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ABSTRACT: N = 4 Supersymmetric Yang-Mills (SYM) theory can be defined on a half-
space with a variety of boundary conditions preserving scale invariance and half of the
original supersymmetry; more general theories with the same symmetry can be obtained
by coupling to a 3D SCFT at the boundary. Each of these theories is characterized by
a quantity called “boundary F”, conjectured to decrease under boundary renormaliza-
tion group flows. In this paper, we calculate boundary F for U(N) N = 4 SYM theory
with the most general half-supersymmetric boundary conditions arising from string theory
constructions with D3-branes ending on collections of D5-branes and/or NS5-branes. We
first perform the calculation holographically by evaluating the entanglement entropy for
a half-ball centered on the boundary using the Ryu-Takayanagi formula in the dual type
IIB supergravity solutions. For boundary conditions associated with D3-branes ending on
D5 branes only or NS5-branes only, we also calculate boundary F' exactly by evaluating
the hemisphere partition function using supersymmetric localization. The leading terms
at large N in the supergravity and localization results agree exactly as a function of the t’
Hooft coupling A.
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1 Introduction

Conformal field theories in various dimensions may be characterized by a parameter, some-
times known as F' or “generalized F,” that characterizes the number of local degrees of
freedom [1-6]. This is equal to the central charge ¢ for two-dimensional CFTs, and the
Weyl-anomaly coefficient a for four-dimensional CFTs. In general, F' may be defined from
a regulator-independent term in the sphere free-energy, or alternatively from a universal
term in the vacuum entanglement entropy for a ball-shaped region. The F parameter is
conjectured to decrease under renormalization group (RG) flows between conformal fixed
points. This has been proven in two, three, and four dimensions as the c-theorem [1],
F-theorem [2, 3, 7], and a-theorem [4, 5], respectively.

A similar parameter, boundary F', may be defined for boundary conformal field theories
(BCFTs) [8-11].1 It can be understood as a measure of the number of local degrees of free-
dom associated with the boundary.?2 Boundary F may be defined from the partition func-
tion of the BCF'T on a hemisphere, or from the vacuum entanglement entropy of a half-ball
centered on the boundary. It is conjectured to decrease under boundary RG-flows (where a
UV BCEFT is perturbed by a relevant boundary operator) [11, 16-19]; this has been proven
as the g-theorem in two dimensions [8, 9, 20] and the b-theorem in three dimensions [21, 22],
but remains a conjecture (the boundary F' theorem) for four-dimensional BCFTs.

It is interesting to characterize the possible BCFTs that are associated with a particular
bulk CFT, and specifically to understand which values of boundary F are possible. This is
understood for minimal model CFTs in two dimensions, but relatively few results are avail-
able for more complicated CFTs or CF'Ts in higher dimensions. The main goal of this paper
is to investigate the possible values of boundary F in a very special higher-dimensional ex-
ample where we take the bulk CFT to be U(N) N = 4 Supersymmetric Yang-Mills (SYM)
theory and we constrain the BCF'T to preserve half of the supersymmetry.

This rich class of theories was classified by Gaiotto and Witten in [23, 24]. These
theories preserve an OSp(2,2[4) subgroup of the original 4D superconformal symmetry
group PSU(2,2|4); they are four-dimensional BCFTs with the maximum possible super-
symmetry. Many of these theories describe the decoupled low-energy physics of coincident
D3-branes in type IIB string theory ending in various ways on stacks of D5-branes and
NS5-branes, possibly with additional D3-branes stretched between the fivebranes, as de-
picted in figure 1. As for their N' = 4 SYM parent, the associated half-supersymmetric
BCEF'Ts are holographic; their vacuum states are dual to solutions of type I1IB supergravity
preserving SO(3) x SO(3) x SO(3,2) symmetry. These solutions were described in [25-28].

"We recall that a BCFT is a local quantum field theory defined on a manifold with boundary such
that the theory on a half-space preserves the conformal invariance of a CFT in one lower dimension (see
e.g. [12-15]). Each BCFT is associated with some bulk CFT which governs the short-distance behavior
of local bulk correlators. Some BCFTs may be naturally understood by starting with this bulk CFT and
choosing some boundary conditions for the fields. More generally, we can couple in (arbitrarily numerous)
additional boundary degrees of freedom.

2This quantity can be negative; in this case, we can understand the boundary condition as removing
some of the bulk degrees of freedom near the boundary.
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Figure 1. D-brane construction of a half-supersymmetric BCFT whose bulk CFT is N’ =4 SYM
theory.

In this paper, we calculate boundary F' for general OSp(2,2[4)-symmetric BCFTs
whose bulk CFT is U(N) N =4 SYM theory. First, we perform a holographic calculation,
making use of the Ryu-Takayanagi formula to calculate the vacuum entanglement entropy
for a half-ball. This was done in [11] for a particular type of boundary condition associated
with nk D3-branes ending on k D5-branes;® we extend these calculations to the most
general case, arising from the brane construction in figure 1 with arbitrary numbers and
configurations of branes. The result is given as equation (4.19) in section 4.2.

Next, we calculate boundary F' exactly by evaluating the hemisphere partition function
using supersymmetric localization, for the class of boundary conditions arising from D3-
branes ending on only D5-branes or only NS5-branes, in all possible ways.? These results
are given as equation (5.33) for boundary conditions associated with NS5-branes and (5.35)
for boundary conditions associated with D5-branes.

We compare the localization results, which should be exact, to the supergravity cal-
culations, which are expected to be valid at large N and large 't Hooft coupling A\. The
results agree precisely in a limit where a certain set of integers characterizing the theory
(roughly, the number of D3-branes ending on each fivebrane in the string theory picture
and the nonzero differences between these numbers) are large. Perhaps surprisingly, we
find that this agreement holds exactly as a function of the ’t Hooft coupling A, suggesting a
non-renormalization theorem governing the o’ corrections in the string theory calculation.

Making use of our results, we analyze in section 6 the distribution of possible values
of boundary F for various classes of boundary conditions. For the most general boundary
conditions associated with D5-branes and NS5-branes, we can have arbitrarily large values
of boundary F for a given N and ), in accord with the fact that we can couple in an
SCFT with an arbitrarily large number of degrees of freedom. For the theories associated
with NS5-branes only or D5-branes only (which may be interpreted as boundary conditions
for ' = 4 SYM theory without added degrees of freedom), we find that boundary F' is
bounded, but can take positive or negative values. For boundary conditions associated with
D5-branes only, we find that F' is typically negative at small t Hooft coupling, consistent

3Similar calculations were performed in [29] for 3D superconformal theories and in [30] for 3D BCFTs.
4Localization calculations of F for related 3D SCFTs were performed in [29], and calculations of the
interface entropy for supersymmetric Janus interfaces in 4D N = 2 SCFTs were performed in [31].



with the fact that these boundary conditions are associated with scalar vevs that diverge
near the boundary and give spatially dependent mass terms that effectively remove some
of the bulk CFT degrees of freedom. For NS5-brane boundary conditions, we find that
boundary F' is positive for small A but that an increasing proportion of these boundary
conditions become negative as A grows.”

The plan for the rest of the paper is as follows. In section 2, we review the definition
of boundary F' and of the various BCFTs descended from N' = 4 SYM theory that we
consider. In section 3, we review the solutions of type IIB supergravity dual to the vacuum
states of these theories. In section 4, we present our holographic calculation of boundary
F', which we extract from the holographically-computed vacuum entanglement entropy for
a half-ball centered at the boundary. In section 5, we present the localization calculation
of boundary F' for the boundary conditions associated with NS5-branes and D5-branes
and compare this with the supergavity results. In section 6, we analyze the results to
characterize the possible values of boundary F'. We conclude in section 7 with a discussion.
Various technical aspects of our calculations are presented in appendices.

2 Background

In this section, we review some relevant background material on boundary F' and on half-
supersymmetric BOFTs associated with the A/ =4 SYM theory.

2.1 Boundary entropy and boundary free energy

In a d-dimensional CF'T, the vacuum state entanglement entropy of a ball-shaped region
of radius R has the general UV divergence structure
4(-1)FAln(R/e) 2|d

S[BEY = ag_a (R/e)" % + ag_a (R/e)" +... + B

(-1)FF 2¢d’ (21)

where € is a UV regulator. The coefficients a; are generally scheme-dependent, and arise
from integration of local geometric quantities over the entangling surface, while the coeffi-
cients A and F' are universal, i.e. independent of the regularization scheme. In particular,
the quantity A coincides with the A-type trace anomaly in even dimensions, while F' is the
sphere free energy F'= —In Z [Sd]; this equivalence is established by the relation

S[Bﬁl%_l]univ =In Z[Sﬁl{]univ (22)

of Casini-Huerta-Myers for sphere entanglement entropy and the sphere partition function
in CFT [32]. These universal terms are conjectured to be RG monotones in arbitrary
dimension [6, 33-35]; this has been proven in dimensions d = 2,3 and 4, with the results
referred to as the (Zamolodchikov) c-theorem [1], the F-theorem [2, 3, 7], and the a-
theorem [4, 5] respectively. The conjectured extension to arbitrary dimension is sometimes
referred to as the generalized F-theorem.

SFor A > 47N, we can make an S-duality transformation that maps a theory with NS5 boundary
conditions to a theory with D5 boundary conditions and A < 47N, so it is expected that the proportion of
NS5 boundary conditions with negative boundary F' grows with \; likewise, the proportion of D5 boundary
conditions with positive boundary F' should grow with A.



Figure 2. Set-up for calculation of boundary F', showing the entangling surface for a half-ball
region centred at the boundary for a BCFT on half of R%1.

In the BCFT case, we may instead consider the entanglement entropy of a half-ball
region centred at the BCFT boundary (see figure 2). The entanglement entropy now has
divergences of d-dimensional and (d — 1)-dimensional origin, taking the form

N i R (R J D T AR+ ()T F 2
SUB = tama (RO Qa1 +”'+{4(—1)d53;11n(3/e)+(—1)d?p 2td’
(2.3)

The coefficient F' in this expression is not universal, insofar as the logarithmic term changes
by a constant when we change regulators. However, by analogy to the 2-dimensional
case [36], we may define the “boundary entropy”

Sa(R) ES(BCFT)[ Bd 1] CFT)[Bd 1] (2'4)

S(CFT) denotes the entanglement entropy calculated in the ambient CFT for a region

where
far from the boundary.® Given that the divergences with d-dimensional origin cancel in

this subtraction, we recover boundary entropy of the form

_ s 43 4 s N (-7 F 2[d
So(R) = Gg-3 (R/€)" " + da—s (R/€) +"'+{4(_1)d “Am(Rj) 21d (2.5)

In particular, F and A are universal terms appearing in the expression for Sa(R). The
coefficient A occurring for odd dimensions is related to the boundary Weyl anomaly in
BCFT, using a similar argument to that of [32] (see also [18, 22, 37, 38]). In general, as
for the CFT case, the boundary entropy can be related to the logarithm of the partition
function via

So(R)univ = (mzms;g] - éan[sgi]) . (2.6)

univ

5Tn practice, S (CFT) may be calculated in the theory without a boundary. For example, in our holographic

(CFT)

calculation, we compute S using the RT formula in the AdSs x S° geometry.



This quantity has also been conjectured to satisfy an RG monotonicity theorem in various
dimensions [11, 16-19] (see [39-41] for proposed holographic g-functions); this has been
proven in dimensions d = 2 and d = 3, with the results referred to as the g-theorem [8, 9, 20]
and the b-theorem [21, 22].”

In this paper, we will be specifically concerned with the case d = 4, where we have

R
So(R) = S1— + Suniv - (2.7)

Defining
Fy = — Suniv ) (28)

the universal quantity Fjy appearing in the boundary entropy is referred to as “boundary
F” or the “boundary free energy”. The boundary free energy was conjectured to satisfy
an RG monotonicity theorem in [11, 17]. Note that we may extract Fj from the boundary
entropy by

/o d
Fp = lim <RdR _ 1) So(R). (2.9)

In the d = 4 case, one finds exactly [38§]
. 1
Fp = —lim (1nZ[HS§§] -3 1nZ[S;§]> : (2.10)

2.2 Half-supersymmetric BCFTs from N = 4 SYM

In this section, we review the boundary conformal field theories constructed from N = 4
SYM that preserve half of the supersymmetry and an OSp(2,2[4) subgroup of the super-
conformal symmetry group PSU(2,2[4) of N'=4 SYM. The classification of these theories
is due to Gaiotto and Witten; see [23, 24] for details. Our conventions are similar to those
of [42].

Starting with the 4-dimensional N = 4 SYM theory on R*!, we can introduce a planar
boundary at x3 = 0, and consider boundary conditions preserving the subset of conformal
transformations which leave this plane fixed. Specifically, we are interested in half-BPS
boundary conditions which preserve a OSp(2,2|4) superconformal subgroup of the initial
superconformal group PSU(2,2[4). We will also consider the addition of extra degrees of
freedom at this boundary such that the full theory preserves the same symmetry.

The bosonic sector of the residual symmetry group corresponds to

50(2,3) X 50(3) x 50(3). (2.11)

To reflect this reduction in R-symmetry, it is convenient to decompose the scalars ®° of
the N/ = 4 theory as triples

(X1, X%, X% = (4,9°,9%, (Y'Y Y?) = (97, 9% 9%, (2.12)

"In fact, the b-theorem establishes the monotonicity of the Weyl anomaly coefficient on a dimension-2
submanifold in arbitrary dimension.



and the fermions as®

1
\If:t = 5 (1 + F3456) v, (2.13)

The 4-dimensional AN/ = 4 vector multiplet decomposes with respect to the reduced sym-
metry group into two different multiplets, naturally interpreted from the perspective of the
3-dimensional N = 4 supersymmetry algebra as

hyper : ¥_, Az, X°, vector : Wi, Ag12, Y. (2.14)

The various theories we consider arise from the low-energy physics of string theory configu-
rations with D3-branes ending on and stretched between both D5-branes and NS5-branes.
We consider first boundary conditions involving only D5-branes or only NS5-branes before
considering the general case.

Single NS5-brane boundary conditions. For the boundary condition corresponding
to D3-branes ending on a single NS5-brane in the 012789 directions, Neumann boundary
conditions are imposed on the 3-dimensional vector multiplet and Dirichlet conditions on
the hypermultiplet, i.e.

NS5 : Py, =X'|=DsY'|=0, V¥_|=0. (2.15)
Here, the vertical line denotes that the fields are evaluated at x3 = 0.

D5-brane boundary conditions. For boundary conditions associated with the D3-
branes ending on one or more D5-branes in the 012456 directions, we have a Dirichlet
condition on the 3-dimensional vector multiplet and a (generalized) Neumann condition on
the hypermultiplet,

{
D5 FHV‘ = D3XZ‘ - ieijk[Xjan” = Y;’ = O, \Il—l-‘ =0. (216)

This is a generalization of the Dirichlet boundary condition, sometimes referred to as a
“Nahm pole” boundary condition, since the scalar fields X* are seen to satisfy the Nahm
equation in the vicinity of the boundary, with solution
N o .
Xi=",  [tht] =itk (2.17)
T3

Here t* can be SU(2) generators in an arbitrary N-dimensional representation. Choosing
the irreducible representation gives a boundary condition that corresponds to N D3-branes
along the (0123) directions ending on a single D5-brane. The non-commuting configuration
of scalar matrices describe a non-commutative geometry corresponding to a string theory
picture where the D3-branes flare out to form a “fuzzy funnel” [43] as they approach the
Db5-brane.

8Here, our notation reflects the fact that N/ = 4 SYM theory may be understood as the dimensional

reduction of ten dimensional supersymmetric Yang-Mills theory. There exists a family of inequivalent
OSp(2,2[4) subalgebras related by U(1) outer-automorphisms of psu(2,2|4) [23], and we are choosing a
particular one which preserves SUSY generators satisfying

F34566 =£.



Taking t* to correspond to a more general reducible representation of the SU(2) with
irreducible representations of size p; gives a boundary condition related to a more general
brane configuration where groups of p; D3-branes each end on a single D5-brane.

General D5-NS5 boundary conditions. We now describe the more general theories
that arise from configurations with both D5-branes and NS5-branes. It is convenient to
consider first Nps D5-branes and Nygs NS5-branes at distinct locations in the z? direction,
with the D5s stretched along the 012456 directions and the NS5s stretched along the 012789
directions. Next, we consider N semi-infinite D3-branes stretched in the 0123 directions,
extending to z3 = oo, each ending on some fivebrane. Finally, we can have additional
D3-branes of finite extent in 3 stretched between some of the fivebranes. An example is
shown in figure 3.

As explained in [24], the low-energy physics of such configurations does not depend
on the specific positions of the fivebranes along the z3 direction, and is even unchanged
if we rearrange the fivebranes relative to one another, taking into account the fact that
when a D5-brane is moved past an NS5-brane towards the direction of larger =3, we create
and additional D3-brane stretched between the D5 and NS5 [44]. We consider brane
configurations related by such rearrangements as being part of an equivalence class.

The distinct IR superconformal BCFTs that can arise from these brane configurations
are in one-to-one correspondence with equivalence classes that obey certain additional
constraints [24].° The distinct theories satisfying the constraints may be represented by
brane configurations of the type shown in figure 3, where we have n; D3-branes immediately
to the right of the ith NS5-brane counted from the left, and M; D5-branes that intersect
these, with the constraint that

Mi Z 2’/11' — Ni+1 — Ni—1 1=1... NNSS —1 (218)

taking ng = 0. Additional D5-branes sit to the right of all NS5-branes, and we have a
constraint that the net number of D3-branes ending on each D5-brane from the right (i.e.
the number on the right minus the number on the left) increases from left to right.

The constraints (2.18) are equivalent to the requirement that by moving all D5-branes
to the right of all NS5-branes (while preserving their order) as in figure 3 (bottom), the net
number K; of D3-branes ending from the right on the ith NS5-brane (starting from the left)
is positive and non-decreasing with i. By construction, the net number L; of D3-branes
ending from the right on the ith D5-brane (starting from the left) is also non-decreasing
with 4, and satisfies f)i > —Nyg5. The quantities L; = I:l- + Nngs5 are then positive and
increasing with 4; the action of S-duality simply exchanges {K;} <» {L;}. The parameters
K; and L; (or alternatively L;), known as “linking numbers,” are closely related to the
parameters appearing in the dual supergravity solutions.!?

We can read off the linking numbers without reordering the branes by defining K; in
general to be the net number of D3-branes ending on the ith NS5-brane from the right

9Configurations which do not obey the constraints may fail to have a supersymmetric vacuum or may
give rise to theories which factorize into a superconformal BCFT and some other 3D SCFT.
%Here, the parameters (L;, K;) were introduced in [24] while the alternative (L, K;) were used in [27].



plus the total number of D5-branes to the left of this NS5, and defining L; to be the net
number of D3-branes ending on the ith D5-brane from the right minus the total number
of NS5-branes to the right of this D5. With this definition, we can check that the linking
numbers do not change as we move a D5-brane past an NS5-brane. It follows that the
NS5-brane linking numbers K; can be expressed in terms of M; and n; as
i—1
Ki=ni—ni_1+ Y M. (2.19)
j=1
Conversely, we have that M; is the number of D5-branes with linking number L = i — Nxgs

while '
J
nj =Y (K;+ (i—j)M,), (2.20)
i=1
so the requirement that n; should be positive may be expressed as a constraint on the
linking numbers.
It will also be useful to note that the rank of the gauge group for our N' = 4 SYM

theory is related to the linking numbers by
N=>Ki+> L. (2.21)

We can understand the field theory corresponding to such brane configurations as
follows [24]. The semi-infinite D3-branes give rise to the bulk A/ = 4 theory. Some subset
of these end on D5-branes, so we have D5-brane boundary conditions as above for a subset
of fields. These break the gauge symmetry from U(N) to some subgroup U(n) where
N = NNyg; corresponds to the number of D3-branes intersecting the rightmost NS5-brane.
The simplest situation is where these n D3-branes simply end on a single NS5-brane with
no additional branes to the left. This defines some particular BCFT with unbroken U(n)
gauge symmetry. The more general theories can be understood as coupling this theory to
a 3D SCFT with global U(n) symmetry, arising from the low energy dynamics of the brane
configuration between the leftmost and rightmost NS5-brane.

The 3D superconformal theories that are coupled at the boundary arise from the IR
limit of certain 3-dimensional linear quiver gauge theories [24, 28|, where we have gauge
group U(ng) X -+ X U(nnygs—1), and

e One 3d NV = 4 gauge multiplet for each gauge group factor U(n;) (coming from strings
that start and end on D3-branes stretched between NS5s)

e One 3d NV = 4 bifundamental hypermultiplet for each neighboring pair of gauge group
factors U(n;) x U(n;+1) (coming from strings that begin and end on D3-branes on
either side of an NS5-brane)

e One 3d N = 4 fundamental hypermultiplet for each D5-brane between NS5-branes
(coming from 3-5 strings)
o An additional n 3d V' = 4 hypermultiplets in the fundamental of U(nyyg,—1)-

We have a global symmetry {[[, U(M;)} x U(n) under which the various fundamental
hypermultiplets transform. See [24] for additional details.
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Figure 3. Top: general brane configuration associated to a half-supersymmetric BCFT whose
bulk CFT is N/ =4 SYM theory. For this configuration, we have 7 = (2,4,3,4) and M = (1,3,1).
Bottom: the same configuration after a rearrangement of branes. Linking numbers K; and L; for
the fivebranes are shown. (Apologies to M.C. Escher.)

3 Dual gravity solutions

Through the AdS/CFT correspondence, the vacuum states of the OSp(2, 2|4)-symmetric
BCFTs descending from U(N) N = 4 SYM theory correspond to OSp(2,2|4)-symmetric
solutions of type IIB supergravity. The general local solutions with this symmetry were
constructed by D’Hoker, Estes, and Gutperle in [25, 26] by solving the BPS equations. The
SO(3,2) x SO(3) x SO(3) global symmetry is reflected in the fact that the solutions are

AdS, x 5% x 57, (3.1)

fibered over a Riemann surface . Such solutions turn out to be uniquely characterized by
specifying a pair of harmonic functions hi, hs on 3. The requirement that the solutions
are non-singular imposes the extra constraint that the poles of h; lie on the boundary of
>, and flux-quantization conditions place additional constraints on the locations of these
poles. Ultimately, the harmonic functions h; and thus the entire supergravity solutions are
determined by the locations of the poles.

This set of solutions includes geometries dual to the BCFTs we are interested in,
but also geometries dual to NV = 4 SYM theories with planar codimension-one defects
or interfaces between N' = 4 SYM theories with different parameters. Those solutions
corresponding to the BCEFT case were specifically analyzed in [27] (see also [28]).

3.1 General local solution

We now review explicitly the solutions of [25-27]; our conventions for type IIB string
theory parameters and their relation to N’ = 4 SYM theory parameters are summarized in
appendix A.



To describe the solutions, we take X to be the first quadrant of the plane, with complex

coordinate w = re’ = z + iy and metric

ds% = 4p*|dwl|?. (3.2)

The solutions are expressed in terms of harmonic functions hq, ho on X.
The full metric for the ten-dimensional solution takes the form

ds = f3ds3s, + fRds2s + fidsty +ds?, (33)

where f1, fo, f4 are real-valued functions on ¥, and dsZAds . and dsgg are metrics for AdS,
and two-spheres with unit radius. '
The metric functions and dilaton field can be expressed via a set of real functions

W = 0yh10ghs + Owhodghi N; = 2h1ho|Owhi® — h2W  (i=1,2) (3.4)
in terms of which the dilaton is N
e2® = ¢ = ﬁj ) (3.5)

and the Einstein frame metric factors are

_2/—=NoW @ W e W e [ Ny
pP=e e ff:Qezh%,/—E, f3 =2e zhg,/—m, fi=2e 2’/_W‘
(3.6)
The solutions also have a non-trivial NS/NS three-form field strengths and RR three-form

and five-form field strengths. We do not need these for our analysis, but review them in
appendix B for completeness.

3.2 Supergravity solutions: AdSs x S®

It is useful to begin by describing the solution corresponding to AdSs x S°. Making use of
polar coordinates on X, we have

L2 1 T T0 L2 . r To
h1—4\/50089<r0—1—r> , hg—z 981n0<m+r> (3.7)
where g is the string coupling. Using
171 1,
0u00f = 1 [;0:00.) + 5k (39)
we find that
L 1 L8 (r* +rp)"
= ——_«in(20 Ny = g’Ny = —— sin(20) 2" . :
w 62 sin(26) , R g°Ny 102478 sin(26) G (3.9)

This gives a constant dilaton e2? = e® = g and a metric

d 2 2 2\2 1
dr® (" 415)” (2(du2_dt2+d52)>”.
u

2 12 2 .2 2 2 2
ds? =1L {[d@ +sin® (6)dQ3 +cos(6)d03 ] + | R
(3.10)

~10 -



The first term in square brackets is the metric of a unit five-sphere while the second term
in square brackets is the metric for AdS5 with £aqs = 1; the latter can be checked by the
change of coordinates

2rro r? — r%
Z:ur2+r(2] T :uirg_i_r2 , (3.11)
after which this factor becomes
1 2 2 2 -2
;(dz +dat — di? + d7?) . (3.12)

We see that the parameter L corresponds to the AdS radius in Einstein frame, the param-
eter g corresponds to the string coupling, and the parameter rg is only associated with our
choice of coordinates, with r = r¢ corresponding to the plane z; = 0 in Fefferman-Graham
coordinates.

3.3 Supergravity solutions: general BCFT solutions

The general solution we consider may be expressed most simply using Cartesian coordinates
on the first quadrant as'!

hlzn@i e <A (z+14)% + 92
2 g 45 ve \(@—1a)?+y?

f? 2 22+ (y + ki)’
=T s (LW B )
ha="5 \/§y+4%:d3\/§n<x2+(y_k]3)2

(3.13)

We see that 14 give the location of poles of h; on the x axis, while k4 give the location of
poles of hg on the y-axis.
Near r = oo, these functions asymptote to

h —ﬁ z —1—12 la|cosf+O(r?)
1—\/§ 5" TACAA r
il

) (3.14)
hy = £2,/g <27“ +- ZB:dBkB> sinf +O(r~?).
Using these asymptotic expressions in the general equations for the metric and dilaton, we

find that the asymptotic metric is AdSs x S°, with Einstein frame AdS length

L* = 4nrd (Z cala+d dBk:B> (3.15)
A B

and asymptotic dilaton e® = ¢. In the asymptotic AdSs x S° region, our coordinate choice
here matches with the coordinates of the previous section if we choose
L2

o= 2702

(3.16)

nHere, we assume that [4 and kp are distinct. Alternatively, we could omit the coefficient c4/ Va9 and
dp+/g (which we will see are quantized in string theory solutions) and allow specific las to appear with
some multiplicity. The solutions described in [27] have set g = 1; we have used the symmetry ¢ — & + ¢o,

By — % By, Cy — e~ %0}y to write the solution for general asymptotic string coupling g = e®>.
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Figure 4. Left: the dual geometries are AdS, x S? x S? fibered over the quadrant shown, with the
first and second S2s contracting to zero on the y and z axes respectively. Right: the geometries can
be understood as corresponding to a portion of Poincaré AdSs x S® with Poincaré angle 6 > 6.,
capped off by an “end-of-the-world” brane (shaded grey region) where the internal space degenerates
smoothly. Arcs for large r correspond to AdS, x S® slices of the AdS® x S° region.

From (A.5), the rank of the gauge group is related to the parameters in the solution by

N=> cala+) dgks. (3.17)
A B

As shown in figure 4, the large r part of the geometry (where r is the radial coordinate
on the quadrant) corresponds to a portion of Poincaré AdSs x S° with Poincaré angle near
7/2. From (3.11) we have that the Poincaré angle is related to r by

1/r 70
tanf = - (— — 2. 1
an 2<T0 T) (3.18)

The small r region corresponds to an “end-of-the-world” brane in the full geometry where
the internal space degenerates smoothly, apart from D5-brane throats associated with the
singularities at * = l4,y = 0 and NS5-brane throats associated with the singularities at
y=ka,z=0.

Using (A.8) and the result (4.14) from [27] for the flux integral, we find that the number
of units of D5-brane flux associated to the singularity at [4 is

N Lo (3.19)
V9

Similarly, from (A.9) and the result (4.13) from [27], we have that the number of units of
NS5-brane flux associated with the singularity at kp is

NE = Jgdp . (3.20)

By analyzing the five-form fluxes in the solution, [27] determined that the number of units
of five-form flux (the flux associated with D3-branes) per fivebrane coming from the D5-
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branes in the Ath stack and the NS5-branes in the Bth stack are

L2 k
N£3 =14 — p ZNISI];% arctan (gﬁ) .
B

A
B 2% W b
Nps =kp+ — ZND5 arctan | g—— (3.21)

where we have defined kg = kp/\/g and [4 = Vola.

In string theory, N ‘33 and N 53 should be quantized, so while we have a supergravity
solution for any choice of {l4} and {k4}, the allowed values corresponding to string theory
solutions are discrete. We see that for small g, the parameters [4 and kp should be integers
up to small corrections.

3.3.1 Relating supergravity parameters and gauge theory parameters

As pointed out in [27], it is natural to identify the numbers on the left in (3.21) with the
linking numbers that specify the BCFT,'? where we have

{L;} = {N A, with multiplicity N](DI?))}

{K;} = { NB; with multiplicity N} } . (3.22)
Alternatively, we can take 4 with multiplicity N]()‘g) and kp with multiplicity Ngg% in
the original definition of h;, setting ca/\/g = dp./g=1. In this case, we find the original

linking numbers (L 4, K 4) of Gaiotto and Witten can be related simply to the supergravity
parameters as

2 l
Ly :\/§ZA+7TXB:arctank’;.

kp 2 kp
Kp = 7 + - ZA:arctan e (3.23)
The sum in the first expression has a geometric interpretation as the acute angle between
the x axis and the line segment from (l4,0) to (0,kp), summed over kp, while the sum
in the second expression is the acute angle between the y axis and the segment from
(0,kp) to (14,0), summed over [4. We note that (3.23) are invariant under the S-duality
transformations {L4} <> {Kp}, {la} < {kB}, g < 1/g.

In order to find the supergravity solution corresponding to the vacuum state of a
particular BCFT defined by linking numbers L and K , we need to use (3.21) to solve for
the parameters {{4} and {kp}, though it is not clear how to do this explicitly in general.
An interesting check is that for any linking numbers that can be expressed in terms of
supergravity parameters as in (3.21), the field theory constraint that the quantities (2.20)
must be positive (so that the brane configuration can be represented as in figure 3 (Top))
is automatically satisfied, as we show in appendix E.

12Recall that these corresponded to the number of D3-branes ending on each fivebrane in the bottom
picture of figure 3.
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We note that the final terms in the two equations in (3.21) are bounded in magnitude
by the total number of NS5-branes and D5-branes respectively. Thus, when the linking
numbers (D3-branes per fivebrane) are all large compared with the total number of five-
branes, the solution will have ];‘B ~ Kp and } A4 ~ Ly, and we can find the corrections
to these leading order expressions perturbatively in 1/K and/or 1/L. Similarly, when
the asymptotic string coupling g is taken small with fixed linking numbers, we will have
kg~ Kp+ O(g) and [g ~ L+ O(g).

4 Holographic computation of boundary F

In this section, we perform a holographic computation of boundary F for the general
BCFTs defined by a set of linking numbers {K;, L;}. This was done for the special case of
N D3-branes ending on k D5-branes (linking numbers K; = 0, L; = N/k with multiplicity
k) in [11]; similar calculations of F' in 3D superconformal theories were performed in [29].
As we have described earlier, boundary F' may be computed either by evaluating the
partition function for the theory on hemisphere, or by calculating the vacuum entanglement
entropy for a half-ball centered on the boundary. Either of these may be computed holo-
graphically using the dual gravity solutions; the two calculations give rise to the same final
expression for boundary F' in terms of the harmonic functions h; and ho. In our presenta-
tion, we will holographically calculate the entanglement entropy, using the Ryu-Takayanagi
formula [45, 46] .
Area(A)

S(A) = —ic (4.1)
where A is the minimal area codimension-two extremal surface homologous to the half-ball
region on the boundary of AdS, computed using the Einstein-frame metric. The boundary
F' is then extracted by subtracting off half of the entanglement entropy for a ball-shaped
region in ' =4 SYM and keeping the universal piece, as in equations (2.4), (2.7), (2.8).

In the ten-dimensional geometry, the extremal surface we need to consider is codimen-
sion two in the full spacetime. It wraps both of the internal S%s, and the directions spanned
by the Riemann surface X, so that the surface is specified by describing a codimension-two
locus in each AdSy slice. It turns out that the appropriate extremal surface to compute
the entanglement entropy of a half-ball region of radius R centred at the BCF'T boundary
is just the one described by the hemisphere {t = to,u? + #*> = R?,u > 0} in each AdSy
slice, which we recall had metric

1
dsias, = el (du2 —dt® + d:EQ) , T = (x1,x2). (4.2)

Indeed, one can verify that the surface u? + #2 = R? is extremal in AdS from the Euler-
Lagrange equations; this holds in any dimension, provided we let & denote the d — 2
transverse coordinates. Moreover, in the boundary coordinates (¢, %, 2, ) of the half-space
HR3! our extremal surface asymptotes to the entangling surface {t = to,mi + 2% =
R2, ] < 0}

The area of the extremal surface diverges as usual, but we will regulate this by placing
a cutoff at Z = € in Fefferman-Graham coordinates. Subtracting off half the area of the
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RT surface for a ball of radius R in N' = 4 SYM theory with the same regulator, we will
obtain a result that is finite in the limit ¢ — 0.

Regulated areas. Representing the AdSy metric as

1

m(—dt2 + dp2 + p2d0%3 + p2 Sin2 0Pd¢2) (43)

1
ds2AdS4 = ﬁ(—dt2 +du® + da?) =
we have that the extremal surface is at p = R and fixed ¢. The eight-dimensional area of

this surface is
1

cos? 0p

Area = 647> / rdrdfd¢sin 0pd0pp? {7 f2 f1 (4.4)

where the regulator Z = ¢ in Fefferman-Graham coordinates corresponds to a restriction
Op < 0%(r,0). The regularization procedure is described in detail in appendix C. After
subtracting off the regulated area of the RT surface for a ball of radius R in N’ =4 SYM
theory and removing the regulator, we find from the definitions (2.4), (2.7), (2.8) that

2 3 A z
Fy=— lim. 5?; l /0 dr /0 ? d0rh1 ha 0 (hha)
A 2 AdS AdS AdS AdS
- / dr /0 d0rhA 13 59,0, (WS | (4.5)
ro
where h?ds are the harmonic functions corresponding to pure AdS® x S°. We can easily

evaluate the second term explicitly using the explicit expressions in section 3.2, to give

. 25673 (A 3 T .9 1 5 A%r
Fa—[ggréo{— a dr/o d9rh1h28w8@(h1h2)—§NA _EN In ~ (4.6)

where we have used (A.5). Alternatively, we can combine the integrands to obtain a
convergent integral,

3
Fy= _% é d2x{h1h28w8uj(h1h2) - '-70} (47)

where (recalling the definition of rg in (3.16))

7 0 r<Tro (48)
0= 8 5in2(20) (12 +L1r2)2 . .
PRSI0, 0 (RN IS05) = — LUy > g

4.1 Boundary free energy: the integral

In this section, we will evaluate the integral (4.6) for the general solution (3.13) in order
to calculate the boundary free energy Fj in the supergravity approximation. We note that
the metric, expressed in terms of the parameters (ca,da,la,ka), does not depend on the
string coupling ¢, so we can work with ¢ = 1. However, when expressing the results in
terms of the natural field theory parameters, some g dependence will appear.
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In terms of the parameters c4,da,l4, and k4, we have

1 1 A2
F@(CA,dA,ZA,kA):—%rAlim {I(CA,dA,kA,lA,A)+ NA2+8 N2In <N7T>} (4.9)
T

—00

where we define

Z(ca,da,ka,la, N) :/d2w ﬁlﬁgawaw(illﬁz)}

with

2 2
R + 2rlacos(0) +1
hy = i - A
1 =roos(d Z <7"2—27"ZACOS(9 —|—l124>
(
(

)
)
- da 72 + 2rk 4 sin(6) + k%
hy = rsin(f ;27 (TQ—QT’kASiII 0)+k% )

We note that the factors of £ present in h; and ho have cancelled in those from the Einstein
frame expression for G taken from appendix A.
There are no terms independent of c4 and d4, so we can express the full result as

I(ca,da, ka,la, A Z caZj + Z daZl + > cacsIip
AB

+ > dadpIih + > cadpIin+ > cacpdcIifc
A.B A,B A,B,C

dd dd
+ Z cadpdcIipo + Z cacpdcdpIiBep -
A,B,C A,B,C,D

Integration techniques. There are various tricks that facilitate evaluation of the inte-
gral. First, it is helpful to use Stokes’ theorem in order to rewrite the integral as a simpler
integral plus a term that can be expressed as a boundary integral. We have

A z R R R 1 R R
4I(cA,dA,kA,lA,A):/ rdr/2 {—hg <amlam1+aghlaeh1>}

A ~ a5l R
+/ d0 h1h2ra h1 +/ dr{ hyh3= 89h1} —/ dr{—hlhgaghl} :
= =0 JO r 0=m/2

In evaluating the various pieces, it is helpful to differentiate with respect to the parameters
ka or l4 in order to convert the logarithms into rational functions of r. The resulting
expressions can be expressed in a partial fraction expansion, with denominators that are
polynomials in r and cos(f) and numerators that are constant or linear functions of cos(f).
After evaluating the integrals of the various parts, we can antidifferentiate with respect
to k4 or l4 to obtain the final results. A more elegant method to obtain the results uses
complex integration; see appendix D.
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We now present results for the various parts of the integral.
Linear terms. The terms linear in c4 or d4 are:

1

TG = ——Ig A+ = 4.1
A TR, (4.10)
and
kg
d _ 24 A
7¢ = 16kAA T (4.11)
Quadratic terms. For the terms quadratic in ¢4 and/or d 4, we find
1 3
e ECB = _ZZA lB In (A) — TZA lB
| i 6 o i i (4.12)
+ 55 (L +15)°In ((ta+18)°) - 55 (= 1) In ((ta—15)°)
1
IAB = —*kA kB In (A) — i]iIA kB
4 16 (4.13)
+ L (ky+ k)2 ((ka + kp)*) — L ks = k)’ ((ka = kp))
32 32
and
3 1 9 9
m T, = —szkB I (A) = Sl ks +  kpla In (ks + 142) .

Cubic terms. For the cubic terms, it is simpler to first give the derivatives with respect
to one of the parameters. We have:

d 1 In> 152 (Ig — lB)
2 ced

s 72:48 = — + In

dkC ¢ 8 <k02 lA2 kCQ lB2> ((ZA ZB)

- = 1 g —1
8<kc2+l,42+kc2+132 . <A B)

1 alp 2 2 L lals 2 2
— s In (ko? + 1 = In (ke + 1%) .
Ake® + 15° “(C +A>+4k02+1A2 n(c +B)

We can integrate this with respect to k¢, requiring that the result vanishes at ko = 0. The
result is conveniently written in terms of the Bloch-Wigner dilogarithm!?

D(z) = Im(Liz(z)) + arg(1 — 2) log |2] . (4.14)

Here, Lis is the dilogarithm function defined as
2 2" dt
Lis(2) = Z % / —log(1—1). (4.15)
Our result is simply

lA

lB—ikc] D{ZB—ikc
la+l1p Ilp—1la

}+{ZA<—>ZB}. (4.16)

13This is Jamie Sully’s favorite dilogarithm. We thank him for making us aware of it and extolling
its virtues.
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The diagonal terms Ig = [4 simplify to

la 1 1kc
5%, = 2D |- — =% 4.17
AAC T 92T 2 21, (4.17)
Quartic terms. We find that
d d cedd 1 ZA lB lA _lB kc _kD )
. tABCD= g3
dkc dkp 83 (k02+13 ) k:D —I—ZA kc +l,4 kD +1p )
Ialg A lB (kc k?D)

T (o +i?) (ke )m (kc +15?)” (kp?+142)°

142

+ + ls” 1n<(lA+lB)2>
(kD2+lA2) (kc2+l,42) (7@2—1—132) (kc2+132) (a—1p)?) |

We now need to integrate this with respect to k¢ and kp. This time, the result involves

the trilogarithm function Liz(z) in addition to dilogarithms and elementary functions.
Taking guidance from the cubic terms, which could be written simply in terms of the
Bloch-Wigner dilogarithm, we can make the guess that the full result here may be obtained
by keeping only the terms with trilogarithms, and replacing each trilogarithm with the
combination

L(z) = Re(Li3(z) — In|z|Lia(z) + éan |z|Li1 (2)) (4.18)

which has been shown to be real analytic on C — {0, 1} and continuous everywhere, and to
obey various nice relations such as £(1/z) = £(z). This turns out to be correct. The full
result for the integral is

s e = £ (G e )+ £ (G )
(o) (e )
(e ) (6 mn-1)
() - (e
+{la < Ilp}.

We note that the first two lines are already invariant under {4 <> [p}. The diagonal terms
can be recovered by taking a limit in the above expression.

4.2 Full result

Combining all terms, we can now write the full result for Fy (in the supergravity ap-
proximation) associated to the theory whose vacuum has supergravity dual labeled by
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P ={ca,da,la,ka}. The result is
3

1 N
Fy(P) = gN2+ZN2 In (W> (4.19)

—ﬂchzi—%ZdBk%
ZCACB{(ZAHB) In ((Lat1s)?) ~(La—1p)*n (La—15)%) }

64z
ZdAdB{(kAJrkB) In ((ka+kp)?) = (ka—kp)*In ((ka—kg)?) |
64z
——ZcAdB{lAkBln<lA+kB>}
AB
Ilp—ik Ilp—ik
R Z CACBdClA{D lB lC:| lB lC }
ABC A+iB B—lA
1 kp—il kp—il
R Z dAdBCCkA{D B ZC:| B—le }
ABC ka+kp kp—ka
1 (kc+ilA)(kD+ilB)) ((kc—i—’ilA) (kD—‘v-ilB))
-— dedp L : . +L - -
2m? Agéw,DCACB ¢ D{ ((kD+ZlA)(kO+ZlB) (kp—ila) (kc—ilp)

L

kc+ZlA kDZlB)> E((kc+ilA)(kDilB)>
kD+ZlA kc—ZlB) (kD—ilA)(kc—f-ilB)

+£E kp+ila)( lB—Zk‘C’)>+E ((1A+ikp)(kc—il3)>
(

(kc+kp) (la+1p) (kc—kp) (la—1p)

(La+ikp) ( kc—f—le)> £<(1A+ikp)(kc+il3)>}7

—L
(kc—kp) (la+1p)

(klc-l-k‘p) (lA—lB)

where we recall that
N=> cala+) dpkp. (4.20)
A B
We can express the results in terms of field theory parameters using the correspondence
described in section 3.3.1.

D5-branes only. We now consider various special cases. For theories descending from

string theory configurations with only D3-branes and D5-branes, the result simplifies to
3
Fg==-N?2-Y —cqpl?
273 Z 12404

- Z 7CACB { (Ia+1B)°In (WWNZB)Q> —(lqa—15)*In <7r(lAlB)2> }

N

Expressed purely in terms of the linking numbers L 4 (which coincide with L4 in this case),
this is

N?% /3 A 3
Fo=— (2+1 (47r ))_ ZL
1

_ 16AB{(LA+LB) In ((LA+LB) )~ (L4 LsPIn (L4~ Lp)?)}

)

~19 —



We recall that in the brane construction, {L 4} represents the numbers of D3-branes ending
on each individual D5-brane, such that 4, L4 = N. When we have N D3-branes ending
on Ny D5-branes with N/N5 D3-branes ending on each D5, the result simplifies further to

N2 872 N2 1672 N2
Fy="—|3——"—"2 —2In|—=— ] . 4.21
7778 [ SANZ T (421)

This result corresponds to the case considered previously in [11]; our result agrees precisely
with that computation.

NS5-branes only. For boundary conditions associated with only NS5-branes, we find
that

3 T
Fy=°"N2-N" —duk?
978 %:12AA

— ;}; %dAdB {(kA +kp)?In <7r(kA }k3)2> — (ka — ch)2 In (W(kA ;ka)2> } )

We can check that this may also be obtained from the D5-brane result by S-duality, mani-
fested in the transformations 14 — ka4, ca — da, g — 1/g (or A\ = 1672N?2/\). Expressed
purely in terms of the linking numbers K 4, this gives

N? (3 AN? A
Fo="p (z“ﬂ (x)) v 2K
1
_ 16A7B{(KA+KB)QID ((KA+KB)2> _ (KA _KB)ZID ((KA —KB)Q)} ’

where {K4} represents the numbers of D3-branes ending on each individual NS5-brane,
as for the D5-brane case above. In the case corresponding to N D3-branes ending on N5
NS5-branes with N/N5 D3-branes ending on each NS5, the result simplifies to

2
Fa:% 3—6?\752—2111 (Z\égﬂ . (4.22)
Both D5-branes and NS5-branes. In the special cases with either D5-branes or NS5-
branes only, we were able to write an explicit expression for Fjy in terms of variables in the
brane constructions, i.e. the 5-brane charges and linking numbers. For the most general
constructions involving both D5-branes and NS5-branes, however, we do not know how
to analytically invert the relations between supergravity and field theory variables. In
scenarios of interest, we can always choose some field theory parameters, try to solve for
the SUGRA parameters numerically, and then evaluate Fj.

4.3 Validity of the supergravity approximation

The results of this section are based on the supergravity approximation to the dual gravity
solutions and on the leading order RT formula without o'-corrections or quantum correc-
tions. However, we expect that the solution and the RT formula receive both string loop
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and o/-corrections. These will correct our result, unless the corrections vanish, for example
due to some supersymmetric non-renormalization theorem.

Taking into account o’ and string loop corrections, the purely gravitational sector of
the effective action in string frame takes the schematic form

S~ /dw N [€2¢ (O/R+ (&/R)* + .. ) + e1? (O/R +(&/R)? + .. ) +.. } , (4.23)

though certain terms vanish in type IIB supergravity due to constraints of supersymmetry.
This implies that the o/-corrections will be suppressed if the string frame Ricci curva-

ture obeys
dR< 1, (4.24)

whereas string loop corrections will be suppressed if
e < 1. (4.25)

For large N and large A, we anticipate that these expressions should hold in the asymp-
totically AdS region, but might break down in the vicinity of the fivebrane throats.

In order to estimate the expected size of the corrections to the supergravity results,
we can employ the following general procedure:

e For an arbitrary fixed set of parameters, determine the region near a given 5-brane
stack where these correction terms would naively have a similar order of magnitude
to the leading supergravity results.

e Find the size of the supergravity contribution to Fy from this region. Assuming that
the corrections have a similar order of magnitude, we will take this as an estimate of
size of the correction terms. Terms in the supergravity result that are parametrically
larger than this will be considered reliable.

The details of this analysis are provided in appendix F. As a specific example of the
results, we find that for the theory corresponding to N D3-branes ending on a single stack
of L=N /N5 D5-branes, the expected contribution from the part of the NS5-brane throat

where the string frame curvature is large is

O(N2) L~1 96
o((N51nL)2) L>1" (4.26)

Thus, we might expect corrections to the supergravity result (4.21) at this order.

For the case of N D3-branes ending on a single stack of K = N/N5 NSb5-branes,
the string frame curvature is only large in the vicinity of the NS5-brane throat provided
that Nngs ~ 1, in which case the expected contribution to Fj from this region is O(N?).
Additionally, the expected contribution from the region in which the dilaton is large is

O ((N2In (K2/N2))*) K > Ny
O(N%) K~ Ns - (4.27)
O(N?) K < Nj

Thus, we might expect corrections to the supergravity result (4.22) at this order.
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In the next section, we will be able to calculate boundary F' exactly using supersym-
metric localization, for boundary conditions associated either with only D5-branes or only
NS5-branes. We will see that the supergravity results are actually more reliable than our
analysis suggests.

5 Localization calculation

In the above analysis, we have extracted the value of Fjy by holographically computing
the entanglement entropy for a half-ball centred at the field theory boundary. However,
we recall that Fy is also related to the partition function for the theory on a hemisphere;
specifically, we have [17]
1 Zygal?
Fp =~ lim In ('g“’) : (5.1)

7—00 g4

where r = R/e is the quotient of the radius R of the (hemi)sphere and a UV regulator e.

Calculations of the partition function in theories with supersymmetry are often
tractable using the technique of supersymmetric localization; see [47] for a review. In
particular, the calculation of the partition function, in addition to generic half-BPS Wilson
loop observables, for N’ = 2 (or N' = 4) supersymmetric gauge theories on a background
S* was first performed in [48]. Localization was later applied to compute 't Hooft loop
observables [49] and 1/8-BPS Wilson loop observables [50] in such theories, and generaliza-
tions to theories on ellipsoids appeared in [51], as reviewed in [52]. Analogous calculations
were performed for N' = 2 theories on S3 in [53], with exact evaluation of the partition
function for 3-dimensional quiver gauge theories appearing in [54-56]. Localization calcu-
lations on manifolds with boundary in two and three dimensions first appeared in [57]; in
four dimensions, the first direct calculations appeared in [58], which considered Neumann
and Dirichlet boundary conditions only, followed by [59], which considered more general
boundary conditions for the Abelian theory. Earlier general considerations for the case
with boundaries can be found in [17, 60, 61]. More recent results involving localization and
supersymmetric boundaries and interfaces include [31, 42, 62, 63].

We will therefore endeavour in this section to compare our gravity results to the cal-
culation of Fj using supersymmetric localization on the field theory side. In particular,
we will restrict our attention to theories arising from D3-branes and NS5-branes only (i.e.
with arbitrary linking numbers {K;}, but {L;} = (). In this case, the form of the partition
function as a zero-dimensional matrix integral may be inferred by recalling the established
results for the hemisphere with Neumann boundary conditions [42, 58] and 3-dimensional
quiver gauge theories [53-56], and applying the gluing formula of [61]. Using S-duality, we
can obtain results for general D5-like boundary conditions.

In the following, we will denote

sh(z) = 2sinh 7z, ch(x) =2coshnx. (5.2)

The partition function of U(N) A/ = 4 SYM on the hemisphere HS* with Neumann
boundary conditions is then

N 72 N
Inoum [HS ;] = — in) e o = T 0 - A )sh(h - A, 5.3
Neum.[ r:l] N H i€ “YM H( i j)s ( 7 ])7 ( : )
: =1 1<J
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and the partition function for a 3-dimensional N =4 U(n;) x ... x U(ny,) quiver gauge
theory with /; fundamental hypermultiplets associated to the U(n;) factor, with hypermul-
tiplet masses m; ; and FI parameters o, is

N5 1y N5 mj

= 27
Zoz,Tn[Sr—l] = nl,/ ]]__[M]__[ld)\ o€ iajAje Elgsh )
(5.4)
Ns—1 7§ 741 Ns ny 4
Jj=1 kl;ll =1 Ch()‘ﬂvk = Aj+10) Jl_[lgl_llkl_[l ch(Xje —mjk)

The hemisphere partition function for the N' = 4 SYM theory coupled to a quiver gauge
theory at the boundary is then obtained by integrating the integrand of Zneum.[HS?]
against an appropriate “brane factor” with respect to the bulk zero modes (A1,..., An);
in this case, the brane factor coincides with the partition function of the boundary theory
Z%m[S?’], where the masses in the terminal node of the quiver diagram are replaced by the
bulk zero modes (as the restriction of the bulk vector multiplet gauges the boundary flavour
symmetry). For example, in the case where the quiver gauge theory contains vanishing FI
parameters and no fundamental hypermultiplets (as will arise in the present case), we
recover the partition function

1 _ 427r2 Zl\il ?\] ) N
ZIHSY = ] / H Hd/\je e S T T (ANs i — Ans ) Sh(ANg i — Ans.5)
R

j=1/=1 1<J
N5—1 nj Ns—1 15 Mj41
X H HSh Jk J@ H H H ch(\ )\ ) (5.5)
j=1 k<t j=1 k=1 ¢=1 (Ajk—Ajre

where we will let ny, = N for convenience. In the brane construction, there are n; D3-
branes stretched between the j™ and (5 + 1) NS5-brane, so that for a configuration
satisfying the Gaiotto-Witten constraints, one has 0 < K; < ... < Ky, where K; =
ng —ni—1.

Since the calculation of Fjy involves a subtraction of the partition function for the
theory on the full S*, we will need to know the partition function for U(N) N = 4 SYM
on S%. One has matrix integral partition function [48]

872

N 2 N
Zgs = / (H d\; ) Ty [T = A)° (5.6)

1<j

on S* with unit radius r = 1, where the measure factor [, <i(Ni — \j)? arises from
reducing the integration over the full Lie algebra u(N) to the Cartan subalgebra, and
the exponential factor is the classical contribution to the partition function, coming from
evaluating the on-shell action. (The one-loop and instanton corrections vanish in this
highly symmetric situation.) For S* with arbitrary radius, the purely gauge-theoretic
measure should be invariant, but the classical contribution has

Sgn—shell r Son shell - (57)
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The calculation can be found in appendix G: it provides

N2
Zgs = (2m)N/? <9YM) Go(N + 1), (5.8)
T 4mr
where
N—-1
Go(N+1)= [] & (5.9)
k=1

is the Barnes G-function. One then has

InZgs = —N?1 +N—21 ()\)4—1 G(N+1)+El 2 (5.10)
HS:}— nr 9 n 167T2N nGo 21171'. .

For the purposes of comparing to the gravity calculation, we will typically be interested in
the large N behaviour of this expression, so we require the asymptotics of

N-1 N—
InGa(N +1 Z (N—k)lnk=NIn(N —1)! = ) klnk. (5.11)

The asymptotics of the first term are given by the Stirling formula

NIn(N —1)! = N InN - N> 4+ O(NInN). (5.12)
To find an asymptotic expression for the sum Zg;ll k1n k, we will use the Euler-Maclaurin
formula
/ f(z) do + LB FF@ ) Z 2k <f2k L(b) — f@-D(q )>’ (5.13)
whence
N21 N N?
Zkzl = — - +O(NIN). (5.14)

It is straightforward to determine the higher order terms if needed. All together, we have

N2
InGy(N +1)= - InN — 2]\/2 +O(NIN), (5.15)
and so
N? A 3 N
InZgs = —N?Inr + —ln (16 ) - ZNQ—l— 51n27r+(’)(NlnN). (5.16)

It is worth noting that, from the general theory of the structure of UV divergences in
the partition function, we anticipate

InZgs = Air* 4 Agr® + Alnr + Fy (5.17)

here, A, As can be tuned through the addition of local counterterms, as can F (the local
counterterm corresponds to the Euler density). Although these quantities are scheme-
dependent, they will cancel out in the calculation of Fy as long as we are consistent.
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The coefficient A of the logarithmic divergence, however, is physically meaningful: it is
proportional to the A-type anomaly a for the N'= 4 SYM theory on S*, with

0
Olnr

The general Weyl anomaly in four dimensions is

In Zgs = —64m°a. (5.18)

(Th) = aE — cW?, (5.19)

with E the Euler density and W? shorthand for a contraction of the Weyl tensor, and in
the super-Yang-Mills theory,

N2
By — T2
(1 #> = 612 (E 2% ) . (5.20)
We thus indeed recover a = —6{2{; , and therefore A= —N?2, which confirms the r-dependence.

5.1 Neumann boundary condition

As a warm-up to the case of general NS5-like boundary conditions, we can consider a
pure Neumann boundary condition. This corresponds to N D3-branes ending on a single

NS5-brane, associated with parameter values
“ 1
NN55 = gd = 1, k=—k= N, (5.21)
VY NG

4T N AN
:,/ b=\ (5.22)

The partition function for this theory expressed as a matrix integral in [58]) on the unit

that is,

hemisphere is

472 N )\2 N

eum. 1 5 T2 Zi: i
Z}js;é - = ﬁ/ (H d)\z-> e Sy T T (N = Aj)sh(h = Ay) (5.23)
’ i=1

1<j
This is similar to the S* partition function (5.6), except one now has one-loop determinant

Neum. _ 7T ShAi = Aj)
1<J
where we have combined 1-loop factors from a N' = 2 vector multiplet and an adjoint N' = 2
hypermultiplet to recover the full 1-loop determinant for the A" = 4 vector multiplet theory.

Using the results of appendix G, this yields

N2
2 2 2 2 N(NH1L)(N-1)
A = om () T By (5.5
We thus have
AN +1)(N-1) N2 A
Neum.
In | Zpgi™ | = 13 + - In (MN) +InGy(N +1). (5.26)
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We therefore find that Fy is given by

Fyem = — (In | Zg P — n Zg, )
A(N2 — 1) N2 A\ N 1 (5.27)

Using the results above, we can expand this for large IV as

Fé\Teum. _

N2()\
8

- —2In()) +3) +O(NInN). (5.28)

This may be compared to the gravity result

N2/ A
FSUGRA — < (_6 —2In(\) + 3) : (5.29)

Remarkably, at leading order in N, the exact expression for Fjy agrees exactly with the
supergravity result as a function of .

5.2 General NS5-like boundary conditions

We would like to evaluate the integral

5—1 7y 47r
215 = 1/(H Hdw) (H [ e*ies ) oy L M

a17...,o¢N5_1—>0 nI! .

Jj=1/4=1 7j=1 (=1
Ns—1 nj
XH (ANs,i = AN, )ShAng i = Angi) TT TTsh? (k=20
1< Jj=1 k<t
N5—1 nj mj41
X . 5.30
Jl_ll kl—[Ml_[l cosh( jk—)\j+1’£) (5:30)
As detailed in appendix G, this integral yields
2
N5=1 R ) 1 % N | Ke(K. K ak
ZIHSY = (2m) iy ™ % et 2oy KelKem VKA | TT Gy(K, + 1)
T
c=1
N5 ceake 1 e Ko—k\ 2
<11 [2—<Kd—K Ke (g) (((Kd_ H ( : k) ) ]
c<d k=1
(5.31)

where K; = n; — nj_1 is the it linking number (satisfying 0 < K7 < ... < Ky, ), and

1 — (—1)Ke—Ka

5 (5.32)

€cd =
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We thus find
1
Fy=—In|Z[HSY| + 3 In Z[S*]

_ [NeN-1) & N2 A >\ s -
Ns
1
_Z1nGQ(Kp+1)+51nGQ(N —|—ln2ZK (K, — Kp) ( )Zequ
p:l p<q p<q
Ns Ko K,— K
—ZZK In((Kq— Kp)!) —2> Z (‘l2p+k:) (5.33)
pP<q p<q k=1

Equation (5.33) is our exact expression for the boundary free energy, in the case with
exclusively NS5-branes.

One particular case of interest is when we have N D3-branes ending on N5 NS5-branes
of equal linking number K = N/Nj5. In this case,

_ (N(N—-N;) N N2 A A [ N?

(5.34)
— N2In Gy +1) 4+ =InGy(N +1).
N5 2

This is the exact version of the supergravity expression (4.22).

5.3 General D5-like boundary conditions

We can obtain Fj for a general D5-like boundary condition by applying an S-duality trans-
formation to the above result, which simply amounts to replacing the NS5-brane linking
numbers With D5-brane linking numbers, and performing an S-transformation to the gauge

coupling W — 4”N . We thus obtain

Fy=—In|Z[HSY| + 3 1nZ[S4]

_ N5 2 2 Ny
_ <N(2JZ1> SS 0V _p)Lp) In(27) — NTIn (45) - Tiv (Z_: Ly - N)

p=1 p=1
Ns
—ZlnGg flnGg(N—i-l )+In2> L,(L ( )Zepq
p<q p<q
Ns Lo~ Ly—L
-9 — m— -q P . .
ZLln (Lg—Lp)) =23 > (L < 5 +k) (5.35)
p<q p<q k=1
For N D3-branes ending on N5 D5-branes of equal linking number L = N/Nj, we
obtain
N(N — N3) N) N? (4N> m2N? [ N?
Fy=——— 4+ — | In(27n) — —1 - | = -1
0 ( SRS R G R 3x |\ N2

N , (5.36)
—NglnG2< +1>+1nG2(N+1).
Ns 2

This is the exact version of the supergravity expression (4.21).
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Comparison with supergravity results. We now compare the localization result (5.33)
with our supergravity results.

When the K}, (and their differences) are taken to be large in (5.33), then we can use
the Euler-Maclaurin approximation for the last term to find

Ny Kp—1

N: _
—22 Z k‘ln< Ko+ 15 k>w—Qi/KP 1dﬂ:$ln<K‘1—ng_:ﬁ)

p<q k=0

== (K + Ky (Kt ) — (g — K, In(Ky — K,))
Mo
_Z Kp(Kp—Kq) In(Kq—K))
P<q

+= ZK K,+2(1+In2)K,) +O(N2KInK). (5.37)

p<q

Meanwhile, using the Stirling approximation, we find

In(M!) = % In M — % +O0(In M) . (5.38)
Thus,
N5 N5
—23 K,In((K,~K,)!) =2 K, (K K)ln(K ~K,)— (KK)>+O( 2KInK).
2
p<q p<q
(5.39)
We thus find
N2 & _N? A A&
p<q p=1
& (K3 3K2\ 1 (N? 3N? s
_ _p __pP i e =
Z(Qpr 4>+2< In N 4) 2 K,(K,— Kp)
p=1 p<q
N5 Ns
T (K, — K,) (K, — K))
—1n(2>zequp—2ZKp(21(K K,) — q2p>
r<q P<q
1 & 2 2
*ZZ((KqJFKp) In(K, + Kp) — (K¢ — Kp) ln(Kq*Kp))
p<q
N 1N5
= Kp(Kp — Ko) In(K, — Kp) +22K (Ky+2(1+In2)K,) + O(N?KInK).
p<q p<q

(5.40)
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Massaging this expression, we arrive at

N2 (3 AN? D AR
Fo=— <2 +1n </\>> TEBN
L 2 2 2 2 (5.41)
- ((Bq+ 1) (K + K)?) — (K — K)o ((Ky = K,)?))
p.q

+ O(N2KInK).

This limit exactly reproduces our result from the supergravity calculation. We can similarly
check that the exact expression for general D5-brane boundary conditions reproduces the
supergravity answer when the linking numbers and their differences are large.

Comparison for finite N. We can also compare the exact results with the supergravity
results for finite N. We note that the log A term agrees exactly between the supergravity
and localization calculations, while the term of order A in the NS5-brane supergravity
expression (or 1/ in the D5-brane expression) becomes exact under the replacement

K =Y (K% — Ka) (5.42)
A A

(or the same replacement with L4 for the D5-brane expression).

The remaining terms are A-independent. It is straightforward to calculate these for
all possible boundary conditions for small fixed values of the gauge group rank N and
compare supergravity results with the exact results. For N = 2,N = 3, and N = 8, this
A-independent part of the spectrum of boundary F' values is shown in figure 5.

We see that the results agree reasonably well even for small values of N. As an example,
for the NV = 8 case, the A-independent parts of the boundary F' values for linking numbers

(1,1,1,1,1,1,1,1],(1,1,1,1,1,1,2],[1,1,1,1,2,2],[1,1,2,2,2],[2,2,2,2],[1,1,1,1,1, 3],

[1’ ]'7 ]'7 27 3]7 [1’ 2’ 2’ 3]’ [17 ]" 3’ 3]7 [2’ 3) 3]’ [17 17 17 174]’ [17 ]'7 274]7 [2’ 2’ 4]7 [1737 4}7 [47 4]’
[1,1,1,5], [1,2,5], 3,5, [1,1,6], [2, 6], [1,7], [8]) (5.43)

are (rounded to the nearest integer)

(101,89, 81,75, 71,76, 69, 65, 61, 59, 63, 58, 55, 52, 47, 50, 47, 43, 39, 37,30,24)  (5.44)
using the exact results and

(90,82, 76,71, 68, 71, 66, 63, 59, 57, 60, 56, 54, 51, 46, 49, 46, 43, 39, 37,30,24)  (5.45)

with the supergravity expressions.

6 Statistics of boundary F

In this section, we will use our results above to investigate the distribution of possible
values for Fjy for a given N, for various types of boundary conditions.
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Figure 5. The M-independent part of the spectrum of possible boundary F values for U(N) N = 4
SYM theory with N = 2,3,8. Black lines represent the exact values while red lines give the
supergravity approximation.

For fixed A and N, there are infinitely many superconformal boundary conditions that
one can impose, since we can couple in an arbitrarily complicated 3D SCFT. We expect
that there is a lower bound, but no upper bound on the allowed value of Fjy, which can be
thought of as a measure of the number of local boundary degrees of freedom.

For the class of theories corresponding to D3-branes ending on D5-branes only or NS5-
branes only, we have only a finite set of possibilities, enumerated by partitions of N, the
rank of the gauge group. In this case, we have upper and lower bounds for Fj that depend
on N and A, and we can investigate the distribution of Fjy values for a given N and A either
using the supergravity expressions or the exact results from localization.

D5-brane boundary conditions. Defining py = La/N, our supergravity expression
for Fy for the theories associated with D3-branes ending on D5-branes is

N2 /3 A T2 N4
FSUGRA _ 1V ( 1 ( )) _ 3
0 1 2 T aene 3 %:pf‘

~ 75 2 |+ 05 I (04 +p8)%) — (a4 —ps)*In (04 —pB)")|
A,B

where the positivity of L; and the relation > 4, L4 = N give pg > 0 and > 4pa = 1. Thus
{pa} satisfies the constraints of a probability distribution.

In appendix H, we show that the minimum and maximum values

of FgUGRA are

obtained by considering the distribution {p4} with the minimum and maximum entropy

— 30 —



respectively, i.e. where {p4} = {1} and {pa} = {1/N,...,1/N}. This yields

2772 2772 2

9 ﬂ'N 1 167TN 3 SUGRA 2 1 A 3 T
- - S < <NZ[:= SANES BN
N ( ™ 4ln< h\ +8 <Fj <N 4ln 162 —1—8 0 (6.2)

Assuming that the same sets of linking numbers lead to the minimum and maximum values

for Fy with the exact expression, we find a range of allowed values
Fy <Fy<Fy (6.3)
where F. a+ corresponds to the maximum entropy configuration and is given by (setting
L =11n (5.36))
N N? 4N
Fg_ =——1In(27) — —In <)\

4
and F; corresponds to the minimum entropy configuration and is given by (setting L = N
in (5.36))

) + %lnGg(N +1), (6.4)

2 2 7.[.2 2
P (N_N> In(2r) ~ = 1n (4?7) TN S DV 1) - S Gy (N 1)
(6.5)

Using the large N approximation to the Barnes G-function, we then find that up to
O(N In N) corrections we have a range of allowed values

2772 2772
- _ - 2) < FPS < “m(2)-2). .
N( = 4ln< )+ < EP N (1 (T) -3 (6.6)

We note that the upper bound is modified here compared to the supergravity result (6.8).

We emphasize that we have not proven that the left and right sides here are actually
the upper and lower bounds on Fj; this will be true assuming that the same boundary
conditions giving rise to the minimum and maximum for F gUGRA also give rise to the
minimum and maximum for Fj.

We see that this allowed range covers primarily negative values, with the upper end
of the range positive only for sufficiently large A. We can understand the large negative
values of boundary F' that arise for boundary conditions associated with D3-branes ending
on few D5-branes by the fact that the scalars are developing an expectation value, and
this results in a large fraction of the N? fields becoming massive, with mass increasing as
we approach the boundary. Thus, we lose degrees of freedom compared with the situation
where the scalar vevs are vanishing. The quantity boundary F' is in some sense a measure
of the number of boundary degrees of freedom, but in this case, the negative value indicates
that it is taking away from the bulk degrees of freedom.

NS5-brane boundary conditions. A similar analysis applies to the NS5-brane bound-
ary conditions. Defining p4 = K4/N, we have

N2 /3 4 AN2 N2
PSUGRA _ < 1 ()) _ 8
Z IACEES 48 EA:pA 16

~ 15 2 |(Pa+pp)* 0 (04 +5)”) — (4 —pB)* In (p4 —p5)°)|
A,B
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A similar argument to that for the D5-brane boundary conditions shows that F gUGRA is

again minimized/maximized on the minimum/maximum entropy distribution, yielding

A1 3 A 1 N2 3
el A —— Z) < FSUGRA < N2 [ — “ln(—|+=). .
( 48 4HA+8>— Z = svz T ) TS (6.8)

Assuming that the same sets of linking numbers lead to the minimum and maximum
values for Fjy with the exact expression, we find a range of allowed values

Fy <Fy<Fj (6.9)
where Fj" corresponds to the “minimum entropy” configuration and is given by (setting

K =N in (5.34))

NZ N N2 A A 1

(6.10)

and Fg’ corresponds to the “maximum entropy” configuration and is given by (setting
K =11n (5.34))

)+;mGﬂN+D, (6.11)

Using the large N approximation to the Barnes G-function, we then find that up to
O(N In N) corrections, we have a range of allowed values

A1 1 42 N2
N2 (—48—4111/\4—2) < Fy% < N? (4ln< WA )—2) : (6.12)

As above, the upper bound is modified here compared to the supergravity result (6.8), which

is expected since the linking numbers are not large in this case. We emphasize that we
have not proven that the left and right sides here are actually the upper and lower bounds
on Fj; this will be true assuming that the same boundary conditions giving rise to the
minimum and maximum for FQSUGRA also give rise to the minimum and maximum for Fj.

We see that at least for small values of A, the range of allowed boundary F' values for
these boundary conditions is positive, consistent with the fact that the scalar vevs are zero
for these boundary conditions and the full set of massless bulk degrees of freedom remain.

Distribution of boundary F values. It is also of interest to ask about the distribu-
tion of allowed Fy values for a given N and A. In figure 6, we display contour plots for
histograms of allowed values (scaled by positive factors involving A\ and N for convenience)
for the case N = 100 with various values of A. We display the results for D5-brane and
NS5-brane boundary conditions with up to the self-dual value A = 47N for the ’t Hooft
coupling; these confirm that, for A below the self-dual value, Fjy is predominantly negative
for D5-brane boundary conditions, and predominantly positive for NS5-brane boundary
conditions. These plots also implicitly reveal the behaviour of Fj for A above the self-dual
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Figure 6. Top Left: histogram of values of ﬁ% for D5-like boundary conditions, with N = 100
X Fp

and ﬁ = 1073. Bottom Left: contours of histograms of =~ 2 (bins removed for clarity) for D5-
like boundary conditions, with N = 100 and various values of A up to the self-dual value A = 47 N.
Top Right: histogram of values of m% for NS5-like boundary conditions, with N = 100
and ﬁ = 1073, Bottom Right: contours of histograms of m% (bins removed for clarity)
for NS5-like boundary conditions, with N = 100 and various values of A up to the self-dual value
A =4nN. For each histogram, we uniformly sample 5000 partitions of the integer N, and compute

Fy for the associated boundary conditions.

value; the distribution of Fjy for D5-brane boundary conditions with such A is identical to
that for NS5-brane boundary conditions with the dual value of the 't Hooft coupling, and
vice versa.

We also display similar plots for the case of fixed A and increasing N in figure 7.
One notable feature of these plots is that, for fixed A, the proportion of D5-like/NS5-like
boundary conditions for which Fj is positive/negative appears to asymptote to zero for
increasing V; this is illustrated further in figure 8.

Arbitrarily large boundary F' for general boundary conditions. To conclude this
section, we verify the claim that by considering general boundary conditions involving
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Figure 7. Top Left: histogram of values of ﬁ% for D5-like boundary conditions, with A = 20
A Fy

and N = 103. Bottom Left: contours of histograms of 1ov v2 (bins removed for clarity) for D5-
like boundary conditions, with A = 20 and various values of N. Top Right: histogram of values of

m% for NS5-like boundary conditions, with A = 20 and N = 103. Bottom Right: contours

of histograms of m% (bins removed for clarity) for NS5-like boundary conditions, with
A = 20 and various values of N. For each histogram, we uniformly sample 5000 partitions of the
integer N, and compute Fj for the associated boundary conditions.

D5-branes and NS5-branes, we can make Fjy arbitrarily large. This is expected, since the
general boundary conditions can be understood as coupling in a SCFT to one of the theories
with D5-branes or NS5-branes only, and we can take this SCFT to have arbitrarily many
degrees of freedom. We are therefore motivated to verify this claim by considering such
a boundary condition with a large number of boundary degrees of freedom; for simplicity,
we consider the case of a single stack of many D5-branes and a single stack of many NS5-
branes, with linking numbers

L=-1, K=1, (6.13)

and with N, Nngs taken to be large independent parameters, with N < Nys;. We then
have
Nps = Nngs — N . (6.14)
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Figure 8. Left: logarithm of the proportion of D5-like boundary conditions giving rise to positive
Fy, for various values of A and increasing N. Values are exact, as we include every possible such
boundary condition. Right: logarithm of the proportion of NS5-like boundary conditions giving rise
to negative Fy, for various values of A and increasing N. Each point is based on 5000 uniformly
sampled partitions of the integer N.

The supergravity parameters lA,/Ac are given by

A~

~ 2 ~ A
-1=1- ;NNss arctan(gk/l) , l=k+

A

(Nnss — N) arctan(gk/1) (6.15)

SEES

which has perturbative solution

(6.16)

Most of the terms appearing in the uncorrected Fj in the case of this boundary condition

are suppressed by ﬁ, and will vanish in the limit NJI\\I]SS — 0 with fixed A and N; the terms

which are not suppressed in this limit are the constant contribution %N 2 the “cubic terms”

1 1 ik 1 1l 272
- ;c%le [2 — ;J ~ NNns5In2, —;d%l@D [2 - ;IJ ~ %NQ In(Nxss), (6.17)
and the “quartic term”
1 (k +il)? (k +il)?
*ﬁCQdQ {E (M) + L (421d —C(3)p ~ nglss In(Nwss) - (6.18)

Meanwhile, the anticipated corrections from the vicinity of the D5-branes and NS5-branes
are O(Nl%%) (see appendix F). Consequently, the leading term in the uncorrected Fy, which
is N1%55 In Nyss, should provide a good approximation to Fy when Nngs > N. Since Nnss
can take arbitrarily large values, we see that Fjy is unbounded from above.
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7 Discussion

In this final section, we mention a few possible applications of our results.

RG ordering of BCFTs. We recall that Fy has been conjectured to decrease under
boundary renormalization group flows. Assuming that this is true, our results provide very
detailed information about which boundary RG flows are possible between the various
BCFTs we consider. For cases where the endpoints of an RG flow are known, for example
where we add supersymmetric mass terms or Fayet-Illiopoulos parameters to a UV theory,
it would be interesting to verify the decrease of boundary F to provide support for the
conjecture; this was done in [11] for the simple case considered there.

We note that for N > 7, the ordering of boundary F for different theories depends on
the bulk 't Hooft coupling parameter A. Thus, if the boundary /' monotonicity conjecture is
correct, we could have the interesting situation where some relevant perturbation of theory
A flows to theory B for small values of A while some relevant perturbation of theory B
flows to theory A for large values of A. Of course, it may also be the case that no RG flows
are possible between theories whose boundary F' values switch orderings as a function of A.

Holographic interpretation. As we discussed in section 3, the addition of a boundary
to the N' = 4 theory corresponds to the addition of a certain type of “end of the world”
brane in the five-dimensional gravity picture. This corresponds in the higher-dimensional
picture to a region where the internal space smoothly degenerates. In many holographic
applications of BCFTs, the gravity side is described using a bottom-up approach, in which
such an ETW brane is simply described by adding a boundary action with certain pa-
rameters to the bulk gravitational theory [40, 64]. The simplest such parameter is the
tension of the ETW brane. An interesting question, one of the questions that motivated
this work, is to understand the range of tension parameters in bottom-up models for which
the qualitative physics can be reproduced in microscopic constructions.

As discussed in [40], there is a direct relationship between the tension parameter of
a bottom up model and the boundary entropy, obtained by performing a holographic
calculation of boundary F' as a function of this tension. We provide this calculation in the
four-dimensional case in appendix I, with the result that

T 1 1+T)

F = chuic ( +-In—— (7.1)

1-72 2 1-T
where we define cpyy = (L37/4G) and the tension is 3Laqs7/(87G). This provides a guide
to choosing the tension parameter if one wishes to model the physics of our more detailed
microscopic theories using a bottom-up model.

Generalizations. There is a significantly larger class of theories with the same symmetry
as the theories considered in this paper. The more general theories correspond to N' = 4
SYM theory with a supersymmetric planar defect, or to supersymmetric interfaces between
N =4 SYM theories with different parameters. Type IIB supergravity solutions for these
theories are also known, so it should be straightforward to use the methods of this paper
to calculate the defect/interface entropy for these theories.
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A AdS/CFT correspondence: conventions

We here establish various formulae relevant to type IIB string theory. The Planck scale

and string scale are related by
1
‘ep :91697 (Al)

where g is the string coupling and £, is defined in terms of the string tension ﬁ by

of =02, (A.2)

s

The ten-dimensional Newton constant is defined as
G = 871'692€§ ) (A.3)

In the AdS/CFT correspondence relating U(N) N = 4 SYM theory to type IIB string
theory on AdSs x S°, we have that the AdS radius in string frame is related to the rank of
the gauge group by

Lip = 4ngNet. (A.4)
If we make the transformation g,, — e‘¢gw to Einstein frame, including the asymptotic

value of the dilaton g = efo in ¢, this becomes
LY = 47Nt (A.5)

In this case, we should use G = 8798 for the Newton constant. The string coupling (equal
to the asymptotic value of e? where ¢ is the dilaton) is related to the Yang-Mills coupling by

drg = g2 - (A.6)
The 't Hooft coupling is
A=giuN. (A7)
To evaluate the number of units of quantized 3-form flux through a sphere, we use
Nps = 47T12€3 /53 F3 (A.8)
and 1
Nss = yroT) /33 Hj (A.9)

where F3 and Hj are the R-R and NS-NS three-form field strengths. In the absence of
three-form fields, the number of units of five-form flux through a five-sphere is given by

1
Np3 = — Fx. A.10
s 16W%/SS ! (A.10)
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The analysis of five-form fluxes and their relation to D3-brane charges is more subtle when
three-form fields are present (as they are in the solutions we consider). See [27, 65] or [28]
for a detailed discussion.

B Supergravity solutions: form fields

In this appendix, we review for completeness the gauge fields in the supergravity solutions,
following the conventions of [28].

The form fields are again expressed in terms of the harmonic functions h; together
with the harmonic duals h” defined so that

1

,Mzim?+mg
1

Agzzi(h2—¢h§)

are holomorphic. The ambiguity in choosing hZD corresponds to gauge freedom in defining
the potentials for the form fields.
The NS-NS 3-form field strength H3 and the R-R 3-form field strength F3 take the
form
H3:w45/\db1 Fy :w67/\db2 (B.l)

4

where w?® and w% are volume forms on the first and second unit-radius S2s. The real

functions b; are defined in terms of the harmonic functions by

2X

X
b1::2h§—+2h%hgﬁa7 bg::—Qh?-+2h1hZNg, (B.2)
where
X = i(awhlamhg — 8wh28@h1) . (B.S)
The fiveform field strength can be expressed as
Fy = —4f{"B A F + 4f12f22w45 AwWSTA (%9 F) . (B.4)
Here, w®?3 is the volume form on the unit-radius AdSs, F is a one-form on ¥, and %

denotes Poincaré duality with respect to the metric on 3.
We have that
fF =dj (B.5)
where
hiha X

j1=3C+3C—-3D+
OwC = A10wAs — A20, A1
D= fILAQ + Ap‘ig .

So far, we have assumed that the R-R zero-form potential vanishes, but more general
solutions with non-vanishing axion can be obtained using the SL(2,R) symmetry of type
IIB supergravity.
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C Regularization of the area integrals

In this appendix we explain in detail the regularization procedure used in computing bound-
ary F via the RT formula. Given the metric dual to one of the BCFTs, we can redefine
coordinates to place the metric in Fefferman-Graham form
L? ~
ds® = ﬁ(dﬁ +dY? — dt? 4+ di?) + dQ2 + O(Z?%) (C.1)
where the correction terms do not involve dZ. We then compute the area of the Z > ¢
portion of the RT surface for a half-ball region of radius R centered on the BCFT boundary,

and subtract half the area of the RT-surface for a ball of radius R in A/ = 4 SYM theory.

Regulated area in the BCFT duals. To calculate the regulated area of the extremal
surface corresponding to a half ball in one of our BCFT duals, we need to understand
where the cutoff surface Z = ¢ lies in the coordinates we are using. Representing the AdSy
metric as

1
ds3 yq1 = ﬁ(—dt2+du2+d:ﬁ) = (—dt* +dp* + p*df*+p? sin® d¢?) (C.2)

p?cos? 6
we will have that the cutoff surface lies at some wupin(r,#). In the full metric, this AdSy
slice enters as

1
ds* = f} <u2 (—dt2 + du® + dxi)) +... (C.3)

Converting to Fefferman-Graham coordinates, this will become asymptotically
L2
ds* = (422 + dv? - df? + da?) + ... (C.4)

where Z and Y are determined in terms of the other coordinates, and L is the asymptotic
AdS curvature scale that will be determined in terms of the parameters appearing in the
metric. Thus, asymptotically, we must have that

7
This allows us to fix the cutoff surface as
€
umin(r7 6) = Efll(ra 0) . (CG)

The locus of the extremal surface in each AdSy slice is p? = u? + 22 + y?> = R?, and
the two-dimensional area of the portion of this surface inside the cutoff is

—1 Ymin .
cosT R 2msin 6 R
df——— =2 —1). C.7
/0 cos?g (umin > (©1)
Using this, we find that the regulated eight-dimensional area of the extremal surface is
given by
g [Umin(rO=H 2 42 42 £2 R
Area = 1281 A Tdrd@p fl f2 f4 m -1
5 fa(r,@)=RL/e¢ RL
= —1024r / Td?”d@hlhgawa@(hth) ( — 1) . (08)
0 €f4 (7“, (9)
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From this expression, we need to subtract off half the area of the extremal surface
corresponding to a ball in the parent N' = 4 SYM theory. The area to be subtracted off
can be expressed in a similar way to (C.8) by taking hy and hs to be the expressions (3.7)
relevant to pure AdS. Since we would like to subtract off half of the regulated area of the
extremal surface in pure AdS, we can keep only the part for x < 0 in Fefferman-Graham
coordinates, which translates to the part with r > rg in the coordinates we are using. Thus,
the regulated half-hemisphere area is

/ffds(r79)<RL/€

1 RL
SAreanas = —10247° rdrdoh *Sh3 0,05 (h{95hp ) ( - 1) .

efi B (r.0)

0

Details of the subtraction. In order to evaluate the integrals, it is convenient to split
the integration domain into a part with » € [0, A] and an asymptotic part {r > A, f4(r,0) <
RL/e}, for some large A that we will take to infinity as € — 0.
For the first part,
10243/Adr/gd9rhh88(hh)< RL 1) (C.9)
— T D —_— = .
0 0 HRRWERTI efa(r, 0) 7

the first term does not contribute to the final result since it gives an R/e term that is
eliminated by the derivative in the definition (2.4), (2.7), (2.8) of boundary F. Thus, this
part of the integral gives a contribution to boundary F' of

25673 (A 2
Ly / * d0rhyh0,0p (hihs) . (C.10)
G Jo 0
From this, we subtract off the corresponding integral for pure AdS, so we have a
contribution .
256m% A 2 AdS7 AdS AdS 7 AdS
o 0

To evaluate the asymptotic part of the integral (i.e the region with r > A), we use that
the asymptotic form of f; in the general solution is

1
fa(r,0) = Ar + B(G); +0(1/r%), (C.12)
while the asymptotic form of the integrand is
1
I(r,0) = Ii(O)r + L(6)~ + o(1/r?) (C.13)

Then the integral in the asymptotic region takes the form

RL _B(0)e

3 A 1 L
/%ze/ AR 11(0)7“—1—12(9)—1—...] {R—l—i—...} (C.14)
0 A r eAr

where the omitted terms give contributions that vanish in the limit ¢ — 0 and A — oo.
Evaluating the integral for the remaining terms gives

3 R%L? RLA 1 5 RL
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Now, we can check that A, I;(0) and [dfI2(0) all give the same results for the general
solution and for the pure AdS case with the corresponding L and rg. Thus, when we
perform the subtraction, there are no terms that contribute from this » > A region in the
limits ¢ — 0 and A — oc.

To summarize, our final result is that boundary F' is given by the A — oo limit of the
sum of the two contributions (C.10) and (C.11),

. 256m° | A B A B AdSp AdS AdSp AdS
Fy=— lim =2 /O dr /0 d0rh1hadde(hihs) — / dr /0 dorh 13 89,05 (hAOShES)
ro

A—oo
(C.16)
D Evaluation of boundary F' using complex variables
Our goal in this section is to demonstrate how to evaluate the integral
I(CA,dA, kA,lA,A) = / de(illilgawa@(illiLQ)) N (D.l)
A

where we have coordinates (w,w) = (re, re=%) in the first quadrant of the complex plane,
and

2 2

- cA r°+2rlgcosf + 15
h1 = 0 1

L= rees +XA:27r n<r2—2rlAcosﬁ+li

w ~+ W CA (w-l—lA)(’LT)—l-lA))
= —1

( > )*%:%n((w—m(w—u)
d—Aln 72 + 2rkasin @ + k2
21 72 —2rkasing + k%

(M) ¢ S ().
ccedd

For the sake of brevity, we will actually compute only the quartic term Z35%p; the re-

iLQ :rsin0+z
A

maining terms can be approached similarly. Given that

A A 1 CcA 1 da
wOiw(hihe) = 5— > —Fa(r,0)—-—) — 0
OwOu (h1hs2) 2mi 2y A(r,0) 2mi & kAGA(T )
(D.3)
1 cadp (5 + k%)
_ H 0
w2i§ Ly 12 4,8(r,0)
with
e4w 1 641’9 -1
Fa(r,0) = — < G 0) = '
A(r,0) (€20 — 12 /r?) (e — r2]13)’ A(r,0) (X0 + k3 /r?)(e*? +1r2/k3)
(200 (410 _ |
Hap(r,0) = ( ! (b4

(€29 — 12 /r2) (20 — 12 [12) (20 + k3 /r?)(e®0 + 2 /k%)
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we see that

eedd 1 l2 +k2 / /”/2 HCD (r, 9)
ACBD = (2m)? \ im?lckp

D.5
(" +2rlAcosﬁ+l§, [ +27’/<;Bsin9+k]25 (D-5)
r2 — 21l cosf + 13 r2 —2rkpsinf + k%
We notice that
(w—f—lA)(_-i-lA)) /lA e'? e 0
1 =2 d : A
((w —la)(w —1a) R V7 e R e T 0.6
I ((w +ikp)(w — zk3)> o /kB " it B o—i0 .
(w —ikp)(w + ikp) 0 r2e2i0 42 p2e=2i0 42 )7
SO
o 0 1 (12 +k%) A /2
9 Y geedd E—u/ d/ d6 He p(r,0) Ay (v, 0) By (. 0 D.
8ZA akB ACBD 4 leD 0 rar 0 C,-D(r’ ) la (7’, ) kp (T7 ) ’ ( 7)
with
1 (7« 0) B eie N efie B ( 2i60 + 1)(1/7"2 o 1/82)
sS\OY) =\ 2020 — g2 T 2,210 _ g2 ) T (6210 $2/r2)(e20 — 12 /52) 05)
5 (r 0) B it B e~ 10 B ( 2i6 1)(1/7“2 o 1/252) ’
V)= 120210 142 T p20-2i0 {2 | T (6219 T £2/r2)(e20 + 2 /12) |
We observe that
Hcp(r,—0) = —Hc,p(r,0) As(r,—0) = Ag(r,0) By(r,—0) = —By(r,0)

Hep(r,0+m) = Heop(r,0) As(r,0+m) = —Ag(r,0)  By(r,0 + ) = —By(r,0)

and thus the integrand is invariant under both § — —6 and 8 — 6 + 7. We may therefore

write
w/2 1 2
[ d0Heo (O A O)Bir0) = [ dbHep(r,0)A.(r,0) Bu(r.0)
0 1 0 . (D.9)
= — ;HCD(T Z)As(r7z)Bt(T7z)7
|z[=1

where we have introduced the complex coordinate z = e, and have slightly abused nota-
tion in defining

. 2( 4 1)
c.p(rz) = (22 = 12/r2) (22 — r2)12) (22 + k3, Jr2) (22 + 12 /k3)

2+ 1)(1/r*—=1/s 2(z2 - 1)(1/r? = 1/t2
As(rz) = (zg —; /1(2){22 - 7’2/ /sg)  Blna) = (2(2 + tQ/ig)(/ZQ + rQ/;tg) '

(D.10)
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We emphasize that the complex variable z is independent of the real radial variable r;
the angular integration is over a contour with |z| = 1. Invoking the residue theorem, this
becomes

/OW/2 dOHc p(r,0)As(r, 0)By(r,0) Z Res( He p(r, z)As(r, 2) Be(r, z)> , (D.11)

poles

where the sum is over poles inside the contour |z| = 1. It transpires that the ordering
of parameters l¢, kp, s,t is irrelevant (as it must be in order to evaluate the integral by
partial fractions), so we will assume for the purposes of computation that 0 < s < t < lg <
kp < A. Consequently, depending on the size of the variable r, we have five inequivalent
collections of eight poles:

1. 0 <r < s: poles at z = ig,i%,iéji%

™ Z Res — T2k (r® — sHAUZER) (r? — %) (r? — t2)
2 = TR PR PR PR G T TR

poles
(D.12)
2. s <r <t:polesat z =47, i%7i£,i%
il Z Res — T2 k3 (rts® — 212 k%) (12— s2) (r? —t2) (D13)
2 2 N () (2 — ) (75 2) (1 — 203 ) (A + L) (1 + D)
3. t<r <lc: poles at z = £7, :t%, 5, ik%
m Z Res — T2 k3 (s22 —12k3) (r2 —s?) (r2 —t?) (D.14)
poles _l%)(tQ_k%))(82+k2D)(t2+l%>(r4+82t2)<r4+l%k%)
4. lg <r < kp: poles at z = £2, :l:%,j:%,j:,{%
=3 Res= mlg ki (rtk — 22 (r2 —5%) (2 ) D15
2 poles (2 —kp) (52 + kD) (2 + kD) (rt+522) (rd = 212 ) (rt +1212,) '

. _ it l ik
5. kp <7 < A: poles at z = £2, £% F+°C +20

3 Res=- T2 KA — SHAZE) (17 — $2)(r? — 1) |
2 (r = 2k2) (r* + s2k2) (r + %k%)(r“ ) (T = S (T 52
(D.16)
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Consequently, performing the integral over r, and keeping only terms that do not vanish
in the limit A — oo, we find

A w/2
/ rdr / d0 He. p(r,0) Ay (r,0) By(r,0)
0 0

Tkl kl( In ((s>+K2)(£2+12)) (s2+12)In ((s2+12) (k% +1?)) )
2 (

2 24+k2)(s2—12)(12—k2)  (s2—12)(12—k2)(s24+-K2) (12 +12)
(o= ) (ot =) n (k1)) = (k-+£) (kt+5) In ((k+1)?)) (D7)
" 27+ ) (PR (524 R) ()
E((1=5)(Is—t2)In ((1—5)%) = (I+5)(ls+12) In (1 +5)?))
" 22+ 2) (P A2 (52 ) (4 2)
ki ~
_7 s, Ltk s

where we have momentarily suppressed indices on parameters lo, kp. We therefore find

0 0 chdd _ (ZC + kZ )

oLy Ok ACBD = T o3 Listc kb (D.18)

One can integrate this with respect to l4, kp to recover the result in the main text.

E Verification of field theory constraints for linking numbers defined in
terms of supergravity parameters

In this appendix, we show that for any linking numbers defined in terms of supergravity
parameters as in (3.21), the field theory constraints on linking numbers that (2.20) are
positive are automatically satisfied.

For this appendix, we define M,, to be the number of D5-branes with linking number
L = n — Nngs, where 1 < n < Nngs. We will also let the indices on the linking numbers
{L;, K;} refer to the i** 5-brane, rather than the i*" 5-brane stack.

We will prove that for linking numbers violating the inequalities

Jj—1 J
S (i —n)M, <) K, je€{1,2,...,Nnss}, (E.1)
n=1 i=1

i.e. for which not all of the quantities (2.20) are positive, there is no set of supergravity
parameters that can give rise to these linking numbers via (3.21).
We see immediately that if we define index subset

T=1{i: L; >0}, (E.2)
then violating the final inequality
NNS571 NNS5
> (Nnss —n)My < ) K, (E.3)
n=1 =1
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which can be written as

Y <YK, (E4)

i¢T i
implies i i i
N=>Li+> Li+> Ki<> L, (E.5)
i€l i¢7 7 i€l

and therefore

i¢T i i€l i€l i€L
a contradiction, implying that the system of equations has no solution. Here, we have used
that l}, l;:, > 0 and

. .2 g .
L, = Z-——Zarctan <gf€]> <. (E.7)

We would like to check that violating the other inequalities similarly leads to a system
with no solutions. We restrict to the case that Ky > 0, i.e. the first of the inequalities
in (E.1) is always satisfied; this is because we are interested in configurations which will
correspond to theories with boundaries rather than interfaces. Moreover, we may restrict to
the case that the last of the inequalities is satisfied, since we have already shown that violat-
ing this inequality leads to an insoluble system. To this end, let us fix arbitrary Nngs > 3;
our task is to show that violating the inequality in (E.1) indexed by j € {2,..., Nngs — 1}
leads to a contradiction in our system of equations defining the supergravity parameters.
This system is constituted by the relations

(E.8)

which in particular furnish inequalities

2 g/%i ~ 2 g%j
K; > — arctan | = , Li>—— arctan | = . E.9
T ZJ: < lj ) w2 ( li ()

First, suppose that we violate the inequality indexed by j = 2; that is, suppose
K+ Koy < M. (ElO)

We may assume M; > 0 without loss of generality, so that Li=...= f/Ml = —(Nns5 — 1),
and in particular Nps > 0; otherwise, M7 < 0 and K; + Ko < M; would imply Ko < 0,
which is incompatible with (E.8) and the assumption that ki, 14 are positive. But since

m gl%i T~ g/;:j
§Ki > %:arctan ( 7 ) , §L1 > — Zarctan ( 7 > (E.11)

J 7
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by (E.8), we find

gk; M . i 2
Z Zarctan ( ) > Z (—WLJ» — arctan <gA 1) — arctan (gA 2))
j=1i>3 ] j=1 2 lj lj

T E.12
> 5((NNS5—1)M1—K1—K2) ( )

T

§(NNS5 —2) My,

contradicting the bound arctan(x) < %
More generally, suppose that we violate the inequality indexed by j € {2,..., Nnss—1};
that is, suppose that we have

ZJ:Kigi (j —n)M, (E.13)
i=1 n=1

We may assume that at least one of Mj,..., M;_q is positive (since otherwise at least one
of the K; would be negative). Then, letting M = M; + ...+ M;_

M g/%‘ oMo i M
ZZarctan<Z1>>—2ZL ZZarctan(
; = m=1
T Jj—1 J
>3 > (Nnss —n)M, — > K; (E.14)
i=1

m i=1 m=1

n=1
T ! T
> 5 (Nnss =) > M, = 5 (NVnss —J) M,
n=1

again contradicting arctan(z) < 7. This demonstrates our original claim.

F Corrections to the supergravity approximation

In this appendix, we estimate the size of the corrections to the supergravity result, following
the procedure outlined at the end of section 4.

F.1 Estimating the corrections

Recall that our solutions are generated by the harmonic functions in (3.13), determined
by positive real constants [ 4, kg. These can be combined to define Einstein frame metric
functions and dilaton field, using (3.4), (3.5), (3.6) in section 3.1; to transform to the
string frame, we should multiply all of the metric functions by e? = e®/2. We begin by
determining the string frame Ricci curvature and dilaton field in the vicinity of a D5-brane
or NS5-brane stack. It will be useful to define

dpkp T d ()

= 2 =
Yo =T+ ZZQ —|—k‘2 CC’dlC D3 ( )
F.1
bp=m2y cAlA T d Ny

1 k2D + 1124 dp dkp
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note that in the case with only D5-branes one has yo = 7, and in the case with only
NS5-branes one has dp = .

First, we consider the vicinity of the D5-stack at (z,y) = (I¢,0), and let Ly denote
the distance in the first quadrant ¥ from [ to the nearest 5-brane stack (or the origin),

namely

L ZA%1£0{|ZA—ZC|, k%+l20,lc}. (F.2)

)

Using polar coordinates (x,y) = (I + rcos @, rsin ), we therefore have the expansion

B 72 1 (o +1a)?
s g ()

+ rcosf (1—|—Cc — 22%) +O(r?/L3)
m (¢ —13)

27l

(F.3)
dpkp
flrsm@(l—i— Z l2 —|—k2)>
41 dpk .
2 . C BNB 3/13
Ocosh | —» 55— O Ly)| .
+ r“sin 6 cos ( - XB:(Z%+]€%)2>+ (re/ 0)]
We therefore have string frame metric functions given at leading order in r/Lg by
2 \/%7053 1 \/ WCE 2, 2\1/2
= = r1n(4l
e STy A n(dic/r) -
f2 = eXlelts rIn(41% /r2)1/2 2= /29 rsin® 6 '
1 2 C ’ 2 fYC Sl 4l2 /T2)1/2 3
and dilaton
2
20 — V2g7¢c r ‘ (F.5)
cc In(412,/r?)
We thereby deduce string frame Ricci scalar at leading order
6 /2
o’R=——— /= 1In(4l% /r2 F.6
o). (F.6)

We can perform a similar analysis near an NS5-brane stack at (z,y) = (0, kp), for which
we find dilaton and Ricci scalar

26 _ gdp ln(4k%/r2)1/2 R — 6
\/§5D r ’ \/ng

(F.7)

at leading order.

The above expressions tell us the minimum radius r,,x past which the correction terms
appearing in the effective action should be suppressed. Evidently, for the D5-brane stacks,
the divergence of the string frame curvature implies that we are only justified in ignoring

corrections in the region r > ryax with
1

Pmax ~ ———— 1/ W (gl2~ F.8
NG (912, (F.8)
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where W (-) denotes the Lambert W-function, and we suppress order one numerical factors.
The contribution to Fy from the complementary region is

/ rdrdf h1hedd(hihy) ~ Adr?, In(4l3/r2,.). (F.9)
0<r<rmax

For the NS5-brane stacks, we see that the curvature corrections will be suppressed provided
we take NISI[S)E)) > 1, but will be large throughout the region r < Ly otherwise; evaluating

the contribution to Fjy from a region within ry.x ~ Lg gives

/ rdrdd hihadd(hnho) ~ d36% L2 In(4k /I2) (F.10)
0<r<rmax
Meanwhile, the string loop corrections are small outside the region
gdp 6% k2,

max ™~ “< W y F.11

o~ 202 v (1] (F.11)
and the contribution to boundary F' from the complementary region is

/ rdrd hnhadd(hihe) ~ db63r2, In(4k3 /r2. ). (F.12)
0<r<rmax

In cases of interest, we can compare these contributions for each stack to those appearing
in our classical SUGRA calculation of Fy; if there are terms in Fj3 which dominate all of the
naive estimates of the corrections from near the fivebrane stacks, then these terms should
provide a reliable approximation to Fj.

F.2 Examples

Here we will consider some examples to illustrate the procedure of comparing the antici-
pated corrections to the terms appearing in the uncorrected expression for Fy. To recover
a classical supergravity dual in the asymptotic region, we should always consider the limit
N — oo and A > 1.

Single stack of D5-branes. Suppose we have a single stack of N5 D5-branes, each with
linking number L = N/Nj; here N5 is Q(N°) and O(N). The anticipated correction in the
vicinity of this stack is of order

~ An2f2 O(N? L~1
O (N2 W(x%L?) - In (”7) _ o) ~ : (F.13)
W (r2L2) O((NsmLy?) L1
while our uncorrected expression for Fjy is
N? 82 N2 1672 N2
Fy=— 13— —— —2In|—=— || . F.14
0 8[ 3\ NZ n(ANgﬂ (F-14)

When N is taken to be large, we see that the o/-corrections are expected to be suppressed
relative to all terms appearing in the uncorrected Fjy unless we have L ~ 1, in which
case the corrections become comparable. Note that L = 1 corresponds to the Dirichlet
boundary condition for the gauge theory, which we refer to as a “maximum entropy”
boundary condition in section 6; in that section we will see that the exact evaluation of
Fy for this boundary condition does indeed demonstrate that Fy receives corrections at
leading order.
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Single stack of NS5-branes. We now consider the case with a single stack of Nj
NS5-branes, each with linking number K = N/Ns; again, N5 is Q(N°) and O(N). The
expected o/-correction is of order O(N?) if N5 ~ 1, and should be subleading if N5 > 1.
The expected string loop correction is of order

O ((N2In (K2/N2))*) K > Ny

O<N§1W(7T2K2/N§)ln( 42 K2 )) _ O(N4) K ~ N= .
NZ W (x?K?/NZ) : ;
O(N?) K < Ny
(F.15)
Meanwhile, the uncorrected expression is
N? A A

When N is taken to be large, we see that the o/-corrections and string loop corrections
are both expected to be suppressed relative to the leading term in Fj, which is order
O(N?In N5), provided that we take N5 > 1. Moreover, they will also be suppressed
relative to the second leading term, which is O(N?), provided that we take 1 < N5 < K.
However, they will not be suppressed relative to the third term, which is order O(K?),
unless N5 = o(v/K). Note that N5 = N is referred to as a “maximum entropy” boundary
condition in section 6; in that section, we see that the exact evaluation of Fj for this
boundary condition demonstrates that the leading O(N?1In N) term is uncorrected while
the next-to-leading O(N?) term is corrected, as we have predicted here.

Single stack of D5-branes and single stack of NS5-branes. We will focus here on
a specific choice of boundary configuration involving one stack of D5-branes and one stack

of NS5-branes, where we fix
L=-1, K=1, (F.17)

and take N, Nnss to be large independent parameters, with N < Nng5. We have
Nps = Nngs — N (F.18)

This is the situation considered in section 6 to illustrate the unboundedness of Fj; it
is a natural boundary condition to consider in order to understand a situation where the
number of boundary degrees of freedom is taken to be much larger than the number of bulk
degrees of freedom. Given that the supergravity parameters are given at leading order by

A N N? - 2r? N? N3
[ = +0<2> , k:”2+o<3> , (F.19)
Nnss NRss A NRss Nyss
we find N \ N2 N
_ TIVNS5 _  1VNSs NS5
=N +0(1), J 5 N2 +O( N ) , (F.20)
and thus an o’-correction of order
4~2[2
A2 272 v _ 2
(Nxss — N)*W(3*1%) In (W(W)) =0 (M) (F.21)
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from the vicinity of the D5-brane stack, and a string loop correction of order

525> 462k2
NE:W <N2> In — | =0 (Niss) (F.22)
NS5 NI%SSW <16V§’25>

from the vicinity of the NS5-brane stack. We stated in section 6 that the leading con-
tribution to the uncorrected Fy was O(Nl%s5 In Nngs) while the next largest contribution
is of order O(Nyss); consequently, we expect only the leading large Nngs term in the
uncorrected expression to be reliable.

G Localization integrals

In section 5, we need to evaluate integrals of the form

N
b
(a b S, N N' /H \/ﬁe i i\;lA?H2Sinh (;(Az_)\])) 2sinh (2()\1—)\j)>

'L'<j
_1 b
2(b,s,N) = N /H me 25 2ui= 1 Z;EIJQ (Ni—Aj )Slnh (2()\1'—)\]')> (G.1)
N N
N)= j/ VLY § FWPY
o805 [ T e B0 o
Noting that
N(N-1) N(N—1)
Iy(b,s,N) =lima~ 2 Ii(a,b,s,N), Is(s, N) =1limb~— 2z Ix(b,s,N), (G.2)
a—0 b—0

we see it is sufficient to calculate I;(a,b, s, N), and take the appropriate limits to recover
I>(b,s, N) and I3(s, N). Using the identity

HQSlnh < — ) Z (—=1)° ﬂ exp ((N;—l - Uj) )\j> , (G.3)

1<j

we may write

Recalling the Gaussian integration

dX TR

N = /5e/? (G.5)
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we obtain

N N 2
52 _\o+6 S N+1 e N+1 '
Ii(a,b,s,N)= N!U% (—1)7"7exp (2]221 {a(z oj|+b —5 0
v . (G.6)
N o s N+1 N+1  \1?
g e (R (7))
'eSN Jj=1
where ¢’ denotes the relative permutation between o and 6. We therefore find
sla 2 2 S a2 2 / N ./
Il(C% b,S,N) _ 8%6_ (a+b) 1;7(1\14-1) . (a®+b )N<11;+1>(2N+1) Z 1) H esab]o'j ) (G.?)
o’'eSN 7=1
Noting

N " 2 N B
Z H sabjo, _  SabNQVEL? H Smh(sab(j z)>’ (G.8)

where we have used our earlier identity (G.3) with A\; — —sabj, we find

. b

1<J

4 G.9
N s(a®4+b2) N(N+1)(N-1) N1 9 sinh sabj N=j ( )
f—y 24 - v
o i ( o (2))
7j=1
We therefore also deduce
2 b2
L(bys,N) = s7b 5 ™5 Gy (N + 1), (G.10)
and
2
I3(s,N) = 5’7 Go(N + 1), (G.11)
where one recalls the definition of the Barnes G-function
H kl'=Go(N +1). (G.12)
We can extract the partition function of N'=4 U(N) SYM on S* from
Z[8% = (21) % I ( ngz , N) (G.13)

and the partition function of N =4 U(N) SYM on HS* with Neumann boundary condi-
tions from

Neun.[HSY = (27)% lim I [ b, gYM,N (G.14)
b—2m 81 2
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G.1 General NS5-like localization integrals

We also need to evaluate integrals of the form

Ns nj -1 ny a2 ZN 2
Z[HS4] = 7/ H HdA]f H HEQWLQJ w, Q%M i=1"Np,i

! j=10=1 j=1 =1
N N5—1 nj
X [ [(ANsi = Ansi) shAngi = Ansi) [T T sh® ik — Ajie) (G.15)
i<j =1 k<t
Ns—1 5 Mj+1
>< M
]1_[1 k:l_‘[l E]:[l Ch ]k - ]+1,€)
where we recall the notation
sh(z) = 2sinh 7z, ch(z) = 2coshmz. (G.16)

We are ultimately interested in taking the limit a; — 0. It will be convenient to introduce
the function

0 —_L_ 9 s
hs(a) = > (—1)mse@nthme = Chga) . (G.17)

n=0 @ 21s

We let ng = 0,n,,01 = N for notational ease. Additionally, we denote the index sets
So ={ng—1+1,n4-1+2,...,n4}. (G.18)

We will begin by showing that the integral

271 « s,
Inl,...7ns+1(0417-~7 / (H d\ 7]) Z] 1 JZkES k H H Sh2 sk—)\sg)

a=1kleS,
k<€
ns MNs+1
HH [T shsr = As0 IT 11 (G.19)
a<b keSq (€S, i 2y (s — )\s+1,€)
is given by
i_ns(n5+l_ns) ~ o
Inlv-'v”erl (041, ce ,Oés) - (ns+1 - ns)‘ Hnl,...7ns+1 (ala cee 7063)
Z s _ eQmoza Zz 1 Ast1 o (0) (GQO)
)
0E€Sn H2<b ers Heesb Sh(>\s+1 o(k) — )\84_170(6))
where we have the recursive relation
Hzl’ ’"S‘H(al’ s @s) = g (@4 )™ X Hfm 1n17 STs41— N1 (@, .., 0),
(G.21)

with H! (o) = hp, (ag)™.

ni,n2
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Proof. We can verify this claim inductively. To begin, we determine

Ty o (1) / (H A emalm> k]‘[sh2 AL — A1) ﬂ ]‘2[ m. (G.22)
<t k=1/¢=1
First, we integrate out the variable A1 ;. Specifically, we would like to evaluate
/dAl 2L ﬁ sh®(A1,1 — Avy) ﬁ . — (G.23)
’ i—o ’ ' ot ch(Ai1 — A2)

Noting that the integrand is suppressed in the upper half plane for large |A1| (when ay > 0),

we may close the integration contour in the upper half plane and apply the residue theorem.

The poles occur at A1 = Ao ; + (n+1/2)i for j € {1,...,n2},n € N, and the contribution

to the integral from such a pole is given by

e27ria1()\27j+(n+1/2)i) H;l:l2 Chz()\g,j _ )‘1,1)
[17%; sh(A2; — A2e)

Consequently, summing over all of the poles, we find the full integral

(=) (1) m=D)—nnz (G.24)

e 2m =1, (o) i eQm”’jﬁ [T ch* (i = A2jy)
ji=1 [1¢%;, sh(X2j — A2)

(G.25)

and substituting this into Z; gives

i—(n2—1)+2(n1—1) i 627'(1'041/\2’]‘1 ﬁ oo
Py (a1) /( dA; eI
n2 = 1_157@1 Sh()\Q,jl - >\27£) =9

TLl!

(G.26)

ni ni

no 1
h2 A Y h(\ — Ao HOY. .y N
H sh”(Aq k 1,6) H (C (ALk 2,51) H ch(A1 —>\2,£))

1<k<t k=2 L#£51

Applying this approach to each successive integration, we find after integrating out all of
the A1 ; variables that Z,,, ,,(a1) is given by

i—n1(n2—n1)(_1)n1(n1—1)/2 [h ( )]nl i 27rm1 Zz RN Hnl )\2 s )\2,ja)
n O[l n n
nq! 2 i H@ijl Sh()\Q’jl —>\27[) ... l:éjl 77777 iny h(AQ,jnl —)\2,4)
jm1(n2— nl) i ZZ:ll A2,5(£)
=— (a1)] G.27
m'(nz—nl n2 a;: H z n1+1 AQ,U(k)7A2’U([)) ’ ( )
which indeed is of the desired form.
Now suppose that the claim holds for Z,,, . . (a1,...,as1). To determine Z,, . n, .,
(a1,...,qs), we may again apply the residue theorem to perform the first n; integrals
/(H d)\sg> 2mi(artotas) 3Ly Ase l—Ish2 sk — As )
k<t
— (G.28)
HHHSh()\s,a_ sb HHCh — )7
j=1a€S beS, kesy =1 PAsk = Ast1e
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which gives

iinl(nsﬂins)er(mil) [hn1+ns+ns+1 (041 +.. -+a5)]n1

Ng+1 2mi(al+...+ag) 1 As+1,5 n
SZ e 1 Zk:l +1,5p Hk1< h()\s+l,j[ 5+1 Jk Hk 1Hb n1+1 ASJFLJ%)
Ng41 MNs+4+1
sh(Ast1g = Ashre) L Lod) 5 sh(Aspajn, —A +1,4)
17 Fdng L#£51 ST LI s LFG1520nq ST hing s
(G.29)
Substituting this into Zy,, . 5., (a1, .., as) gives

i_nl(nsﬂ_m)[hm+ns+ns+1 (041 t.F as)]m

Ngt1 e2milant...+as "1 Asa1g, TTM ) )
Z (on ) D kly Ast iy H i ShO‘s—&-ij — )‘S+1,]e)
MNs+1 . Ns+4+1 i _
1 Fing Hbéh ()‘8+1,J1 8+1 4) H(;&jhm,jnl Sh()\SJFl,]nl )‘5+1,Z)
Ng . no s—1 MNa+1
/ II drse L DV . D DATRE Y IT II s )
l=n1+1 a= lna<k<£
S UZES| 1
D IOOe0 0 I 0 anty (©.30)
1<a<bi€S, jES, k=n141 6451, rjny s,k T AstlL
Evidently, the integral appearing in this expression is simply
Ing—nl,n3—n1,...,n5+1—n1 (CVQ, .. 7a8) ) (G31)
which by inductive hypothesis is
ns—n Ng Ng s—1
i ( 1)(ns41— )Hn2 - ns+1fn1(a27"->a8)
RS SN @3

a=2 €
> T :
gy a1 Zating Hi<a<o Hres, Hees, shQst1je = As+1,5,)

Thus, we have

In17~~~7ns+1 (041, . 7a8)
= i_HS(nS+l_n5) [hn1+ns+na+1 (Ql .ot as)]an’Zg 11’7,1, Ms+1—N1 (042, e 7a5)
s =1 e 2ota At Hm <0 Sh(Ast1,5, — As+1,5,)
n n
17 Fins Hf;zll ()\s+1,]1 Ast1 f) He;ﬁ,...,jnl Sh()‘s+1,jn1 - )‘8—&-1,5)
1
(G.33)
H1<a<b [lkes, ees, sShXst1,5, — As+1,5,)
jns(nsp1—ms) .
> s e}yl Astrah)
) ’
UGS”S-H HZ<b HkGSa HEGS;) Sh()‘s—i-l,a(k) - >‘s+1,a(f))
which verifies the claim. ]
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We now claim that performing the integral

T, = - / (H HdA 5627”““’\“) H H sh? Mok — Aae) ﬁ H H
a=1k=1 (=1 a

a=1{=1 a=1 k<t k— )\a+1,z)

(G.34)
yields
i~ S (g1 —ng)(neg1—ng41)
b= [Ti=o(re+1 — mp)! Hpy om0 5 0)
Z 5 . eZmaa Zz 1 Ast1,00) (G35)
1 )
0E€Smy s 125 HiESa [jes, sh(Ast1,06) = Ast1,0(5)

where H,, ., . )(a1,...,«as) is an expression involving the h,(a), given recursively by

H(nl,...,ns+1)(a17 ey Oés) = H(nl,...,ns)(al, . ’as*l)ﬁfll,---mwl (041, cey Oés) s (G36)

and H(m,m)(al) = hin, (Oél)n1

Proof. We can inductively verify our expression for Zg, using our previous inductive result.
We have already checked the base case above. Now suppose that the claim holds for Zs_;.
We have by induction hypothesis

ns Ms+1 1
2mias A s,
7/ (H dAs e o Z) H sh? Ask — SZ) H H ch()\s,k — )\s-i-l,é)

k<t k=1 ¢=1

i ZZ:O (neg1—me)(ns—ney1)

' T1520 (g1 — ne)! Hny ooy (@15 05 @s1)
=0 :

. n 1
62”’a12zi1>‘s,0(2) . 27rzas 1243 >‘a Lo (£)

X S
gezsns [Ta<y [Tics, HjeSb sh(Aso(i) = As,o()

— ZZ;Q(WH*T%)(HS*WH)H o N
_ ? 0 _ (n1,...7n5)(a1a 7as—1) / <H d)\&g)
/=1

1520 (nes1 — me)!

(G.37)

s—1 MNi41

627ri041 Z,’_};l As,e o 627ria5 Z?il As,e H H Sh2 (>\57k B )\575)
1=0 n;<k<t
S ns Ms+1
XHH HSh(Asui_ 8,3 HHCh —A )
a<bi€S, JES k=1 (=1 sk s+1.4

But the integral appearing in this expression is of the form encountered in our previous
claim, and is thus given by

i*ns(nsﬁ»l*ns)

Inly-..ynsjtl (Oél, e ,Oés) = mHZI7-"1nS+1 (Oél, e ,Oés)
s s )}
Z | 20 Y 0% Ast1,0(0) (G.38)
1 k)
oo, Mty Tkes, Tees, shAst1.0() = Ast10(0)
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SO

s—2
T. — i_ns(ns+1—ns)—ze:0(nul—nz)(ns—nHl)H(nl’m’ns)(al, ey Q1) 70 o o
) H; O(neJrl _nf)' N1,y Mgt 1 1y 90g

s 1627”04(122 1 Ast1,0(0)

s . (G.39)
Jegzni_H Haz}) HkESa HZES;, Sh()‘s—l—l,a(k) - >‘s+1,o(f))
We note that
s—2
ns(nsr1 —ns) + > (nes1 — ) (ns —nepa)
=0 . (G.40)
= (ns = ns-1) (51 — ns) + > (ney1 = ne) (g1 — nega)
(=0
SO
s—1
T. — i Z@:o (nl+17né)(ns7ne+1)H(n1,...,ns+1)(ala s 7as>
’ 7o (ret1 — no)! (G.A1)
Z 5, efmiaa Do Ast1o(0) ’
€Sy, 155 Mres, Tees, shsst.ok) = Ast10(0)
as desired. ]

Using the above claim to perform all of the integrals except those with respect to the
bulk zero modes, the partition function from the beginning of this subsection is

Ng—2
i Zé:so (W+1—”£)(”N5 —Tgt1)

47 .
2] = 11,55 (nes1 — ne)! Oé17--~7(]1111\,7r51—1—)0 Heny,. nn) (@1, oz -1)
N 2 ZN 22 Ns—1 ) \
i=1 1
/ (H d>\i> gYM H e2mica PIERY H()\l — )\j) (G.42)
= 1<J
H I shiri=x)
a=114,5€8,
1<j
We may as well take ay = ... = an,_1 before taking the limit. We may therefore write

Z"ZévaQ(WH—W)(n%—WH)
Z[HS" = N1 lim lim o VYTD2H, ()
[T:20 (nes1 — ne)! @,a=0 b—27 e

N | 2N5—1 ' e
/ (H dAl) e~ % i X H e2mie 2pts (G.43)

I (252 >HH n (")
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= = H(m,...,nwg))(o" ...,a). Again using the iden-

tity (G.3), we may express

N I S
E/(H d)\z>e % D M H e2miae )1 ly M
=1

2
where we let s = 2 and H(nl,...,nN5)(a)

c=1
G.44)
a Aj) (
[T (5 ) I T (05
i<j c=114,j€S5,
1<J
as
N
IZ/(Hd/\Z>e 2s i=1 ’L H eZﬂ"LOLCZZ 1
=1
N Ns ne—ne_1+1 ) )
(_1)0’H6a(%—0‘7’)>\j H Z O'C H e ( 2 UC’J*nc—l)AJ .
oSN j=1 =1 \0e€Sne—n,_, jES.
(G.45)
Performing the Gaussian integrals, one finds
T = (27r5)N/2 Z (_1)0 Z (_1)0’1+...+0’m
UESN 01y s0m+1
N, s ne—ng_ , 2 G.46
[ (1 et -m (3= oy Jramiio-an] ) (G-46)
c=1 \jeSc

and thus, defining £. = n. — n._1 (the linking numbers in the case with only NS5-branes),

sa?N(N—1)(N+1) | sb2 =N 2
T — (27T8)N/28#+ﬁ leﬁc(éc—l)(ﬁc—‘rl —27250 Z L (N5—c)

. Ny N (G.47)
em(N—i—l)sozaZC:I(Ng,—c)Zc Z (_1)01-‘,-...-1-01\75 Z (_1)0 H e Hi%
01;--s0Ng ogESN 7=1
where
le+1
[ = sab (c;— - 0’c7j_ncl) + 2misac(N5 — ¢) for jeES.. (G.48)
That is, using the identity (G.3) above, the Gaussian integral gives
T — (27TS)N/2 %—&-% Eivjl Le(be—1)(Let1)—27m2 502 ZiV:S1 (Ns—c)%e.
(G.49)

’Z (—1)71+- +°'N5Hsh ("ZQW“J) .

01;--,0Ng 1<j
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We therefore have

i 25:5072(’1“1 —ng)(nNg—"et1)
Z[HS4] = — lim lim aiN(N*l)/zﬂ(n o )(a)
1% (o1 —mg)! a0 1N

sa?N(N—1)(N+1) | sb2 <N N
(27TS)N/26#+H Zc:l Le(Le—1)(Le+1)—272 502 26:51 (N5—c)?¢.

Z ( 01+ A+oNg H H Sh<8ab Oc,j—nc 217r Uc,i—nc_1)>

O1,---,0Ny c=114,j7€S5¢
1<j
sab(o — Oci—n, b(l, — ¢
H H H sh( d.j— nd21 cimne_1) + sa (40 d) +isaa(d—c)> )
c<di€S: jESy T Q
(G.50)
Taking the a — 0 and b — 27 limits gives
2
2
ZIHSY = i~ it (esr—na)(na—nei) <9YM> (2T, et tet)
47
ik . —2712502 ZN5 (N5—c)?L. G.51
X 1_[102(50 +1) Olélgb H(nhn_’n%)(a)e =1 (G.51)
Ns €. £q4
b — ¢ .
HHH(]—Z <2d)+zoz(d—c)> .
c<di=1j=1

Now, we claim that

(ne—nc—1) (Nsy1—ns)

lim A3, ( H H H <(j_i)_(ns+1ns)2(ncnc 1)+m(8+1 C)>

a—0
:2—%6:13[1 [(( =t kljl ( s+1— >£ckr
11

N
<Z> (—1)7c(es+1 1)2 (Zs+1 Zc)ec

X
ce{l,...,s} &
(le—Ls+1)=0(mod 2)
x I1 (=1) g (ori—tet1)te, (G.52)
ce{l,...,s}

(ZC—ES+1)El(mOd 2)

Proof. We may verify this by induction. The base case s = 1 is straightforward to verify
individually for the cases {1 — ¢ even and odd.
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Now suppose that the claim holds for some s = p — 1; then by induction hypothesis,
we have

(ne—nc—1) (Np+1—np)

lim Hn1, ,np+1 H H H <(]—Z)+ (nc_n01);(np+1 ~"p) -f—ia(p-l—l—c))

a—0

01 Lpya
lpy1 | .
= hm hn1+np+np+1 pa H H ( 2+_’_Zap)
i=1j=1

b1 ¢ .y le—k 2
w2 m)H lyrr— L) ] (PHCH{;)
k=1 2
N
x H (z) (_1)%C(@pﬂ—l)g—(fpﬂ—@c)fc

ce{2,...,p} i
(be—Lp4+1)=0(mod 2)
X 11 (—1)M+“2—<Ep+1—‘fc+1)& : (G.53)
ce{2,...,p}

(be—Lpt1)=1(mod 2)

If n1 +nyp + npqq is odd, then ¢y — £ 11 = ny +np — npyq is odd, so

01 Cpy1 / "
hm hn1+np+np+1 pav) H H ( Tp —l—z'ap)
=1 j=1
20
— 97 (1)Flri—t+D) ((;) y (;’) cx <fp+12— b 1) " <5p+12— fl)) !
£1—1 o 2(41—k)
¢ 14 /
X (_1)71(6171) H <P+121 + k) , (G.54)
k=1
and thus

(ne—nc—1) (Np+1—np)

01413%] Hn1, ,np+1 C];_‘[ H H <(.]_Z)+ (nc_n61);(np+1 _np) —i—ia(p—l—l—c))

=2‘”pﬁ[< -t T1 (e )Zl

c=1 k=1
o\ Lo
DY L) Flr—) g (i —te)ee
x 11 (W) (—1)E o=
ce{l,...,p}
(be—Lp4+1)=0(mod 2)
Lol (gt 1)E
X 11 (=1) 72 2 r—letle (G.55)
ce{1,...,p}

(ZC—ZP+1 )El (mod 2)
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which is of the desired form. On the other hand, if n1 + n, + np41 is even, then

51 €p+1 gl_g .
(y_)lno hn1+np+np+1 (pa)’m H H ((]_2) + 2p+iap>
i=1j=1

< —n 20
_ <Z> (1) F ) <1><2><...>< (M_1> " (W» L (G.56)
2T 2 2

el_l _ 2(31—16)
<y Fan T (S =i
k=1

and thus

(ne=—nc—1) (Np+1—7p)

lim AR H H H ((j—z‘)+("c_"c‘l);(””l_”p)+m(p+1—c)>

2

p le—1 be—k
Cpi1—Le ¢

H[ pa—t) T (25 1) ]

k=1
Ny e 1) g (G —Le) e
< I (F) (~1) 7o
ce{l,...,p}
(£e—Lp41)=0(mod 2)
y H (_1) zceg-s-l 27(e1,+17£c+1)£C 7 (G.57)
ce{1,...,p}
(fc—€p+1)51(m0d 2)
again of the desired form. This establishes the claim. ]

We can use the above claim in an inductive argument to establish

. 5 c E E )
g}gb H(nl,...,nN5 (H H H < Jj—1) <2d) +ia(d — c)))
c<di=1j=1

2

c<d

N2
« 11 <Z> (= 1) $ D g=(ta—te)te

{e<d:£.q=0 (mod 2)} T

Ng-1 g -t BT
=22 ] [((ed—ec)n)ﬁc kr:[l ( d 5 +k)

S|

(G.58)

Lely

X H (_1)72—(&1—6(;4-1)46
{e<diloq=1 (mod 2)}

Indeed, the base case N5 = 2 coincides with the base case of the previous claim. Now,
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suppose that the claim holds for some N5. Then we have by induction hypothesis

Ns+1 Lo £g
T Hnyini ) (H HH(]—Z W—Fia(d—c)))

c<d i=1j=1
N1, WAl N
— 27X T (- e IT (5 + )
c<d k=1 2
i\t ¢
- _ 1) 5 Wa—1)g—(la—Le)le G.59
< T (5) e (G59)

{e<d:l.q=0 (mod 2)}
zced

X H (_ ) 2 (fd €C+1)Z

{e<d:l:4=1 (mod 2)}

N5 £ ENg+1 Oy — 1
. . C .
i A @ TTTTTT (G0 57 i +1-0)
c=1i=1 j=1

so the previous claim provides the desired result. We may therefore deduce

2

L2
ZHSY = i~ T (neer=no) (g —nei) (ﬁfM) o TRLYS, felte (et )
T

N5 Ns—1 N5 le—1 0, — 0 le—k 2
x (H G2(€c+1)> 2= 2 ] {((ed—ec)u)@c 11 (d2+k;> ]

c=1 c<d k=1
i\t ¢
« H () (_1)§(fd—1)2—(€d—€c)fc
T
{e<d:l;.q=0 (mod 2)}
x I (—1) 7 g~ (aterD)le (G.60)

{e<d:l.q=1 (mod 2)}
If we denote

0 4,4=0 d?2
ecdz{ 4=0(mod 2) (G.61)

1 ly=1(mod?2)

then we can write

2

2
Z[HS4] _ i_ZEO_Q(H“I_TLZ)(TLNF’_W“) (921(1\/[) egzéw ZN5 Le(e—1)(Le+1)
7

Ns N1 N5 - _ le—k 2
X (H Ga(le + 1)) 272l ™ H ( (Lq — H (zd ) )
c=1 c<d k=1
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(G.62)
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that is,

2
4 Ns =1 g B ng 5 le(fe—1)(Lct1 Al
Z[HSY = (2r) 21 ™ el Y elte= et D) (TT Gyl +1)
c=1
4 (G.63)
N5 € c c—
i o (7 - B 550
d 2 ‘
c< =

H Statistics of boundary F': details

SUGRA
F3

To understand the behaviour of , which is easier to analyze analytically than Fj

and provides a good approximation for large N and suitable linking numbers, we will mo-

mentarily consider the contribution to the A-independent term in FBSUGRA, proportional to
Fo(pa) =Y [(pa+p5)* I ((pa +p5)?) — (04 —pp)*In ((pa—pp)?)|,  (H1)
AB

where py = La/N for D5-branes or py = K4/N for NS5-branes. Using concavity of the
logarithm, we find inequality

Fo(pa) = Y [(pa+p8)* I ((pa +p8)>) = (pa —pp)* I (pa + p1)°)]
A,B

1 1
=8> pappIn(pa+pp) =8 papn (ln2 +gpa+ g lan) (H.2)
A,B A,B
=8In2+8) palnps =8In2—8S5(pa),
A

where S(p4) is the classical entropy of the probability distribution. The smallest possi-
ble value for the right hand side of our inequality is 81n(2/N), realized on the maximum

entropy distribution
1

PL=- =PN= - (H.3)

And in fact, for this particular distribution, the inequality is saturated and one finds
1
Fo <P1=--.:pN:N) =8In(2/N). (H.4)

We may therefore deduce that Fjy(p4) is minimized for the maximum entropy probability
distribution.
On the other hand, we note that if py,ps < 1 , then

0> {(pl +p2)*In ((p1 + p2)?) — (p1 — p2)?In ((p1 — p2)2)} : (H.5)
Whileif% <pr <landO0<ps <1-—p; then

8p1p2 In(4p) > 2[(;01 +p2)?In ((p1 + p2)?) — (p1 — p2)* In ((p1 — p2)2)} + 4p3 In(4p3) .
(HL.6)
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Consequently, one finds that if the distribution {p4} has p1,...,py < %, then
Fo(pa) <0, (H.7)

whereas if p; > % and po,...,py < %, then

Fo(pa) <4piln(4p})+2 ) [(pl +pa)?In((p1+pa)®)—(pr—pa)’In((p1 —pA)Q)]

+4;p,241n(4:,2:)1+2 XA: |(pa+pE)* 10 ((pa+p)?) —(pa—pp)*n (pa—p5)?)]
<dp 1; (1419?) +4 Azglpi il>(4;,2i)

+2 3 [(p14pa)* I (p1+P4)?) ~ (P —pa)*In (p1—pa)?) |
< 4p£;(14p?)+8p1(1 —p1)In(4p}) = 4p1(2—p1) In(4p?). (FL8)

The right hand side of this inequality is a monotonically increasing function, so it is max-
imized at p; = 1, where it is equal to 41n4. In fact, the minimum entropy distribution

plzl, p2:...:pN:0 (Hg)
saturates this inequality, and one can see that
F()(pl:1,p2:...:p]\[:0):41n4. (HlO)

Thus, Fy(pa) is maximized for the minimum entropy probability distribution.

We can apply these considerations to determine for which boundary conditions con-
sisting of D5-branes only or NS5-branes only F: gUGRA will be maximized or minimized.
For D5-brane boundary conditions, we found

N?% /3 A 2 N4 N2
FSUGRA — = ( In ( )) - 5 — = Fo(pa) - H.11

9 1 27" G 3\ EA:“ T (H.11)
The term in parentheses is independent of the choice of boundary condition, while the
remaining terms are both minimized (maximized) on the minimum (maximum) entropy
probability distributions. Thus, we can conclude that FjU“RA is minimized (maximized)
on the minimum (maximum) entropy probability distributions. Similarly, for NS5-brane

boundary conditions, we found

N2 /3 4 AN?2 N2
FSUGRA _ ( 1 ()) A 3 R H.12
S 5 tn(y S EA PA~ 15 0(pa), (H.12)

so F5UGRA is again minimized (maximized) on the minimum (maximum) entropy proba-

bility distributions.
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I Calculation of boundary F' in a bottom-up model

In this appendix, we will compute the boundary F' in a bottom-up holographic model of
a BCFT where the boundary in the CFT gives rise to an end-of-the-world (ETW) brane
with tension T. Here, the vacuum solution may be described as a portion of pure AdS
spacetime described by z/z < \/iﬁ
brane at z/z = \/iw [40]. Defining z = wcos(f) and x = wsin(#), we can write the

in Fefferman-Graham coordinates, with an ETW

metric as 5 o )
L=de L
2 2 2 2
= dw* —dt*+d 1.1
y cos?(6) T oo 9( v +dol), (I.1)

and the ETW now appears at § = arcsin(7"). The extremal surface corresponds to the
hemisphere w = R; using the result (C.7), we have that the regulated area of the extremal

arcsin(7T)
L3/ de 5 (Rcos(&) _1> (12)

3 ™
—m/24arcsin(e/R) COS 0 €

surface is

From this, we need to subtract off half the regulated area of the hemispherical surface in
pure AdS corresponding to a boundary ball of radius R. This area is

cos~ 1 £ 12
Areapqs = L3/ a d@hsil?e
0 cos3 0
271 R? 2R
=13 ( 722 —27ln — 7 + 0(62)> . (1.3)

Using these results and applying the definitions (2.4), (2.7), (2.8), we find that

L%( T 1 1+T>

A |
Tl S A R

(L4)

This gives a monotonic relation between boundary F' and the tension parameter T', where
Fj5 is an odd function of T and where Fy — oo for T" — =£1.
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