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the example of a pair of one-dimensional matrix quantum mechanics, coupled via a two-
dimensional theory of the BF-type and compute its partition function and simple correla-
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correspond to systems dual to Euclidean wormholes and the cross correlators are sufficiently
soft and consistent with analogous gravitational calculations. Another variant of the tri-
partite system is studied, where the messenger theory is described by a non-self-interacting
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perfectly consistent, the two possible analytic continuations into Lorentzian signature (mes-
senger vs. boundary QFT directions) of the tripartite models, reveal physical features and
“pathologies” resembling those of the expected Lorentzian gravitational backgrounds.
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1 Introduction

Euclidean wormholes comprise exotic types of gravitational solutions, that still challenge
our physical intuition and understanding of gravitational theories. The main unsettled
issue is determining their precise role in the gravitational path integral and therefore the
physical consequences of their presence both from a theoretical as well as a phenomenolog-
ical perspective.!

In the context of holography, their existence gives rise to further paradoxes the most
notable being the factorisation paradox [1]. Simply put, while the presence of distinct
asymptotic AdS boundaries on the one hand, indicates a collection of decoupled QFT’s?
with factorised generating source functionals Z1(J;)Z2(Jz2), on the other hand computations
of correlation functions and other observables using the connected bulk geometry indicates
a form of cross-coupling between the two QFT’s.

A further conceptual issue stems from the existence of (naively) different asymptotic
global symmetries and conserved currents on the two boundaries, that are nevertheless
related by the presence of common bulk gauge fields and associated constraints (such as
the Gauss’ law) [2]. Finally it has been argued that wormholes are at clash with the
principle of cluster decomposition [5], but this problem is related to the a-parameter and
baby universe interpretation of microscopic wormholes 4 la Coleman [3, 4], and not with
the type of macroscopic Euclidean multi-boundary saddles,* whose physics we would like
to reproduce and understand from a dual field theory point of view.

There have been various proposals in the literature so far, regarding the correct holo-
graphic interpretation of such geometries and the resolution of these puzzles. They roughly
fall into the following categories:

o A possibility that has recently attracted a lot of attention [15-20] is that the quan-
tum gravity path integral is dual to an appropriate average over theories (or over
states [21]). This can be shown to be possible in some simple two-dimensional mod-
els such as JT gravity or minimal models (and some rather exotic examples in 3d,

! Although the issue of stability is an important one raised long time ago, and recently revisited in [7-9],
we do expect a subset of solutions to be perturbatively stable as shown in [8], so one cannot dismiss their
role altogether.

2Tt should be stressed that there is a distinction between Euclidean and Lorentzian wormholes, such as
the Einstein-Rosen bridge, the latter known to arise when a pair of QFT’s is entangled [11].

3An important earlier paper pinpointing various inconsistencies of the a-parameter description of Eu-
clidean asymptotically AdS wormholes is [6]. We analyse further these issues in a forthcoming work [10].

“Or approximate saddles such as constrained wormholes [14].



see [22] and refs.). It has a merit in that it also conforms with expectations based on
the eigenstate thermalization hypothesis (ETH), quantum ergodicity and the com-
plicated/chaotic nature of gravity [23-26]. It brings however a certain tension with
the extremely well-studied paradigms of AdS/CFT, involving single partner duals
(such as N =4 SYM), as well as with the principle of unitarity, and therefore seems
to make sense in an approximate statistical sense (it is perhaps better to call such
wormholes as statistical wormholes).

One can also formulate additional arguments in support of an inherent difference
between higher-dimensional theories and these lower-dimensional examples, based
on the Weak Gravity and Swampland conjectures [27] and the fact that the two-
dimensional theories can also be interpreted as models of 2d quantum gravity on the
world-sheet of a string — the matrices triangulate the 2d geometry (fat-graphs) and
one cannot describe strings propagating on target space wormhole geometries with
these models [16].

o Another possibility is that once all possible topologies and geometries are included in
the quantum gravity path integral (perhaps with the inclusion of semi-wormholes [28,
29] or other non-perturbative states), the partition functions do factorise [1] and the
paradox is hence an artifact of an incomplete effective semi-classical description in
the bulk. This is very hard to actually check, and in simple models of two-dimensional
quantum gravity where this computation can be performed exactly (such as in the
¢ = 1 model [16]) it does not seem to be the case, unless picking special members of
the ensemble as argued in [30]. Although Berry’s “diagonal approximation” is used
as an argument in favor of this idea [15, 30|, there is no comprehensive theory of
periodic orbits for QFT’s and, in addition, it is not even clear whether the diagonal
terms have a geometric interpretation as wormhole saddles of gravitational equations
in higher dimensions.

o It has also been argued that an inherently string theoretic description automatically
includes such geometries (large stringy corrections around a factorised saddle might
have an interpretation as a non factorised background). In a sense, the geometric
connection could be effectively arising from a condensate of strings [31]. Again,
it is not clear if the specialised discussion about the symmetric product orbifold
CFT’s generalises in more realistic examples, having a simple semi-classical low-
energy gravitational description, with a small o'/ LQAdS ratio.” As discussed in the
second bullet point above, in more general setups one expects the presence of various
kinds of non-perturbative effects and objects being important in the resolution of the
factorisation paradox.

®Moreover, in the example of the symmetric product orbifold, it is natural not to fix N but a quan-
tity similar to a dual chemical potential p for the number of strings. Nevertheless, something analogous
could make sense in M-theory or in the free fermion grand-canonical description of ABJM [32], which also
incorporates non-perturbative effects.



o A conceptually straightforward resolution is that Euclidean wormhole saddles, can be
found in models of appropriately interacting QFTs as first suggested in [2]. A generic
feature of wormhole geometries, uncovered in [2], is that they generically confine, via
the usual Wilson loop criterion. This suggests that (cross) — confinement (and the
possible formation of an IR gap) must be an integral part of the dual quantum system,
fusing together the colored states of the two boundary QFTs (see also [12, 13]). This
leads to very tight constraints and special properties that correlators of such an
interacting pair should satisfy.

A first difficulty with this proposal, is that the constraints for the correlators found
in [2] seem to be impossible to realise, if one couples the two d-dimensional QFT’s
with local interactions. These constraints thus indicate an inherent difference with
analogous constructions of Lorentzian traversable wormholes [33-35], that rely on
such direct local cross couplings. Another difficulty, is that one would wish to be
able to describe both the factorised geometries and the non-factorised geometries
with a single field theoretic construction, and not change the definition of the model
depending on the background geometry (if the different backgrounds are solutions of
the same bulk theory).

In this work we shall improve this last proposal [2] and address these issues. We
shall base our analysis on an observation by Raamsdonk [12, 13], that coupled pairs of
d-dimensional QFT’s via an intermediate d + 1 “messenger” theory can potentially exhibit
the desired features of cross correlators for the pairs of the d-dimensional QFT’s [2], once
the messenger theory is integrated out in the path integral.® We shall henceforth define
the system of the pair of QFT’s and the messenger theory as the tripartite system. As for
the second difficulty raised above, our proposed resolution is that the dual QFT tripartite
system should exhibit different leading saddles at large-N, depending on the parameters
and sources turned on, some of which correspond to dual wormhole backgrounds and others
to factorised geometries. In fact this is something that has already been observed in the
literature (from a gravitational perspective), for example in [8].”

In addition, we shall prove that in cases where the intermediate theory has a topological
nature without any local (d+ 1)-dimensional propagating degrees of freedom, the partition
function of the combined system acquires a special form, whose relevance for a holographic
description of two-boundary Euclidean wormhole geometries first appeared in the work by
Maldacena and Maoz [1]. More precisely we find that the general form for the Schwinger
source functional of such systems is expressed as a weighted average over individual source

8Wormholes can be expected to appear once Cmessenger <K CQFT, S0 that the bulk geometry effectively
remains d + 1 dimensional. We should also mention that this system also belongs to the general category
of systems having coupled “sectors” via messenger fields, analysed in [36].

"From the examples studied in that work, there even exist cases where the connected solutions are
perturbatively stable and can dominate the disconnected ones. One the other hand, when such solutions
could be embeddable in UV complete settings, it was found that they do suffer from non-perturbative brane
nucleation instabilities, implying the existence of an additional branch of solutions with lower action (that
has not been constructed yet).



functionals
Z(J1,Ja) = 3 "D Z5(1) Z3( ) (1.1)
S
where S labels some appropriate “sector” of the system,® and w(S) introduces a weighting
in the space of “sectors” (the authors of [1] had not introduced a weighting factor).

It is interesting to note that if the messenger theory were classical, then unique bound-
ary conditions for the messenger fields would lead to a unique saddle for the system. We
are precisely in that case as our messenger theory is topological. In this case the sum given
by eq. (1.1) resembles the sum over instanton/superselection sectors. However, even if the
messenger theory has more than one saddle points, one may of may not obtain a sum like
the one we obtained. Whether this happens or not, depends on whether the saddle points
correlate with quantum aspects of the two boundary theories. For example a possible gen-
eralisation of eq. (1.1), would involve an additional summation or integration for each fixed
individual sector S.

In (1.1), such a decomposition of the source functional also guarantees that there are
no short distance divergences for the two-point cross correlators (as expected from the
gravitational computations [2]). In particular one finds that

(O1(1) O2(22))c = % > e (01 (1)) §(O2(22))% - (1.2)
S

It is therefore impossible for short distance singularities as 1 — x5 to develop, if the
individual one-point functions are well defined. In addition, depending on whether the
states of the “sector” S preserve translational invariance, the one-point functions and the
two-point cross correlator might simply be constants.

This structure persists to higher-point functions, since singularities can only develop
when the operators whose points collide belong to the same d-dimensional theory /part of
the tripartite model, as expected from the holographically dual computation on a two-sided
Euclidean wormhole geometry. Some other appealing features of our construction in terms
of a (d+1)-dimensional (quasi)-topological theory coupled to d-dimensional QFT’s, is that
it can also be naturally generalised in the case of multiple asymptotic boundaries. It is also
possible to interpret the “gluing” of the two boundary partition functions as arising from
a form of topological entanglement [37, 38].° We briefly touch upon the resulting form of
the multi-boundary partition function, that replaces eq. (1.1) in the conclusions 5.

The example we analyse in great detail in section 2.1, is a model of two matrix quantum
mechanics (MQM’s) coupled via a 2d theory of the BF-type. For this model, we shall
explicitly describe what the sector S in eq. (1.1) means. In particular, one has to sum
over different U(V) representations for the two MQM models, that are found to be “tied”
by common selection rules (and not by a direct interaction term in their Hamiltonian that
would inevitably lead to short distance singularities in the cross correlators). This provides
the softest possible “cross communication” between the two MQM models. The Hilbert

8Notice that this property is reminiscent to the holomorphic factorisation property of WZW models [83].
9To avoid confusion, we should again emphasize that in our case, the (d + 1)-dimensional topological
theory is part of the boundary and not the gravitational bulk description.



space of the system is found to take the form of a direct sum of tensor products Hs; =
>R H}% ® ’H%, with R a U(N) representation. We believe that this is an important aspect
that distinguishing the duals of Euclidean wormholes with those of the well understood
Lorentzian black holes (Einstein-Rosen bridge), which can be described by the simple
tensor product Hilbert space of the two boundary CFT’s (and whose Euclidean continuation
factorises into the product of two cigar geometries).

In addition, in a large representation limit that we describe in sections 2.3 and 2.4, one
can show the presence of competing saddles, some of which could correspond to connected
and others to disconnected bulk geometries (each individual singlet MQM with an inverted
oscillator potential is known to describe ¢ = 1-Liouville string theory on a linear dilaton
background).!? Unfortunately, not much is known about the geometric interpretation of the
non-singlet sector of MQM (see though [46-49] for some preliminary steps in this direction)
and hence we cannot completely settle this question in the affirmative at the moment. In
section 2.5 we analyse some simple two- and four-point cross-correlators and demonstrate
their expected properties.

In section 3 we describe how such tripartite models can be naturally generalised in
higher dimensions and describe in some detail the specific case where two BCFT’s are cross
coupled through a higher-dimensional Chern-Simons “messenger” theory. The sectors in
this case correspond to labels of the associated Chern-Simons wavefunctions, that are also
related to group characters and representations.

In section 4 we analyse an additional class of weakly cross-coupled models, whose cor-
relators again exhibit the desired features, in terms of a free (d + 1)-dimensional messenger
theory coupled with two d-dimensional theories at the endpoints of an interval. The cou-
plings are simple, such as: Tr ¢1®,, + Tr po P, with ¢; 2 (matrix) fields of the boundary
theories and ®,, a (matrix) field of the messenger theory. We find that the Euclidean
system is perfectly well-defined, but its two natural analytic continuations in Lorentzian
signature (along the additional messenger or boundary dimensions), sometimes lead to the
existence of a non-positive spectral weight and/or the presence of tachyonic instabilities. In
the case of analytic continuation along the messenger dimension, the two boundary QFT’s
remain Euclidean (but cross-interacting), a setup that provides an interesting twist to the
dS/CFT proposal [39-43].

It is natural then to ponder whether the peculiarities of the Lorentzian tripartite
systems we study are in correspondence with the physical properties of gravitational back-
grounds such as Big-bang/Big-crunch type of universes, or Lorentzian traversable worm-
holes, which as gravitational solutions demand a violation of the bulk energy conditions.!!
We are still missing a crisp — UV complete higher dimensional example, where we thor-
oughly understand the gravitational dual of such tripartite systems, but we initiate an
analysis of self-interacting tripartite models (that could perhaps be rendered UV complete
with some adjustments), in sections 4.3 and 4.4.

10Tt might also be interesting to analyse the case of the usual oscillator potential describing 1/2-BPS
states in A/ =4 SYM and the corresponding LLM geometries [50-52].

"This is in contrast with Euclidean signature wormholes, for which negative “energy” can be easily
obtained in the presence of additional non-trivial bulk fields and fluxes [2].



We also provide several appendices with further examples and details on our calcula-
tions. Most importantly appendix A contains various novel examples of 0d — 1d models,
where two matrix models are coupled via a messenger MQM. In addition in appendix A.3,
we show that the seemingly unrelated microscopic model of MQM on the S;/Zs orb-
ifold, studied in [44] as a model of a two-dimensional bang-crunch universe, can also be
rewritten as a model of the general type studied in this paper. This is an additional
example, that might give further credence to the idea that Euclidean wormholes and
Lorentzian bang-crunch types of geometries are intimately related and can arise in our
setup [1, 2, 12, 13, 44, 45].

Finally in section 5, we summarise and conclude with the main lessons of this work,
as well as list some interesting avenues for future investigations.

2 Matrix models

We may consider various systems of cross-coupled matrix models or matrix field theories.
The lowest-dimensional cases of 0d matrix models coupled to 1d matrix quantum mechan-
ics (MQM), are discussed and analysed in appendix A. Even though we find that such
models are interesting on their own right, we would like to have a less trivial example
with a non-trivial space-time dependence. Therefore, in the main text we shall focus on
a concrete case of cross coupled 1d matrix quantum mechanics through an intermediary
two-dimensional theory of the Yang-Mills or BF type (quasi-topological).!? Such a model
has the advantage of being both amenable to a detailed analysis, as well as presenting
interesting characteristics that are shared by higher-dimensional examples such as those
we discuss in section 3.

2.1 MQM coupled to generalised YM (Dy/D; system)

We shall now analyse a tripartite system of two one-dimensional MQM models coupled via
a generalised YM-theory (gYM). The simplest possibility is that this gYM theory is only
indirectly coupled to the MQM’s through the asymptotic value of the gauge field A. Using
a form notation, the gYM part of the action is [65, 88] (A is the one form gauge field,
F=dA+ ANA=dsA and dp is the volume form)

1

2912/M

1
Sgym = —— | Tr BF + 29/ Tr Bdu — /Tr<I>(B)du. (2.1)
9 9y m JZ )

YM /=
In this action B is an auxiliary zero form, and ®(B) is a potential that specifies the gYM
theory we are considering.'> We have also explicitly indicated the possibility of introducing
a f-angle via the second term. Considering a concrete example, if we set ®(B) = B? and
use its equations of motion, we recover the usual 2d YM theory. Another special potential
is ®(B) = 0, that results in a purely topological theory (pure BF model). An additional

12n section 3 we shall generalise the idea of having a “messenger” intermediate (quasi)-topological theory
to higher dimensions.
13Unitarity imposes that this potential should be bounded from below.



possibility is that the field B is a compact field, in which case one finds a g-deformed
version of the gYM theory.
The equations of motion of (2.1) are (x is the Hodge dual)

0b(B
do\B=dB+ANB=0, *F_(SSB)—Q. (2.2)
The variational principle yields also a boundary term that is
1
0Spy, = —5— Tr BoA. (2.3)
9 o%

This variational principle is well defined in the case of Dirichlet boundary conditions for
which §A = 0 at the boundary/ies. It is also possible to add a boundary term

1
— —— | TrBA= S, (2.4)

9y /0%
if we wish to fix B = 0 at the boundaries (“electric” vs. “magnetic” type of boundary
conditions).
In the rest, when using explicit indices instead of abstract forms, we shall denote the
two dimensions by (0,1) = (7, z). We introduce two boundaries at z = +L and identify

A(r,z=L)=AN1), A (r,2=—L) = A%(1)

as the two asymptotic gauge fields living along the one-dimensional boundaries. From now
on we set ®(B) = B? and focus on 2d YM for concreteness. It is a simple exercise to
generalise the discussion to any of the gYM theories.

We now enrich further the dynamics of the system by introducing additional one-
dimensional dynamical fields on each boundary. In particular, one can introduce a U(N)-
gauged matrix quantum mechanics (MQM) model of (Euclidean) time dependent Hermitian
matrices M 2(7) on each boundary, through the action

1 .
SmQn., = /dTTr <2(DTMLQ)2 - V(MLQ)) . D.Mig =0, M o+i[AY? M. (2.5)

An important point here is that both MQM’s transform under the same U(N) group due
to their coupling to the asymptotic values of a common two dimensional gauge field. We
can relax this condition, by introducing other types of (bi-fundamental) matter fields and
such an extended example will be analysed in the next section 2.2.

For each boundary MQM we can diagonalise the matrix with time dependent rotations

5SMQM1,2

Mo =Uyah2Us o, JpQu , = 5
0A7

= Uy 2K 2U1 5" . (2.6)

Dropping the 1,2 boundary superscripts for compactness, the Hamiltonian for the eigen-
values of each MQM, is expressed as

N 2 KEK[
Hygum = [_1z<£2 + V(A >+ > o _A ] (2.7)

z<]



and acts on wave-functions W(A) =[], ;(Ai — Aj)¥()) transforming in the U(N) represen-
tation'* R. For a single gauged MQM model on an infinite domain 7, the non-dynamical
gauge field A, can be set to zero, but one has to impose its equations of motion as a
(Gauss’s law) constraint i.e.

Jvom =K =0. (2.8)

This would project each individual MQM into the singlet sector, but now the two MQM
models are coupled through the gauge field of the 2d YM theory, so that we expect non-
trivial representations to contribute.

In order to understand in more detail the induced cross correlations between the two
MQM'’s, one can integrate out the 2d YM for an effective action coupling the two MQM’s
and we would like to understand the precise form of the induced coupling. We shall treat
the cases of compact and non-compact 7 independently, the second case corresponding
to the partition function of the system of MQM’s (cylinder topology), where A; has non
trivial winding modes.

2.1.1 Non compact T

In the case that 7 is of infinite extend, there exist two possible interpretations of the path
integral, and quantisations of the 2d Yang-Mills theory. In the first case one can interpret
7 as the Euclidean “time”, that is also shared by the two boundary MQM’s. The other
option is to interpret z as the Euclidean “time”, the path integral now being a transition
amplitude for the 2d Yang-Mills , where the two boundary states at z = +L are coupled to
the two MQM’s. If we pass to a Hamiltonian formulation of the Yang-Mills theory, we find
that Ap (that can be either A; or A, respectively) acts as a Lagrange multiplier enforcing
the Gauss-law constraint. This means that we can set A, = 0 or A, = 0 (no winding
modes), but we should then impose the corresponding equation as a constraint acting on
all the physical states. Both gauges preserve the boundary symmetries and make manifest
different physical aspects of the system.

Let us first consider the gauge A, = 0. In this case one finds F., = —3J,A,, as the
only non-vanishing component of the field strength. The equations of motion read

1 . TZ
92—8217” = 0(2 — L)Jyon, (1) +6(2 + L) I o (7)) 0-F™* +i[A;, F™*] =0, (2.9)
Y M

with the MQM currents on the boundaries

MQM dSMmQm .
JT QM2 = %2172 = Z[]\41,27 DTMLZ] ) (210)
0AY
playing the role of sources that are defined only on the boundary surfaces z = —L, L where

the two MQM models reside. The second equation of (2.9) is the constraint equation and

More precisely, one actually needs to consider SU(N) representations, since the trace of the gauge field
does not appear in the action. On top of that, one has to project to representations admitting zero weight
states (see [60—62] and appendix E), since the diagonal part of the gauge field matrix (Cartan generators)
does not couple to the eigenvalues \;. The complete U(N) can become relevant if we introduce a 1d
“Chern-Simons” term k [ dr Tr A, [48]. We shall explain when this is possible in the next section 2.2.



can also be written as

0:0. A, +i[A;, 0.A;] = 0. (2.11)

The homogeneous part of the first equation of (2.9) is readily solved
PAT=0 = A (r,2)=f(7)+zg9(1), (2.12)

with f, g Hermitean matrices. Setting z = L, we can identify 2f(7) = AL(7) + A2(7) and
2Lg(t) = AL(7) — A2(7). At this point we should mention that the axial-gauge is not a
complete gauge and there is further residual gauge invariance [58]. In particular one can
perform further gauge transformations that depend only on 7, to set f(7) =0 = Al(7) =
—A2(7). On the other hand as shown in appendix C the ghosts do decouple from the path
integral in such axial gauge choices.

To complete the classical analysis, one needs to solve a Green’s function problem with
the two boundary current sources.'® In particular, we demand continuity at z = +L and
that the derivative jumps with a jump proportional to the sources Jyqu, , (7). With these
conditions, one finds'®

0. A; = g(T) + glz/M@(Z —L+ 6)'JJVIQJVH (T) + g%/Me(z + L — E)JMQMQ(T) y 2 E [_L’ L] >

(2.13)
with O(x) the step function. This solution for the gauge field has the correct behaviour,
being continuous and the normal jump of its derivative inducing the boundary current
sources. We then analyse the constraint equation (2.11), in the three regions defined by
the split z € [-L,—L+¢e)U(—L+¢, L —¢€)U (L —¢ L] to find

0-g =0, OTJMQMM +iLlg, JMQMI,Z] = D71_’2JMQM1’2 =0. (2.14)

In the last equation the + sign is for Jysga, and the — sign is for Jygu, and the result is
simply the covariant conservation law of the two MQM currents. The solution of egs. (2.14)
is

g=C,  Jugm,(T) = =TT 5(0)e T (2.15)

in terms of an arbitrary constant matrix C.
We conclude that the complete set of EOM’s in the axial gauge leads to

f=0=Al=-A2=1LC, (2.16)

so that the conservation laws for the two MQM'’s contain the same constant gauge field, C,
(up to a sign). Since 7 is non-compact, there is no classical finite (YM) action configuration
with a classical constant non-zero gauge field [58], due to the divergence

SYM ~ /d’]’TI"C2 . (2.17)

151t is actually more similar to a propagator in the presence of two branes at z = +L.
6We can introduce an infinitesimal regulator € in order to define two additional small regions near the
boundaries.



Similar to the case of a single gauged MQM, one can then set the zero mode C' = 0,
but needs to impose as a constraint 6Siota1/dC = 0. This gives the condition Jiota =
Jmom, —JImgm, = 0, or in other words a constraint between the allowed representations for
the two MQM models.'” If we wish to derive this result using the path integral formalism,
we can compute the gauge fixed path integral for the 2d YM coupled to sources (up to an
overall normalisation)

—— L, TrC2+LL, Tr C(J1(0)—J=2(0))
Zw/dCe oy e (2.18)

In order to regulate this expression, we assumed that the 7 direction has a finite extend
L. Upon performing the integral, we find

Z ~ eyl Le (= T2) (o \N?/2 (2.19)
Taking the limit L, — oo we recover a matrix version of the delta function as expected

lim Z~ 6 (Jy — o). (2.20)

L:—00

This is in contrast with the case where the 2d theory would have dynamical degrees of free-
dom, in which we generally expect an induced direct cross interaction of the Tr(.J;J3) type.

One can also find a complementary (but more technically involved) analysis of the
model in the A; = 0 gauge in appendix D. The upshot is equation (D.9)

1 1 L

- g = ”7—1’ W) =JT _JT , W =7Pex / dzA, | ,
29)2/ML YM Qg}Q/ML[ ] MQM; MQMa p( L )
(2.21)

that holds non-perturbatively as a constraint and generalises the condition Jygu, —
JumqQm, = 0, beyond the analysis of the A, = 0 gauge. In this formula, by W we de-
note an open Wilson line, with end-points at z = £+ L. In this case there is a non-trivial
YM current Jy,,, related to the two MQM currents/charges by the constraint. Again
this results in selection rules for the allowed representations, and the Hilbert space of the
system, in the presence of open Wilson lines stretching across the two boundaries.

We shall now move forward to the case when 7 is compact (an S!), so that physical
zero modes of A, become relevant.

2.1.2 Compact 7 (circle)

In this case, we can only work in the A, = 0 gauge, since A, has physical zero modes. We
consider a compact 7 direction with size 3, (7 ~ 7+ ), so that fields are periodic and the
gauge field has a zero mode. One can now gauge fix in eq. (2.12) f = C} to be a constant
matrix. Equations (2.14) and (2.15) are now replaced by

g=10y, 8TJMQM172 —|—i[C'f:|:LCg, JMQMI’Q:I =0.
JMQMLQ (7_) — e’iT(Cf:I:LCg)0172€—iT(Cf:|:LCg) . (222)

Yncluding 1d C.S. terms on the boundaries k1,2 deTrAl‘Q, would lead to Jiotal = (k1 — k2)I with I
the identity matrix and kq,2 the C.S. levels. The theory is non anomalous only when ki = k2, since the
MQM currents (2.10) are traceless.
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This analysis makes clear that one does not have a unique common zero mode since A, =
Cy + 2Cy, hence there are two independent holonomies/zero modes at the ends of the
cylinder (z = £L). A further discussion of Wilson loops and the Hamiltonian H YM of 2d
YM in the case of compact 7 can be found in appendix D.1.

2.1.3 The partition function

If we wish to study the thermal partition function of the combined system, then 7 is
compactified into an S', so that the 2d geometry is a cylinder (in this section we take
the two boundary S'’s to have equal size f3, in section 2.3 we lift this restriction). In
this case, we have a 7-periodic gauge field with two independent non-trivial holonomies
(winding modes) on the boundary S'’s. The path integral for 2d YM on the cylinder with
area A = (L is expressed in terms of the two boundary holonomies as a sum over U(NV)
representations (denoted by R) [66]

92 (2) | g e(1)

ZYM (U, Us) = 3 Xr(U1)xR(Uz)e F78 " Cr #1060k (2.23)
R

In this formula L is the cylinder length and xz(U) are U(N) characters. The result for the

path integral depends on the holonomy/zero modes of the gauge fields on the boundaries

which can be expressed as

Ui =expifA;(z = +L) = exp iﬁAi’Q , (2.24)

and is also interpreted as a propagator/heat kernel (along z), with the quadratic Casimir
C’g) playing the role of the Hamiltonian and boundary states defined by the representation
characters. For more details on this interpretation, see appendix D.1. One should then
couple this expression to the two MQM thermal partition functions through the boundary
holonomies. In particular the matrices of MQM are periodic up to a twist

Mi2(B) = U1,2M1,2(0)U1T,2 (2.25)

dictated by the gauge field zero mode on each boundary. If the MQM model is Gaussian
(as for ¢ = 1 MQM), one can integrate M2 out and derive an explicit result for the twisted
thermal partition function that is [44, 48, 62]

ZYPM (Ur2) = / DM 5 (M2(0)|U1 2 M1 2(0)U7 ) = (2.26)

1
= det " T ,
q1_,2/ Uig®1—qisl @ Ui

with
G2 =e 1P (2.27)

In these formulae, one should set w = 7 for the inverted oscillator relevant for the ¢ = 1
MQM dual to Liouville theory and

(M12(0)[U12M12(0)U] o) (2.28)

is then the transition amplitude of each inverted oscillator with the twisted periodic be’s.'®

18Tt is also possible to pass to an eigenvalue basis where U;; = et dij, see eq. (G.2).
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The total partition function of the system is

TV (@) (D)
Z(ﬁ) = Z/DUl/DUQXR<U1)Z{VIQM(Ul)XR(UQ)ZéV[QM(UQ)e L%CR 'HOCR
R
2
= S LRICHICR 71 (8) Z3(5). (2.29)
R

In this expression Z{VIQQM(U) corresponds to the twisted MQM thermal partition for each
matrix model, and

2;(8) = [ DU 2V (). (2.30)

corresponds to the finite temperature MQM partition function in the U(NN) representation
R. In particular one can also write it as a trace over the fixed R-representation Hilbert
space Zr(8) = Trgp e~PHR with the Hamiltonian given by eq. (2.7). It admits an explicit
description in terms of the highest weights of the representation R, see eq. (F.1) of ap-
pendix F. The result for the partition function implicitly depends on N, since the reps
contributing to the sum are U(N) reps, whose highest weights correspond to Young dia-
grams having a maximum number of N non-empty rows. To be more precice, as described
below eq. (2.7) and in [60-62], actually only zero weight states of SU(N) reps contribute
to the expression 2.29, unless one introduces one-dimensional Chern-Simons terms, see
section 2.2 for this possibility.

We therefore find that the two MQM partition functions are coupled by having common
representations appearing, that are additionally weighted by the Casimirs of U(N). For
the 2d YM model this is the quadratic Casimir Cg), while for gYM theories one also
finds higher Casimirs [58]. As mentioned in the introduction, this form for the partition
function is expected to be relevant in the path integral description of systems dual to
Euclidean wormholes [1] and has recently being discussed in [12, 13].1°

The physical interpretation is the following: we have two MQMs in arbitrary reps
without explicit local cross-interaction terms in their Hamiltonians. Nevertheless, they are
effectively coupled by “weighted selection rules” in their allowed states due to a constraint
eq. (2.21), arising from the “messenger” quasi-topological 2d YM theory. This is affecting
the combined partition function, so that it does not factorise. On the other hand, there is
factorisation for each individual representation R reminiscent to the holomorphic factorisa-
tion property of WZW models [83]. The effective cross-interaction is therefore as indirect
as possible, without the presence of an explicit local interaction term in the Hamiltonian
of the combined system. Additionally, the role of the Casimirs C}(%n) of U(N), is to provide
a weighting in the averaging procedure over different representations.?’ It is clear that one
could also define similar models in higher dimensions, and we shall describe some examples
in section 3.

The next step is to try to find out what is the leading representation appearing in the
partition function (saddle point). This can be achieved by considering the large-N limit, and

19This structure of the model is also reminiscent of [112].
20This is reminiscent to the idea of wormholes being related to averaged systems, but is now implemented
in a unitary quantum mechanical setup.
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discussing large representations (continuous limit of the tableaux). We expect the different
leading saddles to dictate the form of the dual geometric background. In particular for a
single MQM, this is the singlet representation dual to the linear dilaton background of ¢ = 1
Liouville theory.?! Non singlets are related to long-strings and different backgrounds such
as black holes [46-49], but unfortunately there exist several missing gaps in this extended
dictionary. A straightforward analysis of the large representation limit using fusion of
U(N) characters and Littlewood-Richardson coefficients is presented in appendix F. Due
to mathematical difficulties in interpreting the large-N limit of the Littlewood-Richardson
coeflicients, in section 2.3 of the main text, we provide an analysis using Hall-Littlewood
polynomials, that proved to be more tractable.

2.2 Liberating messenger and MQM ranks via bi-fundamental fields

We could also consider the case of coupling the two gauged MQM theories to the 2d gauge
field using bi-fundamental fields, so that the (quasi) topological messenger and MQM gauge
groups are independent. The motivation for studying this more elaborate construction is
that one has at hand an additional tunable parameter (the ratio of ranks) that proved to
be useful in the models of [12, 13, 75]. We shall then take the two sets of bi-fundamental
fields to be charged both under the messenger U(n) gauge group, and the U(N; 2) gauge
groups of each MQM. The simplest case to analyse is when the bifundamentals only couple
to the associated gauge fields and not to M2 (it offers also the least direct interaction
between the two MQM theories). Another posibility is that the bifundamentals live on the
full 2d geometry, as in models of 2d QCD [63, 64] coupled to two MQMs, where the flavor
group is gauged with respect to the boundary MQM gauge field. Since this situation is
more complicated to analyse and introduces further propagating degrees of freedom, we
shall focus on the simplest case.

The action on the first boundary is comprised out of a U(N7) gauged MQM action as
in eq. (2.5) together with the bifundamental field action

n Ni
Sl}if. = Z Z / dTT/JLi (5ij5a6(87' + ml) — iqBAiZM(Z = L)(SZ] — indlA?;l15aﬁ) wﬁj .

a=1i=1

(2.31)

In this equation ¢,j are U(NN;) indices, while «, 5 are U(n) indices. We also introduce
a similar action for the second boundary and the BF-type action eq. (2.1) with the U(n)
gauge field Ag}gM(z, 7) living in the 2d geometry. Notice that Latin indices shall be reserved
for the U(N; 2) gauge groups of the two MQM'’s, while Greek indices for the U(n) gauge
group and fields. The bifundamental fields can be either bosonic or fermionic.?? In the rest
we set unit charges in order not to carry many parameters in the expressions that follow.
The last type of terms we shall consider are the 1d Chern-Simons terms of the form
Sc.s. = k12 [drTr Abd2 By tuning them, one can enrich the class of admissible repre-
sentations for the combined model, beyond those that admit states with zero weight. In

2'Higher representations exhibit a logarithmically large gap in the string coupling with respect to the
singlet [60]. A single gauged MQM model also has all the non-singlet representations projected out of its
spectrum by construction.

22In one dimension it is possible to have a first derivative action for a bosonic field.

,13,



order to make this more explicit, we have now three constraints analogous to eq. (2.21),
associated to the three different gauge groups

1 . ol
gL Fandes = L3 - >yl

29y m j=1

(JMQMl Z] - kld@] Zw a‘j 9
(Jrqns,)ij = ka2dij — 21/) : (2.32)

In these expressions the first is the U(n) constraint, while the other two correspond to the
U(NV; 2) constraints. Taking the trace of the expressions in (2.32), we find the consistency
conditions (see also [48] for normal ordering the quantum version of such expressions)

ZZW(D%? ki Ny = Z Zw 1!}5(?) = koNy. (2.33)

a=11i=1 a=1j=1

The condition k1 N7 = ko N5 shall be reproduced through properties of the Kostka polyno-
mials appearing in the analysis of the partition function in section 2.3.

We shall now describe the thermal partition function of the combined system including
the bi-fundamentals using a direct character expansion (setting k12 = 0 momentarily).
For a compact 7, one needs to consider the zero modes of the various gauge fields. In

; YM(, _
iBATEH (z=%L) iBA as the unitary matrices arising

particular we set {12 = e and Ujp = e

from exponentiation of the zero modes of each gauge field at the boundaries z = +L. If

we integrate out the bi-fundamentals, they give a partition function [48] (m is their mass)
—pma }(%D t

Zb U, Q2 Ze 1XR1(U1)XR1 (Ql) ) (2'34)

and similarly for the second boundary (the representations R; run over those of the smallest
group). The MQM matter fields can be integrated as before. Using the orthogonality
relation for characters

/DQXR(Q) Xr () = brmr, (2.35)

we arrive at the following expression for the combined partition function

7= Y /DU1/1)U2XR1 (U)ZMM (1)) x p, (Un) ZMOM (17,)
R,R1.Ro

2
_r%yM

—5mlc<1 —Bmac® )

() 490D
Ro 5RR1 5RR2 CR +ZGCR —

2
— Z ZMQMleQMQ *ﬁ(m1+m2)c(l) — WTMCI(%Z)+ZQCI(;) . (236)

This might look qualitatively similar to the expression encountered in eq. (2.29), but the
difference lies in the fact that R is now a U(n) representation with n-rows (we assume from
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now on n < Nj o). Using the formula (F.1) of appendix F, one can also write this expression
in terms of integers labelling the highest weights of three representations (see appendix E
for details on partitions and highest weights), and two Littlewood Richardson coefficients
C’gﬁfﬂ, where R is a U(n) representation and R 2 is a U(V] 2) representation respectively.
The Littlewood Richardson coefficients capture the multiplicity that R; 2 appears in the
irrep decomposition of the tensor product R ® R 2.

It is clear that even in the case of a very small rank for the messenger theory n < Ny 2,
the exact partition function does not factorise, but is expressed as a factorised sum over
various “sectors”. Of course in this case, in the large Njo limit, the leading saddle is
expected to be determined solely from each individual MQM and if there is any connec-
tion between the two almost factorised dual geometries it is extremely weak (“microscopic
quantum wormhole”) and not a semi-classical saddle.?? If we wish to find a leading worm-
hole saddle, one should therefore perform a more thorough analysis of the limit of large
representations. Since it is not easy to analyse the large representation asymptotics of
the Littlewood-Richardson coefficients g}%’;, we shall resort to using the technique of
appropriate orthogonal polynomials, that bypasses this problem.

2.3 The partition function via Hall-Littlewood polynomials

In order to analyse in detail the partition functions we found in the previous sections, it is
convenient to use the formalism of Hall-Littlewood and Schur symmetric polynomials [72],
that was applied in similar models in [48, 73, 74]. In particular we shall exploit the
relation between representations R of U(n) and partitions A : (A1,...A,), in terms of
Young diagrams with A; boxes on the i’th row and with length ¢(\) = n (number of rows).
The order of the partition is the number of boxes Zle Ai = |A]. See appendix E for details
on partitions and figure E.2 for a simple example.

In the rest we shall also denote by s)(Z) the Schur polynomials, Ky,(¢q) the Kostka
polynomials and by P\(Z;q),@Qx(Z;q) the Hall-Littlewood/Milne polynomials. The defi-
nitions of these polynomials as well as various technical details and formulae can be found
in appendix G and the book [72]. Additional details regarding algebras, representations
and branching functions that we shall later use, can be found in appendix H.

Putting into use the formalism of appendix G, it is possible to integrate over the Uj o
(1,2) 912
= e

)
gauge group zero modes with eigenvalues z; . The part of the partition function

from the first gauge group contains a contribution from the MQM and the bifundamental

(1)

field on the first boundary, depends also on the U(n) holonomy €; with eigenvalues weq ',

?3Such extremely weak links and microscopic wormholes are relevant for the o parameter story [10].
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and reads??

N2/2 Ny n Ni
dz; i2i(Zi — 25) 1
2113711(91): (Il 27”?{ )7'&] TITI

- q125) a=li=1 (1 —e 5m1w&1)zz)

qN2/2
= (l—lﬁ Z efﬁml\MQ’/\(Ql;ql)(P)\,P(k )>
i A :€(A)<min{n,N; }
qN2/2
= L —Bma|Al _ ,—wif
¢N1(q1))\'é(¥)<ne K/\y(kivl)(ql)s)\(ﬁl)7 q=e . (2.37)

We should note at this point that A is a partition corresponding to the highest weights of the
U(n) representation (see appendix H) and (kI'') is the partition with N; rows each having

k1 boxes. The definition of the Hall inner-product (P, P(kNl)
1

the appendix and the function ¢y, (q1) = Hév:ll(l - q{) We have assumed that n < Nj and
hence the representations have maximum length ¢(\) = n. For fermionic bifundamentals,

)qu s given in eq. (G.2) of

one can use the dual Cauchy identity eq. (G.9), and follow similar steps to find (7" denotes
the transpose partition, reflecting along the diagonal, see E)

k Q{V /2 e AmlA Qi\ﬂﬁ B |(N1))|

1 . — —pmy .

ZN1 Z 1_(]1 P)\T(Ql,Q1)<PA7P(k{V1)>Q1 - ¢N1(CJ1 e ! P(Nfl)(Qla(h)'
(2.38)

Similar formulae hold for the second boundary as well. The final step is to combine the
pieces from the boundary contributions together with that of the 2d YM

93 @) .
cyl (Qla QQ) Z SV(QI)SV(Q2)€_L%CV +iblv| s (239)
v:l(v)<n

where the quadratic and linear Casimirs are expressed in terms of the partition v as

n

n
= v —2i+n+1), =0CY=>u, (2.40)
i=1 i=1
and integrate over the zero modes of the U(n) gauge field holonomies (£2;2) at the two
boundaries. Using the simple orthogonality relation of Schur polynomials, we find in the
case of bosons

N2/2 NZ2/2

2

__ 4 % Y e Bmtmi ~LPYM ) gl

Z - (& K K e n ,
¢N1 (ql)¢N2 (q2) vt <n V,(kivl)(ql) y,(kéV?)(qQ)

(2.41)
with a similar expression in the case of fermions involving the transpose representations.
This is the main general form of the partition function as a sum over Kostka polynomials
K, .,(q). We readily observe that the prefactor describes a factorised singlet partition

24For MQM this part of the partition function for Q; = I was analysed in [48] and in [73] for the matrix
model related to the Quantum-Hall effect.
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function for the two MQM models corresponding to the canonical partition function of
Ny 2 free fermions in the oscillator potential

N2 /2qN22 /2

—_ 7 @ __ 4% 2
Zsinglet - ZsingletZsinglet - N (q1)¢N (Q2) : (242)
1 2

The complete partition function does not factorise and one has to find the leading saddle

governing the dual geometry.

The next thing to notice is a consistency condition k1 N1 = ko No for the C.S. levels
and the gauge groups, due to the properties of the Kostka polynomials that are non-zero
only for [v] = [EN'| = ki Ny = ko Ny = |k22|, matching eq. (2.33).2° The model of common
YM and MQM groups of section 2.1.3 is simply obtained by specialising Ny = Ny = n (and
mi,2 = 0) that leads to k1 = ka = k. We also observe that had we picked k; = ko = 0,
the only states that would contribute would be zero-weight states (inside a highest weight
module) as was first noticed in [60-62] and described in section 2.1.3 and appendix H.

For the normal oscillator, the lowest energy state for each MQM is determined as one
sends |g| < 1 and derived from properties of the Kostka polynomials [73]. This corresponds
to a representation consisting of two rectangular boxes (we parametrize N1 = nL; + C})

Vground - ((Ll + 1)01, L?_Cl) 5 (243)

This determines the ground state representation in the case of the normal oscillator. On
the other hand, for the inverted oscillator ¢ = €%’ (a pure phase). Therefore, this limit is
not enough to determine the leading saddle of the system. What one should do instead is
to take the limit of large representations in an appropriate manner.

This limit depends on how we scale N1, N2, n. A case that has been discussed in [48, 73]
is the limit when

Ny =Lin+Cy, No=Lon+Cy, with LLQ — 00, n finite. (2.44)

For the present model, this is the limit in which the intermediate gauge group has relatively
small rank, and is analogous to the analysis of models related to “wormbranes”, where one
considers a quiver gauge theory with two sets of nodes with large rank connected via a
node with small rank [75].

To actually perform this limit, we shall use two important facts. First the Kostka
polynomial K~y(g) is non zero only when [A[ = kN = kLn + kC' in the above decom-
position. Second given such a partition A with length ¢(\) = n there is a unique partition
X, £(\) < n with [\| = kC' mod n such that [73]

Al —kC’}

A=AH@), M=hi+Q, Q=max{orL-

(2.45)

with (@)™ the representation of () boxes in each of the n rows. This provides a way to relate
representations of U(n) ~ SU(n) x U(1) to those of SU(n) (tilde’s). We then consider the

25This is analogous to an anomaly matching condition.
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irreps of the complexified sl,, (A,—1) Lie-algebra as well as those of the affine sy, (/Aln,l)
Lie-algebra (at level k). For notation and conventions see appendix H. We denote with
A = A()) the dominant integral weights that dictate the sl,, (A,_1) irrep and with Ry the
Cartan subalgebra generators in the Chevalley basis and with similar hatted symbols those
of the affine sl,, (A,_1) Lie-algebra. In [98, 99] it is shown that the large N — fixed n limit
as described in (2.44), each of the Kostka polynomials appearing in eq. (2.41), simplifies
into an appropriate branching function®®
Kyoay,om)(@)] oy = b2 (q) = ¢™ ey gfao) |

with A =kA@), Eo= ”kL(g_l) + kLC. (2.46)
In this formula, hats denote objects in the affine-Lie algebra and the coefficients bﬁ(q)
are also known as the branching functiops for the embedding of A,,_1 into A, or the
coset fln_l /Apn—1 Virasoro submodule M f\\ The trace is therefore over fln_l modules, but
restricted to M /{\, which is the integrable highest weight A,—1 — module with respect to
the global generators belonging to A. The parameter k corresponds to the level of the
associated A,_; affine Lie algebra [48, 73]. These works also make intuitively clear the
appearance of the Kac-Moody algebra in the limit (2.44), by constructing “(quasi) current
algebra” operators in a Schwinger-Wigner representation that involves bi-linears of the
bifundamental fields 1,; of the action (2.31), together with powers of the MQM matrix
creation/annihilation operators Aij,AL-. In the limit (2.44), one finds that the algebra
indeed closes, a central extension term appears, and the states are then organised according
to the affine current algebra. For the expression (2.46), the relevant representation that
has the lowest energy (lowest Ly eigenvalue — primary states) is the k-fold symmetrization
of the C* antisymmetric power of the fundamental representation. This representation
has congruence class kC'modn and all the rest of the dominant integral weights fall into
the same congruence class. Additional details of this restricted module and the associated
branching functions are presented in appendix H. In particular, they can also be expressed
in terms of ¢g-independent branching coefficients/multiplicities as

" [e.9]

g = Y dim MY ;q™, (2.47)
m=0
with 4 the additional imaginary root of the affine Lie algebra.
An important property of the multiplicities dim M f\\_m(g in (2.47), is that they exhibit
a fast universal Cardy-like growth for high excitation number m — oo, for fixed highest
weights A. In particular, for A, _; [118]

dim M e (¢/6)Abm (D4 my/2em/3 (2.48)

with ¢ the central charge of the affine algebra fln,l at level £ and b a numerical coefficient
that can also be computed explicitly depending on the specific algebra and the level k.

26With A = A(\) we denote the highest weight Dynkin labels that are in 1 — 1 correspondence with the
partition A, see appendix H.
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This Cardy type of growth is also present in the simpler non-singlet MQM model of [48],
proposed to describe a two-dimensional black hole. We provide some further comments
for the connection between the present model, Euclidean wormholes and black holes in the
conclusions 5.

Using the simplification of the Kostka polynomials in terms of branching functions,
one then finds that the partition function for the combined system (2.41) is expressed as
(/A\LQ = k1,2A(Cl’2) with k101 = kQCQ)

g0 p@ N Ny i i .
Z=q° ¢° [] I — D bat(a)by*(a)e
=i l—aq 5l - A(N)

2
RO +i|A] (2.49)

One could make this expression more concrete for small algebras such as Ay, using the
formulae in appendix H. The qualitative properties are transparent though, without such a
detailed analysis. The piece that does not factorise, is not dependent on Ni 2. This means
that strictly speaking in the limit (2.44) of the canonical partition, the leading saddle is
factorised and of order O(Nl%z) while the non-factorised contributions are subleading O(1)
corrections (only “quantum microscopic wormholes” are possible). We therefore find that in
contrast to the analogous model of wormbranes where two quivers are coupled with a small
rank node [75],%7 our cross coupling between the two MQM theories via the topological
messenger theory is much weaker when Nj o — oo with n-finite.?®

Nevertheless, even in the case when n is finite, there do exist U(n) representations
with O(N) boxes. In other words, even if the length of the partition /(A) = n < N, there
do exist partitions such that |A| ~ O(N), the quadratic Casimir for these representations
being of order O(N?). These correspond to very elongated thin Young diagrams and are
the leading configurations at large-N that induce a weak cross communication between the
otherwise decoupled MQM’s. As we discussed in the introduction, in ¢ = 1 Liouville string
theory non-trivial representations with few boxes are related to the presence of long string
excitations on the linear dilaton background (whose free energy without the long strings is
captured by the singlet prefactor). At finite temperature these long strings correspond to
winding modes that modify the free energy of the system [46, 48]. Now at large N finite
n, we have two such linear dilaton geometric saddles at finite temperature (described by
the factorised part of the partition function) and in addition the presence of very large
and thin Tableaux describing the collection of such long strings/winding modes that are
correlated. For a example with a single row we have a totally symmetric object with
bosonic permutation statistics. Intuitively one could expect that the condensation of these
modes, would at least mildly deform the background, creating a (weak and subleading in
this case) connection between the two originally decoupled linear dilaton backgrounds.?”

We shall now turn our attention to some specific values of the levels k; 2, for which
one can obtain more explicit results for the partition function, and then analyse a limit

2TThe model of wormbranes has a single asymptotic boundary.

2814 might be worthwhile to consider also the limit where both Nj 2,n — oo with N1 2 > n.

29Tt would be interesting if one could find a subleading or perhaps complex saddle in the dual Liouville
theory similar to the double cone of [76].
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where all Nj 2, n are sent to infinity (limit of continuous Young diagrams). In this case,
even the leading saddle of the path integral is directly affected by the non-factorised piece
of the partition function.

2.4 The non-factorised large N, n limit

If we wish to study the limit where both N 2, n are large, it is possible to analyse further the
partition function (2.41), if we specialise the Chern-Simons parameters ki » of the model.
In this case one can use explicit exact formulae for the Kostka polynomials K )~ (q).

The first case that can be analysed is the case when k12 = 0 so that N; = Ny =
N. This corresponds to our original model analysed in section 2.1.3, where only states
with zero weights (belonging to each highest weight module) contribute to the partition
function (2.41). The Kostka polynomial K o(q) is then a generating series for generalised
exponents [92, 93], generalising the dimension of the zero weight submodule of a highest
weight module/partition A(\), see also appendix H. Fixing the total weight |\ =Y, \; =
m, one can exactly map the zero weight sub-modules to permutation group S, modules [93,
96]. Using this correspondence, we can use an explicit formula by Kirillov [94] (see also [97]
for a related quantum mechanical model) that reads

¢/ @ o ‘
Kxol@) = [ m—an: Ma) =X+ A —i—j+1, ie[LeN)], (2.50)
TEA (1 -4 )

in terms of the hook length®’ h(zx) corresponding to the box 2 = (i, j) € A, and the foot/leg
length of the hook f(z) = )\JT — j defined as the sum of lower vertical cells when projecting
the hook to the vertical axis. The sum of leg lengths over all cells is®!

‘) € /31
nA)=> fl@)=> (i—-A=>_ ( ) ) : (2.51)

TEA i>1 i>1

Another useful formula for the product over hook lengths is

£ 1T j
. N (1 —
10 - @) = H@%)HH( 7). (2.52)
zEX Hi<j (1- q)\ii/\j)
Finally there is the relation 3", h(z) = n(AT) +n()\) +|A| to transition between the sums
over lengths of a partition and its transpose.

Using these formulae, we find the following explicit form for the complete partition
function as a sum of partitions labelled by the integers v;

NZ2/2 NZ2/2
o 0 n " e~Blmtma)lv] o
¢N(Q1)¢N(QQ) viev:L(v)<n
T
V:
= (]
i> 2 Vi—V;j Vi—Vj
(0a) i =ar D= ) pfacc®rion (g5

s, T, (1 —g]) (1 — ad)

39This is the sum of horizontal cells right from 2 and lower vertical cells including z.
31For more details and definitions, see [72].
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with ¢12 = e~w1.2P12 T the transpose partition and the quadratic and linear Casimirs
given by equation (2.40).

Another example we can analyse in detail is the case k1 = k2 = 1 (so that N3 = Ny =
N). One can then use the following explicit formula for the Kostka polynomials [72]

"o (q)
[Lea(l — ¢"@)”

in terms of the hook length h(z) and where ¢n(q) = [T, (1—¢*). In this case the complete
partition function is

Ky vy(q) = h(z)=Xi+A —i—j+1 (2.54)

2o Y s
vicv:L(v)<n
n v
Zi>1<2> n Vi —V; vi—V;
" (q192) i<j(1 il 1 =g )
Hz>1 ( )(1 - Q2)

In both cases, the form of the exact partition function resembles that of q-deformed3? YM

2
—Lig);M C,<,2)+29‘V‘ (2 55)

theories and partition functions appearing in the context of topological strings.

Large N, n limit. Since the exact formulae (2.53) and (2.55) are now expressed only in
terms of the partition integers v;, one can directly study the large n-limit (so that both N,n
are scaled to infinity and N ~ n) using the continuous variables described in appendix F.
This is a limit in which both sides of the tableaux become large, so that it acquires a
continuous shape if we scale it properly [59]. In particular one finds the leading saddle to be
determined by the following effective action (from now on we set g1 = g2 = ¢ for simplicity)

z =2z / Dh =" Sei ()

singlet singlet
1 1
Seg(h) = Lg¥ / dzh?(z) + (B(my 4+ ma) — i6) / dzh(x)
/ dx/ dylog 1—q| —1—2/ dm/ dylog(l —q¢7¥) (2.56)
Introducing the normalised density of boxes p(h), the saddle point is determined by

wﬁ/dh'p(h') coth <wﬁ(h2—h)) = 2log(1—q ") 4+2Lg% \yh+(B(my + ma) —i6) . (2.57)

It is useful to redefine variables U = ¢" (q = ¢ “F) and the new density of boxes

_ 1 p(U)
U) = h= log U dU——= =1 2.58
p0) = oo (b= o toeU) o [arZ 1, (259)
with respect to which the saddle point equation becomes
avp(V 1 (Lgiy 1 (B(m1 +ma) —i0)
= 1])logU — —log(U —1) — . (2.59
P/ U— V wﬁ( op T 1)lesU—5los(U—1) 208 (2.59)

32Now the g-deformation is related to the inverse temperature 3 ~ 1/T and not to 2d YM parameters.
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This is a common form of saddle point equations®® that can be readily analysed (for real
w). The term on the left hand side provides a mutual repulsion between the eigenvalues
while the “force” from the potential term on the righthand side tries to clump them. The
f-term makes the action and the force complex and one needs to consider an appropriate
“instanton” expansion to analyse the model [67, 68]. In particular the form of the “force”
and the potential is such that we expect the presence of various phases. There exist two
possible different one-cut phases (with or without saturation of the eigenvalue density near
the endpoint of its support). There also exist two different two-cut phases (with one or
two saturation regions). In the low temperature limit 5 — 0, the saddle point equations
reduce to those of the 2d YM having two possible saddles. This is the qualitative phase
diagram for the saddles in the case of the normal oscillator (real w).3* Unfortunately for
the inverted oscillator relevant to ¢ = 1 Liouville string theory, the analysis is much more
intricate, since w is imaginary.?®> This means that we actually need to perform a very
careful ab-initio analysis to solve the combined saddle point equations, and not merely rely
on a simple analytic continuation in w.

We conclude that the class of coupled MQM — 2d YM models we analysed, can
admit various possible leading semi-classical saddles that are different from the decoupled
gauged MQM singlet state (in the limit where both the gYM and MQM gauge groups
are comparably large). Moreover the leading saddle depends both on how we perform the
large N, n-limit as well as on the various other parameters such as the temperature and
Lg%, 0, leading to the possibility of obtaining a quite interesting and rich phase diagram.
While we did not find explicitly the description of the leading dual geometric saddles for
the relevant case of the inverted oscillator, we expect that some of them will correspond to
a connected geometry with two asymptotic regions, because in the Hamiltonian description
the two MQM models are not directly cross coupled via an explicit term in the action.?¢
Even though deriving the explicit dual geometry (bulk reconstruction) is a hard problem,
perhaps some crude properties such as the number of boundaries and the connectedness
properties of the manifold are somehow directly encoded in the density of boxes in the
Young diagram and the solution of the matrix model saddle point equations (see [53] for
a related analysis in the context of LLM geometries [51]). A logical possibility is that the
structure shall remain similar to the one of the normal oscillator, and depending on the
parameters, some saddles will correspond to a connected wormhole geometry, while others
to two-factorised geometries and/or geometries connected by microscopic wormholes. This
is an important problem for the future that should be tackled in parallel from the geometric
gravitational side (we do not yet know explicit target space wormhole solutions in the
bosonic or 0A/0B Liouville string theory).

33Similar equations appear for example in the analysis of chiral YM and g-deformed YM [69, 70].

34The usual matrix oscillator is relevant for the description of 1/2 BPS states in N = 4 SYM and the
dual LLM geometries [50-52].

35In this case one has also to work in the grand-canonical ensemble at fixed chemical potential p, dual
to N, since 1/u ~ gs: is the parameter most directly related to the string coupling.

36 As long as the asymptotic regions are governed by the inverted oscillator potentials of A2, there are
two such regions.
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2.5 Two- and four-point correlation functions

Using the technique of Hall-Littlewood polynomials, it is also possible to study some simple
two- and four-point correlation functions. In particular, at finite temperature, one finds
the following result for the Wick contractions of two Matrix operators obeying the twisted
periodicity condition M (3) = UM (0)U' [77]

M; ( )Mkl(o) % Z G, (T—mﬁ, ) mngv
Galriw) = %eww (2.60)

This equation holds independently for each of the two MQM theories, so there is an implicit
1,2 index. We emphasize that there are no cross-MQM Wick contractions. Armed with this
result, we can proceed to integrate over the Gaussian MQM action to derive once more an
effective action depending on the two holonomies Uj 2 as shown in eq. (2.26). The resulting
integral over the unitary matrices is hard to compute if the indices are uncontracted,
since it involves a string of unitary matrices U;;. On the other hand, for gauge invariant
expectation values with contracted indices we obtain a product of traces, that can also be
expressed using characters or Hall-Littlewood polynomials. Some simple examples are

o0

(Tr M2(0))) :% S Gu(—mBiw) (T U T U™y, (2.61)
(Tr M?(7) Tr M2(0))y = % Z Gs(T —mpBw)Gs(T — np;w)(Tr U™ " Tr U™ ™)y

where with (A)y we denote the unitary average that contains the part from the MQM
effective action (and any other U(IV) characters that come from integrating the 2d BF the-
ory and the bifundamental messengers). The first example is the one point function, that
is found to be time independent (but non-zero) as expected from translational invariance
on the circle.

The computation of the correlators now parallels the discussion of section 2.3, where
the averages over Uj o contain additional insertions of traces of the unitary matrices. The
most efficient manipulation is a direct expansion of power sum symmetric polynomials in
terms of Hall Littlewood polynomials [72]

ZX’\ VP\(Z:q), (2.62)

in terms of Green’s polynomials X g(q) that for ¢ = 0 reduce to the irreducible character
x> of S, at elements of cycle type p. In the examples of eq. (2.61) that only involve traces,
the expression simplifies into

N1

pi(Z) =Tzl =% "V H (1—q ")P\(Z;q). (2.63)
[A=3
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Now using the description of section 2.3 that expresses all the pieces of the integral over
unitary matrices in terms of inner products of Hall-Littlewood polynomials, the single
boundary part analogue of eq. (2.37) for the correlators is

NZ/2
2q; " m
(TeM7(0))1 = WZG —mfiw) Ze Il Q4 Qi) (2.64)
lpl=|pl=m V(o) (w)— &p)—
X Z e ’ H H 1ql PP( )P>¢117
pott i=1 k=1
Aq N2/2
(TrME(1)TrM3E(0)) = W Z ZG —(m+4n)Bw) x (2.65)
n=-—oom=1
lp|=|pu|=m
XGs(T—(n—m)Bw) Ze I QA (Quiqn) Z g )
£(u)—1 (p)-1
X H (1-¢,") H (1_q1_k)<PAPp7P(kiVl)PM>q1v
i=1 k=1

We can further manipulate these expressions via fusion of two Hall-Littlewood functions

Pu(Z;q)P, wa )P\(Z3q), (2.66)

with structure constants/polynomials denoted by f;\y(q) (obeying the condition flj\l,(q =
0) = C’;L\l,). After the dust settles, we obtain an expression in terms of skew Kostka
polynomials K, /, \(¢) and partitions

(TrM7(0))1 = iGs (—mBiw)F1, (2.67)
m=1
(TrME(r)TrM3E(0)), = Z ZG —(m+4n)B;w)Gs(T—(n—m)F;w) QN}?

n=—oom=1

2qN2/2
F, = F ki N *Bml(‘l’|*|P|)
1 (q1,m1,k1,N1;m;Q1)= N (@) 25 52 (Q1)x
. )Z(u)*l Ap)-1
X Z Kl//p,)x(ql)ql g g H (1_(]—2) H (l_q_k>f:(kN1)(q1)
pspsslpl=|pul=m i=1 k=1 !

One then has to couple this expression to a similar expression coming from the second
MQM model and integrate over {2y o that are unitaries coupling them to the propagator of
the 2d YM theory on the cylinder eq. (2.39). This has the effect of identifying a common
representation (index A in F of eq. (2.67)) that couples the two correlators forming a cross-
correlator of the general form (1,2 sub-indices and tildes, distinguish different operators of
the two MQM’s)

- ~ YO
(0i,(73)) .. Oiy(13) ...) = (03, (13,) .. IWNO4y(13,) .. )y e LTREOT IOl (2.68)
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This correlator generically only depends separately on the differences 7;, — 7;, and 7, — 75,
and not on time differences that mix the 1,2 sub-indices or normal with tilde operators.

Some concrete examples of the individual pieces inside the A-summation are those of
eq. (2.67). The result hence is a similar (but more complicated version) of the equation
describing the partition function (2.41), now involving skew Kostka polynomials®” and
additional summations over the integer images due to the MQM thermal propagators.
This computation again shows that cross correlators remain non-trivial as long as the
leading saddle effectively couples the two MQM partition functions (through a common
representation/partition index \). Again this cross-communication arises at a leading
saddle point level when we take both N,n — oo, while when N — oo, but n finite the
leading saddle is factorised and there is a subleading cross-communication from very long
thin partitions with O(N) boxes.

We conclude this section by noting once more that the two-point cross correlators
of simple traces of the matrices M; o(7) are simply constants (translational invariance on
the circle is preserved for any representation), and there are also no short distance effects
in higher point cross correlators for operators inserted on opposite MQM’s. It would be
interesting to analyse the OTOC limit of our four point cross correlation function using
the second equation of (2.67). Using the formalism of Hall-Littlewood polynomials, it is
also possible to compute a two-point cross correlator with non trivial time dependence,
using more complicated operators for each matrix model, such as loop operators Tr e ()
(loop-loop cross correlator [2]), or bilocal operators Tr M (7)M (0), whose importance in
reconstructing the dual space-time in the case of the SYK model was emphasised in [78].

3 Higher-dimensional examples

It is possible to generalise the construction of the previous section 2.1, in higher dimensions.
In particular we can consider a d + 1-dimensional (quasi) topological theory that plays the
role of a “messenger” coupling two systems in d-dimensions. In this section we shall list
various examples, but analyse in some detail the case where the boundary theories are in
two dimensions (coupled to the 3d Chern-Simons messenger). We leave a more thorough
quantitative study of higher-dimensional examples for the future [79].

3.1 Chern-Simons messenger

A simple example of a higher-dimensional sandwich setup that can be analysed in detail, is
in terms of two 2d gauged BCFT’s coupled through a topological field theory like Chern-
Simons theory living in 3d. The most basic example of Chern-Simons theory>® with induced
dynamics on the boundaries, has been studied quite thorougly in the literature and in
particular in physical problems related to Quantum Hall effect. In the presence of manifolds
with the topology ¥ x R where ¥ contains boundaries and R is interpreted as time, one
finds chiral edge modes (or a chiral WZW model) propagating on them.

3"Their definitions along with their properties can be found in [95].
38Examples with two boundaries appear in constriction setups in the condensed matter literature.
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In the seminal papers [81, 82] a geometry of topology Cyl x R was studied. The
two boundaries are the edges of the finite size cylinder where a dynamical chiral boson
propagates. Naively one would expect the Hilbert space of states to factorise as H =
”H;dge ® Hgdge, with Heqge = Hrxm @ Hp, with the last two factors representing a Kac-
Moody Hilbert space and a charge Hilbert space generated by a Kac-Moody current J+ and
a charge operator 1 creating “electrons” in the fermionic formulation (in the description
in terms of a chiral boson these are solitonic sectors). Nevertheless, the true Hilbert space
does not factorise as such, since in the particular example bulk flux can make “electrons”
to tunnel quantum mechanically through the bulk. The Hilbert space can then be shown
to be constructed from a non-chiral boson and takes the form H = H 1, @ H2 s @ Hpyps
with Hp, p, spanned by states |I1, 2, M) with I o two integers and M = 0,1...1 with [ the
maximum flux allowed.

Similarly, for the non-abelian model, the Hilbert space corresponds to that of a full
WZW model when both left /right movers are taken into account. In this case, the par-
tition function of the system is holomorphically factorisable [83], but one can consider
even more general setups that contain indecomposable representations which do not have
holomorphically factorisable partition functions.

The relevance of the real time setup of topology Cyl x R, for Euclidean wormholes
can be understood upon analytic continuation of the real line t = —i7, with a subsequent
periodic identification 7 ~ 74+ 8. The Euclidean topology then corresponds to ¥ x I, with
¥ = T? a two-torus and I an interval (the former length of the cylinder or annulus). It
is then possible to associate two different complex structures 72 on the two tori at the
endpoints of the interval. Defining ¢ 2 = e2™1.2 the partition function takes the form of a
trace over the Hilbert space of the two boundary WZW models

Zr2wr = Trwzw (qfoqéo) , (3.1)

that also enjoys similar modular invariance properties as the usual torus partition function
of a single WZW model [80].

We would like now to modify and generalise this setup so that we can have two general
2d gauged BCFT’s* coupled to the 3d Chern-Simons theory as a definition of our higher-
dimensional tripartite field theory system.

The Chern-Simons (CS) action with group H is*’

2
Scg = kos / d3 X MNA Ty (AMaNAA + AMANAA) . (3.2)
4 Jm 3
The variation of the CS action gives

k
6Scs. = f:/M BXEMNAT(SAp Fivy) + lf:/M BXMNAGN Tr(Ay0Ay) . (3.3)

39Tn principle we would like them to be holographic CFT’s, but our setup is expected to be interesting

also for non-holographic systems and condensed matter applications.
“0We took this to be SU(N), but we can also consider U(N ) s, with different CS levels for the SU(N)
and U(1) part.
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The first term gives the bulk equations of motion for a flat connection and the last boundary
term can vanish either by demanding that the variation of the gauge field at the endpoints of
the interval is zero, or by inducing an additional W ZW action at level kcg at the boundary.

We shall consider an analogous construction to the model of section 2.1, where the
boundary values of the CS gauge field correspond to the gauge fields that are coupled
to the two boundary theories A,(r = L) = A}f via a usual minimal coupling/gauging
procedure for the two boundary theories. If we wish to have different CS and boundary
gauge groups, we can introduce additional bifundamental fields as in section 2.2, or consider
gauging a diagonal subgroup of the boundary symmetry group G (considering for example
a pair of diagonally gauged WZW models with H C G).

Due to the topology being 3 x I, a convenient gauge choice to analyse such models is
the radial gauge A, = 0. This gauge choice can be obtained using gauge transformations
that kill the (matrix) scalar degree of freedom

d(z,2) = /LL drA, . (3.4)

In this gauge, the Chern-Simons action simplifies and becomes quadratic

k
Sog = 265 [ 4, / e Tr (A,0,A,) | (3.5)
47 »
the non-linearity in the non-abelian case remains due to the constraint that one needs to
impose
0Scs
54 =0 = €"F,=0 (3.6)

Since the action is linear in derivatives, the Poisson brackets are
4
{AZ(%’) ) A?/(y)} = ?(Wbeuué@) (ZE - y) . (37)

Now there exist various choices of canonical pairs one can take or in other words various
choices of polarisations leading to different quantisations. This is important especially
when we introduce the boundaries and matter fields coupled to the boundary values of the
gauge fields. For example one can choose to fix A; and As to play the role of the conjugate
momentum, or to use holomorphic quantisation going to the variables A, = % (A; —iAyg)
and fix A, or Az. In this latter case the quantum operators obey

[A2(:) , A ()] = 6% 0 (= — w), (3.9

and A? can be realised as functional derivatives to wavefunctions that depend only on As.
The appropriate inner product is expressed as a generalisation of the Bargmann coherent
state inner product

(T | D) — / D(A,, A2) exp (-2’; / szTrAZAZ) T(A)D(As) . (3.9)

The transition between the two bases can be performed using the overlap

_ Kk 2 42,k 2 _k/ 2 2)
<A1|Az>—C’exp< QW/deAZ+7T/Eda:AZA1 o [aeaz) (3.10)

with C' an overall normalisation for the vacuum amplitude.
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The object we need to study that couples the two BCFT’s, is the transition amplitude
between the two boundary states for the gauge field that can be written as

(Al 4l = [ DA eSS, (3.11)
1 2 A(r=+L)= ,

where Sy, , are appropriately chosen boundary terms that render the combined model
gauge invariant. Remarkably this amplitude does not appear to have been explicitly com-
puted in the literature.*! In radial quantisation, using the radial Hamiltonian H, as an

evolution operator, we can also write schematically

(Al |Als,) Z\p (Alg,)w A[z Ye LEn (3.12)
Since the Hamiltonian of a topological theory is trivial the result exhibits the expected
factorisation into sectors labelling the wave-functions (degeneracy). This is also related
to the holomorphic factorisation of the WZW model partition function (sum of squares of
conformal blocks/wavefunctions) [83].

Two comments are in order here. Since one needs to make a choice of which components
of the gauge field to fix on the two boundary surfaces, the overall normalisation A/ might
also depend on the complex structure. The second is that one will have to introduce
appropriate boundary terms Sy, , to render the total action gauge invariant and these
terms depend on this choice. Once this transition amplitude is defined and computed
for a particular system, one can then derive an “effective action” for the 2d BCF'T’s, by
integrating over the 3d gauge field in the path integral.

We would like now to sketch the main features of such models in a simple example, leav-
ing a more thorough and complete analysis for the future [79]. We shall therefore concen-
trate in the simplest case of a two torus boundary surface ¥ 2 = 75 and for an abelian CS
gauge group H = U(1). Using holomorphic quantisation on the torus one can decompose

As = O:x +inry L, (3.13)

with y a complex function and « a complex group valued vector (in the abelian case it
is simply a U(1) compact complex function). In the A, = 0 gauge the C.S. Lagrangian
decomposes into

ikm?

Log = (G —a*a) + ik/2 d’x (02x0: X" — 0:X"0zX) - (3.14)
T

T2

and the path integral measure factorises
* * fﬁfd2zazx*azx —kma*r; ta
D(0:X",0:x)D(a, a*)e” = e 2 @, (3.15)

Since the manifold is a two torus, there exist large gauge transformations that affect the
a’s ie.
a—a+p+qr, p,q€E, (3.16)

41 A useful paper discussing similar amplitudes is [84].
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and the system behaves as being in the background of a magnetic field (torus magnetic
translations). The flux quantisation condition translates to 27k being an integer. In this
case one has finite-dimensional representations of the group of magnetic translations,*? else
one would have to consider infinite-dimensional representations.

Using holomorphic quantisation, the physical wave-functions on the torus 72 (analo-
gous to the characters in the example of the 2d gYM theory), can be explicitly expressed
in terms of ¥-functions, [85]

km —1
e 3Ty o P m
U, (x, =82 7 ean sy |k ka,kt), mel0,k—1]. 3.17
(X, @) o) ol ) [ ] (3.17)

For 7 € b, (the Siegel upper half plane), the ¥-functions appearing in the wave-functions,
form a basis of the Hilbert space of £, quasi-periodic functions of weight k. Using the
fact that the Hamiltonian in radial quantisation is zero, the result for the M3 = Tp x [
transition amplitude in the abelian case is

eal ;@aﬁazﬁawﬁle 02x0:x+ [, 92X0:X)

1142\ __ .
<A2’A2> - 77(7_(1))77(7_(2)) T(Oél,Tl,O[Q,TQ)

k=1 [m m
T(ay,m1;00,T2) = mzz:oﬁ [8] (kal,k7(1)> 9 [8] (k:ozg,lm'@)) , (3.18)

where we used the decomposition (3.13) and the wavefunctions/conformal blocks (3.17).
This sum is reminiscent of an addition theorem for the ¥-functions/wave-functions. It is
clear that in this example, the “sector” label S of eq. (1.1) is simply the integer m labelling
the wave-functions and that the combined source functional takes the form

k—1

Z =3 ZWZP( ), (3.19)
m=0
Z0(J;) = / D (xir ) Z50 o (i 03 J3) U9 (x4, i) (3.20)

with Zg)CFT (x4, @45 J;) being each BCFT partition function in the presence of external
sources® and \117(7? (xi, ;) the Chern-Simons boundary wave-functions (3.17), both evalu-
ated on a torus. We observe that the resulting two-point cross-correlators cannot exhibit
short distance singularities being sums of products of one-point functions.

We close this section with some comments on the non-abelian version of the model.
For the non-abelian Chern-Simons theory, the wave-functions on the boundary slices are
Weyl-Kac characters x,x(u,7) where p labels the representation, k is the level of the
affine algebra and Az = iury 1 [81]. These characters are analogous to the ones we used
in the study of the non-abelian matrix model of section 2.3 and the sectors are again

enriched into integrable representations/partitions of the affine Lie algebra of the group

42This case will lead to rational CFT’s with finite number of conformal blocks as the relevant wave-
functions.
43This is analogous to the twisted partition function of the MQM, eq. (2.26).
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H. The resulting sums are again reminiscent of addition theorems. The conclusions about
the general form (1.1) of the partition function and the UV softness of cross correlation
functions remain unchanged.

3.2 Other higher-dimensional examples

Moving one dimension further up, a promising setup is to consider two holographic three-
dimensional gauge theories coupled via a “messenger” four-dimensional theory of the BF-
type [86, 87] in analogy to the simple 2d BF 1d MQM model. In condensed matter physics,
such BF-theories may describe the low energy physics of topological insulators (see [90, 91]
and references within). Therefore, such two-boundary models could also be of interest for
more practical applications of bi-layered materials.

For concreteness, we consider a pair of holographic 3d field theories (for example of
ABJM type) and the 4d BF theory on a space with the topology of a manifold times an
interval M = ¥ x I and symmetry group G

1
SBF:/ TtFAB+—TrBAB, (3.21)
M 12g

where we again define the restriction of the gauge field on the two boundaries Alg,, =
Ay 2 corresponding to the two three-dimensional gauge fields.** It is clear that the list
of examples does not stop here, but one may consider similar setups in any number of
dimensions. The next example is that of two four-dimensional theories of the YM type
(like N' =4 SYM) coupled by an intermediate five-dimensional Chern-Simons theory and
so on. For this latter case, see also section 4.4.

4 Correlators in a simple model of cross-coupled QFTs

4.1 The Euclidean theory

In this section we slightly modify our setup and consider the case of a non-self interacting
messenger theory coupled to fields that belong to the two d-dimensional boundary theories.
The difference with the previous topological messenger theories, is that now the messengers
do have physical propagating degrees of freedom.

The basic question we would like to address is regarding the form of the combined
source functional (analogue of (1.1)) and as a consequence whether the cross correlators
remain UV soft when the messenger theory has non-trivial propagating states. This theory
realizes the idea of [2] as well as the higher-dimensional messenger theory suggestion of [12,
13] in a weakly coupled context. Our motivation is to settle the issue of the source functional
and the nature of the cross correlators in an explicit example.*> We shall first analyse the
case of free d-dimensional boundary theories and relegate the discussion of self-interacting
boundary theories in section 4.3.

44This case is more intricate, since the gauge field can have non-trivial dynamics on the three dimensional
boundaries.

45We choose to study the case of the most direct cross interactions between the various sector, should
this model exhibit the desired features, then less direct interactions involving bifundamental fields etc. are
guaranteed to do so.

— 30 —



Consider two scalars ¢12 propagating in d dimensions interacting with a (d + n)-
dimensional scalar ® via bilinear interactions.*® We keep the field ® massive to avoid any
possible issue with IR divergences. We shall denote by = a point in the d dimensions and
by y a point in the n extra dimensions. The scalar ¢; is localised at a point y; in the
extra n transverse directions while the scalar ¢9 is localised at a point yo in the extra n
transverse directions so that their distance is |y; — ya2| = L.

The relevant action is

S = S1(¢1) + S2(¢2) + S3(®) + Seross—int (4.1)
with
Sz = —3 [ @ 612(0) (Da— ) d12(0) (4.2)
S = =3 [ dhady ®(w,9) (Ouasn — M?) 0(2,) (4.3)
S = 9 [ 4 61(@)®(ay) + g [ d' 6a(a)B(a,p2) (14)

Passing to momentum space and integrating out the scalar ® we obtain

d
S = [ G | @01 (<p)-+ 02(0) 0+ + (45)
" - - _p)leirn—v2) 4 e
+g2/(‘217T;Jn $1(p)1( p)+¢2(1?)¢21()2i)q—;—f1]\(52)¢2( p)[eie @) 4 cc] (w6

There are two types of terms. Those that correct each individual theory and those that
couple the two theories. The terms that correct each individual theory are finite when
n = 1 and contain UV divergences when n > 2. We henceforth assume n = 1 to continue
and find

d
5= /(;inp;d [‘Z’l(p) (p2 +m® + 92211(17)) ¢1(—p)+ (4.7)
+62(0) (1 + % + 9 (0)) d2(-0) + 71 (D)02(-D)B2p)] . (48)

where we can use the following integrals to determine the self-energies

/+00dq 1 _ 1 = S0 () = Slp) 9)
too 2T @A pE M2 2 /p2+ M2 11(p) = 222(p .

/—l—oo dg [eiq~(y1—y2) + cc] G_LW

dq _ = 4.10
e 2T R APE M D2+ M2 12(p) (4.10)

This is the result when y is non-compact and the d 4+ 1-dim field ® has an infinite y-space
to propagate.

46This model can be easily generalised in the case where the fields are matrices as we explain in the end
of this section and section 4.4.
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On the other hand, if y is a compact interval of length L, and ® can only propagate
inside the interval*” we find instead the self-energies (these results can be also reproduced
upon analytically continuing the transition amplitude computation of appendix I into Eu-
clidean signature — eq. (1.14))

1 1 & 1 th(L/p? + M?
+ Z CO ( b + )EEI

11(p) = Shy(p) (4.11)

2L(p* + M?) L = (™) 4 p2 4 M2 2v/p? + M2
1 1 & (=1)" sinh ' (Ly/p? + M2)
2 N T T 2 = 5 ) =) (4.12)
2L(p* + M?) L = (22)° 4 p2 + M2 2V/p2 + M

We observe that the self-energies for the interval reduce to the ones of the infinite y-space as
L — oo and that their qualitative features are very similar for any value of L. Nevertheless,
there do exist important subtle differences between these two cases. We shall discuss and
analyse them in the places when they are relevant. In particular, such differences are very
important when trying to implement two possible analytic continuations into Lorentzian
signature, in section 4.2.1 and 4.2.2.

We shall now prove that this setup has all the expected properties for the correlation
functions of ¢1 2. As a first step, we rediagonalize this action to cast it in the form

d
S = /(i:;d [(Z)+(p)D+(p)¢+(—p) + P (p)D_(p)¢_(_p)] (4'13)

with
b1+ b g2 (I:I:e’L p2+M2>
o V2 ’ 9 /p2+M2

We would like now to arrange that the Euclidean theory is well defined and for this we

P+ Di(p) =p* + m* +

(4.14)

must have that D (p) is regular for all physical Euclidean momenta (p? > 0), and that the
position space propagators are reflection positive, see also appendix B. Here we observe
that Dy (p) > 0 and regular for all values of g, L. In this case, the Euclidean propagators
Di! are well defined and finite everywhere. In the IR we find

, 0 ()
D ~ 4.1
while in the UV
2
Di(p) ~p° +m” + ‘;Lp +0(p7?). (4.16)

This is a common asymptotic behaviour consistent with dispersion relations and indicates
that the propagators could admit a spectral representation. For more details on the relation
between the spectral representation and reflection positivity, see appendix B.

4"This case can be further generalised by considering induced dynamics on the boundary “branes” for
the scalar ®(x,y). Then one has to consider Neumann bc’s on the two boundaries.
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For the field correlators, we obtain

(9161)(p) = G11(p) = G22(p) = (P202)(p) = > = (4.17)
2 2 9
B pT+m” + SESYE
2 —L\/p2+M2 2 _o—L\/p2+M2
(p2+m2_|_g (1+€ ’ )) (p2+m2+g (1 ‘ ’ ))
2\/p2+M2 2\/p2+M2
Therefore G17 at short distances behaves as in the original theory
1
Gi1 = p— 00 (4.18)

P HmP+ 0]

The same applies to large distances but the effective mass m? is different

G =Zp* +m*) +0(p'), p—0 (4.19)
with
Z_(92+2m2M)(692M3+4m2M4—g4)+g4(92(2LM+1)+2M(M2+m2(1+LM))) (4.20)
- 8M3(m2M+g2)2e2lM :
m2_ 2M262LM(g2—|—m2M)((92+2m2M)2—6_2LMg4) (4 21)
(g2 +2m2M) (692 M3 +4m2 M4 —g4)+g*(g2(2LM +1)+2M (M24+m?2(14+LM)))
This is a signal of the IR-relevance of the interaction.
On the other hand, the cross correlator of the original scalar operators
D' (p) — D= (p)
($162)(p) = Gra(p) = ——" = (4.22)
9?2 —L\/p*+M?
. /p2+M2e e—Lp
2 —L\/p24+M?2 2 _o—L\/p2+M2 p5
(p2_|_m2_|_g <1+6 ’ )> (p2_|_m2+g (16 ’ ))
2\/p2+M2 2\/p2+M2

is exponentially suppressed at short distances. This implies that in real space, Gi2(x — y)
asymptotes to a constant as x — y. This is similar to what was found in the holographic
examples and the simple (non-local) model of [2]. In addition, we can also consider arbitrary
composite operators of the form

Oy =: ¢ (4.23)

and find that their mixed two-point functions

¢+\‘/i‘§¢>>m (¢+\%¢>m> m! (D:Ll _ Dfl)m 7 (4.24)

are also very soft in the UV. The same applies to all similar local operators containing

0,02 =

a finite number of derivatives. When the messenger theory is defined on an interval, the
mixed two-point functions again exhibit the same features.
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Figure 1. The plots on the left are for g = 1,m = 1, M = 10. The plots on the right are for
g =1,m = 1,M = 1. The upper plots depict G4 (z) = D;l(x) (extra dimension is an infinite
line), while the lower plots are for G4 (z) = (DL)7!(z) (extra dimension is a finite interval).
The noise on the right side plots is in regions of large numerical error, but we can safely trust the
complementary region, where the graph is smooth. We observe a violation of reflection positivity
in the regime m ~ M (and for values of z for which we have acceptable numerical error). This
violation is also dependent on the parameter g and increases for large g. The G__(x) correlators
are found to be reflection positive in the regime of parameters that we could numerically analyse.
The results are similar to the analytic results of the non-local model [2].

What remains to be discussed are the reflection positivity properties of the various
correlators (the two possible analytic continuations into Lorentzian signature are discussed
further in section 4.2), using the spectral representation of the two-point functions B.

The operators ¢1, ¢2 are good primary operators of the tensor product of the two de-
coupled theories Hi x Ho. After including the cross interactions, a good basis is that con-
structed out of the ¢, ¢_ operators and the original factorisation does not hold anymore.
In particular, the cross-correlator (¢1¢2)(p) eq. (4.22), due to its exponential vanishing in
the UV, does not admit a Kéllen-Lehmann spectral representation as shown in appendix B,
and the propagating states after the interaction are the 4+ and —, that could admit such a
representation, since D (p) > 0 (no zeros) for p? > 0, and with asymptotics (4.15), (4.16),
that are consistent with dispersion relations. On the other hand, these conditions alone
are not sufficient to guarantee reflection positivity as was exemplified in the non-local ex-
ample of [2]. This motivates a more careful study of the real space propagators in order
to actually check reflection positivity. Unfortunately, it is possible to fourier transform the
propagators only numerically. The features of the real space Euclidean propagators are
depicted in figure 1.
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We find that the D~'(z) and (DL)~!(x) propagators are indeed reflection positive,
for various choices of parameters m, M, g that we checked (these are measured in units of
L to form three independent dimensionless parameters). Remarkably there does exist a
non-trivial parameter regime (when m ~ M) in which D (z) and DI (z) are not reflection

8 as can be seen in the right-hand side of figure 1. So the Euclidean theories we

positive,*
consider are consistent and satisfy the O.S. axioms [100] only for a subset of the parameters
that define the model.*”

It would also be very interesting if one could construct a strongly coupled system,
where one of the ¢, ¢_ operators gets “confined” in the IR, ceases to propagate and does
not appear in the effective IR Hilbert space. In this case one forms a bound confined state
that “liberates” at high energies (similar to a QCD-like bound state). The natural state to
“confine” in our example is ¢ in the regime where it does not admit a Kallen-Lehmann
spectral representation. One could then make it disappear from the IR correlation functions
and perhaps make sense of the parameter regime in which the free model is not reflection
positive.®?

We conclude this section by noting that this class of models can be readily upgraded
into cross interacting matrix field theories by promoting the fields ¢; 2 into /N-dimensional
hermitian matrices. If we keep the linear couplings of (4.4), the rank of ® is fixed to
be N as well, and hence all the quadratic terms scale in the same way.”! Higher point
interactions are then suppressed in an 1/N expansion as per usual. A richer possibility of
inequivalent ranks can be obtained by promoting the matrix model of appendix (A.12) into
a matrix field theory (equivalently by adding “messenger” bi-fundamental fields into the
action (4.1)). In the model of the appendix, the matrix M (7,z) would then be a (d + 1)-
dimensional field, whilst the rest of the matrices (bi-fundamentals and boundary fields) are
d-dimensional fields dependent only on x. It might be interesting to analyse in more detail
this class of bi-fundamental models with propagating messengers especially in the limit
N — oo, n-finite (the large N, n-limit has a similar behaviour to the model (4.1)). This
is useful as a comparison to the topological messenger model of section 2.3, for which non
trivial cross correlators only appear in subleading order in this limit (naive n, N counting
suggests a similar behaviour for the propagating messenger model as well).

4.2 The Lorentzian theory

As we mentioned in the introduction, one can consider two possible analytic continuations
of the Euclidean theory. One is along the boundary directions and the other is along
the extra dimension in which only the messengers can propagate. We are after two types
of behaviour, negative residues near poles of the propagator (negative spectral weight or
ghost-like “pathological” behaviour) and the presence of complex poles or “tachyonic” type

48This behaviour for the + propagator was also observed in the model of [2].

““Notice that as we increase the messenger mass M, or send g — 0 the models are always well defined,
since the cross correlation becomes increasingly weaker.

*0We remind the reader that in [2] we gave calculations and generic arguments that in wormholes the
physics is always confining.

51 All the two point functions can be made to be of O(1) upon rescaling the fields.
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of instabilities (which could nevertheless have positive residues). Similar comments apply
for branch-cuts that describe a continuum of states.

4.2.1 Analytic continuation along the boundary directions

In this case, we can analytically continue D (p) and DL(p) from eq (4.14) to find the
Lorentzian inverse propagators by sending py — iw. We find (we define s = w? — p? that
can be both positive and negative)

7 (1 n e%W)

o5 + I
Di(s) = —s+m*+g° (COth(Lm/2)>

Di(s) = —s+m? +

2v/—s + M?
tanh(Lv/—s + M2/2)>

(4.25)

Di(s) = —s+m?>+¢°
(s) g Warswy:

We observe that for D (s) the point s = M? is a branch/threshold point. Crossing the
branch cut we usually move to a different sheet of the s-plane (denoted as the “unphysical
sheet”).

Unfortunately, this branch point is transcendental, in the sense that the expansion
of the exponential yields an infinite collection of terms with branch points of all possible
orders. It is therefore impossible to determine the spectral weight using the discontinuity
formula, even in the parameter regime where we expect spectral positivity due to reflection
positivity of the Euclidean propagator. In addition, for s = w? — 5% > M?, the exponential
terms become oscillatory. For masses in the range where the Euclidean model is well
defined, we find one pole in the propagator that exists in the real axis with positive residue,
validating the O.S. theorem of the possibility of analytically continuing reflection positive
theories [100]. In the regime m ~ M, where reflection positivity fails, the poles lie on the
complex plane and have complex residues, so the theory has ghosts. We conclude that the
main trouble with the Lorentzian version of this model (for all the parameter regimes) is
the transcendental cut having no obvious Lorentzian interpretation.

On the other hand, for D1 (s), the discontinuity due to the square root is cancelled.
Hence the interval propagator admits a Laurent series expansion in the complex s plane.
This means that we only need to understand the structure of poles/singularities of the
propagator and whether they admit positive residues. Once more, in the parameter regime
where the Euclidean theory was found to be well defined and reflection positive, the poles
are on the positive real axis and with positive residue, (the case when the Euclidean model
is not reflection positive is similarly sick). Hence we can make sense of the model on the
interval, even in Lorentzian signature due to the cancellation of the transcendental branch
cuts and the normal behaviour of poles in the propagator.

We conclude that the “sickness” of the boundary Lorentzian theory in the model on the
infinite extra dimension, has to do with the fact that there seems to be a huge continuum
of modes (that condense in a transcendental branch cut), induced on the lower-dimensional
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Lorentzian theories from the messenger that can propagate on an infinite dimension.?> On
the other hand, for the theory on the finite interval there is no such issue, since the extra-
dimensional modes are bound on an interval and hence discrete, the resulting Lorentzian
theory having a propagator with healthy poles only.

Additionally, in the case of the interval, one expects the presence of a natural negative
vacuum energy due to the Casimir effect. All these properties make more probable the
construction of traversable wormholes in similar finite interval field theoretic setups, rather
than in the case where the extra dimension is of infinite extend. Some related comments
on the possibility of creating traversable wormholes by exploiting the Casimir effect in a
similar fashion can be found in [102].

4.2.2 Analytic continuation along the messenger direction

The other possibility is to analytically continue along the additional radial direction on
which only the messenger field can propagate. In this case one has to perform the con-
tinuation in the original description of the model eq. (4.6), by rotating ¢ = iw (and using
Lorentzian /real time propagators for the messenger theory). This analytic continuation
corresponds to a Lorentzian messenger theory, coupled to two Euclidean boundary theo-
ries at two distinct points in time.

The result takes the form of a Lorentzian transition amplitude, in the presence of
Euclidean sources (the fields ¢12) at the endpoints in time (we define AT = (t — t1)).
Of course there are various choices on how to perform this analytic continuation and
boundary choices for the messenger field ®(x,t). The boundary theories of the fields
¢1.2(x) nevertheless do remain Euclidean, which is a quite interesting generalisation of the
ideas revolving around the dS/CFT proposal [39—43], since in our setup the two Euclidean
boundary QFT’s are cross-interacting.®?

The real time free messenger transition amplitude in the presence of sources is written
as

O(tp)

(D (1) [D (L))’ :/ D@ exp [z /ttb dt/dd:z (; CREZWYELY +Jq>)] . (4.26)

D (ta

The details of the computation of this transition amplitude are given in appendix I. We
shall use Dirichlet boundary conditions that fix the values of the field ®(¢,), ®(¢;) at the
end-points in time, see (I.11) for the relevant Green’s function.

Once the messenger theory is integrated out, instead of eq. (4.13), one finds the diag-
onalised action

d
S = [ s 0+ DLW + 6~ (DID- (o (1) .

52Though perhaps at strong coupling one can make such branch cuts to disappear.
531t is also possible to introduce further self interactions for each Euclidean QFT as shown in section 4.3.
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Figure 2. The upper plots depict G4 (z) = D;'(z) (extra dimension is an infinite line). The
upper left figure is for ¢ = 1,m = 1, M = 10, showing the reflection positivity of the propagator,
while the upper right is for g = 1,m = 1, M = 1, where it is not reflection positive. The lower left
plot is for GL | (z) = (D%)~!(x) (extra dimension is a finite interval), while the lower right plot is for
GL _(z) = (DL)7!(z) both for g = 1,m = 1, M = 10, where they used to be reflection positive in the
case of Euclidean messenger propagation. We find relatively large noise and numerical error, since
the integrand is highly oscillatory near the regions in which it diverges. We observe a clear violation
of reflection positivity for the Gﬁ_ + (z) propagator, in the interval where the curve is smooth, while
in the case of the GL_(x) the ratio error/value is large and we cannot safely draw a conclusion.

with

g* (1:bcos(AT\/m))
2y/p? + M2 ’

cot(AT/p? + M?/2)
2v/p? + M2 ) ’

tan(AT/p? + M?2/2)
NCESTE > '

One common property of these inverse propagators is that the UV and IR be-

Dy(p) = p? +m?+

Di(p) = p* +m* + ¢* <

Dl (p) = p*+m* + ¢° ( (4.28)

haviour (4.15), (4.16), is only changed in subleading terms and the asymptotic conditions
for dispersion relations still hold. Nevertheless, we once more observe qualitative differ-
ences between the model with an infinite extend and finite interval. The difference that
is always present is the branch cut of the infinite extend model. Again this branch cut
does not affect the Euclidean propagators in the physical regime p? > 0, since it still starts
at p> = —M?. In addition in the first case of (4.27), the Euclidean propagators remain
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positive definite, but oscillatory as one varies p in the physical region p? > 0, while in the
second finite interval case we loose this positivity property for DL (p) completely. This
means that the Euclidean propagators (for the interval) diverge at points belonging to the
physical regime p? > 0. It can be checked that the divergences do not to correspond to
simple poles, indicating a pathology of the interval theory. Upon performing a numerical
fourier transform in position space, we find that the theory on the infinite line is reflection
positive for a subset of parameters, while the one on the interval is not (in particular the
(D1)~1(z) propagator), even in the regime where it used to be. The results are summarised
in the plot 2.

We shall close this section with a speculative comment. Contemplating the fact that
the analytic continuation of the Euclidean wormhole geometries gives rise to Bang/Crunch
type of Cosmological manifolds, for which the energy conditions cease to hold it is natural
to expect that holographic duals of such geometries would indeed suffer from some kind of

)

“pathology”. If the duals of such geometries are Euclidean as in the dS/CFT correspon-
dence, then it is natural to expect that these Euclidean theories would violate the usual O.S.
axioms for Euclidean QFT’s [100]. Perhaps the violation of reflection positivity we observe
in the interval model with Lorentzian messenger (whose cross correlators are sufficiently UV
soft when the messenger theory is Euclidean — consistent with holographic cross correlators
on Euclidean wormhole geometries), is an indication that this specific analytic continuation
along the messenger dimension is related to the analytic continuation in the bulk geometry.
In order to actually check this idea one would have to study a top down example of the
tripartite systems, with a known holographic dual. In the next section we shall improve

on our toy model by including the effects of self interactions for each boundary QFT.

4.3 Including self interactions

So far we assumed that both the messenger and the two boundary theories are non-self
interacting. We would like to see what happens to the cross-correlators once we turn on
self-interactions for the two boundary theories. This is especially important if we wish to
eventually construct models of strongly coupled (while weakly cross-coupled in the UV)
QFT’s with a potential semi-classical geometric dual admitting a wormhole saddle, see
section 4.4. As can be seen from eq. (4.6) and (4.8), the effects of the messenger theory, once
integrated out in the path integral, is to correct the propagators of the individual theories
and to induce a UV soft cross interaction. These actions now have to be supplemented with
additional self-interaction terms for each individual boundary theory, that introduce loop
integrals, so one has to ascertain the effects of loop corrections to the cross interaction.
Before treating this problem in full generality, we assume simple cubic vertices for ¢ 2
with couplings g:(,,m). We then find the first correction to the two-point cross correlator to
be determined from a one loop diagram that evaluates to
1) (2 dlq _
0p)oa(-pn = 0"e” | GG DR @D (0 —a). (4.29)

with D7, read from (4.17). We would like to understand the UV asymptotics of the cross
correlator as p — oo. In this case we find that the integrand is exponentially suppressed
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both in the large-q and large-p regions due to the properties of the cross-propagators szl.
This means on one hand that the UV of the loop integral (large-q) does not give any
divergence, rendering the result of the integration finite (no need for renormalisation).
This means that we can simply consider the case p — oo inside the integrand, to find that
this particular one-loop correction to the cross-correlator is again exponentially suppressed
at large p similarly to the tree level one.

We can also make a qualitative remark to all orders. Since the cross communication is
only induced via the cross-propagator, all possible loop integrals that contribute to cross-
correlators inevitably contain a string of such cross-propagators, that vanish exponentially
in the UV. We can restrict our discussion to graphs that are 1PI with respect to the cross
propagator, else the exponential in the UV falloff is trivial and follows from the tree level
computation. If the cross propagators are part of a subgraph containing a loop integral, we
can safely obtain a finite result for this loop integral (due the exponential suppression in the
UV that swamps any power law divergences®®) that depends on the external momenta.®®
For consistency, the cross propagators can only appear in even pairs in loop integrals, so
there will always be at least one additional external momentum for which the subgraph
will exhibit exponential UV suppression (and due to momentum conservation this affects
at least two legs of the subgraph). For the two-point cross-correlation function, all the
subgraphs are glued together in a way that in the end only two external lines appear, each
belonging to a different boundary theory. This means that inevitably, all the internal lines
will in the end exhibit an exponential suppression in the UV, rendering the cross correlator
sufficiently soft. This argument indicates that the result we found for the specialised
interaction (4.29) generalises to all loop orders at least for the two-point cross correlator.

We shall now formally recover this result, using generating functionals. Assuming that
the messenger theory is not self interacting, we can simply integrate it out in the path
integral to obtain an effective source functional for the boundary theories of the form

Z[Jl(ﬂfl), J2($2)} _ /D¢1D¢2 e—Sl—SQ—Sint—fl ddm1¢1(x1)J1(ac1)—f2 d?zopo(x2)J2(x2) . (4.30)

In this case Si2(¢12) corresponds to a general interacting action for the field on the
first /second boundary (with a self energy shift given by (4.9) or (4.11)). The only cross
communication is induced by the bilinear cross interaction term

d
S = 9° [ g7 1(0)Enap)a(—p). (431)

with ¥12(p) given by (4.10) or (4.12) (in both cases it falls exponentially in the UV). This
term can be decoupled using the Hubbard-Stratonovich trick (or delta function insertions)
to yield the following expression for the source functional

: f (;:fd G (p) X155 (p) C2(—p)

ZI(21), J2(w2)] = [ DGIDG Za[ i +iC1) ZolJo +iGa) e o° , (4.32)

51 Assuming no IR divergences (a non zero messenger mass ensures this).
5Subgraphs that do not contain the cross propagators will exhibit UV divergences, but we assume that
these are renormalised in the usual fashion for each individual boundary QFT.
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which is the equation that replaces the main result eq. (1.1) that holds for topological
messengers.

Any cross correlator is computed as an average of two individual pieces in the presence
of “dynamical” sources (i 2

~ o~ ~ o~ _a »1 _
(04,0}, ... 01,05, ...) = / DGDC (04,05, - Yic (01,04, . Yicy € 22 ] i @)V G (-p)

(4.33)

This means in particular that (O;, 0, ...)ic, and (O,0j, .. .)i,, contain only external
source legs (1 and (y respectively. These legs are fused pairwise in a 1 — 1 fashion, due
to the nature of the single term in the exponent, and always involve an exponentially
suppressed (in the UV) propagation for any momentum flow between the two theories.

The individual pieces (O;,0j, ...)i¢, and (0;,0;, .. .)ic,, contain the usual short dis-
tance singularities, since as we observe from (4.9) or (4.11), the self energies do not affect
the UV properties of the propagators on each boundary theory (but are IR relevant and
introduce an effective mass). On the other hand as we move the operator O;, (x1) from
the first theory close to the operator Oy, (z2) of the second theory, we can instead choose
to fourier transform with respect to 1 — x2 and send the corresponding momentum p to
infinity. The cross interaction and the momentum flow inevitably involves a number of
(1,2 propagators which as we mentioned above are all exponentially soft in the UV. All
the loop integrals that involve these momenta are then finite (and at least one of them
involves the momentum p). Assuming that the divergences on each individual boundary
theory are regularised and renormalised, this means that the result is an expression that
falls-off exponentially in large p, rendering the cross correlator UV soft.

We conclude that arbitrary self interactions on each individual boundary theory do
not spoil the UV softness of cross correlators.

4.4 A matrix version of the model

While the model described in this section 4 does not have a simple holographic dual inter-
pretation, it can be easily generalised to incorporate two boundary (matrix) theories that
could have such a dual.’® For example, one could consider two A" = 4 SYM U(N) gauge
theories in d = 4 (or any set of holographic theories with matrix field degrees of freedom)
with a matter action of the form (I =1,...6 in N' = 4)

1
S12=3 / d'aTr (D, X{, DM X 5 + gFo[X{ o, X{,J7) (4.34)
and couple them with a simple five-dimensional matrix messenger field®” with an action of
the form
1 4 I 2\ g1
Sm = B /d xdy Tr (<I> (z,9) (Dd+1 -M ><I> (x,y)) (4.35)
Sint = g/d4x Tr (Xll(:c)fbl(x,yl)) +g/d4a: Tr (Xé(m)@l(az,yg)) , (4.36)

56This also relies on the fact that quantum corrections on each individually interacting theory continue
to preserve the softness of the cross-correlators, see section 4.3, for a proof of this.

5THere we consider only couplings with the bosonic sector of the four-dimensional YM-theory, but this
can be easily generalised to account for the fermions.
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where the two four-dimensional theories are placed at y = y12. In this case the analysis
is almost equivalent to the one presented in the previous section 4, the only difference is
keeping track of factors of N due to the matrix structure and the presence of self interactions
on each boundary. In particular equation (4.33), is generalised into

(040j; -+ 000 -+) = [ DADG (01,051 - i, (0u O - iy 52,
1 d%p _
502 = 3 [ g TAE RO G (437)

In this expression C1I,2 are N x N matrix fields and X35 (p) = (Eﬁl)ijﬂ (p) is an appropriate
matrix inverse propagator with UV soft properties. The individual averages should be
computed in each SYM, in the presence of source terms for the elementary matrix fields
Si2 =i [d*zTr X{ 5(2)({ 5(x). We observe that as expected, the cross interaction appears
to leading order in N, on the same footing with the other terms in the action (4.34), since
the coupling (4.36) involves gauge group indices and not products of traces. The property
of UV softness for the cross correlation functions follows according to the discussion of
section 4.3. One should also take care, since the sources do not couple to color singlets
and hence it is not possible at this stage to replace each individual expectation value with
a supergravity dual description even at the 't Hooft limit.

We should mention a final possibility, that is to couple not only the matter fields X 112(30)
with the messengers ®/(z,y), but consider the addition of a five-dimensional Chern-Simons
term for a gauge field A/ (z, y), whose boundary values at y; o correspond to the gauge field
of the 4d N' = 4 SYM theories.”® Such an extended model blends features of the models in
this section and the topological messenger theories we considered in the first part of this
work, nevertheless it is similarly not clear if it can admit a weakly coupled holographic dual.

5 Conclusions

As discussed in the introduction 1, there are various possible avenues that one can explore
with respect to the factorisation problem and the holographic interpretation of Euclidean
wormbhole solutions. It seems that there are several possible “resolutions”, depending on
the precise setup and assumptions one is imposing (number of dimensions, worldsheet
vs. target space vs. replica wormholes, microscopic holography vs. statistical/averaged
computations). Taking also into account that we do not have access to a generic non-
perturbative formulation of string theory, except indirectly through holography, we do
believe that a solution that deviates from the very sharp and well studied paradigm of
N = 4 as little as possible, and has the property of generalisability in several number of
dimensions and setups, provides the most satisfactory resolution of this paradox.

In this work, we chose the approach that requires the most minimal modifications to the
well-studied paradigm of AdS/CFT, in terms of a system of cross coupled QFT’s [2, 12, 13],

58These higher dimensional examples are more intricate to define, since the gauge field has propagating
degrees of freedom on the boundary. Since we wish to keep the boundary gauge field fluctuating and dynam-
ical, we might need to add additional boundary terms to define a Neumann boundary value problem [101].

— 42 —



the coupling being mediated by a higher-dimensional theory of (quasi)-topological (or non
self interacting) character. Remarkably, we found that these types of systems satisfy two
non-trivial holographic requirements. The first is the form of the source functional of the
combined system as an average over “sectors” of individual source functionals (eq. (1.1)),
which in turn were identified with group representations in the (quasi) topological exam-
ples we studied. The second is the UV softness in the behaviour of the two-point cross
correlators, computed as averages over one-point correlators of each individual subsystem.
An interesting feature of our (quasi)-topological proposal is that while being a unitary
construction, at the same time exhibits some features analogous to those that appear when
considering averages over boundary theories. On the other hand it is also crucially differ-
ent, in the sense that the sum over representations is not (a priori) related to an average
over couplings multiplying products of gauge invariant operators, but involves the gauge
group structure and the constraints of the system.?”

While we do not know if some variants of the theories we analyse in this work can admit
an explicit weakly coupled semi-classical holographic dual, with small o'/ L2Ads ratio, we do
believe that they deserve further exploration from a holographic perspective. In particular
a D-brane picture would help to search for UV complete models, with better holographic
control.

A possible D-brane construction proposed in [12, 13], involves the study of D-brane
systems of the Gaiotto-Witten type [103], where the role of the messengers is played by
a stack of D3 branes connecting two widely separated stacks of NS5 and D5 branes.
This system describes two 3d BCFT’s coupled to a 4d N' = 4 messenger theory on an
interval [104] and hence falls in the general category of systems that we consider in this
work. This model is hard to study, especially in the proposed case where the widely
separated stacks of D5’s and NS5’s have opposite orientation [12, 13], so that SUSY is
broken by boundary conditions.®® On the other hand a great simplification would be, if the
low energy theory of the connecting D3’s could be replaced instead by a (quasi) topological
theory. Perhaps it is possible to achieve this using ideas like the ones in [105-107].

In this work we did not study at all the interesting setup of the “gas of microscopic
wormholes” and a-parameters. We find that in that setup and in the derivation of the
a-parameter effective action, there do exist various assumptions, whose validity should
be re-examined in detail [10]. On the other hand, in the bifundamental model 2.2, we
found that in the limit n < Nj 2 where the messenger rank is much smaller to that of the
boundary ranks, the two source functionals are only connected via subleading contributions
that could have a dual interpretation as “microscopic wormholes”. Nevertheless there is no
notion of a-parameters appearing.

Another remark concerns the two-dimensional quantum gravity models that have at-
tracted most of the recent attention due to their solvability. As described in [16, 27],
these models can also be thought of as string theory models, the two-dimensional geome-

59This also helps to evade issues with finding marginal couplings to average over.

50 A motivation behind these boundary conditions, was that the system would flow to a confining theory
in the IR, so that the dual gravitational end of the world branes would bend and reconnect in the bulk,
forming a wormhole. We provide below some additional discussion on wormholes and confinement.
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try corresponding to the worldsheet of the string. We therefore think that it is of utmost
importance to analyse microscopic models of strings propagating on target space wormhole
geometries, so that one has a double topological expansion at hand. This was in part our
motivation for studying the model of section 2.1, with which we can possibly achieve this
feat (analysing further the grand canonical ensemble for the inverted oscillator). So far our
analysis mostly relied on the matrix model side, but we think that it is very important to
revisit the gravitational equations of motion arising from the ¢ = 1 Liouville string, to see
if they do admit more general wormhole types of solutions. In addition at the moment we
do not know what the decompositions eq. (1.1), and the explicit (2.29) and (2.41) in terms
of representations, mean from a worldsheet point of view. Other promising worldsheet
string theory models (exept the ¢ = 1 string), for which it is straightforward to understand
the target space geometry are WZW models (which are known to be able to incorporate
semi-wormhole solutions [108]). Such models provide an important intermediate “stepping
stone”, before tackling critical string theories.

We close with a few more important comments:

Higher dimensional messenger theories. A higher-codimesion messenger theory can
be used for our purposes.®! We would expect that the higher the dimension of the messenger
theory, the weaker the interactions between the two boundary theories. On the other hand,
we think that a messenger theory that is of the same dimension or lower than the other
two, will generate interactions that destroy the homogeneity of such boundary theories,
as the induced interactions must happen via lower-dimensional boundaries in this case.
When the messenger theory is topological, the generalization seems straightforward. For
the case of a dynamical albeit weakly-coupled messenger theory, discussed in section 4, one
can also trivially generalize to a higher-dimensional messenger theory, without important
qualitative differences.

Multiple boundaries. It is straightforward to generalise our class of models if we wish
to describe manifolds with multiple asymptotic regions. One simply defines a multi-partite
system composed out of a (quasi)-topological theory (such as BF theory or Chern-Simons
theory) on a d+1 manifold M with n-boundaries. On each such boundary one places a holo-
graphic d-dimensional gauge theory coupled to the asymptotic value of the d+1 gauge field.

This naturally leads to a generalisation for the partition function that in the simplest
examples is expected to take the form

zZ=> e"Wziz% ... 23, (5.1)
S

where S labels the “sectors” of each boundary theory.%? In the case of the 2d YM theory on
a sphere with n-holes coupled to n-copies of MQM, in analogy with the model of section 2.1,

51We thank the referee for raising this issue.

52This is also reminiscent to the form of the partition function in terms of averaged theories studied in
the literature, but here the average arises in a pefectly unitary single system setup (the label S corresponds
to representations and not a random Hamiltonian or disorder average). It is an interesting problem to
compare and contrast the various approaches in more detail.
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the sectors correspond to representations and one simply finds a string of characters instead
of the simple case with the insertion of only two characters (2.23). The partition function
then does take the simple form (5.1), with S — R a representation index and w(S) —
C®@(R) the quadratic Casimir.®3 Again the cross correlators do not exhibit short distance
singularities being averages of lower point correlators of each boundary theory. For more
complicated (d + 1)-dimensional topologies we expect also the form (5.1) to become more
complicated, a similar discussion in the context of Chern-Simons theory is [37, 38].

Analytic continuation and cosmologies. As first proposed in [1], a radial analytic
continuation of Euclidean wormhole geometries generically results in Cosmological space-
times of the Big-Bang/Big-Crunch type. An appealing feature of the models studied in
this paper is that it is possible that the relevant analytic continuation, does not involve
the two Euclidean boundary QFT’s, but merely the messenger theory connecting them.

The proposal then is that the d + 1 dimensional bulk Cosmology is described by a
tripartite system that involves two d-dimensional Euclidean theories connected via (the
real time) transition amplitude of a d + 1-Lorentzian, non-holographic messenger theory,
between two boundary states [12, 13]. Such systems therefore provide a generalisation of
the dS/CFT proposal [39-43]. We should also mention that a similar microscopic model of
a Bang/Crunch universe in two dimensions was proposed earlier in [44], but its relevance
to the present setup became clear to us only recently (see appendix A.3).

Wormholes and confinement. Based on symmetry arguments and computations of
expectation values of Wilson loop operators and cross-boundary loop correlators, it was
argued in [2] that two theories with a U(N) x U(N) factorised gauge symmetry in the
UV, that cross interact in a way that only the diagonal Ugqg. (IV) gauge symmetry remains
intact in the IR could be good dual models of Euclidean wormholes (and Cosmologies as
was exemplified in [12, 13]). This fusion of the two gauge groups into a single one would be
an avatar of a “cross confining” type of physical behaviour. Confining theories are typically
gapped in the IR and share this property with (quasi) topological theories (even though they
can generically differ in their ground state degeneracy properties). This was partly a moti-
vation behind using a higher-dimensional (quasi) topological gauge theory as a messenger
theory connecting the two boundary QFT’s and “tying” their individual gauge groups. For
example in the MQM model of section 2.1, one does have to sum over the various Ugjqg. (V)
representations, but prior to the introduction of the messenger gauge field one has a fac-
torised U(IV) x U(N) gauge group structure (or a U(Ny) x U(n) x U(N3) structure for the
more general bifundamental model of section 2.2 ). Of course one might prefer to have a
model where a “cross-confining” behaviour would arise in a more dynamical fashion and not
merely from selection and fusion rules of representation theory. Perhaps the Gaiotto-Witten
type of models proposed in [12, 13], that we mentioned above, can exhibit such a behaviour.

On the factorization of the Hilbert space. The fact that in Euclidean wormholes
there is a bulk Gauss’ law that correlates boundary global symmetries has implications for

530ne also needs to insert a factor D?{Qg ~™ related to the dimension of the representation and the genus
g of the surface.
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the structure of the total Hilbert space in the dual QFT. More strongly, from a boundary
field theory perspective, we believe that there is a non-factorizability of the Hilbert space
of the pair of interacting QFTs, similar to that appearing in non-abelian gauge theories.
In non-abelian gauge theories the Hilbert space does not spatially factorise into subregions
(even though one can define commutant subalgebras of local operators), see [114, 115]
and references within. Nevertheless, it is true that one can embed this non-factorising
Hilbert space into a larger factorising Hilbert space if additional edge degrees of freedom
are introduced (that transform non-trivially under the symmetry group).

The precise statement in our construction is that while as in any other gauge theory
the total state of the combined system is a “global singlet”, the subsystems on the two
boundaries transform non trivially under U(V). So one can consider the enlarged factorised
Hilbert space H = Y p, Hpr, ® Y. g, HRr,, With |R1) ® |R2) describing a factorised state in
representations Rj o respectively. After imposing the gauge constraint mediated by the
topological messenger, there is a projection of the enlarged Hilbert space to the subspace
containing only the states for which Ry = Rs. This is not a tensor product anymore but
takes the form of a direct sum of tensor products Hs = 3 p HL@H%.°4 We believe that this
is what distinguishes the duals of Euclidean wormholes with those of the well understood
Lorentzian black holes (ER bridge), which can be described by a simple tensor product
Hilbert space of the two boundary CFT’s (and whose Euclidean continuation factorises
into the product of two cigar geometries).

Connection with black holes. MQM models with non-singlet states are believed to
be relevant for the description of long string excitations and black hole geometries in ¢ = 1
Liouville theory [46, 48, 113]. In this work we proposed that non-singlets are also relevant
for the description of target space wormholes in Liouville theory.%

While we find some similarities with the model of non singlets in [48], the partition
function eq. (2.41) to the best of our knowledge does not correspond to that of an integrable
system (it does not seem to be a 7-function of a known hierarchy). This raises the interest-
ing possibility that a variant of the model proposed here could also be relevant for the black
hole — string transition. The picture we have in mind is that, for some parameter regime,
the saddles of such models correspond to the trivial linear dilaton background (or products
of them in the case of multiple MQM copies), possibly with a long string condensate (star or
“fuzzball”) on the background, if the number of long string excitations is sufficiently large.
This could correspond to an “integrable phase” of the model, where the relevant low-energy
excitations are described by an integrable model such as the Spin-Calogero type of model
proposed in [48]. As we change parameters, the long-string condensate/star can undergo
gravitational collapse and we enter the “non-integrable phase” of the model, whose lead-
ing saddles have a geometric interpretation in terms of black holes or wormholes.’® Some
simple models with similar integrable to chaotic behaviour can be found in [116, 117].

54This could also be described via the use of intertwiners.

55 Again we emphasize the difference with the minimal and ¢ = 1 models studied in the recent literature,
where the various topologies can also be interpreted as topologies of the worldsheet of a string. In this
work we try to understand target space wormholes (MQM automatically includes worldsheet wormholes
and topologies [16]).

56This is currently under investigation.
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A Systems of interacting matrix models

In this appendix we study the simplest tripartite systems in terms of two matrix models
coupled via a matrix quantum mechanics (MQM) defined on a line segment, with the mo-
tivation to study the properties of the induced cross interaction between the two matrix
models after we integrate out the messenger MQM. Appendix A.3 is of particular impor-
tance, since it describes a possible microscopic model for a two dimensional Bang/Crunch
Cosmology [44] and its connection to the present work.

A.1 Simple linear coupling

The simplest version of the sandwich setup, is in terms of two zero-dimensional matrix
models (minimal models) coupled through a messenger one-dimensional MQM system.
The system is also a particular scaling limit of a matrix chain on an A, graph, the end-
point nodes containing extra degrees of freedom. A analysis of multi-interacting matrix
models from a similar perspective of (multi)-verses can be found in [109, 110]

Our variables are M (1) and @12, which are all N x N Hermitean matrices and 7 is
a Euclidean time variable with values on an interval I. We shall also gauge the SU(V)
symmetry (in order to project to the singlet sector and make the model solvable) and use
a quadratic potential for MQM. The partition function then is

Z = / D& DM (1) DA(7) DBy e~V (#1)=V (¥2)+Sime o =N [ Tr(DM)? =V (M) (A1)

with
Sint = cTr (P1M (T =11)) + cTr (P2 M (1 = 12)) . (A.2)
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If we adopt the natural N-scaling of matrix theories, all of the coeflicients appearing should
be O(N). For a quadratic potential, we find the MQM heat kernel/transition amplitude for
the inverted harmonic oscillator (H.O.) 7o — 71 = T between the states | My, 1) and | Ma, 72)

(lt) =

w >N2/2 Nw [(Tr M? + Tr M3) coshwT — 2Tr My Mo]
27 sinh wT xp 2 sinh(wT’)

(A.3)
This means that the model can be written as an effective four matrix model as follows

7 — / Dq)l DMl DMQ Dq)g e—V(‘lﬁ)—V(‘PQ)-FCTr(¢1M1)+CTr(<I>2M2) <M2’M1> ’ (A4)

where (Ms| M) is the Heat/Mehler kernel for the matrix H.O.

It is possible to diagonalise the matrices and integrate over the angular variables. We
need four-unitary matrices My 2 = U{L’z,ul,gULg and ®19 = 91’2)\172{2172. We then perform
the three independent Itzykson-Zuber integrals for the relative rotations in the couplings
appearing in the exponent. In the end we obtain a product of determinants in the integrand

N N
_ 1 1y 732 2 17,2 —V(AH-V(\?) eALu 1, 11,2\ AT
7z /\//izﬂldA,A(A ) AAZA(NY) i:l_lldul dii2 e det (e (ut 2y

(A.5)
where now the propagator is that of NV particles (fermions) in an oscillator potential. This
is similar to a continuous limit of a matrix chain. A difference with the matrix chain is
that now we have a solvable propagator in the middle and two arbitrary potentials at the
end-points. We can then use the identity

1 n
= . . — . ) A
p /IZIdnrZ (%%t Y; (xk)(}slt O1(zm) dgt/da? VYi(x)p;(x), (A.6)
sequentially to obtain
N 1 2
Z = /\// [T ax AN drZA(N2) e VA=V det KL AD), (A7)
i=1
with the reduction of the 2 x N intermediate integrals to just two integrals
m%ﬁh/@%ﬁﬁwﬁwwwz (A.8)

Since they are Gaussian we can perform them explicitly to derive an effective action for
the end-point eigenvalues

N
Z =N / T A A dA2A(N) eV D=V OR) ooy (O -0 coshat)
i=1

62
o @ DN TRET) 2ai N (A.9)

In the last term there was a determinant that we replaced by the product of the diagonal
terms due to the anti-symmetry of the vandermonde determinants. The end result is hence
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a simple two matrix model with a linear cross-coupling. The strength of the coupling now
depends on the size of the extra distance T" and as expected diverges in the limit 7" — 0
and vanishes as T" — oo, where the two end-point matrix models decouple.

To completely solve such 2 matrix models (2MM) at finite-N one has to use the tech-
niques of bi-orthogonal polynomials. In the double scaling limit they correspond to the
(p, q¢) minimal models coupled to gravity, depending on the properties of the potentials
Vi(AY), Va(A?). After taking the double scaling limit, the genus zero information is con-
tained in the spectral curves expressed through two continuum resolvents (¢ = ¢/N is the
scaling variable)

A 1
wrae) = [af20) o 0)= L3 0-AM), (a0)

T
& & coshwT .
wsinh(wT) vt wsinh(wT) r = Vi(r)+wi (),
& & coshwT ,
- : A1l
wsinh(wT) * wsinh(wT) y = Va(y) +wa(y) ( )

These are spectral curves of the usual kind of (p, ¢)-models. The novel-thing that happens
here is that the model transitions to two decoupled (2, p) X (2, ¢) minimal models as T — oc.
The relevant Riemann surface/specral curve is a M, , manifold with (p — 1)(¢ — 1)/2
singularities. The shape of the manifold depends on 7" and splits into two decoupled
manifolds in the limit 7" — oco. In some sense one could argue that there is a “wormhole
throat” on the Riemann-surface that the saddle point equations describe, that elongates
and pinches off in the limit 7" — oo. Since it is known such matrix models are also able to
describe topological strings on Calabi-Yau manifolds it might be interesting to revisit this
particular model from this perspective [54].

A.2 Matrix model with bifundamentals

A shortcoming of the model analysed in the previous section A.l, is that the messenger
MQM and boundary gauge groups have to be the same. Another matrix model in which
we can tune the relative gauge group sizes is the following model involving complex bifun-
damentals (i.e. M(7) is N3 x N3 matrix and By 2 are Nygu X Ni2 complex matrices)

7 = / D&, DBy DM (1) DA(7) DBy DBy ¢~V (¥1)=V(@2)=V(BIB1) -V (B} B2)+ Sim—nSarou

(A.12)
with
Syom = ;/dT Tr(D;M)* -V (M),
Sint = cTrg (B1®1B]) + ¢ Trs (B,®2BY) +
td (Tri(B{M (r = 1) B1) + Trs(BYM (r = 72)B2)) - (A.13)

Without great loss of generality we can set Ny = No = N and Nygu = n. Now there are
two options n < N or N < n, which need to be treated separately. We shall begin with
the first option that is most relevant in the limit of soft cross interaction between the two
boundary theories.
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Analysis I. The rectangular complex matrices By 2 can be diagonalised with bi-unitary
transformations as B1 o = QJLle’Q‘/LQ in terms of positive definite diagonal matrices by 2
(containing n eigenvalues and a N —n x N — n sized block of zeros). We find the part of
the action that interacts with MQM to take the form

Sa

int —

d (Ten (B U U2 Q) + Ty b0 U2} ) (A.14)

After performing three independent Itzykson-Zuber (IZ) integrals over the relative rotations
Ri=MUl, Ry=U] (A.15)

and the one between the initial and final state of MQM

Ry = U,UJ (A.16)

we find a similar integral as before in terms of by 2 and puq 2 eigenvalues. Since the MQM
eigenvalues appear quadratically, we can also integrate them as before (using all the deter-
minant tricks) to find the effective action in the by 2 eigenvalue basis

d? n
do=_ = (1)y4 (2)\4
St = 2WN sinh(wT) (Z [(bz )"+ (bz ) } COSth) +

)

2

+log dgt exp l%]\fsiciﬂl(uﬂ’)@z(l))z(b?))ﬂ ’ (A.17)
where we denote the (positive definite) eigenvalues of the complex matrices By and B; by
(bgz)) and (bl(-l)). As discussed before, the last term can be reduced to the diagonal terms
due to the bifundamental Vandermondes multiplying it.

The other two terms in the interaction action couple only to the first n-eigenvalues of
the matrices ®1 2 = Wb)\LQWLQ (due to the presence of the block of zeroes in by ) at the
endpoints

St = cTrn (VAW MWV + e Ten (B3VaWi AWV (A.18)

After performing the last two relative I1Z integrals of matrices with unequal rank, we obtain
either

ti = (1o det(c(8])?A)) + log det (c()222))) (A.19)

or in the most general case of complex ®; 2 matrices
St = (log det o(c(b!)A)) + log det To(c(8)°2) ) (A.20)

where Ip(z) is the Bessel-I function. This expression has the advantage of accommodating
an arbitrary bi-fundamental potential. In full generality, it is impossible to integrate out
the bifundamentals after this step, if they have an arbitrary potential. Nevertheless, we
already see the inequivalent rank effect: some of the end-point eigenvalues are coupled,
some are not. This has the possibility of creating a “quantum or small wormhole throat”
in the scaling limit 1 < n <« N, certainly of smaller size than the one described in the
saddle point equations egs. (A.10).
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Analysis II. For a Gaussian potential for the bi-fundamentals, we can instead choose to
first integrate them out completely using

/DBle_bTrn (BlBI)—chrn (Bl‘I’lBD'i‘dTrN (BIMIBI) —

det ! (A.21)
= ae .
blysn @ INxN — clyxn @ 1 —dM1 @ INxN

where the determinant is in the tensor product space. It is invariant under unitary rotations
in both spaces. We can use this invariance to diagonalise the matrices appearing in the
determinant.

After diagonalising ®12, M2, we need to perform only a single leftover MQM 1Z
integral to obtain

N n
Z =N | T[ dridx} T duldp? A2(AH)A2(N2) e VD=V
a,b=1 i=1
A(p! A(p?)
B L 1 (L U
ie1 [a=1 (b —dp; —cAg) M j=1 [lo=: (b — dps — cA2)

Notice that the determinant in the MQM propagator after the IZ can be dropped out if

(A.22)

we wish, due to the Vandermondes multiplying it, that result into only the diagonal terms
contributing. We notice that the coupling between the end-point matrices is “softer” than
the direct linear cross coupling of the previous section and involves only the analogue of
one loop determinants (simple determinants here) and not terms in the exponent. These
factors can indeed be written in a determinental form, using a generalisation of the Cauchy
identity given in [55].

We find
1 1 (%>
AODA (b—dp; —cAl) i<n
— N( ) (,u 1) - — det " 11§Sa§N (A23)
i=1 [la=1(b — dp; — cAq) (AN ="P) 1 cpenon
1<a<N

The next step is to integrate out the eigenvalues p1 2. Using determinant formulae of
unequal ranks we obtain

1 1
/ H dﬂ}du? det g TSI (M%’N% det o b)) 1<i<

1<a<N 1<b<N
=1 (AN "P) 1 cpen—n ()Y P)i<pen—n
1<a<N 1<b<N
(Mab)1<a<n ((ADN"7P) 1cacn
— det N 1<b<N 1<p<N-—n ,
((C/\g) T P) i <p<N-n (0)N—nxN-n
1<b<N
with
a0 = [t () (A.24)
e o (b—du' —cAl) (b—dp? —cXj)’ ‘

Due to the zeros in the last block, some terms in the determinant do not contribute.
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One could try to compute this integral exactly, but there is a contour issue, due to
the singularities in the denominator. To understand this issue, in the paper [44] such
integrals were defined as giving the Hilbert transform of the propagator eigenfunctions:
Hermite polynomials or parabolic cylinder functions for the inverted oscillator. There are
two options then: either to take the large-N,n limit and exploit saddle point techniques,
similar to the previous section, or to pass over to the grand-canonical ensemble and find
an operator whose spectrum dictates the physics of the model, similar to what happens in
¢ = 1 matrix models and ABJM [32, 44]. Since the first option is analogous to our analysis
in the previous section, and the second route can in principle provide with non-perturbative
information for the spectral curve of the model, we briefly sketch this second option.

To pass to the grand canonical ensemble, we first multiply with the two Vandermonde
determinants remaining (A(M) = det V3, V1 = (AL)*~! etc.) to obtain

(VImV2)ap)i<asn  ((VaeA)VT"7P) 1<a<n

N
ZNn = /\/'/ dA\Ld)? det 1<b<N 1<p<N-n
" albll ’ ((VEXON="P) 1 cpenn (0)N—nxN—n
’ 1<b<N
(A.25)

The grand canonical partition function is a Fredholm determinant with respect to N

[o¢]
Z eﬁ“NZNm = det
N=0

(A.26)

[+ ePVIMVE VIO
ov? 0

Studying the spectrum of the operator appearing in the Fredholm determinant, could be
the starting point for a further analysis of this class of matrix models.

A.3 MQM on S'/Z,

Matrix quantum mechanics on the orbifold S;/Z5 [44] (once Z3 is embedded into the gauge
group) conjectured to describe a big-bang big-crunch universe, has also a similar structure
to the model of the previous section A.2. This model could provide an interesting arena for
clarifying the expected relation between Euclidean wormholes and bang-crunch universes
upon analytic continuation [1].

In particular, the partition function computed in [44], is found to be that of two MQM
models on line segments coupled via Vandermondes

N n !
2= [ TLTT oy, S5 =57 o el

i=1a=1

A(y)AY')

Ay (A.27)

where we symbolise with A’s the Vandermonde determinants (A(z,2") = [1; ,(zi — 27,) is
the cross coupling Vandermonde determinant), and with (z;|y;) the oscillator transition
amplitude for the corresponding matrix eigenvalues. In this expression, we have also sim-
plified the determinants appearing in the matrix oscillator propagators, using once more
the antisymmetry of the Vandermondes multiplying them.

One important aspect of this expression is that it can also be thought of as arising from
two MQM models (with gauge group ranks N, n respectively) on two Euclidean time inter-
vals coupled by bifundamental fields at the endpoints of Euclidean time (“bifundamental
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instantons”) that once integrated out bring the two determinants in the denominator as in
eq. (A.21).57 The model can therefore be thought to arise from an action

Stot = Smomn, + Smon, + Sint

Sint = Try, (BMi(7 = 0)BY) + Try (B My(r = 0)B) +

+Tr, (CMy(r = L)CT) + Trw (CTMy(r = 1)C) (A.28)

where B, C are n x N bifundamental matrices and M o(7) are the two MQM fields of size
n xn and N x N respectively. We therefore find that it is remarkably a slightly modified
instance of the class of models proposed by [12, 13] and studied in this paper as duals to
Euclidean wormbholes. In this case, one has actually two complementary pictures, either the

MQM’s as messengers and the bifundamentals as boundary theories or the bifundamentals
as lower-dimensional messengers coupling the two MQM’s.

B On reflection positivity and spectral representation

The formal definition of reflection positivity of an operator G is that
(fl6G|f) >0, (B.1)

where f € S (R%) is a test function belonging in the (Schwartz) space with support z¢ > 0
and © inducing reflections along the transverse hyperplane i.e. xg — —zg.
For the two-point function this means that

(116611 = [ s [[atysi(-a0, DG~ 5)f 0. 5) = 0. (B2)

It is a standard exercise to show that the propagator of a free massive scalar with real
mass p, results in a reflection positive two-point function ( f|(:)@ w2|f) = 0. Assuming then
a Kaéllen-Lehmann spectral representation for the general two—point function we find

ddp p(p
Ggp.(x— / / e”’(x_y) , B.3
ke L) (®.3)

0o d ; . :
/ dﬂ2/ d pd /ddweszff(_xo’f)/ddye—zpyf(yoyy_')m =
:/ diPp(p®) (f1OG 2| f) - o

This means that a theory admitting a Kallen-Lehmann spectral representation with positive

so that

(f16G KL |f)

weight p(u?) > 0, satisfies reflection positivity.
One can reconstruct the spectral weight from the knowledge of the imaginary part of
the correlator in momentum space (that is always well-defined)

p(lu’2) = %%G(p) ’p2:—u2 = % (G(p2 = _ﬂ2 - 16) — G(p2 = —/L2 + 16)) ,
Glp) = | Td 2;&’:; (B.5)

57This aspect of the model was briefly discussed in [44].
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Equations (B.5) form the dispersion relations for the two-point function (valid up to a

2A—d

possible finite number of subtractions). As an example for a CFT G(p) ~p one finds

the scaling behaviour
p(2) ~ y2A-2 (B.6)

On the other hand, for an exponentially decaying propagator p*®*e~? (as p — oo — UV
in momentum space) we obtain that

p(p?) ~ "% cos(Lp) . (B.7)

This is clearly not a positive definite spectral weight and this explains why the cross
correlator Gi2(p) in (4.22) does not admit a positive definite spectral representation. The
failure of the dispersion relation in this case stems from the fact that there are regions in
the complex p-plane (negative half plane) for which the correlator is exponentially growing.
For the dispersion relations to hold, one actually demands that the correlator is vanishing
faster than 1/p in the upper or lower half complex plane in order to close the contour. A
finite number of subtractions is also not able to remedy the exponential divergence in the
negative half plane.

C A note on ghost decoupling

When using axial gauge, one finds that the ghosts decouple from the action. In order to

show this, we reintroduce gauge indices and denote the U(NN) gauge field by Aj. The gauge

fixing condition%®

F® = n,A% =0 (C.1)

under a gauge transformation with parameter w®
0w Al = Opw® + gy M iAW | (C.2)

transforms as

OF®
(5&1[,

5, F* = n'0w® + gy yn* frAbw® = = §%nt9, . (C.3)
The last matrix is the one appearing in the Faddeev-Popov determinant and hence the
ghosts decouple from the gauge field and only contribute in the overall normalisation of
the path integral. The gauge field propagator nevertheless does exhibit singularities for
momenta n,k* = 0, but these are remnants of the incomplete gauge fixing. In our two-
dimensional example in section 2.1.1 we shall perform a further gauge transformation into
a complete gauge and no such subtleties will arise (no remaining dynamical kinetic term
for the gauge field).

58There do exist subtleties when n? = 0, but are of no importance for the Euclidean examples we are
interested in.
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D A, =0 gauge

For the model of section 2.1, another gauge that can be used in the case where 7 is non-
compact is the gauge A, = 0. Euclidean “time” evolution in this gauge is defined along
the 7 direction which coincides with the evolution for the boundary MQM. In this case
F., = 0;A, and the relevant equations of motion are

8,F™* =0
8, F 1 i[A,, F*"]

, = Ar=f(2)+T19(2),
6(z — L)g}%MJ]\—/[QMl (1) +0(2+ L)Q)Q/MJX/[QMQ () (D.1)

The second equation of (D.1) is the constraint equation. It can also be written as
— 0,07 A, —i[A;, 0;A.) =6(z — L)gxf/MJ]QQM1 (1) +6(z+ L)g;z/MJ]@QM2 (r). (D.2)

An analogous equation has appeared in a similar problem in [56]. To solve this equation
we introduce the path ordered exponential (Wilson line) and the dressing operator as

. rb b
wh = Pei Jo 4 . D(za,b) = W0, A WP, 0.W) = z/ dzD(z;a,b). (D.3)
a
We can then split the interval into three regions as
z€|[-L,—L+e)U[-L+e,L—€U(L—¢lL]. (D.4)

Using this split eq. (D.2) is regulated and can be written as
0.D(z;—L, L)

2 = 8(z— L+ W Thon, (TIWE_ A8(z+L—e )W F T onn (MW, (.
Y M

(D.5)
The reason for the split and small regulator ¢, is that D(z) is a piecewise constant, jumping
by the appropriate source factor once it reaches z = =L

D(L—€)=D(L) + g¥uWiiqr, s D(=L+€) = D(=L) + gy IfuquuW . (D-6)

with W = W_LL. We further assume that the space terminates at z = +L.
This also means that picking any reference point z € [—L, L]

(W, 0-A;] = 912/MWJJ7\—/IQM1 - g%’MJXlQMQW7 (D.7)
and since . .
O, W — i/_L d=W?, 0. A,WE — i/_L d2D(z L, L), (D.8)
we also find
idyar =W W] = igy 2L fon, — 195 2L fron, - (D.9)

This equation has the interpretation of a constraint on the total current/charge of the
system, that is also a constraint on the admissible representations. This constraint holds
non-perturbatively and without using the dynamical equation of motion (first equation
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of (D.1)). In physical terms W = WZ, corresponds to an open Wilson line that extends
across the two boundaries and couples to the boundary charges. Evolution in this gauge
is along the 7 direction which coincides with the evolution of the boundary MQM.
In this gauge one can also find the 2d YM Hamiltonian (evolving along 7) that corre-
sponds to that for a particle on the group manifold [56]
A 1

L
H), = — dzTr(0.A,)% = —
4 Q%M —-L (0r4:) 49%/ML

Tr (W—laTW)2 . (D.10)

Now this Hamiltonian has two separate left/right chiral symmetries under SU(N)y X
SU(N)gr with matrix generators [57]

Jr=—iWow, Jo=id,WW  Jyy=Jr+JL. (D.11)

It is then natural to interpret the constraint of (D.9) as relating the left /right chiral currents
and the two MQM currents on the two boundaries, so that Jgp = Jyga, and Jr, = Jugns, -
This is also physically motivated since the matter fields on the boundaries have a charge
that sources the endpoints of the Wilson line stretching between them. The Hamiltonian
itself is written as A 1 1
HA:—WT&«J%:—WTU;. (D.12)
The eigenstates of the Hamiltonian are representation matrices Rq, (W) = (W|R, ab) (a,b =
1...,dR), that transform under the right action in the rep R of U(N) and under the left
action in the conjugate rep R of U(N). For each rep R there are d% energetically degenerate
states with eigenvalue equal to the quadratic Casimir Cg). Since we are using functions on
an interval and not a circle, the Hilbert space is built out of all the |R, ab) states (the states
are not required to be class functions and carry uncontracted group indices). An equivalent
description of the Hilbert space is in terms of open strings with Chan-Paton factors at their
endpoints, the representation basis reorganises the n open string Hilbert space in terms of
irreducible representations of the permutation group S,, [71, 111], exchanging the strings.

D.1 Wilson lines and compact 7

In the case that 7 is an S there exist non-trivial winding modes and hence one can only
work in the gauge A, = 0.
In analogy with section D, we define the Wilson lines and dressing operator along 7 as

Wb = pe’ J. s . D(r,a,b;2) = WIO,A, WP, O.WP = i/b drD(r,a,b;z). (D.13)
Using the equation (2.11) one finds

9-D(t,a,b;2) =0, D(1,a,b;2) =c(z), = [W° 8.4,]=0, (D.14)

the last equation arising from the independence on 7. We then notice that due to (2.13),

D(1,a,b; z) suffers a discontinuity at z = £L, since A, is defined piecewise. In particular
the discontinuity causes 0, A, to jump by Jyqus , in all the formulae.

— 56 —



In order to obtain the Hamiltonian evolving along the z direction of the cylinder, we
can define WOB = W as the Polyakov loop around the thermal circle. Since

B B
oW = z/ dr W5 o, A, WE = z/ drD(7,0,5;2), (D.15)
0 0
we also observe that due to constancy of D(7) and the periodicity of A, in 7
O.W =ifWO. A, =iBO. AW, = [0.W, W ]=0. (D.16)

The 2d YM Hamiltonian evolving along z can then be written as (it corresponds to a
particle on the group manifold [56])

) 1 /8
H: = — | dr(8,A4,)% = — Te(W 1o, W)? D.17
A g%/M o ( ) 49%/]\/[/3 ( ) ( )

All the representation matrices Rq,(W), W € U(N) are eigenstates of the Hamiltonian.
The d% states are energetically degenerate and have eigenvalue equal to the quadratic
Casimir C’g). Since the base space is a circle, the gauge invariant eigenstates forming a basis
of the physical Hilbert space are square integrable class functions, the characters xy g(W) =
(W|R). For the generalised YM theories the Hamiltonian involves higher Casimirs and the
6 term can be expressed in terms of the first Casimir [58].

E Partitions
In this appendix we provide some terminology and simple examples of partitions.
e A partition A is a sequence of non-increasing integers such that
AL > A2 A4 =0 (E.1)

The number of non-zero elements ¢(\) is called the length of the partition. The sum
of all the elements || = 37,5 A; is called the weight of the partition.

o The multiplicity m;(A) of the positive integer j is how many times the number j
appears in the partition A (such that A\; = j).

e The partitions are labelled graphically using Young diagrams. They are an array of
boxes where the i’th row contains A; boxes. This means that the number of rows
is the length of the partition ¢(\) and the number of columns is just A;. The total
number of boxes is then equal to the total weight |A|.

« The conjugate or transpose of a partition X’ or AT is obtained by either reflecting the
Young diagram along the diagonal exchanging rows and columns. As an example one
obtains A\ = £()).
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As a simple example to have in mind the partition (7,5, 3%, 12) corresponds to the following

Young tableaux

|| (E.2)

The irreducible representations of the symmetric group S,, are in one-to-one correspondence
with the Young-diagrams \. The rows are symmetrizers of the elements while the columns
anti-symmetrizers. Furthermore the Young diagrams also parametrise the irreps of GL(N),
where the \; are related to the highest weights A; and the diagram has at most N non-
empty rows (this just means that the length of the partition is /(\) = N). For the group
SL(N) the diagram has instead at most N — 1 non-empty rows. For the relation between
highest weights A; and \;, see equation (H.8) and appendix H.

Once the irrep/Young-diagram is specified one can introduce further information to it
by filling its boxes with letters from an alphabet belonging to a totally ordered set. We
then call the diagram a Young-Tableaux. These Tableaux can be used to enumerate the
various states belonging to the GL(N) or SL(N) irrep modules, see appendix H. There
exist two basic options. One can either have a standard Tableaux, when both the rows
and columns have increasing elements from top to bottom and left to right. The other
option is that of a semistandard Tableaux, or column strict, when the elements are weakly
increasing along each row and strictly increasing along the columns. The Tableaux is
then specified by two collections of elements A, . The first one dictates its shape and the
second its content weight. The content weight u counts the occurences of each element
of the alphabet in the tableaux (usually a collection of integers 1,...N). For example if
A=(3,2) and p = (1,1,2,1), then we get a Tableaux of the shape

and we fill it with the numbers 1,2,3,4. The number 1,2,4 need to occur a single time,
while the number 3 has to occur exactly two times. It is easy to see graphically that there
exist three possible semi-standard Tableaux of shape A and weight p. These are

1/2]3] 1/3[3] 1]2[4]
314 2|4 313 (E.3)

) )

These possibilities/multiplicities are counted by the Kostka numbers K, and in this
specific example K, = 3. The Kostka polynomials described in appendix G and in the
main text 2.3, are ¢ analogues of these multiplicities, see also appendix H for the description
of related branching functions.

Finally we shall present an example of zero weight states that are relevant for the
MQM model of section 2.1 (and the case when ki = ko = 0 of section 2.3). Let us consider
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SU(3). In this case we have two roots and the fundamental representation contains three
states with associated weights

e 0,1, [R2loc1y,  Blao-1). (E.4)

The fundamental does not contain any zero weight state and is therefore projected out.
Following the rules above one finds 8 semistandard Tableaux for the adjoint out of which

13} [1]2]
2] 3] | (E.5)

have a weight (0,0) (the weight is computed by summing the individual weights of each
box). So the adjoint is a representation/highest weight module that contains a zero weight
submodule. All the SU(V) representations that do admit the presence of zero weights are
described in [61].

F Representations and their continuum limit

In this appendix we analyse directly the limit of large representations for the original form
of the partition function (2.29). The most useful formulae are (F.4)—(F.9), showing how
the limit of continuous representations can be performed.

Labelling the representations in terms of a collection of integers (a partition) R = A :
(A1, ... An), parametrising the number of boxes in each row of a Young diagram having n
rows in total (see also section 2.3 and appendix E), one finds the partition function for the
first MQM [62]

N1 [(1)_’_1
Zh(B) =Y Cry q o) c =AY Nk, (F.1)
Ry

where )\](91) are related to the highest weights of Ry (that is a U(N7) representation) and the
specific Littlewood-Richardson coefficients C}?,lRl capture the multiplicity that R; appears
in the irrep decomposition of the tensor product R ® R;. One can also describe them

through an expression involving the integral of three characters

Chip, = /DUXRl(U) Xr,(U) Xp, (U) . (F.2)

In the specialised case where two of the reps appearing are the same, there is a bound on
them C’glRl < Dg) (with Dg) the dimension of the zero weight submodule of the highest
weight module R, see H). These R; representations give the leading contribution to the
partition function. In addition for high temperatures S — 0, one finds

Zh(8 = 0) ~ DY (wB) ™M, (F.3)

so that the total partition function saddle is governed by the saddle point equations of 2d
YM, as in [59].
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For more general temperatures, in order to study the limit of continuous representa-
tions, we define continuous variables for all the highest weights appearing

Ai 1

AMzx) = N ITN Az) > My), ifz<y (F.4)

and then we go to strictly decreasing adapted coordinates

1 dh
h(z) = Ax) — - — < -1 F.5
@=Ma)—atz, < (£5)
and define a density of boxes p(h) via
dz(h)

h) = — <1. F.6
p(h) TR (F.6)

The complete partition function takes the form
Z(B) = / DhDhy Dhy e~ N*Se(hhih2) (F.7)

To find the effective action, one needs to exponentiate all the terms and replace them with
their continuous version. In particular the Casimirs become in the large-N limit

1 1
%0(2) — N? / dzh?(z), CW - N? / dzx h(x) (F.8)
0 0

The dimension is bounded by

0) N2 1 1
log D, <logDg — 7/ da:/ dylog |h(z) — h(y)] (F.9)
0 0

Unfortunately the large-N asymptotics of Cﬁ}zl
log Cpih, — 777 . (F.10)

do not seem to be known in the literature, and we can only bound them from below using
the formula for the dimension.

The support of the eigenvalues should be then determined dynamically, solving the
resulting saddle point equations. A complementary analysis of the model in terms of
Hall-Littlewood polynomials is presented in section 2.3. In particular it allows for a more
precise derivation and analysis of the relevant saddle point equations, that are found to be
described by eq. (2.59).

G Hall Littlewood and symmetric functions

Here we shall list some properties of symmetric functions and Hall-Littlewood polynomials
relevant for our analysis in section 2.3. Many additional formulae can be found in the
references [48, 73, 74] and most importantly in the book [72].

Using the relation between representations R of U(n) and partitions A : (A1,...\,)

69

with length £(\) = n (number of rows),”” we can express the characters in terms of Schur

69See appendix E for more details on partitions.
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polynomials xg(Z) — sx(Z). The Schur polynomials have the concrete expression (z; are
the eigenvalues of Z)

\j+n—j
deti<i j<n (Ziﬁn ])
detr<jen (27
We then define the g-Hall inner product™ for two symmetric functions f(Z2), g(Z)

dzi \ Tligi(zi — 2j) -
(f.9)q - N (H o f ) mf(z)g(z Y. (G.2)

sx(Z) = (G.1)

This inner product is useful because its kernel is essentially equivalent to the twisted
MQM partition function (2.26), where z; = ¢ are the eigenvalues of the unitary matrix
parametrising the holonomy of the gauge field around the thermal circle.

The orthogonal polynomials with respect to this measure are the Hall-Littlewood poly-
nomials

PA(ZW):AL/ > 0[21 L [ ] (G.3)
A seSy i<j ci A

where A € P denotes the partition and the normalization is

Ny = ¢N—£(>\) 1:[]'21N¢mj(>\) ’ bm = H(l _ qj) 7 (G.4)
(1-gq) j=1

with m;(\) the multiplicity of the positive integer j in the partition A and my = N —
2(\) > 0. One also defines the Q-Hall polynomials as Qx(X;q) = ba(q)Pr(X;q) with
ba(q) = (P, Py); ' = [1;>1 ®m;(n)- The orthogonality relation can then be written as

1
- ./VM(SM’/\ .

The Schur polynomials defined through eq. (G.1), are also a limit of the Hall-Littlewood
polynomials for ¢ = 0 and orthonormal under the inner product G.2 upon setting ¢ = 0.

<Pu ) PA>q (G-5)

There is also a relation

Z) =Y Kxu(@)Pu(Z;q) (G.6)
I

with K ,(q) the Kostka-Foulkes polynomials. The inverse relation defines the Modified
Hall-Littlewood (or Milne) polynomials

(Ziq) = K u(@)sxn(2), (P, Q) q=0 = Oxp (G.7)
A
There is also a relation between the Modified Hall and the Q-Hall polynomials that reads
, Z
Z5q) = Qx| 17— 9 (G-8)

We note some useful properties of the Kostka polynomials

"0To avoid confusion, notice that in the mathematical literature ¢ is the most common symbol associated
to Hall-Littlewood polynomials and g is usually an additional parameter of the more general (g, t) Macdonald

polynomials. Here ¢ = e,
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e K ,(g) =0unless A > p. All the non-zero coefficients of the polynomial are positive.

e They reduce to Kostka numbers for ¢ = 1, VA, p.

. K)\7M(O) = 5%#'

We can also use the following identities ((£") is the partition with N-non zero parts equal
to k.)

A
H7—P(kN (Z )
ZJ

ZS QSA ZS)\ VK p(q) p(Z;q):ZQ/p(Q;Q)PP(Z;Q)
\ )

>_A

= H H(l - wazj)717

a=1j=1
n N
ZS)\T(Q)S)\(Z) = ZQ)\T( ZP)\T H H 1—|—wazj),
A A a=1j=1
5 1 —qzayp
P\(X; Yi,q) = —_— G.9
z/\: X @)QA(Y;q) a,1;£1 [— (G.9)

with AT the transpose partition to A. These should be thought of as completeness relations
with respect to the inner product G.2, the first two for ¢ = 0 and the last for non-zero q.
The summands vanish unless £(A) < min{N,n}.

H Algebras and branching functions

In this appendix we collect various useful definitions and formulae regarding (affine) Lie
algebras and branching functions, relevant for the discussion in section 2.3 of the main
text.

Algebras and weights. For the affine algebra A,,_1 we have the following set of com-
mutation relations in the Chevalley generator basis {h’, e, f;i =0,...n — 1}

(W W] =0, [0,el]=Ajel, [0, f]=—Auf1, [é, fi]=d;h', (H.1)

with flij being the Cartan matrix. The basis elements with ¢ > 0 generate the A, 1
subalgebra. We shall denote the roots of A,_1 by a (the co-roots are denoted by aV),
those of A,_; are simply given by & = o 4+ md, with ¢ the imaginary root of the affine
algebra and m € Z. More explicitly they are given by o/ = e’ — ¢/ ,i # j > 0 in the non-
affine case. We can also define positive roots by the stricter restriction ¢ < j and simple
roots that are the basic building blocks of the root system by a’ = e — e¢*!. The Weyl
group W describes the reflection symmetries of the root system. Using positive roots, we
also define the Weyl vector as a sum

1
:§Za, a>0. (H.2)
[0
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In our semi-simple setting we can also take p to be the sum of fundamental (dominant)
positive weights that are defined by ; = Z§:1 ej for A,,_i. The fundamental weights of
A,_1 can be expressed in terms of fundamental weights of the A,_; sub-algebra as

Qi=Q+Q, i>0, (H.3)

where € is called the basic fundamental weight of the affine Lie algebra.
The general weights of an integrable representation are expanded in terms of funda-
mental weights as
n—1 n—1
U= +ms, U= i, (H.4)
i=0 i>0
with 15, 1;, m integers (m is related to the grading) and ¢ the additional imaginary root in
the affine case. The coefficients 1); are called Dynkin labels.”! For the affine algebras A,y
the marks and comarks are equal to one, so the sum of all the Dynkin labels k = 3", @ZA)Z
is an integer denoted as the level of the affine Lie algebra. It is also clear that different
weights can have different levels.
The Dynkin labels are also the eigenvalues of the Chevalley generators of the Cartan
subalgebra
W) = 4i(h)]¥), i>0, (H.5)

the affine algebra version of which is similar, with the addition of an extra equation
— Lo|¥) = m|V). (H.6)

This last operator is also called the grading operator.
Every finite-dimensional representation has a unique highest weight state |A) on which

RA) = Ay(h)[A) . (H.7)

The eigenvalues A;(h) are highest weight Dynkin labels and are positive (they belong
to the positive root Weyl chamber Py). An A,_; highest weight with Dynkin labels
A(h) = Ai(h),...Ay—1(h) can also be mapped to a partition

A= {)\1, ce )\nfl} ;A= Al(h) + AZ+1(h) + ... Anfl(h) . (H8)

where \; label the boxes in each row of the Young diagram (i corresponds to the row).
While the highest weights belong to the positive chamber A € P, the weights in general
belong to the space P(A) that can be obtained by repeated action with elements of the
Weyl group W. This has as a consequence that partitions can only be assigned to highest
weights. If we wish to describe all the states in a representation, we take the tableaux
of shape A and fill it with integers according to rules consistent with the Freudenthal
multiplicity formula (H.14). We then construct a semistandard Tableaux that describes

"'There is also the notion of conjugate representations for which the weights are the negatives of the
original one.
"These are the coefficients in the expansion of the highest root 6 in roots and co-roots.
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a state in the module M (A). A description of partitions and semistandard Tableaux can
be found in appendix E. In some of these modules there exists a submodule that contains
only states having zero weights, in the sense that the associated Dynkin labels are zero
¥; = 0. This submodule is relevant for the discussion in appendix F and in the main
text. A description of this submodule in terms of Gel’fand-Zetlin patterns is presented in
appendix A. of [62]. An example in terms of the more canonical labelling of semistandard
Young-Tableaux is presented in appendix E, see eq. (E.5).

Characters. We shall also need the definition of characters. In the Chevalley basis the
affine character is defined as

XA (G7) = Ty ) 2rhoe 2T 2 O (H.9)

with M(A) the affine module, &/ the Chevalley (Cartan) generators and Lo the grading
operator. Using the notation of the main text we shall also denote this as x;(¢;7) =

X4(Z;q). The non-affine character involves a similar expression with only the presence of
the Cartans h'.

Branching rules. Consider the highest weights belonging to the positive root Weyl
chamber A € P, of the Lie algebra g. We can then decompose the Lie algebra g mod-
ules into subalgebra b modules as M9(A) = @ dim M(A)y ® MY(A’) with the relevant
restricted subspaces being defined by

M(A)p = {jv) € M(A) : hlv) =N (R)v), Vheh). (H.10)

The coefficients of the decomposition dim M (A),s are called branching coefficients and
correspond to the dimension of the restricted subspace M (A)x/. We can equivalently write
the decomposition in terms of partitions as A — ®,cp, bf; . When applied to characters,
this decomposition is generalised to an expansion in terms of branching functions that
depend on the character parameter ¢q. In the case where the Lie algebra g is affine, there is
an additional subtlety. The existence of the imaginary root § means that there exist weights
that are indistinguishable from the point of view of the subalgebra (A — md)(h) = A(h)
with m an integer. This will be important for the examples we shall consider.

The specific branching functions we are interested in the main text, that describe the
A,y /Ap—1 coset submodule involve only the grading operator and are expressed as [73] (we
denote A = A()) since it belongs to Py and is in 1 —1 correspondence with the partition \)

k(x)(Q) =1Tr, i g, (H.11)

A(N)

They also admit an explicit expansion in terms of branching coefficients [99]

bioy(@) = D dim M 5™ (H.12)

m=0
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where dim M ;}(/\)_mé ?s the dimension of the branching coefficients/multiplicity of the
particular embedding™

MRy ms = {lv) € M(R) + hifo) = Aylo), €fv) = 0(i £0), [v) = [AQ) —md)} (H.13)

and where A = kA(cy are the specific highest weights as described in the main text.
A formula giving the multiplicities (Freudenthal) is the following

. A A
dim My} = Z ZMA21+ka (Ag + ka, o),
a>0k=1

N = (A +p, A +p) = (A2 +p, A2 +p)) (H.14)

where with (z,y) we symbolise the Killing Cartan bilinear form and p the Weyl root. This
gives a recursion relation to determine the multiplicities starting from M //\\11 =1

There is also another formula due to Konstant that gives the multiplicities/branching
coefficients using a summation over the Weyl group elements [118]

dim Myl = 3" e(w)K ((As + p) — w(Ay + p)) (H.15)
weWw

In this formula p the Weyl vector and e(w) = (—1)“*) the determinant (i.e. 1) of the
Weyl group element w, that can also be expressed in terms of £(w): the length of the Weyl
group element. K is Konstant’s partition function. Using this expression, one can derive
an interesting asymptotic formula of the restricted module that shows exponential growth
(Cardy growth). In particular for A4,,_; [118]

dim M ) s —mosoo (¢/6)" b= 2)/4emy/2em /3, (H.16)

with ¢ the central charge and b a coefficient that can be computed explicitly depending on
the specific algebra and the level k. In this limit we have kept A fixed.

For completeness we also present the description of the string functions

cﬁ; (q) = g™ (A2) Z dim M&l_méqm (H.17)

m=0

The difference with the previous branching coefficients is that Ay is more generally in P
and not only in the space of (dominant) positive weights P;. my, (Ag) is called the modular
anomaly given by

Az L I
2k AT ok+g) 29

my, (AZ) =mp, — (ng)

"Notice that this restricted module is reminiscent to the one appearing in the string functions, the
difference being that we consider only A € P} in our case.
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Some results for A;. We now specialise to the case of A; (SU(2)) and its affine version.
In Chevalley basis we have

le,fl="h, [h,e]=2e, Ih,f]=-2f. (H.19)

We have a single root a1 and fundamental weight €2;. We therefore have a single highest
weight A; to consider (usually denoted as the spin j of the representation).
The simple roots of A; are

a=90—a, o, (H.20)

The complete set of roots is spanned by
A = {npag +n1ay : |ng—n1| <1, ng,ny € Z}. (H.21)
One can also restrict these numbers so that one describes only Py (positive roots) as follows
Ay = {noag+niay : lng—ny| <1, ng,ni € Zy U0, (ng,n1) # (0,0)}. (H.22)

We also note that the restriction to P, becomes less important as we increase the level
k — oo (the “cone” of P, inside P opens up).
Konstant’s partition function (H.15) for the Lie algebra A; simplifies into [118]

o

K(noap +niay) = Z(fl)rp(‘g) <(r + 1)ng —rng — %r(r + 1)> , (H.23)
r=0

where ng and n; are as in (H.22). The function p®) (n) is defined via

Xoay =0 (@)= > p" ()", gl < 1. (H.24)
nez
with ¢(g) the Euler function. This character is also the character of an r-fold module of a

Heisenberg algebra. In addition one also finds the identity

o
Z K (noao +niar +j0)¢’ =
=0

oo o0 1 .
=Y Z(—l)rp(g) ((7’ + 1)ng —rng — 57’(7" +1) +j> ¢ =
7=0r=0
— 67%(0) i (—1)7q~(rFDmotrmatr(r41)/2. (H.25)
r=0

Using this form of the Konstant partition function, one finds that eq. (H.16) takes the
form [118]

i sin W—]]Zizl ™)
dim M;\:Afm(; —>m—o00 m@ . (H26)

As a simpler example for k = 1 one has A = Ag so that

: . 1 T/ 2m
dim Mz%iAo_ma = p(j) ~ T V2m/3 (H.27)
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Another procedure to derive the branching functions is the following: for A; the char-

acters are - -
Xj(2) = ——g—=2+...277, z= e?mic (H.28)
zZ—z

For the affine A; we find the characters expressed in terms of theta functions

(k+2) (k+2)
Xg\k) _ ®>\1+1 - @—)\1+1 (H29)
1 932) _ @(72%

with the theta function (z = e2™¢, ¢ = ™)

k k —2mi wikTn? —2mi
@E\I)(Z;Q;t) = @E\l)(C;T;t) — ¢ 2mikt Z 62 iktn e 2 zknc’
n€Z+A1/2k
— o 2mikt Z p2mi(kTn®+ 7T /4k) e—27ri(kn§—)\1n7—+%/\1g)' (H.30)

ne”L

A useful expansion (in terms of U(1); characters) involves the use of string functions
ci(q) = Ln(g)

k

k
W)= 3 d@eEa = 3 3 dula) sy
m=—k+1 m=—k+1n€Z

that describe the branching functions of the coset SU(2)x/U (1)
The normalised U(1); characters are

(k) 1 (k) — 0 — 1 k(n+j/2k)2

We would like to similarly express the affine in terms of the non-affine SU(2) characters.
In order to do so, we need to invert (H.28) and feed the result into (H.31). The best we
can do is to solve

P27 = x(2) = xj-1(2) - (H.33)
We then find
(k) S ~ :
X5 (z0) = Y cd(q) (ar(2) = xe—1(2)) /% =
m=0r="7 modk
k—1 A ) )
= (@) (a7/% = g F) X (2). (H.34)
m=0 r:% mod k

I The free field transition amplitude coupled to sources

In this appendix we study the real time transition amplitude of a (messenger) free field
theory coupled to external sources. We also consider the case where the sources correspond
to fields of two Euclidean theories at the endpoints in time. When these field theories
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are integrated out in the path integral, they define appropriate boundary states for the
messenger free field.
The free field transition amplitude (4.26) can be written as

()
@@m¢mmJ=A%§D¢WPM&H%%+SQ}, (11)
ta

where it is convenient to split the field into a classical piece and a fluctuating piece & =
O, + 0P, that is to be integrated over in the path integral (it is actually easy to obtain the
Euclidean transition amplitude results by a simple continuation (¢, —t,) = —iL).

The classical solution can be found solving

OP® + k20 + M*® =0, wi=Fk 4+ M?, (1.2)

that yields
(I)b(k:) sin wy, (t - ta) + @a(k?) sin wk(tb — t)

Dyt k) = Sinwn(ty — t) , (L.3)
so that
B dk wp [(Py(k)Pp(—k) + O (k) Py (—k)) coswr(ty — ta) — 2Py (k) Po(—k)]
Sd / (27T)d : b : 2sin wk(tb — tak) b b ’ (14)
b dk [®, (k) sin wy,(tp — t) + Pp(k) sin wi(t — t4)]
S = /ta dt/ @m) sinwn(ty — to) J(t,—k), (L.5)

the two classical pieces. These are to be supplemented with the fluctuating piece depending
on the Green’s function

Gy (t, 1) = Dy, (1, 1) = (=02 —wi)15(t —t), t,t' € (tasty) - (1.6)

All the ambiguity of the result is hidden in the boundary conditions one imposes for the
Green’s function.
In particular the fluctuating piece can be written as

J o / ddk 1 . INSEH (4! 1 ! !
% = dtdt/ 501, 1) Da (8, )0, —K) — ST (0, )G (1, T (¢, =) |

o (2m)d [2
(1.7)
where we defined
5B(t, k) = 5D(t, k) + / " / Ak IR (1.8)
) - ) t (27T)d Wi\ ) . .
We can readily perform the path integral over the shifted fluctuations to obtain
(1) | D (2, J _ _ Wk iSa+iSh+iAY I
ewiew)’ =TT G r—e (1.9)
where
Al = / "t / Ak {—1J(t k)G, (t, 1) It —k)} (1.10)
"= @y |27 B |
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One choice for the Green’s function is that of Dirichlet boundary conditions (we use <, >
symbols to keep track of the ordering between t,t)

1
GP(t,¢) = i tp — t<) si te —t
(t,t) oSty — 1) sinwg(ty — t>) sinwy(t< —ta) ,

GP(t, ) i=t, = GP(t,t)]|y=, = 0, (1.11)

another choice being the Neumann one

1
Gh(n ) = - ty—t te —t
(t:1) wy sin wg, (tp — ta) cos wi(ty >) cos wi(t< a)s

KGN (t, ) |1=t, = OGN (t,)|pr=s, = 0. (1.12)

A simplification in our case comes from the fact that the sources are only defined at
the interval endpoints, that is

J(t, k) = go(t — ta)p1(k) + go(t — tp) P2 (k) - (L13)

One then finds that the classical piece eq. (I.5), simply reduces to the classical coupling
action of the main text eq. (4.4) as expected. The fluctuating piece in the case of Dirich-
let boundary conditions simply vanishes. Upon integrating over the boundary values
O, (k), Pp(k) one finds the induced effective action for ¢q2(k) (with this method we can
also obtain the field independent prefactor/vacuum energy)

o [ d% [p1(k)d1(—k) + ¢a(k)pa(—Fk)] coswi(ty — ta) + 201 (k) pa(—F)
Seff =4g /( .

27)d 2wy sin wg, (tp — t4)

(L.14)

that matches the computation performed in the main text eq. (4.11) and (4.12).

We would like now to perform a computation of a messenger correlation function in
the presence of the two boundary theories, which we should therefore integrate out in
the path integral. These boundary theories define then a certain pair of in/out boundary
states |B(ta)), (B(tp)|, and the transition amplitude is between these two boundary states.
This computation is relevant if we wish to understand if there is any relation between
the notion of messenger boundary time and that of bulk time (in the case where the dual
geometry would be that of a Bang/Crunch type of universe we should similarly observe
some peculiarities in the boundary theory correlation functions as we reach the end of
time). We therefore need to add to the term (I.13) an additional arbitrary source term,
so that we can measure correlators at arbitrary times ¢ by taking functional derivatives.
Integrating out the boundary fields ¢ 2 we find the boundary states (from now on we do

not keep track of the overall normalisation, since it is irrelevant for the correlators)™

d _
(w1)) = Mo - [ e 2R

d _
e = o1 [ R

(L15)

"1In case the boundary fields ¢ are interacting, they would also introduce non-linearities in these
boundary states.
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Any correlator should then be computed as an expectation value between these two bound-
ary states. In particular it can be written in terms of the source transition amplitude of
the free field ® (I.1) and (1.9), as

(B(ty) €™ | B(ta)) =/’D<I>aD<I>b (B(ty)|®b) (@] Pa)” (Pa| B(ta)) =

dt By (k) Py (—k) atk %(k)%(fk-))

—g? 2oV TpLTE) . . . 42
_ N//D(I)aD‘I)be( g f(27'r)d k2 +m2 )elscz-i-zSngAfle( 9 f(27r)d k2 12

v [ T ot ( Al /(ddk ;cﬁi(k)Mij@j(—k)+q>i<k>Ji<—k>> o

27)d sin wy (tp — tq)

i=a,b

with Afl given by (1.10) and where we defined

t .
Jico(—k) = = | dtsinp(t—t,)J(t,—F),  Jica(=k)= [ " disinwp(t—ta) J(t, ),
2sinw —tq
e [rcoswn(ty—ta) + SRt —w (1.17)
v 24 . (L
’ —Wg wg coswy (ty —tq) + %&Z{%)

Performing the integral over ®,, ®; we find a correction to the Green’s functions due to
boundary effects captured by the inverse matrix M 1.
In particular we get for the two point function

(B(ty)|@(t, k)@(t', —k)| B(ta)) = GP(t,1':k) —
2GP (t,t'; k)w?

1 ) 2 .
(w,% - (162_577”2)2) sin? wy(ty — ta) — 2085 sinwg (B — ta) coswi(ty — ta)

| (sin?wp(t — 1) + sin?wy (t — ta) +t > ¢) (2 + wi cotwi(ty — ta))

2 (2 g* 2 PPwr_ o (118)
(wk — m) sin wy(ty — ta) — 2735z sinwy(tp — ta) cos wy(tp — ta)

The first thing to notice is that this correlator does not depend only on ¢t —¢' (due to finite
size boundary effects). The second is that as we approach one operator on the endpoint,
we find that while GP vanishes, the two point function does not vanish, but approaches

(B(1)|(ty, KB, —F)| B(ta) = (1.19)
1 (sin? wi (¥ — tp) + sin? wy(tp — ta) + sin® wi(t' —t4)) (kﬁ% + wy, cot wy (tp — ta))
2 g2wy,

4 . .
(wz — qumz)z) sin? wy, (ty — ta) — 20855 sinwg (ty — ta) coswy(tp — ta)

Finally we observe the presence of a remnant piece even if we set t = t;, which is equivalent
to that of setting ¢’ = t,. Upon fourier transforming k — x this will give a position space
correlation when the two points are at the end of time as well as a correlation between the
past and future endpoints. In some sense one can argue that the first correlation arises
because the boundary state has a built in correlation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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