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metric partition functions for CF'T with a holographic dual. We consider partition functions
on manifolds of the form M = M3 x S?, where € is an equivariant parameter for rotation.
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1 Introduction

There has been recently a lot of progress in the microscopic derivation of the entropy of
anti de Sitter (AdS) black holes, starting with the magnetically charged and topologically
twisted ones in AdSy x S” [1] and followed by the Kerr-Newman (KN) black holes in
AdS5 x S° [2-4]. This analysis has been extended to many other black objects in AdSy,
with d = 4,5,6,7 with different types of electromagnetic charges and rotations and with
various amounts of supersymmetry. For a (partial) review, see [5]. A general entropy
functional that captures the large N entropy of black holes and black strings in general AdS
compactifications with a holographic dual was written in [6]. In this picture, the entropy
functional is a sum of universal contributions called gravitational blocks, which can be
related to some simple field theory quantity, either the central charge or the sphere-partition
function of the dual conformal field theory (CEFT). The proposal has been successfully
tested for all known examples in maximally supersymmetric compactifications and in many
other cases with less supersymmetry. The microscopic counting of states for black objects
in AdS is usually done by a large IV saddle point analysis of a supersymmetric index in the
dual CFT. Black hole physics then suggests that, in the large N limit, the corresponding
field theory partition functions should factorize and the CFT free energy

Fyn = —logZy, (1.1)

where M is the Euclidean boundary of the black object, should be the sum of universal
contributions associated to a geometric description of M as the gluing of elementary pieces.
The form of the entropy functional in [6] was indeed suggested by the decomposition of the
supersymmetric partition functions in holomorphic blocks [7].! In this paper, we call this
property large N factorization. For a more precise definition see below and the beginning
of section 2.

All recent field theory computations for black objects in AdS4 and AdS5 have confirmed
the above picture. The factorization properties are particularly nontrivial when magnetic
charges and rotation are simultaneously present, see for example [20] for rotating black
strings in AdSs x S%, and [21] for a class of rotating black holes in AdSy.

In this paper we analyse the large N factorization properties of five-dimensional par-
tition functions on various manifolds of the form M = M3 x S2, where ¢ is an equivariant

The idea of “gluing” or “sewing” building blocks to compose field theory observables is old and it has
been successfully used in many different contexts. See [8-19] for developments related to our context.



parameter for rotations along S? and a chemical potential for the angular momentum of
the dual black hole. We will consider three examples. The first is the partition function
on Sp x S2, with a squashing along S and a topological twist along S? [22]. Although
there is no associated dual black object, we expect factorization to hold nevertheless. The
other two examples correspond to partition functions on (S? x S1) x Y4, with a topological
twist along the genus g Riemann surface ¥, and a different type of supersymmetry. When
S? is twisted this is the (partially) refined five-dimensional topologicallly twisted index
discussed in [22, 23]. The case where S? is not twisted corresponds to a mixed index, first
considered in [24].

All these partition functions can be written, for genus 0, by gluing copies of the
Nekrasov’s partition functions [25], in the spirit of [8]. Since a proper derivation of the
mixed index is lacking in the literature we provide it here, by identifying the supergrav-
ity background the five-dimensional field theory should be coupled to in order to preserve
supersymmetry and by performing an explicit localization around this background.

For simplicity, we will focus on two specific field theories, the so-called En, 11 Seiberg
theory, the UV fixed point of a N'=1 USp(2N) gauge theory coupled to Ny fundamental
hypermultiplets and an antisymmetric one [26], and the N’ = 2 SU(N) super Yang-Mills
(SYM) theory, which is supposed to flow at strong coupling to the six-dimensional N' =
(2,0) theory of type Ay_1. The two theories are holographically dual to the warped
AdSg %, S* solution in massive type ITA [27], and to AdS; x S* in M-theory, respectively.
Black holes and black strings in these compactifications have been found in [28-34] and all
the corresponding entropy functionals satisfy factorization. In this paper we investigate
the factorization properties from the field theory point of view. We will verify that various
quantum field theory observables can be written as a sum over two contributions associated
with the two hemispheres of S?

iB(A(a)je(U)) _ F(Ait5t) | F (A~ 5h) 7 (12)

o1 € €

where A;, i = 1,2 are (constrained) chemical potentials for a U(1) flavor symmetry asso-
ciated with a rotation on S*, t; are the corresponding (constrained) flavor magnetic fluxes
on the sphere S?, and F has a natural interpretation in terms of the central charge/sphere
partition function of the dual CFT. Factorization takes the simple form (1.2) only when
written in terms of constrained variables. If there is a topological twist on S2, correspond-
ing to dual magnetically charged and twisted black holes, we need to use the minus sign
in (1.2) and the constraints?

A+ Ay =27, H+t=2, (13)

while, if S? is untwisted, corresponding to dyonic KN black holes, we need to use the plus
sign in (1.2) and the constraints

A+ Ay =21+ ¢, t1+t=0. (1.4)

The expression (1.2) is clearly reminiscent of an equivariant localization formula.

2In some examples, S x S? for instance, we will normalize the first constraint as Ay +As = 2 to facilitate
comparison with literature.



In the various examples F is proportional to?

S x 82 (8?2 x 8 x %,

2
Fgs(A
En,+1 Seiberg theory — Fgs(A) 25’0852() (1.5)
i=1 ! '
2
A
N = (20 theory Ao 8) > 2]
i=1 !

where s;, normalized with s; + 5o = 2 — 2g, are the magnetic fluxes through the Riemann
surface X3. The quantities in the table have the following interpretations.

_9\/§ N5/2

3
2 W(Aﬁzp : (1.6)

Fgs(Ai) =
is the large IV five-sphere free energy of the Seiberg theory in a convenient parameterization,
see [35, eq. (3.38)] and [36, eq. (2.37)], and

Asa(A) = ]§<A1A2)2’ (1.7)

can be read off from the anomaly polynomial of the N' = (2,0) theory at large N, in a
way that we will discuss. The expressions for (S? x S') x ¥4, on the other hand, can
be interpreted as the S partition function of the three-dimensional CFT obtained by
compactifying the Seiberg theory on ¥, and the trial central charge of the four-dimensional
CFT obtained by compactifying the N' = (2,0) theory on ¥, respectively.

A word of caution is in order. While the evaluation of the partition functions on
S x S% in the large N limit can be done with stardard methods, that for (S? x S!) x 3
is harder and we will not be able do it from first principles. For € = 0, it was conjectured
in [22, 23] that the twisted index localizes at the critical points of an effective twisted su-
perpotential W g2, g1)xg2, similarly to the three-dimensional case [1]. Under this working
assumption, the entropy of static black objects in AdSg and AdS; was correctly repro-
duced [23, 30-32]. We will use the same logic here. A similar analysis for the twisted and
mixed partition functions on (S? x S') x X, was first done in [24] for the Seiberg theory,
with the somehow surprising conclusion that factorization holds only in the € = 0 limit.
This is in contradiction with the results for rotating twisted black objects that exhibit
factorization [33, 34] and we reconsider the problem here. As we will discuss in detail, the
dependence of W g2, g1)xr2 on gauge magnetic fluxes can be modified by contact terms
for ¢ # 0. We will show that, both in the case of twisted and mixed index, there is a
natural definition of an effective twisted superpotential W gz, s1)xg2 for € # 0 that leads
to factorization.? If we assume that the partition functions localize at the critical points of
W we find the free energy quoted above. As we will show, this result correctly reproduces

3For the explicit formulae and normalization factors see (3.23) and (3.40), for S§ x S2, (4.74) and (4.89)
for the twisted index, and (5.101) and (5.117) for the mixed one.
*Our twisted superpotential is then different from the one used in [24].



the entropy of all known black objects in AdSg and AdS7. It would be nice to have a first
principle derivation of log Z4 that does not involve the assumptions made in [22-24].

One other interesting result of our analysis is that the on-shell superpotential
Wiszxs1)xr2 itself factorizes with blocks given by (1.6) or (1.7).5 Indeed, we have the
interesting relation

2
. OW(s2 w51 xr2 (A, £, €)
IOgZ(ngsl)XEg(Avtaeaﬁ) :12 :51' (5 (9)2 >
i=1 g

(1.8)

which is the five-dimensional generalization of the index theorem proved in [37, 38].

The paper is organized as follows. In section 2, we will discuss general facts about
factorization and compare results in different dimensions. This will also serve to fix nota-
tions and a common ground for the rest of the paper. In section 3, we discuss the partition
function on S x S? and we show that it factorizes. In section 4 we discuss the refined topo-
logically twisted index. We introduce various equivalent definitions of the effective twisted
superpotential W gz 51)xr2, and discuss the ambiguity in these definitions. We then show
that, for a natural symmetric choice of W, its on-shell value is factorized. Moreover, we
will verify that, if the partition function localizes at the critical points of W, it also has a
factorized form. We will also show that this result correctly reproduces the entropy of the
known rotating twisted black holes in massive ITA [34] and the density of states of black
strings in AdS7 x S§* [33]. In section 5, we first write the rigid supergravity background for
the mixed index, and then explicitly perform localization. Using the same assumptions as
in section 4, we show that both the on-shell twisted superpotential and the partition func-
tion factorizes. We also verify that this result correctly reproduces the entropy of a class
of KN black holes in massive ITA [34]. In section 6 we shed light on the relation between
the on-shell W and log Z for the twisted and mixed index by proving the generalization
of the index theorem discussed in [37]. We conclude in section 7 with a discussion and
open problems.

2 Generalities about factorization

In this section we discuss some general facts about factorization in three dimensions, that
we will use also in five dimensions.

2.1 The entropy functional

In the recent and successful approach to microscopic counting, the entropy of supersym-
metric AdS black holes is obtained by extremizing the entropy functional

I(Ai,ea) ElOgZM(Ai,Ea) 7iZA’L’Q’L’7iZ€aJa7 (21)

where Q; are the electric charges and J, the angular momenta. Here, Zx(A;,¢€,) is a
supersymmetric partition function on the compact manifold M that depends on a set of

®See (4.48) and (4.65) for the twisted index, and (5.77) and (5.88) for the mixed one.



chemical potentials A; and ¢, conjugate to @); and J,, respectively. Extra conserved charges
of the black hole, for example magnetic charges, are encoded in the explicit form of the
function Zpr((A;, €,). The entropy functional (2.1) should be extremized with respect to
A; and €,. This is the familiar fact that the entropy at zero temperature can be obtained
by taking the Legendre transform of the partition function.

For all known black holes in AdS, supersymmetry imposes a constraint among the
electric charges and the angular momenta. There is a similar linear constraint on the
magnetic charges, if present. It is however convenient to include all possible electric charges
and angular momenta in (2.1) and perform a constrained extremization. In this picture, the
variables A; and ¢, in (2.1) satisfy a linear constraint. This is consistent with the fact that
supersymmetric indices can be only refined with fugacities for symmetries that commute
with a particular supercharge and it allows for a complete field theory description. We
could obviously solve explicitly the constraint and write the entropy functional in terms
of independent variables. However, (2.1) takes a simple form only when written in terms
of constrained variables. In particular, in all known cases, it is a homogeneous function of
degree one of the constrained A; and ¢,.

For all known KN or topologically twisted black holes in maximally supersymmet-
ric AdS compactifications, with or without magnetic charges or rotation, the function
Zm(Ai, €,) in (2.1) can be written as a sum of contributions from the gravitational blocks [6]

log Zu(Aiy ea) = Y BA, ), (2.2)

where

F(AP)
- I, &

(o)

and each ¢ ’ is a linear combination of the rotational chemical potentials €, while AEU) =

B(A) )y =

K3 a

, (2.3)

A; £ ip;e'?), where p; are magnetic fluxes through M. Experimentally, o runs over the
elementary pieces into which the boundary manifold M is decomposed, in the factorization
of the partition function in holomorphic blocks [7, 16]. Each black hole corresponds to a
different gluing. The function F(A;) is instead universal, related to the prepotential or
on-shell action of the relevant supergravity, or, more physically, to the large N limit of
the central charge of the dual field theory, in the case of even-dimensional CFTs, or of
the sphere free-energy for odd-dimensional ones, fully refined with respect to the global
symmetries. For the maximal supersymmetric compactifications, F(A) is proportional to
the values given in table 1.

Let us look at an example which will be also useful in the future. Consider rotating
four-dimensional black holes with a spherical horizon. We can decompose the sphere into
two hemispheres. We then use the A-gluing for topologically twisted black holes

A = 8i+ Spi, W =e,
p (2.4)

5]31 ) 6(

50ne can verify that a straightforward generalization covers also spindle black objects [39-43], see [41]

AP = A, -

for an explicit example.



AdSy x ST F(A,) o N3/2\ /A1 A AzA,
AdS; x S5 F(A) < N2A1 Az A3
AdSe x40 St F(AL) & NO/3(A1A,)3/?
AdS; x §* F(A,) < N3(A1Az)?

Table 1. The structure of the block for the AdS backgrounds with maximal allowed supersymmetry
in each dimension. AdSg x,, S* is the background dual to the USp(2N) five-dimensional theory
considered in this paper [26, 27]. The chemical potentials A; are associated with the Cartan of the
internal sphere isometry in all dimensions.

associated with constraints of the form

and the identity gluing (id-gluing)

A’El) = AZ + %p27 6(1) =€, ( )
2.6
AZ(Z) = AZ - %plv 6(2) =€,
associated with constraints of the form
4 4
ZAZ'—EZQW, Zpizo, (2.7)
i=1 i=1

for KN ones, including dyonic ones. The chemical potentials A; are conjugate to the
U(1)* € SO(8) isometry for AdSs x S” and to a basis of U(1) symmetries R; in which we
can decompose the general R-symmetry of the model viewed as a generic N' = 2 theory.
The constraints on magnetic charges are dictated by supersymmetry: the R-symmetry
magnetic flux must be 2 for the topological twist and zero for KN black holes.

There are two cases where the entropy functional simplifies. The first is the case of KN
black holes in AdSy, d = 4,5,6,7 with no magnetic charges. The corresponding entropy
functional for the maximal supersymmetric compactifications has been written in [44-46].
With zero magnetic fluxes, the gluing formula degenerates and the entropy functional is
the sum of equal contributions, hiding the factorization properties. These become manifest
for dyonic black holes [6, 47].

The second is the case of black objects topologically twisted on S? but with zero angular
momentum on the sphere. The solution depends on magnetic fluxes s; on S? normalized
as 3.;8; = 2. We assume that the boundary manifold M = N x S? factorizes into two
blocks of the form A x Do, where the disks Dy correspond to the two hemispheres. Here,
we have e = 0. We can still use the A-gluing defined above, and send € to zero at the end
of the computation. We obtain

log Zpm(A) = Zsiaf;ﬁ) . (2.8)
7

i



This is indeed the general structure of the unrefined topologically twisted index at large
N in a variety of situations [1, 23, 37, 38]. The sphere S? can be replaced with a Riemann
surface Y4 of genus g with no major changes and the only difference that now integer fluxes
are normalized as

> §=2-2g. (2.9)

In the interesting case where the compactification of the original CF'T on the Riemann
surface Xy becomes conformal in the IR,” (2.8) will express the large N sphere partition
function/central charge of the lower-dimensional CFT in terms of those of the higher-
dimensional one. This relation is for example satisfied for the large IV sphere partition
function of the twisted compactification Xy of the En, 41 Seiberg theory [23, 48]. It is
also a general relation between the large N central charges of theories related by twisted
compactifications, as it can be easily proved by integrating the anomaly polynomial on
g [23, 38, 49].

The factorization properties are really nontrivial when magnetic charges and rotation
are simultaneously present. We will focus on this case in the following and in the rest of
the paper.

2.2 Factorization in field theory

The gravitational block picture is expected to be a consequence of analogous factorization
properties of the quantum field theory observables. Let us consider first three dimensions.
Most of the three-dimensional supersymmetric partition functions, and in particular the
topologically twisted index and the superconformal one, can be written by gluing two
holomorphic blocks B(a, A, €) according to the formula [7]

Z(A,€) = / da B(aW, AD D)B(a®, AD (@) (2.10)

where a(?), ¢ = 1,2, are gauge fugacities. Another useful expression is [7, 16]

Z(A,e) =Y BY(AW )Y (A®) 2, (2.11)

where « labels a choice of Bethe vacuum for the two-dimensional theory obtained by
reducing the theory on a circle and B¥(A,e) = ¢ da B(a, A, ¢) is a suitable contour inte-
gral passing through the Bethe vacuum a®. In applications to holography, we typically
work in a saddle point approximation where one particular Bethe vacuum dominates the
sum (2.11) [1]. We then expect some form of factorization also at large N. In a slightly
different but equivalent context, the explicit analysis has been performed in [21] confirm-
ing factorization in the form discussed in the previous section for the topologically twisted
index, the superconformal one, and the sphere partition function, and exploring various
relations among all these quantities.®

"Holographically, there exists a domain wall interpolating between AdSp4+1 and AdS,—1 x ¥4, where p
is the dimensionality of the original CFT.

8The analysis in [21] has been only done, for simplicity, for the A’ = 8 theory coupled to a fundamental
hypermultiplet, which is supposed to flow to ABJM in the IR, but we might expect the results to hold in
general.



To understand the form of (2.3) for generic rotation and magnetic charges, it is conve-
nient to expand the holomorphic blocks in the limit of small €. In this limit, the holomorphic
blocks are singular (see e.g. [7, eq. (2.22)] and [18, eq. (F.15)])

B(a,A,e) ~ exp (— 1VV(a,A) +. ) ,
e—0 €
) (2.12)
(0% [0
B*(A,e) Y, CXP (— EW(a ,A) +> ,

where W(a, A) is the effective twisted superpotential of the two-dimensional theory and
the Bethe vacua a® are its critical points. An important point is that, at large N, the
on-shell twisted superpotential W(a®, A) is related to the S® free energy [21, 37, 38],% and
the explicit form of the gravitational block (2.3) follows from (2.11). It might seem that
this argument holds only in the strict limit € — 0, while in reality (2.3) and the associated
factorization are valid also for € # 0. However, a careful analysis shows that, at large NV,
the subleading terms in (2.12) vanish except for the first one, whose only role is to enforce
the form of the gluing and the constraint among chemical potentials. A similar situation
holds in other dimensions, including five, as we will see.

Analogous results hold for the refined topologically twisted index in four dimensions,
which can be obtained by gluing two copies of T? x D,. The index for N' = 4 SYM
captures the density of states of rotating black strings in AdS5 x S° and it has be shown to
factorize both in gravity and field theory in [6, 20]. The field theory computation has been
done by explicitly evaluating the partition function, but the same result would be obtained
using the arguments in [21]. For future reference, let us notice that computation for black
strings are usually done in the Cardy limit where the modular parameter 7 of the torus
T? is small. In this limit the on-shell twisted superpotential of the two-dimensional theory
becomes proportional to the trial central charge of the four-dimensional CFT [38],

W(A) ~ , (2.13)

in agreement with the general discussion. The Cardy limit on 7 is appropriate for studying
the physics of the black holes obtained by compactifying the string on a circle, and leads
to the charged Cardy formula [33]. We will encounter a similar setting in section 4.3.2. For
recent results at finite 7 see [53].

In five dimensions, the holomorphic blocks B(a, A, €1, €2) are given by the K-theoretic
Nekrasov’s instanton partition function on RSI X ]Rf2 x S [25, 54, 55]. The two chemical
potentials €; and ey are equivariant parameters for the rotations on R* and are conjugate
to the two possibile angular momenta for black holes in AdSg and black strings in AdS~.
All the partition functions we will consider can be written in a similar form to (2.10) by
gluing Nekrasov’s partition functions [19, 22-24]|. There are many similarities with three
and four dimensions. The role of the twisted superpotential is played by the Seiberg-Witten

9The on-shell twisted superpotential of many three-dimensional N/ = 2 Chern-Simons-matter gauge
theories with holographic duals were computed in [50-52].



prepotential Fgw(a, A) and the expansion of the holomorphic block is given by [25]

BAee) ~ e (— 61162.7-"5\;\](@, A)+.. ) . (2.14)
Analogy with lower dimensions motivated the conjecture made in [22, 23] that the (un-
refined) five-dimensional partition functions localize at the critical point of Fgw(a, A).
The on-shell value of the Seiberg-Witten prepotential for both the Seiberg theory and
the N' = (2,0) theory has ben computed in [22, 23] and are proportional to the S° free
energy (1.6) and the anomaly coefficient (1.7), respectively. All these analogies suggest
that factorization holds with the blocks given in table 1. Unfortunately, decompositions
similar to (2.11), which would help in setting these statements on a firmer ground, are not
fully understood in five dimensions. We will try to attack directly the five-dimensional
matrix models.

3 Factorization of the S} x S? partition function

We are interested in evaluating the partition function of five-dimensional N' = 1 gauge
theories on Sg’ x 52 in the limits that are appropriate for holography. Here b is the squashing
parameter of the three-sphere and € is an ()-deformation on the twisted two-sphere. We
label the (gauge, flavor) fluxes on S? by (n,t), respectively. Following [22], for an N = 1
gauge theory with gauge group G, I hypermultiplets in a representation &(R; & i)_%f) of
the gauge group, and vanishing Chern-Simons contributions, we can write down the refined
perturbative part of the partition function as (see appendix A)!°

k(G)

Wz%n

nel’y

dCL‘Z '7_—S3><52 (ai,mg;Atelb)

Z53X52(a n; A t 6’[) s (31)

27r1$1
where the exponent F 3 %52 is given by
‘FSSXS? (ai) n;; Av t’ €|b)

1672Q?
=m0 e (na)
I9ym
|BY|—1

+3 Y sien(B)log Sa( - iQ (afa) — 1+ £e) b) (3.2)

a€G y__|B2|-1
2

|BPI| 1

- Z sign(By, ) log $5(— iQ (pr(a) + 1 — vi(A) + Le) ‘b)

I preRp,__ B”;I 1

Here, o are the roots of the gauge group, p, v denote the weights of the hypermultiplets
under the gauge and flavor symmetry groups, respectively, and || is the order of the

100ne can switch between the conventions used here and those of [22] by setting gthere = %gYM7 Gthere = 0,

Uthere = 1Qa, Vthere = 1Q(1 - ), and Mthere — Tthere + l=n + t—1.



Weyl group of G. Moreover, gy is the Yang-Mills coupling constant and = €. Finally,
S2(z|b) is the double sine function defined by

mb+nb~l +Q —iz 1 _
Sa(zb) =[] —~ =, Q=< (b+b7), (3:3)
e mb+nb=t+Q +iz 2 ( )
and
B =pn)+rv(t) —1 B*=a(n)+1. (3.4)

Before moving forward, let us note the following asymptotic relation for the logarithm
of the double sine function, see [56, appendix A],*!
(22 Q1)
fo(2) =log Sa(z]b) ~ im 5 + o 1) sien [Re(z)], as|Re(z)] — oo, (3.5)
that becomes useful when we study the large N limit of the Sg’ x 82 partition function.
Note also that, for a € iR,

[B|—1

sign(B) 22: fo (—iQ(a + le)) = B fp(—iQa) —

__|1B|=1
l= 2

im(Qe)?

54 B(B? — 1)sign(Ima). (3.6)

The full partition function on Sp x S? is a sum over instantonic contributions. In the
large N limit, instantons are suppressed and we can restrict to the perturbative part of the
partition function given above.

3.1 USp(2N) gauge theory with matter

Let us consider an N' = 1 USp(2N) gauge theory coupled to Ny hypermultiplets in the
fundamental representation and one hypermultiplet A in the antisymmetric representation
of USp(2N) [26]. The global symmetry of the theory is SU(2) g x SU(2) 4 x SO(2Nf) x U(1)1
where the first factor is the R-symmetry while the other three factors are flavor symmetries:
SU(2) 4 acts on A as a doublet, SO(2Ny) rotates the fundamental hypermultiplets, and
U(1); is the topological symmetry associated to the conserved instanton number current
j =*Tr(F'AF). The global symmetry is enhanced to SU(2)g x SU(2) 4 X En; 11 at the UV
fixed point [26]. The theory arises on the intersection of N D4-branes and Ny D8-branes
and orientifold planes, and is holographically dual to the AdSg x,, S* background of massive
type ITA supergravity [27] (see also [57-59]).

The partition function on Sp x S2_, at large N was computed in [22] and scales as
O(N 5/ 2). Here we are interested in the dependence on € and the factorization properties.

Denote the Cartan elements of USp(2N) by a;, i = 1,..., N, and normalize the weights
of the fundamental representation of USp(2/N) to be te;. The antisymmetric representation
then has weights £e; & e; with ¢ > j and N — 1 zero weights, and the roots are te; & e;
with @ > j (V1) as well as £2e; (V2). Vector and hypermultiplets then contribute to the
Fg3xs2 functional

Fsxsz2(@i, Wis Ase, i, €]b) = Fapyy (@i wi; A, b, €0) + Friy, (ai,ni; A, g, €b) - (3.7)

"Recall that sign(0) = 0.
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with

N
Favy = D [Fapm (Fai + aj) = Fag—ae=a(Fa; £ a;)] + (N = ) Fa,, 1, (0),

>

N Ny (3.8)
Frive = D | D0 Fasu (£ai) = Fag—ate—2(£2a;) | |

i=1 Lf=1

where
|BK|—1
2
Farix(a)=—sign(Bg) > log 52(— iQ(a+1— A + le) ‘b) , (3.9)
Z:_\BKQ\—l

with Bg = n+tx — 1. Here, the index K labels all the matter fields in the theory and we
introduced the notation

]:AK,’tK (:I:ai) = ‘FAK7tK (ai, I‘li) + ]:AK,tK(_aia —Ili) . (3.10)

Notice that the vector multiplet contribution is equal to minus the contribution of a hy-
permultiplet with Ax = 2 and tx = 2.

As we will see, the dependence on Ay is subleading at large N and we will be interested
in the chemical potential A,, and the flux t,, for the Cartan subgroup of SU(2)4. As
mentioned in the introduction, the free energy will take a nice form when written in terms
of constrained variables. We then define

2
t =, th=2—ty, st Y t;=2,

i=1

5 (3.11)
A=A, Ay=2—-A,,, st ZAZ—Q

=1

Observe that the last term in F 44y, is of order O(N) in the large N limit and, given the
expected N®/2 scaling of the free energy, subleading. We will also make a few assumptions
regarding the gauge variables that are true for the solution at ¢ = 0 [22] and that we
will verify afterwards. Assuming that |Im a;| scales with some positive power of N, and
using (3.5) and (3.6), we obtain'?

N
. 1 .

Farw =inQ* ) [(Al’tQ + Aasty)a;j — Z(4A1A2 + 62’t1f2)nz’j] sign (Im a;;)

R (3.12)

. 1 .
+ irQ? Z {(Ath + Agtl)a;; — Z(4A1A2 + 62t1t2)nﬂ sign (]Im ajj) .
i>j

s
ij
gauge fluxes n;. Because of the Weyl reflections of the USp(2N) group, we restrict to

For the ease of notation, we defined a;; = a; — aj, a;; = a; + a; and the same for the

12%We do not include subleading terms in the rest of this calculation.
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Ima; > 0. Assuming also that the eigenvalues are ordered by increasing imaginary part,
i.e. Ima; >Ima; for i > j, and using

N N
Z (a; — aj;)sign(i — j) = QZ(% —1—N)a;,
ij=1 j=1
. . (3.13)
Z (ai—|—aj) = QNZ(I]',
ij=1 j=1
(3.12) is simplified to
N 1
Farw =inQ? 3 (2k — 1) [(Altg + Aot — (4B A + e%ltg)nk] . (3.14)
k=1

Similarly, the contribution of Fr4y, to the large N free energy can be computed using (3.5)
and (3.6). It is natural to assume that a; and n; scale with the same positive power of N.
Then, neglecting lower powers of a; and n; that are subleading, we find

N 2
‘7:]:+V2 = —i7rQ2(8 — Nf) Z <ak + 12‘ﬂk> ng . (3.15)
k=1

Under the same hypothesis also the classical term is subleading, see (3.2). Putting (3.14)
and (3.15) together we get the final expression for the F, 5352 functional

]:ngseg(a,n; At elb) = —irQ*(8 — Ny) Z (ak + “k) ny

1
+ i7TQ2 2(2/{ — 1) [(Alfg + Ag’q)ak — Z(4A1A2 + €2t1’£2)11k ,

k=1
(3.16)
that remarkably can be recast in the following form
4iQ2 2 Fsw (a(g); AEU))
]:SI?XSE (a,n;A,t,e|b) = Z:l jg) ) (317)
where we used the A-gluing parameterization
a,(cl) =ap — %nk, A,El) =A; + g‘q, e =¢,
@ ¢ @ ¢ 2 (3:.18)
ay Eak+§nk, A; EAZ-—?%, e? = —¢.

Here, Fgw is the Seiberg-Witten prepotential of the four-dimensional theory obtained by
compactifying the five-dimensional N = 1 theory on S' and it receives contributions from
all the Kaluza-Klein (KK) modes on S* [60]. In the large N limit, it reads [23, eq. (3.67)],

™
]:SW a’k’a :42(
k=1

—|— (Qk — 1)A1A2ak) . (319)
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Extremizing (3.16) over the gauge variables (ag, ny), we find the saddle point equations

0F g3y s2(a,n) 2k —1
and
OFssx52(a;m)

=0

81’% ak:&k,nk:ﬁk

= eI (e ) (aer ) (3 ) (e g) ).

(3.21)
Observe that (3.20) and (3.21) are equivalent to
(@), Al0) :
OFswlap 3870) g o a0 L Jop—1)alal), (3.22)

aa,(f) 8 — Nf

for o = 1,2. We see that both &; and # scale as N'/2 and are purely imaginary for
generic values of the parameters. Plugging the saddle points (ax, i) back into the partition
function (3.1) we can write down the large N version of the S§ x S? free energy as

8 Q?

€ €

with Fgs(A;) being the free energy of the theory on S°,

9v2m1 N°/2 3 2
Fgs(A;) = — (A1A)2 A =2. (3.24)
5 8N ;
Note that N
S (2k - 1)32 ~ 45ﬂN5/2, for N> 1. (3.25)
k=1

In the limit € — 0, our expression for the refined free energy (3.23) reduces to

421 Q2 No/?
5,/8— Ny

which agrees with [22, eq. (3.17)] upon the following change of variables

FSS’XS2 (AZ, Q’b) = — (A1A1>1/2(A1f2 + Agfl) , (326)

A1 =1+ ﬁthere’ AZ =1- I;therep Y = 1+ ﬁthere’ t2 =1- ﬁthere . (327)

3.2 N = 2 super Yang-Mills

Consider five-dimensional ' = 2 super Yang-Mills with gauge group SU(N). In N = 1
notations, the theory contains one vector multiplet and one hypermultiplet transforming
in the adjoint representation of the gauge group. We introduce a fugacity A and a flux
t associated with the flavor symmetry acting on the hypermultiplet. We are interested in
evaluating the Sg’ x S? free energy in the 't Hooft limit

N>1 with X=g3yN = fixed. (3.28)
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The Fgsy g2 functional reads
FSSXSZ (ai, n; At 6‘[)) = fYM(ak, nk) + fH(ai, n;; At e]b) + .FV(CLZ‘, n;, 6‘1)) , (3.29)

with

Ny (3.30)
Fn = Z fA,t(aij)v Fy=— Z fAZQ,tZQ(aU),

i,j=1 6.j=1
where F(a) is given in (3.9) and a;; = a; —a;j. As before, the vector multiplet contribution
is equal to minus the contribution of the hypermultiplet with A =2 and t = 2.

In the strong 't Hooft coupling A > 1 the eigenvalues are pushed apart, i.e. | Ima;;| —
00, and (3.29), using (3.5), can be approximated as

.FSSXS2<G,Z',H,';A ’t 6’[))
<47TQ> Za "
AL
= (3.31)

N

1 .
Z |:(A1t2 =+ Ag’q)aij — Z(4A1A2 + €2f1f2)nij:| 51gn(Hm aij) y
ij=1

where we introduced, as before, a set of constrained variables

2
=t th=2-—t, st > =2,
. (3.32)
AlEA, AQEQ—A, s.t. ZAZZQ

Assuming that the eigenvalues are ordered by increasing imaginary part, using (3.13),
we obtain

‘FS3><S2 (ai,ni; A t, e\b)

(MQ) Z kTt (3.33)

gym/
ol 1
+ i7TQ2 Z(Qk? —1- N) [(Alfg + A2f1>ak — Z(4A1A2 + EQtltg)ﬂk .

Remarkably, this can be recast as

4iQ* & Few(a; A7)
fsgxsg(ai,ni;A,f,E‘b) = - Z EIEU) s (334)
o=1
where we used the A-gluing parameterization
a,(g):ak—gnk, AZ(.I):Az—i—g‘%, e = ¢
@ ¢ ) ¢ 2 (3:35)
ay :ak+§nk, A :Az—i‘q, e = ¢
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and the effective Seiberg-Witten prepotential, in the strong 't Hooft coupling limit, is given
by [23, eq. (3.20)]

2 N

T 8mi

fsw(ak; Al) = Z E ( CLk + (Qk —1- )AlAgak> . (3.36)
k=1 M

Extremizing (3.33) over the gauge variables (ax,ng), we find the saddle points

.9
By = 1224 (2k — 1= N) (4814, + ity ,
: (3.37)

2
o 19vyMm

= — 2k — 1 — N)(Aity + Aoty).
ny, 167r( J(Arte + Aoty)

Notice that (3.37) is equivalent to

OFsw(al”; AL
aaég)

=0 = &= ?L‘éM 2k —1 - N)ADALY) (3.38)

for o = 1,2. Plugging (ax, ;) back into the partition function (3.1) we can write down the
S x S2 free energy as

2.2
Fsyg2(Ai, ty, €[b) = —ng;MN(NQ — 1) (Arte + Aoty) (44142 + t1t2) (3.39)

that can be more elegantly rewritten in the factorized form
Q*%3 1) A (142 2) A (2)32
Fopsp(Distiyelp) = —N(N? = 1)< 200 [(APAGY)” — (APA)], (3.40)

with blocks associated with the function (1.7). Note that
al 1
Z 2k — 1 — = gN(N2 —1). (3.41)

In the limit € — 0, our expression for the refined free energy agrees with [22, eq. (4.74)].

Bethe approach. The Sj x S? free energy (3.33) is linear in the gauge magnetic fluxes
1y, so one can explicitly perform the sum - o in (3.1),

ZS3><5’2 = Z %H dxk eiiﬂ'QQ(%*lfN)(A1i2+A2t1)ak

2mizy,
nely (3.42)
7%622 62477"(1)@7i(2k717N)(4A1A2+62’t1t2) ng

X e Iym

)

to obtain
2
T — 6—17rQ (2k—1—N)(A1ta+A2t1)ay
S§3x 52 E :

a=a

, (3.43)
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where the sum is over all solutions @ to the Bethe ansatz equations (BAEs)!3

l=¢

n N o .
—z ZEk1(g%‘:Mak—1(2k:—1—N)(4A1A2+52t1t2)) - (iawsngg(ak,A,db))  (3.44)
Oay,

Here, ngsz (ak; A, €]b) is the “quantum corrected” effective twisted superpotential of the
theory on Sj x R? and it reads

7Q? X [ 32ir )
Wz (ar; A, elb) = —— > | S5—ap + (2k — 1 — N)(4A1 A2 + €tity) | ap . (3.45)
’ 4 = \9vu
The solution to the BAEs (3.44) is simply given by
a —ig%M(Qk:—l—N)(ZLAA +62’£’£) (3.46)
k = 64 182 12 . .

Plugging the solution (3.46) back into the twisted superpotential (3.45) and the partition
function (3.43) we find, respectively,

.02
Wesxrz (A, €b) = SJ(I)’%(MN(N2 —1)(44142 + €t1t)?,
& W, (A,dlb) (3.47)
Faays2(Ai, ti, €[b) :1;’%' A, ;

in agreement with (3.39).

Fsgxsz(A,t,db) and the 4d central charge. The N = 2 SU(N) SYM theory is

supposed to flow at strong coupling to the six-dimensional N’ = (2,0) theory of type

An_1. The eight-form anomaly polynomial of the N' = (2,0) theory at large N is given by
N3

Aga = ﬁﬁh(R) ) (3~48)

where pa(R) = e?e} is the second Pontryagin class of the SO(5) R-symmetry bundle,

with ey, 0 = 1,2, being the Chern roots. Notice that the chemical potentials A; and
Ay are naturally associated with the Cartan of SO(5) and the block function (1.7) is
formally obtained by replacing e; — Aj and eo — As in the anomaly polynomial. The
compactification of the 6d (2,0) theory on a topologically twisted S? gives rise to a class
of four-dimensional N/ = 1 CFTs [61]. The theories are specified by the internal flux
t and have an additional global symmetry associated with the U(1) rotational isometry
of S? and conjugated to the equivariant parameter e. We can read off the conformal
anomaly coefficient a(A,t, €) of the four-dimensional A/ = 1 theory by integrating Agq on
an 2-deformed S?. The integration can be done most conveniently by the localization
formula [33, section 3.3.2] and it yields

N3
48

13In the large N limit only one Bethe solution dominates the partition function [1].

Agg = ———=(A1te + Aoty) (4A1A2 Cl(F)2 + ity Cl(J)Q) c(F), (3.49)
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where ¢;(F') is the first Chern class of the 4d R-symmetry bundle and ¢;(J) is the first

Chern class of the background U(1) gauge field coupled to the rotation of S2. Setting

c1(J) = ec1(F) and comparing (3.49) with the six-form anomaly polynomial, at large IV,
16 3

Asa = (A, )er () (3.50)

we find the trial a central charge of the 4d N/ = 1 theory

9N3
a(A, t, 6) = —%(Altg + Agtl)(4A1A2 + szltg) . (3.51)
Remarkably, we observe the following large N relation between the S;? x S2 free en-
ergy (3.39) and the a central charge (3.51)

i(gYMQ)Qa(A, te). (3.52)

Fogusz (B telb) = o

4 Refined topologically twisted index

We now consider the partition functions on (S? x S!) x X, with a topological twist both
along the genus g Riemann surface ¥; and on S%. We also turn on an Q-background
along S? with equivariant parameter e. This corresponds to the (partially) refined five-
dimensional topologically twisted index introduced in [22, 23]. The index depends on
fugacities y and fluxes (s,t) on (Xg4,5?) for the flavor symmetries. Setting the possible
Chern-Simons levels to zero, the perturbative part of the matrix model reads [23]

k(G) 2
1 dz; 8 Wig2x g1 RQ(a>n;Aata 6) s
Z<m7n7 a;57t7A‘6) A7 Z % H Amix: ( iA ( = 8)28a )
{mn}GFh ! B

2 |B2‘ - 20 BY sign(Bg)
- A R

X exp Trp(mn ()

(9\2(M >a1;[G __1:3[“1 2/t (4.1)
1B5T -1

)

2 mp]/QyV[/2C€ Bfl sign(BSI)
OO 1 ()
I pre®y — BbI -1
- 2

where (m,n) and (s, t) are the gauge and flavor magnetic fluxes on (34, S?), respectively;
z=e y=e? and ¢ = €2, We have also defined

BY = p(m) +v(s)+g—1, B =a(m)-g+1,

(4.2)
BY=pn) +v(t) —1, B =a(n)+1.

Here, W52 51)xr2 1s the effective twisted superpotential of the two-dimensional theory
obtained by compactifying the 5d A/ = 1 theory on S? x S! (with infinitely many KK
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modes). In particular, the contribution of a hypermultiplet to the twisted superpotential
Wis2xs1)xr2 can be written as

Wﬁsg XSl)XRQ (CL, n; A, t, 6)

|Bg|-1
2
== > S(a+A+k+Le)[logla+ A+ k+ le) — 1]sign(By)
527\522\*1 keZ (43)
1By
== Z Lip (ei(a+A+€€)) sign(Bs) ,
f——1Bz)1

where, in the spirit of [62, 63], we have resummed the one-loop contribution of the KK
modes on S and included the |Bs| zero-modes on S2, decomposed according to their
charges under the U(1) isometry of the sphere. In order to comply with the regularization
scheme used in (4.1), we add local parity terms [23], so that the total contribution of a

hypermultiplet to the twisted superpotential can be written as

[Ba|—1
2 - 1
Wl oyupe(@m A o) =— > (Liz (T E8H9) — Sop(at+ A+ fe>) sign(B,) ,
P
(4.4)
where the functions gs(a), s € Z>o, are related to the Bernoulli polynomials by
) . 27i)$
i) + (-1 L) = -, (1) =v2g,(a), (45)
s! T

for 0 < Re(a) < 27. In particular,

0/2 71'2 a3 ™ 7T2
92((1):5—7”1—1'?7 gg(a):€—§a2+?a. (4.6)

The right-hand side of (4.5) is extended by periodicity to arbitrary values of Re(a). In the
range —271 < Re(a) < 0, we need to use

9s(2m — a) = (—1)°gs(a) . (4.7)
The contribution of a vector multiplet can be obtained via
W(stxsl)xR?(avnv €) = _WZ:LSEXSl)XRQ(avm 2m,2,€) . (4.8)

Putting together W* and WY, and adding the classical Yang-Mills contribution, we can
write down the complete effective twisted superpotential as follows

W(SSXSUXRZ
8m2i
= — T g (na)
Iym
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2 ; 1
+ (Lia () = Zgn(em+ afa) + £6) ) sign(B5) (4.9)
acG,_ g1
- 2
|BoT|—1
2 . 1
— Z Z Z (Lig (el(pz(a)+u1(A)+£e)) _ 592(10[(&) +vr(A) + Ze)) sign(BS') .
I preR; 0T

2

Finally, in studying the large N limit of the topologically twisted index (4.1) we shall
use the following formulae for the asymptotic behavior of the polylogarithms

;S

Li, (el*+2)) 4 lEgs(a +A)~ 1§gs(a + A)sign(Ima), as|Imal — oo, (4.10)

where 0 < Re(a + A) < 2,4 and

|B|—1
T2 2
sign(B) . gala+ A+ le) = Bgs(a+ A) + 4%393@(3 +1)). (4.11)
=121

4.1 Alternative interpretations for Wgzy s1)xr2

In the following, we will give two independent interpretations of the twisted superpoten-
tial (4.9). They can be used as alternative definitions and we have checked that both
yield (4.9).

(i) Bethe approach. It is easy to see that the twisted superpotential (4.9) appears in

the partition function as'®
1 rk(G) dz;
Z(52x81)x% = [yp7] > ]i Il 5
{mn}er, 7% =1 ’ (4.12)
oW a,n;e
X exp (ika (SSXS;)XR2( )>Zint’m:0(a,n; €),
k Uk

where Zj, is the integrand in (4.1).

Resumming the gauge magnetic fluxes m on the Riemann surface, we obtain a set of
poles at the Bethe vacua, the critical points & of the twisted superpotential. We still need
to perform a sum over the gauge fluxes on S2. It was conjectured in [23, 24] that the
partition function localizes at the solutions to the generalized BAEs. In our case, these
take the form'6

. )
a=a,n=n

1= 8VV(SS><S1)><]R2 (a,n;¢€)
= exp Bas

1= aW(Sfxsl)xR? (a,n;e€)
= exp e

(4.13)

a=6&,n=n

MFor other ranges of Re(a + A), we need to shift the argument of g, by appropriate multiples of 2.

15We dropped the dependence on the flavor parameters (A,s,t) to avoid clutter.

Y5The second equation is the natural generalization to € # 0 of the condition ‘9](;% = % used in [23].
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In comparison to the Bethe approach for the three- and four-dimensional indices, see for
example [1, 18, 38, 63—65], the equation in the second line of (4.13) is a new feature of the
five-dimensional indices, where we have two sets of physical gauge magnetic fluxes.

The relation (4.12) can be used as a working definition of W g2, g1)xr2. Notice, how-
ever, that this definition is inherently ambiguous. We can always add to W g2, g1)xr2 a
function that depends on n but not on a and (4.12) would be still true. For example,
precisely for this reason, our twisted superpotential differs from the one used in [24] in a
similar context.

(ii) Gluing Wgzxs1)xrz. Consider a five-dimensional N’ =1 gauge theory on (RZ x
Sy x Ré with €4 = € and ¢ = 0. The twisted superpotential of the two-dimensional
effective theory obtained by reducing the five-dimensional theory on the Q2-deformed copy
of R? x S! is then defined as [66]

Wimzxs1)xr2(a;€) = —i lim eglog Zeay g1(as €1, €2)| _ (4.14)

€ ea—0 1

where Zc2yg1(a; €1, €2) is the K-theoretic Nekrasov partition function
Z(C2><S1 (gYM7k7a;A7€1762) = 282X512&X31Zg2xsl 5 (415)

with [55, 67, 68]17
Zssi (e b aicr, ) M Trp()? + g T
ajer,e2) =exp | — Trp(a rr(a
c2xs1\gyM, K, a; €1, €2 p g%qug F Geres F )

Z(?:)2><Sl (a, 61, 62) - Z(Z;VXSI (aa 61) 62) H (xa;pa t)OO) (416)

aeG

Z(,(}j{?xsl (CL;A7€1,62) - Zgg-txsl (CL7 A761762) H (ﬂfpy y P, ) )
PER

where, for completeness, we also included a Chern-Simon term with level k. Here, we
defined the double (p,t)-factorial as

[e.e]

(x;p, t)oo = H (1 - xpitj)7 (4'17)

1,j=0

—ieg

where © = €l%, y = eiA, p = e and t = e, Moreover, Z@}xsl and Zg;[xsl denote the

parity contributions

2B srlerea) = I e |~ (5o (—a(@) - X952, (a(w)
aclG
+ 1(61;;62)91 (—a(a)) — %(61 + €)% + 48 (61 + 62) C(3)>} ,

'"The partition function can be also derived using localization [22] and the result differs from the one
given here in the regularization scheme. Various parity prescriptions start differing at order O(e®) with
constant terms or terms proportional to gi(a). In the theories considered in this paper these differences
cancel after gluing when you sum over positive and negative weights or lead to irrelevant constant terms.
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28 (@ dere) = [Lexp | = (Gamlo(@) +1(2))
pPER
€1+ €2 i(e1 + €2 2
platral, (la) + (2 + L o) + v()
i 2 | 2
96 —(e1 + ) + 478 (61 + 62) + C(?)))] : (4.18)
The classical contribution to the effective twisted superpotential (4.14), using (4.16),
thus reads
o 472 k 3
W(R2X51)XR2(QYM, k,aje) = Trp(a)® + G—Trp(a) . (4.19)
‘ gYM €

Next, we can write the following asymptotic expansion for the contribution of a vector
multiplet to the twisted superpotential (4.14)

W(]ﬂ)kgxsl)xRQ(a?e):ngg\éxsl)sz(aﬁ)—Z (= Zng s( ela) , ase—0,
s=0 aceG
(4.20)
where
: (—16)
W(RQXSl)XRQ(a 6) Z Z 93-s + 27T)
agl (4.21)

_2{4891( )+ 7+ )—fC( )]

and B, = {1,-3%,10,— ..} is the sth Bernoulli number. The contribution of a

2067 30’
hypermultiplet to the twisted superpotential (4.14), as € — 0, is similarly given by

W(?]-ILQEXSUXRQ(Q;A@) W(]R2 S1)xR2 (ase —1—2 (—ie)® Z Lig_g eilpr(a)+vr(A )))’
preR
(4.22)

where

3 1
i€)5~ " By j3—s
Wotse(aig =3 CL B TS o (orta) + ()
=0 prENR (4.23)

3 [4891(P1( )+ vr(A) + 7+ )—C( )}

pPrER

Finally, the effective twisted superpotential of the two-dimensional theory obtained by
compactifying the five-dimensional A = 1 theory on S? x S! is constructed via gluing two
copies of Wig2yg1)xr2(a; A, €) according to the A- gluing'®

a}<€1>:ak+§uk7 A(l):A+§(t—2), B =, LU
(2) _ € A® A - S(t-2 = - e
ak = ag 2nk‘7 - 2(t )’ 61 - €

18We refer the reader to [23, eq. (2.138)] and the discussion around (2.115) therein, to understand the
shift in the chemical potential, i.e. A — A — (9, o =1, 2.

~ 91 —



Explicitly, up to irrelevant constant terms,

2
Wiszxstyxrz (a0 8.t €) =Y Wigeys1)xre (s AD V). (4.25)
=1
One can check indeed that

62
(4.9) — (4.25) = 48< B> Y B§f>, (4.26)

aeG I preRy

with B$ and Bf given in (4.2). In writing (4.26) we used that, as € — 0,

(ile)®

Li2(ei(a+A+Z€)):Z | Li2_s(ei(a+A))’ (4‘27)
s=0 :
and
|B|-1
> 2 ile)s '
sign(B) Y. Y ( ,) Lig_¢(el@+2)) (4.28)

s=0,__|B|-1
Z——T

oo s \s—1
_ Z (—ie) : B (Lig_s (ei(a+A+%(B—1)E)) — (—1)* Lis_, (ei(a—&-A—%(B—l)s))) '
=0 S

We thus find agreement between (4.9) and (4.25) up to an irrelevant constant term and
linear terms in n that cancel after summing over positive and negative roots and weights
for all the theories in this paper.

On a final note, we observe that the consistency between the gluing and the Bethe
approach to the definition of the twisted superpotential is a consequence of the fact that
the topologically twisted index itself can be obtained by gluing copies of the Nekrasov
partition function [23].

4.2 Wsz2xs1)xr2z and its factorization

In this section, we consider the twisted superpotential W g2, 51)xr2 as a function of both
the gauge variables a and the fluxes n, and study its critical points, or, in other words, the
solutions to the generalized BAEs. We will show that the on-shell twisted superpotential
factorizes into contributions coming from the North pole and the South pole of the two-
sphere S2. The poles of the sphere are the two fixed points of the rotational symmetry
and we will see that to each fixed point we can associate a block Bs(A,€). We consider the
usual two examples

(i) N =1 USp(2N) gauge theory with matter. In this case, we find that

4in? Fgs (A;
Bs(Aj, €) = 2752) (4.29)

where Fgs(A;) o< (A1A2)%2 is the free energy of the theory on S° that depends on
constrained parameters Aj o for the SU(2) 4 x SU(2)r symmetry.
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(i) N = 2 SYM that decompactifies to the N' = (2,0) theory of type Ay_1 in six
dimensions. The block in this case is given by

2 2 A,
Bs(Ajye) = gYM A6d£ 0 ; (4.30)

with Agq(A;) o (A1A2)? being the anomaly coefficient of the 6d (2,0) theory that
depends on the constrained parameters A 5 for the U(1)? € SO(5) R-symmetry.

It is interesting to observe that a form of factorization holds for the off-shell twisted

superpotential, even before extremization.

4.2.1 USp(2N) gauge theory with matter
The effective twisted superpotential has the same structure as (3.7) and we only need to
replace Fa, ¢, (a), see (3.9), with

K
1BE -1
2

: g a1
W(Aslgggl)xm( a) = — s1gn(B§() Z Li (e (atAxtt )) — §gg(a + Ag + Ee)) )
|BX -1
2

=—

(4.31)
We refine the partition function with fugacities A,, and fluxes (8, ty) for the SU(2)4
symmetry acting on the antisymmetric hypermultiplet. Similarly to section 3.1, we assume
that |Ima;| and |Imn;| scale with some positive power of N and that the eigenvalues a;
are ordered by increasing imaginary part. We also define

;5 = Q5 — 45, n;=n —ny;,
a+—a +a; nS =n; +n, (4.32)
=0 g i, i J .
Byij=n;—n;+1, le-jzni—nj—i—tm—l.

Consider first the following contribution

N
— _ A ZQ,t =2 Amytm
W(S?xSl)xR? = Z [W(s?xsl)in@?(iaij) - W(ngsl)xue?(iaij)] : (4.33)
i>j
Using (4.10), we obtain
| By 1]| 1
W(52xsl CR2= T 3 Z Z 92(2m + ai; + Ce) sign(Im a;;) sign(Ba,i;)
z>j — _ 1B l-1
2
Byl
+ = Z Z 92(aij + Ap, + Le) sign(Im a;;) sign(By;)
7,>] 1B 11
=5
|Bg,jil—1
1 2 . .
- = Z Z 92(2m + aj; + Ce) sign(Im aj;) sign(Ba j;)
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2,ij
N 2
1 . .
+ 3 E A lE | 92(aji + Ap + Le) sign(Im aj;) sign(B3";) . (4.34)
1>] B'Qﬂ. —1
(=— 5]

The above equation can be simplified further by performing the product over ¢ in (4.34),
using (4.11). Employing the constrained chemical potentials A; and fluxes t;, i = 1,2 (we
also give the definition of the constrained fluxes s; on ¥ for future reference),

2
S1 =5, 5o0=2(1—g) —8m, st 25122—221
2
t =ty , th=2—t,, st > =2, (4.35)
2
A=A, Ay =21 — Ay, s.t. ZAi:27T’

we can write

W(S2><51)XR2 (CL“ ng; ALt E)

1 ) ' (4.36)
= ——= Z Ath + Aztl)a” Z(4A1A2 + € flfz)nij 51gn(Hm aij) .
Z>]
The contribution of
al Ag=21t=2 At
W(Jggxsl)xw = _Z [W(sgxsl)liw(ia ) — W(s?igl)xw(ia;rj)] ) (4.37)
i>]
can be found similarly. It reads
W(SQ><5‘1)><R2(a“n“ At e)
1 ) (4.38)
_ ! Z { (A + Agty)af + (48182 + to)nf | sign(m o).
1>]
Combining (4.36) and (4.38), and using (3.13), we find
al 1
Wé—é_:}gl <R2 — Z 2]{3 — 1 [ Alfg + Agfl)ak + - (4A A+ € tltg)ﬁk:| . (4.39)

The contribution of W(];;r:?sl)ng to the large N twisted superpotential can be computed
similarly, using (4.10) and (4.11). Neglecting lower powers of a; and n; that are subleading,
we get

8— N 2
W(Zgl%l)xw - ! Z ( ap + 12%) ng. (4.40)
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Under the same assumption also the classical term in (4.9) is subleading. Putting (4.39)
and (4.40) together we can finally write down the complete twisted superpotential

88— N
VV(;S‘?XS“)X]R2 ((I,I’I;A,f, 6) - ! Z < nk) N

2
1 1
5 Z 2k — 1 |: Aqty + AQ’q)ak + - (4A1A2 +e€ flfg)l‘lk

(4.41)
that can be more elegantly put in the form
2 (0). A(0)
Fsw(ay '3 A7)
Wi(s2x51)xR? (a,m; At e) = —27 Z 61?0) - (4.42)
o=1
using the A-gluing parameterization
a,(:) =ay + Enk , Agl) =A;+ Eti , e = ¢,
@ ‘ @ ‘ 2 (443)
ay, = @ — 5N, A, EAi—iti, e = —¢,

with Fsw(ax; A;) being the effective Seiberg-Witten prepotential evaluated in the large N
limit [23, eq. (3.67)]*

Fowlar: &) = - Z ( ab 4 (2% — 1)A1A2ak> . (4.44)
i 3

Extremizing (4.41) over the gauge variables (ax,ng), we find the solution to the general-
ized BAEs

6W(S€2><S'1)><R2 (a, n)

. 2k — 1
=0 = apng = —
day,

ar=8x 2(8 — Ny)

(Altg + Agh) , (4.45)

and

OW(s2xs1)xr2(a,n)

ank ak:&k,nk:ﬁk
=i B () (2 ) - (- G (2 5u).
c\|8—N; 2 2 2 2
(4.46)
Notice that (4.45) and (4.46) are equivalent to
OFswl(ay; A7) . (0) i @) A @)
t -2 =0 = ———\/(2k-1)A7’A 4.47
e > )= e nalal )
for o = 1,2. Plugging the saddle points (G, ;) back into the twisted superpotential (4.41)
we obtain
4% € €
W(S?XS’I)XRQ (Ai,fi,e) = 27 Fss A+ §ti — FS5 A — 5@ s (4.48)

190ne needs to rescale (ax, A;) — m(ax, A;) to go back to the conventions of (3.19) and section 3.1. The
same remark applies to (4.49).
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with Figs(A;) being the free energy of the theory on S°,

92 NO/2 : 2

Fos(A;) = 5W2TNf(A1A2)’ ZAZ'ZQW. (4.49)

In the limit € — 0, our expression for the refined twisted superpotential (4.48) reduces to

4vV2i1 N2 2L O9(A1A,)3/?
Wiszxstyxr2 (Ai, i) = — V2i Zt- (A142) , (4.50)

15 B-N;= "' 9

which matches the expression in [23, eq. (3.88)].

Wi(szxs1)xr2 and the free energy on S3 x §2. Comparing (3.16) with (4.41) we find
the following remarkable relations

Wiszxstyxrz (Ta, —n; mA;, 4, me) = %.7:53X52 (a,n; A, 4, €]b)
6 207 T (4.51)
im ’
W(ngsl)xW(WAiafiﬂTﬁ) ity = TQQFngSZ(Aia’%G’b)-
4.2.2 N = 2 super Yang-Mills
The twisted superpotential of the theory reads
Wiszxstyxr2 = Wym(ak, ng) + Wa(ai, ni; At €) + Wy (ai, ng, €) (4.52)
with N
812
Wym = ——5— Y aplg,
IYM k=1
N N (4.53)
Wy = Z Wa (aij) 5 Wy = — ZWA:2w,t=2(aij),
i,j=1 i#]
and W(a) given in (4.31). Note that
Wy (ai, v, €) = =Wy (ai,ng; 2w, 2,€) . (4.54)

In the strong 't Hooft coupling A > 1, (4.52) can be approximated as

W(ngsl)xRQ(aivni; A te) = — 92 Z apny

b Z Z 9227 + a;; + Ce) sign(Im a;;) sign(B;;)

|BZI“;.|—1
1 . .-
+ 5 Z Z g2(aij + A + Le) sign(Im a;;) sign(B;;) ,
1,5=1 \35\—1

(4.55)
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where we used (4.10) to substitute the Lig(el(*T2)) with go(a + A) as [Tm a;;| — oo and
we defined

Bij=ni—nj+1, Bfi=n—nj+t—1. (4.56)
Let us introduce the following democratic parameterization for the U(1)?2 C SU(2)g x
SU(2)r symmetry

2
51 =5, s9=2(1—g)—s, st 25122—29,
i=1
2
t =t, th=2—1t, st > =2, (4.57)
i=1
2
A=A, Ay =21 — A, s.t. ZAi:%T.
i=1

Then, performing the product over ¢ in (4.64), using (4.11), we can simplify (4.64) to
W(SEXSI)XRQ (ai, n;; A, t, e)

. N N

82 1 1
= — ;r ! Z apng — Z Z {(Alfg + Agfl)aij + 1(4A1A2 + thth)nij} Sign(]Im aij) .
IYM =1 i,j=1

(4.58)
Assuming that the eigenvalues are ordered by increasing imaginary part, using (3.13), we
obtain

W(SEXSI)XRQ (a’ia n;; A) t7 6)

sr2i 1 Y 1
= - 72T ' Z ang — = Z(Qk -1- N) l:(AﬁQ + Agtl)ak + *(4A1A2 —+ e2t1t2)nk s
IYM =1 23 4

(4.59)

that, using the A-gluing parameterization (4.43), can be more elegantly put in the form

2 Fow(ay A1)

6(‘7)

W(ngsl)XRQ(aiani;Avt7 6) =27 5 (460)

o=1

where the effective Seiberg-Witten prepotential evaluated in the large N limit [23,
eq. (3.67)] reads?

1 L (8%
fsw(ak; Az) = E E <g2 az + (2]@‘ —-1- N)AlAgak> . (4.61)
k=1 YM

Extremizing (4.59) over the gauge variables (ay, ny), we find the solution to the generalized
BAEs

2
. _ . 9vyM 1 2
ap = 1(871‘)2 (2k 1 N) (4A1A2 + € tlfg) ,
2
o - 9yMm
= 2k — 1 — N)(Aq1tg + Asty).
i 1(47r)2( )(Arte + Asty)

200ne needs to rescale (ay, A;) — m(ax, A;) to go back to the conventions of (3.36).

(4.62)
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Notice that (4.62) is equivalent to

OFswlay”: A7) (o) _ ;G (0) A(*)
"G =0 = &) =i 050k -1 - N)ATAY, (4.63)
k
for o = 1, 2. Substituting (ag, ) into the twisted superpotential (4.59) we find
;2
Wisexstyxmz (At €) = _;gl%N(N? —1)(Arty + Aot (4A1 Ay + E2t1ty),  (4.64)
that can be more elegantly recast in the factorized form
2
. g 2 2
Wisz sz (A, €) = -IN(N? = 1) [(APAY)” — (APAP)?]. (4.65)

In the € — 0 limit, (4.65) matches [23, eq. (3.30)].

Wiszxs1)xr2(A, t,€) and the 4d central charge. Comparing (3.51) with (4.64), we
note the following large N relation
27i

27 Q%Ma(Aa t) E) 3 (466)

W(Szxsl)XRQ (WA7J£7 776) =
with a(A,t,€) given in (3.51).

4.3 Factorization of the index

In this section we discuss the factorization properties of the refined twisted index. As we
already discussed, we will make the assumption that the partition function localizes at the
solutions to the generalized BAEs given in (4.13) [23, 24]. We will see that this assumption
leads to the factorization of the index and the correct entropy for a class of dual black holes
and black strings.?!

We want to factorize log Z gz, s1)xs, into contributions coming from the North pole
and the South pole of the two-sphere S2. We will see that to each fixed point we can
associate a block Bs(A,s,¢). As before, we consider two theories,

i) N =1 USp(2N) gauge theory for which we find

F A, s
By(A,5,¢) = —;TSZE() (4.67)

Here, Fgsyx,(A,s), see (4.75), is the free energy of the theory on S3 x %4 that
depends on a set of twisted masses A and background magnetic fluxes s for the flavor
symimetry.

ii) N =2 SYM for which we find

B 2193 a(A, 5)
27 e

where a(A,s), see (4.90), is the trial central charge of the four-dimensional theory

Bs(A,s,€) =

(4.68)

obtained via compactifying the 6d (2,0) theory on 3, with the mixing parameter A
and the flavor flux s.

210ur results differ from those in [24], which do not factorize, due to a different twisted superpotential
used in the conjectured BAEs.
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The relation between the blocks for the index, (4.67) and (4.68), and the blocks for
the twisted superpotential, (4.29) and (4.30), is simply

3(A, 5, €) 22: 685 ), (4.69)

and consequently

log Z(52x.51)x3 125ZM. (4.70)

i
4.3.1 USp(2N) gauge theory with matter

The refined twisted index in the large N limit does not depend explicitly on the refinement
parameter € since

|BE |1
2 .
A . s 1
log ZE8A s, (@) = Bifsien(BE) 30 (Lin (T 4 Sorfat Ak +10)
P |BX -1
- 2
B -1
4.10) 1 2
(4.10) §Bf< sign(Bg() Z g1(a+ Ag + Lle)
g 18311
- 2
i
= 5353591(G+AK)7
(4.71)
where recall that
B =m+4sg+g—1, BE=n4itx-1, (4.72)
and it simply reads [23, eq. (3.104)]
log Z(S2><Sl — Z 2k — 1) [(s2t1 + s1t2)dr + (A1se + Agsy)ng]. (4.73)

Substituting the saddle points (dg, ), see (4.45) and (4.46), into (4.73) we find

™ € €
IOg Z(ngsl)XZQ(A757t7 6) = _2 |:‘F1,5'3><Zg (AZ + 2t’i75i) - ‘FWS?’XZg (AZ - tiusi)] )

2
(4.74)
with Fgs, s (A;,5;) being the free energy of the theory on 3 x B4 [22],%
8V2 N2 G 0(A1A)3?
Foays, (A 5) = — v2 5 (8142) . (4.75)
157 \/8 - Ng im1 8AZ
Recall that
2 2 2
doAi=2r, Y s=2-25, > t=2. (4.76)
i=1 i=1 i=1

22We can compare with (3.26), valid for genus zero. To have a round S*, we should set Q = 1. Recall
that the flavor flux through the Q-deformed S? was called t; in (3.26) and now, for the Riemann surface
34, should be renamed to s; with Z?:z 5; = 2 — 2g. Also, A; should be rescaled by a factor of .
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Black holes microstates in AdS2 X Sf X Xg. The refined topologically twisted in-
dex (4.74) is expected to reproduce the Bekenstein-Hawking entropy of a class of rotating
dyonic black holes in AdSg in massive type ITA supergravity whose near horizon geometry
is a fibration of AdSs over the twisted space S? x Yy. Unfortunately, the most general
black holes are still to be constructed and the only known example [34, section 6.3.1] was
found, using gauged supergravity of class F in four dimensions, when the fluxes through
the Riemann surface, using the notations of [34], are constrained as follows

st=2 s2=0. (4.77)

The above choice leaves us with g > 1. In [34] the magnetic fluxes along the S? were

denoted by p’, i = 1,2, satisfying the twisting condition
1, ,2 2
PPt =g, (4.78)

and the angular momentum by 7. Then, the Bekenstein-Hawking entropy reads

SBH \/1 — 6pt(3p! + 1) — sign(6p! + 1)\/(2p1 +1)(6pr +1)3 —4 x 3572

(4.79)
The above entropy can be obtained by extremizing the Legendre transform of the refined

T
926

index, i.e.
I(ngsl)ng (A, 6) = lOg Z(ngsl)ng(A,ﬁ, t, E) —ieJ — A(Al + AQ - 271‘) 5 (480)

with respect to the chemical potentials (A, Ag,€) and the Lagrange multiplier A, that
enforces the constraint 37_; A; = 27. Define

2
(2t —3) - (g /) @ — 1)

I
32t — 1) ’

(4.81)

with Figs being the exact free energy of the N'= 1 USp(2N) gauge theory on S° [69)]

92 N5/2
Fos = —————. 4.82
55 R v (4.82)
Then, the extrema of (4.80) are given by
Ay = 2(1 +I7Y, Ay = g(i’) -,
. 9Vor? J
€=1 ’
(g—1)Fgs (24 — 1)2\/1_[(2{1 — 1)2 -2 —1)+1
A (g—-1)
A=— F
921 5°
: 2r 2
% \|36 (1—2t1(t; — 1))+ 6sign(2t; — 1), /12(2t — 3)(2t; —1)3 — 35 ( — o
(g—1)Fgs
(4.83)
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Plugging (4.83) back into the Z-functional (4.80) we find

Z(s2x51)x %, (t,J) = QWA‘M 83)(’(1, J) = Seu(p', J), (4.84)

(4.83)

where we used the identification [34, eq. (7.15)]

si=-3l—gls', t=-3", i=12,
1 (4.85)
plei

along with the standard AdSg/CFTj dictionary

1 3 1 vol(Z 12]1—g
5= —Fs = D= ((6)9> __ 1 ‘Fss. (4.86)
G\ m G\ G\ ™

This is in complete agreement with [34, section 7.1] upon identifying

i » 2 .
Wthere = —;6, Xihere = 37A2 y 1= 1, 2 . (487)

4.3.2 N = 2 super Yang-Mills

The refined twisted index in the strong 't Hooft coupling limit A > 1 does not depend
explicitly on the refinement parameter €, see (4.71), and it is simply given by [23, eq. (3.37)]

i N
log Z(S2><Sl XNy = Z 2]{2 —-1- [(Egtl +51t2)&k + (A152 + Agﬁl)ﬁk] . (4.88)

Substituting the saddle points (ax, i), see (4.62), in the above expression we obtain

9 2
10g Z(52 xs1) 3, (A, 5,4, €) = — —IYM {a (Ai + ;’%751‘) ¢ (Ai - ;’%ﬁz)] (489

with a(A;,s;) being the trial central charge of the four-dimensional theory obtained by
compactifying the 6d (2,0) theory of type Axy—_1 on X4 with a flavor flux s [61] (see also [23,

eq. (C.7))*
IN(N2 —1) & A A2)

a(Ai,s;) = — 1233 ; (4.90)
Recall that
2 2 2
doAi=2r, Y s=2-25, > t=2. (4.91)
i=1 i=1 i=1

#3We can also compare with (3.51), valid for genus zero. We should set ¢ = 0 in (3.51), rename t; as s;
and enforce Z?:l 5; = 2 — 2g for a generic Riemann surface. Also, A; should be rescaled by a factor of .
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Charged Cardy formula. The refined topologically twisted index (4.89) is expected
to reproduce the density of states of a class of rotating dyonic black strings in AdS7 x S4
in M-theory whose near horizon geometry is a fibration of AdSs over the twisted space
52 x 4. A class of such strings have been constructed in [33] wherein it was also shown
that the gravitational density of states®® matches the charged Cardy formula for the dual
CFT32. We now show that the same result can be derived from (4.89).

We interpret our index as the partition function of the 6d N' = (2,0) Ay_; theory
on S? x Yg xS L x 5(16), where S 16) is the extra circle opening up at strong coupling. The
modulus 7 of the torus 72 = S* x 5(16)

47

9vym
is identified with the gauge coupling constant of the five-dimensional theory. The refined
topologically twisted index itself can then be identified with the elliptic genus of the two-
dimensional CFT obtained by compactifying the 6d (2,0) theory on S? x 3.

The large N index (4.89) can be rewritten as

8ir? € €
log Z(ngsl)ng (A,E,’t, 6) = _277'6 a Al + §ti75’i —a Al — iti,ﬁi . (4.93)

The number of supersymmetric ground states dmicro 1S thus given by the Fourier transform
of (4.93) with respect to (7, A, €),

2T

dmicr0(5> t, eo, q, J) = _;2 / dﬁ dAZ(5> £, A)eﬁeo_iAQ_i&] ’ (494)
(2m)? Jir 0
with 8 = —2mit and the corresponding integration is over the imaginary axis. In a sad-

dle point approximation, the number of supersymmetric ground states can obtained by

extremizing

1673
Lis2xs1)xs, (B, A €) = a [a (Ai + ;’%51) —a (Ai - ;ti75i>:|

270¢ (4.95)
+ Beg —iA1Q1 — iA2Q9 —ieJ — A(Al + Ay — 27‘(‘) ,
with respect to (5,A1, Ag, e, A) and evaluating it at its extremum
10g dmicro(57 tv €0, Q17 Q?a J) = I(SEXSI)XZQ ’Cﬁt_(ﬁa t7 €0, Q17 QQ? J) (4 96)

- 27rA|crit,(5a t? €0, Qb Q2a J) .

Here, we introduced the complex Lagrange multiplier A that imposes the constraint (4.57)
among the chemical potentials and two independent electric charges. As mentioned in
section 2, BPS black objects in AdS have constraints among the charges. For all the
known entropy functionals, the constraint arises by requiring that the entropy is real. We

24The actual computation is done by compactifying the black string on a circle with non-zero momentum
and reading the entropy of the corresponding black hole, in the original spirit of [70].
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will then fix the relation among the charges by requiring that (4.96) is a real positive
quantity, and we will see later that this is consistent with the gravity dual. The extrema
of the Z-functional (4.95) read

- lg%f —J (t1 ((Q1 + Q2)52 — Q151) + t2 ((Q1 + Q2)51 — Q252))
J(ﬁg(fg — 2’(1) +51(’q — 2{2)) ’
. N(N? 1) ¢
8= —1(24)J’£1’£2(52’£1 +51f2) ,
A, = 8 (sots + 51t — 1)) — €(Q1 — Q2)tita(s2ts + 51t) Lo7
4J(52(’£Q—2t1)+51(t1 —2’(2)) ’ ( : )
A, = 8w (s2(tl — t2) +51t2) + E(Q1 — Q2)tita(s2ts + s1t2)
4J 52( 2—2t1)—|—51(t1 —2’(2)) ’
22 tot 22
s gr ‘J’ s5t] + 5182100 + 5715
tito 52’(1 +51t2)
where we defined, for the ease of notation,
==4J2 (s1(t1 — 2t2) + s2(t2 — 2t1))
N(N? -1 (4.98)
+ tita(s2ts + 51t2) [(Ql —Q2)* + €0 ( 3 ) (51(t1 — 2t2) + sa(t2 — 2t1)) | -
We will take € to be purely imaginary.?® Thus, for dmicro to be real we need
mi=0 = @_ —Stf@irab) (4.99)
Q1 —s9ty + (52t + 51t)

Luckily, this is precisely the constraint among charges for the dual black strings in [33].
The physical interpretation of the constraint is that the black string has zero R-charge, as
discussed in [33]. Finally, the microscopic degeneracy of states can be put in the follow-

ing form
c —0,)2  J2
log dmicro(ﬁatv €0, le Q27 J) = 271—\/061:‘T (60 - (QIQkFCFQQ) - %) ’ (4100)
in agreement with the charged Cardy formula [33, eq. (5.31)], where
5242 + 515911 t0 + 5242
—9N(N2 _1 1% 24
CCFT ( )51(2f2 — ’t1) +52(2f1 — fQ) ’
N(N?—1
k= —(24)flt2(51t2 + s2t1), (4.101)
N(N? -1
kpp = _(6)(51(t1 — 2’(2) +52(f2 — 2’(1)) R

are, respectively, the exact central charge, the level of the rotational symmetry, and the
flavor symmetry level of the two-dimensional (0,2) CFT.

Z5This will lead to a unitary CFT in two dimensions.
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5 A mixed index on (S? x S') x 3

The mixed index on (S? x S') x ¥y was first written down in [24] by gluing Nekrasov’s
partition functions. In this section, we describe the supersymmetric background for the
CF'T partition function, and we recover the result using supersymmetric localization. We
begin by describing the rigid 5d N = 1 supergravity background, with topology 52 xSt x g,
on which the CFT lives. The metric on 52 x S will be such that the S? is metrically fibered
over the S', corresponding to angular momentum. The background is the same as the 3d
background which can be used to compute the three-dimensional superconformal index.
We will use a topological twist on Y, so that the metric on Xy is irrelevant, except for
g = 0 where another angular momentum can be introduced when the metric admits a
continuous isometry. After reduction on the time circle, this type of angular momentum
is equivalent to an (2-background. Our metric, spinor, and supergravity conventions are
mostly as in [23]. Spinor conventions are collected in appendix C.1, and supersymmetry
conventions in appendix C.2. Note that all of the spacetimes we consider are spin, and we
therefore do not need to introduce Sping bundles.

The gravity side of the holography, in the case under consideration, consists of black
hole solutions of 6d matter coupled F'(4) gauged supergravity. The ordinary F(4) gauged
supergravity, introduced by Romans in [71], was considered in the context of holography
in [72]. Therein, the boundary supergravity, which is coupled to a 5d N = 1 superconformal
theory, can be described using the ordinary Weyl multiplet of 5d superconformal tensor
calculus [73-76], described for instance in [77]. There are hardly any remnants, on the
boundary, of the complexities of the transformations in Romans supergravity. According
to [72], we can identify the boundary metric, SU(2)r gauge field, and antisymmetric tensor
directly with asymptotic values of the bulk supergravity. These are the fields which are
turned on for the simplest black hole solutions. More complicated solutions come from the
matter coupled supergravity. The boundary theory in that case is coupled to the Weyl
multiplet plus additional background vector multiplets. The conditions for preserving
supersymmetry in the boundary CEFT are best derived by looking at the Weyl multiplet
first, and adding the matter multiplets on top.

5.1 Rigid supergravity background

A rigid bosonic supersymmetric background is a fixed point of the supersymmetry transfor-
mation of the Weyl multiplet [78-80]. We will follow the description of the Weyl multiplet
given in [77], translated into the notation of [23] using appendix C.2. The relevant super-
gravity fields are the vielbein e, *, the antisymmetric tensor Tgp, and an SU(2) R-symmetry
gauge field ALR).QG

The supersymmetry transformation of the gravitino in the Weyl multiplet reads

i -
5% =D&+ ZTab (37ab7u - ’Vlfyab) €=k, (5.1)

26The backgrounds we consider are very similar to those discussed in [19] in the context of four-dimensional
N = 2 supergravity. It seems likely that the background in [19] can be uplifted, and that the analysis can
be carried over to the five-dimensional case, although we were not able to verify this.
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where ) -
Dy = O + 5w et + (Agm) . (5.2)

Note that ) .
1 v v 1 14 14
ZTVP (3P — 1"’) = §TV/J (V" =46, ) (5.3)

so that the antisymmetric tensor field of [72] can be identified with the one used in our

Weyl multiplet as

1
Buy = — 5T (5.4)

The identification of the other fields is equally straightforward.

We will describe in detail a solution to the equation 41, = 0 corresponding to a
manifold with topology (S? x S') x S2, where a topological twist will be applied to the
second S? factor. The solution is simple to derive by considering an ansatz whereby the
Killing spinor is the product of the ones for the 3d superconformal index, and a constant
spinor on the twisted S2. More general manifolds, with topology (52 x S') x Yy forg > 1,
can be included by simply changing the factor sinn in the metric, see (5.5), to 1, in the
case of g = 1, or to sinh7 in the case of g > 2. When g = 1, Y, is a torus, i.e. a quotient
of R?, and the supergravity fields and equations are independent of its coordinates. When
g > 2, the Riemann surface Y, is a quotient of the hyperbolic plane, and we can solve the
gravitino equations by considering those on (52 x S1) x Hy and noting that the Killing
spinor is independent of the coordinates of Hy. The definition of the twisted fields, and
other aspects of localization considered below, are mostly independent of g. However, when
considering a compact X3 with g > 1, one should turn off the {2-deformation parameter €,
since such a manifold does not admit a continuous isometry with fixed points.

The background for g = 0. We choose the following vielbein on (5’37 s % Sy x S,QW

el =rdd, e? = rsin 0(de — Bérdr), e = Bdr,

4

3 (5.5)
e’ = rodny, e* = rosinn(dp — féxdr) .

The real geometric parameters €; 2 correspond to the real part of the angular momentum
fugacities when the partition function on this background is viewed as an index. We also
take an R-symmetry connection

AR = (—B& dT + cos n(BéxdT — dy)) 73, (5.6)

corresponding to a partial twist on both the sphere and the part of the spin connection
related to the angular momentum on the twisted sphere, proportional to €. Lastly, we
turn on the antisymmetric tensor field T

1
Tio = —. 5.7
12 = o (5.7)
Observe that T is covariantly constant.
One may check that the Killing spinor equation 1, = 0, see (5.1), is satisfied for § of

the form described below, and that the vanishing of the variation of the dilatino is likewise

— 35 —



guaranteed as long as one sets the supergravity field D to the value?’

1 1
D=—+—. 5.8
o2 1673 (5:8)
This background actually preserves 2 supercharges of the type covered by our ansatz.
In the limit € — 0, the number of supercharges is further enhanced to 4. The same is true
for g > 2 with the appropriate change of vielbein and with €&, — 0. For g = 1, the amount
of supersymmetry is double that of g # 1 in every scenario.

The superalgebra. We choose a specific Killing spinor, which in the notation of ap-
pendix C.1 takes the form?®

0 1e?sing
L b g
gzl —ie” 2 sin 3 0 (5.9)
2 _i¢ 0 . .
€2 Ccosg 0
ip
0 €72 COS 5

We define § to be the supersymmetry transformation associated with £&. The superalgebra
generated by ¢ contains a number of bosonic transformations:

1. An infinitesimal diffeomorphism with parameter iv, where
1 N i -
v = Bar + e+ — 8¢ + 628@. (5.10)
r

2. An infinitesimal R-symmetry transformation given by the matrix

1 .
A——2(€1+;>03, (5.11)

such that £ transforms as
£ — AT, (5.12)

3. A gauge transformation which depends on the field realization.

One can explicitly check that there is no Weyl transformation, nor conformal isometries,
present in the square of the supersymmetry preserved on this background. This is a
necessary, but not sufficient, condition for using localization.

Note that the condition (C.14) cannot be solved for the pair &, ¢, hence the background
considered here is not reachable from the gauge fixed supergravity used in [81-84]. For
continuity with [23], we will nevertheless continue to use the notation from [81] for the
matter fields.

2TFor g > 1 one should change the sign of the second term, while for g = 1 the second term is absent.
Z8Note that & does not satisfy the symplectic Majorana reality condition (C.9). This is reminiscent of
the situation for the 3d superconformal index.
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5.2 Localization

We would like to perform localization for an arbitrary N = 1 theory on the background
described above. We will describe first the moduli space arising from such localization.
This space is by definition the vanishing locus for the supersymmetry transformations of
all the fermions in the theory. However, the fields living in hypermultiplets, assuming that
they have generic masses coming from background flavor multiplets, will not contribute
any moduli. We therefore examine here the moduli coming from the vector multiplets,
which are the configurations for which the transformation of the gaugino vanishes.
The supersymmetry transformation of the gaugino reads

1 -
oA = —irm” (Fyn — 40 Tynp) €1 — iDpoT™Er — iDg 67 — 2i0€; . (5.13)
One can show that the following configuration solves the BPS equation dA =0

1 1
FoO -2 (Vol(SQ) + 3¢, sin Adf A dr) + 2 (2\/01(29) + Bé&;sinndn A d7> ,
2 \r? 2 \r3 (5.14)
o0 - DY = %
2rj

27’
where m and n are constants taking values in the magnetic weight lattice of G. They
correspond to fluxes for dynamical or background gauge fields. The BPS configuration
also implicitly includes a flat G connection commuting with m and n which, given the
topology of the space, can be taken to be a spacetime independent profile for A,.2° For
generic m, n, this flat connection is in the same Cartan subalgebra as m and n .

We henceforth work with the Cartan subalgebra defined by the above BPS config-
urations. These define the Coulomb branch of BPS pseudo-vacua. Due to large gauge

transformations wrapping the time circle, the Cartan elements of the flat connection, de-

flat
%

noted by a;?', are compact

2
“n,
B

aﬂat ~ a?at +

i new. (5.15)
Note also, that unlike the situation in [23] the Cartan elements of o(®) are fixed by the
value of the fluxes, and do not define a separate non-compact direction of the Coulomb
branch moduli space.

The BPS configurations include Dis « m, and therefore do not satisfy the original
reality conditions for the field Dy;. Instead, convergence of the path integral with a mea-
sure defined by the classical action of the gauge theory sets Dio to be purely imaginary,
or at least to have a bounded real part, if one makes the standard rotation from Lorentz
signature [23]. Configurations with auxiliary fields not satisfying the original reality condi-
tions are common in solutions to the BPS equations of twisted gauge theories [14, 23, 64].
One can try to explain their appearance by considering a d-exact mixing term between an

2%When g > 1, there exist additional factors of the moduli space of flat connections coming from the
holonomy on the non-contractible cycles of ¥4. These do not appear as deformations of the superalgebra
and play no role in localization.
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auxiliary field and a dynamical scalar. Adding this term, and integrating over the original
contour, effectively sets the auxiliary field to a complex value in the BPS equation. The
need to add such a mixing term, in the context of localization, is usually attributed to the
existence of fermionic zero modes [85], or more generally to the need to lift some of the
moduli [86]. In some cases, they can also be understood from the point of view of the ef-
fective low energy theory [87], where they represent a breakdown of localization associated
with contributions from the boundary of field space. We do not have a good understanding
of the arguments for the necessity of including these configurations as they apply to the
situation at hand. However, the consistency of the calculation implies that they should
be included.

5.2.1 Twisted fields

To examine the moduli space more closely, and to deduce the one loop exact effective
action, it is convenient to define twisted fields. Our definition of these fields is very similar
to the one given in [84], although the non-pseudo-Majorana nature of our Killing spinor
prevents us from using the expressions in that work directly.

Vector multiplets. We first define the spinor bilinears

Ko =EaE,  s=EE. (5.16)

Note that the scalar s vanishes on a great circle in the untwisted S?, the equator with
respect to the fixed points of v, that k%, = s2, and that at the poles s = £1 and k, = d4°.
The vanishing of s means that the localization here is not of the type examined in [84]
or in [23].

We define the following operators acting on a 2-form =

EvER/\Z’HE, EHEE_EV7
B 1/_ 1. (5.17)
I 3 (EH + 252,{*:1{) .
Note that
E=Ey+E;+E_, (5.18)
but that the decomposition is a complex one.
We now define the following twisted fields
Vo=Emahs Xab = sEaX — (kaly — kpWa), @ =s0 —iixA, (5.19)

and the auxiliary field
0.2 2 - IJ .z T .
H,, =25"F_, + (s — 1) Fyab + 2s§ryapéa D" + 6siryapé’ o +io (k Ads),, - (5.20)

One can show that the change of variables from A\ to W, and x4 is nonsingular, even at
the equator. One can also verify that the following projections hold

XV:X+:O, HV:H+:O. (521)
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There is a perhaps more natural change of variables, and definition of (anti)self-duality, for
the fermions which makes x horizontal only at the poles and also either self-dual or anti-
self dual depending on which pole. In the end, it makes no difference for the localization
computation.

After the change of variables, we get the following supersymmetry transformations for
the twisted fields

SA=1iU, 60 =i, F —iD (s0)=L.A—iD®,

(5.22)
ox=H, 0H = Lox +i[®,x] , 0P =0.

We can compare these expressions to the ones for either the twisted backgrounds of [23],
or the contact type backgrounds of [84]. The only difference is the appearance of powers
of s. Had s been not just nowhere vanishing but actually constant, as was the case for
both [23] and [84], we would recover the full set of twisted fields defined in those papers.3”
As in [23], we define

a=—io® = gfat (5.23)

Hypermultiplets. The off-shell closed hypermultiplet introduced in appendix C.2 can
be twisted in the same manner as the vector multiplet. We define

q=¢&q, Py = —idq, Yr = Pry, F=d)p. (5.24)

The operator Pr is a Hermitian spin projector which selects half of the components of the
spinor . It is chosen so as to have rank 2, to annihilate &;

Prér =0, for I=1,2, (5.25)

and to be invariant under 62, i.e.

L.Pr=0.

The precise form of Pr then determines the spinor F' in terms of F! and some expression
linear in ¢’. In our chosen coordinates and vielbein, we can take

1—s 0 0 iv1— s?
(Pr) a_1 0 1—s —iV1—s2 0
) 0 ivi—s2 1+s 0
—iV1 — s2 0 0 1+s

(5.26)

The properties of Pr guarantee that the action of 62 on the twisted fields is uniform, and
of course coincides with the one on the vector multiplet. Pg can also be written in the
convenient form

1
Pr = 3 (K%yq + s14) 75, (5.27)

generalizing the expression for the hypermultiplet projections in [84].

30Note that &, which is related to the field ¢ of [84], vanishes for the twisted backgrounds of [23].
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5.2.2 Localizing terms

We can form a localizing term for the vector multiplet using the twisted fields as in [23]

1
Vgnge = 6 / JgTr (21X AAF + S0 Ax (00)° ) . (5.28)
The second term in (5.28) is positive semi-definite and vanishes only at
i’ —1iD (so) = 0. (5.29)

This equation is indeed compatible with the Coulomb branch moduli space (5.14). The
imaginary part implies that so is the moment map for the action of the imaginary part of
k with respect to the symplectic form F', which in turn implies that o is constant. The
real part implies that A, is a moment map for the real part of x with respect to the same
symplectic form.3!

Had ¢ satisfied the symplectic Majorana condition (C.9), the expression &7yq¢r D!
would be real and hence H,, would be integrated over a shifted real contour. The first
term in (5.28) would then yield a Lagrange multiplier imposing the real constraint Fy = 0.
As it stands, however, ¢ does not satisfy the symplectic Majorana condition, &;yapés DT is
not real, and it is not clear whether the first term in (5.28) can be used as a localizing term.
Specifically, the contour over which H should be integrated needs to be somehow invented.
Instead of finding the correct contour, we can consider the standard localizing term

5V gauge alt, = / VaTe (M (5)7). (5.30)

This term vanishes on the moduli space by construction. The localizing term for the
hypermultiplets is simply the analogue of the one used in [23]

Winatter = 6 [ /G (45 (000)'y + 6 (00)5 + 6T D) (5.31)

5.2.3 Fluctuations

We would like to compute the effective action for the supersymmetric moduli of (5.14),
which is given by a one loop calculation. We will do this using a mixture of the equivariant
index theorem for transversally elliptic operators, and the results of Nekrasov [25] on the
local contributions to such an index from a neighborhood of a fixed circle for the equivariant
action modeled on C? x S1.

Vector multiplets. We will use the standard background gauge

DWat =0, (5.32)

where D,(P) is the covariant derivative with respect to a background connection leading

to (5.14). Specifically, it is a connection which itself satisfies the gauge condition V“a&o) =

31This is true in a gauge where A is 7 independent.
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0. Such a representative is guaranteed to exist. We fix the gauge by adding a term to the
action given by

SRST / JgED gt (5.33)

We would like to verify that the relevant operator coming from V is transversally
elliptic. According to [88, 89], the relevant operator is Dye C V, which is defined as
the order zero term acting between the fields . and ¢,. In our case ¢, = a,, while
vo = {X,¢,c}, where c,¢ are the ghost and anti-ghost in the gauge fixing multiplet [88].
We find D, by expressing A in V as the unique linear combination of y and ¥ derived
above. We then expand V around the forms in the non-coordinate basis: aq, Xap, ¢, . We
denote the corresponding momenta by p,. We find that the (leading) matrix symbol of
Do is given by>?

_ P4 p3 __ b2 b1 0

252 2s 2s 252

_Pp3 _pa b1 p2 0

252 2s 252 2s

__ P2 p1 P4 _Pp3 0

252 252 253 253

P _Pps P2 _p1 0

253 252 252 253 (5 34)
_pP3  _Ps P1 D2 0 )

253 252 253 252

p2 _pL _pa ps 0

25 2s 252 252
_ _ _ _ 242y 2 2

P1P5s —P2P5 —P3Ps —PAPs P1 T P3 T P3 T P4

P P2 p3 yz Ps

The top 6 rows correspond to Xgp, row 7 to ¢, and row 8 to ¢. One can clearly see that
the rows {4,5,6} are multiples of the rows {1,2,3}. This is the reflection of the fact that
Xab is actually constrained, and has only 3 degrees of freedom. We choose to remove the
rows {4,5,6}, and to call the remaining 5 x 5 matrix the matrix symbol of Dy, denoted
0 (Doe). We can now evaluate the determinant of o (Dge). It is given by

1 o/
det o (Doc) = —50” (0” = 93) (v} + 03 + 91 +5703). (5.35)

Note that the singular factor of s~¢ is an artifact of the coordinate system and our definition
of the twisted fermions and plays no physical role.

In order to check transversal ellipticity, we must verify that deto (Dye) is nonzero
on the part of the tangent space which is orthogonal to the equivariant action. This is
equivalent to evaluating the simultaneous vanishing locus of det o (Dye) and of

I5“pall* = p3 + (1 — 5*)p3 (5.36)

One can easily see that this locus is p = 0, independent of the value of —1 < s < 1,
and hence the symbol is transversally elliptic. Note that det o (Doe) is not transversally
elliptic with respect to the equivariant action on the time circle alone, since the term

32We have ignored various numerical constants which multiply entire rows or columns, since these do not
affect the invertibility of the symbol.
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(p% +p§ +p2 + szp%) can vanish when p; = p3 = ps = s = 0 with po arbitrary. This
is the result of having an untwisted S2. In the fully twisted case considered in [23], the
corresponding operator is elliptic once the time circle is taken into account, i.e. once ps
is removed.

Comparing with the expressions in [88], we see that o (Do) coincides with the standard
self-dual complex on S? x S? at s = —1, § = 0, and with the anti-self-dual complex at

5th

s =1, 8 =, extended along the direction.

Hypermultiplets. The symbol for the hypermultiplet localizing term (5.31) is the 2 x 2
matrix
phyrer = ¢HTmp, €5 (5.37)

tensored with €245, where we have taken care to project the 5d Dirac operator onto the
space of ., spanned by g and hence by £, and to the conjugate space of ¢, spanned by
¥r and hence by é 7. We can now evaluate

o (Dl

—i < p3 +ips e (p1 + 18p2)>

_eii(é (pl - iSpQ) p3 — 1p4 (538)

det o (D(I;Zper) =— (p% + p% +p2+ 521)3) )

At s = +£1, this is equivalent to the symbol for the 4d Dirac operator, acting between
St and S—, and its complex conjugate. ST are the positive and negative chirality spin
bundles of a four-manifold. Clearly, o(D2XP®) is transversally elliptic with respect to .
It is not, however, transversally elliptic with respect to the equivariant action on the time
circle alone, for the same reasons as the symbol for the vector multiplet analyzed above.
Again, this is the result of having an untwisted S2.

5.3 Derivation of the partition function

Here, we set = ro = 1. Given the facts in the previous section, it is reasonable to expect
that a theory on this background localizes onto the instanton/anti-instanton complex at
the fixed points. We therefore expect to get a contribution from the fixed points which is
the same as in the twisted case, from the north pole of the untwisted S?, and the complex
conjugate contribution at the south pole. We must integrate these contributions along the
continuous modulus coming from the flat connection. Note that there is no continuous
modulus coming from the vev of o, since this is fixed by the moment map equation (5.29).
The modulus «a is therefore integrated over a shifted real contour. We must also sum over
the localized instantons/anti-instantons and over the two sets of fluxes m,n.

When evaluating the partition function on our spaces, using either Nekrasov’s instanton
partition function or the equivariant index theorem, the effective values of the real part
of the angular momentum parameters at the north and south poles of the untwisted two-
3

sphere have a relative minus sign.?® Define the following complex angular momentum

33¢) is the coefficient of the rotation with respect to ¢, which rotates the local frame at the north and

south poles in opposite directions.
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l 1 2 3 4

€1 €1 €1 —€71 —€1

€o €9 —€9 €9 —€9

Table 2. Values of the equivariant parameters for S? x S2 .

parameter ‘
i

/8 = &8 _ NS (5.39)
r

where 611\1/ S is the plus or minus real geometric parameter €;, and sN/S takes the values F1

when the point in question is localized at the north and south poles of the untwisted sphere,

N/S

respectively. The linear combinations €;’~ are all that ever appear in the calculation,
whether as parameters of the equivariant action, or as coefficients multiplying the flux n.

We henceforth work only with this combination, and denote
€1 =€ + ! . (540)
r

There is no analogous shift for €, which we now rename to es.

For the case of g = 0, we can simply make use of the 5d Nekrasov partition function
to compute the partition function. The conjecture in [8] implies that the full result can
be written as a sum over equivariant fluxes and an integral over a of 4 copies of the 5d
Nekrasov partition function associated to the 4 fixed points. We have derived the fact that
the partition function actually depends on only two fluxes: m,n which correspond to the
homology two cycles of the spacetime manifold. We therefore write the result as

4

l l

Z(Sglxsl)XS€22 = Z %dCLH Z(C2><Sl (CL(l); 6g), Eé)) . (541)
{mmn} =1

We choose a parametrization of these fluxes which is suited to the present context. In this
parametrization, the parameters a() in the fully twisted case would be given by>*

a®) — ¢ — egl)g + eél)g '
The fixed point data is given in table 2.3° The points 1,2 lie at the north pole of the
untwisted sphere, and 3,4 at the south pole.

The perturbative part of the Nekrasov partition function can be calculated using the
equivariant index theorem for transversally elliptic operators. There is an important sub-
tlety in using the equivariant index theorem in the situation where the symbol is only
transversally elliptic and not elliptic. One must be careful about how to expand the in-
finite sum in the index in order to translate it into a determinant [88]. A derivation for

34The factors of 1/2 have been inserted in order to match the quantization conditions on m,n with the
expression given in terms of the parameters p; (cf. [23, section 2.7.2]).

35The fixed point data given in [23] is adapted to a general toric geometry. We prefer to use a simpler
table for the specific manifold considered here.
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the specific case of the superconformal index was performed in [90]. The prescription used
in [90], which recovers the result for the superconformal index computed by counting op-
erators, is that half of the effective a(!), associated to the south pole of the sphere, should
be multiplied by an overall —1 (cf. [90, egs. (5.15)—(5.17)]). Adopting this approach, we
change the sign of a and ell for points at the south pole, corresponding in our case to points
3,4. From the point of view of the full Nekrasov partition function, this prescription pre-
sumably coincides with what one gets by including anti-instantons instead of instantons
at one of the poles. We have already seen that the symbols for the fluctuation operators
imply that this should be the case.

The relevant parameters are therefore

al) = q — egl)ﬂ + Eg)m north pole of 552 ,
2 27 !
: (5.42)
o = —q + 65)2 + g) 5 south pole of 5521 .
Taking the data from table 2, we get the following set of parameters
n m
al) = a—61§+622 )
a(2) =a— Elg — 62;’t
5.43
a(?’):—a—elE—Fegm ( )
2 27
a® :—a—elg—e m
2 2

For hypermultiplets, we can introduce background holonomies corresponding to fugac-
ities A. In addition to the overall sign change noted above, there is a shift of the origin of
A [23]. This shift was first discussed in [91]. The relevant shift in the purely twisted case
was a uniform shift, which with our conventions for ¢; is

A= A-— %(egl) — eg)) . (5.44)

In the case at hand, where the sign of A, like that of a, changes between the north and
south poles, it is better to think of the shift as a shift of the overall parameter. Combining
with the result for the vectors, we get the following

AD = A = 2( D 4 e(l)) egl); + eg)g , north pole of 5521 ,
(5.45)
AD = A — 5(5&” + eé)) + egl)i + eél)% , south pole of 8621 .

In standard conventions, the origin of flavor fluxes s,t would also be at 0. However,
we use conventions in which the background fluxes for the universal twist are at s =1 —g.
For g = 0 we therefore take s below to be the flavor flux on the twisted sphere plus one.
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Taking the data from table 2, we get the following set of parameters

t+1 5—2
AD — A —
€1 2 + €2 9
1 -2
A@):A—qt; SRt
3 t—1 5 —2 (5.46)
A =—A—e—— e,
t—1 5—2
AW = A —¢ 5~

For the cases g > 1 one does not have isolated fixed points. Instead, the fixed loci of
the action of v are copies of ¥3. The partition function on these spaces can be computed
from the two different perspectives, leading to the same result. We consider the situation
with g arbitrary and therefore set €3 to 0.

5.3.1 The perturbative partition function

We are interested primarily in determining the partition function in the large N limit,
hence we assume that we can safely ignore non-perturbative contributions. The remaining
elements of the localization calculation are the classical and one loop pieces.

The classical piece. The classical action on the current background is different from
the one indicated in [23]. As in [23], the part of the action containing hypermultiplets will
not contribute a classical term because there are no moduli in this sector of the theory. A
superconformal action for vector multiplets was constructed in [76]. The action depends
on a totally symmetric tensor Cypc and vector multiplets V4. In order to construct a
Yang-Mills-like action for a dynamical vector multiplet, one of the V4 should be taken
to be a background abelian multiplet fixed to a supersymmetric configuration. Such a
configuration necessarily breaks conformal symmetry.?® For the time being, we reinstate
B,r,ra.

The bosonic action for abelian V4, translated into our field variables and with an
overall normalization which matches that of [23], is given by [76]

S = / /G CancTr

1 1
o4 (2F£,FWC + D,oPDHoC + §DI TADB, GUBFS/T“”)

i 1 8
— G AL EG, + oo Pt (—12R +3D+ 13TWT“”> } :
(5.47)
We will choose the index A to run from 1 to 2, with V5 the dynamical vector multiplet

and Vj a background vector multiplet. We also choose the following symmetric tensor

Cuapc = C6405%6c% + symmetrization . (5.48)

360ne may also construct topological Chern-Simons terms which preserve conformal symmetry.
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In order to get a Yang-Mills like term, we set the following background configuration

for V7,37

1

Fl=- !
2

= Z ,
with all other fields vanishing. In order to get the normalization for the Yang-Mills term
used in [23], we will take C = 2r /g%

It is now straightforward to evaluate the classical contribution to the partition function,

1
Vol(5?%) + Bé; sin6d A dr| ot

r2

(5.49)

by replacing both the supergravity fields and the dynamical vector multiplet fields with
their background values. The result is

1672
Sclassical = _ITTr(m(l) . (5.50)

Iym

There are various puzzling issues about this result. First, (5.50) is not holomorphic
in €; as we would expect from gluing the classical pieces of the Nekrasov partition func-
tion. It actually coincides with the result of the gluing when € is purely imaginary (see
section 5.3.2). It would be interesting to understand if there exist some extra terms in the
bosonic action that could reproduce a manifestly holomorphic result.

Secondly, note that due to the periodicity of a, see (5.15), the classical term is not
gauge invariant under large gauge transformations. This is already apparent at the level
of the 5d Nekrasov partition function. The issue did not come up in the fully twisted case,
described in [23], because the classical contributions had a different structure. There are
at least two possibilities to avoid this. For theories with 5d fixed points, gyy must be
taken to oo before evaluating the partition function in order to flow to the conformal fixed
point. The calculation at intermediate values of gy is presumably ill defined. For theories
with a 6d fixed point, on the other hand, it is not completely clear what six-dimensional
observable we are computing, and other details of the 6d physics might come to rescue.
Another possibility is that the classical part of the action is always ambiguous because, as
is the case for non-conformal theories in 4d, its coefficient can be changed by changing the
scale which is introduced in computing the one-loop contribution.

The one loop piece. It should be the case that the one loop determinant can be con-
structed from the determinants used in the superconformal index, i.e. the partition function
on 52 x S!, raised to an appropriate power, which stems from the degeneracy of zero energy
modes on ;. An explanation for this assertion is as follows. The one loop contribution
can be computed using the equivariant index theorem. In the situation at hand, where the
fixed loci with respect to the action of the symmetry generator are not points but copies
of X, the relevant index theorem is a hybrid of the equivariant index theorem for the case
of discrete fixed points, and the usual Atiyah-Singer index theorem applied to the fixed

loci. The two contributions should be multiplied to get the result on the product space.?®

37In order to preserve the appropriate supersymmetries, the background configurations are restricted to
the ones that yield the dynamical moduli.

38The validity of these assertions is most apparent in the delocalized approach of Berline and Vergne to
the equivariant index theorem, where the index is calculated using an integral over equivariant characteristic
classes [92].
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This applies directly to the index for the twisted Dirac operator, while the index for the
AHS (instanton) deformation complex reduces to the twisted de Rahm complex at the
fixed loci. The result of the calculation with the AS index theorem is simply a number,
which we associate with the degeneracy. Hence, the result of the one loop calculation is
the one stemming from the equivariant index theorem on S? x S!, raised to the power of
the degeneracy.

The relevant fluctuation operators for computing the degeneracy can be easily ex-
tracted by evaluating the symbols o (Do) and o(DI¥Per) near the fixed points of the un-
twisted sphere and restricting to momenta along the twisted directions only. The degener-
acy can then be computed using the ordinary index theorem for the relevant complex. For
a line bundle of degree d on a Riemann surface of genus g, the Atiyah-Singer index theorem
yields d + 1 — g for the twisted Dolbeault complex, which controls the hypermultiplets. A
hypermultiplet valued in a weight p of the dynamical gauge group and a weight v of the
flavor symmetry group therefore has degeneracy (cf. [14])

—p(m)—v(s)+g—1. (5.51)

The overall minus sign comes from the opposite grading of the Dirac and Dolbeault com-
plexes. The origin for the flavor fluxes is at 2g — 2, and the shifted expression is

—p(m)—v(s)—g+1. (5.52)

The vector multiplet is controlled by a twisted version of the de Rahm complex, which is
again related to the Dolbeault complex and yields the same result (cf. [14]). The degeneracy
for a mode proportional to a root « reads

a(m)+1-g. (5.53)

We must also specify the R-charge of the chirals appearing in the superconformal index.
To do this, we compare the square of the supercharge used to localized the SCI with th eone
used here. The ratio of the €; dependent term between the derivative with respect to ¢ and
the R-symmetry transformation acting on ¢! is —2. In the context of the SCI, where the
eigenvalue with respect to said derivative is usually denoted js, the ratio is —2/A, where A
is both the R-charge and the Weyl weight of the bottom component of a chiral superfield
(cf. [90, eq. (5.14)]). Evidently, we should set A to 1. Vector multiplets can also be treated
as chiral multiplets for the purposes of constructing the partition function. This is because
a chiral multiplet of R-charge 0 can get a vev and Higgs a vector multiplet, yielding an
empty theory in the IR. It also holds that the product of the one loop determinants of
chiral multiplets with R-charges A and 2 — A is 1 [93]. the vector multiplet may therefore
be treated as a chiral multiplet with R-charge 2.

Fermionic zero modes. One must still deal with the fermion zero modes which are the
superpartners of the holonomies on ¥4. This can presumably be done using the approach
described in e.g. [64], but the details are more complicated in the 5d context. We will rely
on the 2d result.
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5.3.2 The final formula
We are ready to write the partition function. The result was first derived in [24] by gluing
Nekrasov partition functions. We set

€1 =€, e2=0, (5.54)

in the following. As already mentioned, in our conventions for the background fluxes, the
universal twist [29] corresponds to s = 1 — g. One could also set the background fluxes on

the untwisted two-sphere to zero, t = 0, however, it is vital to keep € nonzero. Finally, we
define

By, =pr(m)+vr(s)+g—1, By=a(m)—g+1. (5.55)

The mixed index can be written as [24]

Z(m,n,a;s,t, A €)

— L 3 f l—f dz; ( 62W(sgxs1)sz(a, n; AL t, 6)>g
E {m n}ely, 2mix; ZJ da;0a;
1671-2 ( —aC a(n). C ) 1, )~| B, (5.56)
X exXp Tre(ma . lo
(gYME F( )) a];[G [(xac2 a(n). C ) ( C )

<11 11

I preRy

9

l QL‘pI ”’lep’ Wi () Cz) (— xPIyVI)_é(pI(ﬂ)+VI(f))‘| P
(x—Pry— vi¢l- pr(n)—vr(t). (2)

with z = €%, y = €&, ¢ = /2, and Wiszxs1yxr2(a, n; €) denoting the effective twisted

superpotential of the five-dimensional A/ = 1 theory on (S? x S') x R?, whose expression

is the subject of the next section.

For g = 0, the partition function can be obtained by gluing the Nekrasov partition
function (4.15) using the rules discussed in section 5.3 and sending ez to zero [24]. The
appearance of the determinant of the effective twisted superpotential for g # 0 is discussed
in section 5.4. As noticed in section 5.3.1, the one-loop contributions are obtained by raising
one-loop determinants of the partition function on S? x S!, the generalized superconformal
index, to integer powers, B, and B,, counting the number of zero-modes on the twisted ¥.
The one-loop contribution of a chiral multiplet of R-charge rx to the three-dimensional
superconformal index reads [93, 94]

—L(nttg) (x Y q2(2 TK—N— tK)7q)

(fvqu%(“K‘”“K); q) N

log Z)%K,tK,T'K (a) = <q%(1—rK)x—1y;{1> % (5.57)

where yx = % and tx denote the flavor fugacity and magnetic flux, respectively. Setting
rk = 1 and yx =y, tx = t we recognize the contributions of the hypermultiplets in (5.56),
while setting rx = 2 and Axg = 2w, txg = 0 we recognize the contributions of the vector
multiplets. Finally, the gluing procedure produces a classical term which is manifestly
holomorphic in €; and coincides with (5.50) when €; is purely imaginary. As already
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discussed in section 5.3.1, the role of the classical term, which is not gauge invariant, is
not completely clear to us. In any event, it will only contribute to the partition function
of the N' = 2 super Yang-Mills theory whose interpretation as a six-dimensional index has
yet to be clarified.

5.4 W szxs1)xr2 and its factorization

In this section we derive the effective twisted superpotential of the two-dimensional theory
obtained by compactifying a five-dimensional A" = 1 theory on S? x S!.

(i) Gluing Wgzxs1)xr2. The two-sphere S? is not twisted. We shall use the gluing
procedure that was detailed in section 4.1. For this purpose, we employ the identity gluing
that follows from the rules given in section 5.3 when ez =0

D o Sme MO A- S,
) ) . o (5.58)
ap :_ak—il‘lka A(Q):_A_i(t_l)a € = ¢

We can then write3?

Wiszxstyxrz (0,15 At €) = Wigzgryxrz (a; AW €)= Wige, g1)ype (0@ AR )
(5.59)
where Wig2ys1)xg2 18 given in (4.19)—(4.23).
Explicitly, the classical Yang-Mills contribution to the effective twisted superpotential
is given by

VM 8imr? 9 € 9
Wistxst)xrz(9ym, @, 15 €) = —— Trp(a)® + — Trp(n) | . (5.60)
€ Iim€ 4

Next, the contribution of a hypermultiplet to the twisted superpotential, in an expansion
around € — 0, reads

WZ:[S'stl)XRZ(a n; A t 6 Z Z
pr€R s=0

ws (pi(a), pr(n);vi(A),vi(t), 1), (5.61)
where

:3—s
ws(a,n; Ayt 1) =gs (m(r —n—t)]) [Lig_s(ei(aJrA)) + ngg_s(a +A)

. i3—s
+gs(m(2—71—n—1) lLig_s(e_l(“JrA)) +- 5

g3—s(2m —a — A)} ,

(5.62)
with gs(a) defined in (4.5).*° Observe that gs(a) = 0 for s < 0. The contribution of a
vector multiplet is simply given by

(ie)
Wiz 51z (@, m5€) = ) Z (afa), a(n); 27,0,2) . (5.63)
a€eG s=0
39The relative minus follows from the relative minus for a in the identity gluing and the fact that W

appears with a derivative in the partition function, see (5.64).
4ONote that the sign of Re(a + A) is opposite in the two terms in (5.59) and we need to shift accordingly
the functions g, (a) in (4.19)-(4.23).
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(ii) Bethe approach. Alternatively, the twisted superpotential appears in the mixed

index as*!

k(G)

1 dz;

Zis2xstyxs, =) 2 f H 2miz;
{m, “}EFh Z (5.64)

ow a,n;e

X exp <i Z my, (Sfxsla)xRQ( )>Zint’m0(a,n; €),

k=1 Ok

where Zj, is the integrand in (5.56), as a direct computation shows.

Performing the sum over the gauge magnetic fluxes m through the Riemann surface
n (5.64), we find a set of poles a at the Bethe vacua. It remains to evaluate the sum over
the gauge fluxes n on S?. At this stage, we assume that the mixed index localizes at the
solutions to the generalized BAEs

(3W(ngsl)xR2 (a,m; 6))
1 =-exp

Oay, a=a,n=n ’

5.65

1 — ox (3W(53xsl)xR2(a7ﬂ; 6)) (5.65)
- ony, a=&,n=n ’

5.4.1 USp(2N) gauge theory with matter

We will now evaluate the effective twisted superpotential of the USp(2N) theory with
matter in the large N limit. The result will take a simple form using a democratic basis
for the flavor chemical potential A,, and the fluxes (s, t)

2
51 = $m, s9=2(1—g) —5,, st Zﬁi:2—29,

2
t1 = t,, to = —t,,, s.t. Zti:O, (5.66)

2
€ €
AlEAm+§’ AQEQW—Am+§, s.t. ;Ai:%r—ke‘

The effective twisted superpotential has the same structure as (3.7) and we only need
to replace Fa, ¢, (a), see (3.9), with

o0 .
AKytkv
VV(AS‘2><S1)><]R2 Z

with ws(a,n; A, tg,r) given in (5.62). Let us start with the W(ngsl)sz contribution.

57

ws a,n; Ag,ti, ), (5.67)

Using (4.10), and assuming that |Ima;| — 0o, we obtain

N
1 .
Wég:g1)ng =TI Z [(4A1A2 + 62’(1{2)04']- + 62(A1t2 + Agtl)nl-j] sign (Im a;;)
i>j
1 N
- — [(4A1A2 + tito)af; + €2 (Arta + Agty)n; ] sign (]Im a:r)
de J J
1>

(5.68)

41We dropped the dependence on the flavor parameters (A,s,t) to avoid clutter.

— 50 —



Assuming also that the eigenvalues are ordered by increasing imaginary part, i.e. a; > a;

for ¢ > j, and using (3.13), we can simplify (5.68) further and write
T
Wé—é—l}lsl)XRz = —— Z(Qk — 1) [(4A1A2 + Eztltg)ak + EQ(Al’tQ + Ag’q)nk] . (5.69)

4e P

The contribution W(J;;ZQSI)XW to the twisted superpotential at large N can be computed
similarly using (4.10) and it is given by

8 Ny)
W@?f?gl)w == f Z ( ay + nk> ay . (5.70)

Putting (5.69) and (5.70) together we obtain the final expression for the twisted superpo-
tential W(S? xS1)xR25

8 Np) & 3¢?
W(SEXSI)XR2 (aan; At 6) = = f Z (CL + nk> ag
k=1

1 N
— I Z Qk — 1 { 4A1A2 + 62f1f2)ak + 62(A1f2 + Agfl)nk} ,

(5.71)
that can be recast in the following factorized form
Fsw(a )7 A(g)
W(52X51)XR2(G n; A t 6 = —27[‘2 SW k ) s (572)
with Few(ag; A;) given in (4.44), using the identity gluing parameterization
a,(cl) =ap — %nk, Agl) =A; — ;t e = €,
) ¢ @) _ A € 2 (5:73)
ay Eak+§nk, A, A+2tz, e =e.
The Bethe solution can be obtained by extremizing (5.71) with respect to the gauge vari-

ables (ag, ng). We find

OW(s2x51)xr2(a; ) , (2k — 1)
o i, 0T WM E Ty At et (BT
and
8VV(AS‘€2><AS‘1)><]R2(a’n) _
=0
8ak ap=a, N =ng
= &kzi 2k_1<\/(A1+ )(Az-i— )+\/(A1—Et1)(A2—€t2)>.
2\ 8= N, 2 2 2 2
(5.75)
Observe that (5.74) and (5.75) are equivalent to
a]:SW(al(c )aAz(U)) o o (o) i (0) A (o)
aa](c ) =0 = ak = 8_]\[)[\/(2]43 — I)Al AQ s (576)
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for o = 1,2. Note that we use the determination 0 < A; F §t; < 2w, i = 1, 2. Plugging the

saddle points (g, %) back into the twisted superpotential (5.71) we obtain

4%
Wiszxsyxr2 (A, ti, €) = QL% {FS5 (Ai + ;fz) + Fgs <Ai - ;’%ﬂ ;

with Figs(A;) being, in form, the free energy of the theory on S°,

5.4.2 N = 2 super Yang-Mills

(5.77)

(5.78)

For N' = 2 super Yang-Mills we find a dependence on the non-gauge invariant classical

term (5.50), whose interpretation is not clear. It is nevertheless instructive to check that

the twisted superpotential factorizes. Define the democratic basis for the chemical potential

A; and the fluxes (s;, t;), associated to the U(1)? € SO(5) R-symmetry

2
51=5, s9=2(1—g)—s5, st Zsi:2—2g,
i=1
2
t =t, ty = —t, st Y =0,
=1

2
€ €
A15A+§, AQE27T—A+§, s.t. ;Ai:%r—i-e.

The twisted superpotential of the theory reads

W(ngsl)xRQ = Wym(ag, ng) + Wy (ai,ni; At €) + Wy(ai, ng,€),

with
82 N €2
Wi = ——5— > <ai+4ﬂ% ;
Iyme€ =1
N N
Wi = > Wa=1(ay), Wy ==Y Wacor—or=2(aij) ,
ij=1 i#j

(5.79)

(5.80)

(5.81)

and Wa r(a) given in (5.67). In the strong 't Hooft coupling A >> 1, assuming that

| Im(a; — a;)| = oo, (5.80) can be approximated as, using (4.10),

Wiszxs1)xm2 (@is i3 At €)

82 & 2
__¢°r Z<a§+€4n§>

T2
Jym€ k=1

1

8¢ im1

[(4A1A2 + 62’(1{2)%]' + ez(Ath + Az’q)mj] Sign(ﬂm aij) .

~52 -
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Assuming that the eigenvalues are ordered by increasing imaginary part, we can trade the
2%:1 with I, using (3.13) to write

Wiszxs1yxr2 (@is ni; A, £, €)

_ 872 5 €

= e ) (589
1 al 2 2
1 1(% —1— N) [(48125 + Etito)ay + (Arts + Aoty )y

that, using the identity gluing parameterization (5.73), can be recast in the following
factorized form

Fow(al )A(a)
Wiszxst)xrz(a, 15 A, te) = =27 Z SW a’f ) , (5.84)

with Few(ag; A;) given in (4.61). We extremize (5.83) over the gauge variables (ag, ng) to
obtain the solution

ar, = é’ZM (2k — 1 — N)(4A1 A5 + Et1ty)

2 (5.85)
. L.O9yM
ne = 116?(2]{3 —1- N)(Altg + AQtl) 5
to the generalized BAEs (5.65). Observe that (5.85) is equivalent to
OFsw(ai! )’AEU)) —0 () — 1901 L2k —1— N)AAY 5.86
’
for 0 = 1, 2. Substituting these values into (5.83) we find
W, Ate) = — TN [(4A Ay + 1) + 2e(Arts + At
(s2xstyxr2 (B, 6 €) = — o= =5 5~ [( 182 + €“tite) + 2ie(Arty + A 1)} (5.87)
X {(4A1A2 + €2f1f2) — 21€(A1f2 + Ag’q)} .
Remarkably, this can be recast in the following factorized form
A 1) A (152 2) A (2)32
Wist sz (A, 6) = AN(N? — 1) 700 [(APAR)” + (APA)*]. (5.88)

5.5 Factorization of the index

In this section we will make the assumption that the mixed index localizes at the solutions
to the generalized BAEs (5.65). Given (5.64), up to subleading constant factors, the saddle
point contribution to the index is given by

Z(s52 x5 x5, = Zint| y_g(@,n;€) : (5.89)

n=n,a=a

— 53 —



We will show that this expression factorizes,*? and leads to the correct entropy for a class
of dual black holes in massive type IIA. Moreover, as for the twisted index, we find
2
0g Z(s251)xx, = iZsiW. (5.90)
i=1 i
While the mixed index for the Seiberg theory correctly reproduces the entropy of black
holes in massive type IIA, it is not clear what is the interpretation of the mixed index of
N = 2 super Yang-Mills in terms of the six-dimensional UV fixed point and we are not
aware of dual backgrounds where to test the large N result, which, as already mentioned,
explicitly depends on the existence of a non-gauge invariant classical term (5.50). It is
however interesting to observe that the result factorizes, as expected.

5.5.1 USp(2N) gauge theory with matter
We are interested in evaluating the mixed index (5.89) of the USp(2N) gauge theory in
the large N limit. To this aim, let us first consider the building block

m+s+g—1

r—n—t, 2
(IZ/C aC )oo f%(nth) (591)

Z(a7 m,n; A, st 6) - (gj_ly_lg2_r_n_t; €2)oo (_xy) )

where = = €l%, y = €2, ¢ = €/2. From (5.64) and the form of W in terms of (5.62), we
can immediately write down the following asymptotic expansion
> (16)3_1

log Z(a,m,m; A5, t,6) = (mF5+g—1) ) o
s=0 ( ﬂ-)

vs(a,m;Ajtr), ase—0, (5.92)

where
. 12—5
vs(a, ;A4 7) =g, ((r —n —t)]) [Ligs(el(‘“%)) 41 5 ga—s(a+ A)

) :2—s
— g (r(2 =7 —n—1) [Liaxe—l(“*A)) + g s2m—a—A)|,

(5.93)
with gs(a) defined in (4.5). Note that gs(a) = 0 for s < 0.
Then, Zint‘mzo(ai,ni; Ak, sk, ti,€) in (5.89) can be written as
10g Zint‘ng(aia n;; AK75K7 tKa 6) = lOg ZA+V1 (ai7 n;; Am75m7 t’l’l"w 6)
(5.94)
+log Zriv, (ai, nis Ay, sy, tp,€)
with
N
log Zasvy = D, [108 25,80t ,r=1 (F0i £ 05) =108 ZA e —2-2g, 4 0.r—2(F0; £ a;)]
i>7
+ (N - 1) ].Og ZAM75m7t7n7r:1(O) )
N 1 Ny
l0g Zriy, = Y | D108 2, s, 4 r=1(£a:) — 108 ZA,c—am s =229 tx—0,r—=2(F207) | ,
i=1 L f=1
(5.95)

“2Qur results differ from those in [24], which do not factorize, due to a different twisted superpotential
used in the conjectured BAEs.
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Here, we introduced the function

108 ZA s s t,r(@) = (5 +9—1) Z
s=0

vs(a,n; Ag, tie,m), ase—0. (5.96)

Again, the index K labels all the matter fields in the theory and we used the notation

log ZAK,5K7tK7T(:l:ai) = log ZAK75K7{K7T(CLi, IIZ‘) + log ZAK@K#KW(_G’%" —ni) . (5.97)
The only piece that survives the large NV limit is given by

. N 2
i € .
log Z a4y, = — > [(A152 + Asgsi)aij + 1(52’(1 + 51’(2)%’] sign(Im a;;)
= (5.98)
62

. N
! +
_ EZ |:(A152 + Azﬁl)aij + 1

+ .
(s2t1 + sltz)ni]} sign(Im a;’) .
i>]

)

Assuming that the eigenvalues are ordered by increasing imaginary part and using (3.13),
we can simplify (5.98) further and write

. N 2
1 €
log ZA+V1 = —g E (2/{ — 1) [(A152 + Agsl)ak + Z(Sz’q + 51t2)nk1 . (5.99)
k=1

Finally, plugging the Bethe solutions (5.74) and (5.75) back into (5.89),

, (5.100)

N>1
log Z(s2xs1)xs, = log Zatv, P

we can recast the final result in the following factorized form
€ €
{Fsiing (Ai + 2’%51') + Fssxy, (Ai - 2’%%)] :

(5.101)
where Fga, 5, (Ai,8;) is the free energy of the theory on S3 x %4, see (4.75). Recall that

T
log Z(ngsl)ng(A,s, te) = —5

2 2 2
dAj=2r4e, Y s=2-23, > t=0. (5.102)
i=1 i=1 i=1

Black holes microstates in AdS; X Sf X Xg. In the following we show that the mixed
index (5.101) gives a statistical derivation of the entropy of Kerr-Newman black holes found
in [34, section 6.3.2 and 6.3.4]. The near horizon geometry is AdSy x S? x ¥;.

The class of black holes we consider is a two-parameter family of solutions and was
found by specializing the magnetic fluxes along the Riemann surface to (in the notations
of [34])

st=2 s2=0. (5.103)

This choice leads to a compact Riemann surface ¥4~1 and vanishing magnetic charges along
the S2. The Bekenstein-Hawking entropy reads

Seu(q1,q2,J) =

n wosaq%(ql Y )+ T (5,100

3G1(\?) q1 + 9¢q2
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with the following constraint among the conserved charges

(V/72q2 (q1 + 3q2) + 1 — 1)2 (2((11 +3¢2)vV72q2 (g1 +3q2) + 1+ q1 — 3QQ>
6 (\/72(12 (@1 +3q2) +1-1-6(q1 +3¢2)(q1 + 9(]2))

(5.105)

Note that the limit J — 0 is singular and these black holes are always rotating. We shall
extremize the Z-functional for t =0

2
I(S€2><Sl)><2g (A, 6) = log Z(ngsl)ng (A,E, t= 0, 6) —ieJ —i Z AZQZ - A(A1 + Ag —€— 271') 5
=1
(5.106)
with respect to the chemical potentials (A1, Ay, €) and the Lagrange multiplier A, enforcing

the constraint Ay + As = 27 + ¢, to obtain

- (Q1,Q2,J) = 27M(Q1,Q2, J), (5.107)

crit.

Z(ngsl)ng
by Euler’s theorem, and

2(g—1)
V3

Assuming that the charges and the entropy 2rA are real we can break (5.108) into two

2
(A +1Q1) (A +1Q2)® — ( FSS) (A—iJ)?=0. (5.108)

equations
: 2v2(g — 1 2
Im (5.108) = AQ(Q1 +3Q2) — Q%(3Q1 +Q2) + (xf(g)F55> J=0,
V37
. . 2(g —1 2 . .
Re (5.108) = A" = 3A%Qa(Q1 + Q2) + ( (35 )F55> (J+A)(J—RA) +QiQ3=0.
T
(5.109)
Solving the first equation gives us, using (5.107),
_ 2‘5(9—1)}7 2J 2 3
B ( Tir 55) + Q3301 + Q2)
T(s52%51)x 5, Crit(Qth, J)=2m 0,730, , (5.110)

while the second equation leads to the constraint (5.105) among the conserved charges.
We see again, as in section 4.3.2, that the constraint among the conserved charges of BPS
black holes arises as a reality requirement for the entropy functional at the critical point.
To compare with (5.105), we used the identification [34, eq. (7.15)]

1 1 1

— - [ 111
Q1 SGqu’ Q2 Gqu’ J QGI(\?)j (5.111)

Using also the standard AdSg/CFT}5 dictionary (4.86) we find that

(Q1,Q2,J) = Su(aq1,q2,7) - (5.112)

crit.

T(s2x51)x5,
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Our result is in complete agreement with [34, section 7.2] upon identifying
Wihere = L Xihere = N (5.113)
T there 3 Iz )

For completeness, we note that, in the special case t = 0, both our results and those
in [24], which uses a different twisted superpotential for the conjectured BAEs, coincide.
The differences show up for t # 0, where our expression for the index factorizes while the
one in [24] does not. To fully test holographically the two sets of different results we would
need a Kerr-Newman black hole solution in massive type IIA with non-vanishing magnetic
charges. We are not aware of any such solution in the literature and it would be interesting
to find one.

5.5.2 N = 2 super Yang-Mills

In the strong 't Hooft coupling limit A > 1, we need to evaluate

N N
10g Zint| o (@i, i3 A, 5,8, €) = Z log Za s ¢r=1(aij) — Zlog ZA=27 5=2—2g,t=0,r=2(ai5) 5
ij=1 i#j

(5.114)
with log Za s¢,(a) given in (5.96). Employing the asymptotic formula (4.10) and assuming
that the eigenvalues are ordered by increasing imaginary part, using (3.13), we find

2

. N
i €
log Zint‘m:()(ai’ n;; Ajs te) = T 2(21/& —1—-N) |:(A152 + Agsy) + Z(Sz’q + s1to)ng |-

k=1

(5.115)

Plugging the Bethe solutions (5.85) back into (5.89),
A>1 o o
108 Z(s2x51)xw, 2= 10g Zint| o (éi, 15 A, 5.t €), (5.116)

we can recast the final result in the following factorized form

2 G2 € €
10gZ(S€2X51)ng(A,5,f, 6) = — 27 a Az’+§ti,5i +all;— 5’(@,5@' , (5.117)
where a(A,s) is the trial central charge of the four-dimensional theory obtained by com-
pactifying the 6d (2,0) theory of type Ax_1 on X, and is given in (4.90). Recall that

2 2 2
S A =21+, > s =2-2g, > t=0. (5.118)
1=1 =1

i=1
6 An index theorem for the twisted and mixed matrix models

As we have seen in sections 4.3 and 5.5, the large N partition functions on (S? x S!) x 3,
satisfy the relation
W52 51)xR?

2
0
log Z(s2x51)z, =13 i o PEL (6.1)
s T A,
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where s;, with 212:1 s; = 2 — 2g, are the magnetic fluxes on 33 and A; the chemical
potentials for global symmetries. This is a five-dimensional generalization of the index
theorem for the topologically twisted index discussed and proved for a large class of three-
and four-dimensional gauge theories in [37, 38].%3

We have used constrained variables throughout this paper. This is convenient because
the entropy functional is then a homogeneous function of degree one in A; and e. The
on-shell values of log Z(g2, 51)xx, and W are also homogeneous functions. When written
in terms of general chemical potentials and fluxes, (6.1) takes the form

2 S5;
;W+Xi: (1

v _

logZ =i(1—g) A 7 Be

(6.2)

Ai) oW € aw]

where, to avoid clutter in the notations, we have suppressed the reference to the manifold,
and we have generalized the formula to the case of an arbitrary number of global sym-
metries. This clearly reduces to (6.1) when W is a homogeneous function of A; and € of
degree two, as it is the case in this paper.

It is worth noticing that, due to the particular form of the differential operator ap-
pearing on the right hand side, (6.2) is parameterization invariant and it can be used
both for constrained and unconstrained variables. Indeed, it is a very simple exercise to
check that, for the twisted index, we obtain the same result for (6.2) computed using
W(A1, Ay, €) and constrained variables Aj + Ay = 27 and s§; + 59 = 2 — 2g or, solving
the constraint first, and using Winc(A,€) = W(A, 27 — A, €) and independent variables
A = Ay and s = s7. Similarly, for the mixed index, we could use W(A1, Ag, €) and con-
strained variables A1 4+ Ay = 27+ € and s1 + 59 = 2 — 2g or, by solving the constraint first,
Wine (A, €) = W(A +€/2,21 — A 4 €¢/2,¢€) and independent variables A = A; — €/2 and
5 = g1, with the same final result.

The relation (6.2) was found to hold also in [24], that uses a different W compared to
this paper and we expect it to hold in general. We now provide an alternative derivation
that can be generalized to other five-dimensional theories. We will prove (6.2) using only
a few facts about the general structure of the theories and of the large N saddle point. We
will assume that, in the large N limit, the gauge variables a and fluxes n scale with the
same positive power of N, and the eigenvalues are ordered by increasing imaginary part,
i.e. Ima; > Ima; for i > j. We also assume that

(i) The matter content of the theory is vector-like: if p(a) is a weight also —p(a) is.

(ii) There is long range forces cancellation between vectors and hypers, which, in practice,
translates into the requirement that 3 ,cqa(a) — 327>, em pr(a), with a running
over the roots and p over the weights of the hypermultiplets, either cancels or it is
subleading in the large NV limit. This condition is necessary to have a well-defined
saddle point.

These conditions are satisfied by all the theories discussed in this paper and extend to a
larger class of quivers that are relevant to the study five- or six-dimensional fixed points.

43 And verified in many other examples [50-52].
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For the twisted index, the contribution of a hypermultiplet to the twisted superpoten-
tial is given in (4.9), which, using (4.10) and (4.11), in the large N limit reads
3 1— (_1)5 6sfl

W(CL, n, A, t) = - Z
s=0

gs(m(2 —n—1))gs—s(a + A)sign (Ima), (6.3)

while for a vector we should take the opposite sign and set A = 27 and t = 2. To
avoid clutter, we omitted the gauge and flavor representation indices and we used a as
a shorthand for p(a) or a(a) (and similarly for n, A, and t). For the mixed index, the
contribution of a hypermultiplet to the twisted superpotential is given by (5.61) and (5.62),
which, using (4.10) and (4.7), can be written in the large N limit as

s—1

3
Wia,n, A t) = ¢ s(m(r—m—t
(00,839 = 32 515 (= =)

(6.4)
+(=1)°gs(mr(2—r—n—1))|g3—s(a+ A)sign (Ima),

with » = 1, while for a vector we should take the opposite sign and set A = 27, t =0 and
r=2.

Proof of eq. (6.2): at large N there is no contribution to the index from classical pieces
and fundamental hypermultiplets. Using the notations of sections 4 and 5, the contribution
of a hypermultiplet to the logarithm of the partition function integrand is

wh owH

5 +i(s—1+ g)iaA ) (6.5)

im

where, in our notations s; = s, we have suppressed the gauge indices in m and a and W*
is one of the functions (6.3) or (6.4). The contribution of the vector multiplet is similarly
given by

wY owY

ga T 954,

where, for convenience, we introduced a fake chemical potential A, for the vectors, which

im

(6.6)

Ag=2m ’

has to be set to A = 27 at the end of the computation. By setting m = 0, we obtain the
large N contribution to the index
WH owWY

) 0 )
1(5—1—i—g)7(9A +i(1—g) A
g

(g [V oV
Y\7aa T aa,

AF%) , (6.7)

where W = WH + WV A,=2r- We now promote the number 7 to the independent variable

A—2r - OA

7, using the same trick as in [37], and we write the previous expression as

. OW . ow
lﬁaiA -+ 1(1 — 9)87 . (68)

Indeed, observing that

ow  owrt  owv  _onwv
= + +2
or or or 04,

(6.9)

Ag=2m ’
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the difference between (6.8) and (6.7), is given by

AT AN
(8A+8ﬂ->w " <6Ag+8ﬂ->w

All dependences on A and 7 are in the functions g3_s(a + A) and the only potential

(6.10)

Ag=2m '

nonvanishing contributions in (6.10) come from s =0 or s =1

0 0 _w(w—a—A) 0y
(95 + ) sla+ ) =TS0~ T, (6.11)

Multiplying by the corresponding polynomials of n in (6.3) and (6.4), we see that (6.10)
is a linear function of a and n, multiplied by sign(Ima). The constant pieces vanish when
summing over all gauge variables by assumption (i). It is also easy to see, by direct
inspection of (6.3) and (6.4), that the linear terms in a and n, either directly cancel or
vanish when summing over vectors and hypers by assumption (ii). Now we are ready
to complete the proof. Given the explicit form of (6.3) and (6.4), W is a homogeneous
function of a, A, ¢, w of degree two and therefore

ow ow oW ow
2W—aaa +A8A+686 +7r8ﬂ_. (6.12)

At the saddle point, %—‘2} = 0 and we can rewrite (6.8) as

5 A) oW € ({)W}
OA 7 Oe

i(1-g) EW + ( (6.13)

1—9_?

This completes the proof.

7 Discussion and outlook

In this paper we have demonstrated the large N factorization properties of a class of
five-dimensional supersymmetric partition functions with a view toward holographic appli-
cations to the microscopic counting for black holes in AdS.

There is by now compelling evidence that the large N saddle point of supersymmetric
indices that are holographically dual to free energies of AdS black objects can be obtained
by gluing elementary objects with the rules discussed in section 2. Black hole physics
suggests that this should be the case in general. There are many examples in three and
four dimensions and we have provided here other examples in five dimensions. In some
cases, this factorization can be proved by using the finite N decomposition in holomorphic
blocks, in other cases, as in this paper, a direct computation is needed.

We mostly focused on the Seiberg theory and the N’ = 2 super Yang-Mills theory in
five dimensions, which can be used to describe the physics of black objects in AdSg X, S*
and AdS; x 8%, but our results can be easily extended to other more complicated quiver
theories.

In this paper we considered the topologically twisted index for manifolds of the type
(52 x S1) x 4. In the special case g = 0, we could turn on a second refinement parameter
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and consider the partition function on S2 x S2 x S'. It would be interesting to analyse
whether this partition function factorizes or not. We expect that this is the case, but we
have no evidence from holography, since we are not aware of AdS black object solutions
with horizon S? x S? and two independent rotational parameters.

One main open problem remains to justify the assumptions about the saddle point
for the twisted and mixed index. Generalizing [22-24], we assumed that the two partition
functions localize at the solution of a set of Bethe ansatz equations, in analogy to similar
three- and four-dimensional indices. This assumption led us to the correct results for the
entropy of the known black objects in AdSg x., S* and AdS; x S*. However, a slightly
different assumption leads to a different result where factorization does not hold [24]. It
would be nice to have a first principle derivation of the large N limit of the twisted and
mixed index.

Acknowledgments

SMH is supported in part by the STFC Consolidated Grant ST /T000791/1, WPI Initia-
tive, MEXT, Japan at IPMU, the University of Tokyo and JSPS KAKENHI Grant-in-Aid
(Early-Career Scientists), No.20K14462. AZ is partially supported by the INFN, and the
MIUR-PRIN contract 2017CC72MKO003. The work of IY was financially supported by
the European Union’s Horizon 2020 research and innovation programme under the Marie
Sklodowska-Curie grant agreement No. 754496 — FELLINI.

A Refined S} x S? partition function

In this appendix we derive the one-loop contribution of a hypermultiplet to the refined
Sg’ x S2 partition function. The contribution of a vector multiplet, as discussed in the main
text, can be obtained by simply setting Ax = 2 and tx = 2. Following [22], we uplift
on S' the one-loop contribution of a hypermultiplet to the Sgb X 5’32 partition function
incorporating one unit of flux for the U(1) principal bundle over Sgb, which gives rise to

the Hopf fibration S! «— Sg’ — Sfb, and write
108 Z Ak txc (a)
[mq+n|-1 1BK -1
2 2
=11 I1 I[I (@+1-Ax+n+lie+ laey)~ SiEn(mitn) sign(BY)
nezg1:_|“‘l+2"|—1 ¢ :7|BK2|71
(A.1)
where BX = n 4 tx — 1. Using k = |my +n/, (A.1) can be put in the form
log ZAvaK (d)
k=1 |BE |1 ‘ K
_ﬁ - H (a+1—AK—k—m+zleb+ezez>—81gn<3 ) (A2)
T a+1—Ag+{€—my+Lliey + laeo
2

— 61 —



Upon the following change of variables

a=a-—m = 26_6_1
=a-— , €= —2——,
! ’ b+ b1 (A.3)
1 1

(A.4) can then be recast as

1BK -1

2 00 b1 4 kb 1—A / sign(BK)
1 H( G 4+ kb+Q+Qa+1— Ak + 262))

log Z = -
08 Z Ayt (a) Jb+ kb1 +Q —Q(a+1— Ag + laer)

|BK|—14,j=0

égz—f
1B -1
2 .
= H SQ (—iQ(a + 1-— AK =+ €2€2)|b)SIgH(BK) ‘
62:_\‘3”(%

(A.4)
This is exactly the contribution of a hypermultiplet to the refined Sg) x S2 partition func-
tion (3.2) after we identify ¢35 = ¢ and €3 = €.

B Asymptotic behavior of g-functions

The double (p, t)-factorial is defined as

o0

(T:pt)oe = [ A —ap'¥), with |p|,|t| <1, (B.1)
i,j=0

where £ = €', p=¢7'! and t = e '2. Then, we can write

> - > 1 xk
log(2;p, t)oo = log(1 — zp't!) = — —. B.2
== 2, 2T F 2

As €12 — 0, the double (p, t)-factorial has the following asymptotic expansion

[e.9]

log(7;p,t)oo = D (—1)*T2 Hy (e162)' " (61 + €2)° Liz—s_n (), (B.3)
$,0=0
where the coefficients Hy; can be determined by comparing (B.2) and (B.3), as p,t — 1
(6172 — 0).
The g-Pochhammer is defined as

o0

(7;¢)o0 = [[(1 —2¢’), with |g[ <1, (B.4)
=0

where z = ¢'* and g = €'*. Then, we can write

> . > 1 xk
log(z;q)eo = Zlog(l —xq') = — Z Y (B.5)
i=0 i (1-d%) k
As € — 0, the ¢-Pochhammer symbol has the following asymptotic expansion
> (ie)* 1B, _ .
tog(a ) = 3 U oLy (o (B.6)
s=0 :

where By is the sth Bernoulli number.
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C Supersymmetry conventions

In this appendix, we describe our conventions for spinors, supersymmetry transformations,
and rigid supergravity.

C.1 Spinor conventions

We describe N/ = 1 (minimal) Euclidean supersymmetry in five dimensions.** The Eu-
clidean spin group is the compact symplectic group Spin (5) ~ USp (4). The minimal spinor
has 4 complex, or 8 real, components and sits in the pseudo-real representation 4 of USp (4).
A complex spinor & may be usefully represented by a 4 x 2 matrix &,7, where a = 1,...,4
and I = 1,2. This presentation is useful because the action of the SU(2) R-symmetry is
manifest — it acts on the [ index in the fundamental representation. Such a spinor has
twice the minimal number of components. It is a complexification of the minimal spinor,
which it is necessary to introduce in order to write the most general transformations of the
Euclidean superalgebra.
Define the usual Pauli matrices by

S R (. R A T

[0}

The 5d Euclidean Clifford algebra is generated by matrices (I') 3

[ =02®01, [y =0y® 09, '3 =03® 03, Fy=01®1y, (C2)
['5 = 1 [ol3Ty = diag(1,1, -1, —1). '
We also define a charge conjugation matrix
C=—-ila®o,. (03)
These satisfy
{Ta, Lo} = 200p Il =T,
cr,ct=rt, C=C"=-C", C*C=-1,
(C.4)
(CT,)" = -cry, (CTap)T =CTwp,
1
I‘abc = i(rarbc + Pbcra) .
Define the index raising operator el = —¢71 guch that e’/ = 1 and e//ejp = 6
defines the inverse. We define the Majorana conjugate spinor as
el = caﬁgma”. (C.5)

44 This is usually referred to as N = 2 supersymmetry in the supergravity literature.
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In the action of the Euclidean supersymmetry algebra, one uses only the Majorana type
conjugate, in both the action and the supersymmetry transformations. We will also use
the following convention for spinor bilinears

&= (cel) ar=@nTced.  av'a=(cd) e = @0t (CH)

We also have the Fierz identities

3 (521@0) =& (5111#) + %@b (5215{) + %F"W (521Fm§{) ;
el (Eary) = —€f (&™) — & (EuT™y) =17 (&v) (C.7)
— 17y (&r8d) — v (6uT™e]).
A complex spinor £ may satisfy a symplectic Majorana condition: a reality condition,

compatible with the spin and R-symmetry groups, which eliminates half of the components.
Define the Dirac conjugate of a spinor to be

()" =) (©8)
The symplectic Majorana condition is
GoE (C.9)
where the £27 is the Majorana conjugate, see (C.5).

C.2 Rigid minimal 5d conformal supergravity

We will mostly follow the 5d conformal supergravity conventions of [77]. From this starting
point, one can derive by partial gauge fixing the 5d supergravity used in [81], which was
used to define the twisted backgrounds in [23]. The conformal supergravity offers a more
flexible framework for finding rigid backgrounds. The supergravity fields of conformal
supergravity are contained in the Weyl multiplet. We refer the reader to [77] for details
about the relevant Weyl multiplet and its supersymmetry transformations. We summarize
the aspects of the Weyl multiplet needed in order to construct rigid backgrounds below. In
the notation of [77], u,v,... are spacetime indices, a,b, ... are tangent space indices, and
i,7,... are SU(2) R-symmetry indices.

We begin by simplifying the transformations of the Weyl multiplet by taking k-gauge,
setting the dilatational gauge field to zero

b, —0. (C.10)
The remaining bosonic fields in the 5d Weyl multiplet are
e, Vuo, Tw, D. (C.11)

The independent fermionic fields are the gravitino 1/12 and the dilatino x*. In order to bring

the notation more in line with the one used in [23], we will rename V}, to 2A,(LR) . We will
also replace the supersymmetry transformation parameters in [77] as follows

Ethere _ 67ri/4§’ ,r]there _ _21671'1/457 (012)
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and rotate the gravitino
shere = 2e™/44p, (C.13)

We will also use I, J,... as R-symmetry indices. Note that the gauge fixed supergravity
used in e.g. [81] includes an extra symmetric bosonic field ¢/ such that

gjztjjgj. (C.14)

The gravitino variation, in the matrix spinor notation of the previous section, reads

i ~
Ouby = Db+ T (37T, — D,T?) € — 7€, (C.15)
where 1 -
Dy = 0 + Jwu™Taré +£ (av)" . (C.16)

The variation of the dilatino can be found in [77]. A rigid background is a bosonic fixed
point of the supersymmetry transformations. Equivalently, it is a solution to the equations

5££¢L = (5575)(@ = 0, (Cl?)

for some spinors &, € and some configuration of the fields in (C.11). The spinor € can
always be solved for as

£= ér# (Dug + iTab (37T, — 0,0 5) . (C.18)

Note that other derivations of the 5d superconformal tensor calculus, such as [75] and
its followups or [73] and its followups, have a coupling to the antisymmetric tensor field
that is seemingly incompatible with the one used here. de Wit et al. explain that this is due
to different conventions for the F'(4) algebra. Moreover, the various versions apparently all
produce the same Poincare supergravity when a vector multiplet is used as a compensator.
There is also an alternative Weyl multiplet called the dilaton Weyl multiplet which is de-
rived for instance in [75] and contains different auxiliary fields and different transformations.

C.3 Matter multiplet transformations

The superalgebra generated by a single Killing spinor pair &, € includes the following
bosonic transformations

1. An infinitesimal diffeomorphism with parameter iv, where the vector v* is given by

v = EyPE. (C.19)

2. An infinitesimal R-symmetry transformation acting as the following matrix on fun-
damental SU(2) g indices

AIJ = 6ig(IgJ) . (020)

3. A gauge transformation with parameter so —iv*A,, where s = €.

4. A Weyl transformation with parameter w = —2i&€.
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We will continue using the notation for matter fields used in [23]. The matter fields in [77]
have therefore been renamed as follows

W]t\}lere = A, O_there =0, Qghere _ e7r1/4)\1 ’
: C.21)
there __ 1 there __ there __ 3rwi/4 ( ’
Y= oDy, AP =g, (=T

which includes an obvious renaming of the spacetime and R-symmetry indices.
With these definitions, the transformations for vector multiplets in a rigid bosonic
background are

5Am = iglrm)‘17 do = _gf)‘l )
A = %an (Fom — 40T ) &1 — iDmoT™1 — iDy €7 — 2i0és (C.22)
6D1; = =267 Do) gy — 2 [07 E(IAJ)] + 281\ gy + TP TN gy -

The vector multiplet is off-shell closed.

The transformations for hypermultiplets in a rigid bosonic background are
Sqit = —2iErp?, oyt =T DgM +igr (oq)™ + 3E¢ (C.23)

Indices A, B,... denote the pseudo-real gauge/flavor symmetry representation to which
the hypermultiplets belong. The invariant antisymmetric form for this representation is
denoted Q4p, with Q4 gOBC =¢ AC. The reality condition on the squark is

(q*)}y ="’ Qupqf . (C.24)

The transformations for the hypermultiplet are only closed on-shell. Off-shell closure
can be achieved, for a specific &, £ pair by introducing an auxiliary field F47, and a spinor
é 1 such that

€7 =0,  LE+EAT=0. (C.25)
One can check that the solution space for these equations is two-dimensional. Let
N A A F A
0 g™ = b 0 + & F I (C.26)

and define

S(ErFAT) = 67 ™ + (Lo + 9 AAT), (C.27)
then 55 é is off-shell closed and satisfies the correct algebra.
Open Access. This article is distributed under the terms of the Creative Commons
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