PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: April 14, 2021
REVISED: February 1, 2022
ACCEPTED: February 2, 2022
PUBLISHED: February 16, 2022

The exact WKB and the Landau-Zener transition for
asymmetry in cosmological particle production

Seishi Enomoto® and Tomohiro Matsuda®
@School of Physics, Sun Yat-sen Universily,
Guangzhou 510275, China

b Laboratory of Physics, Saitama Institute of Technology,
Fukaya, Saitama 369-0293, Japan

E-mail: seishi@mail.sysu.edu.cn, matsuda@sit.ac.jp
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1 Introduction

In 1991, Cohen, Kaplan and Nelson proposed a mechanism of “Spontaneous Baryogen-
esis” for producing baryons at the electroweak phase transition in the adiabatic limit of
thick slowly moving bubble walls [1]. Their original idea [2, 3] uses an effective chem-
ical potential for biasing the baryon number, and the effective chemical potential was
brought in by considering a time-dependent parameter. The mechanism avoids the “out



of thermal equilibrium” condition in the famous Sakharov’s three conditions [4] since the
time-dependent background violates CPT. The mechanism has been considered in many
models of baryogenesis since it has been obvious that the mechanism is quite useful for
constructing mechanisms for generating the baryon number of the Universe. On the other
hand, it has been suggested that the effective chemical potential may disappear from the
Hamiltonian formalism when the field equation of the time-dependent parameter is taken
into account [5, 6]. For us, this point is one of the primary reasons for considering (com-
plex) fundamental equations, instead of using the (useful) effective theory. In this paper,
we are not considering thermal equilibrium, but the basic idea relies on the spontaneous
baryogenesis scenario.

In past studies, such as refs. [7-9], baryogenesis with non-perturbative particle pro-
duction has been discussed with a chemical potential. To show clearly the purpose of
this paper, we first explain how “chemical potential” affects the non-perturbative particle
production.

Let us start with the simplest scenario of bosonic preheating given by the action [19]

So = [ d'oy=g[0,6°0"6 — m|o + ERIP] (1.1)
Using conformal time 7, one can write the metric g, = a?(n)diag(1,—1,—1,—1) and
R = —6d/a®, where a is the cosmological scale factor and the dot denotes time-derivative

with respect to the conformal time. A convenient definition of a new field is x = a¢, which
gives a simple form

So = [ d' [Ixf? - PP, (1.2)
where
w? = a®>m? + (—A + 2(65 — 1)) . (1.3)

Here A is the Laplacian. Annihilation (a,b) and creation (aT,bT) operators of “particle”
and “antiparticle” appear in the decomposition

3 . .
= [ G [Ha)e™ + g i )]
(1.4)

For our calculation, we introduce conjugate momenta IIT =y, which can be decomposed as

I = [ [itnathye + 57 ()]

271-)3/2
(1.5)
Following ref. [13], we expand h, h (particles) and g, § (antiparticles) as
efi fn wdn’ ei fn wdn’
h = A + B 9
V2w " V2w "
~ o —ifnwdn’ . ifnwdn’
j o —iwe A+ iwe B, (1.6)

V2w V2w



and

efi f" wdn’ ei fn wdn’
= A, + B
g V2w g V2w »
*’L'we_iandn/ iweifnwdn’

g = o Ay + NG By, (1.7)

where A and B are known as the Bogoliubov coefficients. For further simplification, we
introduce « and (3, which are defined as

ap g = 67ifnwdn/Ahyg (18)

. ,
Bhg = et )" win B g (1.9)

Now the equation of motion can be written as

h—h=0 (1.10)
h+4w?h =0, (1.11)
which are solved for & and /3 as
dn = —iwap + — B
‘2w
. . w
Bn = iwlBh + ﬂah. (1.12)

Let us see what happens when a constant chemical potential is introduced. After
adding a chemical potential
L= Xx" = WXl — i 00X = XX (1.13)

we find

X = 2ipyX + (w? = i) x = 0. (1.14)

There are two terms which might cause differences. One is —2ip,x, and the other is
—ifi,x. If one assumes a constant chemical potential, only the first term will remain.
Rather surprisingly, a constant chemical potential does not generate asymmetry. The
reason will become very clear when the EWKB formalism is introduced, but here we will
follow the standard formalism. Then the equation of motion can be written as

h—h— ipuh =0
h+ w2h — ipch = 0, (1.15)

where a complex parameter (~ iy, ) appears. One can solve these equations for & and B
to find

Gp = —i(Ww — fiy ) + Twﬁh
B = 25 + i(w + ) B (1.16)



and

Qg = —i(w + py )y + QWBQ

By = %O‘g + i(w — pix) By- (1.17)
One could naively claim that the shift of w & p, is the source of the asymmetry. However,
this naive speculation fails in the present model. One can calculate the behavior of |3|?
(both numerically and analytically [19])! to find that the evolution of |3,]? and |8,4|* are
identical in this case, resulting no asymmetry production. From this simple model, one
can understand why ;1 # 0 (i.e, a time-dependent chemical potential) is needed for the
asymmetry production.

Using the simplest model, we have seen that a constant chemical potential may not
source the asymmetry. Although the result may depend on the details of the model,
what is important here is that the meaning of “chemical potential” is becoming vague
for the non-perturbative particle production scenario. This is why we have introduced
mathematical tools for analyzing the asymmetry. Of course, in reality the above scenario
should be considered with a time-dependent chemical potential, since usually u is defined
using a time-dependent parameter and such parameter is normally time-dependent during
cosmological evolution. Therefore, usually the numerical calculation of a phenomenological
model will generate the asymmetry, but still the meaning of “chemical potential” is vague.

On the other hand, if the chemical potential is considered for a system of Boltzmann
equations, the complexities discussed above for the non-perturbative particle production
will not appear. In this sense, arguments of the chemical potential have to be discriminated
between non-perturbative particle production and a system of Boltzmann equations. See
also the recent arguments on the Higgs relaxation in refs. [10-12].

In this paper, we analyze cosmological particle production by a time-dependent inter-
action. We analytically explain the reason and the requirements of asymmetric particle
production in typical situations. To avoid confusion, here we note that normally such
“asymmetric particle production” is explained by two stages; (symmetric) production of
heavy particles and asymmetric decay of the heavy particles, where the asymmetry is usu-
ally due to the interference. In this sense, our strategy is not common, as we are considering
direct asymmetry production from the time-dependent scalar field. Although not very com-
mon, direct asymmetry production has a long history. Dolgov et al. [14, 15] calculated the
baryon asymmetry created by the decay of a pseudo-Nambu-Goldstone boson (PNGB),
whose interactions violate baryon number conservation of fermions. Their calculation of
ref. [15] considers the Bogoliubov transformation after perturbative expansion. We are
considering their calculation as a reference model. Compared with their calculation, our
calculation is rather technical. Differences will be clearly described in this paper.

!The “constant” chemical potential just affects the phase rotation of ay, 4 and B4,4, and thus it does not
appear in the physical quantity. Indeed, one can easily find that the equation of motion for | 5h7g|2 does not
depend on py.



For scalar fields, Funakubo et al. [16] and Rangarajan and Nanopoulos [17] calcu-
lated asymmetric particle production. See also recent developments in this direction in
refs. [8, 9, 18-21].

The original scenario of spontaneous baryogenesis uses the rather moderate motion of
a background field to source the effective chemical potential in the thermal background.
On the other hand, our focus in this paper is rapid motion, which (itself) can cause effi-
cient particle production. In this direction, the most famous scenario in cosmology would
be the preheating scenario, which discusses non-perturbative particle production before
reheating [22, 23]. Besides the preheating scenario, there are many papers considering
the famous Schwinger mechanisms in cosmology. The Schwinger mechanism [24], which is
named after Schwinger who first derived the exponential formula for the pair production,
is still an active research target [25-27]. We also suppose phase transition or decay of
unstable domain wall networks for our scenario, which is also expected to cause similar
particle production. Since the configuration of scalar fields during the evolution of the
Universe may develop domain wall structure and such configuration has to decay before
nucleosynthesis, it would be interesting if decaying domain walls can generate baryon num-
bers.? Since the conventional Z,,-domain wall is interpolating between vacua with different
phases, the phase of the field becomes the primary time-dependent parameter in such a
scenario. Besides the particle production, the scattering of fermions by the walls could be
asymmetric [30, 31]. This idea has been used for baryogenesis at the electroweak scale [30].

Although there are many scenarios of cosmology in which asymmetric particle produc-
tion could be important, we will not discuss details of the phenomenological aspects and
focus on the technical aspects of asymmetry production.

To avoid confusion, we first explain the crucial difference between the conventional pre-
heating scenarios and our approach. Since the “symmetry violating interaction” inevitably
requires multiple fields, our original equations have to be multicomponent differential equa-
tions. Although the typical single-field equation of the conventional preheating scenario
can be solved using the special function, it is impossible to obtain such a solution in gen-
eral. Therefore, we need to develop mathematical methods to get an analytical estimation
of the asymmetry generated from the equations. This includes sensible approximations
and methods of calculating transfer matrix between asymptotic solutions when the exact
solutions are not written by the special function. To avoid this problem, previous ap-
proaches [16, 17, 22] sometimes use perturbative expansion before the non-perturbative
analysis, where the special function can be used for the unperturbed solution. However,
such expansion may drastically change the structure of the Stokes lines of the original the-
ory. To avoid the problem, one has to understand the Stokes lines of the original theory
first. Some concrete examples will be shown in this paper.

In this paper, we consider the Landau-Zener model and the Exact WKB analysis
(EWKB) for understanding the Stokes phenomena of the particle creation.® As we will

2A natural mechanism of generating safe(unstable) domain walls in supersymmetric theory has been
advocated in ref. [28]. See also ref. [29] for matter-antimatter asymmetry and safe domain walls.

3In ref. [32], we have applied the EWKB to cosmological particle production (without asymmetry). See
refs. [27, 32-34] for more references.



show in this paper, the combination of these methods is very useful in understanding
the origin of the asymmetry. Theoretically, the extension of the EWKB calculation to a
higher Landau-Zener model is straightforward [35, 36], but because of the complexity of
the analytical result (it contains solutions of higher-order equation), we are reducing the
equations to the conventional two-component model. For multiple Dirac fermions, we are
taking the relativistic and the non-relativistic limits.

For fermions, our equations can be regarded as a generalized Landau-Zener model [37].
This analogy is sometimes very useful for understanding the origin of the asymmetry. Al-
though the original Landau-Zener model mainly considers time-dependent diagonal ele-
ments, our focus is the rotational motion of the off-diagonal elements. We consider such
models since the off-diagonal elements are supposed to be coming from the required in-
teraction (i.e, symmetry violation) of asymmetry production. Mathematically, the time-
dependence of the off-diagonal elements can be moved into the diagonal elements using
some transformation.

To explain the basic ideas of our strategy, we start with the solution of the original
Landau-Zener model in the next section, in which transition between states is calculated
when diagonal elements are time-dependent. Since the “adiabatic states” are diagonalizing
the Hamiltonian, particle production can be calculated from the Landau-Zener transition,
which is very convenient. In the next section, it will be clear why the transition matrix
of the Landau-Zener model explains the Bogoliubov transformation of the cosmological
particle production.

See appendix A and B for more technical details of the EWKB and Landau-Zener
transformation applied to cosmological particle production.

1.1 The Landau-Zener model and particle creation in cosmology

First, we review the original Landau-Zener model and explain how it can be related to
cosmological particle production. Here, the “velocity” is v > 0, and the off-diagonal element
A is supposed to be real. The Landau-Zener model uses a couple of ordinary differential

d () _ [—5t A P
(i) = (250 (), e

which can be decoupled to give

equations given by

2 d? 2 v 15,9
d? 1
thdtQ w(a2ing) + 4”%2] el )

Following refs. [35, 36, 38], we are going to rewrite the equations in the standard EWKB
form. In this form, a “large” parameter n = A~! is introduced to give the “Schrédinger
equation”

dx?

d2
[— + nQQ(w‘)] ¥(x,m) =0, (1.21)



where
Qz)=V(z)—-FE (1.22)

is given by the “potential” V and the “energy” E. For the Landau-Zener model, we have

Q(x,n) = <A2 — ir]_lv) + %thQ

2
(s hoe) o (5rd) (129)

Qo(z) = A? + i#t? (1.24)
Q_1(z) = :Fm—lg. (1.25)

Due to the formal structure of the EWKB [32, 35, 36], the Stokes lines are drawn using
only Qo.* Therefore, in the EWKB formulation, v and 1, have the same Stokes lines.
(A careful reader will understand that this statement does not mean that solutions are
identical.) Finally, we have

1
V= —ZU%Q (1.26)
E=A? (1.27)

for the conventional quantum scattering problem with an inverted quadratic potential. See
also appendix B and ref. [32] for more details about the EWKB and the Stokes lines for
cosmological particle production.

If one wants to consider (explicitly) the exact solution instead of the Stokes lines of
the EWKB, it will be convenient to consider z = i\/ve’™*t (22 = —ivt?) to find®

d2
[d’t2 + (n + % - izz)] di(z) = 0 (1.28)
d? 1 1
thz - (” T2 422)] RESE 129
Here we set
J— ‘AQ
n = 'li’v . (130)

Since these equations are giving the standard form of the Weber equation, their solu-
tions are given by a couple of independent combinations of D, (z), Dy(—z2), D_p,—1(iz),
D_,,_1(—iz). Using the asymptotic forms of the Weber function, one can easily get the
transfer matrix given by

Ui _ [ e™ —VI—e ) [y
v ) \Vi—e?m™m e vy )’

4See also appendix A to find the difference between the conventional WKB analysis and the EWKB.
5Here we temporarily set i = 1.

(1.31)




where phase parameters are disregarded for simplicity. + signs of ¥+ are for t — +o00. We
introduced &, which is the imaginary part of n and given by

A2
7.

K (1.32)

For the EWKB, this factor appears from the integral connecting the two turning points of
the MTP [32]. (Here, “turning point” denotes solutions of Q)9 = 0.) For the cosmological
particle production, x determines the number density. Note that the above transfer matrix
is not defined for the “adiabatic states”, which represents the “adiabatic energy”

By = £/A2 +02e2/4. (1.33)

Since these adiabatic states are diagonalizing the Hamiltonian and identified with the
asymptotic WKB solutions, the transition matrix for these (adiabatic) states is giving Bo-
goliubov transformation of the cosmological particle production. If one writes the transfer
matrix for the “adiabatic states” Wy o instead of the original states 11 2, one will have

\Ill+ (V1= e~ 2 (1.34)
\Il; - e~ Tr —V/1— e 2rk vy )7 '

where we have omitted the phase parameter. Compare the transfer matrix with the one
obtained for bosonic preheating in ref. [23]. For Dirac fermions, one can find the calculation
based on the Landau-Zener model in ref. [32], which can be compared with the standard
calculation of refs. [40, 41]. The off-diagonal elements of the transfer matrix are giving
B of the Bogoliubov transformation [23] if o, = 1,3, = 0 is considered for the initial
condition.

Comparing the original equation of the Landau-Zener model and the decoupled equa-
tions, one can see that D; = —vt, Do = +ut in the (original) diagonal elements are trans-
ferred into the “potential” —% 2t2 in the decoupled equations [32]. In this paper, both
approaches (the Landau-Zener model and the EWKB Stokes lines of the decoupled equa-
tions) are used to understand the cosmological particle production and the origin of the

asymimetry.

2 Asymmetry in cosmological particle production and the decay process

First, we introduce helicity-violating interaction (mass) for the Majorana fermion and
examine asymmetry production when the mass is time-dependent. Because of the facility
of the equations, our idea of asymmetric particle production will be examined first for the
helicity asymmetry of the Majorana fermions. The result can be regarded as asymmetric
decay of the 0(t) field (PNGB), where the asymmetry is determined by the sign of §. Unlike
the usual scenario of asymmetric decay, interference is not playing important role in our
scenario.

Although perturbative expansion before the non-perturbative analysis could be very
useful, perturbative expansion may drastically change the structure of the EWKB Stokes
lines of the model. Therefore, perturbative expansion before the non-perturbative analysis
is sometimes very dangerous. Some useful examples will be shown.



2.1 Majorana fermion with time-dependent mass (basic calculation)

For the Majorana fermion, we consider W% = (g, 1/12) and write the Majorana mass term as

Ly = Vg ( 0* mR) Tp. (2.1)
mp 0

The Lagrangian density becomes
L = pric"dr — % (mavk +mpvl), (2.2)
which gives the equation of motion
(i5°0; +ia'0;)br = —mpYh. (2.3)

We consider the expansion

e = [ e 3 ek w00 o () - (2.4)
where ey denotes the helicity eigenstate and we have
— k'alef = s|k|oVef (s ==) (2.5)
and the orthogonalities
eslgley = 5%, ese’, = sefk (2.6)
and a phase by the momentum direction
il = J% (2.7)
From the above expansion and the equation of motion, one will find

(10 + s|k|)uj, = smpvy,
(10 + slk|)vy" = —smpug”. (2.8)

One can write these equations using a matrix as

d
—VU = HU
vt :
H11 H12 _ —S’k‘ sm}(t) (2 9)
Hy Hoy smpg(t) s|k| 7 '

where U! = (vi, uj).
Note that this formalism introduces “time-dependent off-diagonal elements” to the
theory. This is what we need for asymmetry production in this paper.



We are going to write the above equations in a versatile form. Introducing D(t) = —s|k|
and A(t) = smp(t), we have

d (X D(t) A(t)* X
inl _ (P® A®) , (2.10)
dt \'Y A(t) —D(t) Y
where we recovered A for later arguments. Decoupling the equations, one will have the
equations given by

. AF iDA* iD |A]?+ D?

X -=X - — ] X=0. 2.11
A +< I 0 (211)
. AL iDA  iD |AP+D?*\_
Y‘H*(m‘n*m V=0 (212)

To obtain the standard form of the EWKB, one has to introduce a new P and Q defined by

. 1 [z A*
X = exp (—2 Ndx) X

. 1 e A
Y = exp (—2/ Adm) Y (2.13)

Alternatively, one can introduce P (and Q) to the original equation (before the decou-
pling) to remove the time-dependence of the off-diagonal elements in (2.10). In that case,
one will have

U =UY, (2.14)
H=U''HU —iU"'U, (2.15)
where U defines the transformation given in eq. (2.13). Of course, after decoupling the

equations, one will have identical results.
For the decoupled equations, the equations can be written in the standard EWKB form

s (—iDA* D |AP+D? A" 3(A%)?\ o
X+< A T 2 +2A*—4A*>2 X =0 (2.16)
:  (iDA iD |AP+D?* A 3(A)?) .
Y _——— t——— 4+ — = Y =0. 2.17
+ ( At taa T aap (2.17)

Seeing the h-dependence, the EWKB Stokes lines of the above equation coincides with
the trivial equation

N Al2+ D? .
X + H};X =0, (2.18)

which cannot generate asymmetry. Mathematically, this result is true if no extra h is
appearing from A*. We are going to examine this model further to understand the source
of the asymmetry.

~10 -



2.2 Majorana fermion with time-dependent mass (constant rotation)

We start with the typical example of quantum mechanics. In cosmology, trapping of
an oscillating field [42, 43] or the Affleck-Dine baryogenesis [44, 45] can generate similar
rotation, which can be seen in a local domain [46, 47].

Here we consider the equation given by®

7;%\1/ = (HO + gW),
HO = (lo) OD) (2.19)
0 A*1)
HY = 2.20
(Al(t) 0 ) 7 (2.20)

where D = wy. Then we have the solution given by

U(t) = ¢ (t)e ot (é) + co(t)etwot (?) . (2.21)

To find the time-dependent coefficients ¢ (t) and ca(t), we substitute ¥(¢) to find

i = A* 20t ey (1) (2.22)
d .
i% = Ae 2wt (1), (2.23)

It is very difficult to solve this equation exactly for general A(%), but one can use a numerical
calculation to understand the transition. For A(t) = Ae™! = Ae?0! one can easily find
the exact solution, which gives ¢ 2(t) ~ sin(At + 6y). Here A (= |A|) determines the
rapidity of the transition and the maximum transition is possible for any A, although
it takes a long time for small A. Away from the resonance frequency at w = 2wg, the
transition amplitude decreases.

Here, what is important for our discussion about asymmetry is inverse rotation. If the
off-diagonal element is replaced by A(t) = Ae 20! the equations become

dcy

i = Attty (1) (2.24)
d .
i% = Ae~diwote (¢), (2.25)

which ruins the resonance.

The situation becomes very clear if one introduces the transformation of eq. (2.13).
For A(t) = Ae?“o! the two states are shifted together to make a pair of degenerated
states (ﬁ = 0) in H. If this transition corresponds to the Bogoliubov transformation,
particle production is possible in this case. On the other hand, for the inverse rotation
A(t) = Ae~ 20t two states are “shifted away” to give D =2wy. Then the particle production

6Just for simplicity, we temporarily set /i = 1.

- 11 -



A(t) = Ae?iwo A(t) = Ae= 2o

I
N/
O
NI

D(t) = 2wo
D(t)=0
~D(t) = —2wy
______________ D(t) = wo
------------- :D(t) = —wp

Original

Figure 1. Top: rotation of the off-diagonal elements. Middle: new states of H. Bottom: the
original states of H. In this case, the resonance is possible only for the anti-clockwise rotation.

is suppressed. Although the diagonal elements of H coincide, the “adiabatic” energy splits
because of the remaining off-diagonal elements (i.e, the radial part |A(t)|), which affects
the rapidity of the transition. The situation is shown in figure 1.

Although this model is very useful for understanding the origin of the asymmetry, there
is a problem in defining the number density. In this model, there is no non-perturbative
transition (i.e, the Stokes phenomena) between the “adiabatic states”. On the other hand,
the adiabatic states cannot keep diagonalizing the Hamiltonian, which causes oscillation
of the number density. To avoid such problem, one has to define the creation and the
annihilation operators for the asymptotic states, but in this model the asymptotic states
are not defined.” To introduce a non-adiabatic transition, we have to extend the model.

2.3 Majorana fermion with linear time-dependence (A = sg(e +ivt), D = —s|k|)

For the cosmological preheating scenario, particle production near the enhanced symmetry
point(ESP) with ¢(t) = € + ivt is very important. Using the generation of the asymmetry,
we also explain the crucial discrepancy between the conventional WKB expansion and
the EWKB.

"In reality, the period of the periodic function n; depends on k. Therefore, the total number density
after k-intergation is not simple. Since the particles could decay during the process, it could be possible to
claim that asymmetric particle production is possible in this model.

- 12 —



Figure 2. Stokes lines for e =0.1,v =1,k =1,A=0.1,9g = 1,s = %1 are given for Qg + @1, not
for Q. One can see four turning points (circle) and a double pole (triangle) near the origin, which
are asymmetric, but they disappear in the EWKB.

We start with the decoupled equation

. 2(.2 242 2 2
; g* (2 +v*t?) + |k| s|k|v 3v A
X X =0. 2.2
+ h? + h(e — ivt) + 4(e —ivt)? 0 (2:26)
Naively for the EWKB, this equation gives
Qo(t) = —g* (2 +v*?) — |k (2.27)

and the asymmetry seems to disappear from the non-perturbative calculation. This result
agrees with our numerical calculation. However, seeing the trajectory, one will find that
this model has a rotational motion around the origin (i.e, the ESP). Is it true that the
rotational asymmetry considered in section 2.2 disappears in this model? If the asymmetry
disappears, what is the crucial condition?®

To understand more about the situation, we show the naive Stokes lines” in figure 2,
which have a double pole at t = —ie/v and four turning points.'® Seeing the Stokes lines,
one can understand the situation. The EWKB stokes lines appear after gluing the double
pole and two turning points together at the origin. In this limit (i.e, # — 0), the stokes
lines give the simple “scattering problem with an inverted quadratic potential” [32].

Alternatively, using the numerical calculation explained in appendix C, we find that
the net number n;“ —mn,, cannot evolve in the straight motion mgr = 0 as long as the initial

8In ref. [22], by considering perturbation, the asymmetry is related to the interference between terms.
We are arguing this topic from another viewpoint.

9The stokes lines are called “naive”, since careful people will not use these stokes lines for their calcula-
tion, even if they are considering the conventional WKB expansion. The problems of O(h) terms and their
poles are widely known [48] for the conventional WKB expansion.

ONote that the Stokes lines in figure 2 are obtained from Q itself, not from Q. Therefore the stokes
lines in figure 2 are not representing the true stokes lines.

~13 -



state begins with the zero particle state. In reality, however, the backreaction is important
since the particle production is significant in this model, and its backreaction can bend the
trajectory to give g # 0.1

Therefore, without considering the backreaction, this model cannot generate asymme-
try, but the particle production always introduces the backreaction, which is required for
the asymmetry. Therefore, in reality, the asymmetry production cannot be neglected in
this model.

Below, we mainly consider only the rotational motion of the off-diagonal elements,
which depends only on the phase 6(¢). In such models, the Landau-Zener transition is very
useful. We are using the EWKB to support the analysis.

2.4 Majorana fermion with time-dependent mass (perturbative expansion)

We consider perturbative expansion of the model considered in section 2.2, which is given by
A=A ~ A1 +i0+...), (2.28)

where 0(t) = wt is the simplest example. The expansion'? is valid only for § < 1. Alter-
natively, one can choose 6(t) = A coswt with A < 1.

Reflecting on the calculation above, the above perturbative expansion might have
changed the mechanism of the non-perturbative process. The significant discrepancy ap-
pears when # = wt. Indeed, the original theory does not allow non-adiabatic transition,
while in the perturbed theory the transition is solved as the quantum scattering by a po-
tential (after decoupling the equations). Therefore, in this example, one has to conclude
that the essential mechanism of the transition has been changed by taking the perturba-
tive expansion. In the light of the EWKB, this is because the structure of the Stokes lines,
which determines the transfer matrix, is changed by the perturbation. Therefore, to avoid
such discrepancy, one has to consider the expansion that does not change the essential
property of the Stokes lines. We show some typical examples in appendix B.

If the particle production is the Landau-Zener type, one has to check first the global
structure of the Stokes lines of the EWKB, and the local (linear) expansion has to be taken
around the points where the Stokes lines cross the real-time axis. Indeed, the original
Landau-Zener model considers local expansion around the state-crossing point, where the
global structure of the Stokes lines has the separable form of the MTP(Merged pair of
simple Turning Points). In this paper, we often consider similar expansion. Note however
that the particle production is not always explained by the Landau-Zener type transition.

We sometimes compare the Landau-Zener type calculation with the EWKB Stokes
lines. In our analysis, the Landau-Zener type transition is very useful for understanding
the asymmetry.

"1n the most significant case, the oscillating field can be “trapped” near the ESP [42], which may happen
also for higher-dimensional interaction suppressed by the Planck scale [43].
12The EWKB is an expansion, but it takes the Borel sum to get the non-perturbative result.
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2.5 Majorana fermion with time-dependent mass (the EWKB for A(t) = mge'?,
0(t) = Acos(wat/h))

In this section, we consider

0(t) = Acos(wgt/h)
A(t) = moe™® (2.29)

and draw the Stokes lines of eq. (2.16). Note that

Ax

~ =if (2.30)
_ g (wt>
= 7 Sin 5
~ O(h™h) (2.31)

is important for the EWKB calculation.'3
What is important for the asymmetry is the term proportional to s. Terms proportional
to D will disappear since D is constant. Therefore, the s-dependence comes from the factor

L AF i(—s|k|) iwg . [wat
D - Ha Fa®
A n Sm( n )
k|w, ot
_ _3|h|2“’ sin (“’h) . (2.32)

This term is suppressed in the non-relativistic limit (|k| — 0). Therefore, the asymmetry
is not significant in the non-relativistic limit. This result may not be consistent with the
intuition, since in the non-relativistic limit, violation of the helicity could be significant.
We will explain the reason later in this section.

To understand more about the origin of the asymmetry, we have calculated the Stokes
lines for typical Q)g, which is shown in figure 3 together with their “potentials”. We have
excluded the imaginary part for simplicity. See appendix B for more details. Seeing
figure 3 and the solutions of Q9 = 0, one can understand that the basic structures of the
MTPs'* are completely the same but their positions are shifted by changing the sign of
s. Therefore, for an eternal oscillation, the production becomes symmetric on average,
but for a damped oscillation, the asymmetry appears because the particle production is
not simultaneous for different s = +1. The time-dependent amplitude of the oscillation
generates different number densities at each MTP. The asymmetry is therefore determined
by the time-dependence of the amplitude. Particle production is exclusive at each MTP.15

13Tn the EWKB, analytic evaluation of the integral is usually very difficult, despite the transparency of
the qualitative analysis based on the Stokes lines. In this paper, we are using the EWKB for qualitative
analysis.

"1n terms of the EWKB, each MTP gives the transfer matrix similar to the scattering by an independent
inverted quadratic potential, which is calculable [27, 32-34]. In this sense, each MTP is separable. See also
appendix B for more details.

15When s = 1 is generated, the other (s = —1) is not generated. Simultaneous production is possible
only when k = 0, where the asymmetry vanishes. Of course, particle production is not instant in reality.
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Figure 3. The Stokes lines and the potential are shown for Q(t) = —1.5 — s0.8sin(2t) — sin?(2t)
and V() = —s0.8sin(2t) — sin?(2t). The upper is for s = +1 and the lower is for s = —1.

Figure 4. After using eq. (2.13), the time-dependence appears only in the diagonal elements. Left:
as far as |k| # 0, one can discriminate s = 1 and s = —1. Right: for |k| = 0, particle production
cannot discriminate the helicity.

One thing that has to be clarified is the vanishing asymmetry in the limit of |k| — 0.
This phenomenon can be understood easily by considering the original equation (Landau-
Zener type). In figure 4, we show the motion of the two states for H. In the left, s =
+1 states are distinguishable when |k| # 0, while in the right, s = 41 states are not
distinguishable when |k| = 0. Simultaneous particle production is possible only when
k = 0, which corresponds to vanishing asymmetry.

One can compare the above result with the earlier calculation given in refs. [15, 20]. In
ref. [15], perturbative expansion has been used to expand e to calculate non-perturbative
particle production, where the asymmetry appears from the interference between terms.

In our analysis, the asymmetry appears because the particle production is exclusive.

1Note however that the asymmetry depends on k. One can see from figure 4 that states are symmetric
for k ~ 0. Therefore, total number density after k integration may not be utterly exclusive due to the
symmetric particle production near k ~ 0.

~16 —



0.8

J

I | | . | |
-3 -2 -1 1 2 3

Figure 5. 6(t) and 0(t) for 8(t) = A/(1 + e~ /7).

In ref. [20], it has been shown for a single Dirac fermion that crucial cancellation
disturbs asymmetry production. The reason is very simple. For a single Dirac fermion, the
complex mass has to be introduced as

mpYrir + mpYrYL, (2.33)

which flips the rotational direction by the exchange L <> R. More precisely, since the
exchange L < R inverses the rotational motion of the complex Dirac mass, “matter pro-
duction” of the left-handed fermion occurs simultaneously with “antimatter production” of
the right-handed fermion, and vice versa. To avoid this cancellation, one has to introduce
more than two Dirac fermions, whose off-diagonal elements (interaction) is given by

{mA(FijRi + YrjLi) + h-C-] (2.34)
or
[mavrivn +hel. (2.35)
We will go back to this topic in section 3.

2.6 Majorana fermion with time-dependent mass (8(t) = A/(1 + e~/"))

In this section, we consider the simple rotational motion of the phase. As we will see
later in this section, the model clearly describes the origin of the asymmetry in particle
production. We consider

A

o(t) = 14 e—at/h’

(2.36)
which gives transition of the phase from 6; = 0 to §. = A around ¢ = 0. We showed the
motion of O(t) and 6(t) in figure 5. We take

ma(t) = go(t) = gpoe™?
A
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where g is real. Again, one can remove the time-dependence of the off-diagonal elements

using the translation'”

U =0y,

6i@(t)/Q 0
( N (2.38)

The Hamiltonian after the transformation becomes

Ur

H = U;'HUr — iU 'Ur

_ _ lpp
_ s]k]* sho sgcpol ) (2.39)
59*po s|k| 4 5ho

Note that the new terms in the diagonal elements do not have “s” in their coefficients.

The new Hamiltonian is quite useful for our discussion. One can see in figure 6 that
the new term (o 6) makes a bump around ¢ = 0 and the intersection (in the sense of the
original Landau-Zener model) appears only for s = —1, because of the signs in front of 0.
This means that for a certain range of k, only s = —1 particles can experience the Landau-
Zener type transition. The particle production seems exclusive in this case, at least for
the Landau-Zener type particle production.'® In this model, one can see state crossing of
s=—1for k <k,= %. Since A defines the amplitude of 6(¢), we found n oc k2 oc A3 in
this model, which supports the claim given in ref. [15].1

Considering the original Landau-Zener model, the probability of the transition (i.e,
the magnitude of the particle production) is determined by the velocity at each crossing

point (t12), which is

’9<P0\2
v(ti)

v(t;) = D(tz) =h

<1 (2.40)

(2.41)

Note that in this formulation, k-dependence is appearing in t;.
In this argument, the radius of the Fermi sphere is important for estimating the number
density. For large k, the top of the two bumps meet at

A
ko= 22 (2.42)

8
where the velocity of the state becomes § ~ 0. See the figure 7. Here the conventional
Landau-Zener model, which uses the linear expansion at the state-crossing point, does not

give the correct answer. The transition of this kind has already been calculated in ref. [32],

17See eq. (2.13). This transformation was originally introduced to get the standard form of the EWKB
formulation from the decoupled equations. At the same time, it removes the time dependence of the
off-diagonal elements.

181n appendix B, we argue the possibility of particle production without crossing (not the Landau-Zener
type). .

19The required condition for the state crossing is calculated from the maximum of # (i.e, the height of
the bumps). For |k| > hMax[f]/2 = [h6(0)|/2 = aA/8, states are always apart.
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Figure 6. Upper: time-dependence of the diagonal elements of H for s =+1 and k = 0, in which
one can see no crossing. Lower: time-dependence of the diagonal elements of H for s = —1 and
k # 0, in which each state crossing causes Landau-Zener transition.

k> k.,

—k < —k,

Figure 7. The upper and the lower states start to fall apart for larger |k|, and the crossing
disappears near k ~ k,. At this moment § disappears and higher calculation becomes important [32].

in which the scattering problem with an inverted quartic potential has been considered.
Near the top of the bumps, we considered in ref. [32] the equation given by

Ld (1) [—(atP+e) A i
w(2)-(uA) () e
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which gives after decoupling the following equation

[hzj; + (a2 —i2at)h) + (af? + e)2 ¥ = 0. (2.44)
In terms of the EWKB, Qg of the equation is
Qo= —A%— (at? + 6)2, (2.45)
where the “potential” is
V(t) = —a’t* — 2aet? < 0 (2.46)
and the “energy” is E = A% + ¢ > 0. We thus find
Qo(t) = —A? — 2 — a?t* — 2aet®. (2.47)
For the model considered in this section, we have
O(t) ~ 2k, + % 0 (0) %+ ... (2.48)
6'(0) = —4as, (2.49)
which gives the Hamiltonian for s = —1
2 _
- (Aﬁ;;:t _Akgf(;2t2> ’ (2.50)

where we introduced Ak = |k| — k.. There is no state crossing for |k| > k.(Ak > 0), but to
solve the scattering problem of the quartic potential, one can see that the transition can
be significant yet [32]. Transforming the above equation into Q(z) = —k4 — z*, one can
easily find that k4 in the equation gives the bound k4 < 1, which determines the radius of
the Fermi sphere.

Although rather crude, one can see that when the tops of the bumps coincide at
Ak = 0, the Fermi sphere can be larger than k. if a > (9?3 + Ak)V2AY3 s satisfied.
Here, A represents the variation (amplitude) of 0(¢) and a determines the speed of the
transition (or the width of the domain wall). The above condition is showing that particle
production is more efficient when the variation of @ is larger and the speed of the transition
is higher. This result coincides with intuition.

For A ~ O(1), a ~ gpo gives the Fermi sphere kr = k, ~ gpo/8. Variation from this
point will change the Fermi sphere from the naive estimation kg ~ k..

We show our numerical results?” in figure 8, which depict the shapes of the distributions
(upper panel) and the time evolution of the number density for each state (lower panel).
One can see clearly that s = +1 production is suppressed compared with s = —1. (Note
that in the lower panel the number densities are given for the log scale.)

20Tn our numerical calculation, the wave functions u; and v§ appeared in (2.4) are solved numerically, and
they are interpreted into the distribution function. In appendix C we show how to calculate the distribution
function by the wave functions.
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Figure 8. The results of numerical calculation with the parameters |mg| = a = 1.0,A = 7/3.
Upper: shapes of the distributions for each helicity state after the production (¢ = 20). Lower:
time evolution of the number densities (log scale).

In this model, the MTP structure always appears twice during particle production.
When one calculates the Fermi sphere of particle production, this double MTP structure
causes a less trivial modification of the distribution, as far as the particles do not decay
between the two MTPs. The typical distributions are shown in figure 9 for x(A) o AZ.
Let us explain why this distribution is very important for our scenario. Since the off-
diagonal elements are representing the symmetry-violating interaction, asymmetry in the
g — 0 limit is very important. For the Majorana fermion, since the off-diagonal elements
are representing the Majorana mass, small |A| seems to be making the particle production
easier. This speculation is true for a single MTP scenario, but for our double MTP scenario,
one has to consider figure 9 for the distribution. In the g9 — 0 limit, the particle
production vanishes as one can see from figure 9. Therefore, a tiny interaction suppresses
particle production (and asymmetry).

From the above results, one can see that static motion (always 6 = 0) gives no state
crossing in this model.

Although very crude, one can estimate the particle production when cosmological
domain walls decay. For the typical cosmological domain wall of tension o ~ A? and width
8w ~ A™1 decaying at the density p ~ o2 /MPQ, the number density of the produced particle
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Figure 9. Typical distribution functions for x(A) are shown for the single and the double MTP
models.

can be estimated as krp ~ 0.1A for fast-moving wall. However, since efficient particle
production causes friction to the domain wall motion, the maximum number density should
be estimated as n < p/A ~ A5/M3 when the temperature of the Universe is Tp ~ /o /M.
We conclude that asymmetric particle production can be efficient for typical cosmological
domain walls.

3 Dirac fermions

As we have mentioned previously, asymmetry will be canceled for a single Dirac fermion.
Let us see more details of the cancellation mechanism. For a single Dirac fermion, one may
find complex mass terms as

[mAﬂwR + mZ%dJL} (3.1)

Following the strategies we have considered in this paper, one can explicitly calculate par-
ticle production for four species; left(right)-handed matter(antimatter). Our observation is
very simple. Since the L <+ R exchange flips the rotational direction, one can immediately
find that L and R productions are exclusive. Since the matter-antimatter is also exclusive,
L-matter production and R-antimatter production are simultaneous. Regarding this parti-
cle production as the decay process, one can say that depending on the sign of 0, the field
0 “selectively” decays into L-matter and R-antimatter (or L-antimatter and R-matter for
the opposite sign). Therefore, for a single Dirac fermion, direct asymmetry production is
impossible in total.

Although a single Dirac fermion is excluded for the (direct) baryogenesis, there is hope
in multiple Dirac fermions. To show an example, let us consider a fictitious “lepton” !
and a “quark” 97 for the calculation and suppose that each fermion is massless (i.e, we are
considering a naive relativistic limit) but they have the Yukawa interaction

gt + hue. = gp(vhvd + i yh) + hee. (3.2)

Since in this case, the L <+ R exchange does not flip the rotational direction, 1{-matter
production and ¢%-matter production simultaneously occur, and they are exclusive to 9] -
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antimatter and ¢%-antimatter production. We thus find the net baryon number from the
cosmological particle production.

On the other hand, considering the [ <+ ¢ exchange, 1/}%7 p-matter production is exclusive
to 1%7 p-matter production. We thus find that the negative lepton number has to be
generated simultaneously with the positive baryon number, and vice versa. This result is
consistent with effective charge conservation.

The trick of this baryogenesis scenario is very simple in the massless limit. If one

rearranges the pairs as ¥y = (Y12, ¥1r) = (¥F,¢%%) and o = (Yor,vor) = (Y1, ¥%), the
Yukawa interaction can be written as

Qéf)%ﬂﬂ% + h.c.} + [QWWL?/J% + h.c.] = {gcfﬂ/)TR%L + h.c.] + [g*ﬁb*@ﬂ}u + h.c.] , (3.3)

which represents the complex Dirac mass terms for two independent Dirac fermions 1)y o.
In the original 7 and ¢!, the “exclusive pairs” are rearranged to avoid the cancellation of
the net B and L numbers.

Remember that in the previous (Majorana) models, asymmetry vanishes for k — 0.
Therefore, we are going to discuss the non-relativistic limit, where the original mass terms

Mg pTp? — myaplaf! (3.4)

are not negligible but k ~ 0 is negligible for both fermions. Here, the minus sign in front
of my is for later convenience. We also assume m, ~ m; for simplicity.
First, consider the conventional decomposition

0= [ G S [uhto + i) (35)
and the single-field Dirac equation
(idl — mp) = 0. (3.6)
Carefully following the formalism given in ref. [41], one will find
Uy = ikus F impu, (3.7)
which can be written in the matrix as

d (u mp —k u
)= (o ) () o)

Diagonalizing this equation for constant matrix elements, one will find the adiabatic
states (the WKB solutions) as

() (0 ) ()

(3.9)

The original u+ and @+ coincides at k ~ 0.
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Let us introduce the interaction given in eq. (3.2) and take k — 0. Assuming mg, and

d [ ul mg M’ ul

a(3)- () ) o
uly ma —my uly

d (ul —mg —Mmj u?

j— = . 11

Zdt (ul_> <—mA —l—ml>(ul_ (3.11)

At this moment, the cancellation could not be clear from the above equations.

my are constant, we find

and

Decoupling the equations, we find

il + | ——2 +i(mg —my) | WL + [[mal® + mgmy — ifmq] ul =0 (3.12)
A mA
Redefining the interaction as ma = moe?®, we have
sk
T} (3.13)
ma
Also defining 0M = my — m; > 0, the equation becomes
i@+ [0+ 0M| iy + [[mal? + mgmi — Omg| ul =0 (3.14)
The standard form of the EWKB will be obtained using
i [tr.
0% = exp <2/ [9 + 5M} dt> ul. (3.15)

This also removes the time-dependence of the off-diagonal elements of the Landau-Zener
formalism. Finally, we have

0+ 5M)?
_EQ_FM

2q
uy + 5 1

+md + mymy — émq] ul = 0. (3.16)

It seems difficult to understand the situation from the decoupled equations. Therefore, we
are going back to the original matrix form.
If eq. (3.15) has been applied to eq. (3.10), one will find

N M, )50 N

Yar\al ) T Mp=0 ) \ gt | '
+ mo —— 5 — +

N () 1)

= . g .
—mg M ot

where M,y = (mg + my)/2. This form is very familiar in this paper. From the above

and

equations, we found that the situation is quite similar to the single Dirac fermion, and
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the matter-antimatter asymmetry is indeed canceled (i.e, net baryon and lepton numbers
vanish) in the non-relativistic limit.

For completeness, let us consider a generalization of the scenario. Since the left-handed
and the right-handed fermions are independent particles, one can also consider the Yukawa
interactions written as

mAijwiijRi + hC} + {mAﬂﬁij + h.c.|, (319)

where ma;; # maj; is possible.

4 Conclusions and discussions

As we have seen explicitly, the origin of the asymmetry in the particle production from the
rotational motion is essentially the exclusive particle production. This property has been
found by using the Landau-Zener model and the EWKB Stokes lines for the decoupled
equations. We also pointed out that the perturbative expansion may sometimes change
the Stokes lines. To avoid such discrepancy, one has to draw the Stokes lines of the original
theory first and consider perturbation at the points where the Stokes lines cross the real-
time axis. For the Dirac fermion, because of the left and right-handed components, the
total asymmetry cancels for the single-field model. For the multiple Dirac fermions, we have
seen that cancellation can be avoided in the relativistic limit. In all cases, the asymmetry
vanishes for k£ — 0.

Perturbative expansion is sometimes used before non-perturbative calculation. Our
concern was that such simplification may change the structure of the Stokes lines of the
original theory and the theory after perturbative expansion cannot reproduce the physics
of the original theory. For physics, the two theories could not always be needed to be
identical, but the difference has to be under control. To avoid the problem, one has to
draw first the Stokes line of the original theory to find a separable structure of the Stokes
lines, where local expansion is applicable. Indeed, the idea described in Zener’s original
paper [37] follows this regulation. This strategy is crucial for a damped oscillation, as is
shown in figure 3.

We started with the simplest example (i.e, simple rotation A(t) = Ae™0t), and carefully
examined the essential mechanism of the asymmetry production for typical situations,
comparing the structure of the Stokes lines and the original equations.
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A A short introduction to the EWKB and the Borel resummation

As we have mentioned in the introduction of this paper and in our previous paper [32], there
has been many papers in which the Stokes phenomena is used to study particle production.
However, we feel that the crucial difference between the conventional WKB approximation
and the exact WKB is not well understood widely.

First, the conventional WKB approximation generically gives a divergent power series,
while the EWKB considers the Borel resummation to control the WKB expansion.

Second, the following misinterpretation could arise. Since the above situation is dras-
tically improved by taking the Borel resummation, one might naively think that the con-
ventional WKB is certificated by the EWKB, and there is no crucial diference at the end.
This speculation is sometimes very dangerous.

The discrepancy will be obvious when Q(z) of the “Schrédinger equation”

da?

d2
[ +ﬁ@@ﬂ¢@m)=Q (A1)

is replaced by Q(x,n). In this case, the discussion of the stokes phenomena becomes quite
vague (or at most very complicated) for the conventional WKB [48].

Now remember the model discussed in section 2.3. Although both our numerical
calculation and the perturbative calculation of ref. [15] are giving the correct answer, it
would be difficult for the conventional WKB to explain why the asymmetry of the Stokes
lines disappears for finite A. Using the EWKB, one can easily understand that the Stokes
lines have to be calculated for S_1, where S_; is the coefficient of 1 of the WKB expansion.
For the conventional WKB, the asymmetry of the Stokes lines seems to disappear only in
the limit &~ — 0, and something other than the conventional WKB is required to explain
the situation.

In the followings, we show explicitly what determines the Stokes phenomena in the
EWKB and why the Borel resummation is crucial for the calculation.

A.1 What is the Borel resummation?

Let us solve the very simple Ordinary Differential Equation(ODE)

d
ZQd—: =—u+z u(0)=1 (A.2)

using expansion into power series
[e.e]
u(z) = Zunz”. (A.3)
n=0

One can find the solution

— 96 —



but this is a divergent power series because of the factor n!. To remedy the situation, we
note that the Laplace transformation of a function f

LH® = | rrr (A3)
gives (after partial integration)
d
2] = uen-so) (A6)
-
which can be applied to f = 7" /n! to give
] Z )
L [m] _ ), (A7)

Since the factor 1/n! arises in this formula, it would be natural to expect that after using the
inverse Laplace transformation, the factor n! of the divergent power series can be removed.
This speculation is correct.

Replacing z by ¢t = 1/z, and after executing the inverse Laplace transformation, one
will find

) = Y1 (5)

= (A.8)

After the Laplace transformation, the original power series can be written by the integral

up(z) = /OOO e T/? (1 i 7_) dr. (A.9)

This is the basic strategy of the Borel resummation. After defining s = 7/z, U(z) is given
by a simpler form

uB(z):/Oooe_S( ! >d5. (A.10)

s+ 271

I moves around the origin, it crosses the integration contour and picks

If the pole at s = 2z~

up a residue to give an additional contribution 27ie!/* (the Stokes phenomena).
Application of this simple idea to the WKB expansion is not so much simple but the

calculation is straight. Let us see what happens in the WKB expansion and how one can

understand the origin of the Stokes phenomena in terms of the Borel resummation.

A.2 The Borel resummation for the WKB expansion

Our starting point is the “Schrédinger equation” in quantum mechanics given by

da?

d2
[ +772Q($777)1 Y(z,n) =0, (A11)
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where
Q(z,n) =V -FE (A.12)

for the potential V' and the energy E. Just for simplicity, we assume that @ is given by
[e.@]
Qz,n) =Y 1 *Qu(x), (A.13)
k=0

which simplifies the calculation as is shown in eq. (A.22) later.
Assuming that the solution v is written by ¥(z,n) = ef@n) one will have

W = elag SN (A.14)

for S(x,n) = OR/0x. We have the condition for S given by

5+ %) cig -0 A1)

Expanding S as S(x,n) = > =% n~"S,, one will have

S =nS_1(z) + So(x) +n 1S (x) +..., (A.16)
which gives
5%, = Qo (A.17)
and
_ i J Jj—1 dSijl
28 182) = = | 2 SowSa(j—y-1 + D Sanr1Sa-k-1) + — (A.18)
| >0 k>0 v
j i dSs;
25_182j41 = — | > SokSagj—k) + Y Sokt1S2(j-r)—1 + TJ = Qa+1)| (A19)
| >0 k>0 r

for j > 0. Note that the sign dependence of S_1 = ++/Q reflects to the odd terms as
£S55;4+1 but not to the even terms. Using this relation, one will have a simpler form

1 * Sodqad
efmo oddax

= A .20

V= e (A.20)

Sodd = Z 771_2j52j,1. (A21)
Jj=0

Depending on the sign of the first S_1, there are two solutions 4, which are given by

Yy =

exp (:I:/ Sodddx> . (A.22)
0

Sodd

The above WKB expansion is usually divergent.
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Figure 10. The wavy lines are the paths of integration in the Borel resummation. Since the paths
overlap when Im[s] = 0, the Stokes phenomena appears if one crosses the Stokes lines defined by
Im[s] = 0.

Let us consider the Borel resummation for the WKB expansion. Since = appears in the
coeflicients of the 7 expansion, we consider the Borel resummation for 7, not for x. Note
that this point is different from the simplest example discussed in the previous section. We

thus have
zﬁ:ﬁ: — \IJ:I: = / e_y”¢f(x,y)dy, (A23)
Fs(x)
s(z) = / S_(z)de, (A.24)
x0

where the y-integral is parallel to the real axis. What is important here for the Stokes
phenomena is that the starting point of the integration is naturally moved from the origin
to s(z) due to S_1n and yn in the exponent. Now the starting points of the integration
paths depend explicitly on the original coordinate x. See figure 10 for more information
about the contour and the Stokes phenomena.

Therefore, one can easily expect that if one moves in the complex x space, the integra-
tion contour may cause the Stokes phenomena similar to the one discussed in the previous
section.

See also the simplest example in section 2.3, which clearly explains why EWKB is
useful.

Locally, the Stokes phenomenon around the turning points (@ = 0) can also be ex-
plained by using the Airy function (Q(x) = x). However, to generalize the discussion, the
technique of the Borel resummation seems to be inevitable.

B The exact WKB for cosmological particle production

In this appendix, we show the calculation of cosmological particle production in the light
of the Exact WKB. We show explicitly the Stokes lines for bosonic and fermionic preheat-
ing and examine the adequacy of the conventional linear approximation at the enhanced
symmetry point (ESP). After the linear approximation, which is local, the connection for-
mula at that point is identical to the scattering problem by an inverted quadratic potential
(for bosonic preheating) or the Landau-Zener transition (for fermionic preheating), whose
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Stokes lines are given by the Merged pair of simple Turning Points(MTP). If the imaginary
part of Qg remains, the MTP is unmerged.

The Stokes lines in this appendix are drawn by using Mathematica.?!

B.1 Bosonic preheating

We first review the standard calculation based on the special function and then explain
the EWKB calculation.

B.1.1 Standard calculation: exact local solution after linear approximation,
m(t) = m(t;) +m(t;)(t — t;)

Just after inflation, the motion of the inflaton field is usually a damped oscillation, whose
particle production cannot be solved exactly. However, at least near the center of the
oscillation, or very close to the ESP where particle production is likely to take place, the
linear approximation can be made with respect to t. We are going to review the local
solution obtained from the linear approximation at the ESP.

One can rewrite the inflaton motion as ¢(t) = ¢(t;) + ¢(t;)(t — t;), where t; is the i-th
minimum of m?(t). Typically, the mass of a scalar field (e.g, x) is given by

my(t) = mf + g36(t)°, (B.1)

where ¢(t) is the oscillating inflaton field. If we consider the Lagrangian

1 1 1
Ly = 50ux0"x = Gmix” = 5 956(1)°X*, (B.2)
the equation of motion is
d?*x

If one replaces ¢(t) with ¢(t) ~ vt, the equation is equivalent to the Schrédinger equation
with the “inverted quadratic potential”. Then the connection formula is obtained by solving
the quantum scattering problem. The “potential” is given by

V(t) =~ (g30°) £, (B.4)
where the corresponding “energy” is
E =k +md (B.5)

Since £ > V is always true in this case, there is no classical turning point of the scattering
problem. Here we have neglected the expansion of the Universe, which can be introduced
by making redefinitions of the parameters.

Typically, the WKB expansion is used to find

704(t) —1 twt B(t) itwt
xk(t) = \/kTTke J wd +%e+f dt. (B.6)

21 A simple Stokes-line drawer for Mathematica can be downloaded from [51].
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where
w(t) = K + mi(t). (B.7)

We take ap = 1, B = 0 for the initial vacuum state. The distribution of the particle in the
final state is

ny (k) = [Bk[%, (B.8)

which can be found by solving the scattering problem of the corresponding Schrédinger
equation. For the above model (i.e, scattering by the inverted quadratic potential), the
following Weber equation

v (2) + (V + % — 122> y(z) =0 (B.9)

has the solution D,(z), D_,_1(iz). More specifically, one can define

z = e\ 2gyut (B.10)

in the original field equation to find

d*x 1 1,
—= - — = =0. B.11
dz2+[y+2 4Z}X ( )
Here we defined
2 2
1
yoFmy, 1 (B.12)
2gov 2
and for later use we define
2 2
K = k-t mp (B.13)
29211
and
. 1
v =ik =g (B.14)

Here, & is later used to estimate the particle production. Comparing the asymptotic forms
of the Weber function, one will find [32]

D,(z) ~ e_ingvﬂe(i“*%)(log(mlt\)ﬁg)’
D_,_1(iz) ~ o T1557 1% (—in—3) (log(v2g20lt))+iF )

(B.15)

In the limit £ — —oo, the above solutions are giving the £ WKB solutions of eq. (B.6).
Therefore, one will have in the ¢t — —oo limit

X— — Dy(2) (B.16)
X+ — D_p_1(iz). (B.17)
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In the opposite ¢ — 400 limit, we have

DZ,(Z) ~ e—i%t2€(iﬁ+%)(bg(v 2920t)+i37ﬂ) 43 V( 27T) ei&;}ﬁe—fiﬂ'e(*iﬁf%)(10g(\/292vt)+i3f)
I'(—v

9

(B.18)

which shows that in the ¢t = +oo limit the asymptotic form of the exact solution D, (z) is
the mixture of the £ WKB solutions. Thus we find the exact connection formula using the
special function.

In this case, the connection formula gives the Bogoliubov transformation of the WKB
solutions.?? Finally, we obtain the connection matrix

04,":00 (V14 e—2mh it je~ Ttz a, >
Bljoo i k02 \/Weflpl 6[;00 ’

Here, all the phase parameters are put into 6; 2(k).

(B.22)

B.1.2 The exact WKB for bosonic preheating

First, we use the EWKB to find the connection formula of the local solution, which is the
exact local solution of the theory after linear expansion. Then we show the global structure
of the original Stokes lines and show why such a local solution is justified.

The Stokes phenomenon around the turning points can be easily understood using the
Airy function (Q(z) = z). In this case, the Stokes lines are defined by

Im[s(z)] = Im {/Ox xl/Qd:U}
= Im {zx?’/ﬂ =0, (B.23)

which is shown in figure 11. If Re[s(z)] > 0, ¢4 is dominant on the Stokes line, while if
Re[s(z)] < 0, ¥_ is dominant.

When the integration paths of the Borel resummation overlap on the Stokes line, it
may develop additional contributions, which is called the Stokes phenomenon. We have
the following connection formulae:

o Crossing the ¥ -Dominant Stokes line with anticlockwise rotation (seen from the
turning point)

U, — U, +i0_ (B.24)
g (B.25)
220ne has to use
I(z)0(1—2z) = Sm”m (B.19)
I'(z) = T(2) (B.20)
1+u:1+(m—%):—v (B.21)

for the calculation of I'(—v) =T (—m + %)
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Turning point

Figure 11. The Stokes lines for @ = z.

2

b

Figure 12. The Stokes lines for the inverted quadratic potential (Q = —1 — t2).

o Crossing the 1_-Dominant Stokes line with anticlockwise rotation (seen from the
turning point)

N (B.26)

e Inverse rotation gives a minus sign in front of 7.

Here, we are confined to the Airy function, but generalization of this idea requires more
calculation [35, 36].

Let us use these simple formulae to solve the scattering problem by the inverted
quadratic potential (E > 0). We show the Stokes lines in figure 12, which has a typi-
cal MTP structure.

The degeneracy of the Stokes line can be solved (the MTP can be unmerged) by
introducing imaginary parameters, as is explicitly shown in figure 13. One can calculate
the connection formula 1 — 2 — 3, as is shown in ref. [32]. One thing that is not trivial is
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2L

Figure 13. The Stokes lines of the MTP are unmerged by [Q = —1 —t%] — [Q = —(1 +0.34) — t2].

the relation between the normalization factor and the gap, which appears when the sign of
the imaginary part is changed (e.g, F +ie <> E —i¢) For the normalization factor, we have

1 T
'(/)i = exp <:l:/ Soddd55>
o

Sodd
= :(too) exp (:I:/ (Sodd —1S—-1) dac) ) (B.28)
o
00 1 X T
zp(i ) = exp (:t/ S_lda:> exp (i/ (Sodd — nS_l)d:c> . (B.29)
Sodd 20 o0
Among them, what is not trivial is
exp (:l:/ (Sodd — nS—-1) da:) : (B.30)
o
This gives for Q(z) = X — %,
z/x (Soaa —nS-1)dz = 3" 2 =L g, (a2 (B.31)
odd —NS—1)dx = ————Boy(i , .
/% dd — 79-1 n:12n(2n—1) 2n\27]

where By, is the Bernoulli number. Because of this, one has the gap given by
g(mA<0) — /T4 e 2mhng (mA>0) (B.32)

The calculation can be generalized to give the factor appearing on both sides of more
generic MTP [49, 50].

From the above results, one can understand that each separable MTP structure will
have the local connection matrix given by eq. (B.22). This idea is very useful for calculating
particle production by a damped oscillation. To understand more about the idea, we need
to draw the global structure of the Stokes lines. We assume that the mass is given by
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Figure 14. The Stokes lines for Q(t) = —1 — e~ 03(43) cos?(2t) and a plot of Q(t). Separable MTP
structures are appearing at the minima of m?.

my(t)? = g?¢(t)? = g?(e T cos(at))?. From figure 14, one can easily understand that the
linear expansion at the local minimum of mi (i.e, the local maximum of the “potential”)
is giving a good approximation.

As we have stated above, the MTP structure is obvious in bosonic preheating. Because
of the separable MTP structure, linear approximation at the ESP is easily justified and the
calculation becomes local. The situation is slightly complicated for fermionic preheating.

B.2 Fermionic preheating

As we have described for bosonic preheating, we start with the local solution after lin-
ear approximation, which is nothing but the Landau-Zener model. Since the fermionic
preheating with a linear ¢(¢) is an old idea, we carefully follow ref. [41] to avoid confusion.

We consider the Dirac fermion whose mass is

mp(t) = mo + go(t), (B.33)

where mp is real. The Dirac equation is
(i —mp)y = 0, (B.34)

whose solution can be decomposed as

3 .
1/] = / (;lﬂ-];:} @*Zk'w ES: [ui(t)az + U}Z(t)bsjk} . (B35)
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Following ref. [41], we choose the momentum along the third direction k = k, and introduce

u4. Then one obtains a two-component differential equation??

Uy = ik‘qu F imDui, (B.38)

which can be written as

d fug ) [mo+go(t) —k Uy
“di <u_> N ( &k —mo —qu(t)) (u_> (B.39)

Note that this equation is similar to the Landau-Zener model. For mg + g¢(t) = vt, the
equation of motion is nothing but the original Landau-Zener model, which is solved in
ref. [37]. Decoupling the equations, one can use the EWKB.

For the bosonic preheating scenario, we have seen that the global structure of the
original Stokes lines has separable MTP at each minimum of mi, which supports the
conventional local calculation of the connection formula [23].

Let us see if such structure appears in fermionic preheating. Decoupling the equations,
we find for u,;

]{:2 + m2 ,mD
For mp(t) = mo + Acoswt, we find
Qo = —k* — (o + A cos wt)?. (B.41)

We show the “potential” V (t) = —k? — (mg + A coswt)? and the Stokes lines in figure 15,
which shows the expected MTP structure at each massless point, where “the states cross”
in terms of the Landau-Zener model. We thus confirmed that the linear expansion at
the crossing point, which is used in the Landau-Zener model, is justified because of the
separable structure of the Stokes lines.

On the other hand, if one chooses m(t) = mg + Acos(at/h), in which h is explicit, one
will find an additional imaginary part in

£\ 2 t
Qo = —k* — (mo + A cos C;) — jaAsin %, (B.42)

which unmerges the MTP. The Stokes lines are shown in figure 16, which have the expected
structure.

23 According to [41], the representation of the gamma matrices is chosen as

7’ = (1 _1) : 7 = <_Z.02 o ) : (B.36)
v“’:(ial i"l), 73:<_11>. (B.37)
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Figure 15. Left: plot of mp(t) and the Stokes lines. One can see that the MTP appears at
each massless point (when the states cross in the light of the Landau-Zener model). Right: mp

M

D

cannot be massless because of large mg. Since the local linear approximation is not valid at the
minimum of mp, the corresponding scattering problem is not for the quadratic potential, but for
the (higher) quartic potential. One can see that the Stokes lines are giving the structure of the
quartic scattering [32] at each minimum.

Figure 16. A plot of m(t) and the Stokes lines when hA~! is explicit in the phase of the periodic
function. One can see that the MTP is unmerged by the imaginary part.

On the other hand, if one expands this (latter) mp at the massless point (¢ = t;), one
will have

1 t;
mp ~ mo + 7 [Aa sin %] (t—t;), (B.43)
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Figure 17. Left: plot of mp(t) and the Stokes lines when mp has mp = 0 for real ¢. One can
see that the MTP-like structure appears at each massless point. (The Stokes lines are infinitely
degenerated in this case.) Right: although mp cannot have mp = 0 for real ¢, the Stokes lines are
crossing the real t axis. This suggests that particle production may take place when the velocity
increases.

which formally ruins the WKB expansion since it contains an extra A~! in the “small”
part. In this sense, it would be better to define w = a/h to control the A expansion before
discussing the local (linear) expansion.

Finally, let us see what happens if mp(t) has a bump;

Aet

mp(t) = mg+ ——.
D() 0 (1+€7t)2

(B.44)
In this case, the massless points can appear only for the minus sign. We show the Stokes
lines in figure 17, which shows the expected MTP-like structure on the left. On the right,
however, the Stokes phenomena seem to be possible although state crossing (in the light of
the Landau-Zener model) does not appear. The particle production without state crossing
can be verified by numerical calculation, although the magnitude is suppressed.

Also in this case, the introduction of A in the exponents causes a split of the MTP-like
structure. For example, one can consider

(B.45)

which introduces the additional imaginary part in Q9. The Stokes lines are shown in
figure 18.

C Distribution of Majorana fermion

In this section, we show the formula of the distribution function of the Majorana fermion
described by the wave functions and its equation of evolution.
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Figure 18. Left: plot of mp(t) and the Stokes lines when mp can cross mp = 0. Right: when
mp cannot cross mp = 0. The Stokes lines split due to the imaginary part.

C.1 Distribution formula

Using the mode expansion (2.4), the Hamiltonian can be represented as

H = /d%( i Op + mR¢R+ myh )
d3k s S 7 S S
/ (@2r)? Z Ef(aylaj, — a®a”y) + (Fk e'al ya + <h'c'))} (C.1)

d3k ) ES Fs* as
= (ST bk s k k ‘ k
/ (27T)3 S:Zi 92 ( ak; e kafkj ) (F]? Ei) <€_ZekasTk ) (02)

where
B = —slkl(jui[2 — [of]2) + smpujui® + smijuiof, (C.3)
Ff = —2s|k|ujvi — smp(ui)? + smb(vi)?. (C4)
Note that £} and F} have a nontrivial relation

(BR)? +|FP =i wi = /[K2+[mg? (C.5)

because of the normalization of the wave functions |uf|? + |v§|? = 1. To obtain the number
operator, we diagonalize the Hamiltonian (C.2) using the (time-dependent) Bogoliubov
transformation

ag = ag(t)ag(t) + Bi(t) - e @’ (1), (C.6)

where o, and 3] are the Bogoliubov “coefficients” that satisfy
| + 1837 = 1. (C.7)

Substituting (C.6) into (C.2), the Hamiltonian can be represented in terms of aj-basis as

d3k Es Fs* as
i0 kE Tk k
/ 27r 3 ; Clk ek gs k) (F].f _E1§> (e_iekasTk> (CS)
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where

B = (loq* = 1B ER — odBRFy — o By B (C.9)
F = 20085 B + (0q)*Fi — (B Fi™ (C.10)

As F, i = 0 is chosen to diagonalize Hamiltonian, one can obtain

1 Es wi, + E
B2 == (1—k>, af = -k pgsx, C.11
| Bkl 2 o k Fp Ok ( )

Hence the Hamiltonian can be diagonalized as

&k i o s
/ 27) Z akT e 9k(l_k) ( _wk> <6_i9kasjk (C.12)
d.?)k *ST*S 1 3
= / e S; Wk (ak ag — §/d x) . (C.13)

The distribution function nf can be obtained by the time-dependent occupation operator
and the initial vacuum state defined by a}|0) = 0 as

ailas
() = PR (©.14)

—15tP = 5 (1- ). (©15)

Wk
C.2 Zero particle state

Before we derive the evolution equation of the distribution function, we discuss the specific
representation of each wave function in the zero particle state. The zero particle state
ni = 0 corresponds to E}} = wy and F}] = 0, that are equivalent to

wr = —s|k|(|ui|* — |vi?) + smrujvi® + smipui g, (C.16)
0 = —2s|klujvi — smp(ul)? + smh(vi*)? (C.17)

from (C.3) and (C.4). Solving the above equations about the wave functions wu; and vy,
one can obtain

N k
ui = e /3 (1 - ;) (C.18)
. 1
’U]'z = 620{ . st - (]. + Sk) (C].g)
[mg| W

where « is an arbitrary phase. Note that the above results mean not functional solutions
but just values at a time to be nj = 0.
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C.3 Equation of evolution

In this section, we consider obtaining the equation of evolution of the distribution func-
tion (C.15). Note that the original equations of motion of the wave functions (2.8) seem
2 x 2 = 4 real degrees, but the actual degrees are 4 — 1 = 3 because there is a conserva-
tion law

W (6) + [eR(0) = 1. (C.20)

Since the distribution n{ is described by Ej that includes |u§|* — [vf|? (1 real degree) and
ugvy® (2 real degrees), it is enough to follow the evolution of these functions. The time
derivatives of these functions are given by

Ou(ui|* — |oil) = 2is(mpuivp” — mpui o), (C.21)

Oeluoi’] = ismip(Juil* — |vil?) + 2iskugui,

(C.22)
that can be represented by a matrix form as
[ui? = Jvil ugl? = Jv]
O upvg* = isF up vt (C.23)
ug g ug v
0 2mp —2mjy
F=| my 2k 0 . (C.24)

-mrp 0 =2k

Eq. (C.23) indicates the equations are closed within the three functions. Because Ej is
described by the three functions |uf|? — [vf|?, uibi*, ui*bs, the arbitrary higher derivations
of Ej} also be described by those three functions. This fact indicates that E}, Ef, E"];z can
be independent, and thus the higher derivatives 0;'E} (n > 3) can be described by a linear
combination of Ef, Ef, Ef. Since the time derivatives of Ef in (C.3) are given by

E; = smpg - uiv* + smg - uitvg, (C.25)

E,‘Z = i(mpmp — m}‘sz)(\uZ\Q — |v,§|2) + (stp + 2ikmpg)uivy” + (sip * —2ikmp)ug, vi,

(C.26)
one can obtain the matrix representation as
B} g2 — [0}
Ep | = sG ug v (C.27)
—k mg mhp
G= 0 Mg mp . (C.28)

is(mpmp — mpmeg) Mg + 2isking My — 2iskiy,
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Hence, the evolution of a set of Ejs are described by

By Jugl? — Jvgl® Jug ] — Jug]?
o | B | =sG upvp +iGF ug vt (C.29)
E} uFog uivg
By
= (G+iscF) 6| B |- (C.30)
B
In general, the components of (G +isGF ) G~ are given by
010
(G+isGF)Gt =001 (C.31)
fi f2 f3

where f1, fo, f3 are functions that consist of the time-dependent mass mg, helicity s, and
the momentum |k|.

Let us consider a special case 1mpr = 0. Then one can obtain simple results:
fi = 4Re[miing], fo= —4wi, f3=0, (C.32)
that lead

By = LB} + B} + RE;

= 4Re[mymp] - Ef — 4wiE;. (C.33)
Choosing the initial condition to be the zero particle state, each of the initial values is
given by

E,‘z Wk

E; | = | Re[mimg]/wr (C.34)

E3 0

where we used (C.18), (C.19), and (C.27). Note in this case that £} can evolve but B} —E,-
cannot because the equation of evolution is described by

O (B — By) = 4Re[mping] - (Eff — E) — 4wi - (B — By) (C.35)

and all the initial values of E}f — E;_, 0,(E; — Ey), 02(E;" — E;) are zero. Thus, we can
conclude that the net number

+ —
+ — Elc _Ek

n, —n, =— (C.36)

2w
also never develops from the zero particle state in the case of g = 0. One can also obtain

the same statement in the case of k = 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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