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1 Introduction

In the limit where the bottom and charm quark are taken as much heavier than the scale
of the strong interactions, QCD contains a heavy quark spin-flavor symmetry (or simply
heavy quark symmetry (HQS)) [1-4] that acts on heavy quarks with the same four velocity.
These heavy quark spin-flavor symmetries are a powerful tool for understanding some non-
perturbative properties of hadrons containing a heavy quark. Omne of the earliest, and
still most important, applications is to the form factors for the semileptonic decays of B
mesons to D and D* mesons, i.e., B — D"){5,, where ¢ € {e, i, 7}. Lorentz symmetry and
parity invariance of the strong interactions imply that these decays are characterized by
six Lorentz invariant form factors, but HQS implies that there is just one (the Isgur-Wise
function [4]). Furthermore it is normalized to unity at the zero recoil point where the final
state charmed meson is at rest in the rest frame of the decaying B meson. In addition the
matrix elements of the weak vector and axial vector current are independent of the masses
of the heavy quarks.

Radiative semileptonic B decays to charmed mesons provide a unique laboratory to
investigate the predictions of HQS in more complicated kinematic settings, while keeping
one initial and one final heavy meson as the only hadrons in the process. The presence of
the extra photon provides new kinematic invariants beyond w = v - v/, namely v - k and
v’ - k. Here v is the four velocity of the decaying B meson, v’ is the four velocity of the
final state D™*) meson, and k is the four momentum of the final state photon.



Belle II should allow for the study of radiative semileptonic B decay at a level of preci-
sion approaching what the previous generation of B factories, i.e., Belle [5-12], BaBar [13—
19], as well as LHCb [20-22], did for the semileptonic B decays.

Moreover, radiative semileptonic B decays are an irreducible background to the mea-
surement of non-radiative semileptonic measurements, in the kinematic regions where the
photon is not reconstructed. These kinematic regions are dominated by the soft region for
Belle IT and are more complicated for LHCb, due to the detector geometry and the boost
distribution of the B mesons. It has been shown [23, 24] that differences in modeling the
radiation processes may induce few percent systematic uncertainties in the semileptonic
measurements. Having good control of radiative semileptonic processes is therefore neces-
sary for precision studies of the non-radiative semileptonic decays by Belle II and LHCb.

In the £ — 0 limit, the radiative and non-radiative processes are related by gauge
invariance. Previous work on radiative semileptonic B decays has mostly focused in the
regime where the photon is soft (k < Aqcp) [25-27]. Away from the soft limit, uncalculable
“structure dependent” (SD) contributions arise [28], stemming from the composite nature of
the B and D™ mesons. Lorentz invariance and parity invariance of the strong interactions
imply that the radiative decays are characterized by 32 scalar form factors that can depend
onv-k, v'-k and w; a daunting number for gaining knowledge of these SD terms either from
experimental measurements or lattice QCD calculations. However, similar to the case of
non-radiative semileptonic B decays, HQS greatly reduces the number of these form factors.

The purpose of this paper is to initiate this investigation and work out the predictions
of HQS for radiative semileptonic B decays. Here we will work to leading order in the heavy
quark mass expansion, neglecting terms suppressed by powers of 1/my .. Furthermore we
work in the kinematic region where radiating the photon does not change the heavy quark
velocities. It is in this kinematic region that HQS is most powerful. We find that with these
approximations there are only four new (i.e., not proportional to the Isgur-Wise function)
Lorentz invariant form factors, and one is normalized to the Isgur-Wise function as k — 0.

In section 2 we begin by calculating the matrix element, M, in terms of general
hadronic form factors for B — D™ ¢~ using heavy quark effective theory [29-32]. Then,
in section 3, we reduce the number of new, independent form factors to just four, (1_4, using
the Ward identities. In section 4 we explore the soft photon limit including the leading order
behavior in section 4.1 and some terms at sub-leading order in section 4.2. A concluding dis-
cussion is given in section 5. Two appendices are included; the first, appendix A works out
the general structure of the matrix element, M, for B — D),y imposing only Lorentz
invariance and the parity symmetry of the strong interactions. The second, appendix B,
generalizes the results to new interactions that do not have the usual V — A structure of
the weak interactions; potentially useful in the future for new physics signatures.

2 Matrix element

Since B — D(*)Eﬂm is a radiative process all matrix elements will have a photon polariza-
tion vector, e appended. We factor this out immediately, defining M = e} M" where M
is the total matrix element. In the heavy quark limit there are three classes of Feynman
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Figure 1. Feynman diagrams contributing to the B — D™ ¢, process. Diagrams with internal
gluon lines and ¢g loops are omitted for illustrative simplicity. Top left: Micpton, radiation from
the external lepton. Top right: Mﬁeavy,
diation from the light degrees of freedom. Bottom right: M{’leavy, radiation from the heavy b quark.

radiation from the heavy c quark. Bottom left: Miight, ra-

diagrams that can contribute to this process, shown in figure 1. The first, illustrated in
the top left panel of figure 1, is from radiation off the external charged lepton line,

M{fs on GFe‘/cb Fy — F%) _
\/m;TtDu IRYG (2Vpg-kA)UV“(¢e+%+mf>7v<1—v5>v (2.1)

where gpe is the electromagnetic charge of the lepton, py is the lepton momentum, and

k is the photon momentum. We write this matrix element in terms of hadronic matrix
elements, F¥, where I' = V implies IV = 4 and I' = A implies I'V = 4”~4°.! This is a
textbook example of how HQS severely restricts the number of independent form factors.
In the heavy quark limit F{, is proportional to just one overall factor, (w), the Isgur-Wise
function, which depends only on w = v’ - v,

Ft = —¢(w) (DY ()

T [Hy TV HY)|

B(v)) (2.2)

as in ref. [33], where HS is defined and the traces are explicitly evaluated.
We now turn to radiation off the light degrees of freedom, Mﬁght’ e.g., the Feynman
diagram in the bottom left panel of figure 1. The total matrix element is,

Miign _ GreVy
A/ MBM (%) \/§

We will adopt the standard [3, 33] notation and normalization for the states in the heavy quark effective
theory (HQET). Relativistic states are labelled with p, e.g., |B(p)), and HQET states are labelled with the
velocity, v, e.g. |B(v)). The normalization of these states differs by a factor of v/m: |B(p)) = v/mz5|B(v)).
This explains the extra factor of \/WD(*) in the matrix elements.

(T = Th") (1 =+")v, (2.3)




where
T = (D ()

Tr [X#FIU/FVHU}

B(v)) (2.4)
and X*# describes the effects of the time-ordered product between the light degrees of

freedom electromagnetic current and the heavy quarks’ weak operator. Again HQS limits
the general form of ", where the most general form of X* is,

XH =g Myt 4 @i 4 g Bk 4D, 4 ix(5)e“”p)‘vyv;,k>\75 + 2O + ™M, (2.5)

o = (i/2)[y*,7"] and €"1? = 1. We omitted terms o k*, since they give vanishing
contribution to the matrix element, as well as terms that do not transform as vectors
under parity since QCD and QED are parity invariant theories. HQS forbids X* to be
between H, and H,, and therefore the most general form is given by eq. (2.4).2 The z(7)
form factors are scalar functions of w, v - k, v’ - k. X* has mass dimension —1, therefore
2(1=3) have mass dimensions —1 while 2(4~% have mass dimension —2.

The last class of Feynman diagrams is from radiation off the heavy quarks, shown in
the right column of figure 1. There are two contributions here due to radiation from the

heavy quark in the initial and final states. The matrix element is given by

Mﬁeavy _ GF@chb
VBT (o) V2

where

(@0 (GYp = GYp) + 4™ (G — Glho) ) i (1 =27)u,  (26)

rQ = <D(*)(v’) ‘Tr [YQHU/FV Hv]

B(v)) (2.7)
and Yy describes the time ordered product between the number density of the heavy quarks,
QQ, and the heavy quarks weak operator. The absence of a v* factor from the heavy quark
electromagnetic vertex is because we are working in the heavy quark limit which replaces
) — v - D when acting on the heavy quark fields. The most general form of the Yg's
allowed by HQS are

Yo = yg) +yS K, (2.8)

and yS ) has mass dimension -1, y(Q2 ) has mass dimension —2, and both are functions of

w,v -k and v' - k. Summing the matrix elements in egs. (2.1), (2.3), (2.6) gives the total
matrix element,

M“ . GFCVCb
VBTN (%) \/§

((W KB (1 1)

v _ [V
+ (@ — %)WUW@@ + k4 me)r(l - 75)11) , (29
where
KE = TE + au Y + aa"GY,,. (2.10)

and we have replaced ¢, with g, — g, which will prove convenient in section 3.1.

*While not immediately obvious, a term oc (v* — v"*)} in X* can in fact be reabsorbed into the other
terms present in eq. (2.5).



3 Form factors

In section 2 we showed that HQS limits the number of form factors, for both the B — D/
and B — D*{iyy processes, to ten, w(lfﬁ),yé}c’z). These ten form factors discussed so far
are a superset of the number of physical form factors since we have not accounted for the
Ward identity (WI). Next we show that the WI limits the number of new, independent
form factors to just four. This is significant because, in general, even after applying the
WI, the number of form factors is much larger. It has been shown in refs. [28, 34] that
there are eight form factors for the B — D¢y process, and in appendix A we show that

the general number of form factors for the B — D*{yy process is 24.

3.1 Ward identities

The WI [35] states that k,M* must vanish. This will highly constrain the form factors
in egs. (2.5), (2.8). While the WI is seemingly only one equation, different terms have to
cancel each other individually. For example the I' = V, A terms have different parity, and
therefore must cancel individually (as in refs. [25, 26, 28, 34]) giving two equations,

ku KL+ (a0 — o) FF = kBT + (k- 0)GE oy 4 qe(k - v')GE .+ (@ — o) FF =0 (3.1)

for each I' € {V, A}. Moreover, the electromagnetic charges, g;e, give us another way to
split the terms. Only T}” can depend on the charge of the light quark it was radiated from
(either sea or valence), and therefore k, T must vanish independently since there is no way
to get a cancellation from the other terms which are independent of the light quark charges.
Similar reasoning holds for the terms depending on g, g.; all of the electromagnetic charge
dependence has been factored out, and therefore G and FF are independent of g, g¢.. The
terms proportional to ¢, ¢ must then cancel individually. The WI becomes six equations,

b, TH =0

(k . 'U)G%J) + FII{ =0

(k-v)GY . —F =0

where, again, there is a set of equations for T € {V, A}.
We begin by simplifying the I' = A case for eqgs. (3.2)—(3.4) for the process B — D{iy.

The left side of egs. (3.3), (3.4) are proportional to a single form factor, and therefore these
must be zero. Specifically,

vy =0 (3.5)
for @ € {b,c}. Simplifying eq. (3.2) gives
— i kvl (k (v +0")z® 4 x(?’)) =0 (3.6)

and therefore relates 3 to z(®),

¥ = k- (v4+ )29, (3.7)



Next, we consider the case of I' = V| again for the B — D/{vy7y scenario, and egs. (3.2)—
(3.4) become

—(” + ") (@D (k- v)+ 2@k 0)) =0 (3.8)
(0" +0")(€ —yi" (k- v)) =0 (3.9)
—(’ + ")+ yM (k') =0 (3.10)
respectively, and therefore
k-v
£ = 0 U/;g(l)
m_ &
o= k-v
y = — ¢ (3.11)
¢ k-

The WI has taken us from ten independent form factors, z(1=6), yélc_Q) , to just four. We
define the independent ones as (1_4,

G =(k-v)a®

G = z®
G5 =2
G = 2© (3.12)

(the motivation for the extra factor of v-k will become clear in section 4). (; is dimensionless
while (5_4 have dimension of mass~2. Written in terms of the five independent form factors
(including the Isgur-Wise function) the x,y form factors are

m__G @___G
T ko) ! (k- v')
m_ _§ m___ £
yb (k?'?./), yc (k"U/)
2B = k- (v+ )
W=y =0
2@ = ¢, 20 = ¢, 20 = ¢, (3.13)

One can check that with these conditions the WI for the B — D*{7yy scenario are automat-
ically satisfied. Using these relations, for the B — D/ case, the tensor T simplifies to

T,ul/ _ Ulu vﬂ v v ;u/k . ( / ) ( I /u)ky) (3 14)
V_<1<k’[),_k‘1}>(v —+ v )+C2(g v —v)+ (v —wv .

+ G ((w=1) (¢ (k- (v+0) = B (0" + ")) + (0" = ") (k- v)o™ = (k- 0)o"))

iTh" = Pk p(ve +0),) + Cgﬁ“p)‘okpv)\vf,(vw —) 4+ G ((v“ + v/“)e”p(’)‘kpvgvg\ (3.15)

+k-(v+ v')e““p"vpv",>



and G7

; are reduced to
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Figure 2. In the soft limit, k¥ < Aqcp, the leading order contributions to the radiative semileptonic
B, — DSty processes (M ~ k~1) originate from these Feynman diagrams in the heavy hadron
effective theory.

where altb¥l = atb¥ — bra? (and is straightforwardly generalized for the anti-commutator)
and ef,. is the D* polarization vector.

4 Soft limit

Further insight on the structure of the new form factors (;_4 derived in section 3.1 can be
gained by studying the small & (soft) limit, ¥ < Aqcp, where leading and sub-leading soft
theorems [36-38] constrain the k! and k° behavior of the (;’s, relating the B — D)0y
amplitudes to the amplitudes without photon emission, B — D™*)¢5,.

The soft limit is a strict subset of the mg — oo limit, and can be described in terms
of hadron fields. This limit is accessed by matching heavy quark effective theory onto a
heavy hadron effective theory containing only the lowest multiplets. The effect of higher
multiplets are encoded in higher derivative operators. We make the SU(3)y transformation
properties of the heavy hadron fields explicit in this section.

To understand the leading, and sub-leading order, behavior we expand the matrix
element in a power series in k: M = M_; + M+ O(k), where M; ~ O(k*). In section 4.1
we compute M _; exactly, and then in section 4.2 we discuss the calculation of My and
compute explicitly the contribution to it from the magnetic dipole operator. We find that
in both cases the (;’s can be written in terms of the Isgur-Wise function.

4.1 Leading soft behavior
To explore the k~! term in the amplitude it is sufficient to study the leading order heavy
hadron Lagrangian. At this order, the interaction with the photon is described by the
mimimal coupling of the heavy hadron field to the electromagnetic field,
(D,H), = 0,H, — ieA,QupH’ (4.1)
Q = diag (40 — qu, 90 — 94, 9Q — 4s)

where a, b are SU(3)y flavor indices and gye, gqe, gse are the electromagnetic charges of the
up, down, and strange quarks, respectively. The expression e(gg — ¢,) is just the electric



charge of the heavy meson written in terms of the electric charge of the heavy quark, gge,
and the light valence quark, g,e, as it will be convenient in the matching to the heavy
quark limit expressions. The interaction Lagrangian is then

Liny = ev' A, Tr [E[ Q- H} (4.2)

With the interaction Lagrangian, along with the hadron field propagator, i/(2k - v), we
can compute the matrix element for B, — Dé*)ﬁﬂg’y, shown in figure 2. We will use
the convention B, D((z*) with ¢ = u,d,s based on the valence quark flavor to describe
different processes. The matrix element, M_;, with just the leading order contribution

from radiation off the hadron fields, is

Mli GFeVb da— o qdc—{qa v v vy | = I;L lepton

1 — c K( - ) +( B ,) )(FV—FA) U’Yu(l—’y‘r’)v—i-&_
VBTG /2 o " i
(4.3)

where M{épt on Dere is the same as in section 2, and the other two terms describe the photon

emission from the B, and the D((z*) lines, and are collectively M _;. Matching this on to the

matrix element found previously, eq. (2.9), expanded in k at this order, it is easy to confirm

that the terms o ¢, ¢, are automatically matched to egs. (3.16), (3.18), while the g, depen-

dence must be contained in T"*. Considering the B, — Dy{Dy7y case and the terms o qq,
oH o'

Gl (M - M) (V" +0") =T (4.4)

where T}/” is given in eq. (3.14). Therefore we see that

C1—>—qa£+O<Ak ) (4.5)
QCD

which justifies the extra factor of v - k in the redefinition of z(!) — ¢;. We also learn that

(2—4 are unconstrained and can begin at order O(1/v - k,1/v" - k), as we will see in the
next section. To connect to the literature [25, 26, 28], the emissions from the lepton, the
heavy quarks and the leading contribution to (; correspond to what is conventionally called
internal bremsstrahlung (IB) while O(k) contributions to (1, and (2_4, parameterize the
structure dependent (SD) contributions.

4.2 Sub-leading soft behavior

To understand the sub-leading soft behavior of (;_4 we need to study the amplitude at
order O(k®) and consider higher order operators in the heavy hadron Lagrangian. These
are effective operators with one extra covariant derivative on a hadron line, including the
magnetic dipole operator,?

e ~
Ldipole = EF;UJTT [U'LWH K H} (4.6)

p = diag(fiu, pa, ts) , (4.7)

3There is also the operator Tr [HD2H], but it does not contribute to the on-shell matrix element.
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Figure 3. Feynman diagrams contributing to the sub-leading soft, k¥ <« Aqcp, behavior of the
radiative semileptonic process B, — D,fvyy within a heavy hadron effective theory. Intermediate
excited states, B and DZ, arise from the magnetic dipole term in the Lagrangian, eq. (4.6).

which induces a transition between a D, (B,) and D} (B}). At this order there are also
corrections to the weak current operator,

Lonrent = a1.0(w v“Tr[ ’ <”’>>FH<“)]+a2,c<w)Tr (pa)rH|

C

+ a1 p(w) ' Tr [HOT D H | + agp(w) Tr [y HEOT D, H,Y | (4.8)

where D,, is the covariant derivative defined in eq. (4.1). The effect of the current correc-
tions vanishes in the zero recoil limit, v = v/, as they can be eliminated using the equations
of motion. The coefficient of the magnetic dipole operator can be extracted from the
D* — D~ rate [39] and has been also computed on the lattice [40], while the coefficients
a1—2,p—c of the current corrections are currently unknown. The O(kzo) matrix element reads

Mg GFe‘/;b _ Mgle ton
= ATH — ATE) Gy, (1 — 42 v + —20 4.9
T NG (AT, A ) ( ) e (4.9)

with ATy, 4 receiving contribution both from the dipole and the current operators above.
To investigate their structure we will focus on the magnetic dipole contribution to the
By — Dglyy amplitude [25]; the B, — Di{iyy process will be parameterically similar.
There are two diagrams contributing, one where the photon is emitted from the B, line
(transitioning to a B}) and one from the D, (to D}), shown in figure 3. Their sum read:

v M (kv ke oh ,
AT 5d1pole ;f(w){g“ <M+/‘C'U_2w>+(k-v’_k.q} k‘pl}[ U’P}
—Hg’/{ v < _k‘-v>+ V' < _k:-v’)]

ko \ ko) TE o\ ko

Ha vpo Vo Vs v v o
AT dipole = 7 &(w) [(Hw)e" P7kp (m—k.v, —(k‘ T+ )e“/) *kpvav;} (4.10)

~10 -



Upon matching these results to the (;_4(w, v - k,v" - k) form factors one find that they
receive contributions:

(=) + 5 o=k ) )+ =00 (- ) €y

ng—’jf(%_ 1/>§(w)+..., c4=*jf<kfv+k'1v,)§(w)+.... (4.11)

where the ellipsis include both contributions from the current corrections at O(k?) and
terms higher order in k. As expected, the dipole contribution to (; starts at O(k), while
the contribution to (3_4 begin at O(k™!), and are all proportional to the leading order
Isgur-Wise function.

The presence of (k-v/k-v') and (k-v'/k - v) factors in the amplitude at O(k°) is not
unexpected. Similar ratios are known to appear in the sub-leading soft limit for effective
theories with massless particles [41]. The contributions from the current operators to ATy, 4
will induce similar contributions to ¢;_4 and induce in the amplitude ratios of v-k and v’ - k.

5 Discussion

We have studied the implications of heavy quark symmetry (HQS) for radiative semilep-
tonic B decays. This study is motivated by the increase in data that will be available
from Belle IT and LHCb. Radiative semileptonic B decays are an interesting process since
they probe HQS in a different kinematic regime than non-radiative semileptonic processes.
Moreover they are a background for other semileptonic B decay measurements, such as the
extraction of V., and of the R(D(*)) ratios, when the radiated photon goes undetected. We
restricted our attention to the kinematic region where radiating the final state photon does
not change the heavy quark four velocity. In this region HQS implies a dramatic reduction
in the number of independent scalar form factors characterizing the decay amplitudes.

Throughout this paper we have worked to lowest order in the electromagnetic coupling
and neglected 1/m.y corrections. There are kinematic regions where this will not be
adequate.

For very soft photons there are infrared and collinear (with the electron) divergences
that should be resummed, and one loop corrections that should be included. However, these
effects are already well studied in the literature. NLO QED effects when the photon is soft
have been computed in [26, 27, 42, 43|, including resumming the Coulomb corrections, while
leading logs are partially resummed in PHOTOS [44, 45] (up to quadratic order) or fully via
YFS [46] in other MonteCarlo event generators such as Sherpa [47]. Several numerical
comparisons between the different predictions of these calculations have been performed
both in the B-factory [23] and LHCb [24] kinematic regimes.

It is therefore important to compare our calculation with the approximations currently
used by LHCb and Belle IT in simulating semileptonic B decays. Experiments are currently
using PHOTOS to generate radiated photons in semileptonic B decays (with the LO process
usually generated by EvtGen)* and also include photons from B — (D* — D~)/iy as a sepa-

4The program BLOR which include several effects neglected in PHOTOS was also available during the past
B factory runs [26]. As there are no current plans for Belle II to use it, we will not discuss it any further.

- 11 -



< fewxT'p«). PHOTOS generates
(multi-)photon radiation starting from a non-radiative decay event in the leading logarith-

rate process with the D* (quasi) on-shell (i.e., |mpy—mp-

mic approximation, extrapolated over the whole kinematic space allowed for photon emis-
sion, and neglects the interference between amplitudes where the photon is radiated from
different charged legs. In the language of this paper, it is equivalent to setting (i (w,v-k, v’
k) = —q&(w), Co—a(w, k- v, k-v") = 0, neglecting the f term in Mjepton and neglecting the
interference between Micpton and Mijght + Mheavy in |M|?. Furthermore, since the photon
radiated from a charged D™ is produced by a deformation of the kinematic configuration of
the non-radiative process, for these diagrams the leading order Isgur-Wise function is eval-
uated at a different recoil parameter point w = (m% —i—mQD(*) —(pB —pD(*)7)2)/(2mBmD(*> ).
However the difference @ — w is O(v() - k/mp p) and therefore higher order in 1/mp.

The novel element of this paper is a compact parameterization of contributions to the
radiative semileptonic B — D) ¢,y process in the region where the photon probes the
structure of the heavy mesons, in the form of the (currently unknown) functions (j_4.

The effect of (14 (and other effects missing in PHOTOS) can be included in current
event generators via, e.g., event reweighing with tools such as Hammer. The relevant helicity
amplitudes, together with a numerical study of the size of the effects that {;_4 may induce
in semileptonic measurements, along the lines of [24], will be presented elsewhere.

We have also studied the low photon energy, £ < Aqcp, behavior of (14 and found that
the leading order, in k behavior is determined by the Isgur-Wise function. The sub-leading
contributions can be captured by the magnetic moment, p, and four Wilson coefficients
aj-2p— which are functions of the recoil parameter w. (u is constrained by the D* — D~y
width.) In particular, the results of section 4, together with the bookkeeping procedure
used by experiments to account for photons originating from on-shell decays of D* — D~y in
separate event samples, imply that, in practice, the magnetic dipole contributions to the SD
form factors are never dominant. Away from the D* peak in the (D) mass distribution the
current corrections are expected to contribute to the same level (or even be parametrically
larger when the photon energy drops below the D — D* (B — B*) mass gap as the dipole
operators will be further suppressed by the mass gap).

There are various avenues to further pursue the study initiated here. For example,
translating these results to a form that can be directly used by the experiments, and quan-
titative estimation of the impact of (;_4 on the semileptonic analyses as already mentioned
above. With enough data Belle II can tag the photon and constrain (;_4. In practice a
suitable parameterization of the (’s amenable for fitting should be found. Study of radiative
semileptonic transition can also be performed for other heavy hadrons, such as Ap — A lv.
There are also more interesting field theoretical questions such as how to describe harder
photon radiation in heavy quark effective theory. If the photon is sufficiently hard, the
heavy quark line will have two cusps, one due to the weak vertex and one due to photon
emission.
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A General form factor expressions

For B — D/yy the most general parameterization of the form factors read [28]:

fe]

Ko =5 (05 —appy ) (7o) (P +07) + ) (7= 0%)) - (a)
K&’gD:VP (kﬁva—go‘ﬁk-v)—l—VQD (/cﬁv’o‘—go‘ﬁk-v’)

+ (V;;DU"B + V4Dvﬁ) (v - v — V" ) (A.2)

K = (A.3)
in:gD = A?eaﬁk” + Ageaﬁkvl + A?,Dvﬁeo‘k”“, + A4Dv"860‘kv”l (A.4)
where we have used v* = p%/mp, V'Y = pD/mD and the notation for the Levi-Civita
tensor €20k = APy kP, In the region k- v < mp,c) explored in this work, HQS fixes

the new form factors to be:

= (o — (w—1)(y, VP =~ — (w - 1)¢,
SD SD
D _ B D _
Vs© = k- vk v G Vit = k- Uk v ;T (A-5)
AP =G — (1 4+ w), AD = ¢+ 1+ w)y,
AP = —(3+ G, AR =G+, (A.6)

where we have defined (PP to be ¢ — (1B with (IB = ¢, [(v/ - €)/(v- k) — (v-€) /(v - k)]E(w).

The general parameterization for scalar to vector radiative semileptonic transitions
are not present in the literature and we have derived them here. There are 12 structure-
dependent form factors for both the vector and axial amplitudes. Therefore, for B —
D*lvpy the most general parameterization of the form factors read:

ra a
iKY = (QD ,: — 45 ,: )g(w)eﬁ““'%* (A7)
iK\C;,BSD _ VID* < agBkveh. | L. veaﬂveD*) +V2D*u5v-5}‘3*€ak””’

+ VP (6’,50‘ PR Lk eh, 60‘6””/> + VP (v -0 — 0%k - v) Pvv'es

+ V5D*€a5ke*m + <V6D*€oz,8kv + V7D*6aﬁkv’) kb

+ (VsD*vB i VQD*U’B> kel | (Vfg*vﬁ n ‘/111)*”/5) cOkV'ET

+ VB v ek PR (A.8)
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o a
K3is = % ((JD*,:_U, = qgé{y)

X (f(w)af)ﬂ* +aq(w) (vﬁ + v’ﬁ) v-epe + a_(w) (vﬂ — UIB) - E*D*) (A.9)
KA’SD—AD B (0K v — vk -v) + AD” (gaﬁk-aE*—s*D‘ikﬁ)

+ ADTEP (vOk - e — 0k - v) + ADTEP (V) - el — ek - 0)

+ AP - e (kﬁva —gaﬁk'v) + AP v - e, (kﬁv'a— aﬁk-v')

+ AP (0K - el — ek - v) + ADTOP (v /o‘k-e*D* epyk - v)

—I—Ag*vﬁv-a’b* (V% - v — 0"k ) + ARV (0 - €5 — 1Sk - v)

+ AP (ke — Sk ) + AR WPy el (v 0 — 0"k -v)  (AL10)

Matching the amplitudes studied in this work in the region kv < mp,¢) to the most general
parameterization, one finds that HQS fixes the new form factors in B — D*{iyy to be:

Vi = —G + G, VP = ¢ — (w—1)¢
SD
D 1 D* 2
Vi :m—@n V' = (w—1)G —w@3+ G
VP = —Go+wi — G, VR = —C +wis + G,
VD =G - G, VB =G -G,
Vi =V =V =1 =0, (A.11)
sD
AV =~ D+ 6 AP = (1w - (w16,
AP = (35— (a, AP =G —wG — G,
A%)* = _C3 + <47 Ag* - _CZ + U)C3 + <4a
AR = —G +wi — G, AR = G -,
SD
D* 1 D* * *

B Matrix elements for other Dirac structures
Here we provide the matrix elements Tlg*) # for B — D™ for the remaining Dirac structures
I' = 1,~°,0%7, labeled as S, P, T respectively. For B — D they read:

n vt v 7 e
TS:(w+1)C1<k o _k)+C2 (’U]C 'U k’l))
—iTh = ((w — 1)¢3 — () Pk 0PV

o ' oM .
—iTEP = ¢ (k i M) 'V yP)

e (v“v’[l’k”] 1ol iel - ghl (v’ﬁ]k vk — (w+ 1)kp])>

+(3 [U'“ ((v’ —wu)VE = (k-0 ) + v ( v — w0 )R — (ko) [”v”’])
+ gl (k (v —w ) + k- (V) — wo)?) 4 (w? 1)kp])

t+ Cu (W4 0P (0 = o) = (k- (0 +0))g"¥ (0 = v')7T) (B.1)
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and for B — D*:

ST = (

TS*N _ <-2€,uupaky (1) +U/)p€*D* .— (3 (U . E*D* )elll/PUkVUpU;.

+ Gk (0 etlPody o e

I 1
A v) V-Ep- —i—Cgk”(v—v’)[“sBﬂ

kv kv
+ G kY (U[“v”’]v-aj‘j* —(w— 1)(v+v’)[”€gj)

't oM
) ePTN(V40) g x4 C3 P kgl (v — v’)[”a*D’ﬂ

kv kv
+ (k7 (ngfe"]”pA (v+0")r+ (v —v)Verlrodren, )\) (B.2)

+ ke [(’U —i—v')["“ (g”] [”ep]aﬁ’\vav% +eolvPA _ ea}a’\[”v"]vg) + /[y e”pa)‘vgt} .
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