (5.26)

with relevant defect coupling constant λ. As shown in ref. [132] for general d, starting from
any value of ξ in the UV and deforming the monodromy defect by the defect relevant operator
in eq. (5.26), the defect theory flows at fixed α to an IR fixed point with ξ = 0. Looking at
the behavior of aΣ in eq. (5.25) under this flow, we see that aΣ,UV(α, ξ, 0) ≥ aΣ,IR(α, 0, 0)
for all values of ξ ∈ [0, 1], consistent with the c-theorem of ref. [39].

Repeating the same analysis for the theory of free Dirac fermions in d = 6 in eq. (5.3),
the conserved vector U(1) current is

Jµ = iψ̄Γµψ . (5.27)
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Figure 4. Behavior of aΣ as a function of α for a monodromy defect in a theory of a single
conformally coupled complex scalar in d = 6. The solid lines have fixed ξ̃ = 0 with varying ξ, and
the dashed lines have fixed ξ = 0 with varying ξ̃.

Using the mode expansion of ψ with arbitrary ξ, the non-vanishing components of Jµ are
found to be of the form [132]

〈Jθ〉 = α(1− α2)(2− α)(2 + α− 5ξ)
15π3

1
ρ4 . (5.28)

In order to fix the undetermined constant in eq. (5.8), we fix the boundary conditions such
that aΣ = 0 when α = 0 and ξ = 0, and when α = 1 and ξ = 1. Computing the integral
with CJ(α) in eq. (5.28), we set c(ξ) = −11ξ/360, which gives

aΣ(α, ξ) = α2

360(2α4 − 15α2 + 24) + (1− 2α)
360 (6α4 − 12α3 − 16α2 + 22α+ 11)ξ . (5.29)

We plot this aΣ in figure 5.
The defect RG flows for monodromy defects in a theory of free Dirac fermions are

similar to the scalar case. We again try to construct relevant boundary deformations from
the extra operators, either (ψ̂−α)2 or (ψ̂1−α)2. These composite operators have scaling
dimension ∆ = 5− 2α and ∆ = 3 + 2α respectively. Thus the first is relevant in the range
α > 1

2 and the second in the range α < 1
2 . If α >

1
2 , then (ψ̂−α)2 triggers a flow from a UV

fixed point with arbitrary ξ to an IR fixed point with ξ = 1, while if α < 1
2 , then (ψ̂1−α)2

triggers an RG flow from a UV fixed point with arbitrary ξ to an IR fixed point with ξ = 0.
Looking at the behavior of aΣ(α, ξ) in eq. (5.29), we again find that aΣ,UV(α, ξ) ≥ aΣ,IR(α, 1)
for α ≥ 1

2 , and aΣ,UV(α, ξ) ≥ aΣ,IR(α, 0) for α ≤ 1
2 . In the limiting case α = 1

2 , both (ψ̂+ 1
2
)2

and (ψ̂− 1
2
)2 are exactly marginal deformations, and do not trigger an RG flow. Because

A-type defect central charges are independent of defect marginal couplings [16], we expect
aΣ(1

2 , ξ) to be independent of ξ. Indeed, aΣ(1
2 , ξ) = 163

11520 for all ξ ∈ [0, 1], as seen in figure 5.
As a final note regarding monodromy defects, we can use the computation of aΣ and d2

to make a prediction for the defect contribution to the universal part of EE of a spherical
region centered on the defect. From eq. (4.38), we find that for monodromy defects in free
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Figure 5. Behavior of aΣ as a function of α for a monodromy defect in a theory of a single free
Dirac fermion in d = 6 for various values of ξ. Note that when α = 1/2, aΣ is independent of ξ.

scalar field theories in d = 6,12,13

SA,Σ4 =−
[
α2

180(1−α)2+α3ξ

45 + ξ̃

45(1−α)3
]

log
(
L

ε

)
, (5.30)

while for a monodromy defect in a theory of free Dirac fermions in d = 6,

SA,Σ4 = −
[
α2

90
(
16− 5α2

)
+ ξ

90
(
20α3 − 30α2 − 12α+ 11

)]
log

(
L

ε

)
. (5.31)

For the defect RG flows described above, this contribution to EE is monotonic, that is,
the UV values, with 0 ≤ ξ, ξ̃ for scalars and 0 ≤ ξ ≤ 1 for fermions, are greater than the
IR values. However, whether the same is true for more general defects, and in particular
whether this is required by some physical principle, remain open questions.

5.1.4 n-fold covers and orbifolds

The monodromy defects of the previous subsection are convenient building blocks for
constructing other p = 4 defects in free-field CFTs, namely n-fold covers and orbifolds. In
this subsection we will use the results of the previous subsection to compute aΣ, d1, and
d2 for n-fold covers and orbifolds in d = 6 free CFTs. We will start with the scalar field
because the boundary conditions are easier to implement. Once we have those results, we
will consider the free fermion.

12We are grateful to J.S. Dowker for alerting us to a typo in an earlier version of the manuscript.
13Ref. [133] computes the universal contribution of a monodromy defect to EE, and suggests that their result

is in conflict with our eq. (5.30). However, we do not find any discrepancy between our results. Indeed, we find
perfect agreement. The defect EE crucially depends on the relative position of the entangling surface and the
defect. Ref. [133] considers a spherical monodromy defect on Sd, and computes the defect contribution to the
universal part of the EE of a region coincident with the defect. This set-up differs from the one in the present
paper where the entangling surface intersects the defect in an equatorial Sd−4, as explained above eq. (4.35).
The results of these two computations do not agree in general. Rather, in changing the orientation of the
defect relative to the entangling surface from the intersecting case to the coincident one, the contribution from
the stress tensor one-point function acquires an overall factor of (d+1−q)/(1−q) = −(d−1) for co-dimension
q = 2. Accounting for this additional factor, one recovers the result of ref. [133] from the one presented here.
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For the scalar field, we can construct an n-fold cover of the plane (x1, x2) using a vector
of scalar fields ~φ = (φ1, · · · , φn) with funny boundary conditions along the cut x2 = 0 and
x1 > 0. The boundary conditions are implemented using the following n× n shift matrix:

TS =



0 1 0 · · · 0
0 1 · · · 0

... . . . ...
0 · · · 0 1
1 0 · · · 0 0


. (5.32)

We impose continuity and smoothness of the normal derivative along the cut x2 = 0 and
x1 > 0: ~φ = TS~φ and ∂2~φ = TS∂2~φ. Since the original Lagrangian is quadratic, it is
convenient to switch to a basis where TS is diagonal. In that new basis, we instead have
n scalar fields, each of which experiences a monodromy upon going around the branch
point, x1 = x2 = 0: φ̃j → exp(2πij

n )φ̃j for j = 0, . . . , n − 1. The n phases exp(2πij
n ) are

the eigenvalues of TS . We have chosen the range of j so that the monodromy parameter
α ∈ [0, 1). We also fix ξ = ξ̃ = 0, the physical intuition being that these values correspond
to IR fixed points and should be “more stable”. While our results will be sensitive to this
selection of α, our choice is consistent with some cross checks we perform below.

As a result of this map from the monodromy defects to the n-fold cover, we can express
each defect central charge for the n-fold cover as a sum over the central charge of the mon-
odromy defects. We immediately have d1 = 2d2 from eq. (5.22), because this is obeyed by the
monodromy defects themselves. For aΣ and d1 we perform the requisite sums over j to find

aΣ = (n2 − 1)(9n4 + 9n2 + 2)
60480n5 , (5.33a)

d1 = −(n2 − 1)(31n4 + 31n2 + 10)
15120n5 . (5.33b)

Note that d1 is negative for integer n > 1, as expected for a reflection-positive theory. The
final bit of magic is to recognize that the Zm orbifold, i.e. R4 × (R2/Zm), can be obtained
upon the identification n = 1/m. As the orbifold theories have m > 1, and thus n < 1,
remarkably d2 > 0, in seeming violation of the ANEC. Furthermore, d1 > 0, in violation
of reflection positivity for the displacement operator.

As a cross check, we can compare our result for m = 2 with an equivalent calculation
in ref. [135] for the orbifold Rp × (Rq/Z2), using the method of images. In that case, the
one-point function for the stress tensor had14

h = − 1
2d(d− 1)vol(Sd−1) , (5.34)

which for p = 4 and q = 2 agrees with eq. (5.33b), and was also noted in ref. [135] to
violate the ANEC. While conical spaces with negative deficit angle appear to be consistent
with the ANEC, these orbifold examples with positive deficit angle violate the ANEC, and
exhibit a curious violation of reflection positivity for the displacement operator.

14We are setting the parameter N = 1 in ref. [135] because we have a complex scalar, but we also need
to divide by two to normalize the charge strength using the method of images. We have also included a
standard factor of (d− 2)vol(Sd−1) in the normalization of the scalar two-point function.
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Next we consider the fermions, which are more involved because fermions pick up a
minus sign under 2π rotation. The same strategy that worked for the scalars will work here,
but we need a more general matrix to impose the boundary conditions (see e.g. ref. [136])

TF =



0 ω 0 · · · 0
0 ω · · · 0

... . . . ...
0 · · · 0 ω

ω 0 · · · 0 0


. (5.35)

We choose ω = exp(πi(n−1)
n ) so that (TF )n = (−1)n−1. One can think of (TF )n as transport-

ing the fermions around the branch point n times, giving rise to a factor of (−1)n. However,
mapping the n-fold cover back to the plane introduces an extra factor of −1. In this case,
we choose a branch cut for the eigenvalues of TF such that α ∈ (−1

2 ,
1
2),

α ∈
(
−n− 1

2n ,−n− 3
2n , . . . ,

n− 1
2n

)
. (5.36)

We also set ξ = 0, again because for α < 1
2 , ξ = 0 corresponds to the IR fixed point theory.

Summing the monodromy results, we find for the n-fold cover that

aΣ = (n2 − 1)(1221n4 + 276n2 + 31)
241920n5 , (5.37)

d1 = −(n2 − 1)(367n4 + 178n2 + 31)
12096n5 . (5.38)

A Zm orbifold can again be obtained under the replacement n→ 1/m. Note d2 again has
the wrong sign to obey the ANEC for the orbifolded cases, n < 1, and d1 will again violate
reflection positivity for the displacement operator.

For the orbifold, the value of d1, or equivalently h, is straightforward to check using
the method of images, at least for odd m. The two point function for the fermion in this
case can be written as [137]

〈ψ(x)ψ†(x′)〉=− 1
m

1
(d−2)vol(Sd−1)γ

µ∂µ

m−1∑
k=0

(−1)ke−γ1γ2 πk
m

(|z−e2πik/mz′|2+(y−y′)2)(d−2)/2 . (5.39)

Note we have divided the two-point function by a factor of m to normalize the strength of
the inserted charges to one. Inserting this expression into a point-split version of the stress
tensor, regulating by subtracting the stress tensor for the unorbifolded case, and carefully
taking the limit x′ → x yields h, and hence via eqs. (4.31) and (5.22) also d1 in eq. (5.38).

The coefficients aΣ, d1, and d2 for the n-fold covers compute universal contributions to
the Rényi entropies associated with a spatial region bounded by a curved surface, Σ4. In
the n→ 1 limit, via the replica trick, they also compute universal contributions to the EE.
Furthermore, in the n→ 1 limit [64], these coefficients are related to the central charges of
the ambient d = 6 CFT, which were computed for free fields in ref. [91]: in terms of the
d = 6 CFT Weyl anomaly in eq. (2.14), for a free real scalar in d = 6,

(a(6d), c(6d)
1 , c(6d)

2 , c(6d)
3 ) = 1

7!

(5
9 ,−

28
3 ,

5
3 , 2

)
, (5.40)
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while for a free Dirac fermion in d = 6,

(a(6d), c(6d)
1 , c(6d)

2 , c(6d)
3 ) = 1

7!

(191
9 ,−896

3 ,−32, 40
)
. (5.41)

The Euler density is normalized such that on a unit sphere, E6 = 720. From ref. [64], we
learn that for the n-fold cover in the n → 1 limit, aΣ, d1, d19, d20, d21, and d22 can be
expressed as combinations of a(6d), c(6d)

1 , c(6d)
2 , and c(6d)

3 . Since we have not independently
computed d19, d20, d21, and d22, we focus on the first two, aΣ and d1, for which we have
the predicted relations

∂

∂n
aΣ|n=1 = 3a(6d) , (5.42a)

∂

∂n
d1|n=1 = −12c(6d)

3 . (5.42b)

These agree with the E6 and I3 coefficients in eqs. (5.40) and (5.41), remembering to double
eq. (5.40) because the monodromy defects involve complex scalars.

5.2 Weyl anomalies for probe AdS5 branes in AdSd≥7

In this subsection, we will compute the defect central charges for a p = 4 defect described
holographically by a probe brane wrapping an AdS5 submanifold in an ambient AdSd+1
background with d ≥ 6. In particular, using the results obtained by Graham and Reichert
in ref. [83],15 we will be able to map a higher-dimensional generalization of the Willmore
energy [139], computed for co-dimension q = d− 4 branes, to the integrated Weyl anomaly
of the holographically dual defect at the boundary of the AdS5 submanifold. We will briefly
review the construction in ref. [83], and draw on the analogous computation of holographic
central charges in p = 2 DCFTs following from the Graham-Witten anomaly [24], to read
off the defect central charges from eq. (3.1).

Following ref. [83], let (Xd+1, g+) be a (d + 1)-dimensional Poincaré-Einstein space
with metric g+, and with conformal boundary (∂Xd+1, g+|∂) = (Md, g), where Md is a
Riemannian manifold with metric g. In an asymptotic region near ∂Xd+1, we can express
g+ in normal form as

g+ = 1
r2 (dr2 + g). (5.43)

Of course, (Md, g) exists as an element of the equivalence class of boundary conformal
geometries. In particular, using the defining function r2, and denoting ĝ = r2g+ = dr2 + g,
the boundary metric at r = 0 is precisely g.

Let (Yp+1, ḡ+) be a (p+1)-dimensional embedded submanifold of (Xd+1, g+), transverse
toMd, with induced metric ḡ+ obtained from the pullback of g+ to Yp+1. The boundary
submanifold is (∂Yp+1, ḡ+|∂) = (Σp, ḡ) where Yp+1 ∩Md = Σp. The boundary metric ḡ
is induced by the pullback of ĝ (or equivalently the pullback of ˆ̄g = r2ḡ+), and the local
coordinates on Σp are denoted ya, as in section 2.

15A similar analysis, extending ref. [24] to a co-dimension q = d− 4 submanifold, was done in ref. [138].
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Assuming that Σp is a compact submanifold embedded in Md, in ref. [83] Graham
and Reichert show that the renormalized area of Σp, denoted AΣ, computed in the collar
neighborhood of ∂Yp+1 with cutoff parameter ε, is

AΣ =
p
2−1∑
n=0

a2n ε
−p+2n − Ep log ε+ . . . (5.44)

as ε → 0. The coefficient of the log divergent term, Ep, is the Graham-Reichert (or
generalized Willmore) energy. Ep encodes the conformally invariant part of the anomaly for
even dimensional conformal defects Σp embedded inMd.

Broadly, Ep is computed by first writing the area density, dSY , on Yp+1 in the collar
neighborhood of the boundary as dSY = rp−1φ(y, r)drdSΣ, where dSΣ is the area density
on Σp induced by the pullback of the metric g onMd. The invariant function φ(y, r) is
determined by the extension of the induced metric ḡ on Σp into the neighborhood Σp× [0, ε),
where φ has an expansion in even powers of r. Computing the expansion of φ and extracting
the rpφ(p) part, the Graham-Reichert energy is

Ep =
∫

Σp
dSΣ φ(p)(y).

By choosing a convenient coordinate system at a point y′ ∈ Σp, namely geodesic normal
coordinates at y′, and making the assumption that the normal bundle frame is covariantly
constant along the ya-directions at y′, the authors of ref. [83] were able to compute φ(4) in
the case p = 4. Ultimately, their result for the Graham-Reichert energy is, for compact Σ4,

E4 = 1
128

∫
Σ4
dSΣ

(
D
aIIiDaIIi − IIiIIjIIiabIIabj + 7

16(IIiIIi)2 − IIiIIjW a
iaj

− 8P aiDaIIi − 8CaaiIIi − 8P abIIiabIIi + 5P aa(IIiIIi)

− 16P abPab + 16P aiPai + 16(P aa)2 − 16
d− 4B

a
a

)
.

(5.45)

We can rewrite E4 using the basis in eq. (3.1). After a bit of algebra and replacing
d→ q + 4 for convenience, we find that the Graham-Reichert energy takes the form

E4 = 1
128

∫
Σ4
d4y

(
2Ē4+8J1+ 8

q
J2−2WabcdW

abcd−2(Wab
ab)2− 16

3qWaibjW
aibj

+ 8(3q+14)
9q W b

iabWc
iac+ 16

3qWabjkW
abjk+ 4(q+2)

3q WiabcW
iabc

+ 8(3q+2)
3q W c

acbWd
adb+ 16

3qW
a
iajWb

ibj+4Wab
abI̊IicdI̊I

cd
i

+ 8(q−2)
3q W a

bij I̊I
i
acI̊I

jbc− 16(q+4)
3q W a

ibj I̊I
i
acI̊I

jbc

− 16(2q+1)
3q W abcdI̊IiacI̊Iibd−

8(7q+6)
3q Wa

bacI̊IibdI̊Iicd

+ 8(q+6)
3q W c

icj I̊I
i
abI̊I

jab+8Tr I̊IiI̊IiI̊I
j I̊Ij+4Tr I̊IiI̊Ij I̊IiI̊Ij

−2(Tr I̊IiI̊Ii)2−4Tr I̊IiI̊IjTr I̊IiI̊Ij
)
.

(5.46)
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aΣ d1 d2 d3 d4 d5 d6 d7 d8 d9 d10 d11

1
4 −1 −1

q
1
4

1
4

2
3q − (3q+14)

9q 0 0 − 2
3q − (q+2)

6q − (3q+2)
3q

d12 d13 d14 d15 d16 d17 d18 d19 d20 d21 d22 —

− 2
3q −1

2
2−q
3q

2(q+4)
3q

2(2q+1)
3q

(7q+6)
3q − (q+6)

3q −1 −1
2

1
4

1
2 —

Table 1. Defect central charges of a p = 4 defect holographically dual to an AdS5 probe brane in
AdSd+1 (i.e. co-dimension q = d− 4), in units of π2L5

AdSTbr.

We want to use this expression to read off the defect Weyl anomaly arising from an
AdS5 probe brane in AdSd+1, with d ≥ 6. We define a holographically dual action with an
Einstein-Hilbert term, with negative cosmological constant, and a probe brane term,

I = − 1
16πGN

∫
drddx

√
g+

(
R+ d(d− 1)

L2
AdS

)
+ Tbr

∫
drdpy

√
ḡ+ , (5.47)

where LAdS is the curvature scale of the bulk AdSd+1 geometry, R is the scalar curvature of
the holographic space Xd+1, Tbr is the brane tension, and g+ and ḡ+ denote the determinants
of the bulk AdSd+1 metric and induced probe brane metric, respectively. The holographically
renormalized on-shell action of the probe brane takes the asymptotic form in eq. (5.44),
with the identification of the log divergent piece as

E4 = −
∫ √

ḡ〈Tµµ|Σ4
〉 . (5.48)

Thus, comparing eq. (5.46) to eq. (3.1), we find 20 non-vanishing defect central charges,
listed in table 1, in units of (π2L5

AdSTbr).
We can check our results for aΣ and d2 in table 1 by considering the defect contribution

to the EE. When the entangling region is a sphere of radius L centered on the defect, the
defect contribution to EE has been obtained for generic p and q in ref. [36], using the method
described in ref. [140], valid for probe branes dual to conformal defects. The same result can
be obtained using the method of ref. [141], based on adapting the generalized gravitational
entropy of Lewkowycz and Maldacena [142] to the case when probe branes are embedded in
the bulk spacetime (see ref. [143] for a generalization to the case of non-conformal branes).
When p = 4, the result is

SA,Σ4 = − 4π2

d− 1L
5
AdSTbr log

(
L

ε

)
. (5.49)

By plugging the values of aΣ and d2 listed in table 1 into the general expression eq. (4.38)
we find perfect agreement. In addition, when q = 1, or equivalently d = 5, the universal
part of EE reduces to −4aΣ, as expected since h = 0 in that case.

When d = 6 we can interpret our probe brane as the minimal-area surface used in Ryu
and Takayanagi’s holographic prescription for computing EE [144, 145]. From that point of
view, to obtain the universal part of the EE from eq. (5.46), we must set Tbr = 1 and divide
by 4GN . With those changes, our results in table 1 can be interpreted as holographic results
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for the twist defect in a d = 6 CFT holographically dual to Einstein-Hilbert gravity in
AdS7, in the limit where the replica index n→ 1. Our result of course agrees with those in
refs. [144, 145], for example for the EE of a spherical region. More generally, as mentioned
in sections 1, 2, and 5.1.4, the defect central charges appearing in the universal part of EE
should be linear combinations of the d = 6 CFT central charges, computed holographically
from the Einstein-Hilbert action in refs. [89, 90]. Our result eq. (5.46) by itself is insufficient
to determine those linear combinations, but should provide useful data point for doing so.

6 Boundary central charges in d = 5

In this section, we restrict our attention to examples where the p = 4 defect has co-dimension
q = 1, including cases with a d = 5 ambient manifold with boundary. The Weyl anomaly
for p = 4 and co-dimension q = 1 in eq. (3.10) is clearly much simpler than that of a
p = 4 defect of general co-dimension in eq. (3.1), and in particular we will only need to
compute, at most, 9 independent boundary central charges. To do so, we will consider
two separate examples, each requiring different modes of analysis. First, in subsection 6.1,
we will study a defect holographically dual to an AdS5 probe brane in AdS6. Second, in
subsection 6.2, we will study Takayanagi’s AdS/BCFT [84, 85] with d = 5 where, by solving
for the back-reaction, we will be able to compute several of the boundary central charges.
Being bottom-up holographic models, both examples describe a p = 4 defect or boundary
in a strongly-coupled, large-N CFT in d = 5, respectively.

6.1 Weyl anomalies for AdS5 branes in AdS6

In this subsection, we reconsider the computation of the Graham-Reichert energy for AdS5
probe branes in section 5.2 in the limiting case where q = 1. Compared to the q > 1 case,
for AdS5 probe branes in AdS6, the number of structures that can appear is greatly reduced.

For an AdS5 probe brane embedded in AdS6,

E4 = 1
128

∫
∂M5

(
(DaK)2 + (5P aa −K2)TrK2 + 7

16(TrK2)2 + 8P anDaK + 8CaanK

+ 8P abKabK + 16(P anPan + (P aa)2 − P abPab −Ba
a)
)
. (6.1)

By using the Gauss-Codazzi-Ricci equations in appendix C, and after partial integration on
the defect, we can expand eq. (6.1) in the same basis as eq. (3.10), which gives

E4 = 1
128

∫
∂M5

(
2E4 + 8I1 − 6(TrK̊2)2 + 12TrK̊4 − 2WabcdW

abcd − 16K̊acK̊bdWabcd

+ 8WanbnW
anbn + 8K̊acK̊b

cWanbn + 4WnabcW
nabc

)
. (6.2)

From this expression for E4, the relation to the Weyl anomaly eq. (5.48), and the conventions
in eq. (5.47), we can extract the q = 1 defect central charges for the AdS5 probe brane,
which are listed in table 2 in units of π2L5

AdSTbr. Note that using the relations in eq. (3.12),
taking the q → 1 limit of the central charges in table 1 agree with those found in table 2.
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aΣ b1 b2 b3 b4 b5 b6 b7 b8
1
4 −1 3

4 −3
2

1
4 −1 2 −1 −1

2

Table 2. Defect central charges for the AdS5 probe brane in AdS6 in units of π2L5
AdSTbr.

6.2 Weyl anomalies in AdS/BCFT

In this subsection we study the boundary central charges in the AdS/BCFT setup proposed
by Takayanagi [84, 85]. This is a bottom-up model where, in the Euclidean-signature
formulation, the holographic space is determined by the action

Sgrav = − 1
16πGN

∫
N

√
g (R− 2Λ)− 1

8πGN

∫
Q

√
ḡ (K − T )− 1

8πGN

∫
Md

√
ḡK . (6.3)

In the above equation N denotes the holographic space equipped with the metric g. Its
boundary is ∂N = Q ∪ Md, with induced metric denoted by ḡ. Md coincides with
asymptotic boundary where the BCFT is defined, while Q is an end-of-the-world brane. By
construction we require Q∩Md = Σd−1 6= ∅, which is the boundary of the BCFT. R is the
curvature on N , and Λ = −d(d− 1)/(2L2

AdS) is the cosmological constant. The extrinsic
curvature of ∂N is denoted by K, and T , which we assume to be a constant, arises from
matter fields on Q. In this framework, T is related to the boundary condition of the BCFT.

In the action principle we impose Dirichlet and Neumann boundary conditions on Md

and Q, respectively. Requiring a stationary action yields the bulk equations of motion

RMN −
1
2R gMN + ΛgMN = 0 , (6.4)

and the boundary condition

KMN = (K − T ) ḡMN only on Q , (6.5)

where M,N = 1, . . . d+ 1 are indices on N . The simplest solution to these equations is

N : ds2 = L2
AdS

z2

(
dz2 + dy2 + dx2

⊥

)
, (6.6)

Q : x⊥ = (cot θ) z , θ ∈ (0, π) , (6.7)

where z is the holographic coordinate, and we set T = −(d − 1)/LAdS cos θ. The angle
θ describes how the end-of-the-world brane extends into N , see the left side of figure 6.
This solution has an SO(d, 1) isometry, and corresponds to a BCFT in the vacuum state
when the boundary is the (d − 1)-dimensional hyperplane at x⊥ = 0, with coordinates
y = (y1, . . . , yd−1). We use this solution to compute the A-type boundary central charge in
subsection 6.2.1, and some B-type boundary central charges in subsection 6.2.2.

6.2.1 Boundary A-type Weyl anomaly from AdS/BCFT

The A-type boundary central charge, aΣ, can easily be determined by computing the
partition function of the theory on the 5-ball, B5, and singling out the logarithmically
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Figure 6. The holographic space dual to the BCFT. The BCFT is defined on the manifold Md,
depicted in blue, and its boundary is represented by the red curve. The green surfaces correspond to
the end-of-the-world brane Q. Left: BCFT on half space in the vacuum state, with BCFT boundary
at x⊥ = 0 and angle θ between Q andMd. Right: BCFT on a ball in the vacuum state, with BCFT
radial coordinate ρ.

divergent contribution. According to the usual AdS/CFT dictionary, this corresponds to
the value of the on-shell action of the holographic space. As discussed in refs. [84, 85], the
relevant metric and embedding of Q can be found by applying a coordinate transformation.
This results in the same background metric, but with a new embedding for Q, given by the
BCFT radial coordinate ρ as a function of z as (see the right side of figure 6),

Q : ρQ(z) ≡

√
L2

sin2 θ
− (z + L cot θ)2, θ ∈ (0, π). (6.8)

Note that we re-expressed the metric onMd in spherical coordinates, such that its boundary
is mapped from x⊥ = 0 to ρ = L, and Σ4 = ∂B5, which we take to be an S4 with round
metric. Using eq. (6.8) and introducing a UV cutoff hypersurface at z = ε, the on-shell
action eq. (6.3) can be expressed as

Sgrav = 8π2

3
L4

AdS

16πGN

∫ R tan θ
2

ε
dz

[
10
∫ ρQ(z)

0
dρ

ρ4

z6 + 2 cos θ
ρ4
Q(z)
z5

√
1 + ρ′2Q(z)

]

= πL4
AdS

6GN

[
−1 + 2 sin2 θ

sin2 θ
cot θ log

(
L

ε

)
+ . . .

]
,

(6.9)

where in the last step we isolated the logarithmic contribution. It is the only important
term for our analysis, as it encodes the boundary Weyl anomaly. From eq. (6.9) we find∫

M5
〈Tµµ〉 = πL4

AdS

6GN
1 + 2 sin2 θ

sin2 θ
cot θ. (6.10)

For Σ4 = S4,
∫
M5
〈Tµµ〉 = −4aΣ, which implies

aΣ = −πL
4
AdS

24GN
1 + 2 sin2 θ

sin2 θ
cot θ. (6.11)

– 45 –



J
H
E
P
0
2
(
2
0
2
2
)
1
6
6

This result is consistent with the one found in ref. [36] using dimensional regularization.
Furthermore, as a function of θ, aΣ is monotonically increasing with increasing θ. Ref. [85]
found that there are boundary RG flows between different values of θ which must have
θUV ≥ θIR, assuming that the matter fields localized on Q obey the null energy condition.
Thus, the holographic central charge aΣ in eq. (6.11) decreases under a boundary RG flow,
which is consistent with the boundary a-theorem [39]. Finally, we observe that aΣ is not
positive definite, and vanishes at θ = π/2, similarly to the AdS4/BCFT3 case [85].

6.2.2 Boundary B-type Weyl anomalies from AdS/BCFT

We next study the B-type Weyl anomalies in AdS/BCFT. To do so, we need to find the
solution to the Einstein equation when the BCFT has a non-trivial background metric. As
in section 4.2.2, we need the expansion of the metric of the BCFT found in eq. (4.43), and
we will again assume a flat boundary metric ḡab on Σ4. In addition, in order to obtain
tractable equations of motion, we assume that Kab, Ranbn, and ∂nRanbn are constant.

Our strategy is to solve the equations of motion perturbatively in the dimensionless
quantity x⊥Kab (and x2

⊥Ranbn, x3
⊥∂nRanbn, etc.), following refs. [126, 146, 147]. We use the

following ansatz for the bulk metric [126]

ds2 = L2
AdS

z2

[
dz2 +

(
1 + η2x2

⊥G(2)(u) + η3x3
⊥G(3)(u)

)
dx2
⊥+

+
(
δab + η x⊥F

(1)
ab (u) + η2 x2

⊥F
(2)
ab (u) + η3x3

⊥F
(3)
ab (u)

)
dyadyb

]
+O(η4),

(6.12)

where u ≡ z/x⊥, η is a dimensionless parameter to keep track of the perturbative order,
and the functions G(i)(u) and F (i)(u) are to be determined. Furthermore, we take the
embedding function for Q to be of the form

uQ(x) = tan θ + ηB(1)x⊥ + η2B(2)x2
⊥ + η3B(3)x3

⊥ +O(η4) , (6.13)

where the B(i) are constants to be determined. The first order result was found in refs. [126,
146] for any dimension d, while the following orders are novel. Since the solution at higher
order is quite cumbersome, we report only the calculation at first order to illustrate the
method, while the higher orders appear in the supplementary Mathematica file.

Requiring that at z = 0 the boundary metric reduces to eq. (4.43) for u > 0 at first
order in η, one finds the following solution to the Einstein equations

F (1)
ab (u) = −2

(
K̊abf(u) + 1

4Kδab
)
, f(u) ≡ 1+ C1

2

(
u

1 + u2 + 2u− 3 arctan u
)
, u > 0,

(6.14)
with free coefficient C1. This solution, however, does not give a bulk metric that is smooth
across x⊥ = 0. This is problematic when θ ≥ π

2 . By solving the Einstein equations again in
the region u < 0, and asking for continuity of the metric and its first derivative with respect
to x⊥, we find a unique solution, which can be recast as

f(u) = 1 + C1
2

(
u

1 + u2 + 2u− 3
[
π

2 − 2 arctan
(

1/u
1 +

√
1 + 1/u2)

)])
. (6.15)
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For u > 0, the two functions in eqs. (6.14) and (6.15) are identical. The smooth solution
was found first in ref. [146] in any d, by employing a different coordinate system. However,
even though the method of ref. [146] is more convenient when studying the first order, for
the discussion to higher orders we find it easier to work in Poincaré coordinates.

The last step is to employ the boundary condition in eq. (6.5) to fix the remaining free
coefficients, C1 and B(1). Plugging the embedding in eq. (6.13) into eq. (6.5), we find at
first order

C1 = 2
3 (θ − sin θ cos θ) , B(1) = K

8 cos2 θ
tan θ. (6.16)

As anticipated above, the explicit results for the functions in eq. (6.12) are quite cumbersome
already at first order. For the higher-order expressions we refer to our supplementary
Mathematica notebook.

We will now show how to extract the boundary central charges in this setup. Our
strategy will be to obtain the one-point function of the stress-tensor holographically, from
which we can extract the boundary central charges using the method of section 4.2.2. To
this end, we employ the standard AdS/CFT dictionary, i.e. if we have the metric expressed
in Fefferman-Graham coordinates,

ds2 = L2
AdS

z2

(
dz2 + gµν(z, x⊥,y)dxµdxν

)
, (6.17)

where gµν has the Fefferman-Graham expansion

g = g(0) + z2g(2) + · · ·+ zdg(d) + . . . , (6.18)

then the stress tensor one-point function can be extracted as [148]

〈Tµν〉 = dLd−1
AdS

16πGN
g(d)µν + . . . , (6.19)

where . . . contains the Weyl anomaly for the ambient CFT on Md. When d = 5, the
ambient CFT has no Weyl anomaly, so we only need the first term in eq. (6.19). To begin,
we focus on the result up to second order in η. By applying the same procedure discussed
for the first order, we find that the form of 〈Tµν〉 is in perfect agreement with the general
one in eqs. (4.39), (4.40), and (4.41), with coefficients

AT = −1
3

4
(θ − sin θ cos θ)

πL4
AdS

GN
,

β1 = β3 = 2
3

1
θ − tan θ

πL4
AdS

GN
,

β2 = −1
3

( 3
θ − cos θ sin θ + 1

θ − tan θ

)
πL4

AdS

GN
.

(6.20)

Up to second order, we directly apply the general result of eq. (4.45), obtaining the following
linear combinations of boundary central charges,

b1 = −1
3

1
θ − sin θ cos θ

πL4
AdS

GN
, (6.21a)

2b4 + b5 = 1
4

1
tan θ − θ

πL4
AdS

GN
, (6.21b)

b6 + b7 = 1
24

13 sin θ − 3 sin(3θ)− 4θ cos θ
(θ − sin θ cos θ) (sin θ − θ cos θ)

πL4
AdS

GN
. (6.21c)
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By applying again the method used in section 4.2.2 at third order, we find two additional
linear combinations,

b3
2 − 2b4 + b6 = 1

48
13− 3 cos(2θ)− 10θ cot θ

(1− θ cot θ) (θ − sin θ cos θ)
πL4

AdS

GN
, (6.22)

b2 + 7
12b3 = 1

93312
1

(sin(2θ)− 2θ)4(θ cos θ − sin θ)×

×
[
12
(
7963 + 16996θ2 − 6144θ4

)
cos θ − 24(5023 + 36θ2) cos(3θ)

+ 8(3719 + 4644θ2) cos(5θ)− 4699 cos(7θ)− 57 cos(9θ)
+ 24θ(−13933 + 1488θ2) sin θ + 144θ(600θ2 − 421) sin(3θ)

+ 21968θ sin(5θ)− 11131θ sin(7θ) + 429θ sin(9θ))
]πL4

AdS

GN
.

(6.23)

We stress that, even though the solution of the bulk metric has been found perturbatively
in the curvature tensors, the expressions of the boundary central charges we obtained are
not in a probe limit.

To fix all the boundary central charges uniquely we would need O(η4). However, due
to the increasing complexity of the differential equations involved in the computation,
extracting the remaining constraints at fourth order is not as straightforward as in the cases
analyzed above, and so we will postpone the study of higher orders to future research.

Curiously, as mentioned at the end of section 4, all of the linear combinations of
boundary central charges in eqs. (6.23) to (6.23) are invariant under the change to a Q-
curvature basis for the boundary Weyl anomaly. That is, after using the mapping from
defect to boundary central charges in eq. (3.12), they are invariant under the mapping in
eq. (3.6). We discuss the possible significance of this in section 7.

It is revealing to study the behavior of the boundary central charges in eqs. (6.11)
and (6.21a), and the linear combinations in eqs. (6.21b) to (6.23), as we vary the angle
at which the end-of-the-world brane intersects the conformal boundary. Indeed, varying
θ from 0 to π changes the conformal boundary conditions, and boundary RG flows obey
θUV ≥ θIR. Plots of our results for the (linear combinations of) boundary central charges as
functions of π − θ appear in figure 7.

Several notable features appear along this boundary RG flow. First, we clearly see that
aΣ,UV > aΣ,IR, and that aΣ decreases monotonically as a function of π − θ, which nicely
demonstrates the c-theorem for a p = 4 boundary [39]. Further, aΣ has a zero at θ = π/2.
The central charge b1 appears to be always negative, in agreement with the relation (4.13)
and the bound cDD ≥ 0, and a monotonically decreasing function of π − θ. In addition,
we can clearly see that the combination 2b4 + b5 is a monotonically increasing function of
π − θ on the interval [0, π], with a zero at θ = π/2. Finally, the linear combinations in
eqs. (6.21c), (6.22), and (6.23) are also monotonically increasing with increasing π − θ, but
do not have a zero on θ ∈ [0, π].
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Figure 7. Behavior of the (linear combinations of) boundary central charges computed via
AdS/BCFT, in units of πL4

AdS/GN , as functions of the angle, π − θ, at which the end-of-the-world
brane intersects the AdS6 boundary. The UV values of θ are on the left hand side of the figure,
while the IR values are on the right. Note, though, that at all values of 0 ≤ θ ≤ π are conformal.

7 Summary and outlook

In this paper, we determined the most general form of the Weyl anomaly for a conformal
defect of dimension p = 4 in an arbitrary CFT of dimension d ≥ 6. To do so, we used
a standard algorithm, finding a complete basis of conformal invariants localized to the
submanifold supporting the conformal defect, and then eliminating terms by imposing WZ
consistency and introducing local counterterms in the effective action. Our main result for
the Weyl anomaly of a p = 4 conformal defect with co-dimension q ≥ 1 is eq. (3.1), with 23
parity-even terms and 6 parity-odd terms, plus the additional parity-odd terms in eqs. (3.8)
and (3.9) for q = 2 and q = 4, respectively. Among the 23 parity-even terms, one is A-type
while all the others are B-type. The parity-odd terms are all B-type. Each of these terms
comes with a coefficient that defines a defect central charge.

For p = 4 conformal defects with q = 1, our result reduces to eq. (3.10), which
reproduces the 9 parity-even terms first obtained by Astaneh and Solodukhin in ref. [33].
This served as a non-trivial check of our results. Moreover, beyond the parity-even anomalies,
we found 3 parity-odd terms that were previously unknown.

We subsequently showed in section 4 how some of the defect central charges appear in
physical observables (besides the Weyl anomaly itself), namely the two-point function of the
displacement operator, the one-point function of the stress tensor, and the universal contri-
bution to EE of a spherical region centered on a flat defect. In section 5 we computed many
of the defect central charges in examples, including monodromy and conical defects in d = 6
free field CFTs, and defects holographically dual to probe branes extended along an AdS5 sub-
manifold inside AdSd≥7. This last example provided an important check on our main result,
eq. (3.1), namely agreement with the Graham-Reichert energy of a probe brane [83]. Corre-
spondingly, we computed all 23 parity-even defect central charges only for the probe brane. In
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section 6 we computed the parity-even boundary central charges in two holographic systems,
namely defects holographically dual to AdS5 probe branes inside AdS6 where we were able to
find all the 9 coefficients, and Takayanagi’s AdS/BCFT with d = 5 where we fixed 6 of them.

Our results raise a host of questions, and suggest many directions for future research.
We will discuss only some of these here.

Many questions remain about how defect/boundary central charges appear in physical
observables. For example, in the calculation of EE in a d = 6 CFT for a region with
arbitrary shape, the defect contribution to the universal part will have the form of the
Weyl anomaly in eq. (3.1), but with defect central charges fixed by the ambient CFT’s
central charges in eq. (2.14). We partially determined two of these EE defect central charges
in eq. (5.42), however what about the rest? We saw that the central charges can help
determine correlation functions of the stress tensor and displacement operator in flat space
through their effect on contact terms. Counter-terms in the action can also affect these
contact terms, and an important open question is how to separate the effect of the counter
terms from the effect of the central charges, especially in a curved space context where even
defining the one point function of the stress tensor can become problematic. Moreover, how
do defect/boundary central charges appear in higher-point functions of the displacement
operator, mixed correlators like 〈TDD〉, not to mention thermal entropy, heat capacity,
conductivities, and so on? Answering these questions could be especially enlightening for
the many parity-odd defect/boundary central charges we found, which remain particularly
mysterious. More generally, answering these questions could allow us to compute all the
remaining defect/boundary central charges in our examples, and in many other important
examples, including free-field CFTs, like monodromy and conical defects of a d = 6 free,
complex, self-dual 3-form, as well as interacting CFTs, such as p = 4 defects in d = 6 SCFTs.

If we can determine how defect/boundary central charges enter physical observables,
then we can ask whether any general principles provide bounds on them. In eq. (4.12)
we found that the normalization of the displacement operator’s two-point function was
∝ −d1 for a defect and ∝ −b1 for a boundary, hence reflection positivity requires d1 ≤ 0
or b1 ≤ 0, respectively. In eq. (4.30) we found that, for q ≥ 2, the normalization of
the stress-tensor’s one-point function was ∝ −d2, so that if the ANEC is valid in the
presence of a defect, then d2 ≤ 0. Since the A-type central charge aΣ obeys a c-theorem
for boundary/defect RG flows [39], and hence counts defect/boundary degrees of freedom,
we can ask whether it is bounded from below. This bound cannot be zero, since aΣ < 0 in
explicit (reflection-positive) examples, including a free scalar BCFT in d = 5 with Dirichlet
boundary conditions (see [33]), and AdS/BCFT (see figure 7). Perhaps defect/boundary
central charges are bounded by other defect/boundary central charges, in a similar fashion
to the Hofman-Maldacena bounds on a(4d)

M /c(4d) [5, 6].
Do any of the defect and boundary central charges obey c-theorems, for either de-

fect/boundary or ambient RG flows? To date, for p = 4 a c-theorem has been proven only for
the A-type central charge, aΣ, for a defect/boundary RG flow [39]. Several of our examples
provided non-trivial tests of this c-theorem, including the d = 6 free field monodromy
defects in section 5.1 and AdS/BCFT with d = 5 in section 6.2. However, what about the
B-type defect/boundary central charges? Nothing a priori forbids them from also obeying
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c-theorems. The known examples provide useful data points. For example, for a free scalar
BCFT in any d, a boundary mass term triggers a boundary RG flow from a Robin boundary
condition in the UV to Dirichlet in the IR. The d = 5 results in ref. [33] show that under
this RG flow b1 is invariant, while b2, b4, b5, b6, and b8 decrease, and b3 and b7 increase.
The AdS/BCFT results in figure 7 show that b1 is a monotonically decreasing function
of π − θ, and hence will monotonically decrease under a boundary RG flow from θUV to
θIR ≤ θUV. As a result, b1 could possibly obey a c-theorem b1UV ≥ b1IR, while b3 could obey
b3UV ≤ b3IR, and similarly for b7. Clearly, exploring more examples, and developing methods
to prove c-theorems for defect/boundary central charges, remain important open questions.

Our holographic examples in section 5.2, 6.1, and 6.2 raise their own special questions.
For example, in AdS/BCFT we computed the BCFT’s stress-tensor one-point function to
third order in perturbations about a flat ambient CFT geometry, which provided us with aΣ
and b1 exactly as functions of the angle at which the end-of-the-world brane intersects the
conformal boundary of AdS6. However, this provided only five equations for the remaining
six parity-even boundary central charges. Moreover, all of these linear combinations are
invariant under the change to a Q-curvature basis for the boundary Weyl anomaly, that
is, upon using the mapping from defect to boundary central charges in eq. (3.12), they
are invariant under the mapping to the Q-curvature basis in eq. (3.6). In AdS5/CFT4,
holography also naturally seems to provide the Weyl anomaly in the Q-curvature basis [89].
Do our results reveal some deeper principle or pattern at work in holography? It would be
interesting to see if we pursue our strategy beyond third order in perturbations whether
again the linear combinations of boundary central charges that we obtain are invariant under
the shift to the Q-curvature basis. We could also explore other AdS/BCFT models, such as
those of refs. [149–152], or the supergravity constructions of p = 4 defects in refs. [153, 154],
which, being top-down, could provide a path beyond large N and strong coupling.

Adding SUSY also raises a host of special questions. For example, in refs. [39, 114], Wang
showed for superconformal defects with p = 2 and p = 4 that aΣ is fixed by certain ’t Hooft
anomaly coefficients, and obeys a form of c- or a-extremization [4, 115, 116], respectively.
Are other defect/boundary central charges fixed by ’t Hooft anomaly coefficients? Are
defect B-type central charges also extremized or maxmized along RG flows to IR SCFTs?
In ref. [155] the contribution of a superconformal defect to the SUSY Casimir energy of an
SCFT on S1 × Rd−1 was conjectured to be a (linear combination of) defect central charges.
This conjecture was supported by several examples of p = 2 and p = 4 superconformal defects.
However, whether this conjecture is true, and if so how to prove it, remain open questions.

As mentioned in section 1, one of our main motivations was to study the p = 4
superconformal defect in the d = 6 N = (2, 0) SCFT, arising from the 1/2-BPS intersection
of M5-branes. Our main result for a p = 4 defect Weyl anomaly in eq. (3.1) provides
a starting point for constructing the full defect super-Weyl anomaly, which should be
crucial for characterizing these important defects. More generally, fully characterizing both
co-dimension 2 and 4 defects in d = 6 SCFTs through their defect central charges will be
crucial not only to exploring M- and F-theory, but also exploring how, through partially
twisted dimensional reduction, these data determine lower dimensional superconformal
defects in class-S theories in d = 4 [58, 156] and class-R theories in d = 3 [157].
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Thinking more broadly, aside from the defect/boundary Weyl anomalies we reviewed
in section 2, and our novel results for p = 4 defects/boundaries in section 3, what other
defect/boundary Weyl anomalies are possible? Two obvious cases have yet to be studied.
The first is p = 3 in d > 4 (example appear for instance in refs. [158, 159]). In this case, our
preliminary analysis suggests that a p = 3 defect in d > 4 has parity-odd Weyl anomalies,
whose form depends on the co-dimension, similar to what we found for p = 4 in d ≥ 5. The
second is p = 5 in d ≥ 6. Crucially, when d = 6 these must be non-SUSY, since the d = 5
superconformal algebra does not embed in any d = 6 superconformal algebra.

In short, our results open up many new possibilities for characterizing and classifying
defects, boundaries, and CFTs with various p and d. We intend to explore many of these
possibilities in future research.
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A 4d defect Weyl anomaly basis

In this appendix, we present some details of the algorithm of section 3.1 applied to the
case of a p = 4 conformal defect. For the complete workings we refer to our supplementary
Mathematica notebook.

A.1 Arbitrary co-dimension

We begin with the part of the anomaly that is admissible in any co-dimension q ≥ 2. The
q = 1 case is a simple adaptation of the q ≥ 2 case.

Step 1. First, we determine the basis of terms. There are 36 scalars that transform
non-trivially under Weyl transformations, and that do not have any derivatives acting on
δω. They are

B1 = R2 , B2 = RabR
ab , B3 = (N ijRij)2 ,

B4 = Wab
abN ijRij , B5 = RWab

ab , B6 = RN ijRij ,

B7 = RabWc
acb , B8 = RijW

iaj
a , B9 = RijR

ij ,

B10 = RIIiIIi , B11 = Wab
abIIiIIi , B12 = N jkRjkIIiIIi ,

B13 = RI̊IiabI̊I
ab
i , B14 = N jkRjk I̊I

i
abI̊I

ab
i , B15 = RijIIiIIj ,

B16 = Rij I̊I
i
abI̊I

abj
, B17 = RabI̊IiabIIi , B18 = Ra

bI̊IibcI̊Iica ,
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B19 = W a
i
b
j I̊I

(i
abIIj) , B20 = W acb

cI̊I
i
abIIi , B21 = Wiaj

aIIiIIj , (A.1)

B22 = Wic
acD

bI̊Iiab , B23 = Wic
acDaIIi , B24 = IIiDiR ,

B25 = I̊IabiDiWacb
c , B26 = IIiDiWab

ab , B27 = DiDiR ,

B28 = DiDiWab
ab , B29 = IIiTrI̊IiI̊I

j I̊Ij , B30 = IIiIIiTrI̊Ij I̊Ij ,

B31 = IIiIIjTrI̊IiI̊Ij , B32 = (IIiIIi)2 , B33 = DaI̊I
ab
i DbIIi ,

B34 = DaIIiD
aIIi , B35 = DaI̊I

i
bcD

aI̊Ibci , B36 = D
bI̊IibaD

cI̊Iica ,

where DaI̊I
ab
i DbIIi = NµνDaI̊I

abµ
DbIIν , and similarly for the other terms of the form (DII)2.

There are 24 trivial Weyl invariants without derivatives on δω:

B̃1 = WabcdW
abcd , B̃2 = (Wab

ab)2 , B̃3 = WabcdW
ab
ef ε

cdef ,

B̃4 = WijcdW
ij
ef ε

cdef , B̃5 = WiajbW
iajb , B̃6 = Wabi

bW aci
c ,

B̃7 = Wijk`W
ijk` , B̃8 = WaijkW

aijk , B̃9 = WabjkW
abjk ,

B̃10 = Wacb
cW adb

d , B̃11 = Wiaj
aW ibj

b , B̃12 = Wab
abI̊IicdI̊I

cd
i ,

B̃13 = Wa
b
ij I̊I

i
b
cI̊Ijca , B̃14 = Waibj I̊I

ibcI̊Ijca , B̃15 = W abcdI̊IiacI̊Ibdi , (A.2)

B̃16 = Wab
a
dI̊I

b
f
iI̊Idfi , B̃17 = Wicj

cI̊IiabI̊I
abj

, B̃18 = W abcdI̊IaeiI̊Ibf iεcdef ,

B̃19 = TrI̊IiI̊IiI̊I
j I̊Ij , B̃20 = TrI̊IiI̊Ij I̊IiI̊Ij , B̃21 = TrI̊IiI̊Ii TrI̊Ij I̊Ij ,

B̃22 = TrI̊IiI̊Ij TrI̊IiI̊Ij , B̃23 = I̊IiaeI̊I
j
beI̊Icf iI̊Idfjεabcd , B̃24 = WijcdI̊I

bi
eI̊I

j
bf ε

cdef .

Finally, there are 41 terms with derivatives acting on δω

D1 = Wic
acI̊IiabD

b
δω , D2 = Wic

acIIiDaδω , D3 = I̊IiabRabDiδω ,

D4 = IIiRDiδω , D5 = IIiN jkRjkDiδω , D6 = I̊IabiWacb
cDiδω ,

D7 = I̊IabiWiajbD
jδω , D8 = IIiWab

abDiδω , D9 = IIiRijDjδω ,

D10 = IIiWiaj
aDjδω , D11 = R�δω , D12 = N ijRij�δω ,

D13 = Wacb
cD

a
D
b
δω , D14 = DiRDiδω D15 = RDiDiδω ,

D16 = N ijRijD
kDkδω , D17 = Wab

ab�δω , D18 = Wab
abDiDiδω ,

D19 = DiWab
abDiδω , D20 = Waci

cD
a
Diδω , D21 = Wicj

cDiDjδω ,

D22 = RijDiDjδω , D23 = TrI̊IiI̊IiI̊I
j
Djδω , D24 = IIjTrI̊IiI̊IiDjδω , (A.3)

D25 = IIiTrI̊IiI̊I
j
Djδω , D26 = IIiIIiIIjDjδω . D27 = I̊Iabi DaIIiDbδω ,

D28 = I̊Iabi IIiDaDbδω , D29 = IIiDaIIiD
a
δω , D30 = I̊IiabI̊I

ab
i �δω ,

D31 = I̊Iabi D
cI̊IicbDaδω , D32 = I̊Iaci I̊IcbiDaDbδω , D33 = TrI̊IiI̊IjDiDjδω ,

D34 = TrI̊IiI̊IiDjDjδω , D35 = IIiIIjDiDjδω , D36 = IIiIIiDjDjδω ,

D37 = IIiDiD
jDjδω , D38 = IIi�Diδω , D39 = I̊IiabD

a
D
b
Diδω ,

D40 = (DiD
i)2δω , D41 = I̊IibfDcI̊Idf iεabcdDaδω .
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In total, our basis is 101-dimensional. For q = 1 the basis is over-complete because some
terms that are distinct in q ≥ 2 may reduce to the same term in q = 1. Moreover some
terms vanish identically when q = 1.

Step 2. Next, we find solutions to WZ consistency. Computing a second Weyl variation
produces terms of the form DWZ

i = δω2D∂i δω1 − (1 ↔ 2) for i = 1, . . . 41, where D∂i
corresponds to the operator version of Di in eq. (A.3) with the variation parameter δω
omitted. In addition, there are the following terms

DWZ
42 = Waci

cD
a
δω1D

iδω2 − (1↔ 2) , DWZ
43 = IIiDiδω1�δω2 − (1↔ 2) ,

DWZ
44 = IIiDaDiδω1D

a
δω2 − (1↔ 2) , DWZ

45 = I̊IiabDiδω1D
a
D
b
δω2 − (1↔ 2) ,

DWZ
46 = I̊IiabD

a
Diδω1D

b
δω2 − (1↔ 2) , DWZ

47 = IIiDiδω1D
jDjδω2 − (1↔ 2) , (A.4)

DWZ
48 = IIiDjDiδω1D

jδω2 − (1↔ 2) , DWZ
49 = �δω1D

iDiδω2 − (1↔ 2) ,
DWZ

50 = DiDiδω1D
jDjδω2 − (1↔ 2) , DWZ

51 = Diδω1DiD
jDjδω2 − (1↔ 2) .

The 24 B̃’s trivially solve WZ consistency. In addition, one also finds four non-trivial
linear combinations of B’s. Three of them correspond to E4, J1, J2. The final one can be
written as a linear combination of other invariants and WiabcW

iabc. In eq. (3.1), we redefine
our basis to include WiabcW

iabc instead of this extra conformal invariant.

Step 3. We also find 33 linear combinations of D’s that naively solve WZ consistency.
However, 32 of them can be rendered WZ inconsistent by a choice of scheme. One can
introduce counterterms that remove at least one of the constituent terms of the linear
combination such that the remainder is inconsistent. The anomaly, however, must be WZ
consistent in any scheme. Thus, we must insist that the overall coefficients of these 32 linear
combinations of D’s must be zero in any scheme. Therefore, they are absent in the anomaly.
The one remaining linear combination of D’s, which just consists of the single term D41 in
eq. (A.3), is unaffected by local counterterms. It is related to the term in eq. (3.1) whose
coefficient is d̃3. As we comment in the main body, it is a genuine anomaly coefficient.

This leaves us with 23 parity-even contributions to the trace anomaly. One of them is
A-type and the remaining 22 are B-type in the classification of ref. [65]. There are 6 terms
that are parity-odd along the defect that are admissible in any co-dimension q, although 3
of them vanish identically when q = 1.

A.2 Parity-odd terms in the normal bundle when q = 2

In addition to the terms that are parity-odd along the defect, there are terms that break
parity in the normal bundle. First, consider the co-dimension q = 2 case.

– 54 –



J
H
E
P
0
2
(
2
0
2
2
)
1
6
6

Step 1. The extra parity-odd terms in the normal bundle are

B(6)
1 = Ri

jnjkIIiIIk , B(6)
2 = Ri

jnjk I̊I
i
abI̊I

abk
, B(6)

3 = RabIIiI̊Ijabnij ,

B(6)
4 = Waibj I̊I

abiIIknjk , B(6)
5 = Waibj I̊I

ab
k IIinjk , B(6)

6 = Wic
acnijD

bI̊Iabj ,

B(6)
7 = Wic

acnijDaIIj , B(6)
8 = IIinijDjR , B(6)

9 = I̊IabinijDjWacb
c , (A.5)

B(6)
10 = IIinkjDjRki , B(6)

11 = IIinijTrI̊Ik I̊Ik I̊I
j
, B(6)

12 = IIiIIjnjkTrI̊Ik I̊Ii ,

B(6)
13 = nijD

aIIiDbI̊Ijab ,

and

B̃(6)
1 = Wajbk I̊I

ac
i I̊Icbjnik , (A.6)

as well as

D(6)
1 = Wic

acI̊IabjnijD
b
, D(6)

2 = Wic
acIIjnijDa , D(6)

3 = I̊IabjRabnijDi ,

D(6)
4 = IIinijRDj , D(6)

5 = I̊Iabk nikWiajbD
j , D(6)

6 = I̊IabiWiajbn
jkDk ,

D(6)
7 = IIknkiWiaj

aDj , D(6)
8 = IIiRiknjkDj , D(6)

9 = nkiIIkRijDj ,

D(6)
10 = nijDiRDj , D(6)

11 = Waci
cnijD

a
Dj , D(6)

12 = RijnjkD
kDi ,

D(6)
13 = nijDjRiaD

a
, D(6)

14 = njkDkRijD
i , D(6)

15 = TrI̊IiI̊IiI̊I
j
njkD

k , (A.7)

D(6)
16 = njkIIjTrI̊IiI̊IiDk , D(6)

17 = njkIIiTrI̊IiI̊I
j
Dk , D(6)

18 = njkIIiIIiIIjDk ,

D(6)
19 = nijD

aIIiI̊IjabD
b
, D(6)

20 = nijIIiI̊I
j
abD

a
D
b
, D(6)

21 = nijIIiDaIIjD
a
,

D(6)
22 = nij I̊I

i
abDcI̊I

cbj
D
a
, D(6)

23 = TrI̊IiI̊IjnjkDkDi , D(6)
24 = IIiIIjnjkDkDi ,

D(6)
25 = nikIIiDkDjDj , D(6)

26 = nikIIi�Dk , D(6)
27 = nik I̊I

i
abD

a
D
b
Dk .

Note that the identity nijn
k` = Nk

i N
`
j − Nk

j N
`
i is very restrictive in combination with

various symmetry properties of tensors, and it sets to zero many candidate terms.

Step 2. In addition to D(6),WZ
i = δω2D(6),∂

i δω1 − (1↔ 2) for i = 1, . . . , 27, the following
terms are generated when computing a second Weyl variation:

D(6),WZ
28 =Waibjn

ijD
a
δω1D

b
δω2−(1↔ 2) , D(6),WZ

29 =Wai
ajnkjD

kδω1D
iδω2−(1↔ 2) ,

D(6),WZ
30 =Wac

ajnijD
iδω1D

c
δω2−(1↔ 2) , D(6),WZ

31 =RnijD
iδω1D

jδω2−(1↔ 2) ,

D(6),WZ
32 =Rijn

kjDiδω1Dkδω2−(1↔ 2) , D(6),WZ
33 = I̊IjcdI̊I

cdk
nijDkδω1D

iδω2−(1↔ 2) ,

D(6),WZ
34 = IIiIIjnjkDiδω1D

kδω2−(1↔ 2) , D(6),WZ
35 = I̊Iacj I̊I

i
cbnijD

a
δω2D

b
δω1−(1↔ 2) ,

D(6),WZ
36 = I̊IjabnijD

b
Diδω1D

a
δω2−(1↔ 2) , D(6),WZ

37 = I̊IcdinkiDkδω2DdDcδω1−(1↔ 2) ,

D(6),WZ
38 = IIinijDjδω2D

kDkδω1−(1↔ 2) , D(6),WZ
39 = IIinijDjδω2�δω1−(1↔ 2) ,

D(6),WZ
40 = IIinjkDkDiδω1Djδω2−(1↔ 2) , D(6),WZ

41 = IIinijD
a
Djδω2Daδω1−(1↔ 2) ,

D(6),WZ
42 =nijDjD

kDkδω1Diδω2−(1↔ 2) , D(6),WZ
43 =nijD

iδω2�D
jδω1−(1↔ 2) ,

D(6),WZ
44 =nijDiDkδω1DjD

kδω2−(1↔ 2) . (A.8)
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There are no solutions of WZ consistency involving B’s. Only B̃(6)
1 and linear combinations

of D’s (naively) solve WZ consistency.

Step 3. All of the linear combinations of D’s are scheme-dependent. There is only one
genuine scheme-independent solution to WZ consistency that is parity-odd in the normal
bundle: the trivial Weyl invariant B̃(6)

1 which appears in eq. (3.8).

A.3 Parity-odd terms in the normal bundle when q = 4

The co-dimension q = 4 case is more restrictive. The only new terms that one can write
down are trivial Weyl invariants:

B̃(8)
1 = εabcdnijk`WabijWcdk` , B̃(8)

2 = nijk`WaibjW
a
k
b
` ,

B̃(8)
3 = nijk`WpiqjW

p
k
q
` , B̃(8)

4 = nijk`WaipjW
a
k
p
` , (A.9)

B̃(8)
5 = nijk`εabcdW

abij I̊If ck I̊I
fd`

, B̃(8)
6 = nijk`W

abij I̊IkacI̊Ibc` .

These trivially solve WZ consistency and cannot be removed by counterterms. They appear
in eq. (3.9).

B Isolating the anomaly: p = 2 conformal defect in a d = 4 CFT

In this appendix we illustrate the algorithm presented in section 3.1 with a simple example:
the case of a p = 2 defect in a d = 4 ambient CFT. We will reproduce the known result of
refs. [23–30], stated in eq. (2.20). The structure of this section follows our supplementary
Mathematica notebook, and we use notation that mirrors the notation in the notebook.
Readers interested in reproducing our results for p = 4 defects may wish to consult this
appendix first, as a warm-up exercise, before diving into our notebook.

Step 1. We begin by finding a basis of terms for the defect Weyl anomaly. The terms
need to be scalars built out of the metric gµν , the pullback eµa , the Weyl variation parameter
δω, and two derivatives. There are 10 of them.

It is convenient to separate the terms into three categories. The first one involves
scalars with a non-trivial Weyl transformation. There are three such terms:

B1 = R , B2 = R , B3 = IIiIIi . (B.1)

The second category involves scalars that are trivially Weyl invariant. There are four
linearly-independent such terms:

B̃1 = I̊IiabI̊I
ab
i , B̃2 = gacgbdWabcd , B̃3 = nijε

abI̊IiacI̊I
jc
b , B̃4 = nijεabWiajb . (B.2)

Finally, we list terms with derivatives acting on the variation parameter. There are three of
them:

D1 = IIiDiδω , D2 = N ijDiDjδω , D3 = nijIIiDjδω . (B.3)
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In general, these will all appear in the anomaly as

δW(1) =
∫

Σ2

√
g

( 3∑
i=1

biBiδω +
4∑
i=1

b̃iB̃iδω +
3∑
i=1

diDi

)
. (B.4)

A few comments are in order. In constructing this basis, and making sure that it is
not over-complete, we have used a number of geometric relations. Since the Weyl tensor
Wµνρσ is a linear combination of Riemann tensor, Ricci tensor and Ricci scalar, we are
free to disregard any terms built out of Rµνρσ. Similarly, we have traded in a IIµab for its
traceless part I̊Iµab and its trace IIµ. Moreover, any term containing two copies of either
εab or nij can be re-written without any epsilon symbols using εabεcd = δcaδ

d
b − δcbδda, and

similarly nijnk` = Nk
i N

`
j −Nk

j N
`
i . Further, we only consider quantities that do not need to

be extended into the bulk. An example is N ijDiIIj , which crucially depends on how IIj is
extended into the ambient geometry. Since there is no canonical way to do so, we do not
consider such terms here. In general, we don’t expect such terms be part of the physical
Weyl anomaly. In the present 2d case, WZ consistency eliminates them. One may have also
expected the following terms:

C1 = gabRab , C2 = N ijRij , C3 = N ikN j`Wijk` , C4 = gabN ijWaibj ,

C5 = R⊥ijabε
ijεab , C6 = EaµDaIIµ , C7 = EbµD

aI̊Iµab , (B.5)

where R⊥ is the normal bundle curvature, i.e. the curvature associated with the connection
induced from D that maps normal vectors to normal vectors by parallelly transporting them
along the submanifold. However, these are not linearly independent. Firstly, C1 = B2 − C2.
We can use this relation to eliminate C1. Now, C2 appears in the twice contracted Gauss
eq. (C.4c). Trading the Riemann tensor for the Weyl tensor, it reads

3C2 = −B1 + B2 − B̃1 + B̃2 + 3
4 B̃3 . (B.6)

Thus we can use it to eliminate C2. Furthermore, the fact that the trace of any two indices of
Wµνρσ with the ambient metric gµν vanishes implies that C3 = −C4 = B̃2. C5 can be removed
by the Ricci identity eq. (C.6). Finally, C6 = −B3 using EaµIIµ = 0 and the definition of II,
and similarly C7 = −B̃1. This leaves us with the terms in eqs. (B.1), (B.2) and (B.3).

Step 2. WZ consistency reduces the number of terms to 7. To compute [δ1, δ2]W(1)

we take a second Weyl variation of the above basis. We anti-symmetrise in the variation
parameters, δω1 and δω2, which generates linear combinations of the following terms

DWZ
1 = δω2IIiDiδω1 − (1↔ 2) , DWZ

2 = δω2N
ijDiDjδω1 − (1↔ 2) ,

DWZ
3 = δω2nijIIiDjδω1 − (1↔ 2) , DWZ

4 = nijDjδω2Diδω1 − (1↔ 2) . (B.7)
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The second Weyl variations are

(
√
g)−1δ1(

√
g B1δω2)− (1↔ 2) = 0,

(
√
g)−1δ1(

√
g B2δω2)− (1↔ 2) = 4

(
DWZ

1 −DWZ
2

)
,

(
√
g)−1δ1(

√
g B3δω2)− (1↔ 2) = −4DWZ

1 ,

(
√
g)−1δ1(

√
g B̃1δω2)− (1↔ 2) = 0 ,

(
√
g)−1δ1(

√
g B̃2δω2)− (1↔ 2) = 0 ,

(
√
g)−1δ1(

√
g B̃3δω2)− (1↔ 2) = 0 , (B.8)

(
√
g)−1δ1(

√
g B̃4δω2)− (1↔ 2) = 0 ,

(√γ)−1δ1(
√
gD∂1 δω2)− (1↔ 2) = 0 ,

(
√
g)−1δ1(

√
gD∂2 δω2)− (1↔ 2) = 0 ,

(
√
g)−1δ1(

√
gD∂3 δω2)− (1↔ 2) = −4DWZ

4 ,

where (1 ↔ 2) only exchanges the subscripts on the Weyl variation parameters, and D∂i
denotes the operator version of Di in eq. (B.3) with the variation parameter δω omitted. In
the above we have dropped total derivatives along the submanifold D(. . .) since the above
terms appear in [δ1, δ2]W under an integral.

Solving WZ consistency reduces to a simple problem in linear algebra. Let (BWZ)T =
(B1, . . . ,B3, B̃1, . . . , B̃4,D∂1 , . . . ,D∂3 ) and (DWZ)T = (DWZ

1 , . . . ,DWZ
4 ). Let MWZ be the

10× 4 matrix that implements the transformation,

(
MWZ

)T
=


0 4 −4 0 0 0 0 0 0 0
0 −4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −4

 , (B.9)

i.e. S2BWZ = MWZDWZ , where the operator S2 acts like S2A = (
√
g)−1δ1(

√
g Aδω2)−(1↔

2) for some A. The (right) null space of (MWZ)T is the general solution to the condition
[δ1, δ2]W(1) = 0. In this example, the solutions are particularly simple: they just correspond
to B1δω, B̃1δω, B̃2δω, B̃3δω, B̃4δω, D1 and D2, each added with an arbitrary coefficient in
the anomaly polynomial, i.e.

δW(2) =
∫

Σ2

√
g

(
b1B1δω +

4∑
i=1

b̃iB̃iδω +
2∑
i=1

diDi

)
. (B.10)

The other coefficients must vanish, i.e. b2 = b3 = d3 = 0.
More generally, the solutions to WZ consistency may involve a linear combination of

terms with fixed relative coefficients, i.e. WZ consistency forces the coefficients of some
terms to be determined by one another up to a single overall number. Each such linear
combination would appear in δW with this unfixed coefficient. For example, for a p = 4
defect, WZ consistency fixes the relative coefficients appearing in eqs. (3.2) and (3.3) up to
a single overall coefficient for each of them, d1 and d2, respectively.
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One sometimes also finds linear combinations of D’s at this stage. Indeed, this is the
case for a p = 4 defect. As we explained in appendix A, however, they are typically not
genuine solutions of WZ consistency, but can be made inconsistent by addition of local
counterterms.

Step 3. Finally, we introduce local counterterms in W . By adjusting their coefficients we
can set to zero some of the remaining coefficients in eq. (B.10). We find 5 scheme-independent
terms in the anomaly which cannot be removed by such counterterms.

Let WCT be the counterterm action. We cannot add any of the D’s as counterterms
because WCT does not involve the variation parameter δω. In principle, we could introduce
the B̃’s. However, they are Weyl invariant and, therefore, cannot remove any terms from
the anomaly. We are thus left with the B’s. The counterterm action reads

WCT =
∫

Σ2

√
g

( 3∑
i=1

ciBi

)
. (B.11)

The first Weyl variation of these terms is

(
√
g)−1δ

(√
g B1

)
= 0 ,

(
√
g)−1δ

(√
g B2

)
= 4 (D1 −D2)δω , (B.12)

(
√
g)−1δ

(√
g B3

)
= −4D1δω ,

where we have again dropped total derivatives D(. . .).
Determining the terms in the anomaly that cannot be removed by local counterterms

reduces again to a linear algebra problem. Let B = (B1, . . . ,B3)T and D = (D1, . . . ,D3)T .
We introduce the 3× 3 matrix M ,

M =

0 4 −4
0 −4 0
0 0 0

 , (B.13)

which implements the first Weyl variation with appropriate factors of
√
g, i.e. SB = MD,

where S acts like SA = (
√
g)−1δ (

√
g A). The terms that cannot be removed by local

counterterms are given by the (right) null space of M . Generally, a null vector is a linear
combination of D’s, and one must choose a scheme in which one of the terms in that linear
combination cannot be set to zero.

In the present case, however, the null space is just the span of D3. Therefore, all but D3
can be removed unambiguously by adjusting the values of the coefficients ci. In particular,

δW = δW(2) + δWCT (B.14)

with arbitrary c1, c2 = 1
4d2, and c3 = 1

4(d1 + d2) sets the coefficients of D1 and D2 to zero.
Since WZ consistency requires that the coefficient of D3 vanishes, the scheme-independent
part of the anomaly is therefore

δW =
∫

Σ2

√
g
(
b1B1 + b̃1B̃1 + b̃2B̃2 + b̃3B̃3 + b̃4B̃4

)
δω . (B.15)

After appropriately relabelling the coefficients, we find eq. (2.20) with q = 2.
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C Gauss, Codazzi, Ricci, and differential relations

In this appendix, we collect various useful geometric relations for embedded submanifolds
and their ambient geometries.

On the submanifold Σp, the metric decomposes as follows

gµν = hµν +Nµν , (C.1)

which, implies for example

gabRab = hµνRµν = R−NµνRµν , (C.2)

and
�f = hµνDµDνf +NµνDµDνf = �f − IIµDµf +NµνDµDνf , (C.3)

for some scalar function f . In the second equality of eq. (C.3) we used hµν = eµae
ν
b g

ab,
eµaDµ = Da, the product rule, and the definition IIµ = gabDae

µ
b .

The Gauss equation relates the intrinsic Riemann tensor Rabcd on the submanifold
and the pullback of the ambient Riemann tensor Rabcd. Together with the equation’s
contractions with the induced metric gab, they read

Rabcd = R
a
bcd − 2IIµ[c

aIIµd]b , (C.4a)

Rab = Rab − IIµabIIµ + IIµacIIµbc +NρσRaρbσ , (C.4b)

R = R− IIµIIµ + IIµabIIµba + 2NµνRµν −NµρNνσRµνρσ . (C.4c)

The Codazzi relation and its contraction with gab read

Nµ
ν R

ν
abc = Nµ

ν

(
DbIIνca −DcIIνba

)
, (C.5a)

Nµ
ν R

ν
b = Nµ

ν

(
DbIIν −DcIIνb c

)
+NµνNρσRbσνρ . (C.5b)

Finally, we also have the Ricci equation

Nµ
ρN

σ
ν R

ρ
σab = (R⊥)µνab − IIµacIIνbc + IIµbcIIνa

c . (C.6)

Together with the first and second Bianchi identities, the Gauss-Codazzi-Ricci relations
above can be used to derive differential equations involving intrinsic and extrinsic curvature
tensors. The ones we find for co-dimension q ≥ 2 are similar to the ones listed in appendix A
of [33] for q = 1. For q ≥ 2, however, the number of such relations is larger, and they involve
many more terms, so we do not list them here. Instead we refer the interested reader to our
supplementary Mathematica notebook.

D b1 in 〈TD〉

In this appendix, we relate the scale anomaly in 〈Tµν(x)D(0)〉 to the curvature invariant
b1I in the trace anomaly for a d = 5 CFT with a boundary in eq. (3.10). (The higher
co-dimension case is more involved, because the correlator involves an additional tensor
structure.) Of course, we have already shown that b1 is determined by the displacement
operator’s two-point function, and specifically its coefficient cDD: see eq. (4.13). Here
we take a different route to the same result. Instead of varying the scale anomaly in the
effective action twice with respect to the defect’s embedding function, Xi(y), we will vary
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once with respect to Xi(y), thus introducing a displacement operator D, and once with
respect to the metric, thus introducing Tµν .

The two-point function 〈Tµν(x)D(0)〉 is completely fixed by conformal symmetry, up to
a single number. That number is cDD due to the identification limx⊥→0 Tnn(x) = D(y). In
preparation for a Fourier transform along the defect, we write 〈Tµν(x)D(0)〉 in components,
and for general d:

〈Tab(x)D(0)〉 = d

d− 1
cDD

(y2 + x2
⊥)d+2

(
4x2
⊥yayb −

1
d
δab(y2 + x2

⊥)2
)
,

〈Tna(x)D(0)〉 = d

d− 1
2cDDx⊥ya

(y2 + x2
⊥)d+2 (x2

⊥ − y2) , (D.1)

〈Tnn(x)D(0)〉 = cDD
(y2 + x2

⊥)d+2

(
− 4d
d− 1x

2
⊥y2 + (y2 + x2

⊥)2
)
.

A Fourier transform is perhaps the quickest, if not the most elegant, way of identitying
the anomalous contribution to the two point function. Specializing to d = 5, we find16

1
cDD

∫
d4yeik·y〈Tab(x)D(0)〉 = π2(δabk2 − 4kakb)

1152x4
⊥

− π2(δabk2 − 2kakb)k2

4608x2
⊥

+O(k6 log x⊥) ,

1
cDD

∫
d4yeik·y〈Tna(x)D(0)〉 = iπ2kak

2

1152x3
⊥
− iπ2kak

4

4608x⊥
+O(k7x⊥ log x⊥) , (D.2)

1
cDD

∫
d4yeik·y〈Tnn(x)D(0)〉 = π2k4

2304x2
⊥

+O(k6 log x⊥) .

By writing 1/xm⊥ as a derivative operator acting on a logarithm of x⊥,

1
xm⊥

= (−1)m−1

(m− 1)!
∂m

∂xm⊥
log(x⊥µ)Θ(x⊥) ,

we can identify the scale anomaly from these Fourier transforms. The Heaviside theta
function Θ(x⊥) implements the boundary condition that nothing is beyond the boundary at
x⊥ = 0. By first performing the variation µ∂/∂µ and then taking a ∂n derivative, we will
generate a Dirac delta function δ(x⊥). We can then read off from the Fourier transforms
the anomalous contributions to the two-point function:

µ
∂

∂µ
〈Tab(x)D(0)〉 = π2cDD

1152

[
−1

6∂
3
n(−δab� + 4∂a∂b)

− 1
4∂n(−δab� + 2∂a∂b)�

]
δ(y)δ(x⊥) ,

µ
∂

∂µ
〈Tna(x)D(0)〉 = π2cDD

2304

[
∂2
n∂a� + 1

2∂a�
2
]
δ(y)δ(x⊥) , (D.3)

µ
∂

∂µ
〈Tnn(x)D(0)〉 = −π

2cDD
2304 ∂n�

2
δ(y)δ(x⊥) .

16To perform the Fourier transform, we need∫
d4y

eik·y

(y2 + x2
⊥)α = 2π2

(
k

2x⊥

)α−2 1
Γ(α)K2−α(kx⊥) .
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We want to compare this anomaly in 〈TD〉 with the corresponding pieces of the anomaly
in the effective action:

δωW|b1 = b1
(4π)2

∫
∂M

(
K̊abDnWnanb + 2

9D̄
bK̊baD̄

cK̊c
a + . . .

)
.

The variation of the K2 term is straightforward:

δgδx⊥((D̄bK̊ab)(D̄cK̊cd)gad) = 2(δx⊥D̄
aK̊ab)(δgD̄cK̊cd)gbd (D.4)

= 3
2

[
−3

4�
2
∂aδgan + 1

2�∂n∂
a∂bδgab −

1
8�

2
∂nδg

c
c

]
.

The variation of the KW term is a bit more involved. Combining the two, we find

δω〈Tnn(x)D(0)〉 = 2 b1
(4π)2

1
4∂n�

2
δ(4)(y)δ(x⊥) ,

δω〈Tna(x)D(0)〉 = −2 b1
(4π)2

(1
4∂

2
n∂a� + 1

8�
2
∂a

)
δ(4)(y)δ(x⊥) , (D.5)

δω〈Tab(x)D(0)〉 = 2 b1
(4π)2

(1
3∂

3
n∂a∂b −

1
12δab∂

3
n� +

( 1
12 + 1

6

)
∂n�∂a∂b

−
( 1

12 + 1
24

)
δab∂n�

2
)
δ(4)(y)δ(x⊥) .

This recovers the previous relationship between the 〈DD〉 two-point function and the
anomaly coefficient of the I invariant in eq. (4.13), cDD = −72/π4b1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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